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If the Peccei–Quinn symmetry is already broken during inflation, the decay constant Fa of the axion can 
be in a wide region from 1011 GeV to 1018 GeV for the axion being the dominant dark matter. In this 
case, however, the axion causes the serious cosmological problem, isocurvature perturbation problem, 
which severely constrains the Hubble parameter during inflation. The constraint is relaxed when Peccei–
Quinn scalar field takes a large value ∼ Mp (Planck scale) during inflation. In this letter, we point out 
that the allowed region of the decay constant Fa is reduced to a rather narrow region for a given tensor-
to-scalar ratio r when Peccei–Quinn scalar field takes ∼ Mp during inflation. For example, if the ratio r is 
determined as r � 10−3 in future measurements, we can predict Fa � (0.1–1.4) × 1012 GeV for domain 
wall number NDW = 6.

© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The QCD axion [1–5] predicted in the Peccei–Quinn (PQ) mech-
anism [6,7] is very interesting, since it not only solves the strong 
CP problem in QCD, but also provides the dark matter density 
in the present universe [8–10]. Thus, the experimental detection 
of the dark matter axion is very important. The detection rate, 
however, depends on the axion decay constant Fa . Therefore, the 
theoretical determination of the decay constant is very crucial to 
test the dark matter axion hypothesis.

If the PQ symmetry is broken down after inflation, it produces 
too many domain walls [11] and most of the axion models are 
excluded except for the model with NDW = 1 (NDW: domain wall 
number or color anomaly factor). For the case of NDW = 1, the pro-
duced domain walls are not stable and their collapsion produces 
many axions. The detailed lattice simulations [12,13] have shown 
that the resultant axions can provide us with the observed DM 
density if Fa � 5 × 1010 GeV.

On the other hand, if the PQ symmetry is already broken dur-
ing inflation, it is known that Fa can take a large region from 
1011 GeV to 1018 GeV. In this case, however, the axion field ac-
quires quantum fluctuations with amplitude � H inf/2π (H inf: the 
Hubble parameter during inflation), which result in isocurvature 
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perturbations of the cold dark matter (CDM) [14–18]. Since the 
isocurvature perturbations are stringently constrained by observa-
tions of the cosmic microwave background (CMB) [19], H inf should 
be very small, e.g. H inf � 108 GeV. However, this problem is re-
laxed when the PQ field takes a large value like Planck scale (Mp ) 
during inflation as first Linde pointed out [20]. Because the tensor 
mode (gravitational waves) produced by inflation is directly related 
to H inf, we obtain the constraint of Fa and the tensor-to-scalar ra-
tio r from the isocurvature perturbations. In this letter, we focus on 
the case of the PQ symmetry broken during inflation and the PQ 
field taking Mp during inflation, and consider the isocurvature per-
turbation constraint. Taking into account the dynamics of the PQ 
scalar, we show that for a given r the axion can be the dominant 
dark matter for a rather narrow range of Fa . In the near future the 
tensor mode with r � 10−3 can be detected [21], so if r is deter-
mined we can predict the axion decay constant Fa . For example, 
Fa should be (0.1–1.4) × 1012 GeV for r = 0.001 and NDW = 6.

In the next section we study the isocurvature perturbations in 
axion models. Concrete axion models which satisfy the isocurva-
ture perturbation constraint and account for the dark matter are 
described in Sec. 3. Sec. 4 is devoted to conclusion.

2. Isocuravture perturbations

During inflation the axion field acquires fluctuations whose am-
plitude is given by

δa � H inf
, (1)
2π
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Fig. 1. Constraints on the tensor-to-scalar ratio r and the axion decay constant Fa for NDW = 1 (left) and NDW = 6 (right). We assume that the expectation value of the PQ 
field during inflation is Mp . The dark yellow regions are excluded by the observation of isocurvature perturbations and the red regions are excluded because the axion cannot 
account for all dark matter. Fa < 4 × 108 GeV is excluded by SN1987A [28]. We also plot the contours for A = Mp/v . (For interpretation of the colors in the figure(s), the 
reader is referred to the web version of this article.)
where H inf is the Hubble parameter during inflation. This leads to 
the fluctuation of the misalignment angle,

δθa = δa

Fa
= H inf

2π Fa
. (2)

Here Fa is related to the present vacuum expectation value v of 
the PQ scalar � as

Fa = v

NDW
. (3)

Also notice that the phase of the PQ field θPQ is written as θPQ =
θa/NDW.

After the axion acquires a mass at the QCD scale, the fluctua-
tions of the axion field induce the axion density perturbations δρa

which contribute to CDM isocurvature perturbations SCDM as

SCDM = δρCDM

ρCDM
= �a

�CDM

δρa

ρa
, (4)

where �a (CDM) is the axion (CDM) density parameter and ρa (CDM)

is the axion (CDM) density. The CDM isocurvature perturbations 
are stringently constrained by the CMB observations as [19]

βiso ≡ Piso(k∗)
Piso(k∗) +Padi(k∗)

< 0.038, (5)

where Piso(k∗) and Padi(k∗) (� 2.2 × 10−9) are power spectra of 
isocurvature and adiabatic perturbations at the pivot scale k∗ =
0.05 Mpc−1.

Hereafter, we assume that the axion is the dark matter of the 
universe, i.e., �a = �CDM. The cosmic axion density is given by

�ah2 � 0.18 θ2
a

(
Fa

1012 GeV

)1.19

, (6)

where h is the present Hubble parameter in units of 100 km/sec/
Mpc. Requiring �ah2 � �CDMh2 � 0.12 [19], we obtain

θa � 0.82

(
Fa

1012 GeV

)−0.595

. (7)

In this case, the fluctuation of the misalignment angle should be 
less than θa , otherwise the axion isocurvature perturbations are too 
large. Then, the axion density perturbations are δρa/ρa � 2δθa/θa

and Eq. (4) is written as

SCDM = 2δθa
. (8)
θa
With use of Eqs. (2) and (7) the power spectrum of the CDM 
isocurvature perturbations is given by

Piso = 〈|SCDM|2〉 =
(

H inf

π Faθa

)2

. (9)

From the constraint on isocurvature perturbations Eq. (5) we ob-
tain

H inf � 2.4 × 107 GeV

(
Fa

1012 GeV

)0.405

. (10)

The tensor perturbation (gravitational waves) produced during in-
flation is directly related to the Hubble parameter as

r = 1.6 × 10−5
(

H inf

1012 GeV

)2

. (11)

Thus, the dark matter axion seems to predict too small r to be 
detected in the near future.

However, the above constraints only apply when the PQ field 
� has the vacuum expectation value v(= Fa NDW) during inflation. 
As first pointed out by Linde [20,22–25], when the PQ field has 
a larger expectation value, the isocurvature perturbations are sup-
pressed. The constraints are the most relaxed when the PQ field 
takes the Planck scale Mp(� 2.4 × 1018 GeV) during inflation. In 
this case the fluctuation of the misalignment angle is obtained 
from Eq. (2) with Fa replaced with Mp/NDW as

δθa = NDW H inf

2π Mp
(12)

This gives the constraint on the Hubble parameter during inflation,

H inf � 5.7 × 1013 GeV
1

NDW

(
Fa

1012 GeV

)−0.595

, (13)

and the tensor-to-scalar ratio,

r � 0.051
1

N2
DW

(
Fa

1012 GeV

)−1.19

. (14)

The constraint from the isocurvature perturbations is shown by 
dark yellow regions in Fig. 1 for NDW = 1 and NDW = 6. Since we 
assume that the axion accounts for all dark matter, Eq. (7) should 
be satisfied for θa < π , which leads to the constraint,

Fa � 1.1 × 1011 GeV. (15)

This constraint is shown in red shaded regions in Fig. 1. From the 
figure it is seen that dark matter axion is consistent with high 
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scale inflation models with the tensor-to-scalar ratio r as large as 
0.1 (0.02) for NDW = 1(6). (Notice that the present observational 
constraint on the tensor mode is r � 0.1 [19].) Such large r can be 
probed in future CMB experiments [21,26,27]. Furthermore, for a 
given r we obtain a constraint on Fa as

1.1 × 1011 GeV � Fa � 4.0 × 1012 GeV N−1.68
DW

( r

0.01

)−0.84
,

(16)

which provides useful information to the axion dark matter search.

3. Concrete models

In this section we show some examples of axion models in 
which the PQ field has a large expectation value during inflation 
and hence isocurvature perturbations are suppressed.

3.1. Quartic potential

The first model is the standard potential with a quartic term,

V (�) = −m2|�|2 + 1

2
λ|�|4 + cH H2|�|2, (17)

where −m2 is the mass squared at the origin and λ is the cou-
pling constant. Here we have added the so-called Hubble induced 
mass term which comes from the interaction with the inflaton like 
Lint = −(cH/3)V inf|�|2 (V inf: inflaton potential). The coefficient cH

is assumed to be negative. Without the Hubble induced mass term 
the potential has a minimum at |�| = v = m/

√
λ. During inflation 

the PQ field takes |�| = √−cH/λH inf which can be as large as Mp

if λ is sufficiently small (∼ (H inf/Mp)2).2

However, this model has a problem. After inflation, the Hubble 
parameter changes rather quickly. Then, the quartic term causes 
oscillation of the PQ field and fluctuations of the PQ field increase 
through parametric resonance, from which the PQ field poten-
tial Eq. (17) obtains a correction due to the fluctuations given by 

V � λ〈|δ�|2〉|�|2. Therefore if the fluctuation grows as large as 
〈|δ�|2〉 ∼ v2, U (1)PQ symmetry is restored non-thermally [29].3

Once U (1)PQ is restored, strings and domain walls are formed and 
we confront the serious domain wall problem. In order to avoid 
the problem, the PQ field should settle down to the minimum be-
fore the fluctuations fully develop. This leads to a constraint on the 
ratio A of the initial field value after inflation �i to the breaking 
scale v as [23,31,32]

A ≡ |�i|
v

= |�i|
NDW Fa

� 104. (18)

For |�i | � Mp , as seen in Fig. 1, this constraint leads to r < 10−4, 
which is too small to be detected.

3.2. Sextet potential

The above problem is solved if the oscillation is controlled by 
higher order terms like �6, �8, . . .. Let us consider the following 
potential [33]:

2 Even in the absence of the Hubble induced mass term, the PQ field can have 
a large expectation value ∼ Mp during inflation if the potential is flat enough (λ <
(H inf/Mp)2).

3 Even if U (1)PQ symmetry is not restored, domain walls may be formed because 
the PQ field settles down to the two different minima, e.g. v and −v , due to its 
initial fluctuations made by inflation. However, this constraint is much weaker than 
that of parametric resonance [30].
V (�) = −m2|�|2 + 1

2
λ|�|4 + 1

3
η

|�|6
M2

p
+ cH H2|�|2, (19)

where η is the coupling constant. Similarly to the previous model 
if η is sufficiently small (η ∼ (H inf/Mp)2), the PQ field takes 
|�| ∼ Mp during inflation. After inflation the PQ field starts to 
oscillate under �6 potential until the amplitude becomes smaller 
than φ4 given by

φ4 �
√

λ

η
Mp . (20)

During this period the parametric resonance is ineffective because 
the oscillation due to the sextet term is slow enough. Afterwards, 
the oscillation is caused by the quartic term and the parametric 
resonance takes place. However, from Eq. (18), if φ4/v � 104, the 
domain walls are not formed, which gives a constraint

v = NDW Fa > 10−4

√
λ

η
Mp . (21)

This is satisfied e.g. for η ∼ 10−10, λ ∼ 10−16, H inf ∼ 1013 GeV, 
m ∼ 10 TeV and v ∼ 1012 GeV. This model can be realized also in 
the framework of supersymmetry (SUSY) [33].

3.3. SUSY axion model

Another interesting model is the SUSY axion model which is 
described by the following superpotential:

W = h�0(�+�− − v2), (22)

where superfields �0, �+ and �− have PQ charges (R charge) 
0(+2), +1(0) and −1(0), respectively. From Eq. (22), the scalar 
potential is

V SUSY = h2|�+�− − v2|2 + |�0|2(|�+|2 + |�−|2), (23)

which has a flat direction,

�+�− = v2, �0 = 0. (24)

If we include soft SUSY breaking mass terms, the scalar potential 
is written as

V = V SUSY + m2+|�+|2 + m2−|�−|2 + m2
0|�0|2, (25)

where m±,0 are soft masses ∼ O(1) TeV. This potential has the 
minimum at

|�+| ≡ φ+ =
√

m−
m+

v (26)

|�−| ≡ φ− =
√

m+
m−

v (27)

|�0| = 0, (28)

where φ± are radial components of �± . The axion is identified as

a = 1√
φ2+ + φ2−

(
φ2+θ+ − φ2−θ−

)
, (29)

where θ± are phases of �± .
In general the Hubble induced mass terms appear in SUSY mod-

els, so during inflation the scalar potential is written as

V = V SUSY + c+H2|�+|2 + +c−H2|�−|2 + c0 H2|�0|2, (30)
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where c±,0 are coefficients of O(1). When c+ < 0, c− > 0 and 
c0 > 0 during inflation, for example, the scalar fields settle down 
to the flat direction satisfying |�+| � Mp 	 |�−| � v2/Mp . In this 
case the axion field is almost identical to the phase θ+ of �+
(more precisely a � φ+θ+).4 Since the phase perpendicular to the 
axion is roughly proportional to θ+ + θ− and has a huge mass 
∼ φ+ , the phase fluctuations satisfy δθ+ � −δθ− . Taking into ac-
count that δa � φ+δθ+ � H inf/2π , we obtain the fluctuation of the 
misalignment angle as

δθa = NDW

φ2+ + φ2−
(φ2+δθ+ − φ2−δθ−) � NDW H inf

2πφ+
� NDW H inf

2π Mp
. (31)

This is the same as Eq. (12) and the isocurvature perturbations are 
suppressed.

Although �+ and �− start to oscillate and their fluctuations 
are produced through parametric resonance [22], non-thermal 
restoration of U (1)PQ does not take place because the flat direc-
tion is preserved. However, domain walls could be formed if the 
axion fluctuations were so large that the distribution of the mis-
alignment angle became completely random.5 The recent lattice 
simulation [13] shows that the misalignment angle distribution has 
a peak at the initial value and domain walls are not formed at least 
for A < 103. The result of the simulation and the fact that U (1)PQ
is not restored suggest that the domain wall formation is unlikely 
in this model even for A > 103.

4. Conclusions

We have studied the axion dark matter hypothesis and derived 
constraints on the axion decay constant Fa and the tensor-to-
scalar ratio r from consideration of the axion isocurvature per-
turbations. In deriving the constraints we have assumed that the 
PQ scalar has a large expectation value ∼ Mp during inflation, 
otherwise we have severer constraints and almost all region of 
Fa is excluded for r � 10−3 [see Eq. (10)]. The tensor mode can 
be detected by observing the CMB B-mode polarization and fu-
ture experiments on the earth (satellite experiments) can probe 
the r � 0.01 (r � 0.001). We have shown that if r is detected the 
axion can account for all dark matter in a rather narrow range 
of Fa . For example, if a measurement determines r = 0.01 we can 
predict Fa � (1.1–2.0) × 1011 GeV for NDW = 6. For the smallest 
r(� 0.001) that can be detected in the near future, Fa should be 
� (0.1–1.4) × 1012 GeV for NDW = 6. Therefore, measurements of 
the tensor mode produced during inflation provide important in-
formation for the dark matter axion search experiments. Finally 
this result assumes the existence of the axion models where the 
PQ field has a large expectation value ∼ Mp during inflation. We 
have shown concrete examples of such axion models.
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