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ABSTRACT 

Locality is used to give an explicit construction of twisted conformai field theory. This fixes both 
the continuous and discrete symmetries of the theory. In general, all weight one conformai fields close 
to form an affine Kac-Moody algebra, whose zero modes generate the continuous symmetry group. 
For the Z%-twisted bosonic theory associated with the Leech lattice, there is no continuous symmetry 
and the discrete symmetry is the largest finite simple group, the Monster JF1. For ^-twisted fermion 
conformai fields, the weight one-half and a subset of the weight one fields form a twisted super Kac-
Moody algebra, whose semidirect product with the super Virasoro algebra has zero mode commutators 
equivalent to those of the untwisted super Kac-Moody algebra. 

1. Introduct ion 

Both continuous and discrete symmetries of 
the dynamics of particle interactions are fixed by 
conformai field theory (CFT), when string theory 
is used to describe nature. In this talk, the concise 
framework of consistent twisted conformai field the­
ory is reviewed1. The explicit construction of the 
Z2-bosonic theory associated with a d-dimensional 
momentum lattice, provides in the case of the Leech 
lattice, the natural module 2 of the Monster group 3. 
It's triality element is identified, and is seen to be 
a generic feature of twisted conformai field theory 4. 
The construction of the vertex operators, i.e. the 
conformai fields, for all the states is then extended 
to ^-twisted fermionic conformai field theory. The 
weight one-half states and a subset of all the weight 
one states in a Z//-twisted CFT form a twisted su­
per Kac-Moody algebra, whose semidirect product 
with the super Virasoro algebra is shown to have 
zero mode commutators identical to those of the 
untwisted super algebra. This follows from the fact 
that, in general, in the ^ - twis ted sectors, the in­
tertwining relations of the vertex operators requires 
a shift in the definition of not only the Virasoro gen­
erator (which is familiar from the Ramond, i.e. Z 2 -
twisted sector), but also the super Virasoro genera­
tor and the Kac-Moody generators associated with 
the Cart an subalgebra5. 

This analysis is useful in studying the detailed 
properties of the vertex operators in superconfor-
mal field theory. In particular, a viable low-energy 
phenomenology predicted by Type II superstrings 
in four-dimensions would be extremely economical, 

and thereby have a good chance to offer a pre­
cise connect ion 6 - 1 0 between string theory and the 
standard model. The spontaneous breakdown of 
space-time supersymmetry and the associated non-
vanishing vacuum expectation value of the dila-
ton field provides a possible resolution of the 
presently1 1 "missing quark doublet" in Type II. 
Even without supersymmetry breaking, a more 
thorough investigation and the explicit construc­
tion of the conformai fields in the context of a 
consistent local theory may well indicate that one 
should take the string more seriously, i.e. that 
the (supersymmetric) standard model is the ground 
state of a conformai field theory. In this case, the 
discrete symmetries of the CFT will be responsi­
ble for the absence of baryon and lepton violating 
interactions12, since unlike the conventional stan­
dard model, it is known that its supersymmetric 
versions require additional symmetries to eliminate 
such interactions. 

2 . Twisted Bosonic C F T 

The twisted conformai field theory H(A) asso­
ciated with a lattice A of dimension d is defined for 
a Z-i reflection twist by keeping the 8 = 1 subset 
of the states created by integrally-moded bosonic 
operators aJ

m, 1 < j < d, m 6 Z from momen­
tum states |A),À G A. Here 6\\) = |~A) and 
Oa^O"1 = - a ^ . To this we add in the 6 = 1 sub-
space of the space HT(A) generated from an irre­
ducible representation space Xo(A) for the gamma 
matrix algebra { 7 * : À E A } associated with A, 
by half-integrally moded oscillators c j , 1 < j < d, 
r E Z + | . In this case, the involution 0 is denned 
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by 6cir6~~l = —c£. The oscillators satisfy the com­

mutation relations [aj^aj] = m8m-n8
xii [cj,,c£] = 

r 6^-36**, and [ax

m, c%

r] — 0. From the locality 

requirement of Eq.(12), we find that the twisted 

CFT is bosonic and meromorphic provided that 

d = dim A is a multiple of eight and both \/2A* 

and A are even, a condition implied by self-duality 

of the lattice. If A is the d = 24 Leech lattice, then 

H(A) is the natural module for the Monster group. 

In the twisted CFT, the untwisted and twisted 

sectors of H(A) are the subspaces H+(A) and 

W$(A) on which 0 = 1. If j> e W + ( A ) , VftM) 
maps W+(A) -> W + ( A ) and Wj(A) -> « $ ( A ) 

whereas V(x>z) maps W + ( A ) ~> W^(A) and 

W$(A) « + ( A ) if x € «J( A ) - Thus we can write 

these vertex operators in matrix form 

In this notation, the vertex operators of the twisted 

CFT H(A) are given by, for the untwisted states: 

and 

where 

and 
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3. Twisted Fermionic C F T 

The space of states for the ^-twisted fermionic 

theory, H, is obtained by starting with the states 

of the untwisted Neveu-Schwarz theory, adding 

in a twisted Ramond sector, HTJ and keeping only 

the subspace of each defined by & = 1, with d2 — 1. 

The states of the untwisted theory are generated by 

the action of d infinite sets of half-integrally moded 

oscillators, 6 ,̂ 1 < j < d, on the vacuum state, $Q. 
The twisted sector is obtained from the action of 

d infinite sets of integrally moded oscillators, d£, 

on the twisted ground states which form a 2dl2 ir­

reducible representation, Xo, of the gamma matrix 

Clifford algebra, { T 7 } . The involution 9 is defined 

Expressions for A(z), B(z), and F(z) are also writ­

ten as bilinears in oscillators and are given in 

Ref.[l,5]. Note that the special state t/ji is given 

in these CFT's by Ia_.j-a_.il0} and that its ver­

tex operator is Ln = -| £ m = - o o : a m -a n _ m : from 

Eq.(3), and Lc

n = * £ m = ~ o o : c m - c n _ m : + ± from 

Eq.(4). The cocycle operators cr\ and j \ on the un­

twisted and twisted sectors respectively are defined 

and discussed comprehensively in Réf. [1], The lo­

cality relation satisfied by the vertex operators is: 

and for the twisted states: % = ( i l f i i c-ma) ^o , 

the analogue of the fermion emission operator is 

http://Ia_.j-a_.il0%7d
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in the sense of analytic continuation, where = 1 

if either of the states if; or $ are bosons, and 

= —1 if both of them are fermions. We will 

construct (in the F\- picture) the vertex operators 

V ( ^ , z ) , i.e. conformai fields which are in one-to-

one correspondence with a basis of states for the 

theory: 

In the language of superconformai field theory, 

these vertex operators are the lower components 

of the superadds. Here |0} = is the vacuum 

and L-i one of the moments of the special vertex 

operator V($L}Z) = J2nLnz~~n~2, which satisfy 

the Virasoro algebra: [ L m , Ln] — (m — n)Lm+n + 

j^m(m2 - l)<$ m >_ n , where ra,n run over the inte­

gers, = L-m and Ln\Q) = 0 for n > —1. 

The oscillators satisfy the anti-commutation 

relations = * « * r > _ „ { 4 . 4 } = * t f * « , - n , 

and fa 4 } = 0, where 6} f = 5J|0) = 0, 

s > 0, d£ = dLn, 4 | 0 ) * = 0, n > 0. In 

these theories, the special state tyi is given by 

| i_3-fc_I |0) and that its vertex operator is de­

fined by Ln = f £ £ L o o ( 2 N ~ *) : 6,-&n-j : in 

the untwisted sector from Eq. (15), and by Là

n = 

2 E m = - o o ( 2 N -m) : dm- dn-m : +TESno in the 

twisted sector from Eq. (16). 

The states in the Neveu-Schwarz sector are 

given by $ = ( f l ^ i i ^ - # a ) |0)> w n e r e each sa is a 

positive half-odd integer, and the product is under­

stood to be written down in a definite order, e.g. 

left to right, in order to avoid a sign ambiguity,, 

and each oscillator occurs at most once. The ver­

tex operators for these states with (ma = sa — |) 

are given by 

bimilar expressions for B(z) and F(z) are also 

written as bilinears in oscillators and are given 

in Ref.[5]. In general these "lower component" 

vertex operators are not meromorphic, for eg. 

Vr(VM,z) = d?{z) = There-

fore although the intertwining relation is satisfied: 

VT{V_M,z)W{\Q)U) = W(\Q)t, QV{VM,M), 

the operator product expansion Wf(|0}^, ()V(V_ X |0) 

is double valued. 

In the above expressions, define A(z) = À(—z) 
where 

where 

For the twisted states x = ( i l f l i d - m 0 ) |0) | , the 

fermion emission operator is 

with the Ramond fermion fields defined as 

where 

where we have introduced the Neveu-Schwarz fermion, 

conformai fields b^(z) = ^ ^ 1 _ 0 0 Wsz~s~^ and 



4. Twisted Super K a c - M o o d y Algebra 

In fermionic conformai field field theory, the 
weight one-half and a subset of the weight one fields 
may form the "lower" and "upper" components of 
massless superfields, which are the vertex operators 
for the massless states in the JF\ and JF2-pictures re­
spectively. The moments of these conformai fields 
generate a super Kac-Moody algebra which forms 
a semi-direct product with the super Virasoro alge­
bra. In the presence of Zjy-twisted fermionic fields, 
this set of operators will close to form a twisted 
super Kac-Moody algebra, whose semi-direct prod­
uct with the super Virasoro algebra is shown to 
have zero mode commutators identical to those of 
the untwisted super algebra.5 

In this case, the weight one-half fields are 
given by ( e 2 * * ) = ê^h^z) and ha(e2wiz) = 
eivwe-2wiX'aha(z)} where w = 0,1 for Neveu-
Schwarz and Ramond sectors respectively; i} a label 
the Cart an subalgebra and the roots, respectively 
of a dimension d semi-simple Lie algebra g; and 
the Zjy-twist is labelled by the vector À such that 
- | < A a < | . In analogy with Eq,(21) we find 

A realization of the twisted super Kac-Moody and 
super Virasoro algebras is given by the vertex 
operators H^z), Ea(z), L(z), and G(z) as fol­
lows. The necessity for the shift in the defini­
tion of Hl(z) is seen from its identification as 

v(f Ea« < 6 V : | i °>>*) = &(*)>and from (22) 
and (16), where h(z) replaces d(z). Here N(a,j) 

are the structure constants of g in the Cartan-Weyl 

basis, and Yla

 a%a^ ~ C ^ * J * ^ o r ^ = 0: 
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