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Abstract of the Dissertation

Exploring Warped Compactifications of Extra
Dimensions

by

Sujan Dabholkar

Doctor of Philosophy
in
Physics
Stony Brook University
2014

In 1920s, the concept of extra dimensions was considered for the
first time to unify gravity and electromagnetism. Since then there
have been many developments to understand the unification of fun-
damental forces using extra dimensions. In this thesis, we study
this idea of extra dimensions in higher dimensional gravity theories
such as String Theory or Supergravity to make connections with
cosmology. We construct a family of non-singular time-dependent
solutions of a six-dimensional gravity with a warped geometry. The
warp factor is time-dependent and breaks the translation invari-
ance along one of the extra directions. Our solutions have the de-
sired property of homogeneity and isotropy along the non-compact
space. These geometries are supported by matter that does not vi-
olate the null energy condition. These 6D solutions do not have a
closed trapped surface and hence the Hawking-Penrose singularity
theorems do not apply to these solutions. These solutions are con-
structed from 7D locally flat solution by performing Kaluza-Klein
reduction. We also study warped compactifications of string/M
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theory with the help of effective potentials for the construction of
de Sitter vacua. The dynamics of the conformal factor of the in-
ternal metric is explored to investigate instabilities. The results
works the best mainly in the case of a slowly varying warp fac-
tor. We also present interesting ideas to find AdS vacua of N=1
flux compactifications using smooth, compact toric manifolds as
internal space.
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Chapter 1

Review

1.1 Introduction

In 20th century, to study fundamental forces in nature, two different theo-
ries, Standard Model and General Relativity were constructed. The Standard
Model of particle physics explains physics at small length scales and very ac-
curately predicts interactions of elementary particles such as quarks, electrons
and neutrinos. These interactions come from the strong force, the weak force
and the electromagnetic force. The fourth fundamental force, Gravity is de-
scribed by Einstein’s theory of General Relativity. Predictions of these theories
are tested with great accuracies by various experiments. But at small length
scales, General Relativity description of gravity breaks down and hence, the
construction of a renormalizable quantum field theory of gravity is a challenge
for theoretical physicists.

Superstring theory is the main candidate for a quantum theory of gravity
and a unified theory of the fundamental forces of nature right now. To achieve
that it has to make connections with the observations of Standard Model
of particle physics and cosmology. If string theory describes the universe,
then there exist six or seven(for M-Theory) extra dimensions of space, not
yet verified by experiments. Since 1984, many phenomenologically relevant
features were studied from compactification on Calabi-Yau manifolds. One of
the main problems of such compactifications was the presence of possibly a
large number of moduli fields. The concept of warped flux compactifications
has given us the way to fix moduli. In particle phenomenology, warping can
be used to generate the exponentially small ratio of Myear /M pranck-

Observational evidences of late-time cosmology indicate that our universe
has a small cosmological constant which is positive. It has been a great chal-
lenge to obtain such a positive cosmological constant in pure supergravity back-



grounds because of standard No-Go theorems|1]. In string compactifications, it
is possible to construct de Sitter vacua by evading these No-Go theorems|[2, 3].
This happens because of extra stringy sources such as D-branes and O-planes.
Presence of fluxes and stringy sources naturally lead to non-trivial warping.
Cosmological inflation plays a crucial role in understanding the isotropy and
homogeneity of our universe. Constructing inflation in supergravity theories
is very difficult. On the other hand, warped flux compactifications are used to
build inflationary models[4].

Given the implications arising from the study of flux vacua and warped
compactifications, it is extremely important to understand such compactifica-
tions and their dynamics. Presently effects of warping are not as well studied
as standard Kaluza-Klein models. With String theory models addressing im-
portant aspects for the theory of inflation, such effects and time-dependent
properties have to be studied carefully. One major focus should be to under-
stand the effects of warping on the 4D effective theories. We also establish
a procedure to understand Non-singular time-dependent solutions of higher
dimensional gravity using warping.

1.2 Kaluza-Klein Reduction

In 1920s, Kaluza and Klein considered the idea of unifying Einstein’s grav-
ity and Electromagnetism by using compactified extra dimensions, actually
a circle [5]. Such compactifications of gravitational theory in an arbitrary D-
dimensional space-time to four dimensions, lead to the four-dimensional metric
and vector bosons related to a gauge group, which is the isometry group of
the internal manifold. The higher dimensional theories such as String theory
are usually theories of gravity coupled to matter fields. In this section, to
understand Kaluza-Klein ideas, we follow the conventions of C. Pope’s lecture
notes[6]and we will mainly focus on a circle as compactifying manifold. Let
us start with Einstein gravity in (D+1) dimensions. The lagragian can be
expressed in usual Einstein-Hilbert form as follows:

L=+/—§R (1.2.1)

Here fields with hats are defined in (D+1) dimensions. We would like to study
the dimensional reduction of this theory by compactifying it on a circle (y-
coordinate) of radius L. Using the properties of periodic functions, one can
expand metric components using Fourier series.

gun(z,y) = ZQ(MH)N(Q?)e
n

in

2 (1.2.2)




The modes with non-zero n are massive modes such that masses are propor-
tional to n/L. Usually in Kaluza-Klein approach, it is argued that the radius
of the compactifying circle (L) is very small such that these non-zero modes
are extremely massive and they are usually neglected. In technical terms, such
restriction to study massless modes are called truncation.

Let’s write the (D+1) dimensional metric in the following form

d§* = e2*%g,,, (v)datdz” + ¥ (dy + A,dz")? (1.2.3)

This way the (D+1)-dimensional metric is written in terms of D-dimensional
fields, metric g, vector boson A and scalar field ¢. The various (D+1)-metric
components are

g,uu = €2a¢g,w + €2ﬂ¢./4u-/4y
Juy = 625¢Au
Gyy = € (1.2.4)

At this stage, o and 3 are free parameters. In order to obtain the reduced
action in standard Einstein-Hilbert form, /5 is set to 5 = —(D — 2)a and to
get kinetic term of the scalar field in standard form, a? = m

The reduced Lagrangian with a field strength (F = d.A) looks like
L=+v—g|R~- —(aqb) AD-1)ad r2 (1.2.5)

One important point to understand in this setup is that the diffeomorphism in-
variance in the y-dimension becomes the D-dimensional U(1) gauge invariance
associated with the vector boson. Thus, dimensionally reducing pure gravity
over a circle gives rise to lower dimensional Einstein-Maxwell-Dilaton theory.

1.3 Supersymmetric Compactifications

1.3.1 Type II Supergravity/String Theory

In this section, we give the basic idea about 10 dimensional Type II Super-
string theories with their field contents.

The bosonic part of the massless spectrum contains the metric gy, the anti-
symmetric 2-form Bj,;y and the dilaton ¢ coming from NS-NS sector and R-R
sector contains p-form potentials C, such that p = 1,3,5,7,9 for Type IIA
and p = 0,2,4,6,8 for Type IIB. The important point for Type IIB theory is
that 4-form RR potential Cy has a self-duality constraint.



The fermionic part consists of two Majorana-Weyl gravitinos, ¥4, A = 1,2.
These gravitinos are or opposite chirality in ITA

Yty =+, 1y = —Viy (1.3.1)

and the same chirality in 1B
iy = i, iy = i (1.3.2)
The NS-NS B field and R-R potentials have field strengths, given by
H=4dB, F,=dC, 1 —HANC,_3 (1.3.3)
The RR fields have a constraint coming from Hodge duality.
E,= (-1 % Ry, (1.3.4)
The Bianchi identities assosiated with NS flux and RR fluxes are
dH =0, dF, —HAF, =0 (1.3.5)

So far we haven’t considered any sources such as D-branes and Orientifold
planes. When sources are present, one cannot have the globally well-defined
potentials and Bianchi identities get modified accordingly.

1.3.2 Compactifications

For this discussion, we will restrict to supersymmetric compactification of
String Theory (d = 10) to 4-dimensional spacetime. A vacuum of type II
supergravity is a solution of its equations of motion and Bianchi identities,
such that M, is fibered over a spacetime My, and such that the whole solu-
tion has maximal symmetry in four dimensions (that is, for example, Poincaré
for My = Mink,4). Usual approach is to consider 10-dimensional spacetime as
a product of 4-dimensional non-compact spacetime and 6 dimensional compact
internal manifold such that maximal symmetry is preserved in four dimensions.

M10 = M4 X X6 (136)

In last 10-15 years, with phenomenological implications (Randall-Sundrum
models), 10D spacetime is considered as a warped product of My and X.

ds}y = W ds? + g (y)dy™dy"



In general, Xg can be strongly curved (i.e. R ~ =) or can break SUSY at
the compactification scale Mgygy ~ % or can be of string size. Even today,
these conditions are extremely hard to analyze quantitatively. We will stick
with compactifications where geometric treatment is valid, manifold is weakly
curved and large. We would also like to understand how to preserve some

amount of supersymmetry after compactification.

1.3.3 N =1 Supersymmteric Flux Compactifications

N = 1 supersymmetry is a solution of the hierarchy problem between the
weak scale (a TeV) and the Planck scale. Supersymmetry provides the answer
to this large hierarchy. It is largely believed that NV = 1 supersymmetry will
survive down to the TeV-scale which might be tested in next couple of years
at LHC. Hence, it is natural to consider 4D compactifications with N' = 1
supersymmetry.
In 10 dimensions, string theories are equipped with A/ = 1 or 2 supersym-
metry. All string compactifications studied in the 80s mainly had one major
drawback, known as moduli problem. A large number of massless scalar fields,
string moduli arise from small deformations of the String background and vari-
ations of the size of internal manifolds. If such moduli were present, then we
would have tested their long range interactions.
While partially breaking N/ = 2 supersymmetry obtained from Calabi-Yau
compactifications down to N = 1, fluxes are used which give vacuum expecta-
tion values to some of the moduli arising from compactifications[2]. With the
help of some non-perturbative corrections, all moduli could get vacuum expec-
tation values [3] in Type IIB theories. Later it was shown that fluxes alone can
stabilize all moduli classically within the valid supergravity approximation for
massive Type ITA theories. The study of moduli stabilization plays a key role
in making connections to real world physics from string backgrounds.
In this section, we review the main features of flux compactifications of Type
IT theories. The metric has a warp factor but it maintains maximal symmetry
in 4D spacetime (i.e AdS, Mink or dS). This puts constraints on choices of NS
or RR fluxes one can have. Consider 3-form flux H, all indices should be inter-
nal because presence of one or more spacetime indices would break maximal
symmetry in 4 dimensions. This logic holds for RR fluxes £, when p < 4. For
higher fluxes, one can consider Fy1234,..05_,- In more compact way, one can say
F = f+wolyg A (—=1)5 (%6 f).

We start with ten dimensional Majorana-Weyl spinors. As said before,
these spinors are of opposite(same) chirality in Type IIA (B). The maximal
symmetry in 4D requires the vacuum expectation value of the fermionic fields



to be zero. To obtain supersymmetric vacuum, we impose < 6.y >= 0, where €
is the supersymmetry parameter and y is any fermionic field. Using democratic
formulation, in string frame, supersymmetric variations are given by [70],

1 1
(S@ZJM = VME + Z ﬁMPE + E€¢ zn: f;(LlO)FM,PnE,

5A:(ﬁ¢+%/HP)6+%¢§:¢4V@—n)ﬁﬁ%%e

1
Here M takes values from 0 to 9 and vy, = ( Y ) . Hyy stands for $ HynpI'™P

Uiy
and A stands for $ Hyypl™NP. In type IIA, P =I'y; and P, = Fgﬁlmal and
in case of Type IIB, P = —0? and P, = ¢! for even ”TH and P,, = io? for odd
ntl

2
To understand four dimensional supersymmetic compactifications, 10D

spinors are split into 4D spinors(£1?) and 6D spinor(n) with appropriate chi-

ralities such that (£°)* = ¢ and (1,)* = n_. For Type ITA, we get

e = o+,

€ = e+ on, (1.3.7)
and in case of Type IIB,

=P en + 8o (1.3.8)

These Eq. (1.3.7) and (1.3.8) can be used in gravitino variation to un-

derstand the conditions for supersymmetric vacua. The presence of one such
internal spinor leads to N/ = 2 supersymmetry in four dimensions which is
the usual case for Calabi-Yau compactifications with one covariantly constant
spinor and no flux.
Once fluxes are present, one cannot work with Calabi-Yau manifolds and the
internal geometry should admit a globally well defined non-vanishing spinor to
preserve supersymmetry. Such geometries are known and studied extensively
as SU(3)-structure manifolds. These geometries are more explained in chap-
ter 4. To obtain N' = 1 supersymmetry from 10D spinors, one can start with
four-dimensional spinors ¢, and ¢_, Majorana conjugates.

10D spinors take following forms, in the case of Type IIA,

e = Lo+ on,
€ = Lo+, (1.3.9)



and in case of Type IIB,
=& @y’ + & @nt’ (1.3.10)

SU(3)-structure manifolds and N' = 1 supersymmetry are obtained when we
impose the proportionality between 7; and 7, with proper choice of fluxes. If
7, and 7, are independent, then one gets more supersymmetry with SU(2)-
structure geometry which has additional topological constraints.

1.4 Warped compactifications

1.4.1 Type IIB review

In this section, we will review the warped Type IIB string compactification.
This is a solution at leading order in o’ which are Type IIB supergravity
solutions with D-branes(D3/D7) and Orientifolds[2].

In Einstein frame, the supergravity action of Type IIB string theory is
given by

1
S[[B = —5 dwx\/—g (R—

2
2K7

1 /04/\G3/\C_¥3

2
8tk

outOMT  Gy-Gy £2
2(Imt)?2  12Imt 45!

+ Ssources (141>

Imr

where axio-dilaton 7 = Cy + ie~? and G5 = F3 — 7H; and 5-form flux is such
that [ = «[5 = Fy — 3Cy A Hy + 1By A .

To obtain solutions with maximal symmetry (Poincare) in 4 dimensions,
the 10D metric takes following form

dsiy = AWy, dotde” + e AW g, dy™ dy" (1.4.2)

To obtain the maximal symmetry, axio-dilaton is 7 = 7(y), 3-form flux G
has all components in the internal directions and Fs = (1 4 %)[da(y) A dz® A
dx® Nda® Ndz?]. The sources obey following condition, (T —T#) > Tsp5™re,
where p3 is the D3 charge density of the localized sources. These sources allow
us to evade the standard Supergravity No-Go theorems.

The general solution at the leading order in o under above conditions has
following features:

1) Internal manifold is a conformal Calabi-Yau, i.e. Gn, = ¢%F together



with the orientifold projection. Thus, this geometry comes with Complex
structure and Kahler moduli.

2) Closed 3-form fluxes F3, H3 obey quantization conditions, ﬁ f F; e
277, and ﬁ ng € 2.

3) D-brane charges follow Gauss-law condition [integrated Bianchi iden-
tity], [\, Hs A Fs + (263,T3)Q57" = 0.

4) Two important features of this solution are x¢G3 = iG3 and o = et
The imaginary self-dual primitive 3-form fixes Complex structure moduli and
axio-dilaton.

Now, it is important to discuss the 4D effective description of these Type
I1B orientifold models with RR and NS fluxes. Calabi-Yau compactifications
lead to complex structure (z*) and Kdhler moduli(¢*). Kdhler potential for
axio-dilaton and complex structure moduli is given by

Ko = —log (z/MQ A Q) —log(—i(T — 7)). (1.4.3)

For Kahler moduli, Volume is described using Kéhler form (J) by V = [, J A
JNJT = %Sabct“tbtc. With this information, Kahler potential is schematically
given by

Kk = —2log(V).
With NS and RR fluxes, superpotential is generated for axio-dilaton and com-
plex moduli, which is given by

W :/ Gs A Q. (1.4.4)
M

Now, we have all ingradients to write down the potential in AN/ = 1 supergrav-
ity.
V = Kotk (G“DiWDjW - 3|W|2> (1.4.5)

It is important to notice that at tree level, W does not depend on Kdahler
moduli, thus D, W = K ,W. Thus, potential simplifies to

V = ftotat <G°‘BDQW—D5W + G KW — 3|W\2> . (1.4.6)



Using the form of I we have, the potential term further simplifies to
V = ftotar (GQBDQWD5W> . (1.4.7)

One can notice that in this setup, it is possible to get supersymmetric vacua
with Dy,W = D,W = D,W = 0 while non-supersymmetric vacua with
D, W # 0 for some Kdahler modulus. Thus, one can construct Supersym-
metric vacua with V' = 0 with Calabi-Yau orientifolds. The challenge left here
is to generate a potential for Kahler moduli.

Superpotentials in No-scale models receive no corrections at all orders in
perturbations. Non-pertuebatively there can be corrections from instantons
which are usually Kdhler modulus dependent. After adding such contributions,
superpotential takes following form, W = W, + Ae’ with Kahler modulus
p-

In [3], it was shown that after addition of non-perturbative effects, all
moduli can be stabilized for small W,,,;. Having negative cosmological con-
stant with moduli fixed, these solutions are not good to describe our universe.
KKLT therefore uplifted the AdS minima to positive minima by adding anti-
D3-branes. This uplifting term adds the following term to the moduli potential
Vupli fting = ﬁ. Such de Sitter minima are metastable.

The conclusion from this section is that constructing de-Sitter vacua from
string theory is possible and one can interpret the small observed dark energy
as cosmological constant.

Presently, the standard approach is to start with a class of theory on a
particular compact manifold X as internal space and derive a 4-dimensional
effective field theory within this class of theories. One obtains an effective
potential, which is a function of the various moduli. One has to study for
local minima of this potential. The usual problem in this approach is with the
potential going to zero at large volume and weak coupling, one has to look
for a barrier to this behavior. This approach is explained well for even non-
supersymmetric vacua in [63]. One can study effects of warping in de-Sitter
vacua or inflationary situations using this effective potential.

1.5 Singularity Theorems

1.5.1 What are Geodesics?

General relativity is a theory of gravity. The main ideas from general relavity
can be summerized as ‘the spacetime is a manifold (M) with Lorentzian metric
gap’- The laws of physics from gravity can be explained with 2 principles, 1)



general covariance and 2) The equations of general relativity should reduce
to the Special Relativity equations in the limit g, — 74,. The dynamics is
governed by Einstein equations. The curvature of metric g, is related to the
matter distribution in the spacetime by

1
Rab - §gabR = 8Tab-
Two concepts : Geodesics and Trapped surfaces from general relativity are
very important in order to build non-singular cosmological solutions.
Let’s understand the concept of geodesics in this section and trapped surfaces
in the next section.

Definition: Let (M, g) be a Riemannian manifold. For a connection V,
geodesics are defined as curves v = 7(t) such that

V4 = 0.

In usual physics literature, equivalently, geodesic is defined as a curve whose
tangent vector V¢ is parallel transported along itself.

Vev, Ve = 0.

The important feature of geodesics is the curve of shortest length connecting 2
points on a manifold. The worldlines of particles in a force-free motion satisfy
the geodesic equations.

Geodesic Completeness: A geodesic from point p € M is complete if it
can be extended to all values of its affine parameter. Geodesically complete
spacetime has all geodesics complete.

With the understanding of geodesic completeness, one can study singulari-
ties using the following interpretation: “A spacetime is singular if it is timelike
or null geodesically incomplete”. Generally the curvature diverges along in-
complete geodesics, but geodesic incompleteness can occur with the bounded
curvature components or bounded curvature invariants.

1.5.2 Trapped Null Surface

The concept of closed trapped surfaces was first introduced by Penrose in
1965[7]. A trapped surface represents the boundary of a region where any
initially expanding null congruence begins to converge. Formation of closed
trapped surface leads to singularities.

We discuss the idea of closed trapped surfaces using the procedure developed

10



by Senovilla[8]. These are closed spacelike co-dimension 2 surfaces, S in the n-
dimensional Lorentzian manifold (M, g). The term ‘closed’ means the surfaces
are compact without boundary.

To understand the properties of such surfaces, assume that there exists a
family of (n-2) dimensional spacelike surfaces, ¥ xa, given by

{2 = X"}, a={0,1} (1.5.1)

Here X@ are constants and xz® are local coordinates in M. The metric can be
written locally as

ds* = guyda®da® + 2g,ada”da? + gapda?da® (1.5.2)

The imbedding ® : ¥ — M is given by ®2(¢) = X2, 24 = ®4(() = ¢* such
that the first fundamental form for each such surface is given by

Yap = gap(X* (9) (1.5.3)
while the future null normal one-forms satisfy
wE = kfdxb

9"k ky =0

gkt = —1 (1.5.4)
One obtain null expansions by computing
G (GY*Pgan)),B
6F = pro | =22 - —— 207 1.5.5
(& - (155)

Here G = /det gap and g, = goadz?. Now we are ready to define mean
curvature one-form and the scalar defining the trapping properties,

H, =4, ((InG),a - div(g,))

k= —g"Hy,H, (1.5.6)

¥ is trapped (respectively marginally trapped, non-trapped) if  is positive,
(resp. zero, negative) everywhere on X.

11



1.5.3 Hawking-Penrose Singularity

The concept of singularity in General Relativity is very difficult to understand
in very concrete framework. One tries to address the singularity in terms of
divergent curvature components, but such divergences can be because of a
bad choice of coodinates. If one defines singularity using curvature invariants,
still there can be singularities. Following the works of Geroch, Hawking and
others, singularities can be addressed by curves which cannot be extended in
a regular manner and do not take all values of their parameter. Singularity
theorems by Hawking and Penrose have played a key role in the development
of general relativity since 70s. In this section, we discuss the Hawking-Penrose
singularity.

Theorem 1.5.1. If spacetime (M,g) satisfies following properties:
e Energy condition: Ry, VeV >0 for all timelike vectors V@,

e M is globally hyperbolic(existence of a Cauchy Surface ¥ C M ),

e there is a trapped surface(S) in M,
then M is geodesically incomplete.

As explained in [19], “timelike and null geodesic completeness are minimum
conditions for non-singular space-time”. First let’s justify the assumptions.
Using Einstein’s equations, first assumption can be rewritten as 7,V 2V?® > 0.
Strong energy condition is violated in the inflationary universe, but inflationary
universe is shown to be geodesically incomplete in past. A Cauchy surface is a
spacelike hypersurface of M such that it intersects every smooth, inextendible
causal curve exactly once. In previous subsection, we have discussed closed
trapped surfaces.

To sketch the proof of this theorem[9], let’s start by assuming (M, g) is
null geodesically complete. One can show that 9.J7(S), the boundary of the
causal future of p, is a compact manifold without a boundary. In physical
sense, the light rays emitted outwards from points on S should converge since
S is a closed trapped surface. In addition, one can show that 9J*(S) has a
continuous one-to-one mapping to the non-compact hypersurface. This implies
either that 9J7(S) is non-compact, or that it can have a boundary. Thus we
get the contradiction by assuming null geodesic completeness.

1.6 Bouncing Cosmologies

The Big Bang model gives us a predictive description of our universe from
nucleosynthesis to present. When one starts understanding Big Bang model
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back in time, two questions often arise in this cosmological model: ‘did our
universe have a beginning in the past?’ and ‘is it possible to make cosmological
models with bounces where the scale factor goes through crunch followed by
bang?’. These questions are directly connected to the singularity theorems of
Penrose and Hawking. According to singularity theorems, a smooth reversal
from contraction to expansion is impossible if an energy condition of the form

R, v >0 (1.6.1)

is imposed. For the null energy condition (NEC), v* stands for any null future
pointing vector. The Null Energy condition is satisfied by all well-known
matter and energy sources in the Universe. Let us see how these theorems
apply for homogeneous and isotropic Freedmann-Robertson-Walker (FRW)
cosmologies

2

ds? = —df? + a*(t) L Tk S+ r%(d6” + sin® 0d¢?) (1.6.2)
—kr
The FRW equations are
N\ 2
87 kA
B = (%) =, -S4 2 1.6,

(a) 3 a? - 3 (16.3)

ArG A
- = —— 3P)+ — 1.6.4
P o T rap) g (164

for cosmological constant (A).
If NEC is satisfied, then for flat or open (kK = 0 or kK = —1) universes, it can
be shown that H < 0 and cyclic universes are not possible.

For closed universe (k = 1) to prove the singularity theorems, one has
to impose SEC. One way to obtain the cyclic universe is to violate SEC but
keeping NEC.

Simple Harmonic Universe :

To obtain the Simple Harmonic Universe [11], authors have used the positive
curvature (k = +1), negative cosmological constant (A < 0) and a matter
source such that P = wp and w = —%. The continuity equation gives us
p+3H(p+ P)=0. Thus, in this case, we get

p= A—i—% (1.6.5)

Using eq.(1.6.4), one obtains a(t) = agcos(wt + ¢) + ¢ such that w =
\/ EGIAl and ¢ = £, v is defined as y = S0 The scalar perturbations

2|A| 27 Gpd
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give instabilities at short distances, if ¢2(= (dP/dp)?) is negative [speed of
sound wave]. For a perfect fluid (w < —1/3), ¢? is negative. But it is possible
to find matter sources with required equations of state but with ¢ positive and
w = —2/3 and in such a case, scalar perturbations are stable. For v < 1, some
modes of perturbations become unstable. The model with v ~ 1 provides an
example of an eternal universe without singularities, using positive curvature
and violating the SEC, but keeping NEC. This universe is shown classically and
quantum mechanically stable at linearized level for small scalar perturbations.

With the BICEP2 results, we think it is important to address the question
of inflation in any cosmological setup. With the stable, eternal non-singular
cosmologies, we can think of a Universe which begins in such a non-singular
phase, lives there for a long period, and then transitions to a realistic Universe
with inflation. This idea is addressed in [10].

1.7 Outline

With the basic understanding of String theory compactifications, Kaluza-Klein
reduction and some important aspects of general relativity, we are ready to
apply these techniques in various cases.

In 1970s, Hawking and Penrose showed that a globally hyperbolic con-
tracting space admitting a closed trapped surface will lead to a singularity,
unless an energy condition is violated [19]. The main challenge given by these
theorems is finding a non-singular cosmology with homogeneous and isotropic
space. In four dimensions, it is hard to obtain such cosmologies without violat-
ing Null energy conditions on matter fields. In chapter 2, using the ideas from
extra dimensional gravitational theories, we obtain a family of non-singular
time-dependent solutions of a six-dimensional gravitational theory that are
warped products of a four dimensional bouncing cosmological solution and a
two dimensional internal manifold. The warp factor is time-dependent and
breaks translation invariance along one of the internal directions. When the
warp factor is periodic in time, the non-compact part of the geometry bounces
periodically. The six dimensional geometry is supported by matter that does
not violate the null energy condition. We show that this 6D geometry does
not admit a closed trapped surface and hence the Hawking-Penrose singularity
theorems do not apply to these solutions. Some parts of this work was done in
collaboration with Dr Koushik Balasubramanian from Yang Institute, Stony
Brook[15].

The standard approach in compactifications is to derive an effective action
in 4 dimensions to make connections with real world physics. The effective
action obtained after performing the compactification is a functional of the
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4-dimensional metric and additional fields parametrizing the extra dimensions
such as its metric and the other fields of supergravity or superstring the-
ory. Critical points of this effective action correspond to critical points of the
original higher-dimensional theory. In chapter 3, We study warped compact-
ifications of string/M theory with the help of effective potentials, continuing
previous work initiated by Michael R. Douglas. The dynamics of the conformal
factor of the internal metric, which is responsible for instabilities in these con-
structions, is explored, and such instabilities are investigated in the context of
de Sitter vacua. We prove existence results for the equations of motion in the
case of a slowly varying warp factor, and the stability of such solutions is also
addressed. These solutions are a family of meta-stable de Sitter vacua from
type 1IB string theory in a general non-supersymmetric setup. Some parts of
this work was done in collaboration with Dr Marcelo Disconzi from Vanderbilt
University and Dr Vamsi Pingali from Johns Hopkins[16].

In string compactifications, as soon as one turns on background fluxes to
obtain supersymmetric vacua, the internal manifold cannot be Calabi-Yau.
Fluxes and string sources which allow to evade standard No-Go theorems lead
to warping. In chapter 4, we study supersymmetric AdSs compactifications
using the idea of SU(3) structure manifolds. We study how to use smooth,
compact toric varieties for supersymmetric AdS; flux compactifications simi-
lar to CP? solution. The key feature for supersymmetric compactifications is
the existance of non-vanishing globally well defined complex 3-form. Neces-
sary topological conditions associated with such form are understood to put
constraints on large class of these manifolds for supersymmetric flux compacti-
fication. The approach can be extended with mathematical view to understand
if nearly Kahler metrics like CP?® manifold are present for non-homogeneous
toric varieties or not. This will need detailed local analysis and ways to patch
these local properties with given topological conditions[17].
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Chapter 2

Time-dependent Warping and
Bouncing Cosmologies

2.1 Background

In this chapter, we are going to discuss the way to evade Singularity theorems
using extra dimensions and time-dependent warping. Hawking and Penrose
showed that a globally hyperbolic contracting space admitting a closed trapped
surface will collapse into a singularity, unless an energy condition is violated
[19]. This result imposes severe restrictions on a smooth transition from a
contracting phase to an expanding phase.

There are many phenomenological models incorporating a pre-big bang
scenario, in which the singularity is avoided by having matter that violates
the null energy condition (NEC) [20, 21] or by violating NEC using modified
gravity [22]. For closed universes, it is sufficient to relax the strong energy
condition (SEC) to avoid the singularity and such an example was constructed
in [11].1

Though it is not possible to derive the energy conditions from first princi-
ples, it is known that most models of classical matter satisfy the NEC. It has
also been argued that violation of NEC in certain models are pathological due
to superluminal instabilities [23]. However, violation of such energy conditions
need not signal a sickness always. The strong energy condition is violated by
a positive cosmological constant and also during inflation. Relaxing strong
energy condition seems benign. In this regard, it would be interesting to find
a microscopic realization of the fluid stress tensor in [11] using classical fields
and a cosmological constant. Quantum effects can lead to violation of the

!The Hawking-Penrose singularity theorem [19] assumes the strong energy condition to
show the existence of singularities in closed universes.
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null energy condition, but an averaged null energy condition must be satisfied.
Orientifold planes in string theory can also allow for localized violations of the
null-energy condition.

Instead of violating null and strong energy conditions, some researchers
have sought to understand the singularity outside the realm of classical Ein-
stein gravity. For instance, there have been a large number of proposals in the
literature to understand the initial singularity using string dualities [24]-[28].
We will now review some of these proposals briefly.

In [26], the cosmological solution is obtained by connecting two singular
solutions at the singularity. A scalar field with a singular profile provides the
stress tensor required to source the metric. Even though the infinite past is
described by a smooth perturbative vacuum of string theory, the perturbative
description breaks down near the bounce singularity and a non-perturbative
string description is required to bridge the post big bang universe and the
pre-big bang universe.

A geometric picture of certain big bounce singularities in higher dimensions
was presented in [28, 29], where the lower dimensional scalar field uplifts to
the higher dimensional radion field.? The size of the circle shrinks to zero size
when the universe passes through the singularity and expands again when the
universe bounces from the singularity. They also considered the case where the
compact direction is a line interval instead of a circle. In this case, when the
universe approaches a big crunch, the branes at the endpoints of the interval
collide with each other, and they pass through each other when the universe
expands again [28, 29].3 In [28, 29], the higher dimensional geometry is simply
a time-dependent orbifold of flat space-time.

There are many Lorentzian or null orbifold models of bouncing singularities
where the geometry is just obtained by taking quotients of flat spacetime by
boost or combination of boosts and shifts [34, 35, 36].* In the case of singular
orbifolds, there is a circle that shrinks to zero size and then expands, leading
to a bounce singularity. Such solutions are unstable to introduction of a single
particle as the backreaction of the particle and the infinite number of orbifold
images produces regions of large curvatures [35, 37]. In [35, 36], examples
of non-singular time-dependent orbifolds were presented. In these examples,
size of the compact directions remain non-zero at all times but it becomes
infinitely large in the infinite past and infinite future. That is, the extra
dimensions are initially non-compact and then go through a compactification-
decompactification transition. These null-orbifolds are geodesically incomplete

2Also see [30, 31, 32] for related work.
3This is slightly different from the original ekpyrotic model [33].
4Since these geometries are locally flat, they are exact solutions of classical string theory.
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unless the anisotropic directions are non-compact.
In this paper, we present a new class of non-singular bouncing cosmological
solutions that has the following features:

1. These are classical solutions of Einstein’s equations sourced by a stress-
energy tensor that satisfies the null energy condition.’

2. The stress-energy tensor sourcing the metric can be realized by classical
fields.

3. All non-compact spatial directions are homogeneous and isotropic.
4. These solutions can be embedded in string theory.

We show that our bouncing cosmological solutions evade the Hawking-Penrose
singularity theorem because they do not admit any closed trapped surface. De-
manding homogeneity and isotropy in all spatial directions (including compact
directions) rule out the possibility of finding such geometries. In fact, it can be
shown that the metric ds? = —dt* 4 a(t)?dz? cannot exhibit a bounce (classi-
cally) unless the null-energy condition is violated [25, 29]. Hence, it is essential
to include anisotropy or inhomogeneity in the compact extra dimensions to find
non-singular bouncing cosmologies. We show that a time-dependent warped
metric of the following form can exhibit bouncing behavior (non-periodic as
well as periodic):

ds® = [(—e*A 0 q? + 2P0 )| 4 2000 g, .d0'd7 + 2(;(t, 0),)dtdd’
(2.1.1)

More precisely, we find six dimensional solutions of Einstein-Maxwell-scalar
theory in which the metric takes the form in (2.1.1). Note that the non-
compact directions are homogeneous and isotropic. The compact directions
have finite non-vanishing size at all times. Most higher dimensional resolu-
tion of singularities that have appeared in literature rely on reducing along a
shrinking circle [30, 31, 32]

We show that our solutions are geodesically complete as they do not admit
a closed trapped surface. These geometries are homogeneous and isotropic
along the non-compact spatial directions x. This non-trivial six-dimensional
solution can be uplifted to a trivial solution in 7-dimensions using an O(2,2)
transformation. This transformation provides a simple method for generating
time-dependent warping. We show that the six-dimensional solution does not
admit a time-translation symmetry.

5Senovilla [38] found non-singular inhomogeneous geometries sourced by a fluid staisfy-
ing the NEC. However, a classical field configuration that produces the fluid stress-energy
tensor is not known.
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In this paper, we also present an example of a class of solutions where the
topology of the internal manifold changes dynamically. Note that we need
atleast six-dimensions (341 non-compact directions and 2 internal directions)
to see a topology change in the internal manifold. We work with a class of
six-dimensional solutions for convenience, where the topology changes from a
genus one surface to genus zero surfcae. Such solutions do not have any simple
four-dimensional description as the topology change involves mixing among an
arbitrarily large number of Kaluza-Klein modes.

Rest of the paper is organized as follows: In the section §2, we briefly
review scale factor duality and O(d,d) transformations. We present exam-
ples of some interesting solutions that can be generated from trivial solutions
using dimensional reduction and O(d, d) transformations. In section §3, we
use O(d, d) transformations to generate six dimensional solutions of the form
(2.1.1) and show that these are geodesically complete as they do not admit
closed trapped surfaces. In section §4, we conclude with a discussion on the
results of this paper. We also present a short discussion on singular solutions
with internal manifolds that dynamically change topology.

2.2 Dimensional reduction, scale factor dual-
ity and O(d, d) transformations

In this section, we will briefly review some solution generating techniques and
also present a brief survey of some interesting solutions (in the literature) that
can be obtained using these solution-generating techniques.

2.1 Generating non-trivial solutions from trivial solutions using
Kaluza-Klein reduction

We will now present an example which has appeared multiple times in liter-
ature (see for instance [29, 28, 39]) to illustrate the utility of Kaluza-Klein
reduction as a solution generating technique. We start with a flat metric
written as a product of two-dimensional Milne universe and R~

dSiAQXRdfl = —dt? + 2dy* +dx®, 0 =0, H=0 (2.2.1)

This is a trivial saddle point of the following action:

1
S = /dDHx/ddy\/Ee_w (R + 40,,p0"p — EHWPHW”) : (2.2.2)
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We will now show that dimensional reduction along ¥ direction of My x R%!
produces a non-trivial solution of the d—dimensional equations of motion.
Using the Kaluza-Klein reduction ansatz, we can write the higher dimensional
solution as

d$2 — 62a0d82E,d_1 + 62[30dy27

where 0 = 37" log|t|; ds 4_, is the lower dimensional line element in Einstein
frame, and
, 1 d—2

= sa—na—2"" "\ =1

The action in (2.2.2) can be consistently truncated to the following Einstein-
scalar action in lower dimensions:®

Sy = /ddx (R — %@Lgo@“(p)

The lower dimensional solution is

2(d
(d

1)

dsy gy =t/ (—dt® + da?), o = — 3

log |¢| (2.2.3)
Recall that the higher dimensional metric is just a special coordinate patch
on d + 1 dimensional Minkowski space-time. However, the lower dimensional
solution is non-trivial and does not admit a time-like killing vector. In fact,
the lower dimensional geometry has a curvature singularity. Though the cur-
vature invariants of higher dimensional geometry are all finite, the spacetime is
geodescially incomplete [30]. The above d—dimensional solution and the uplift
to d + 1 dimensional My x R?"! has been discussed in [28, 29, 39] already.

It is also possible to generate solutions with a non-trivial geometry as the
starting point instead of flat space-time. For instance, the Hawking-Turok
instanton can be obtained by reducing a bubble of nothing in five-dimensions
[41]. Using this trick, it is possible to generate magnetic or charged dila-
tonic solutions (black holes or expanding cosmologies) starting from known
uncharged solutions [39, 42, 43, 44, 45].

Now, we will discuss a different uplift of the lower dimensional solution in
(2.2.3). The solution in (2.2.3) can also be uplifted to the following solution

6The lower dimensional action is a consistent truncation of the higher dimensional action
if all solutions of the lower dimensional equations of motion can be uplifted to solutions of
higher dimensional action.
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of the higher dimensional equations of motion
ds] = —dt* + t2dy* + dz*, o = —log|t|, H = 0. (2.2.4)

We will now show that the above solution is related to a particular solution
of Belinsky-Khalatnikov type [47]. Recall that the action in (2.2.2) is not
the Einstein frame action. The saddle point of the Einstein frame action is
obtained by a Weyl rescaling of the metric. After shifting to Einstein frame,
the solution is given by

ds, = t@D (—df? + t%dy” + da?) (2.2.5)

After the coordinate redefinition: 2 = 27, & = +/2X, the above solution
becomes a special case of Belinsky-Khalatnikov solution [47] (with d = 3). In
the new coordinates the solution takes the following form

d82E = (—dT2 + 7-2p1dX12 + 7—2p2dX22 + 7_2p3dy2> o= _% log(27) (2.2.6)

where p; = py = 1/2,p3 = 0,¢ = 1/v/2. Note that p; + py +ps = 1 and
p? + pi+p3 = 1— ¢* Belinsky and Khalatnikov [47] found more general
time-dependent solutions of the above form where p; and ¢ satisfy the same
relation.

The solution in (2.2.4) is related to the trivial solution in (2.2.1) by an
O(d, d) duality transformation. When d translationally invariant directions are
compactified, the lower dimensional effective action obtained by dimensional
reduction enjoys an O(d, d) duality symmetry [46]. These transformations are
generalizations of the Buscher transformations [40]. An O(d, d) transformation
maps a classical solution of the equations of motion to a different classical
solution [26]. This property is helpful in generating new interesting solutions
from known solutions (even from trivial solutions). Let us consider the action
of an O(d, d) duality transformation on the following solution

ds? = gapdz®da® + G,-jdyidyj, 0 = g

where 0, is a Killing vector. The action of a general O(d,d) transformation
is given by
G G'B

M=1pa1 ¢_peB

— QTMQ, (2.2.7)
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where Q is a 2d x 2d O(d, d) matrix i.e., € satisfies the following condition:

0 I 0 I
{ded 0 } {ded 0 1 ( )

The matrix M is a symmetric O(d,d) covariant matrix. It is possible to
write the action in a manifestly O(d,d) invariant fashion using the double
field theory formalism (see [48]). In the double field theory formalism, O(d, d)
transformations can be written as a generalized coordinate transformation of
the generalized metric M. Note that when Q = 1, M — M~! which is a
generalization of the scale factor inversion.

Scale factor duality (SFD) transformation is a special case of an O(d,d)
duality transformation (with H = dB = 0). When dB = 0, the action of scale
factor duality can be written as follows

Gij %C;’;j =G, go%@’z@o—%log(detG), H— H=dB=0
Scale factor duality maps an expanding universe to a contracting universe.
This forms the basis for the pre-big bang scenario of [26]. Note that the
solution in (2.2.4) is related to the locally flat solution in (2.2.1) through a
SFD transformation.

In the next section, we will show that the solution generating techniques
discussed in this section can be used to find non-singular bouncing cosmologies
that do not admit any closed trapped surface.

2.3 Non-singular Bouncing Cosmological So-
lutions

3.1. Solution of six dimensional Einstein-Maxwell-Scalar theory

In this section, we will describe a method to obtain six-dimensional non-
singular cosmological solutions with time dependent warping. The basic idea
is to use a non-trivial parametrization of flat space that would produce non-
trivial solutions after dimensional reduction or O(d,d) transformations. We
begin by writing down a line element for a flat metric in seven dimensions
(with 3 non-compact spatial directions and 3 compact directions):

dsi = —dt* (1 —1'(t)?) + da® + r(t)*db? + gpsdd” + (0’ ggy + 5°) d2°

22



+ 28 cos Or' (t)dtdz — 28 sin Or(t)dOdz + 2agspdddz

(2.3.1)
where g4y = (R + 7(t) sin 0)%; & denotes the 3 non-compact spatial directions,
t denotes a timelike coordinate, 0, ¢ and z are the 3 compact directions; «, 3
and R are non-zero constants. Note that the metric degenerates when § = 0.
To ensure that ¢ is timelike, we choose r(t) such that —1 < 7/(¢t) < 1. The
above metric can be transformed to the familiar flat space metric: ds? =
—dt”? + dx'* + dy?, by using the following change of coordinates

=z, t'=t, yp = Bz+r(t)cosb,
= (R+r(t)sinf)cosp, y3 = (R+r(t)sinfh)sing  (2.3.2)
with —oo >t > o0, 2r > 0 > 0 and 27 > ¢ > 0. The metric in (2.3.1)
extremizes the seven dimensional low-energy string effective action in (2.2.2)
(with ¢ = 0 and H = 0). We will now reduce along z direction to obtain

a non-trivial solution in six-dimensions. The six dimensional action can be
obtained by writing the 7D line element in the Kaluza-Klein reduction ansatz:

N 2
ds? = e a3+ ¢ (dz 4+ Ayda®)

When ¢ and H are trivial, the seven dimensional action can be consistently
truncated to the following Einstein-Maxwell-scalar action:

. 5 1 PN
S(EG) = /dG-T\/E (R — Z—la,uUaHO' — Z_legUF/WFHV) ) (233)

where, ¢ is the Einstein frame metric, F = dA is the field strength and o is
the radion field. The six dimensional solution is given by

620’ _ CX29¢¢ + 527
Git = —e? (1 —7'( t)z) B2 ( 2¢7% cos? 0, Gip = —e>7/* A, Ay, Gt = _650/2At/21¢>
QQQ = T(t>265 ( ﬂ2 SiIl2 0) s ggqg = —650/2A9A¢, (234)

—30

Goo = B2 gss, Gy = €20y
= Br'(t) cosBe™27, Ay = —e 2 Br(t)sinh, Ay = e 2 agyy

Other components of the gauge field and the metric are trivial. This six di-
mensional solution describes a T? fibered over R*!. Note that the metric on
the T? is not flat. The above solution can be uplifted to a different classi-
cal solution of a 7D theory described by (2.2.2). This non-trivial solution
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is related to the trivial seven dimensional solution in (2.3.1) by an O(2,2)
transformation (Buscher transformations). The details of this solution can be
found in appendix A (see A.2.3). Note that the 7D solution is regular if the six-
dimensional solution is regular. The six-dimensional solution can be regular
only if the size of the compact directions do not shrink to zero size. This is en-
sured by choosing r(t) such that R > r(t) > 0 for all ¢, and § > 0. With these
conditions, the components of the metric and inverse metric are regular every-
where. All derivatives of the metric are also regular everywhere. All curvature
invariants can be built from product of the derivative of metric components
and inverse metric. Since the metric, inverse metric and their derivatives are
all regular, all curvature invariants are finite. However, finiteness of curvature
invariants does not imply the geometry is free of singularities. In order to
show the six-dimensional solution in (2.3.4) is non-singular, we have to prove
that it is geodesically complete [49]. We will prove this at the end of the next
sub-section.

3.2. Absence of time-translation symmetry

In this subsection, we will show that our solution in (2.3.4) does not admit a
time-translation symmetry. In the process of showing this, we found a sim-
ple trick to prove our solution is geodesically complete. We will present this
discussion at the end of this sub-section.

We begin with a discussion on time translation symmetry. £ is a symmetry
generator if the following equations are satisfied

60 = E"9,0 =0, 8A, = E"0,A 40,82 A\ = 0N, ¢ = V&tV 6 =0

(2.3.5)
where A denotes the gauge shift. We can rewrite the second condition as
follows:

(=0, Ax + NA,) = DA — 9, (AN
6eA, = €'F,, = 9,A (2.3.6)

where A = O\ — 0, (A,\f')‘) is just a redefinition of the gauge shift.

We will now show that there is no time-like vector satisfying the above
conditions. Note that & must be non-trivial for £ to be time-like. The first
two conditions and the trace of the third condition implies that £ should take
the following form

L O (A(o—))

Vi Fig

Vi

f <8908t — 8t089 + %@a%) + 8¢, + Béaz
2%
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where A(0) is a function of o, Ay and B} are constants. Note that we have
used the isotropy and homogeneity of the non-compact spatial directions to
write down the above expression. The variation of o, A, and the trace of the
Killing equation seems to fix £ uniquely unto some unknown constants and
an unknown function of o. The only freedom in ¢ is in the choice of A. The
form of A should be fixed by using the other Killing equations. We can verify
that there exists no /N\(a) for which d¢Gip, Ocgto, 0cGop, OeGie and d¢goe all vanish
when Ay # 0. We also know that £ is not time-like if Ay = 0. This implies
that the 6D solution does not admit a time-translation symmetry. Note that
when r(t) is periodic, the geometry is invariant under discrete time translation
invariance.

We will now show that the 6D geometry is geodesically complete for all
choice of r(t) satisfying the conditions: 0 < r(t) < RV t, and > 0. To
show this, we will first construct a vector ¢ that satisfies V,(, + V,(, = 0,
but ;0 # 0. Note that such a vector is not a symmetry of the theory. For
instance, linear dilaton solutions ten-dimensional supergravity theories admit
such a vector [50, 51]. In the linear dilation solutions, translation invariance
(along a particular direction) is manifestly broken by the dilaton, while the
string frame metric is invariant under spatial translations.”

We will now return to our discussion on geodesic completeness. We can
verify that the ¢, = 60/2(52 satisfies V¢, + V,(, = 0 but,

—o)2 ' (1) (82 + a®r(t)?) sec O(R + r(t) sinf) tan 0
€ 527.(15)2

We would like to emphasize that ( does not generate time translation sym-
metry. However, the existence of this vector simplifies the proof of geodesic
completeness. Let u* denote the tangent vector to a geodesic and A be an affine
parameter. To prove geodesic completeness, we have to show that the affine
parameter A can take all values in (—o00, 00). Using the fact V,(, +V,(, =0
and the geodesic equation (u#V,u” = 0), we can show that u#(, is a constant.
This implies

oo = (10,0 =2

£ 0.

dt

tant = F = A ! + tant
— = constant = = — + constan
d\ E

This shows that A can take all values in (—o00, 00). To study the derivative of

TAlso see [52] for an example of a solution of where translation invariance is broken by
a complex scalar field, but not by the metric.

25



0, we proceed by writing down the geodesic equations:

dt \ 2 do\? . dt\ [ do
~ [ ot . av —$/2,2 | ~—172 N ar av
Gt (d)\> + Goo (d/\) +e p +9¢¢L + 2019 (d)\> (d/\)
dt L L do
I 2§ )=k
s (d)\) (§¢¢>) 2900 (§¢¢) (d)\)

where, k£ = 0 for null geodesics and k& = —1 for timelike geodesics, p and
L are conserved quantities associated with the Killing vectors @ and J,. We

have already showed that g—; = constant and all metric components and e? are
finite and bounded, from above equation, it is clear that % is bounded. Hence
the six-dimensional geometry is geodesically complete. In the next section,
we show that our solution evades the Hawking-Penrose singularity theorem
because it does not admit any closed trapped surface.

3.8. Absence of Trapped Surface

The existence of closed trapped surface (CTS) is an essential ingredient in the
proof of Hawking-Penrose singularity theorems. A closed trapped surface is a
compact codimension-two spacelike surface, where both “ingoing” and “out-
going” null-congruence normal to the surface are converging. In this section,
we show that the geometry described by (2.3.4) does not admit such a trapped
surface (see Fig. 2.1). To prove the non-existence of CTS, we have to show
that the product of the trace of the two null second fundamental forms is not
positive.

Before we proceed to the calculations, we will provide a simple argument
for the non-existence of closed trapped surfaces in (2.3.4). The six dimensional
solution is obtained by reducing (2.3.1) along z direction. The existence of a
CTS in six-dimensions would imply the existence of a CTS in seven dimensions
because a CTS in 6D (ME2..) will simply uplift to a CTS in seven dimensions
(Mo = circle fibered over MS2..) . But, the seven dimensional geometry
does not admit a CTS since it is just a global coordinate patch covering en-
tire flat space-time (which does not admit a CTS). Hence the six-dimensional
solution does not admit a closed trapped surface. This argument relies on the
fact that the size of the Kaluza-Klein circle is non-vanishing and finite.

We will now show that the six-dimensional geometry does not admit a
CTS by explicitly computing the product of the expansion factors. This also
implies the non-existence of a CTS in seven-dimensions. First, we rewrite the
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k+

S
(a) (b)

Figure 2.1: Shows (a) an untrapped surface (k¢ < 0) and (b) future trapped
surface (k > 0). k* and k= are the null-vectors associated with the ingoing
and outgoing null-congruences normal to the surface of S.

seven-dimensional metric in the following form for convenience.
ds® = —gudt* + e~7% (dp® + p*d03 + p* sin03d¢3) + 2G,edtdd + 2G,sdtde

+2G0d0dd + Gopdb* + Gypdd® (2.3.8)

Since the non-compact spatial directions are homogeneous and isotropic, it
is sufficient to show that a surface S, described by t = t;, p = po cannot
be trapped, where t;, and py are some constants. The first fundamental form
associated with the surface t = ¢y, p = pg is

Yapdztda® = e770)/2 (2403 + pd sin 03d¢3 ) +2G0s(to)dOdd+Ges (to) A0+ s (to)dd”

where A, B € {03, ¢2,0,¢}. Note that this surface is a T? fibered over a
two-sphere. Now, we can define the future-directed ingoing and outgoing null
1-forms normal to this surface as follows

1 1
kt = eTeo/4(—.0,0,0,£—,0,0 2.3.9
( 7 7 ) (2.3.9)
where v is an arbitrary function on the surface S. We can now compute the
second fundamental form as follows:

+ + k9"
Xap = Ky Thp| = =5 (0agn + Opga, — Opgas) (2.3.10)
S S
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Now, let us define k = 2 (’yAB X4 B) (’yCD XE‘D)' A simple procedure for com-

puting % can be found in [53]. The product of the trace of x}iz and x5 is
given by

r/(t0)26717a/2
K =
a®pogss°r (to)?

<a3p3 sin®(0)r(to)? (26%7 — aBe? \/Gag + 208°\/Gag) +’e pE R’
2
+e271r(to) (B (62" — 62)2 cos() cot(6y)4a? pZ sin(6) (_253 +28e% 4 304R62") ))

|

2

poe’? P
Note that x is independent of v. We will now show that x cannot be positive
everywhere if S is compact (S is compact only if py is finite). First, note that
when r'(ty) = 0, k is negative for all values of p. Hence, it is sufficient to
consider the case where 7”/(() is non-zero.

Demanding positivity of k at § = 7 we get,

—46
pg > € [263&7’@0)3/2 (eQ&T(to) + CkﬁRQ COt(Gg)T’I(to)z)l/2+

r! (t0)2

2e%7r(t0)? + aBe®® R? cot(6y)r(to)r' (to)?

where €2 = o?R? + 2. Note that when 6y — 0, pg — oo (a and 3 are
non-zero). Similarly, py diverges when 6; — 7. Hence, xk cannot be positive
when 6 = 7 and 6, = 0 or 7 unless pp is infinite. This shows that a trapped
surface cannot be compact and hence the 6D solution in (2.3.4) does not admit
a closed trapped surface.

2.4 Discussion

In this note, we studied a family of six-dimensional (and 7D) nonsingular cos-
mological solutions that can be obtained from 7D flat spacetime using simple
solution generating techniques. We have shown that our solutions are free
of closed trapped surfaces and hence they evade the Hawking-Penrose singu-
larity theorems. Since, these solutions can be generated from flat space, it is
straightforward to embed these solutions in string theory. In particular, the 7D
solutions in appendix A can be obtained from solutions of type II supergravity
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by reducing along a T? (with all RR field strengths set to zero).

In order to understand the physics as seen by a four dimensional observer, it
seems essential to study the reduction to four-dimensions. However, it appears
that the 6D and 7D solutions discussed in this paper do not have any simple
description in four dimensions. When the warp factor is time dependent all
Kaluza-Klein modes are excited and it is not clear how the higher Kaluza-Klein
modes decouple from the lower dimensional effective action. There has been
some work in the literature to understand the quadratic terms appearing in the
lower dimensional effective action [55] in a general warped compactification.
But at this point it is not clear how one can study the non-linear terms arising
from such a reduction. In a general warped compactification, the nonlinear
terms lead to mixing between arbitrary number of Kaluza-Klein modes and a
procedure for consistently truncating to the lowest Kaluza-Klein modes is not
yet known.

In this note, we have only focussed on geometries that are warped products
of a T? and 341 dimensional bouncing cosmology. However, the method used
to obtain theses solutions can be used to generate solutions where the topology
of the internal manifold is different from T?. In fact, there are solutions where
the topology of the internal manifold changes dynamically. We will provide a
simple example of such a solution here. Let us consider the solution in (2.3.4)
when min(r(t)) < R < max(r(t)). When r(t) < R, the internal manifold is a
ring torus and the six-dimensional metric in (2.3.4) describes a T? fibered over
R, while the internal geometry has topological genus zero when r(t) > R
(see Fig. 2.2). This topology change can also happen periodically if r(t)
is periodic. Such topology changing transitions are singular (g4, vanishes
when 7(t) = R) even though the scalar field and the gauge field strength do
not diverge. The Euler characteristic of the internal manifold is zero even
when r(t) > R because of the singularities.® We would like to point out that
the topology changing transitions discussed here are similar to the dynamical
topology change discussed in [54]. Tt would be interesting to study more general
topology changes where the internal manifold with topological genus-g changes

8The Euler characteristic of a Riemann surface described by an algebraic curve with N,
singular points of multiplicities my,--- ,my, and topological genus g is

Ny
Xe =2—2g— Zmi(mi -1).
i=1

Note that the topological genus is different from the arithmetic genus for algebraic curves
with singularities. The ring torus is topologically equivalent to an elliptic curve with no
singularities while the spindle torus (see Fig. 2.2) is equivalent to an elliptic curve with a
singularity of multiplicity 2.
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Figure 2.2: Topology change from a surface with topological genus one to a
surface with genus (topological) zero.

to a geometry with topological genus-g’. These topology changing transitions
suggest the possible existence of tunneling transitions that cannot be described
by conventional Coleman-De Luccia instantons [56]. In particular, the lower
dimensional effective theory framework used to describe Coleman-De Luccia
instantons cannot describe tunneling transitions that involve mixing of an
arbitrarily large number of Kaluza-Klein modes.

The family of solutions in (2.3.4) are free of singularities when max(r(t)) <
R, but it is not clear if these solutions are all stable. Since these solutions are
obtained from flat solutions in higher dimensions, we expect these solutions to
be perturbatively stable. It seems worthwhile to analyze the stability of these
solutions.

Another concern that needs to be addressed is the following: How can such
solutions be consistent with second law of thermodynamics? The gravitational
entropy of the universe reaches a minimum when the universe bounces from a
contracting phase to an expanding phase. When the geometry does not admit
a closed trapped surface the definition of gravitational entropy is not even
clear; in particular, it is not possible to define the gravitational entropy as
the area of a Killing horizon. It seems that there exists some notion of time’s
arrow that can be defined using Raychaudhuri equation even when the uni-
verse bounces periodically. The arrow of time defined using the Rauchaudhuri
equation is related to the the seven-dimensional. However, it is not clear if the
thermodynamic arrow of time is actually related to this. It is also not clear,
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how quantum effects modify the singularity theorems. So a classical bouncing
solution that is geodesically complete and stable could be unstable quantum
mechanically.
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Chapter 3

Positive Energy Vacua and
Effective Potentials in String
Theory

3.1 Background

It is well known that consistency of String Theory requires a 10-dimensional
space-time, while maximal supergravity and its quantum version called “M
theory” make sense in 11-dimensional space-time. In both cases, one makes
contact with standard 4-dimensional physics by compactifying the extra di-
mensions to a small n = 6 or 7-dimensional compact manifold M — obtaining
in this fashion a lower dimensional quantum theory of gravity with matter.

A primary goal of the work on compactifications is to derive an effective
action in 4 dimensions — i.e., an action that could reproduce the observed 4-
dimensional physics. This effective action is a functional of the 4-dimensional
metric and whatever additional data parameterize the extra dimensions — its
metric, and the other fields of supergravity or superstring theory — taken as
functions on 4-dimensional space-time. Critical points of this effective action,
in the usual sense of a variational principle, correspond to critical points of
the original higher-dimensional supergravity or superstring action.

Earlier works on compactifications have relied heavily on supersymmetry,
and supersymmetric constraints have been used to understand several aspects
of string compactifications. The wide physical understanding brought by the
study of supersymmetric models notwithstanding, there are at least two good
reasons for investigating effective potentials that do not incorporate supersym-
metry. The first is that, if it exists, supersymmetry is an exact symmetry of
nature only at energy scales far beyond the validity of many of the effective
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descriptions. The second reason is the strong evidence that the cosmological
constant, or vacuum energy, of our universe is positive. In the simplest effective
descriptions of string theory, the vacuum energy of 4-dimensional space-time is
given by an effective potential V. s¢. Persistent physical features, like the sign of
the cosmological constant, should typically be described by meta-stable local
minima of V. ;¢. However, effective potentials with local minima corresponding
to positive vacuum energy do not in general allow supersymmetry.

Here we shall be concerned with what can be called cosmological constraints
for de-Sitter (dS) vacua. In other words, we consider the case of a maximally
symmetric 4-dimensional space-time and seek conditions that guarantee the
existence of meta-stable positive local minima of V¢ss. Our focus will be on
compactifications with Dg-branes and/or Og-planes and Type IIB strings.
Therefore, in a nutshell, the main contribution of the present work to the
vast literature on effective descriptions of string theory can be summarized as
follows: a mathematically rigorous proof of existence of positive local minima
of V¢ys under physically reasonable assumptions.

Many authors contributed to our current understanding of effective de-
scriptions in string theory, and a thorough review would be beyond the scope
of this manuscript. A detailed and seminal discussion of the matter can be
found in [63], with subsequent properties investigated in [61]. The interested
reader should also consult [57, 58, 71, 2, 70, 3, 69] and references therein for
further details.

3.2 Setting and the Basic Equations

Consider compactification on an n = D — d-dimensional compact manifold M
to d-dimensional maximally symmetric space-time (Minkowski, AdS, dS). In
the D-dimensional space, consider General Relativity coupled to matter, the
latter being encoded as usual in a set of field strengths F®), p = 1,..., L (these
are curvature terms, with the standard curvature of the Yang-Mills functional
being the canonical example). The full D-dimensional metric is assumed to
have the form of a Kaluza-Klein warped metric with a conformal factor,

ds* = 24y, dtdz" + e*P) g, (x)dr' da?,

where 7, is a metric on the 4-dimensional space-time (Minkowski, dS, AdS)
with z# coordinates on it, g;; is a metric on the internal manifold M, a* are
coordinates on M, and x € M.

We shall adopt the notations and conventions of [61].

assumption: From now on we assume that d =4 and n = 6. For simplic-
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ity, all quantities involved are assumed to be smooth! unless stated differently.
Since many of the fields involved are usually distributional quantities, our point
of view is that they have been properly smeared by, for example, convoluting
against smooth functions.

The above smoothness assumption can certainly be relaxed with no dif-
ficulties. In fact, our existence theorems will hold in Sobolev spaces, so it
suffices to assume that our fields have only a finite number of derivatives. A
possible exception is the “string term” Typin, (see below). Such a term is, in
general, a distribution supported on hyperplanes. Hence, whenever necessary,
it will be assumed that fields have been properly smeared or smoothed out,
as mentioned above. The smearing of Ting notwithstanding, we point out
that many of our results will remain valid, if however only suitable “integral
bounds” — which allow for distributional coefficients — are imposed on Tiying
similarly to what was done in [61].

Following the construction of Vs as in [63] yields

1 2 &
Verp = 5 /M (= u**R — 5V - V(u?v) — 30°|Vul|* + % 2:1}(3_”)|Fp|2
p=0

_ 1
—u?ol 3)/2Tst,nmg) + a(G—N — /Mu'u?’) —|—ﬁ<Vol(M) — /Mv3>, (3.2.1)

2A B

where u = €24 is called the warp factor, v = €28 is called the conformal
factor, R is the scalar curvature of g, a and /3 are constants?, Gy is Newton’s
constant, p, ¢ and L are integers that depend on the particular model under
consideration, and integrals are with respect to the natural volume element
given by ¢g. The dot “-” is the inner product on the metric g, but we shall omit
it when no confusion can arise and write simply VuVuv etc. The term Tping
is added ad hoc to incorporate the non-classical contributions to the effective
potential coming from string/M-theory.

It is shown in [63] that once the warped constraint is imposed (see below),
the Lagrange multiplier o becomes the 4-d space-time scalar curvature. This
provides a setup for justifying many effective potentials that have been studied
in the context of string/M theory compactifications, especially regarding dS
solutions. In particular, a given vacuum corresponds to a dS solution, and
thus has a positive vacuum energy, if and only if & > 0. The other Lagrange

1Orbifolds could also be included, in which case quantities should be smooth away from
singularities. We have not treated orbifolds here to avoid technicalities; they will be the
focus of a future work [59].

2These are in fact Lagrange multipliers in the sense that their variational equations
enforce constraints.
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multiplier, 3, is used to obtain the minimum for the volume modulus related
to the conformal factor. Also, it is important to notice that arguments related
to Chern-Simons terms and warping done in [63] will also hold here, as those
terms do not depend on the conformal factor.

We consider compactifications with Dg-branes or/and Og-planes, and we
want to study critical points of V ;. The first variation of V.;; with respect
to u and v in the direction of 1) and ¢ are, respectively,

L

oV, 1
—<tf ()= 5 / ( — 2uv?R 4 10uvAv + 6V (v*Vu) + UZ U(3—p)|Fp|2
ou 2 Iy g
=20\ TP Y — / 3, (3.2.2)
M
and 5V |
ﬁ(@) = —/ (= 2u®vR + 5A(uv) + 5u’Av — 6v|Vul?
ov 2 Ju
v epim2 4= 3) o (452
+? Z(S—p)v |FP| - Tu v Tstring)gp
p=0
—3a/ uv?p — SB/ V3. (3.2.3)
M M
We must satisfy 5\;% = 5‘;% = 0 at each critical point. From the above we

obtain the following equations of motion:

r L

10uvAv + 6V (v*°Vu) — 2uv’R + u Z VB2 — 200 2Ty = 2633.4a)

p=0
w2 &
5A(u*v) 4+ 5u?Av — 2u*vR — 6v|Vul? + 5 Z(S — )o@ PI|E,)?
p=0
-3

\ —%u%(q_‘r’wﬂmw = 6[auv? + Bv?]. (3.2.4Db)

These are subject to the constraints

1
/ u® = —, (3.2.5a)
M

/ o = Vol(M). (3.2.5b)
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Equation (3.2.5a) is sometimes referred to as the warped constraint.
The second variation of Vs with respect to v and in the direction ¢ is
52fo 1 9 2 u? - (1-p) 2
¢ S _ _ - _ _ 4
210 = 5 [ (~2ER=6Val + 5 3= p) 2

p=0

—3)(g—>5
k) (k) BN T / ViV (u%)
M

4
—6a/ uvg02—6ﬁ/ v?. (3.2.6)
M M

definition: The mass squared of the conformal factor or wvolume modulus,
2
denoted ZXLL s defined by

8’02 )

PVery — Vepy

= ()
ov? ov? o=1
Solutions (v, u) of (3.2.4) such that
0%V,
fr >0
ov? (v)
are called stable® and unstable otherwise.
In our case,
0%V, 1 u? & B
it = o [ (=R v+ S (- - el PR
p=0
_WUZU(qiﬂ/QTstring) . 606/ wv — 66/ v. (327)
4 M M

We are interested in understanding the stability associated with the conformal
factor v. Mostly in supersymmetric solutions, the warp factor u is related to
v, and such solutions are stable. It is known, however, that one has to deal
with instabilities in de Sitter vacua obtained from string compactifications.
The KK mode mostly responsible for such instabilities is the conformal factor
of the metric. Thus, a reasonable strategy is to hold the other fields coming
from compactifications fixed and study the dynamics of the conformal factor v

3Here we use a slight abuse of language, as such a condition would be better called
meta-stable, since tunneling to other vacua can occur. We shall, however, use the terms
stable and meta-stable interchangeably.
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along with the warp factor u. This can be done for general string/supergravity
compactifications, but we mainly study theories related to Type IIB strings
in this paper. In [3], it was found that in Type IIB string theory, one can
achieve stability by fixing all massless fields to AdS vacuum with the help
of non-perturbative effects. The authors add to the potential a term like
an Anti-D3 brane. For suitable choices of the added potential term, the AdS
minimum becomes a dS minimum, but the rest of the potential does not change
significantly (this is the main idea behind the uplifting construction). This
minimum is meta-stable. It is unstable to either quantum tunneling or thermal
excitations over a barrier, in which case the Universe goes to infinity in moduli
space after some time. Since we are not dealing with supersymmetric setups,
we would like to stabilize v by finding conditions that imply 828‘/762” > 0 in
general, and we suggest that non-perturbative effects are very small to disturb
the minimum. Notice that as we are primarily interested in dS space, it will
be natural to consider o > 0 in much of what follows below.

3.3 Slowly varying Warp Factor and (in)stability
analysis

One commonly investigated case is that of a slowly varying warp factor, i.e.,
Vu = 0 (see e.g. [63] and references therein). Here we consider two situations
where it is shown that the system (3.2.4) can be solved for u sufficiently close
to a constant. In one case, we shall obtain instability of the volume modulus,
whereas in the second case, stability will be demonstrated. Our methods are
based on the implicit function theorem and they also involve a perturbation
of the coefficients of the equations. We comment on the legitimacy of this
perturbation at the end. We do not necessarily impose (3.2.5) at this point,
and a more thorough investigation of the existence of solutions to (3.2.4) will
be carried out in a future work [59].

3.3.1 Unstable solutions

Assume « > 0, and consider first the case of a constant warp factor. Plugging
u = constant in (3.2.4), we see that upon the redefinition o — «/u and
B+ 3/u* we can assume u = 1. Setting u = 1 implies that both (3.2.4a) and
(3.2.4b) hold if

2
F,=0except forp=1,q¢=71, and@:_?a’
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and we henceforth suppose so, in which case both equations reduce to
10Av — 2Rv + | F1*v — 2T stpingv — 200* = 0, (3.3.1)

provided that v > 0. Equation (3.3.1) can be solved by the method of sub-
and super-solutions (see e.g. [68] or [62] for the case with boundary). Write
the equation as

Av+ f(v) =0.

We seek functions v_ and v, such that v_ <wv,,

Av_ + f(v-) >0,

and
A'U+ -+ f(/U+> S O
Let v_ = constant > 0. The differential inequality for v_ then becomes
< %’F1’2 - Tstring - R
o o
Hence, if

1
§‘F1|2 - Tstring - R > 07

we can choose v_ so small that the above inequality is satisfied. Similarly, the
differential inequality for v, = constant becomes

> %’F1’2 - Tstm’ng - R

Uy =2 )
(6%

which will be satisfied by choosing v, sufficiently large. The method of sub-
and super-solutions now implies the existence of a smooth solution v, to (3.3.1).
This solution is positive because it satisfies v_ < wv, < wvy.

Solutions in the neighborhood of v = v,, u = 1 can now be obtained with
the help of implicit function-type theorems. Consider

L
M(v,u) = 10uvAv+6v2 Au+120Vo-Vu—2uv? R+u Z v3_p|Fp|2—2uv2Tsmng—2av3,
p=0

and

N(v,u) = 10u*Av + 10uvAu + 20uVu - Vo + 10uv|Vul? — 2u*v R + 4v|Vul?
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u2

L
—l—? 2(3 — p)0* P 1 = 200 T stping — 6uv® — 6802
p=0
Let
h=—-2R+ ‘F1|2 - 2Tstm’ng-

A solution to (3.2.4) with ¢ = 7 is then given by M(v,u) =0 = N(v,u). As
we are interested in positive solutions, we can factor v from M (v,u) and look
equivalently for solutions of M (v,u) =0 = N(v,u), where
s L
M (v,u) = 10uAv+6vAu+12Vv-Vu—2uvR+u Z V2P| Fy |2 =2t Tting — 2007,

p=0

Let H® = H*(M) be the standard Sobolev spaces, where s is large. Define a
map
G:RxRxH!x...x H x H® — H** x H?,

—~

(Oé,ﬁ, F07 F17 cee 7R7TStTin97U7 u) = (M(U,U), N(U,U)) (332)

We claim that D, ,G(0, —%a, 0,...,0,vs,1)(x1, x2) is an isomorphism, where
D, is the derivative with respect to the last two components. Computing,

2
D, G(0, -2

3 707"'707,0*71)(X17X2) = (P7Q>7

where
P = 10Ax1 + 60, Axs + (b — 4av,)x1 + 12V, - Vg + 2a07y2,  (3.3.3)
and
Q = 10Ax; + 100, Axs + (h — 4av,)x1 + 20V, - Vo — 2007 Xs.
Given vn, 1, € H*2, we wish to solve

{ 10AYX; + 6v,Axa + (b — 4av,)x1 + 12V, - Vg + 200%x, = 91, (3.3.4a)
10Ax1 + 100, Axs + (h — 4aw, ) x1 + 20V, - Vo — 2002y = 19(3.3.4b)

Subtracting (3.3.4a) from (3.3.4b) produces
4, Axs + 8V, - Vo — 4aw?xa = 1Py — 1)1. (3.3.5)

Since a > 0 and v, > 0, a standard argument with the maximum principle and
the Fredholm alternative shows that Eqn. (3.3.5) has a unique H*® solution.
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Plugging it back into (3.3.4a) gives a scalar equation for x; only, which will,
again by the maximum principle and the Fredholm alternative, have a unique
solution provided that

h —4av, < 0.

We conclude that if the above is satisfied, then D, ,G(0, —%O‘,O, .., 0,0, 1)
is an isomorphism. Invoking now the implicit function theorem and recalling
that v_ < w, < vy, we conclude the following.

Theorem 3.3.1. Let « > 0, ¢ =7, and fiz a sufficiently large real number s.
Denote by v_ and vy, respectively, the minimum and mazximum of é(@ —
R — Tytring). If B is sufficiently close to ’TQO‘ and F, s close enough to 0 in
the H*-topology, except possibly for p = 1, and if == < 2, then there exists a
unique H® solution (v,u) to the system (3.2.4) in a small H®-neighbourhood of
(v, 1), where v, is a solution of (5.5.1) satisfying v_ < v, < wvy. The solution

satisfies v > 0, uw > 0, and depends continuously on «, 3, F,, R, and Ty ing.

Remark 3.3.2. By taking s sufficiently large and applying the Sobolev embed-
ding theorem, we can replace the H*-neighborhood with a C*-neighborhood
in the previous statement. A similar statement holds for the other theorems
presented below.

We notice that v > 0 and u > 0 follow by making the H*-neighborhood
of the theorem very small and using v, > 0; since s is assumed to be large,
these solutions are in fact continuous and the pointwise inequalities v > 0 and
u > 0 then hold. We also remark that starting with smooth Fy, R, and Tying
does not necessarily yield smooth solutions. This is because the perturbed F),
produced by the implicit function theorem will, in general, be only in H*. If
they happen to be smooth, however, then v and u are smooth due to elliptic
regularity. Indeed, if M(v,u) = 0 = N(v,u), then vN(v,u) — uM (v,u) = 0,
which takes the form

4uv®* Au = f(u,v, Vu, V),

where f is a smooth function of its arguments. Since v,u € H®, f(u,v, Vu, Vv) €
H*™1 and so u € H*™! by elliptic regularity. M (v,u) = 0 and elliptic regular-
ity then give v € H**!, and bootstraping this argument, we conclude that v, u
are smooth.

We now show that solutions given by Theorem 3.3.1 are in general unstable.
Evaluating (?7?) at (v., 1) yields

*Vers
ov?

1
:—/ (h — 2aw,),
o) 2Jm
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where h is as above. Multiplying (3.3.1) by v, and integrating by parts,

1 2
/M(h—Zozv*):—/MU—z|Vv*] <0,

o) < 0, and the inequality is in fact strict if v, is not constant.
Vsl

Notice that v, = constant will not be a a solution of (3.3.1) unless further
relations among the scalar curvature, the gauge fields, and the string term
hold. It follows that the strict inequality will be preserved for solutions very
close to (vs, 1), and we conclude:

82V6ff
so that 5t

Corollary 3.3.3. If v, is not constant, then the solutions (v,u) given by the-
orem 3.5.1 are unstable in the sense of definition 3.2, provided that (v,u) is
sufficiently close to (vy,1).

3.3.2 Stable solutions and applications to Type IIB strings

Using different hypotheses than those of the previous section, here we prove
existence of stable solutions to (3.2.4). The key ingredient is to balance the
contribution of the gauge fields with that of the source Ty. This is, in fact,
an idea that goes back to [2, 3] and has been extensively used in moduli stabi-
lization [71, 70]. We shall impose conditions that lead to a direct application
to dS-vacuum in Type IIB strings. In fact, we shall provide a set of slightly
different theorems applicable to different Type IIB scenarios®. For the rest of
this section we suppose the following.

Assumption 3.3.4. Let ¢ = 3, and we suppose from now on that Fy = F» =
F, = Fs = 0, as these fluxes are not present in Type IIB compactifications.

The arguments that follow will be similar to the proof of theorem 3.3.1,
and they are all more or less analogous to each other. Hence, in order to
avoid being repetitive, we shall go through them rather quickly. Set ¢ = 3,
a=p=R=0and F, =0 for p# 3 in (3.2.4), and plug in v = u = 1. Then
(3.2.4b) holds identically and (3.2.4a) is satisfied provided that

— 2T string + | F3)* = 0, (3.3.6)

so we hereafter assume this condition. We point out that, other than being
similar to previous balance conditions used in uplifting [70, 2, 71, 3], (3.3.6)
also resembles a local version of the tadpole cancellation appearing in [2, 67]. In

4Tt will be clear from what follows that similar arguments can be constructed in other
settings.
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fact, in supersymmetric solutions, like in [67], one can see that the contribution
of the 3-flux to the overall potential gets a cancellation from localized sources.
This follows as an application of the integrated Bianchi identity. In our case,
the assumption shows the cancellation locally. Thus, it would be interesting
to explore the relationship between this assumption and the Bianchi identity.

Theorem 3.3.5. Let ¢ = 3, assume that |F3|* — 2Tging = 0, and fiz a suffi-
ciently large real number s. If o, B are close enough to zero, and R, F, are
sufficiently close to zero in the H® topology, except possibly for p = 3, then the
system (3.2.4) has a H® solution (v,u) in a small H*-neighborhood of (1,1).
Such a solution satisfies v > 0, u > 0, and it depends continuously on «, [,

R, Fy, Tsring, and on two real parameters, ly,ly (these parameterize the kernel
of (3.3.7) below).

Proof. Let

W = 10uvAv+6v*Au+120Vo-Vu—2uv? R+u Z v(3_p)|Fp|2—2uTstrmg—2avg,
p=1,3,5

and

Z = 10u*Av + 10uvAu + 20uVu - Vo + 10uv|Vul* + 4v|Vul? — 2u*vR

2

u _
+?p§;5(3 — p)v* P|F, > — 6auv® — 6507

Consider the map
J i RXRxH X+ -x H*xH® — H* >xH*"? (a0, B, |F1 %, | F3|?, | F5)?, R, Titring, v, )

— (W, Z).
Solutions are given by W = 0 = Z, and v = v = 1 is a solution when

a=p=F =F;=R=0and (3.3.6) holds. Linearizing at (1,1) and in the
direction of (1, x2), and setting it equal to (¢, 1) gives

{AXI = 1, (3.3.7)

Axo = 1s.

As M is compact without boundary, its harmonic functions are constant and
(3.3.7) has a unique solution modulo additive constants. The implicit function
theorem is not, therefore, directly applicable, but we can still rely on it after
restricting the linearization to the L2-orthogonal to its kernel, what produces
solutions near (1,1). A parameterization of the kernel of (3.3.7) yields the
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parameters (l1,ls) of the theorem. As in the previous section, these solutions
are positive if the H*-neighborhood is sufficiently small. m

Next, we investigate stability. With ¢ =3, a =8 =R =0, and F,, = 0 for
p # 3, evaluating (?7) at (1, 1) yields

0*Veyy
ov?

=0. (3.3.8)

(L,1)

The “uplifting” approach [2, 3] to constructing positive energy vacua consists,
in a nutshell, of starting with an AdS supersymmetric vacuum (o < 0), where
stability can be achieved, and deforming the data to a dS (a > 0) vacuum.
With proper control of this deformation, the new vacuum can be shown to be
stable. Furthermore, experience shows that a < 0 generally favors stability
[61, 71]. Therefore, on physical grounds, we expect the continuous dependence
on the data guaranteed by theorem 3.3.5 to allow us to continue solutions from
a = 0 to a > 0, while changing the equality on (3.3.8) to a strict “greater
than” inequality. The favorable physical arguments and apparent absence of
a preventative mechanism notwithstanding, in order to prove stability, fur-
ther hypotheses are needed. Interestingly enough, such hypotheses concern
the value of some natural constants that arise in elliptic theory and which
are ultimately tied to the topology and geometry of M. This is consistent
with experience in compactifications, where global properties of the compact
manifold play an important role in moduli stabilization.

Theorem 3.3.6. (dS stability in Type 1IB with slowly varying warp factor)
Assume the same hypotheses of theorem 3.3.5. Let K; be the norm of the
map A : H; — H*™2, where HS := H®/ker A, and let Ky be the best Sobolev
constant of the embedding H® — C. If % < 26 holds®, then it is possible
to choose a > 0, f < 0, Fy, F5, and R all sufficiently small, such that the
corresponding solutions (v,u) with l; = ly = 0 given by theorem 3.3.5 are stable
in the sense of definition 3.2.

Proof. Compute

-2 0 11 1 -2 =2
ij(x071;1)X:<_6 -6 10 -1 -2 0 )'X’

where 2 is shorthand for (a, 8, |F1|?, |F3|?, |F5|°, R, Tstring), o stands for
(0;Ou072T5tring70707Tst7’ing)7 and X = (le R 7X7) e RxRx HS x---x H?.

>This will be the case, for example, if g;; is sufficiently close to the Euclidean metric.
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From this expression it follows that
0D, Jo0 < 26,

if (z,v,u) is sufficiently close to (zg,1,1). By theorem 3.3.5, we have solutions
J(z,v(z),u(x)) = 0, and the implicit function theorem guarantees that the
map z — (v(z),u(x)) is differentiable. The map D, ,J, being an isomorphism
at (zg, 1, 1), will be invertible nearby, thus

D, ( Z ) = — (DyuJ) ' Dy,

Keeping « = Fy = F5 = R = 0 and |F3]* = 2T4ing, we find, under the
assumptions of the theorem and invoking the Sobolev embedding theorem,
that

du—19c1 < |8,

where 0 - Ocn is the standard C! norm. Furthermore, since u = v = 1 when
£ =0, we can choose 8 < 0 so small that

1
—/ —6|vu|2—65/v>0.
2 M M

From (77?), it now follows that we can pick a > 0 and the remaining fields so
small that

02V,
T Veff > 07
ov?
finishing the proof. [
From (?7?), we see that 5 < 0 favors stability, hence it would be natural to
2
expect that 2 8‘/;{ L > 0if 8 < —1. Theorem 3.3.5, however, only guarantees

the existence of solutions for 8 close to zero. We therefore consider another
condition which allows 8 to be considerably negative, namely,

|F3|* — 2T44ring = 2R — | F1|* = —68. (3.3.9)

We readily check that if (3.3.9) holds and @ = F5 = 0, then v = u = 1
is a solution of (3.2.4). Arguing similarly to the proof of theorem 3.3.5 and
recalling (77?) leads to:

Theorem 3.3.7. (dS stability in Type 1IB with slowly varying warp factor and
f < —1) Let ¢ = 3, assume (3.5.9), and fix a sufficiently large real number s.
If a is close enough to zero, Fy is sufficiently close to zero in the H® topology,
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and f3 is sufficiently negative, then the system (3.2.4) has a H® solution (v, )
in a small H*-neighborhood of (1,1). Such a solution satisfies v > 0, u > 0,
depends continuously on o, 8, R, Iy, Tsring, and on two real numbers ly, (s
parameterizing the kernel of (5.3.7). Furthermore, this solution is stable in
the sense of definition 5.2, provided that we choose l; = ly = 0.

Remark 3.3.8. Although upon setting § = R = F; = 0, (3.3.6) can be
obtained from (3.3.9), the interest in the latter is, of course, when [ is large
negative, as in theorem 3.3.7, in which case, theorem 3.3.6 does not apply.

A clear limitation of theorem 3.3.7 is the lack of a precise bound on how
negative § ought to be. This is important because, since f3 is related to Vol(M),
a large |3| might be out of the supergravity limit in parameter space. We still
find it interesting to state theorem 3.3.7, however, because a closer inspection
suggests that a moderately negative  should suffice, as long as something
like (3.3.9) holds. Confirming this requires a sharper understanding of the
solutions to (3.2.4), which will be carried out elsewhere [59]. Furthermore,
we can still study compactifications in the low energy limit without imposing
supersymmetry, and hence considering supergravity, provided that we solve the
full higher dimensional Einstein’s equations coupled to matter. We could then
start with solutions with § < —1, and by varying  towards zero, investigate
how far in parameter space the low energy description remains valid.

Together, theorems 3.3.5, 3.3.6, and 3.3.7 establish satisfactory properties
of the effective description with a slowly varying warp factor; they give condi-
tions for existence of solutions to the equations of motion and their stability.
Many times, however, it is important to have a more explicit account of the
functions u and v. In particular, one is interested in expanding u = 1+4¢, where
¢ is a fairly tractable (perhaps explicit) small function. To accommodate this
situation, we turn our attention to another existence result.

Set F, = |F,|*, a =2R — Fy, and b = F3 — 2T 5ying. Let

X = 10uvAv + 6v*Au + 120Vv - Vu — auv? + w2 Fs + bu — 2av°,
and
Y = 10u®Av + 10uvAu + 20uVu - Vo + 10uv|Vul® — avv + 40| Vul|®

—u?v? Fy — 6ouv? — 6502,

so that solutions to (3.2.4) are given by X =0 =Y. Notice that u =v =1 is
asolutionto X =Y =0if F5,=0,a=0,and a=b= —68 > 0.

It is easily seen that if X = Y = 0, then by inverting a matrix one can
solve for a and b in terms of («, 3, F5,u, v, Vu, Vv, Au, Av). In other words,
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Lemma 3.3.9. Let ¢ = 3, assume that Fy = F, = F, = Fg = 0, and fix
a sufficiently large real number s. If (v,u) is sufficiently close to (1,1) in
the H*® topology, then the following holds. There exist H*=% functions a and b,
depending continuously on' S = («, [, Fs, v, u) such that the system (3.2./) is
satisfied upon replacing 2R—|F1|* and | F3|*—2Tgying with a and b, respectively,
and the remaining data taking the values given by S.

We comment on the difference between theorem 3.3.5 and lemma 3.3.9,
which consists basically in what is treated as independent or dependent data.
Theorem 3.3.5 states that if we start with the solution (1,1) and slightly
perturb the other fields, then it is possible to find functions near (1,1) that
satisfy the perturbed equation. Lemma 3.3.9, on the other hand, says that if
we choose any two functions u and v close to one, then we can find functions
fitting the remaining data of the equation (namely, a and b) in order to force
v and u to be solutions. Although theorem 3.3.5 is a more standard existence
theorem, lemma 3.3.9 has the advantage of allowing one to explicitly construct
solutions of the form u = 1+¢; and v = 145, which are useful in asymptotic
analysis of the problem.

Corollary 3.3.10. [t is possible to choose o > 0, 8 < 0, Fy, all sufficiently
small, and (v,u) sufficiently close to (1,1), such that the corresponding solu-
tions given by lemma 3.3.9 are stable in the sense of definition 3.2.

Proof. This corollary is a direct consequence of the following identity, which
is, in turn, proven by dividing equation (3.2.4b) by v and integrating,

02V, 2| Vul? 1 5
T;f = —10/ U|U—2U|+/ U2R+3/ ’VU’2—§/ U2JT"1+§/ UQ’U_4.F5.
M M M M M

[]

We finally comment on the fact that, in order to construct solutions, we
allowed the several fields in (3.2.4) to vary. In other words, we are not solving
for v and u given fixed data o, 8, R, F}, and T;ipg, but these data themselves
are allowed to change slightly so that solutions are found. Had we been in-
vestigating a set of equations taken as the fundamental equations of a theory,
this approach would certainly be problematic. The warped-conformal factor
system (3.2.4), however, is only an approximation to the fundamental set of
equations of string/M-theory, and as such, they can be slightly adjusted as
long as their relevant physical content is kept unchanged. This possibility of
tweaking the several fields involved is, in fact, what has allowed physicists to
pursue programs like moduli stabilization and the construction of meta-stable
positive energy vacua.
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3.4 Volume estimates and non-perturbative ef-
fects

In this section we derive some basic identities and inequalities that relate
Vol(M) with the other quantities of the problem. We assume throughout this
sections that we are given positive solutions u and v of (3.2.4). Because n = 6,
we must have L < 6. Notice also that many of the bounds below involve
integral quantities, and, therefore, the smoothness of Assumption 3.2 can be
relaxed, as mentioned in Remark 3.2.

Lemma 3.4.1. The following identity holds:

9 L
u - 7—q _ %"
/M<§ Z(l — p)v3 p|Fp|2 + 5 uol 3)/2Tst7“ing) = G_N + 68 Vol(M).

p=0

(3.4.1)

Proof. Equations (3.2.4) can be written as

L
12uVv-Vu+6uvAu+10u? Av—2u*v R+u? Z v2_p|Fp|2—2u2v(q_5)/2Tstring = 2av?u,
p=0

and
20uVv - Vu + 10uvAu + 10u*Av — 2u*v R + 4|Vu|*v

9 L
-3
"‘% ;;(3 — p)v2—p|Fp|2 o un2'U(q_5)/2Tstring — 6(041)2’& + 51}2)'

Subtracting the first from the second,

s L
U —
8uVv - Vu + duvAu + 4|Vul?v + 5] E (1 —p*?|E,?
p=0
7 _
—i—Tunv(q"r’)/zTSm“g = dav?u + 650>, (3.4.2)

Multiplying equation (??) by v, integrating and using (3.2.5) gives (3.4.1). [

Lemma 3.4.1 can be used to derive useful relations among «, 3, and the
volume of compact dimensions. The only positive contribution from the gauge
fields to the right hand side of (3.4.1) comes from Fp, hence one expects that
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it is possible to tune the gauge fields’ contribution in order to balance that of
the string term so that

=% £ 6BVol(M) < 0. (3.4.3)

It follows that if @ > 0 (which is the main case of interest, as previously
pointed out), then necessarily 5 < 0. This is important because, in general,
no simple physical condition fixes 3, and in this case we also have the bound

2
Vol(M) > ———.
(M) 2 3G N ||

The standard strategy in string compactification is to perform the analy-
sis in the supergravity limit and consider string theory as the UV cutoff for
the effective field theory. This imposes the radius R., and hence the volume
of M, of the compactified six dimensions to be much larger than the string
length, Cgping = V!, and moderately weak coupling, g, — 0. The effective
4-dimensional Planck scale, M, = %, is determined by the fundamental
10-dimensional Planck scale, Mp; 19 (set to be equal to one in [63]), and the
geometry of the extra dimensions with warping. Thus, ﬁ = Vol(M)warped-
We have no experimental signs of the extra dimensions because the compact-
ification scale, M. ~ 1/(Vol(M )warped)l/ " would have to be smaller than the
observable particle physics scale. Thus, in general, we would like to set 3 such
that the supergravity limit is valid (i.e. Vol(M) >> ¢S, .. ), and the compact-
ification scale is beyond the current observable scale (which is TeV scale in
standard units). A detailed physics discussion can be found in [71].

As stated, Lemma 3.4.1 is quite general, and hence inequality (3.4.3) should
be valid under a wide range of scenarios. Given a particular model, however,
it may be difficult to verify that the integral on the left hand side of (3.4.1)
is negative. We therefore point out two further situations involving point-
wise rather than integral conditions, where (3.4.3) holds, and in which the
verification of the hypotheses is more direct. One is when ¢ = 3, Fy = 0, and
2T string — | F3|* < 0. The other is when ¢ = 7 and F, = 0. In both cases, it
follows at once that the left hand side of (3.4.1) is non-positive.

Any geometric compactification of string/M-theory has a large volume limit
which approaches ten or eleven dimensional Minkowski space. In this limit,
the four dimensional effective potential vanishes. De Sitter models from string
compactifications are difficult to construct because, as non-supersymmetric
vacua, they are isolated points in the moduli space with all moduli stabilized.
To understand de Sitter solutions, one must have sufficient understanding of
non-perturbative effects to show that such potentials could come from string
theory, and, moreover, could be computed in some examples in order to make
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real predictions. Such effects usually give AdS vacua with all moduli stabilized,
and then uplifting is achieved with a proper classical contribution. This has
been an active research topic within string compactifications.

Since we are looking at Type IIB theory mainly, non-perturbative effects
are added to stabilize the Kahler moduli. In our approach, we have not in-
cluded such effects yet. Non-perturbative effects give a contribution to the
overall potential in the following way [65]:

2av* /, s
Vnonfpert = Be /U ;

such that the constants a and s arise from Euclidean D3 brane instantons
or gluino condensation, as explained in [3]. We want to study the conformal
factor classically, and we claim that non-pertubative effects are added such
that they do not affect the critical point and its mass noticeably. This can be
written qualitatively as

82‘/6 82Vnon— er
2f f > - pert
ov ov

at critical points. Thus, we should expect to find locally stable minima with
positive cosmological constant.
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Chapter 4

Supersymmetric
Compactifications with Toric

Manifolds

4.1 Background

The widely studied supersymmetric compactifications use Calabi-Yau mani-
folds as the internal space. As soon as one turns on background fluxes to ob-
tain supersymmetric vacua, the internal manifold cannot be Calabi-Yau. The
main ideas of string compactification with fluxes are discussed in [70, 71, 72], to
name few. By now several supersymmetric AdS, flux vacua are known. Con-
structing a string vacuum with a positive cosmological constant poses lots of
difficulties, such as use of orientifolds to evade No-go theorems. For Type IIB
solutions, one needs to play with non-perturbative effects for Kahler moduli
potential. In case of type IIA compactifications, one can turn on fluxes and all
geometric moduli fields can be stabilized classically with O6-planes where the
supergravity description is valid[73]. Recently, some issues with such moduli
stabilization with O6-planes are discussed in [74]. A lot of progress is happen-
ing in Type II/Heterotic flux compactification and uplifting to dS vacua, but
here we will focus on string vacua with negative cosmological constant with
some supersymmetry.

Toric varieties have played an important role in string compactifications
and mirror symmetry: as Calabi-Yau manifolds are embedded in them as
hypersurfaces. Once fluxes are turned on, the three-dimensional smooth,
compact toric varieties can be used for compactifications with the help of
SU(3)-structures, instead of considering them as embedding spaces. In string
theory /M-theory compactifications, CP* has played a great role in construct-

20



ing explicit examples. We will study how to use more general smooth toric
manifolds for flux compactification following the procedure given in [78, 79].

We will mainly deal with the symplectic quotient description of smooth
toric variety and the construction of SU(3)-stucture on it. Massive type ITA
vacua with CP? was obtained by considering CP? as a twistor fibration of S? on
S* with unusual almost complex structure which is not integrable. In section
IV, we will discuss topological restrictions for carrying out the procedure of
changing almost complex structure similar to CP* on smooth toric manifolds.
This puts the constraint on large number of toric manifolds in order to use
them for flux compactifications. The first Chern class is commonly used to
study string compactification, in section IV.C, we study Top Chern class and
propose its use in the compactifications with SU(3)x SU(3) or strict SU(3)
structure manifolds.

In section V, we will carry out the local analysis of SU(3) structure con-
ditions and will show that we have many parameters to change the torsion
classes associated with SU(3)-structure, this leads to the possibilty of obtain-
ing more Type ITA flux vacua using smooth, compact toric manifolds. Also,
one can use the procedure for compactification of Heterotic theories [91]. The
similar idea of adjusting torsion classes for Heterotic solutions is explored in

[90).

4.2 Basics of G-structures

Supersymmetry requires the existence of a nonvanishing, globally well defined
spinor on the internal manifold. This condition puts some topological restric-
tions on the internal manifold. This is very well understood and various cases
are known for supersymmetric vacua [75]. Numerous cases for Type II super-
gravity with such restrictions are known by now. For our purpose some useful
cases are mentioned in [80, 82, 83, 84, 85]. We mainly focus on strict SU(3) and
dynamic SU(3)xSU(3) structures. SU(3) structure manifolds play key roles in
N =1 compactification of Heterotic strings and Type ITA compactifications.

4.2.1 Mathematical Terminology

Let’s first understand mathematics associated with G-structures. In this sec-
tion, we use the conventions of [76, 77].

The tangent frame bundle F'M, associated to the tangent bundle TM is the
bundle over the manifold M with fiber in each point p € M the set of ordered
bases of the tangent space T,M. M has a G-structure with G C GL(d,R) if
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by an appropriate choice of local frame in the different patches one can obtain
reduced tangent frame bundle which has structure group G.
For this presentation, we restrict to SU(3) structure on 6-manifolds.

4.2.2 Strict SU(3)-structure

Here we discuss the idea of SU(3) structure in more details.Manifolds with
SU(3) structures admit one globally defined, nonvanishing spinor 7. This
structure can be understood through (J,Q2) forms. J is a real (1,1) form and
Q is a complex (3,0) form such that JAQ = 0 and i QAQ = 3J% # 0. In terms

of spinors, one can write J,;, = inT_fyabn, and Qgpe = nT_fyabanr.
2. dQ=W1J?2+ Wy AJ+ Wi AQ.

Here W is a complex scalar, W5 is a complex primitive (1,1) form, Wy is
a real primitive (1,2)+(2,1) form, W, is a real one form and Wj is a complex
(1,0) form.

If W, = W5 = 0, then the manifold is complex and W; = W3 = W, =0
will be a symplectic manifold. All W; = 0 lead to Calabi-Yau.

4.3 G-structures on smooth, compact Toric
manifolds

The toric manifold Mg is Kdhler and admits a global U(3) structure naturally.

4.3.1 SU(3)-structure

In this section, we discuss a general procedure for constructing string com-
pactifications on smooth toric varieties via a method for producing SU(3)-
structures|78],[79].

Consider the quotient description of the toric variety(Real dimension 2d)[81].
If {2, = 1,..,n} are the holomorphic coordinates of ambient space C™ such
that toric action is {z; — €!@7@*'} then the toric variety is described as

Moy = {z' € C"| ZQ§‘|zi|2 = ¢ U(1)°. (4.3.1)

The toric variety has the induced real form Jrs and a complex d-form Qrs.

Qs = (det(gap)) ™0y« Qc. (4.3.2)
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Here ()¢ is a holomorphic top form on the ambient space. It is easy to see
that Qpg is vertical and regular with no poles. Consider a (1,0) form K with
respect to complex structure on the ambient space C" and the holomorphic
vector fields generating the U(1)* action, V¢ = >, Q¢2'0,, such that K satisfies
following conditions:

(a) K is vertical. 1y« K = 0.

(b) It has a definite Q*-charge. LpnyeK = ¢*K where ¢* = 13, Q%. This
condition is required to have well-defined 3-form on Ms.

(c)*. K is nowhere-vanishing. This condition needs some special attention.

Conditions (a) and (b) tell us that K is not well-defined on My,. But the
local SU(2)-structure comprising of a real two-form J and a complex two-form
w can be obtained using K.
w = —iK* Qps, (4.3.3)
j =Jps — tK ANK*,

We note that the construction for SU(3) structure suggested in [79] using local
SU(2) structure is obtained using j, w and K. We argue that condition 3: K
is nonvanishing everywhere should be understood carefully by studying the
topological condition ¢; (M) = 0.

J =aj—ZKNK"

Q ="K  Aw.

Here a, and v are real, gauge invariant, nowhere-vanishing functions and
Qrg is a complex d-form on Mg. 2 obtained with such K is well-defined on
6-manifold.

4.3.2 Comment on static SU(2)-structure

Let’s explore at what happens in SU(2)-structures. The manifold with static
SU(2)-structure admits two nonvanishing globally-defined spinors 7;,7 = 1, 2,
that are linearly independent and orthogonal at each point. From the super-
gravity point of view, such manifolds in general lead to N = 4 SUGRA in
4 dimensions [82][89]. For Type IIA point of view, there is no solution on
manifolds with static SU(2)-structure.

The SU(2)-structure on 6 manifolds is characterized by a non-vanishing
complex one-form K, a real two-form J and a complex two-form 2. For our
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purpose, consider the one-form K; it follows

K-K =0,
K* K =2,
Kj = nyym. (4.3.7)

To study SU(2)-structures on smooth, compact toric manifolds, we need to
have a nonvanishing section of cotangent bundle. It is known in mathematics
literature that if section of a tangent bundle (E) is nonvanishing, the Euler
class, e(E) = 0[87]. The top Chern class of a complex vector bundle is the
Euler class [81]. We know that top Chern class of a smooth, complete toric
variety is ¢, = |X(n)|[pt], where [pt] € H*"(M,Z)[88]. See Appendix for more
details using the cones associated with Toric varieties. | (n)| is non-zero for
smooth toric manifolds. Hence, we cannot have static SU(2)-structure on
smooth, compact toric varieties. Thus we cannot obtain N = 4 supergravity
compactification on such manifolds.

4.4 Topological conditions for Toric compact-
ifications

In this section, we study topological ideas involved in Toric manifolds and
SU(3) structures. First we look at CP? carefully. The computations use math-
ematical formulas explained in Appendices A and B, which are well explored
in mathematical context [87, 88, 93].

4.4.1 CP? case

Consider CP? as a twistor fibration on S* with S? as a fiber.
S? s Op?— 54

. We know S? is diffeomorphic to CP'. Naturally one can consider almost
complex structure on CP?, given by This almost complex structure is inte-
grable. Locally TMg = TMg ® C = TOOM @ TOYM. We know that
locally THOCP? = THOICP! @ ¢4 where ¢ is a four dimensional nor-
mal bundle of CP'. Thus, for integrable almost complex structure, using
c(TIOCP?) = ¢(THOCP)c(€), if g is the element in H?(CP'), we have

(1+4g+ 69" +49°) = (1 +29)(1 + c1(§) + e2()). (4.4.1)
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We get ¢;(€) = 2g and c»(€) = 2¢%

To obtain non-integrable almost complex structure, we will consider Let’s
study what happens when we make this change in I,. We have

(1-29)(1+29 +2¢°) = (1 + " + 5 + ), (4.4.2)

and we get ¢} = 0 and §** = —2¢% and §* = —4g°.

Even though we have the same real tangent bundle, due to the choice of
our almost complex structure, we have modified the complex tangent bundle.
It was known to mathematicians that this change leads to vanishing 1st Chern
class, but it is important to notice that ¢, does not vanish, which is expected
as it is equal to the Euler class of M which doesn’t depend on the choice of
almost complex structure. It just picks up a sign based on orientation. This
new almost complex structure leads to ¢; = 0 and there is a globally defined
3-form.

4.4.2 Smooth, Compact Toric varieties

In this section, we see how constrained such change in almost complex struc-
ture is for smooth, compact Toric varieties. Consider a smooth, compact Toric
variety Mg, with a four-two split of tangent bundle, not necessarily restricted
to twistor space or product manifold. This is obtained using the almost prod-
uct structures[75]. The tangent bundle at a point can be split into two parts.
Following previous section, THO Mg = TOO M, @ €.

Thus, for such almost complex structure, using ¢(TM Mg) = ¢(THO My)c(€),
we have

 (TEO M) = ¢ (TEO My) + ¢y (€10, (4.4.3)

Now let’s understand the flip (the sign change) in the almost complex
structure which leads to ¢ (T00 Mg) = 0.

0= —c (T My) 4 ¢, (€0, (4.4.4)

From Equations (4.4.3) and (4.4.4), we get c; (T M) = 2 x ¢ (T My).
In terms of divisors, ¢; (T Mg) = >, D;.

Thus, in order to get vanishing 1st chern class, it is important to notice

that the four-two split satisfies above condition. Then one can do the com-
pactification of String theory on smooth, compact Toric variety.

95



We should see this condition with an example: CP' bundle over CP?
discussed in Denef’s review[81]. It can be described as
In this case, n accounts for the “twisting” and action of U(1)? is given by

(217 22, 235 %4, Z5> — <6i¢1 21, ei¢1 22, ei¢1 Z3, ei(¢2_n¢1)z47 €i¢225>'

The divisors for this smooth toric manifold are Dy = Dy = D3 and Dy =
Ds — nD;. The first Chern class is given by ¢; = (3 — n)D; + 2D5. For
n =3, ¢;(M) = 2Ds, thus in this case, we can obtain the vanishing first cherm
class, by choosing proper divisor and corresponding sign flip. For n = 2,
c1(M) = Dy 4 2Ds, in this case, we cannot obtain the vanishing first Chern
class. In general, all odd twistings are allowed. For a complicated case, the
first Chern class is given by ¢;(M) = >, D;. Note that in this discussion, D,
represents Poincare dual associated with the divisor D; : z; = 0.

The relation obtained between first Chern classes should hold for any
twistor space considered for the compactification where we intend to use two-
four split. Thus, in this subsection, even though the 2-4 split of tangent space
followed by change in almost complex structure gives a vanishing first Chern
class for CP? case, one cannot perform similar modifications on any general
smooth toric manifold.

4.4.3 More about 1-form and Holomorphic 3-form

In this section, we study 1-form K which plays a central role in SU(3)-structure
we are considering from the 6-manifold perspective[75, 84]. Using the Chern
classes for modified almost complex structure from previous subsection 4, We
know ¢ = 0.

Let’s understand more about top Chern class.

c(TUOM) = (1= c)(14c1+c2) = L+ + ™ + 5. (4.4.5)

This gives i = —c; X ¢ and 4 = —c? + ¢p. Let’s compute the top

Chern class of holomorphic cotangent bundle twisted with a line bundle using
equations from Appendix A.4:
Cg(T*(l’O) ® L) — y3 + cgew(T*(l’O))y + Cgew(T*(l’O))
= o+ (T 00y — (D) (4.46)
(T @ L) = 4 — (2 — )y + ¢ X cs.

Now we should ask whether it is possible to have a non-vanishing holomorphic
section of this twisted bundle. Firstly, we should see what happens in CP?
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case. It has ¢ (T10) = 2g, co(T10) = 2¢? for tangent bundle, thus
s(TY @ L) = oy — (49 — 2¢°)y + 4¢°.

In order to have c3(T*"?) @ L) = 0 in CP?, y = —2¢, there exists a solution
for y. In general, it is important to observe that y = —c¢; is a solution and
such a line bundle is easy to find out for various smooth toric manifolds. We
observe that the 1-form needed in the construction explained in section 4.3.1
should be obtained as mentioned above with a proper choice of line bundle.
Furthermore, it is interesting to observe that

e (T*YOM, @ L) = ¢ (T* O My) + ¢ (L)

=C —C = 0.

This is similar to what happens in SU(2) structure where 1-form lives in 2-
dimensional part of cotangent bundle, here it is associated with twisted cotan-
gent bundle of M;. Thus, the non-vanishing holomorphic section of such a
twisted bundle is associated with the 1-form, one uses for wedging it non-
vanishing 2-form on dual of £. This fact is always known, but here we say how
to obtain such form with 75

In this section, we showed that with the 2-4 split of tangent space and
flipped sign of almost complex structure in 2 of those directions leads to the fact
that one can twist the cotangent bundle with appropriate line bundle and one
obtains non-vanishing holomorphic 1-form which one can use later for getting
nowhere vanishing holomorphic 3-form. This is always understood through
supersymmetry conditions, but here we obtain the proper understanding using
Chern classes. We have obtained a better procedure to obtain an 1-form which
can keep vanishing 1st Chern class following section 4.3.1.

4.5 Local Analysis for SU(3)-structure

In this section, we study the conditions to construct SU(3) structure on Toric
manifolds explained in Section 4.3 in order to obtain massive Type ITA flux
vacua.

4.5.1 AdS; flux vacua in Type ITA theories

In this section, we will study the 4d flux compactification of (massive) Type
ITA supergravity on SU(3) structure manifolds. Bosonic fields of massive IIA
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theory are a metric g,,, an RR 1-form potential A and 3-form potential C,
a NSNS 2-form potential B and a dilaton ¢. In this note, we are interested
in the supersymmetric vacua from 10d point of view. We will consider a 10
dimensional background, a warped product of four dimensional space and an
internal six dimensional manifold.

ds?oy = W, dx"dx” + ds?. (4.5.1)

In order to preserve the symmetry of 4d space-time, fluxes needs to be chosen
appropriately.

In massive Type ITA, AdS; vacuum can be obtained using following choice
of internal fluxes, (We will follow conventions of [80] for our discussion):

H = 2mRef)

gsFG = —%TNrLJ?’,

gsF4 = %m‘]27

gsFo = =Wy + 3mJ,
gsFo = dm. (4.5.2)
and

dJ = 2mRefQ,

dQY = i(—zmJ* + Wy A J). (4.5.3)

Also, 3A = ¢ = constant. The cosmological constant is given by A =
—3(m? + m?). To obtain all equations of motion, supersymmetric equations
have to be complemented with Bianchi identities for fluxes. For F;,, bianchi
identity is dF,, = H A F,,_o+ Q0 (sources) where the source contribution comes
from D-branes or O-planes.

Let’s restrict our discussion to the sourceless case, dF,, = H A F,,_5. The
only complication occurs when n = 2, which places a restriction on W, such
that

1
AWy = (gmz — 5m?)2Req). (4.5.4)
To obtain AdS, flux vacuum without localised sources, it is important to satify
all equations (4.5.2),(4.5.3) and (4.5.4). One should notice that massive Type

ITA solutions have W5 = W, = W5 = 0.
Since this setup and corresponding solution of massive Type ITA were
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achieved for CP? with the help of almost complex structure explained in Sec-
tion IV A, we should try to see whether we can obtain this setup for other
possible smooth Toric manifolds.

4.5.2 Analysis

Let’s perform the local analysis of differential system which K satisfies. We
assume that smooth toric variety is chosen such that it satisfies the condi-

tion from section 4.4.2. We choose coordinates such that ¢ = e'. In new
coordinates, the vector fields look like V* = Y. Q%9,, and K = K;dt'. From
condition (a),

> QK =0. (4.5.5)
Using Cartan’s magic formula, condition (b) can be simplified further.

Limyve K = (dotmyve + tpmye 0 d)K

= 1lImve (dK)
1 , | | | | |
= 5 LZ QajajKidtZ — Z QmajKidt] — ZQaJajKidtz] ‘ (456)
j,JF1 1,571 j

One can use condition(a) and it gives locally >, Q*9;K; = 0. Thus we get

LimyeK = [Z QY (9 K;)dt ] (4.5.7)

Let’s understand the eigenvalue relation of condition (b) component-wise
in these coordinates.

; [Z QY (0K — 051) ] (Z Qk> (4.5.8)

J

Suppose K; = f - G; such that f is given by 7. Q%(9; — ;) f = (5 2., Q%) [

Thus, f will be of form e** such that >, QYN = 32, Q. This allows X to
take the following form,

11,
such that o € Kernel(Q) and p(t?) is a complex-valued scalar function.
To have K; = f - G; as the local description, the restriction on G; is
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following:

> QY(0; - 0)Gi = 0. (4.5.10)
J
The simplest solution for K; can have is fG;(Re(t)).

4.5.3 Changing the Torsion classes

In this section, we try to modify SU(3) structures by using K. We would like
to see locally if we can find torsion classes for Type ITA flux vacua.

The natural question to ask is whether we can change the torsion classes
for the general smooth, compact toric manifold or not. Suppose we have K
with a p =0 in eq. (4.5.9) and corresponding real 2-form J and three form
can be computed using Equations (4.3.5-4.3.6) with « = § =1 and v = 7/2.
Let’s assume this situation leads to

3 _
dJold —_ §Im(WloldQOZd) + W40ld A Jold 4 V[/'?c))ld7 (4511)
onld — WfldJOld A Jold + W20ld A Jald + Wg}ld A Qold‘ (4512)

Now, the goal is to modify K with the help of Eq. (4.5.9). K"¢w = epoilmt* [gold —
eP¥ K4 Tn this section, we keep o, 32 and 7 as real, gauge invariant functions
on the toric variety, but p(t') is purely imaginary function, this choice is made
just to have compatible J and w as explained in section IT.A .

Jnew — a(JFS _ %’Kold A K*old) _ g<Kold A K*Old), (4513)
Quew — qBeirtrSQoid, (4.5.14)

Let’s compute the torsion classes for this case.

1
dJ" = Sd(a = ) A Jrs +d(o+ %) AT+ (a4 B2)dS], (4.5.15)
A" = dIn(aBe 7 E) A QT 4 a BTS00k, (4.5.16)

Using eq. (4.5.11) and (4.5.12), we get
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2
old
W

+58%),,3, - 1
ayrer = @+5) 5 P ){(§Im(WfldQ°’d) + WA T W)} + Sd(a = 57) A Jes
1
—{—§d(0z + ﬁ2) A Jord (4.5.17)
(a+5%) 3 7roldcyold Id dla+ 8, a+p
— _] O QO O new
5 (2 m (W, )+ (WEEA T + e )+ 5
2
— 1
— (01—26)61111(05 + ﬁ2) A Jps + §d<a — 52) A Jps
1
—5(04 — YW A Jpg. (4.5.18)
Q" = dln(aBeTPEY A QY 4 B TPTEIQM (4.5.19)
o, _ iy+p*X
= [dIn(aBe ) + W A Qe 4 —‘E‘f - Wi ncu A Tnc
aBetrE
- 2ﬁ2JFS A Jnew + B4JFS A JFS] + (fé"_—ﬁQ)[Wé)ld A\ Jnew
WA Jps). (4.5.20)

Now, we will see how to change the torsion classes and restrictions associ-
ated with the change.

WgLew _ W;ld 4 dln(aﬂ€7i7+p2), (4521)
Wiww _ szld + dln(a + 62), (4522)
1 d(a — 2 -5
Wyew = §(a + AW + w A Jps + %Wf’d A Jps
_ Q2
_ e 25 dlIn (Oé + ﬁ2) A Jgs. (4523)

Since we are working with toric manifolds, we know that H; (M) = 0, thus
we know that if one form is closed, then it is exact. If W, is exact, we can
choose function (o + 3?) such that eq.(4.5.22) gives W = 0. With this
condition, eq.(4.5.23) gives

1 d(a — 2
wyer = L prywge 4 1000

NJ
5 5 FS

Wj is a primitive (1,2)4(2,1) form and in order to enforce primitivity, one
option is to impose o = 3?. We have a function « to adjust W; to zero locally,
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one does not have enough functions with the chosen ansatz to tune Wj to zero.
This ansatz might be more useful in finding classical dS solutions mentioned
in [92].

The general idea on the lines of Calabi-Yau compactifications (Calabi conjec-
ture) is to understand global properties with topological conditions and find
a solution locally. Here we see that for an arbitrary toric case, we cannot
find massive Type IIA solution locally. Similarly, we can change the Wy by
adding an exact form with the help of o of eq.(23). This process does change
Wi and W5 beyond multiplying by functions, but one has to fix coefficients
appropriately. In general, we have «, v, o, p and freedom in Jrg to adjust W;.
We have shown that one can tune torsion classes on a case-by-case basis and
in general when W), is closed. At this stage, we can hope to find more solutions
of massive Type ITA by adjusting W; suitably for smooth toric manifolds when
conditions above are matched.

4.6 Discussions

We have showed that first Chern class computations for new almost complex
structure can vanish on smooth toric manifolds. We also had to study top
Chern class properties for using this construction which played an important
role in getting nowhere vanishing holomorphic 3-form. After understanding
global topological conditions, we carried out local analysis of differential system
and showed that it is possible to change torsion classes associated with the
SU(3) structures. Here we are trying to find more Type IIA flux vacua. We
would like to conclude that in certain cases, torsion classes can be changed
appropriately, but there is no explicit argument for the class of toric manifolds
in general. Type IIA vacua obtained in such cases would be AdS;. One might
find this technique useful to explore classical dS solutions[92] with smooth,
compact toric manifolds.

62



Chapter 5

Conclusion

The warped flux compactification is playing a central role in the phenomenol-
ogy and cosmology coming from string theory. The systematic treatment of
such compactifications is very important. With data from Planck-BICEP2
and such missions, we know that Inflation scale is much higher than those of
LHC phenomenology, hence cosmology data can give us concrete constraints on
string compactifications. We mainly understand three different aspects arising
from warping: de Sitter vacua in string theory, non-singular cosmologies and
moduli stabilization.

In this thesis, we presented a family of six-dimensional nonsingular cosmo-
logical solutions that can be embedded in seven-dimensional spacetime. The
standard singularity theorems are evaded by absence of closed trapped surface,
without violating null energy condition. One can understand these solutions
through string theory. The important question is to work out four dimensional
physics from such solutions. The obstacle involved in construction of effective
four dimensional theory is to understand how massive KK modes decouple
in time-dependent warped geometries. At this point, future work in this ap-
proach will be to understand how one can study the non-linear terms arising
from such a reduction. Also it is important to analyze the stability of these
solutions.

The usual approach to address physics of string compactification is through
computing four dimensional effective action. This leads to interesting models
of string cosmology, mainly with de Sitter vacua. With the presence of fluxes
and localized sources, one has to treat warping carefully in constructing ef-
fective action. We study such effects of warping in de Sitter vacua, mainly
around slowly varying limits to understand stability issues. It is important
to address time-dependent warping effects in effective potential setup to make
concrete connections with inflationary observations. Also, to understand flux
solutions with complete 10D solutions, one has to extend their internal geome-
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tries beyond Calabi-Yau manifolds. With techniques of SU(3)-structure, toric
manifolds can be used for AdS solutions. Similarly, one can study negatively
curved manifolds to obtain de Sitter solutions.
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Appendix A

Appendix

A.1 Definitions from GR

Following definitions are based on 4-dimensional Gravity theories which can
be generalized to higher dimensions easily.

1.

Singularity: Space-time has a singularity if it is geodesically incom-
plete. Singularities are usually classified mainly into 2 groups: a) space-
like, b) timelike.

. Dominant Energy Condition: At any point p, for every future point-

ing timelike vector v, vector j(v) = —v*T/d, is future pointing non-
spacelike.

Strong Energy Condition: At any point p, for every non-spacelike
vector v, (T}, — %gWT)v“v” > 0.

. Weak Energy Condition: At any point p, for every non-spacelike

vector v, T, v*v” > 0.

Null Energy Condition: At any point p, for every future pointing
null vector u, 7, u*u” > 0.

Cauchy Surface: For 3-surface S, DT(S)[D~(S)] is a set of points
p € M such that each past [future] directed inextensible non-spacelike
curve through p passes through &. The 3-surface S is called Cauchy
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10.

Surface if DT(S)JD~(S) = M.

Homogeneity: A spactime is (spatially) homogeneous if there is a one-
parameter family of spacelike hypersurfaces ¥; such that for each t and
any two points p, q on Y, there exists an isometry of spacetime metric,
which takes p to q.

. Isotropy: A spacetime is isotropic at each point if there is a congruence

of timelike curves filling teh spacetime, such that given any point p and
any 2 unit "spatial” tangent vectors, there is an isometry of spacetime
metric which leaves p and tangents at p to those timelike curves fixed,
but rotates 1 spatial vector into another.

Causal Structure If point p € M, the causal future, J*(p), of point p
is the set of points in M lying on future pointing timelike or null curves
beginning at p. The future pointing timelike curves starting from p, we
obtain the chronological future I*(p) of p. Similar definitions can be
made for causal past and chronological past.

de Sitter Universe: Consider a 5-dimensional Minkowski space M,
the de Sitter (dS) Universe is the hypersurface described by,

dS, = {—af + 2% + 23 + 23 + 25 = —R*}

R is called the de Sitter radius. The de Sitter metric is the induced
metric from the standard flat metric on M. Also, dS; is an Einstein
manifold with positive scalar curvature A = %, and the Einstein tensor
satisfies G, + Ag,, = 0. The coordinate system is obtained by setting
Xo = Rsinh7, X; = Rw;cosht, 7 =1,...,4, where oo < 7 < oo and the

w; are such that >, w? = 1. The induced metric on dSy is given by,
ds® = R*(—dr? + (cosh® 7)dQ3)

In these coordinates dS; looks like a 3-sphere which starts out infinitely
large at 7 = —o0, then shrinks to a minimal finite size at 7 = 0, then
grows again to infinite size as 7 — +o0.
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11. Anti de Sitter Universe: Consider a 5-dimensional Minkowski space
M, the Anti de Sitter (AdS) Universe is the hypersurface described by,

AdSy = {—x} + 2] + 25 + 25 — 2] = —R?}

R is called the AdS radius. The de Sitter metric is the induced metric
from the standard flat metric on M. Also, AdS, is an Einstein manifold
with negative scalar curvature A = —%, and the Einstein tensor satisfies
G, + Agy, = 0.The coordinate system is obtained by setting X, =
RcoshpcosT, X4y = Rcoshpsint, X; = w;sinhp, i« = 1,2,3, where the
w; are such that >, w? = 1. The induced metric on AdS, is given by

ds®* = R*(— cosh® pdr?* 4 dp? + sinh? pdQ?)
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A.2 Solutions in Seven Dimensions

In this section, we present 7D solutions that are related to the trivial solution
in (2.3.1) by O(2,2) transformations. First, let us look at the solution that
can be obtained from (2.3.1) by using Buscher rules along z direction. We
write down the Buscher rules here for convenience:

1 Baz Gaz9zb + BazB

gZZ gZZ gZZ
]' a asz Baz 2|
90/ = (p - 5 ln gZZ B(ILZ = :Z Y B(llb - Bab - g bg+ %/&22)

The 7D solution we get using Buscher transformations is given by

ds® = e 72 gy dt* +da’+2e 2 gpdtdd+e~ " Gogdf®+ 3% (dop + Aff)da:“)2+e_2"dz2,
A A (A.2.3)
B =A,dz" Ndz+ Agdp Ndz, o =g — 0 (A.2.4)

where a € {t,x} and AP = e*0gsa. We can verify that this solution also
reduces to (2.3.4). Solutions generated using a general O(2,2) duality trans-
formation on (2.3.4) need not be equivalent to the above solution. Under
general O(2,2) transformations the two dimensional part of the internal man-
ifold and the B field transforms as described in (2.2.7). As an example, let us
study the action of the following O(2,2) matrix on the 6D solution in (2.3.4)

1+e¢ s c—1 —s
1 -s 1—-¢c —-s 1+4c¢
2 le—1 s 1+c¢c -—s
s 1+c¢ s 1—c

where ¢ = cosh p and s = sinh u (following the notations in [27]). The internal
manifold and B field transforms as follows:

(14?495, + (1 —c+50)° 6%+ goo (—2(1 + ¢)sa+ (1 + ¢)?a® + s*(1 + %))

Joo = 490
5., = Sl e—2sa+a® +5)g49 — (14087 (1 + goy5”)
* 4944 0?
. §°6% 4+ g5y + (s — (L4 )a)? B2 4 gog (—2¢(1 + sa — B*) + 1+ 2sa + s°a® + (1 + )
92z =
49007
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5 (geo(=14c—=2sa+ (1+c)a?) + (14 )B%) (=goo(s — 2ca + sa?) — 55%))
B,y = 5

4940/
We can verify that this solution reduces to a solution that is not equivalent

to (2.3.4). Note that the above solution and the solution in (A.2.3) can be
uplifted to solutions of type II supergravity trivially.

A.3 Generating Black Hole solutions

Let’s follow Sen’s trick of generating BH solutions [94] (Explained in A Peet’s
TASI lectures). Consider a neutral Black hole in (d-1) dimensions.

ds® = —(1 — K(p))dt* + (1 — K (p))~'dp? + p*dQ02_, (A.3.1)

The mass of Black hole is . This solution can be trivially lift this solution to
d dimensions.

ds? = —(1— K(p))dt* + (1 — K(p))"'dp? + p*dQ3_; + dy? (A.3.2)

dt N cosh@ sinh6| |dt
dy sinhf coshf| |dy
Now the metric takes the form,

If we boost in t-y coordinates, [

d§? = (—dt* +dy*) + K(p)dt* + (1 — K(p)) " 'dp® + p*dQ3_; + dy?
—(1— K(p) cosh®0)dt* + (1 + K (p)sinh® 0)dy® + sinh 20dtdy
+(1 = K(p))'dp* + p*d5_, (A.3.3)

Now performing KK reduction along y-coordinate gives us a new BH solution
in (d-1) dimensions.

d3® = dsiy_yy + e (dy + A)° (A.3.4)

One can extract useful KK quantities.

1— K(p)
= — A3.5
g 1+ K(p)sinh® 6 (A.3.5)
K sinh 20
A = A.3.6
' 2(1 + K (p) sinh? 0) ( )
e = (1+ K(p)sinh®9) (A.3.7)

This leads to Kerr Black hole solution with Mass and Angular momentum.
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The 6 — 0 gives the original black hole. Usually finding concrete solutions of
Supergravity are hard. This approach as explained in chapter 2 can be used
for various solutions to obtain various full solutions with possible string theory

embeddings.

70



A.4 Chern Classes

Here we will discuss Chern classes of vector bundles and their properties in
brief[87, 93].

Definition: Let £ — M be a complex vector bundle whose fiber is C*. The
structure group G (C GL(k,C)) with a connection A and its strength F, then
the Chern class is defined as

1 F
c(E) = det (1 + %> . (A.4.1)
It can be decomposed as
c(E)=14c1(E)+ ca(E) + ... (A.4.2)

such that i-th Chern class ¢;(F) € Q%(M). Hence, it is clear that if n is the
rank of a vector bundle E, then ¢;(F) = 0 for i > n.

Properties of Chern Class: For vector bundles E and F, tangent bundle T
and cotangent bundle 7™ and line bundle L,

(E®F)=c(E)Nc(F), (A.4.3)
(L) =(1+x), (A.4.4)
(E®L)=Y a(BE)(1+2)"", (A.4.5)

=1

o(T*) = (=) ex(T). (A.4.6)

k

A.5 Toric Geometry

We have considered the symplectic description of toric varieties for this work.
Toric geometry can be described using simple combinatorial data. Interested
readers can follow [86, 88].

Consider a rank-d integer lattice N = Z¢ and the real extension of N,
Ng = R®N. A subset 0 C Ny is a called a strongly convex rational polyhedral
cone with apex 0 if 0 N (—0) = 0 and there exist elements v1,...,v, of N such
that

o={av + ...a,v,;0 < ay,...a, € R}. (A.5.1)

The set vq,...,v, is usually called generators of cone o. 7 is called a face of o if
its generators are a subset of the generators of o.
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A fan ¥ is a collection of cones {0y, ..., 0} such that
1. 0 € ¥ is a strongly convex rational polyhedral cone.
2. If 0 € ¥ and 7 is a face of o, then 7 € X.
3. If 0,0’ € X, then 0 N o’ is a face of both cones.

The support || of a fan X is the union of all cones in the fan.

The toric variety X(X) can be constructed corresponding to a fan ¥ by
taking the union of affine toric varieties. [86] One can obtain lot of information
about toric manifolds using the fan description.

A Weil divisor is a finite sum of irreducible hypersurfaces with a co-
dimension one. D = > n;V; such that n; € Z and V; are irreducible sub-
varieties. There is a one-to-one mapping from generators of ¥(1) and T-Weil
divisors. If {vq, ..., v} are rays in a fan, Weil divisor is

k
D= Z (Ii‘/;
i=1

where a; are integers. For toric varieties, there is a correspondence between
divisors and line bundles.

One of the interesting property of smooth toric manifolds for flux compact-
ifications is all odd betti numbers vanish and even betti numbers are given by

Bor = Zn:(—l)“-“ (Iz) dyi. (A.5.2)

i=k

Here d;, is the number of k-dimensional cones in X.

A.6 String and Einstein Frame

We saw in Chapter 2, how various frames affect String actions, let’s understand
2 of these frames in this section. While studying Bosonic strings, we wrote the
action as

1

1
Sstring - 2_/{2/dDXV _G6_2¢ |:R — Q_HMV’DHMVP + 48,@(9“@5 (AG]_)

- 3!

It is important to notice 2 things here. The Einstein-Hilbert action doesn’t
come out naturally as there is e=2? factor in front of R and the kinetic term
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of ¢ comes with wrong sign. The way to get out of this problem is by using
metric rescaling.

G = e W P2q, (A.6.2)

Now the action takes the familiar form with correct sign for kinetic term of ¢,

1 Dy/ @ | B 031 vo _ 1
SEinstein = @/d XV -G [R —e 2__3!HuupHM F— éau¢a“¢
(A.6.3)
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