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Abstract. Particle mixing is related to multi-mode entanglement of single-particle states.
The occupation number of both flavor eigenstates and mass eigenstates can be used to define a
multiqubit space. In such a framework, flavor neutrino states can be interpreted as multipartite
mode-entangled states. By using two different entanglement measures, we analyze the behavior
of multipartite entanglement in the phenomenon of neutrino oscillations.

1. Introduction

Quantum entanglement is a crucial physical resource in quantum information and
communication science [1]. It has been mainly investigated in systems of condensed matter,
atomic physics, and quantum optics. In the domain of particle physics, entanglement has been
considered mainly in relation to two-body decay, annihilation, and creation processes, see for
instance Refs. [2]. Very recently, multipartite entanglement has been studied in connection with
the phenomenon of particle mixing [3, 4]. Such a phenomenon, associated with a mismatch
between flavor and mass of the particle, appears in several instances: quarks, neutrinos, and the
neutral K-meson system [5, 6]. Particle mixing is at the basis of important effects as neutrino
oscillations and CP violation [7]. Flavor mixing for the case of three generations is described
by the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) in the lepton instance [8, 9]. The matrix
elements represent the transition probabilities from one lepton to another. For example, flavor
mixing of neutrinos for three generations is described by the 3 x 3 unitary mixing matrix U(6, §)

[5];
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where (é, ) = (62, 013,023;0) and c¢;j = cos i), sij = sinb;;. The parameters 6;; are the mixing
angles, and ¢ is the phase responsible for C'P violation. The three-flavor neutrino states are
defined as

) = U(6,6) ™) (2)

where [v(0)) = (|ve), ), lu,))T are the states with definite flavor and [1(™) = (|v), |n), [v3))T
those with definite mass. From Eq. (2), we see that each flavor state is given by a superposition
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of mass eigenstates, i.e. |vg) = Uai|v1) + Ua2|v2) + Uaslrs). Let us recall that both {|v,)}
and {|v;)} are orthonormal, i.e. (vo|vg) = dq,p and (v;|vj) = d; j. Therefore, one can interpret
the label 7 as denoting a quantum mode, and can establish the following correspondence with
three-qubit states:

1) = [1)1]0)2]0)3 = [100),  [r2) = |0)1[1)2[0)3 = [010),  |v3) = [0)1[0)2[1)3 = [001),  (3)

where |); denotes states in the Hilbert space for neutrinos with mass m;. Then, the occupation
number allows to interpret the flavor states as constituted by entangled superpositions of the
mass eigenstates. Quantum entanglement emerges as a direct consequence of the superposition
principle. It is important to remark that the Fock space associated with the neutrino mass
eigenstates is physically well defined. In fact, at least in principle, the mass eigenstates can be
produced or detected in experiments performing extremely precise kinematical measurements
[10]. In this framework, as discussed in Ref. [3], the quantum mechanical state (2) is entangled
in the field modes, although being a single-particle state.

Mode entanglement defined for single-photon states of the radiation field or associated with
systems of identical particles has been discussed in Ref. [11]. In the particular instance of
Eq. (2), the multipartite flavor states can be seen as a generalized class of W states. These
are multipartite entangled states that occur in several physical systems and can be engineered
with pure quantum optical elements [12]. The concept of mode entanglement in single-particle
states has been widely discussed and is by now well established [11, 13]. Successful experimental
realizations using single-photon states have been reported as well [14]. Moreover, remarkably,
the nonlocality of single-photon states has been experimentally demonstrated [15], verifying a
theoretical prediction [16]. Furthermore, the existing schemes to probe nonlocality in single-
particle states have been generalized to include massive particles of arbitrary type [17].

In the dynamical regime, flavor mixing (and neutrino mass differences) generates the
phenomenon of neutrino oscillations. The mass eigenstates |v;) have definite masses m; and
definite energies E;. Their propagation can be described by plane wave solutions of the form
[v;(t)) = e7*Pit|v;). The time evolution of the flavor neutrino states Eq.(2) is given by:

D) =0y,  TE) =U®@,s5) Uy(t)U®@,s)!, (4)

where |y(f)) are the flavor states at t = 0, Ug(t) = diag(e™*E1t, e~t2t e=1Fst) and ﬁ(t =0)=1L

Flavor neutrino states are well defined in the context of Quantum Field Theory (QFT), where
they are obtained as eigenstates of the flavor neutrino charges [19]. In the relativistic limit, the
exact QFT flavor states reduce to the usual Pontecorvo flavor states Eq.(2): flavor modes are
thus legitimate and physically well-defined individual entities and mode entanglement can be
defined and studied in analogy with the static case of Ref.[3]. We can thus establish the following
correspondence with three-qubit states:

We) = 101001, 10005 [v4) = 1000 [1)1,10)0, 7)) = [0)0,[0)s, D)0, - (5)

States |0),, and |1),, correspond, respectively, to the absence and the presence of a neutrino
in mode «. Entanglement is thus established among flavor modes, in a single-particle setting.
Eq. (4) can then be recast as

Va (1)) = Uae ()11)1 001,10}, + Uau(£)10)ur [1)1,,[0)s, + Ularr ()10} [0, [ 1), , (6)

with the normalization condition 34 [Uas(®)]> = 1 (0,8 = e,p,7). The time-evolved states
|v)(t)) are entangled superpositions of the three flavor eigenstates with time-dependent
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coefficients. Thus, flavor oscillations can be related to multi-mode (flavor) entanglement of
single-particle states [4].

It is important to remark difference between Refs. [3] and [4]: In Ref. [3], the multipartite
entanglement, associated with the multiqubit space of mass modes, has been analyzed in
connection with the “decoherence” effects induced by free propagation of oscillating neutrinos.
In Ref. [4], on the other hand, the entanglement is quantified with respect to the multiqubit space
associated with flavor modes, and it arises as a consequence of the non-trivial time evolution of
the flavor states.

In this paper, we extend the results of Ref. [4]. We compute the multipartite entanglement
associated to three flavor neutrino oscillations, by using two different global measures of
entanglement: the von Neumann entropy, based on the entropies related to all possible
bipartitions of the system, and the K-component geometric measure, introduced in Ref. [20].
Finally, we compare the results corresponding to the two entanglement measures.

2. Neutrino oscillations
In this section, we briefly review the phenomenon of neutrino oscillations. At time % the
probability associated with the transition v, — vg is

Prasws(t) = [(wslva(®)® = [Uas(t)?, (7)

where «, 8 = e, u, 7. The transition probability P, ., (t) is a function of the energy differences

AEj, = E; — Ey (j,k = 1,2,3) and of the mixing angles. Since detectable neutrinos are ultra-
2

relativistic, the standard adopted approximation is AE;; ~ %, where Am?k = m? — mi and

E = || is the energy of a massless neutrino (all massive neutrinos are assumed to have the

same momentum 7). The mixing angles Gf;M NS and the squared mass differences are fixed at

the experimental values reported in Ref. [21]:

sin? 9EMNS = 0.314, sin? 9EMNS = 0.8 x 1072, sin? LMV = 0.45, (8)
2 2
Am3, = dm?, Am?2, = Am? + 6%, Am?, = Am? — 6%,
om? = 7.92 x 107° eV?, Am? = 2.6 x 1073 V2. 9)

In the forthcoming analysis, we will put to zero the CP-violating phase §. In Fig. 2 we show
the behavior of the transition probabilities P, _,,, (o = e,u,7) as a function of the scaled,

dimensionless time T' = -2EL
Ami,

3. Multipartite entanglement in neutrino oscillations
In this section we characterize the multipartite flavor entanglement possessed by the state (6).
Let us first introduce the entanglement measures which will be exploited to this aim. Bipartite
entanglement of pure states is unambiguously quantified by the von Neumann entropy or by any
other monotonic function of the former [22]. Moving from the two- to the three-flavor scenario,
multipartite entanglement measures have been introduced in terms of functions of bipartite
measures [23]. Adopting an approach similar to that of Refs. [23], we define as proper measures
of multipartite entanglement the von Neumann entropies associated to every possible bipartition
of the system, see Ref. [3]. Let p(® = |14(t))(ra(t)| be the density operator corresponding to

the pure state |v4(t)), Eq. (6). We denote by pz(-?;-) = Tr[p{®)] the density matrix reduced with
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Figure 1. Transition probabilities P, _,,, as functions of the scaled time T'. Parameters 0;;
and AmZ; are fixed at the experimental values [21]. Curves correspond to P,,,,, (full), P, ,,,
(dashed), and P,,,,, (dot-dashed). The phase ¢ is fixed to zero.

respect to flavor k, with 4,5,k = e,u,7 and ¢ # j # k. The von Neumann entropy associated
with such a bipartition will be given by

.55k
ESID = —Try [0\ logy p1)]. (10)

At last, we define the average von Neumann entropy
2:1 1 i sk
(BN =5 B, (11)
k

where the sum is intended over all the possible bipartitions of the system.

An alternative characterization of multipartite entanglement is given in Refs. [20, 24]. Given
the pure state |vq(t)) belonging to a 3-dimensional Hilbert space, the geometric measure of
entanglement is defined as:

B (jva(t)))

k) _ 1 (K) 2
E;, 3 log, ‘gl(%))c) ‘(@ |Va(t))‘ ; (12)

where the maximum is taken with respect to all K-separable pure states |®(K)), with K = 1,2.
This measure is intrinsically geometric because it coincides with the distance (in the Hilbert-
Schmidt norm) between a given pure state and a set of K-separable reference pure states. For
K = 3, the reference state |<I>(3)) is the fully product state:

12@)) = [](cos &0}, + sinel1),,), (13)
k

where & (k = e, u, 7) are real parameters. For K = 2, the reference state |<I)(2)) can be written
in the normalized form:

\<I>(2)) = (cos 01]|0),,0)y; + sind; cos 62]0),[1),; + sin d1 sin d cos d3]1),,(0),; +
sin 61 sin d sin d3]1),,1)y,;) ® (cos 64]0),, + sinds|1),, ), (14)

where 7, j,k = e, u, 7 and i # j # k, and 0y are real parameters. In Fig. 3, panels (a) and (b), we

plot the von Neumann entropy Eg%’ek) and the geometric component Egl(z, j; k) as functions
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of the scaled time 7. Both the entanglement measures exhibit similar behavior. In fact, the
curves have the same ordering with respect to each other, and share the same maxima and
minima. Next we compare the behavior of the entanglement measures of Fig. 3 with that of
the transition probabilities of Fig. 2. We observe that there is a strong correlations between the
degree of mixing and the entanglement content of a given bipartition. In order to quantify the
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Figure 2. The von Neumann entropy Ez()z]g;ek) (a) and the geometric component Eg )e(z, ji k) (b)
as functions of the scaled time T'. The plot style associated to each bipartition (4, j; k) is: 7 = 1,
j =2, and k = 3 (dashed line); i = 1, j = 3, and k = 2 (long dashed line); 1 = 2, j = 3, and
k = 1 (dot-dashed line). Parameters 6;; and Am7; are fixed at the experimental values [21].
The phase § is fixed to zero.

global entanglement of the state |ve(t)), we compute the average von Neumann entropy Egvlg

and the geometric component Eg’ )e These quantities are plotted in Fig. 3, and exhibit a very

similar behavior.
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Figure 3. The average von Neumann entropy (Eg\,lg) (a) and the geometric component Eg’ l

(b) as functions of the scaled time 7T'. Parameters 6;; and Am?j are fixed at the experimental
values [21]. The phase ¢ is fixed to zero.

4. Conclusions
In conclusion, by generalizing the results of a previous paper [4], we have analyzed the amount
and distribution of entanglement in the phenomenon of neutrino oscillations. The phenomenon of
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flavor oscillations can be interpreted in terms of the dynamical behavior of quantum correlations
associated with time-evolved flavor states. In Ref.[4], we suggest the possibility of using
entangled states of oscillating neutrinos as a resource for quantum information protocols, and
propose experimental schemes for transferring it to spatially separated modes of stable leptonic
particles.

Acknowledgments
We acknowledge partial financial support from MIUR, INFN, INFM and CNISM.

References
[1] Nielsen M A and Chuang I L 2000, Quantum Information and Quantum Computation (Cambridge, UK:
Cambridge U. Press)

[2] Lee T D and Yang C N 1960 Internal report, Argonne National Laboratory (unpublished); Inglis D R 1961
Rev. Mod. Phys. 33 1; Day T B 1961 Phys. Rev. 121 1204; Lipkin H J 1968 Phys. Rev. 176 1715; Zralek
M 1998 Acta Phys. Polon. B 29 3925; Bertlmann R A 2006 Lect. Notes Phys. 689 1; Li J L and Qiao C F
Preprint arXiv:0708.0291

] Blasone M, Dell’Anno F, De Siena S, Di Mauro M and Illuminati F 2008 Phys. Rev. D 77 096002

] Blasone M, Dell’Anno F, De Siena S and Illuminati F Preprint arXiv:0707.4476

| Cheng T and Li L 1989 Gauge Theory of Elementary Particle Physics (Clarendon Press)

] Eidelman S et al [Particle Data Group] 2004 Phys. Lett. B 592 1

] Pontecorvo B 1967 Zh. Eksp. Teor. Fiz. 53 1717 [1968 Sov. Phys. JETP 26 984]

] Maki Z, Nakagawa M and Sakata S 1962 Prog. Theor. Phys. 28 870

] Okun L and Pontecorvo B 1957 Zh. Eksp. Teor. Fiz. 32 1587; Pontecorvo B 1958 Sov. Phys. JETP 7 172

0] Kayser B 1981 Phys. Rev. D 24 110

1] Zanardi P 2002 Phys. Rev. A 65 042101

2] Del’Anno F, De Siena S and Illuminati F 2006 Phys. Rep. 428 53

3] Bjork G, Jonsson P and Sénchez-Soto L L 2001 Phys. Rev. A 64 042106; van Enk S J 2005 Phys. Rev. A

72 064306; van Enk S J 2006 Phys. Rev. A 74 026302; Terra Cunha M O, Dunningham J A and Vedral V
2007 Proc. of the Royal Soc. A 463 2277
[14] Lombardi E, Sciarrino F, Popescu S and De Martini F 2002 Phys. Rev. Lett. 88 070402; Lvovsky A I, Hansen
H, Aichele T, Benson O, Mlynek J and Schiller S 2001 Phys. Rev. Lett. 87 050402; Babichev S A, Appel J
and Lvovsky A I 2004 Phys. Rev. Lett. 92 193601

5] Hessmo B, Usachev P, Heydari H and Bjork G 2004 Phys. Rev. Lett. 92 180401

6] Tan S M, Walls D F and Collett M J 1991 Phys. Rev. Lett. 66 252; Hardy L 1994 Phys. Rev. Lett. 73 2279

7] Dunningham J and Vedral V 2007 Phys. Rev. Lett. 99 180404

8] Casas J A and Ibarra A 2001 Nucl. Phys. B 618 171

9] Blasone M and Vitiello G 1995 Ann. Phys. (N.Y.) 244 283; Blasone M, Jizba P and Vitiello G 2001 Phys.

Lett. B 517 471

[20] Blasone M, Dell’Anno F, De Siena S and Illuminati F 2008 Phys. Rev. A 77 062304

[21] Fogli G L, Lisi E, Marrone A, Melchiorri A, Palazzo A, Serra P, Silk J and Slosar A 2007 Phys. Rev. D 75
053001

[22] Amico L, Fazio R, Osterloh A and Vedral V 2008 Rev. Mod. Phys. 80 517; Horodecki R, Horodecki P,
Horodecki M and Horodecki K Preprint arXiv:quant-ph/0702225, Rev. Mod. Phys., in press

[23] Meyer D A and Wallach N R 2002 J. Math. Phys. 43 4273; Brennen G K 2003 Quantum Inf. Comp. 3 619;
Scott A J 2004 Phys. Rev. A 69 052330; de Oliveira T R, Rigolin G and de Oliveira M C 2006 Phys. Rev.
A 73 010305(R); Facchi P, Florio G and Pascazio S 2006 Phys. Rev. A 74 042331

[24] Wei T C and Goldbart P M 2003 Phys. Rev. A 68 042307





