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Abstract

The aim of this work is to investigate symmetry based approaches to the problem
of black hole entropy. Two sets of symmetries are presented. The first one is
based on the new framework of isolated horizons which has emerged recently and
which provides a local description of black holes. We describe this framework
in 241 dimensions and then use it to investigate the question of black hole
entropy. We show that the natural symmetries of isolated horizons do not suffice
to explain the entropy of black holes. We then turn our attention to a different
set of symmetries who are distinguished by the fact that they are only defined
in a neighborhood of the horizon and do not have a well defined limit to the
horizon. It is then shown that these symmetries provide an explanation of the
black hole entropy. We then consider the significance of the results obtained for

the search of a theory of quantum gravity.
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Chapter 1

Introduction

Black hole entropy has received so much attention from theoretical physics over the last
decades since it seems to be the only clue to a theory of quantum gravity available. Quantum
gravity is the attempt to unify the two theories that revolutionized physics in the beginning
of the last century: Quantum Mechanics and General Relativity. This introduction will
show why it is widely believed that black hole physics holds the clues to a synthesis of those

two theories.

1.1 INSIGHTS FROM CLASSICAL GENERAL RELATIVITY

The clues coming from General Relativity are a series of results that are now known as the
four laws of black hole mechanics (see table 1.1).

Lets begin the discussion of the classical laws of black hole mechanics with the zeroth
law. We will not be too detailed here for we give a new derivation of this fact in chapter 3.
For a more detailed exposition of the laws we refer the reader to the literature [6, 33, 50, 51].
Lets assume that we are dealing with a Killing horizon, i.e. we are given a Killing vector
field £ in our spacetime and the horizon is ruled by integral curves of this vector field. The

surface gravity x can then be defined locally to be

K2 = — (V€D (Val)). (1.1)

Note here that ¢ has been normalized to unity at infinity to fix the overall rescaling freedom.
It is now a fact that this locally defined quantity is constant over the horizon. This is the
content of the zeroth law of black hole mechanics.

There exist several proofs of the zeroth law. Some of them rely on the existence of a
Killing horizon together with some symmetry assumptions on the spacetime [15, 16, 17, 39].
These proofs do not make use of the field equations. The law can also be proved using

stationarity, the field equations, and the dominant energy condition [6, 23, 25].



The surface gravity k is
Oth law K = const. constant over the horizon of

the black hole.

Changes of the parameters of

nearby stationary black hole

oM =
1st 1 . ] ]
st law 5 SA+ Q8T+ 85Q spacetimes are not indepen
dent and are related by the
first law.
2nd law 0A>0 The horizon area never de-

creases.

The surface gravity of a black

hole can not be reduced to
3rd law
zero in a finite number of

steps.

Table 1.1: This table shows the classical laws of black hole mechanics. In this
table A denotes the area of the horizon, €2 is the angular velocity, J the angular
momentum, P is the electric potential, and @ the charge of the horizon.



The first law of black hole mechanics can be given in two versions: The ”physical
process version” and the ”equilibrium state version”. The physical process version relates
the parameters of a black hole in a given spacetime before and after a physical process
bringing about a small change has occurred. The equilibrium state version relates the
parameters of two distinct black hole spacetimes. Both versions lead to

SM = " §A+ Q8T + ®Q, (1.2)
81G
where A is the surface area of the horizon, €) is the angular velocity of the horizon, J is
the horizons angular momentum, ® the electric potential, and @ the horizon charge. The
original proofs can be found in [6] (see also [46, 52, 32]). We will give a new derivation of
this law in chapter 3 in the case of 2+1 dimensional gravity.

The next law is concerned with the horizon area A of a black hole. It states that the

horizon area can never decrease.

SA>0 (1.3)

The original proof was given by Hawking [22] (See also [50]).

The third law of black hole mechanics has been formulated and proven by Israel [31]. It
states that the surface gravity of a black hole can not be reduced to zero in a finite number
of steps.

Comparison of these laws to the usual laws of thermodynamics reveals a striking re-
semblance. If some multiple of the surface gravity is identified with the temperature, some
multiple of the area with the entropy, and the mass with the energy (see table 1.1) one finds
an exact match.

It was Bekenstein [8] who suggested that this resemblance is more then a mere coinci-
dence. He argued that the laws of black hole mechanics are nothing more then the actual
laws of thermodynamics applied to black holes. He thus said that the entropy of a black

hole is given by some multiple of its area
SBH = ’)/A, (1.4)

for some constant v with the units of inverse area. By comparison with the usual first law
of thermodynamics this means that the temperature of a black hole would have to be

K

_ 1.5
V8wG’ (1.5)

T =

with the same constant v as above. The exact value of this constant v can not be determined

from these purely classical considerations.



Oth law

1st law

2nd law

3rd law

Thermodynamics

T is constant in equilib-

rium

dE = TdS+ work terms

as >0

T = 0 can not be at-

tained in a finite num-

ber of steps.

Black Hole Mechan-

ics

Kk 1s constant over the

horizon

AM = gEodA + ...

dA >0

k = 0 can not be at-
tained in a finite num-

ber of steps.

Table 1.2: The laws of usual thermodynamics and the laws of black hole me-
chanics bear a striking resemblance if one identifies the surface gravity « with
the temperature T', the area A with the entropy, and the mass M with the en-
ergy E. This comparison does not fix the exact relation between S and A. If
S = ~A, for some constant v with units of inverse area, then T' = k/vy87G. This
constant can not be fixed by looking at the classical theory alone.



Bekenstein then went on to propose a generalized second law of thermodynamics which
said that the entropy of black holes which is determined by their areas together with the

entropy of everything else can not decrease,

5SBH + 5Severything else = 0. (16)

As it stands this identification has several problems. The first problem is that classically
the temperature of a black hole vanishes. The second problem is that entropy and area
have different dimensions. Entropy is dimensionless whereas area has the dimension length
squared. What is the length scale here that relates the two quantities? Is third problem is
that this generalized second law can be violated. By lowering a box containing entropy to
the horizon and dropping it into the black hole after almost all energy has been extracted
at infinity one can decrease the outside entropy without increasing the area of the black
hole. A last problem is the factor of v that remains undetermined in the classical theory.

All these problems can be solved if Quantum Mechanics is taken into account.

1.2 QUANTUM THEORETICAL INSIGHTS

The key observation that helps to resolve the problems mentioned above was made by S.
Hawking [24]. He realized that when quantum fields are brought into the picture a black
hole emits particles at the Hawking temperature

hk
2
(See [33, 51] for a derivation of this result and [20] for an alternative approach). We will

(1.7)

THawking -

see how the introduction of this temperature gets rid of the problems mentioned above.

The introduction of the Hawking temperature shows that quantum mechanically black
holes do have a temperature. The surface gravity s that looks like a temperature in the
classical laws of black hole thermodynamics actually is the physical temperature of the black
hole.

Having an expression for the temperature we can now fix the constant v relating the
area A of the black hole and the entropy. We obtain

A

Tk
The quantity AG is exactly the Planck length squared!. The entropy of a black hole is thus

S = (1.8)

just one fourth of the horizon area measured in units of the Planck length squared.

'In units ¢ = 1.



It can also be shown that the generalized second law of thermodynamics can not be
violated any more if the quantum fields outside the horizon are taken into account. For a
detailed discussion see [48, 49].

Through the inclusion of Quantum Mechanics into the picture we have thus removed
the obstacles that prevented us from identifying the classical laws of black hole mechanics
with the corresponding laws of thermodynamics.

Having identified the area of the black hole with its true thermodynamic entropy we are
now ready to ask the central question that has guided the search for a theory of quantum

gravity for the last decades:

Central question What are the microscopic degrees of freedom that give rise to the black

hole entropy.

This thesis is concerned with a partial answer to this question.

1.3 ANSWERS

The last few years have seen a remarkable progress towards finding answers to the central
question posed above. Answers have been given from two very different approaches to
quantum gravity, namely string theory and loop quantum gravity. Lets review shortly how

both these approaches arrive at a microscopical description of black hole entropy.

1.3.1 Black hole entropy and string theory

In string theory the counting of states that give rise to black hole entropy is done in the
weak coupling limit. In this limit the states are quantum fluctuations around D-branes that
reside in flat space. The immediate question is then: What does such a counting have to
do with the problem of black hole entropy?

To understand this we have to look at the special character of the objects that are being
counted and the fact that we are dealing with a supersymmetric theory.

Let us start with the special nature of the objects that we look at in the weak coupling
limit. They are the so called D-branes. These objects are a rather recent addition to string
theory [37, 38]. With the advent of string dualities it became clear that such an addition was
needed since these dualities interchange Neveau-Schwartz — Neveau-Schwartz and Ramond—
Ramond states and the string perturbation states only carry NS charges. D-branes carry

these Ramond charges and allow for a flat space description in the weak field limit.



Next we look at the consequences of supersymmetry. A state which is invariant under
some (usually half) of the supersymmetry generators is called a BPS state. The number of
BPS states is essentially a topological invariant, and thus will not change if the coupling
is changed continuously. Using this fact one can perform the counting of states in either
the strong or the weak coupling regime. The black hole states that we are interested in are
strong coupling states but it turns out that the counting is more easily performed for small
values of the coupling constant.

The picture is thus the following. One starts counting BPS states in the weakly coupled
flat regime and then increases the string coupling g. Since Newton’s constant grows like g2
the gravitational field becomes stronger and at some point leads to the formation of a black
hole. The number of BPS states which have the same charges as the black hole is then
identified with the exponential of the entropy of that black hole. The fact that we have to
look at BPS states means that only extremal black holes can be dealt with.

To obtain extremal black holes with non-vanishing surface area one has to start with
BPS states with several non-zero charges. The easiest example is given by a type IIB string
theory on T° x R®. Here only three non-zero charges are required to obtain an extremal
black hole with a regular horizon and a non-zero surface area. Type IIB string theory is
chosen here since it possesses fields carrying Ramond charges.

We begin with the weakly coupled string configurations. They are given by @5 D-5
branes wrapped on T°, Q1 D-1 branes wrapped around one of the circles of T°, and —n
units of momentum around one of the S' making up the 7°. The counting of the number

of states can be done in several ways (see [10, 18, 35, 21]). We just give the answer. It is

exp(2my/Q1Q2n). (1.9)

All these string configurations lead to the same black hole in the strong coupling regime.

The classical black hole metric can be written down as follows,

2 2 2
_ 1 s n
A= <1+—r2> (1+—T2> <1+—r2), (1.11)

and the radii are related to Q1,Qs, and n in the following way

with

ri = (RV)Pg71PQv (1.12)
ri = (RV)*3g'2Q; (1.13)
r2 = (RV)*3n/R?V. (1.14)



If 75 = T* x S*, then (27)*V denotes the volume of T, R is the radius of S!, and g is the

string coupling. The Bekenstein-Hawking entropy of this solution is given by

Spu = % = exp(2m/Q1@5n), (1.15)

in agrement with the value obtained above.
More details on Black Hole entropy in string theory can be found in a number of review
articles [42, 36, 45].

1.3.2 Black hole entropy from loop quantum gravity

We will only give a rough sketch of the ideas leading to an explanation of the black hole
entropy in loop quantum gravity. A more detailed analysis can be found in [1, 4]. One
of the most striking features of loop quantum gravity is the fact that certain geometrical
operators have a discrete spectrum. An example is the operator corresponding to a two
dimensional surface in space. The Hilbert space of loop quantum gravity is spanned by
spin network states which are graphs whose edges are labelled by representations of SU(2),
i.e. by spins j = 1/2,1,..., and whose edges are labelled by intertwining operators. If such
a spin network punctures a two dimensional surface transversely with an edge of spin j it

contributes an amount of
8mYlH\/j(j + 1) (1.16)

to the area of the surface. The parameter v is a positive real number known as the Immirzi
parameter([28, 29, 30]. It reflects an ambiguity in the choice of conjugate variables that are
used in the quantization. The idea is now to ask for the number of states that endow the
horizon of the black hole with a given area A. The states that are counted are just the
surface states of the theory. The states in the bulk are traced over. A detailed exposition
of the counting can be found in [4]. We here use the result that the main contribution to
the entropy comes from punctures with spin 1/2. The number of states is then 2V, and the
entropy is just

S=NIn2. (1.17)

The number N of punctures can be computed from equation (1.16). One obtains

214,
m3y4

If one thus chooses vy to be In2/m/3, one obtains the Bekenstein - Hawking entropy.

(1.18)



1.3.3 Symmetry based approaches to black hole entropy

Recently a new approach to the problem of black hole entropy has emerged that does
not rely on a specific theory of quantum gravity. The idea is that the space of states that
classically represent a black hole carries a representation of a symmetry algebra and that the
elements of this algebra act as approximate symmetries in the classical spacetime. Finding
the microscopical entropy then reduces to a problem in the representation theory of that
algebra. This is the approach that we will follow in this work. We give a detailed overview
of this approach in chapter 2.

The remarkable aspect of this approach is the fact that it is so deeply rooted in the
classical theory. This might shed some light on the importance of the problem of black hole
entropy for the search of a quantum theory of gravity. We will discuss this point in chapter
6.

1.4 ORGANIZATION OF THE WORK

The organization of this thesis is as follows. Our aim is it to use the symmetry based
approach to finding the black hole entropy. A detailed description of the method and
the tools used is given in chapter 2. A key ingredient is the notion of symmetry used in
the approach. One motivation for this work was to investigate the natural symmetries of
isolated horizons. We thus introduce isolated horizons in chapter 3. This chapter also
discusses new versions of the zeroth and first law of black hole mechanics. The next chapter
4 then deals with the natural symmetries of an isolated horizon. It is shown that this set
of symmetries does not give an explanation of black hole entropy. We then discuss a new
set of symmetries in chapter 5. These symmetries are distinguished from the previous ones
by the fact that there are only given in a neighborhood of the horizon and do not possess a
limit to the horizon. These symmetries allow us to complete the symmetry based approach
to black hole entropy. In the last chapter 6 we discuss the results obtained. An appendix
gives a comprehensive overview of the Newman - Penrose formalism in 2 + 1 dimensions.
This formalism has been extended here from its original 3 + 1 dimensional form to be used

in our treatment of 2 + 1 dimensional isolated horizons.



Chapter 2

Symmetry Approach to Black Hole Entropy

In this chapter we discuss an approach to black hole entropy that is based on symmetries of
the spacetime. The hope is that the microstates of the black hole furnish a representation
space for some symmetry algebra and that the elements of this algebra can be found as
approximate symmetries of the classical spacetime. The problem of counting the states
then becomes a problem in the representation theory of groups and algebras.

The organization of this chapter is thus as follows. In the first section we give a more
detailed exposition of the strategy that we have just outlined. This strategy will be followed
in the chapters 4 and 5 for two different sets of symmetries. In the following section we
discuss the occurrence of central extensions in the theory of representations of groups and
algebras. This is important for us since the group that we are looking at is the diffeo-
morphism group of the circle which may obtain a central extension when represented in a
Hilbert space. The appearance of a central extension will be crucial for what follows. In
the following section we then concentrate on the Virasoro algebra. Since the dimension of
the representation spaces of this algebra is so crucial we spend the next section describing

a formula that provides us with a convenient way of calculating this dimension.

2.1 THE NAME OF THE GAME

Given a black hole we want to count the possible quantum mechanical microstates repre-
senting it to find its entropy. This task is facilitated if we know that the microstates are
related to each other by the action of some group or algebra. It would then suffice to know
the group and its representation theory to obtain the desired number of states. If rem-
nants of the group action survive in the classical theory as symmetries, only the classical
spacetime needs to be looked at to find the black hole entropy.

The motivation behind this approach goes back to earlier work by Brown, Henneaux [9].

10
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They calculated symmetries of spacetimes that are asymptotically anti de Sitter and found
that the corresponding Hamiltonians give rise to a Virasoro algebra with non-vanishing
central charge. These authors did not apply their result to the problem of black hole
entropy though. The first one to do this was Strominger[44]. He applied the idea to 2+1
dimensions in the context of the BTZ black hole [5] (see also section 3.1). The symmetries,
however, are taken from the previous analysis [9] which is tailored to asymptotic infinity
rather than to the black hole horizon. Therefore, it is not apparent why these symmetries
are relevant for the black hole in the spacetime interior. For example, in asymptotically
flat, 4-dimensional space-times, the symmetry group at (null) infinity is always the Bondi-
Metzner-Sachs group, irrespective of the interior structure of the space-time. Thus, the
results of [44] are equally applicable to a star that has similar asymptotic behavior as that
of the black hole. Subsequently, Carlip improved on this idea significantly by making the
symmetry analysis in the near-horizon region. Conceptually this approach is much more
satisfactory in that the black hole geometry is now at the forefront. However, at the technical
level, Carlip’s work [13] appears to have some important limitations which we will correct
in chapter 5.

Let us review the strategy. The starting point is a phase space consisting of solutions
to Einstein’s equations that is defined through the boundary conditions on the inner and
outer boundary. In the group of diffeomorphisms that preserve the boundary conditions
we then look for a subgroup that is isomorphic to Diff(S'). Given a vector field ¢ in this
Diff(S') we can assign to it the Hamiltonian H¢ that generates the corresponding motion
on phase space. We thus obtain a map from Diff(S!) into the Poisson algebra of our phase
space. As we will see in the following section 2.2 this map might not be a homomorphism
of Lie algebras and we might pick up a central charge. Since our Diff(S!) preserves the
boundary conditions and is in this sense a symmetry it is natural to assume that it is
unitarily implemented in the underlying quantum theory. This allows us to use Cardy’s
formula to calculate the dimension of this unitary representation (see also figure 2.1).

Let us conclude this section with a couple of remarks. First it has to be pointed out
that the motivation for looking for a Diff(S1) comes mainly from the history of the subject.
There is no a priori reason why this group should play such an important role. The best
reason that can be given is a posteriori, namely that it gives the correct result.

It is also worth pointing out that the we look at Diff(S!) as a purely algebraic object.
There is no geometric object isomorphic to a circle whose diffeomorphism group give rise

to the group we are looking at. In 2 + 1 dimensions the horizon of a black hole has the



Classical phase space

V

Find Diff(S1), &,

V

Represent Diff(S'), &, — Ly,

V

Discover a Central Charge

[Lny Lin] = (n —m) Ly m + 1C_25n+m,0 (n3 —n)

V

Use Cardy Formula
S=2n %l

Figure 2.1: This figure gives an overview of the strategy that we will pursue
to find the entropy of a black hole. We begin with a classical phase space
together with boundary conditions on the inner and outer boundary. In the
group of diffeomorphisms that preserve the boundary conditions we then look for
a subgroup that is isomorphic to a Diff(S*). Next we calculate the Hamiltonians
generating these symmetries together with their Poisson brackets. From the
bracket we can read of the central charge ¢ and use the Cardy formula to calculate
the entropy.

12
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geometry S! x R and it is tempting to try to relate this S' appearing here to the Diff(S!)
we are looking at. As we will see in later chapters no such relation exists.

Finally we want to point out that we arrive at a phase space, the starting point of our
investigation, in two different ways. In our first approach we use the phase space of isolated
horizons (see chapter 3). In our second approach we start with a BTZ spacetime (see section
2) and the phase space consists of those spacetimes that possess, in a sense to made precise

later, the same near-horizon geometry as BTZ.

2.2 THE APPEARANCE OF CENTRAL CHARGES

In this section we want to review a couple of facts about the appearance of a central charge
for Lie algebras. As we have mentioned in the introduction to this chapter a central charge
may arise when we try to represent a given Lie algebra g on some linear vector space V.

We are thus looking for a map 7' : ¢ — Hom V/, such that
T([X,Y]) = [T(X), T(Y)]. (2.1)

It might now happen that we have found a map 7" that does not quite satisfy this relation

but comes close in the sense that the elements
O(X,Y) =[T(X), T(Y)] - T([X,Y]) (2.2)

form an abelian algebra that commutes with all elements in 7'(g). We will call the algebra
formed by these elements a. Given this map T one might ask whether it is possible to
redefine the map in such a way that the corresponding © vanishes. If such a choice could
be made we would obtain a true representation of our algebra g.
If we replace T'(X) by
T(X) + p(X), (2.3)

for some map p: g — a, it is easy to see that ©(X,Y") changes to
O(X, ) + (X, Y]). (2.4

The function O(X,Y) can thus be made to vanish if and and only if it can be written as
u([X,Y]) for some function p. In general this will not be the case.
Before proceeding let us introduce some notation that facilitates the discussion. It is

easy to see that the map © satisfies the following properties:
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1. © is bilinear

2. O is alternating, i.e.

0(X,Y)=-0(Y,X) (2.5)

3. It satisfies the Jacoby identity:
OX,[Y,Z)+0Y,[Z,X])+6(Z,[X,Y]) =0 (2.6)
To show the last property one has to use the fact that [, | is a Lie bracket for which the

Jacoby identity is valid. We denote by Z2(g,a) the set of all maps satisfying the above
three properties. We want to identify maps in Z2(g, a) if they are related as in equation

(2.4). We thus introduce the space B?(g,a) of maps

b:gxg a
(2.7)
(X,Y) — b(X,Y) = p([X,Y])
for some function . We can then form the quotient of these two spaces
H*(g,0) = Z%(g,0)/B%(g, a). (2.8)

This space is called the second cohomology group of g with values in a.

So far we have seen that we can construct a true representation from our map 7' if
and only if the the class [O] corresponding to © in the second cohomology group H?(g, a)
vanishes. If [O] does not vanish we can obtain a representation not of g but of a Lie algebra
closely related to it. Let

h=gda (2.9)

as vector spaces and let us define the following bracket on it

[, Jo:bxb b

(2.10)
(X, 4),(Y,B) — ([X,Y],,0[X,Y]).

Together with this bracket h becomes a Lie algebra and the following sequence of algebras

is exact

0 - a b - g - 0, (2.11)

where the second and third map are the natural injection and surjection respectively. The

algebra h is called the central extension of g by a. It can further be shown that two
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such extension are isomorphic if and only if the corresponding maps © belong to the same
cohomology class. We thus find that the second cohomology group is isomorphic to the set
of central extensions of the algebra g.

The new Lie algebra b is interesting because it is quite easy to construct a true repre-

sentation for it, given the map T'. For (X, A) € b let
T(X,A)=T(X) + A. (2.12)

It is easy to see that this provides us with a representation of the algebra h.

Lets summarize. We started with a map T that was almost a representation of the Lie
algebra g on a vector space V. The failure © of this map to be a representation determines
an element in the second cohomology of g with values in an abelian algebra a. Each such
cohomology class gives rise to a central extension §h of g by the abelian algebra a. This
central extension h then possesses a natural true representation on V.

Before ending this rather technical section we give a well known example of what we

have just encountered.

Example 1. Let g be the Lie algebra of a semi simple finite dimensional Lie group (such as
SU(2) ) then its second cohomology group with values in R, C or any other finite dimensional
g module vanishes. This was shown by Whitehead (see [27]). For a large class of algebras
this result was established before by V. Bargman [7].

2.3 THE VIRASORO ALGEBRA

In this section we will describe the Lie algebra of the diffeomorphism group of the circle and
its central extension, the Virasoro algebra. The diffeomorphism group of the circle Diff(S*)
is of interest because the conformal group of the plane can be written as the product of two
copies of Diff(S1). The Lie algebra of Diff(S!) can be identified with the set of vector fields
on S

Lie Diff(S') = Vect(S). (2.13)

If we think of S as being imbedded in C as the set of complex numbers with modulus

one we can represent a vector field on S by a series

d
> anz”’Ll%. (2.14)
neZ
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A basis of these fields is thus given by the operators
L,=2"""— nel (2.15)
It then easy to verify that these operators satisfy the following commutation relation
[Lyp, Lin] = (n —m)Lyym,n,m € Z. (2.16)

we will denote this algebra by f. If these operators generate symmetries of our theory we
are guaranteed the existence of hermitian operators 7'(L,,) representing them in the given
Hilbert space. These operators are uniquely determined up to the addition of a multiple
of the identity operator 1. We are thus in the position discussed in the last section. The
abelian algebra a is here spanned by the identity operator and is thus isomorphic to C. We
are thus led to discussing central extensions of f by C. The set of these extensions is given

by the second cohomology H?(f,C). The central result is now the following theorem.

Theorem 1. The second cohomology H?(§,C) is isomorphic to C.
H(5,C) = C (2.17)
This second cohomology is generated by the cocycle

1
O(Ly, L) = 5n+mﬁn(n2 —1). (2.18)

A proof of this theorem can be found in [41]. The generic situation is thus that we
encounter a representation of a central extension of § rather then of f itself. For the central

extension corresponding to the cocycle cf we arrive at the following commutation relation

(L, Lyn] = (1 — 1) Lo + 5n+m1—c2n(n2 ~1), n,m € Z. (2.19)

This algebra is commonly denoted as the Virasoro Algebra with central charge c.

2.4 COUNTING STATES: THE CARDY FORMULA

Given an irreducible representation of the Virasoro algebra we now would like to know what
the dimensionality of the representation space is. The situation might be compared with
that encountered when looking at SU(2). If we know the highest weight [ we know that the

dimension of the representation space is 2/ + 1. An equivalent formula for the case of the
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Virasoro algebra was given Cardy [11] (see also [14]). If we look at a representation of the

Virasoro algebra with central charge ¢ and highest wight [, i.e. we have
Lolt) = 11, (2.20)

and L,|l) =0, for n > 0, the dimension d of the representation space is given by

d = exp (27r\/%> . (2.21)



Chapter 3

Isolated Horizons

In this chapter we describe the concept of an isolated horizon. This concept has been
introduced to deal with a number of restrictions that exist in the usual treatment of black
holes which is centered around the notion of event horizons in globally stationary spacetimes.
An event horizon H™ in a spacetime M is the boundary of the causal past J~(Z1) of

future null infinity Z,
HY=MnoaJ (V). (3.1)

The important point to realize here is that in order to find the event horizon the whole
spacetime has to be known. In most situations this knowledge is not available. If one talks
for example about a black hole in the center of a galaxy it is not the event horizon that
is meant. Also in numerical relativity one usually does not evaluate the entire spacetime
but only patches of it (see [19] for a more detailed discussion of the use of isolated horizons
in numerical relativity). Still one would like to be able to talk about black holes and their
properties. A more local notion of a black hole is thus desirable.

Another problem arises from the requirement of stationarity which implies the existence
of a Killing field in the spacetime. Such a degree of symmetry will usually not be present in
physically interesting situations. In a gravitational collapse e.g. the spacetime will contain
gravitational radiation even if the black hole itself has long settled down. We would thus like
describe situations in which the black hole is in equilibrium while the rest of the universe
might not be (see figures 3 and 3 for more discussion on these points).

In the first part of this chapter we will introduce the notion of an isolated horizon. It
will be immediately clear from the definitions that isolated horizons are able to address
the mentioned above. We then proceed to show that although the framework is rather
general we are able to derive some of the laws of black hole mechanics that served as
our motivation. Since the definition of an isolated horizon is so local we have to find new

definitions for quantities that in the old framework made use of global structures. Examples

18
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Figure 3.1: This figure shows why the concept of event horizons is not able to
deal with some physically interesting situations. Imagine a black hole is formed
through the gravitational collapse of a star M. After the collapse the situation
will settle down and if nothing further would happen the event horizon would
be at a position which we denoted by A;. If now a long time after the collapse
a shell of matter falls into the black hole the mass of the hole will increase and
ultimately the event horizon will be outside, at a position Ay. Thus although
the shell of matter might have been arbitrary far away after the collapse we still
would have had no concept that allowed us to call Ay the horizon of a black
hole. Isolated horizons include both A; and Ay are thus able to include more
physical situations.

19



Figure 3.2: Black holes are usually discussed within the framework of event
horizons in stationary spacetimes. This framework will not allow the discussion
of a situation as the one depicted in this figure. After a gravitational collapse a
black hole will settle down while the spacetime is still filled with gravitational
radiation and thus will not admit a Killing field. The concept of an isolated
horizon is build to describe the part A of the black hole that is in equilibrium
while the rest of the spacetime may be far from equilibrium.

20
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are the surface gravity and the mass.

3.1 DEFINITION

In this section we will give the definition of an isolated horizon. It is advantageous to
proceed in several steps since preliminary results have to be established before the final
definition can be given.

Let M be a three dimensional manifold with metric tensor g, of signature (— + +).
We will be considering null hypersurfaces of M, i.e. hypersurfaces whose tangent spaces at
each point contain a null direction. It is easy to see that a null vector field tangent to the
hypersurfaces is automatically a normal to the surface. We will denote a future pointing
null normal vector field to the null hypersurface by [. This null normal [ is ambiguous up
to a rescaling by a positive function.

If V is the covariant derivative compatible with g,; then we can define the expansion
Oy of I by m®*mPValy, where m® is any spacelike vector field tangent to the hypersurface.

It is easy to see that this definition does not depend on the choice of m.

3.1.1 Non-expanding horizons

After these preliminaries we will now start with the notion of a non-expanding horizon.

Definition 1. Let A C M be a null hypersurface of the spacetime (M, gqp) and I a future
pointing null normal vector field on A. The hypersurface A is called a non-expanding

horizon iff it satisfies the following conditions:

NE1 A is isomorphic to S* x I, where I is some interval in R.
NE2 The expansion O of | vanishes.

NE3 The equations of motion hold at A. Furthermore the stress-energy tensor Ty is such

that —Tablb is future directed and causal for any future directed null normal [.

The paradigm of a non-expanding horizon in three dimensions is best illustrated by the
BTZ black hole[5]. We give here a slightly generalized version of the standard BTZ black
hole:

Example 2. We describe the generalized BTZ black hole in Eddington-Finkelstein-like co-

ordinates. In these coordinates the metric is given by

2
ds*> = —(N1)2dv? + 2dvdr + r* (dgb + N¢dv) ; (3.2)



A non-expanding e Newman-Penrose
horizon p, kKNp vanish. «,
« A~SlxR 7 coincide.

e Expansion G(l) = o Volpy=wylp. Sur-

0 face gravity « =
[%w,.
e Equations of mo-
tion hold e Intrinsic deriva-
tive D, on A.
(A, [l]) weakly isolated hori- e Oth law:
zZon K =const.
e A non-expanding horizon e Natural foliation
of A with 7 =
o Liw, =0
const.

(A, [l]) isolated horizon

e A non-expanding horizon e Unique choice of

e [L;,D]v = 0, for every vec- [l] in interesting

tor v tangential to the hori- situations.

zon.

Figure 3.3: In this table we give a road map to section 3.1 of this article.
Its main purpose is to provide an overview over the structures that are being
introduced and also to show what the consequences are that can be derived
from them. The first structure is given in A and is that of a non-expanding
horizon. The fact that the Newman-Penrose like coefficients p and kyp vanish
and that o and 7 coincide has the consequence that we can define a one-form
w, by looking at the divergence of the null-normal {*. This one-form then can
be used to define the surface gravity x of the horizon once a null normal [¢ is
chosen. Another consequence is that there exists an intrinsic derivative operator
D, on the horizon. The one-form w, is now used in part B to define the notion of
a weakly isolated horizon. For a weakly isolated horizon the surface gravity
K is constant over the horizon and once a class [I] of null-normals is chosen there
exists a natural foliation of the horizon with circles. The intrinsically given
derivative operator D, is used in C to define an isolated horizon. isolated
horizons have the property that in many interesting situations they possess a
unique class [{] of null normals.
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where

Ar2 202’
for some function f(r). The classical BTZ black hole is obtained when the function

7’2

1/2
Ni:<f(r)+ J2> and N¢ = — - (3.3)

fry=-M+ 7z (3.4)
is used. The length | here is related to the cosmological constant A through
1

The metric (3.2) is singular when N+ wvanishes. For the classical BTZ black hole this
happens for r = r4, with

- <%>2] v . (3.6)

Sometimes it is advantageous to have the mass M and the angular momentum J expressed

MI?
2

ri = 1+

in terms of ry and r_:
2 2
Ty 4 rl 2rpr_
_ + J _ 7“+7“
12 l
The horizon of the BTZ black hole, given by r = ro, will serve as our first example of a

M

(3.7)

non-expanding horizon in 241 dimensions.
To check our conditions for a non-expanding horizon we have to give a null normal to
the horizon. We choose
1 =08y — N%(ry)dy. (3.8)

To calculate the expansion of | we have to choose a spacelike vector to the horizon. Here we
take )
m = — 6¢. (3.9)
T+

It is then easy to check that the expansion of | indeed vanishes. That the horizon has the
right topology is easy to check and that the equations of motion hold is clear since we are in

a vacuum solution to Finsteins equation.

Before we start discussing consequences of this definition a couple of remarks are in order
that show how these conditions relate to the physical motivation given in the introduction.
The first part of the definition NE1 just reflects the situation that is most commonly
encountered. The horizons in the examples given here have this topology. More general

topologies could be considered but this will be done elsewhere.
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A consequence of condition NE2 is that the horizon area is constant along the horizon.
This is the precise meaning of the idea that the horizon is isolated. We will denote the area
of the horizon by aan. We also introduce the radius R of the horizon such that an = 27 RA.

Given a boundary one usually requires that the metric approaches a certain fixed metric.
This is what is usually done at infinity. In NE3 we just impose the condition that the
equations of motion are satisfied at the horizon. This requirement is much weaker then
assuming a particular form of the metric. The energy condition is also very weak. It follows
from the much stronger dominant energy condition.

Although the conditions that we have imposed seem rather weak they have a number of
interesting consequences. To explore these consequences we introduce a Newman-Penrose-

a

like (NP-like) triad consisting of the vectors [*,n?, and m® in the neighborhood of the
horizon A. The vectors [ and n® are null and we choose [* such that it coincides with
the null normal of the horizon. The vector m® is normalized to unity. We further require
[°ng, = —1. All other contractions are zero. Having such a triad we can introduce NP-
like coefficients as in the higher dimensional case. Appendix A gives the corresponding
definitions and a summary of important relations for these coefficients. In what follows we
further assume that we have chosen our triad such that dn = 0.

The expansion ©(;) coincides with the NP coefficient p. It thus follows that
p=0, (3.10)

where a hat denotes an equation that is valid on the horizon.
Since [* is hypersurface orthogonal to the horizon it follows that the NP coefficient kyp
vanishes:
knp=0 (3.11)

From the fact that we have chosen our triad such that dn = 0 it follows that the NP
coefficients v and 7 coincide:
a=m (3.12)

We thus see that as a consequence of our boundary conditions the two NP coefficients p and
knp vanish and the two coefficients o and 7 coincide. These facts will allow us to introduce
more structure on the horizon A. We begin with a one-form w, on the horizon.

If we now look at the covariant derivative of [ along directions in the horizon we obtain

(see equation (A.10) in appendix A)

Vglb = walb, (313)
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where the one-form w, is given by
We = TMg — €Ng. (3.14)

Given a choice of a null-normal [% on the horizon we thus obtain a one-form w,. If we had

chosen a different null-normal I’ = f1, for some positive function f, we would have obtained
Wi =wg + Oy In f. (3.15)
We can also look at the acceleration of I*. It is given by
1V Ly =1%waly = €lp. (3.16)
We introduce a new name for the coefficient of [, appearing in this equation.

Definition 2. Given a non-expanding horizon A with a choice of a null-normal 1®, following
the standard terminology used in black hole physics, we denote the quantity [®w, = € by K

and call it the surface gravity of A.

Like the one-form w, the surface gravity x depends on [%. If we change [® as above by
a positive function f we obtain
K =190 f + fK. (3.17)

Later in this section we will discuss how we deal with the freedom in the choice of [¢. We

calculate the one-form w, and the surface gravity « for the example given above.

Example 3. In example 5 of appendiz A we have calculated the NP coefficients for the
BTZ black hole. We can thus read of the one-form wq:

Wa = N®my — kng (3.18)
where the surface gravity k is given by
K=e= - —r(N%)2. (3.19)

Another consequence of the fact that the NP coefficients p and kyp vanish is that there
exists a unique derivative operator D on A which is induced by the covariant derivative on
M. Since A is null there is no natural way to decompose V,v? into a component tangent
to the horizon and a component perpendicular to the horizon. Generally the definition of a

derivative operator would thus depend on the choice of such a decomposition. In turns out



26

that as as consequence of our boundary conditions no such decomposition is necessary. We
have already seen in equation (3.13) that the derivative of the null-normal {* restricted to
directions in the horizon is tangential to the horizon provided p and kyp vanish. For the
derivative of m® we find (using again appendix A)

Vam? = (knpng — pmg)n® + (umg — )10 (3.20)

a
Pradl

Again we find that the term involving components that are not tangential to the horizon
vanishes since p and kyp are zero. We thus find that our boundary conditions already
ensure that all components of the derivative operator, pulled back to the horizon, lie in
the horizon. The need to decompose the derivative operator thus does not arise and no

ambiguity exists. We can thus set
D’ =V ,0° (3.21)

and obtain an intrinsically defined derivative operator D, on the horizon A.

Next we discuss the restrictions on the Ricci tensor that follow from our boundary
conditions. The first restriction can be read off from equation (A.34) in appendix A. We
get

Rapl1°=0. (3.22)

Now we are going to make use of the restrictions on the type of matter that we consider,

i.e. we will make use of the energy condition contained in NE3, which says that
k¢ = —141b (3.23)

is causal, i.e. future pointing, and time-like or null on the horizon.

Using the field equations
Rap — %gabR + gapA = 87G 1y (3.24)
we see upon contraction with [%1° and use of the fact that Rg[*I° vanishes that
Tl = k,1°20. (3.25)

It follows from this that & must be of the form

kEY=al® 4+ fm?. (3.26)
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The only way for this vector to be time-like or null is when ( vanishes. The component

T ‘})lb is thus proportional to [*. Using this fact it follows from the field equations contracted

with m®l® that the component R,;m®® of the Ricci tensor vanishes on the horizon.

Making again use of appendix A we find that Rq,m®I® can be expressed as
Raym®P=Lym — Lok (3.27)

We thus have
Lim=Lyk. (3.28)

As a last step we further describe the intrinsic geometry of the horizon. We begin by

noting that as a consequence of our boundary conditions it follows that
dmg, = 0. (3.29)
Now using Cartan’s identity we find
Lym=d(l-m)+1-dm=0. (3.30)
Since the induced metric on A can be written as g, = mq,my; we also find
L1qq = 0. (3.31)

On A we now introduce the following equivalence relation. We call two points on A equiva-
lent if they lie on one integral curve of the null-normal [*. The space of equivalence classes,
i.e. the space of integral curves of [, will be denoted by PA. Topologically PA is a circle.
The canonical projection map from A onto PA will be called p. The fact that £;q., = 0
means that PA can naturally be endowed with a metric §u. Since PA is a circle there

exists a unique one-form 7, such that
Gab = MaMyp. (3.32)

Using the projection p we can lift this one-form to the whole of A. It turns out that this

one-form coincides with m. We thus have
m=p*m (3.33)

We thus see that a non-expanding horizon is endowed with a canonical one-form m,.
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3.1.2 Weakly isolated horizons

We have seen that our boundary conditions gave rise to a rather rich structure on the
horizon. We found that we are given an intrinsic derivative operator D and a one-form wj,.
We will now use these structures to refine our definition. Our guiding principles will be that
we want these additional structures to be time independent. We have already seen that the
metric on A is time independent in the sense that £;q,; vanishes. We will impose similar
conditions on w and D and in thus doing will arrive at our final definition of an isolated
horizon. We have not started with this stronger definition precisely because we needed to
introduce the additional structures first in order to formulate our conditions.

The next condition that we impose involves the one-form w,. As we have seen above
the one-form w, depends on the choice of null-normal [*. Thus if we want to formulate a
condition using w, it is not enough just to talk about the surface A but we will have to
include the chosen null-normal [°.

Equation (3.15) shows that w, does not change if we rescale [* by a constant. We now
denote by [{] the equivalence class of null-normals which differ from [ only by a multiplicative
constant. Given such an equivalence class [I] we have a unique one-form w, which we can
use to formulate further conditions. This situation should be compared with the situation
encountered on Killing horizons. The Killing vector field on such horizons is also given only

up to a multiplicative constant.

Definition 3. Let (A, [l]) be a non-expanding horizon A together with an equivalence class

[l] of null-normals. We call (A,[l]) a weakly isolated horizon if and only if
Clwa = 0, (3.34)
where wg s the one-form given by the equivalence class [l].

The most important consequence of this condition is the fact that the surface gravity

Kk =1-w is constant over the horizon. We have

O0=Liw=dl -w+1-dw. (3.35)
Using the boundary conditions we have

dw = (Lym — Lypk)m A n. (3.36)

In equation (3.28) we have seen that the term in brackets in the above equation vanishes

and dw is thus zero. This means that dl - w is zero or in other words

K = const. (3.37)
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This is the zeroth law of black hole thermodynamics which states that the surface gravity
is constant over the horizon. Weakly isolated horizons thus have constant surface gravity.
Weakly isolated horizons with x # 0 posses additional structure. The equivalence class
of null-normals allows for the construction of preferred foliation of the horizon by circles.
We already know that a non-expanding horizon has a canonical one-form m, given on it.
Since dm is zero it generates a class in H(A), the first cohomology of A. Given that A is

isomorphic to ST x R we know that
HY(A) = HY(SY) =R. (3.38)

Integrating m, over a cross section gives the circumference of the horizon and m, is thus

not in the zero class of H'(A). The closed one-form w, must thus be of the form
we = Cmyg + 04, (3.39)

for some constant C' € R and some function . This function ¢ can now be used to define

a preferred foliation of the horizon. We first notice that
1w, =k =1(1). (3.40)

If we thus assume that we are in the case of non-vanishing surface gravity x we see that the
surfaces of constant v are circles and thus define a foliation of A. We will adjust our NP -
triad in such a way that m® is tangential to these circles.

Comparing equation (3.14) with equation (3.39) we see that
m=const. (3.41)

We thus obtain a foliation in which the NP - coefficient 7 is constant on the horizon.

Example 4. For the BTZ - black hole we have found an expression for w, in equation

(3.18) of example 3. Since N? is constant we see that
Ot = —KNyg. (3.42)

We have chosen ng to be —dv where v is one of the coordinates of the BTZ metric. The

function v is thus just the rescaled coordinate v.
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3.1.3 Isolated horizons

We now give the definition of an isolated horizon. To this end we will require that the

intrinsically defined derivative operator D is also time independent.

Definition 4. A weakly isolated horizon (A, [l]) is called an isolated horizon if and only
if
[‘Cla D]U =0, (343)

for all vector fields v tangential to the horizon.

The nature of this condition is somewhat different from the ones encountered so far.
While it is possible for every non-expanding horizon to choose [I] such that it becomes a
weakly isolated horizon this is not true for isolated horizons. For the rest of the paper we
will not assume that we are dealing with isolated horizons though. We will only require the

horizons to be weakly isolated.

3.2 ACTION PRINCIPLE.

The action for the 241 dimensional GR can be defined as follows.

1 A
S=_—— IANFr— ZelBepney A — 3.44
87TG /M <€ I 6 13 €r ey EK ( )
L[ d TA A+ CaAAL — CooA
— t A t— t.
167G /tz /ooe 1+t >
Here, el is an orthonormal triad , A; is a connection and F7 is its curvature. Ca is a function

of the parameters of the horizon (like area, charge, angular momentum), which are constants
for any given history. Adding a constant term has no influence for the lagrangian formulation
of the theory. In the hamiltonian formulation, however, it does make a difference, and
therefore we shall keep track of this term in what follows. Similarly, C'y, is such that it does
not vary between histories, but in order to obtain a differentiable Hamiltonian it should
be kept non-zero, in general. Integral over S, should be understood as a suitable limit of
integrals evaluated at finite distances r. In order to define the coordinate r we demand that
there exist coordinates (t,r,¢) on M such that our variables approach those of the BTZ
metric for large values of r.

In order to fully specify our phase-space we need to add boundary conditions. The pair

(A, e) is subject to the isolated horizon conditions on the surface A. We also impose fall-off



31

conditions at spatial infinity. We require that the field approach their BTZ values. Details
can be found in [2]. One can show that the action is differentiable with those conditions.
Indeed,
1
65 = bulk t — [ el AdA;L 3.45
ulk terms + S0 /A e I (3.45)

Due to the above conditions, the boundary term at spatial infinity goes to zero like 1/r.
Also, using the form of the connection A derived in Appendix C.4., one can show that on
the horizon

SAL=5[(—rm! + 7l )ng + (—plt + 7m!)my). (3.46)

Therefore 1
0S5 = bulk terms — e /A el A (6k)mpn, (3.47)

where we used the fact that variations of [, n and m are proportional to themselves on A.
Let us call a cross-section of the surface of constant time with the horizon by Sa. Using

n = —dv, we obtain

0S5 = bulk terms — # /dv /SA (0K)m. (3.48)

Since k is constant on A and is kept fixed at initial and final times, we have dx = 0. The

action is thus differentiable at the horizon.

3.3 LEGENDRE TRANSFORM, PHASE SPACE AND ANGULAR MOMEN-
TUM.

In this section we perform the transformation to a Hamiltonian framework. This will allow
us to introduce a mass for the horizon and ultimately to formulate the first law of black

hole mechanics.

3.3.1 The Legendre transform.

In order to introduce the first law, we will pass to the Hamiltonian framework. First, we

need to perform the Legendre transform. Let us use the convention 87G = 1. We arrive at
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the following form of the action
tr
S = / dt/[—el/\EtAI—FeI/\D(t-A[)-i-
ti by

1
-l-(t ‘361)(F] . 51\6[‘]1{6] VAN eK) - (349)

ty
—%/ dt/ ((t -2 Ar — (t *AT)er) +
t; oo
ty
+/ dt(Ca — Cx)
t;

where N is the lapse function. In this chapter we shall use the convention in which the
superscript 3 in front of a symbol refers to space-time quantities and the symbols without
a superscript in front are pull-backs to the two-dimensional space-like slice.

From the above we obtain the Hamiltonian
A
H = / [—(t -SCI)F] — (t -SAI)DGI + EEIJK(t '3€[)€J Neg| —Ca + Cqx +
b3
1
+/ (t -2Ap)el + 5/ [(t-3D)Ap + (t 2AD)eg] (3.50)
SA %)

A variation of Ca is now not zero in general. In fact this term is needed if we want the
Hamiltonian framework to make sense. We will show in the next paragraphs that the
requirement of differentiability of the Hamiltonian restricts the form of this term. It can be

then shown that the horizon terms are exactly analogous to the terms at infinity.

3.3.2 The phase space.

In what follows we will work in the canonical framework. Therefore it is useful to state
here definition of the phase space of isolated horizons. Our variables will be fields on 2-
dimensional manifold > such that M = ¥ x R. Topologically, the boundary of > consists
of two circles, spatial infinity S, and a cross section of the horizon Sa. The pairs of
canonically conjugate variables are one forms (A7, —e). In the space-time language, they
are all just pull-backs of the respective 3-dimensional quantities to ¥. Our phase space
consists of only those fields which satisfy the isolated horizon conditions on Sa and the
asymptotic fall-off conditions in the neighborhood of S.

Additionally, in order to have an unambiguous notion of angular momentum, we will
impose further restrictions. Namely, we choose to work with so called axi-symmetric hori-

zons. These are defined as the points in our phase space which posses a symmetry vector
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field on the horizon ¢. We choose to fix one such vector field for all of our phase space and
a different choice of ¢ leads to a different choice of phase space. This vector field is required
to have the following properties: 1) ¢ is tangent to Sa, 2) the affine length of its orbits is
equal to 27, and 3) it Lie-drags the intrinsic metric ¢, on the horizon.

The task of defining our phase space will be completed once we give the symplectic

structure. Its form is given by
9(51, (52) = / ((51AI A dger — (52AI A (516]) + 0(51, (52), (3.51)
b

where the extra term € is given by a suitable integral over Sn. The reason for the boundary
term is that the volume integral is not conserved, i.e. it depends on the spatial slice X.
This can be seen in the following way. Using equations of motion, one can check that for

the spacetime quantities
D(61 AT A dger — 32 AT A Grer) = 0. (3.52)

Consider now a region of space-time M, boundary of which consists of spatial slices 1, 3o,
the part of the horizon between the slices A and spatial infinity. Because of (3.52) and the
fall-off conditions at spatial infinity, the difference between the volume terms on the slices

Y9 and ¥ (as defined above) is given by the integral at the horizon:

/~ [51AI Adger — (1 2)] == / [01w A dam — (1 < 2)]. (3.53)
A A
We know however that there exists a function v on the horizon such that

l-dy =1-w. (3.54)

Therefore, the above expression can also be written as a difference of two integrals over the
circles S = ANY; and So = AN Y,

/ _ / Grpdam — (1 o 2)]. (3.55)
So S1

Thus the symplectic form is conserved and we have

Q(51,05) = /S (510am — Sahd1m) . (3.56)

Moreover, we can fix the freedom in the choice of the function ¢ in such a way that this

boundary term vanishes on the initial slice ;.
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3.3.3 Angular momentum.

Since our horizon has a symmetry ¢ we are able to find a conserved quantity associated
with it. We will call it angular momentum of the horizon Ja. More precisely, consider any
extension ¢ of ¢ outside of the horizon which is an asymptotic rotational Killing vector

field at spatial infinity. One can check that, on shell,
06, X3) = 0Joc — 0J4, (3.57)

where X is the vector field on the phase-space generated by ¢ and J, Ja are given by
integrals at spatial infinity and at the horizon, respectively. Thus Ja is the horizon term in
the current generated by ¢.

The above equation provides us with a formula for angular momentum of the horizon

(up to an additive constant) in terms of basic variables and ¢:

Ja = —/S (p-w)m (3.58)

The additive constant in this formula was fixed by the requirement that Ja vanishes in the

non-rotating BTZ solution.

3.4 THE FIRST LAW.

In order to formulate the first law of mechanics for isolated horisons we need to define an
energy. Therefore we need to introduce the time evolution vector field ¢t. Motivated by the

stationary space-time examples, we consider only the following choices
tﬁqt)l - Q(t)(p, (359)

where c(;) and ;) are constants on 3, but they are not constant on the phase space. c(
and {);) may depend on parameters of the horizon like area aa, angular momentum Ja
and charge Qa. Following terminology used in [3] we call ¢ a live vector field.

The vector field ¢t defines a vector field on the phase space &; generating this time
evolution. It is given by d;(el, Ay) = (Lie!,LiAy). In the Hamiltonian framework it is
natural to ask whether this evolution is Hamiltonian. In other words, is there a function
on the phase space H; such that

0H; =Q(8,0,)7 (3.60)
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The answer is yes, if and only if, the one form X; defined by
Xi(0) = Q(5,) (3.61)

is closed.

We can evaluate the right-hand side of the above equation using the equations of motion.
The resulting expression involves only integrals at the boundary of the spacetime M. On
shell the bulk terms vanish.

Xi(0) = (terms at infinity) — rdan — QpdJa (3.62)

where r ;) is the surface gravity associated with ¢(;)l. To derive this equation we used that
6l ~ [ and on ~ n. The evolution is thus Hamiltonian if and only if there exists a function

EtA on phase space such that
5EtA = Ii(t)éaA + Q(t)(SJA. (3.63)

We thus conclude that the time evolution is Hamiltonian if and only if the first law of
mechanics holds. Let us call ¢’s for which the first law holds admissible vector fields. The

next section is devoted to the study of these fields.

3.4.1 Admissible ¢’s.

If a function EY satisfying the first law exists, it must be a function of only the horizon
parameters (aa,JJa). This is also true for k() and Q. In order to construct admissible
vector fields ¢ we choose a function kg on phase space only depends on aa, Ja. Let us then
ask that ko = k(). This determines c(y) in (3.59) by ¢y = k() /k. Here k is determined by
[ in the standard way. We then turn to Q) in (3.59). It follows from the first law that

8H(t) _ 89(,5)

. 3.64
dJA dana ( )
Integrating this condition gives
a a/‘ﬂ t
Qpy = /OO aJ(A) daa +F(Ja), (3.65)

where F' is an arbitrary function of Jao. We can fix this function by imposing the condition

Ja=const.
apn—00
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By picking a function kg of the horizon parameters that satisfies the condition mentioned
above we thus arrive at a unique admissible vector field ¢. Since there is an infinite number
of such functions we also have an infinite number of admissible vector fields ¢.

Once we have the functional form of ;) and ;) we can integrate the first law to
derive a formula for the energy E%. This will determine the energy only up to an additive
constant. This can be fixed by imposing the physical condition

lim E4 =0. (3.67)

IAQA=0
apn—0

In the next section we demonstrate this procedure by choosing kg to coincide with the

corresponding function for the BTZ metric.

3.4.2 Enmnergy of an isolated horizon.

As an illustration, we will use the above considerations to find E% for a general isolated
horizon with Ty,=0 . We choose the constant c(;) to be unity and the surface gravity to be
that of the BTZ black hole. Let

Aana 27rJi

This implies that
2mdJ.
Qpy = == + f(Ja), (3.69)
a
A

where f is any function which depends only on Ja and the cosmological constant. However,

from physical considerations, we expect that

lim Q(t) =0. (3.70)
Ja=const.
ap— 00

This fixes the function f to be zero. Therefore the first law results in

Wh — Ao _ % (3.71)
s (3.72)

These can be integrated to give
E\ = —iAai + ﬁ + const. (3.73)

an
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Since we expect that for a non-rotating isolated horizon lim,, o F4 = 0, the constant
should be chosen to be zero. The resulting expression is a general formula for the energy of
an isolated horizon in terms of its intrinsic parameters.

After this digression into black hole mechanics we return in the following chapters to
the topic of black hole entropy. We start by outlining the general procedure that we intend

to follow.



Chapter 4

Symmetries of Isolated Horizons

Given an isolated horizon it is natural to ask what we obtain if we apply the strategy outlined
in chapter 2. The first step is to find the classical symmetries. Since an isolated horizon
comes equipped with a number of structures there are natural candidates for symmetries

of these horizons.

4.1 THE VECTOR FIELDS

We will say that a vector field £ generates a symmetry of the horizon if the flow generated
by & on the phase-space preserves the basic structure of the horizon, namely the equivalence

class [I] of null normals and the intrinsic metric ¢, i.e. gup = gop. We thus demand

Lel € ), (4.1)
‘CSQab =0. (4'2)

It is not difficult to check that any vector field £ satisfying the above conditions can be

written as

¢ = Al* + Bm®, (4.3)

where the functions A and B are restricted to be of the form

A = C(v_)+ const. v (4.4)
B = const. (4.5)
The coordinates v and v_ are defined by the relations n = —dv, m = %a@, and vy =

vF ¢/Q. It is easy to see that the algebra of these vector fields (4.3) closes. These vector

fields & are the symmetries of an isolated horizon.

38
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4.2 HAMILTONIAN AND POISSON BRACKET ALGEBRA

Having found the symmetries of an isolated horizon we now want to find a representation of
them. To this end we use the Hamiltonian theory of isolated horizons developed in chapter
3. Using these results we can construct the Hamiltonians corresponding to the symmetries
together with their Poisson brackets.

As we have seen in chapter 3 there is a natural phase space together with a symplectic

structure for isolated horizons. This symplectic structure on-shell is given by

Q(J¢,0) = —1fs [(€- Ap)de! + (& e)dA[] + Q(d¢, 0), (4.6)

™

where Q is a gauge term which is not important for the present analysis. A and e are
the connection one-form and the orthonormal triad, respectively. Using this expression we
can find the Hamiltonian corresponding to the £’s as well as the Poisson bracket of two

Hamiltonians. The obtain

He = —=4 (€A +Ca, (47)
{He He,} = —% 7{9 [(&1- ADLee! + (&1 - e)Le, Ar] (4.8)

where Ca is zero except when £ contains a constant multiple of [. Then we have Ca[cl] =
(M +2rik+ JQ).

Subsequently, one can check that for any such symmetry vector fields

{H51>H§2} = H[&l,fg}? (4'9)

and therefore there is no central extension of the corresponding algebra of conserved charges.

This result is not quite unexpected since our analysis is entirely classical and a cen-
tral charge often arises from the violation of classical symmetries in the quantized theory.
Nonetheless, it shows that, in general, for symmetries represented by smooth vector fields
on the horizon, the ideas of [44, 13] do not go through. If one wishes to use smooth fields
—as is most natural at least in the classical theory— the central charge can arise only from
quantization and the analysis would be sensitive to the details of the quantum theory, such
as the regularization scheme used, etc. If the original intent of the ideas of [44, 13] is to be
preserved, one must consider symmetries represented by vector fields which do not admit

smooth limits to the horizon; in a consistent treatment, the use of “stretched horizons” [13]
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is not optional but a necessity. Perhaps this is the price one has to pay to transform an
essentially quantum analysis in the language of classical Hamiltonian theory.
Finally, note that any reasonable local definition of a horizon would lead to the above

conclusions since we have made very weak assumptions in this sub-section.



Chapter 5

A New Set of Symmetries

In the last chapter we found that the natural set of symmetries of an isolated horizon
does not lead to a central charge. This chapter will introduce a new set of symmetries.
They will be rather different from the ones encountered before. As we will see below the
corresponding vector fields will not even allow for a smooth limit to the horizon. This is not
to surprising since other symmetries have been covered in the last chapter and we found no
central charge.

In this chapter we will not be as general as in the last two chapters. Thus far we have
dealt entirely with the general notion of an isolated horizon. From now on we will be more
concrete and deal with the near horizon geometry of the BTZ black hole. This is because
we need specific properties of the BTZ black hole, such as the existence of a Killing vector,
that are not available in general. For what follows it is useful to recall the definition of
the BTZ black hole given in section 2 and the results about Newman-Penrose coefficients
gathered in appendix A.

As pointed out in chapter 2 a strategy like ours has been followed in [13]. Since that

analysis was flawed with technical problems we will point to these problems as we go along.

5.1 THE VECTOR FIELDS
The line-element of the BTZ black hole in the Eddington-Finkelstein like coordinates is
given by

2 2
2 _ 272 2 2 A2 _ r J o__J
ds? = —N%dv* 4 2dvdr + r*(d¢ + N®dv)? | N =M+ G+ 5 No=—55. (6.1

For this metric (5.1) a convenient choice of the Newman-Penrose basis vector fields is

1 1
l=0,+ §N28, ~ N%y, n=—0,, m= ;a¢ . (5.2)

41
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The BTZ space-time admits a global Killing vector
X=0,—0, Q=N°ry). (5.3)

As in [13] we now define another vector field p® which is given by

Vax* = =2kpa, p= % (t'% + N9, — N¢3¢) : (5.4)

It follows that x - p = 0 and £, p® = 0 everywhere. For convenience we express both vector

fields ¥, p in the Newman-Penrose basis up to order (r — r)? terms

X =14 (r =7 ) (kn® 4+ 29m*) + O(r —ry )? | p* = Lga (r—r )rn* +O(r—ry)* . (5.5)
r+
Clearly, at the horizon xy = p = [. Two other useful identities are V,pp, = Vpp, and
X*Vaxp = kpp which follow from the definition (5.4) of p and the fact that x is a Killing
vector.
The classical phase-space can be taken to be the space of solutions of Einstein’s equations

of the form

Gy~ + 8gav, (5.6)

where gf’bTZ is the BTZ metric discussed above. To ensure that the near-horizon geometry of
the metrics thus obtained remains close to that of the BTZ metric we will impose boundary
conditions at the inner horizon. The Killing vector field x* becomes the null normal of the

horizon. We want this to be true for all spacetimes in our phase space and we thus impose
X“X"0gap = O(r —ry)?, X*m"6gay = 0, (5.7)

where m?® is any space-like vector tangent to the inner boundary. The hat over the equality
sign here means that the above equation holds on the horizon.

Clearly the vector field £ which preserves these boundary conditions (5.7) under diffeo-
morphisms has to be tangent to the horizon. Keeping the same notation as in [13] let us
take the vector field to be

£ =Tx"+ Rp® (5.8)

where, to begin with, R and T" are arbitrary functions. By demanding that (5.8) preserves

(5.7) under diffeomorphisms one puts restrictions on R and 7. These are derived in [13]

(cf. eq (4.8))
1 x?
R=-=DT, D=x"V,. (5.9)
K p
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The vector field, satisfying (5.9), can then be said to generate symmetries in the precise
sense of (5.7).

Before proceeding we want to emphasize a point that we made earlier in chapter 2. The
vector fields £ lie by construction in the plane spanned by the vectors x* and p®. If these
vector fields form a Diff(S?) it is a purely algebraic statement. There is no geometric object
isomorphic to S! whose diffeomorphism group is responsible for our Diff(S!).

Let us now check the closure of the Lie-algebra of these vector fields. It is at this point

that the analysis of [13] appears to be flawed. The errors arise at three levels:

e Asnoted in [13] the requirement that the Lie bracket of symmetry vector fields should
close imposes a new condition

L,T = 0. (5.10)

In [13] this condition was imposed at the horizon. However, at the horizon p® = x® = [°
and hence, (5.10) reads DT = 0. Then the main steps in the calculations of [13] fail
to go through. In particular, the central charge is expressed in terms of DT at the
horizon and therefore vanishes identically. This in turn implies that the entropy also
vanishes identically. While the restriction on DT has been noted explicitly in [13], its

(obvious) consequences on the value of the central change and entropy are overlooked.

e Furthermore, it is not sufficient to impose (5.10) only at the horizon; closure will fail

unless it holds in a neighborhood.

e Later, for explicit calculations, a specific function 7" is chosen in [13] (cf. eq. (5.6)) .
Unfortunately, this function does not satisfy the condition (5.10) which is required in

the earlier part of the analysis in [13].

In other words, although the boundary conditions (5.7) and (5.10) are reasonable, the
technical implementation of them, as presented in [13], is incorrect. We will now propose
an implementation of the boundary conditions that does not suffer from these problems.

Let us now consider symmetry vector fields defined in a neighborhood of the horizon.
Thus, we will now use the stronger set of conditions (5.7) which requires that the closure
condition (5.10) be satisfied everywhere 1. This guarantees that the Lie-algebra of the vector
fields (5.8) closes

1Strictly speaking, we only consider a neighborhood of the horizon where the vector field x is Killing. In
the BTZ example, however, it is globally Killing
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&ry,&n] = Lep &, = Enpr-1oD1, s &7 = Rp+TX (5.11)

where R is determined in terms of 7" as in (5.9). One is to make use of the facts that
Lyp = L,T =L,R=0. The condition (5.10), however, restricts the choice of the vector
fields everywhere. To solve for the vector fields we consider a ‘stretched’-horizon at r = r+¢

as the inner boundary. Consider solutions that are of the form

Ty, ~ fn(r)exp(inQuy) . (5.12)

This choice is interesting because these solutions furnish a Diff(S'), provided f, fy ~
frntm. However, the condition (5.10) has to be imposed carefully because of the (r — r;)
terms in the vector field p (5.4)

pVaT ~ (B, + N2, )T = 0. (5.13)

Clearly, the radial derivative of 7" blows up at the horizon. With the ansatz (5.12) there

is a unique solution for 7;, in the neighborhood of the horizon

o 0 .
TS = 50 &P ( —in— log(r —ry) + anv+> : (5.14)

Note that the T} are functions of all three coordinates v, r, and ¢.

The normalization of T is so chosen that the vector fields ¢ form a Diff(S!) algebra

&2, €T,) = iln —m)éz,,, ., (5.15)

in the neighborhood of the horizon.

Notice that because of (5.14) the vector fields £ do not have a well defined limit at the
horizon. They are defined only at the stretched horizon and oscillate wildly in the limit
r — r4. Also the radial derivative of £ blows up, as expected from the condition (5.10). So
one has to take great care in evaluating the Poisson bracket and Hamiltonians — now one
cannot ignore terms which are of order O(r —ry.) especially in presence of radial derivatives
in the Poisson brackets. Actually more terms will contribute to the Poisson bracket and a

thorough examination of the entire calculation is needed.
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5.2 HAMILTONIAN AND POISSON BRACKET ALGEBRA

The existence of the Hamiltonian under the boundary conditions (5.7) is shown in [13]. The

surface Hamiltonian is

1
Hg, = o €ape VOEEC . (5.16)
Sa

The S4 is a circle with a radius of 7 +¢. We thus perform our calculations on a stretched
horizon and later take a limit to the horizon. The phase space, described in the previous
section is associated with a conserved symplectic current [32]. The corresponding symplectic
structure may be used to evaluate the Poisson brackets between any two functions on phase-
space. On shell, the symplectic structure can be written as the sum of boundary terms only.
However, one may choose appropriate fall-off conditions of the fields at asymptotic infinity
such that the contribution from the outer boundary vanishes. In the present example the
fields ‘strongly’ approach the asymptotic AdS-values. In that case given two Hamiltonian
vector fields & and &, the Poisson bracket between the two corresponding Hamiltonian

functionals is given solely by the terms at the inner-boundary [32]

{H£17H£2} = %9 (62 ) 9[97££1g] —&1- 6[97'/-"529] YR (51 : L)) (5'17)

where 270,[g, 9] = €u[9°V(9ae09?) — V.6¢"] is the one-form symplectic potential
and L is the three-form Lagrangian density. Making use of Einstein’s equations Ry, = 2Agap

we can express the Poisson bracket explicitly in terms of the vector fields

{Hgl ’ Hfgz} =

1
% %96 €abe [fgbv(l(vd ic _ chid) + 8A€§b§ic _ (1 — 2)] . (518)
A

Our purpose is to find the terms proportional to n3 in the Poisson bracket (5.18) which
give rise to a non-trivial central extension to the Poisson bracket algebra. The Hamiltonian
(5.16) contains terms only linear in n. The central charge can then be read off from the n?
terms with appropriate normalizations. After a long calculation we arrive at the following

expression

Q
lim [{Hgn, Hgm}] - 4m35m+n% + terms linear in 7 . (5.19)
As mentioned above the calculation was performed close to the horizon but not directly

on the horizon. Only after we have performed the calculation did we take the limit to the
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horizon. This procedure is essential for the result since it is the radial derivatives appearing
in (5.18) that give rise to the non-vanishing n3 term. Notice that although the vector fields
(5.14) do not have a smooth limit as » — r; the Hamiltonian and the Poisson bracket have

well defined limits.

5.2.1 Entropy arguments

According to the standard normalization (up to linear order terms in n)

. . . C
lim [{HE,, HE, } —i(n—m)HE, | = i=5n%0uim (5.20)

the central charge can be read off from the n3-term in the Poisson bracket (5.18)

anf)

c=24 (5.21)

TK
In order for us to be able to use the Cardy formula we need to calculate the value of
the Hamiltonian corresponding to the zero mode &y. Since the vector fields &, are periodic

in the variable ¢ the integration in (5.16) picks out only the zero mode. We thus obtain

_aak
om0

Here we see again that the order in which we performed the calculation is important.

lim [Hgn} (5.22)

e—0

Had we taken the limit to the horizon, i.e. € — 0, before calculating the poisson bracket we

would not have picked up the central charge. Now, using Cardy’s formula [11], the entropy

H
S =2/ CT&) = 2v2aa, (5.23)

which agrees with the Bekenstein-Hawking entropy (in units 8G = A = 1) up to a factor

of V2.

It is worth noting here that Carlip’s central extension (see formula 5.10 of [13]) and

is

the zero-th mode Hamiltonian have the same numerical factor as ours. Nevertheless, he
argues that one should use a different, so called effective central extension, and obtains
the right numerical factor for the entropy. In our case this strategy fails since we have an
extra factor of /k or its inverse in front of our expressions. It should be stressed, however,
that this factor is rigidly fixed by the requirements that the symmetry algebra closes, that
it gives a Diff(S!), and that the symmetry vector fields are periodic in the coordinate ¢
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with the period 27. Moreover, following the arguments of [34, 12], since within a classical
framework it is impossible to determine the value of the Hamiltonian in the ground state of
the corresponding quantum theory, the right value of the central charge that is to be used
in the Cardy formula is not determined classically.

The discrepancy between our result and the Bekenstein-Hawking entropy might thus
point to a limitation in our purely classical approach. A quantum mechanical calculation
of Hg, could give rise to the right coefficient. We thus advocate the position that the factor
appearing in front of the area should not be taken too seriously; whether it is one fourth or

not. We will have more to say on this in the following chapter 6.



Chapter 6

Discussion

The entropy calculation of [44] faces certain conceptual limitations because the asymptotic
symmetries may be completely different from the horizon symmetries. Both central charge
(5.21) and Hamiltonian (5.16) are quite different from the ones found in [9] for asymptotic
infinity. Thus, one needs an analysis restricted to the neighborhood of the horizon. In [13],
Carlip recognized this limitation and carried out a Hamiltonian analysis using symmetries
defined near the horizon. However, as we saw in section 2, the resulting analysis has certain
technical flaws. In particular, the vector fields which correctly incorporate the ideas laid
out in the beginning of that paper are quite different from the ones used in the detailed
analysis later on.

In section 3 we made a proposal to overcome those technical problems and obtained a
consistent formulation which implements the previous ideas. However, now the symmetry
vector fields (5.8) do not have a well-defined limit at the horizon. Nonetheless both the
Hamiltonians and their Poisson brackets are well-defined. Furthermore, there is a central
charge which, following the reasoning of [44, 13], implies that the entropy is proportional
to area. While the argument has attractive features, its significance is not entirely clear
because the vector fields generating the relevant symmetries fail to admit well-defined limits
to the horizon. Presumably, this awkward feature is an indication that, in a fully coherent
and systematic treatment, the central charge would really be quantum mechanical in origin
and could be sensitive to certain details of quantization, such as the regularization scheme
used. Indeed, in the detailed analysis, we had to first evaluate the Poisson bracket and then
take the limit lime — 0 (see expressions (5.22) and also (5.20)), a step typical in quantum
mechanical regularization schemes. Thus, it could well be that the awkwardness stems from
the fact that, following [44, 13], we have attempted to give an essentially classical argument
for a phenomenon that is inherently quantum mechanical.

This viewpoint is supported by our analysis of section 3.1 of symmetries corresponding

48
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to smooth vector fields. If one requires that vector fields generating symmetries be smooth
at the horizon —a most natural condition in a fully classical setting— we found that the
central charge would be zero! Thus, the fact that the vector fields do not admit a smooth
limit to the horizon is essential to the Carlip-type analysis. The fact that one has to ‘push’
the analysis an € away from the horizon indicates that the procedure may be a ‘short-cut’
for a more complete quantum mechanical regularization®.

This, however, raises some questions about the method in general: a) How satisfactory is
the classical analysis and how seriously should one consider such vector fields? In particular,
role of such vector fields in terms of space-time geometry is far from obvious since they are
not even defined on the horizon. b) Why should this particular algebra be the focus of
attention? c¢) Does the whole analysis suggest a rather transparent quantum mechanical
regularization scheme and hence, systematically constrain the quantum theory?

The fact that our final expression of entropy differs from the standard Hawking-Bekenstein
formula by a factor of v/2 might also provide a test for theories of quantum gravity. The
value Hg, appearing in Cardy’s formula is of a quantum mechanical nature. A classical
calculation may not give the right numerical value for it. It then follows that a quantum
theory of gravity will give the correct value for the entropy provided it (a) has classical
general relativity as its low energy limit, and, (b) the expectation value Hg, is aar/47S
(assuming He, is well defined in quantum theory).

Another point is worth mentioning here. For the longest time black hole entropy has
been the paradigmatic problem of quantum gravity. It was believed that a correct derivation
of the entropy would provide a key test for viable theories. It is correct that black hole
entropy is a necessary test but the calculation that we have carried out in this work and the
general idea on which it is based, proposed by others before, shows that black hole entropy

is not that decisive a factor in deciding which theory of quantum gravity is right. If the

!Sometimes it is argued that only a classical central charge can give rise to the standard expression
aa/4Gh of entropy and a central charge induced by a quantum anomaly can only give corrections to this
expression. The reasoning goes as follows. To obtain the standard entropy expression, the central charge
should go as ¢ ~ aa/Gh. The presence of 1/ in this expression implies that in the (naive) classical limit of
the quantum Virasoro algebra,

[Liny Lim] = (0 — m) L ym + P —n)bmin (6.1)

Tl
the central charge should survive. Note however, that in our detailed calculations, Hamiltonians, Poisson
brackets etc. are defined on an e-stretched horizon. Thus, if in the final picture, a quantum theory does
lead to (6.1), its classical limit is likely to involve a delicate procedure, involving both e and /. Therefore, a
priori it is unclear whether the central charge would survive in the calculation of classical Poisson brackets
between quantities which are all well-defined at the horizon.
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quantum theories have classical general relativity as their low energy limit the symmetries
discussed in this article will be there and a central charge will be obtained.

In spite of the limitations of this calculation, the final result is of considerable interest
because it is not a priori obvious that all the relevant subtleties of the full quantum mechan-
ical analysis can be compressed in a classical calculation simply by stretching the physical
horizon an e distance away, performing all the Poisson brackets and then taking the limit
€ — 0 in the final expressions. Note, however, that a careful treatment of technical issues
that were overlooked in [13] was necessary to bring out these features. Indeed, our analysis
provides the precise sense in which the original intention in [44, 13] of reducing the problem

to a classical calculation is borne out in a technically consistent fashion.



Appendix A

Newman - Penrose formalism in 2+1 dimensions

A.0.2 Definition of the Coefficients

In this appendix we describe a Newman - Penrose like formalism for 2+1 dimensions. The
triad we will be considering consists of the two null vectors [* and n® and the space - like

vector m®. The relations that we impose on these vectors are

l-l=n-n = 0, mm=1 (A1)
I-m = n-m=0 (A.2)
l-n = —1. (A.3)

Unlike in 341 dimensions the vector m® is real. There will be no complex quantities
appearing in the Newman - Penrose formalism for 241 dimensions.

Given the relations between the vectors of the triad we can express the metric in terms
of the triad. We get

Lemma 1. The metric gqp can be written as follows:
Gab = _2l(anb) + memy (A4)

Its inverse is given by
g% = —21nb) £ mam?, (A.5)

Proof. Using the relations satisfied by [, n, and m these relations can be easily verified. [

We will now investigate the derivatives of the vectors in the triad. The requirement that

o1
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D @ 0 —€ —RKNP

Table A.1: The components of V,lp.

I, n, and m form a triad of the above kind immediately leads to the following relations:

I°Valy = n"Veny, = mPVempy =0 (A.6)
’Vomy, = —m°Vl, (A7)
PVany = —n’Val, (A.8)
n’Vemy = —m’Veny (A.9)

If we did not have any relations between [, n, and m we would have 3 x 3 x 3 = 27 free
parameters describing the derivatives of the basic vectors. The above equations (A.6) —
(A.9) give 3 x 3+ 3+ 3 = 18 relations. The number of free parameters is thus brought down
to 9. We use the notation of Stewart! to denote these free parameters and summarize them
in the following tables A.1 — A.3.

The relations in these tables can be written as follows:

Lemma 2. We have

Vi = —engly + npngmy — Ylalp
+T7lamp + amgly — pmgmg (A.10)
Vanpg = €ngnp — mgmyp + Ylgnp
—vlgmy — amgny + megmyg (A.11)
Vaomy = KNPRaNp — Tgly + TlaNp
—vlgly — pmany + pmgly (A.12)

1We have tried here to use the same notation. A problem arises because we only have m and not m and
m. The factors of 2 that would occur because of this have been dropped.



Table A.2: The components of V ny.

lb b b

D 1 knyp —-m O

Table A.3: The components of V,my.
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Proof. These relations follow directly from the information that we have gathered in the
tables A.1 to A.3. O

As corollary we note the following relations:

Corollary 1. We have

Vo' = €e—p (A.13)
Von® = pu—n (A.14)
Vom® = m—7 (A.15)

Proof. This follows from the equations in lemma 2 and the defining relations of the triad

upon contraction of the indices. O

We conclude this section with the example of the generalized BTZ black hole (see ex-

ample 2 in section 3.1 for the definition of this example).

Example 5. As an example we calculate the above coefficients for the generalized BTZ black

hole. It is easy to verify that the following equations define a triad in the whole space-time:

1
- av+§(Ni)26r—N¢a¢ (A.16)
n® = —o, (A.17)
1
m = ~0y (A.18)

The corresponding one-forms are
1
l, = —Q(NL)de—kdr (A.19)

ng = —dv (A.20)
me = rN%dv+rde. (A.21)



With this triad the coefficients are:
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0 (A.23)
NO (A.24)
0 (A.25)
N (A.26)
~Livy (A27)
N (A.28)
v = 0 (A.29)
by = _% (A.30)

The second expression for € is the one that one obtains if one uses the function f(r) for the
BTZ black hole, namely

f(r)=—-M+ —. (A.31)
A.0.3 Curvature expressions

In this section we will calculate the components of the curvature tensor. Since we are in
2+ 1 dimensions all the information of the curvature tensor is contained in the Ricci tensor
R,,. We will thus calculate the different components of R,; when contracted with [, n, and
m.

To obtain these components we will make frequent use of the relation
VaVit¢ — VyVat® = — RSt (A.32)
Contracting the indices b and ¢ we obtain
VaVipt? = VVat® — Roqt?. (A.33)

Using the tables of the previous section we give here the general expressions for the

components of the Ricci tensor.
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Lemma 3. The components of the Ricci tensor are:

Rpl®l® = —mknp+2akNp—€ep—p>+knpT+
+Lip— LkNp (A.34)
Rypln® = m2—rma+2ve—ep+pp—nr—ar+
+Lyy — Ly — Lpe+ Ly (A.35)
Raypl®m® = 2ykNp—mp—pT+ L7 — Loknp (A.36)
Rgyn®l’ = —Ta+2ve—ypH+pup—nT—ar+71>+
+Lyy — Lpe+ Lnp — LyT (A.37)
Run®n® = —yp—p2+nv+2av—vr—Lop+ Ly (A.38)
Ran®m® = —rmp+2ev—pr+ Ly —Lyw (A.39)
Rapym®ll = —Tmet+aet+yRNp+ENPU—Tp—ap+
+Lija — Lope (A.40)
Rabmanb = ay—au+ev+vp—yT—uUT —
—Lpa+ Ly (A.41)
Rym®m® = —7m?+ep+2rNpr+yp—2up—1>+
+Lip— Lpp — Loy + LT (A.42)

Because the Ricci tensor is symmetric we obtain the following relations:

Corollary 2. The following relations hold:

0 = w2 —ep+yp—12—=Lip—Lpp+ Loy + LonT (A.43)
0 = me—ae+yENp —KNPUFQpPp—pT —

—Lioo+ L7 — Loknp + L€ (A.44)
0 = —ay—7mpt+apt+er—vp+y7+

+Liv — Lom+ Lpo— Ly (A.45)

A.0.4 Behaviour under transformations

In this section we investigate how the Newman - Penrose coefficients change under Lorentz

transformations. We begin with a boost in the plane spanned by {* and n®:



* — cl®
1
n® — = n°
c
m* — m°

The Newman Penrose coefficients now transform as follows:

Kyp = kNP m=x € =ce+ 1%V,
I ;1 ;1 1 a
T =7 V= Sv 7_5(7+Envac)
o =cp p=21pu o =a+1Imiv,e

Next we look at a null rotation:
* — [
a 1 210 a a
n® — 50 4+ n%+cm
m* — 4+ m?

The coefficients now transform as follows:

knp = KNP
/ 1 2
T = T+§C:‘<&NP+C,O
P = p+cenp
/ 1 2 a
I 7r—|—§cmvp+ce~l—lvac
/ L3 L4 Ly 2 3 Ly
vV = v+ =c’e+-ckyptecy+zcT+ca+cp+ '
2 4 2 2
1
+502lavac +n*Vac+ cem®V,e
' 2 L3 L,
W= u+ce+§anp+ca+c7T+§cp+
+cl*Vae+mV,ce
€ = €+ crNp
/ 1y L3 2
¥y = 'y+§ce—|—§cmvp+cv'+ca+cp
o = a+ce+rnp+ep

o7

(A.46)
(A.47)
(A.48)

(A.49)

(A.50)
(A51)
(A.52)

(A.53)
(A.54)
(A.55)

(A.56)

(A.57)

(A.58)

(A.59)
(A.60)
(A.61)



A.0.5 Newman Penrose form of the connection

o8

We can express the covariant derivative operator V in terms of the connection one - form

AL, Using the relation
Vavb = ACILJ?)JQH,,

where ey, is the triad and using
Aq 1y = gAY
we arrive at
Aff = (mng + vl — ,uma)lK

+(kng 4 Tlg — pmg)n’S

+(—€ng — ylg + amg)m

For the triad we obtain

I
a

I

e, = —lanl — nall + mgm’ .

A.0.6 The Maxwell’s equations
The Newman-Penrose components of the field strength F are defined by
F=®dnAm+ ®UANn+ Pl Am.

The Maxwell equations are then given by

D® — 0Py = (7‘(‘ — Oz)(bo + p(I)l — ks,
2D®y — 6P = —u®g + 27P; + (p — 26)‘1)2,
2A(I)0 — (Sq)l = (2’7 — ,u)(bo — 27'(1)1 + p<I>2,

Ad; — 6Py = I/(I)()—M(I)l—l—(a—T)q)Q.

(A.62)

(A.63)

(A.64)

(A.65)

(A.66)

A.67
A.68
A.69
A.70

AA/_\/_\
~— ~— ~— ~—
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