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ABSTRACT

Over the last decades our knowledge of the Universe has reached an unprecedented level of accuracy. The
observations of the Cosmic Microwave Background and the large scale structure of the Universe opened
the so-called epoch of precise cosmology, enabling us to test with increasing precision several aspects of
fundamental physics, from the first principles of the cosmological model to global theoretical scenarios
beyond General Relativity and the Standard Model of elementary particles. The research subject of this PhD
thesis goes exactly in this direction: working at the interface of cosmology, gravitation and (astro)particle
physics, I analyze cosmological and astrophysical observations to identify, characterize and constrain pos-
sible hints for new physics in light of their implications for the Early Universe.
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SCIENTIFIC PRODUCTION

This thesis is based on the following papers (ordered by date) that I authored or co-authored during my

PhD.
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OVERVIEW

In this thesis I discuss how non-standard physics, either in the gravitational sector or in the Standard Model
of particle physics can be hidden in different kinds of relics from the Early Universe and how we can use
current and future cosmological and astrophysical large and small scale observations to unveil it. Here I
briefly summarize the structure of the work to guide the interested reader. What follows is not a summary
of the results, that instead can be found in the conclusion.

This thesis is made of three chapters.

[1] In chapter I T provide an exhaustive review of the field of cosmology, paying special attention to the
physics of the Early Universe. This chapter is thought to contextualize the original results discussed in
the subsequent two chapters. All the different topics reviewed should be largely known to the expert
reader. Nevertheless, I tried to organize the discussion in the most possible original way, trying always
to follow what I considered the best approach to derive the different results. The chapter is organized as
follows.

- Insection LI review the so-called Hot Big Bang Cosmology: a predictive theory of the Universe based
on Einstein’s theory of General Relativity and the Standard Model of particle physics. This section is
organized as follows.

+ In subsection LII I review the geometrical large-scale structure of the cosmological space-time
following an approach based on symmetries.

+ In subsection LLII I solve the Einstein equations for the FRW metric deriving the equations of
motion that relate the dynamics of the Universe to its matter and energy content.

*+ In subsection L.LIII I collect the basic equations that describe the thermodynamics in an expanding
Universe and then I review the most important steps of the thermal history.

— In section LIl I study the small scale structure of the Universe, introducing the cosmological perturba-
tion theory and following this path

+ In subsection LILI I classify the different perturbations into three categories: scalar, vector and
tensor. Then I prove the so-called Scalar-Vector-Tensor decomposition theorem, showing that
they evolve independently.

*+ In subsection LILII I derive the linearized Einstein Equations for scalar and tensor perturbations
around a FRW spacetime.

+ In subsection LILIII I study the dynamics of scalar perturbations along the different cosmological
epochs using the linearized Theory developed in the previous subsection.

+ In subsection LILIV I describe the dynamical evolution of tensor perturbations in en expanding
Universe.

— In section LIII I introduce perhaps the most important cosmological observable: the Cosmic Mi-
crowave Background. I describe the physics of temperature anisotropies and polarization, connecting
the small irregularities observed in the CMB with the physics of the Early Universe. In particular

+ In subsection LIILI I review the theory of CMB temperature anisotropies, discussing different
physical mechanisms able to produce primary and secondary anisotropies and the respective sig-
natures left in the angular power spectrum.

+ In subsection LIILII I review the theory of CMB polarization, discussing in details different phys-
ical mechanisms able to produce them and highlighting the effects of relic gravitational waves
from the Early Universe.



— In section LIV I introduce the theory of cosmological inflation, showing how an early epoch of fast
accelerated expansion can solve many fine-tuning problems with the initial conditions. Then I extend
the discussion following the subsequent path.

+ In subsection L.IV.II characterize the simplest dynamical models of inflation that involve a scalar
field and a sufficiently flat potential to allow a phase of slow-roll evolution.

+ In subsection L.IV.II I show that inflation provides an elegant mechanism able to generate the pri-
mordial scalar and tensor perturbations. I perform a detailed and complete calculation in quan-
tum field theory, deriving the expressions for the spectra of scalar and tensor perturbations in an
almost de-Sitter spacetime.

+ In subsection LIV.III I study how inflation can emerge as a theory of broken time diffeomorphisms
and I point out the most relevant strengths of the Effective Theory of inflation.

- In section 1.V I finally introduce the standard ACDM cosmological model, pointing out all the theo-
retical assumptions beyond the main unknown ingredients of this standard scenario:

+ In subsection I.V.I using the most recent cosmological and astrophysical datasets to date, I de-
tailed review the most recent observational constraints on this standard scenarios, highlighting
the implications for the physics of the Early Universe.

+ In subsection I.V.II I discuss why one should consider the possibility to explore extensions of the
ACDM cosmological model, and I explain why among the different extension maybe the most
interesting ones are those connected with extensions to fundamental physics. Finally I outline the
research project that I develop in the subsequent two chapters.

[2] In chapter I1 I present the results obtained during my PhD in the field of inflation and Primordial Gravi-
tational Waves. This chapter is entirely based on original results discussed in different papers published
along the years. In particular

— In section ILI I provide an updated review of the observational constraints on the standard slow roll
paradigm of inflation based on the techniques and the results obtained in the following works that I
authored and co-authored

[1] William Giare, Eleonora Di Valentino, and Alessandro Melchiorri "Testing the inflationary slow-roll
condition with tensor modes", Phys. Rev. D 99, 123522

[6] Matteo Forconi, William Giare, Eleonora Di Valentino and Alessandro Melchiorri "Cosmological
constraints on slow roll inflation: an update" , Phys.Rev D 104, 103528 , [arXiv:2110.01695]

— In section ILII I discuss the implications of direct gravitational wave observations for models of infla-
tion beyond the standard slow-roll paradigm with Einstein gravity, reviewing the results published
in

[2] William Giare and Alessandro Melchiorri "Probing the inflationary background of gravitational waves
from large to small scales", Phys. Lett. B 815 (2021) 136137 , [arXiv:2003.04783]

— Insection ILIII I discuss the implications for the cosmological observables of a non trivial propagation
of gravity during the inflationary epoch, retracing the results published in

[3] William Giare and Fabrizio Renzi, "Propagating speed of Primordial Gravitational Waves", Phys. Rev.
D 102, 083530 , [arXiv:2007.04256]

— In section ILIV I investigate the effects of higher-curvature gravity in models of inflation with a mini-
mal breaking of conformal symmetry, following the results published in

[4] William Giare, Fabrizio Renzi and Alessandro Melchiorri, "Higher-Curvature corrections and Tensor
Modes", Phys.Rev D 103, 043515 , [arXiv:2012.00527]

[3] In chapter ITI T use cosmological and astrophysical observations to probe and constrain well motivated
extensions of the standard model of particle physics that involve spineless axions as a solution of the
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strong CP problem in Quantum Chromodynamics. In particular I focused on QCD Axions produced in
the Early Universe via interactions with other particles in realistic mixed hot dark matter scenarios that
consider also massive neutrinos as additional thermal relics. The chapter is organized as follows.

— In section IIL.I I provide a brief review of the axion theory. In particular:

+ In subsection IIL.LI I discuss some aspects of the quantum theory of strong interactions;

+ In subsection IILLII I discuss the nature of the strong CP problem in the Standard Model of ele-
mentary particles;

+ In subsection IILLIII I show how axions can arise from the Peccei Quinn solution of the strong CP
problem and I characterize their underlying physical properties.

— In section IILII I discuss the implications of cosmological observations for axions produced thermally
in the Early Universe, and, in light of the most recent cosmological and astrophysical measurements,
I derive new cosmological constraints on hot thermal relics following the results published in

[5] William Giare, Eleonora Di Valentino, Alessandro Melchiorri, and Olga Mena, "New cosmological
bounds on hot relics: Axions & Neutrinos ", MNRAS 505 (2021) 2, 2703-2711 , [arXiv:2011.14704]

— In section IILIII I study the improvement in the constraining power on hot relics expected by the next-
gen CMB and BAO observations. I investigate and discuss the implications for axions (themralized
before the QCD transition), neutrinos and BBN elements, following the results presented in

[7] William Giare, Fabrizio Renzi, Alessandro Melchiorri, Olga Mena and Eleonora Di Valentino "Cos-
mological forecasts on thermal axions relic neutrinos and primordial elements", [arXiv:2012.00527]

Along with these three main chapters, the work is enriched by two other different appendices:

[A] In the Supplementary Material (Appendix A) I provide different secondary results that were always
derived and discussed in the works this thesis is based on, Refs [1-7]. While they are not essential to
the comprehension of the main discussion, this information is very useful because it enriches the overall
presentation through a multitude of different practical examples and detailed calculations. Furthermore,
sometimes I generalize the major results to scenarios beyond the theoretical assumptions under which
they were originally derived. The Supplementary Material is organized as follows.

— In section A.1 I review the standard slow roll relations among the higher-order (scalar and tensor)
inflationary parameters proving that a set of consistency relation exists at any order in the power-
law expansion. These results were derived first in Ref. [1].

— In section A.2 I study inflation in relation with the spatial curved of the cosmological spacetime,
discussing the implication of curvature for the slow-roll dynamics. This section is based on Ref. [6].

— In section A.3 I show different examples of negligible and non-negligible scale dependence in the
tensor two-point function originally discussed in Ref. [2].

— Insection A.41 provide a detailed computation of the primordial tensor spectrum using en effective
field theory approach and allowing a non-standard propagation of gravity. This section follows the
discussion in Ref. [3].

- Insection A.5I generalize the results discussed in section ILIII for non linear propagation of gravity
as done in Ref. [3].

— Insection A.6 I discuss the effects of a superluminal propagation of gravity during inflation follow-
ing Ref. [3].

— In section A.7 I discuss how to relate our constraints on the propagation of gravity at early epochs
with those one can obtain by direct GW measurements, showing they perfectly agree. This section
is based on Ref. [3].
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— In section A.8 I generalize the results discussed in section IL.IV for generic inflaton-Weyl couplings
following Ref. [4].

[B] In the Appendix B for completeness I provide a review of axions produced non-thermally that are natural
candidates for the cold dark matter component of the Universe.



CONVENTIONS

A few remarks on the conventions adopted in this thesis. They are useful to avoid misunderstanding with
the reader.

UNITS, CONVERSIONS AND CONSTANTS

Even though sometimes I will keep the fundamental constants explicit in the equations, in this work I will
largely adopt the so-called natural units: ¢ = & = k; = 1. In this way there is only one fundamental
dimension: , ,

[Length] - [Time].

[Energy] = [Mass] = [Temperature] =

Some useful conversion factors for these units are listed below:

1g = 5.61 x 10°GeV

1
1s = 1.5 x 10%* —
S % GeV

1Kelvin = 8.6 x 10" #GeV

1
lem = 5.1 x 1013@

1
1Mpc = 3.08 x 102 m = 1.56 x 103 ——
pC X m X GeV

Some useful fundamental constants are listed below:
. . he 19
Planck Mass = M, = el 1.22 x 107 GeV

he

Reduced Planck Mass = M, = 3G = 243 x 1018 GeV =22 x 10~ °g
Planck time = t, = 1 =54x10"%s
My,

Planck length = [, = ML =1.6x 10" P cm
pl

Planck temperature = T, = M = 1.42 x 10* Kelvin
Hubble constant = Hy = 100 hKm/s/Mpc = 2.1h x 10~* GeV
Critical Density = p, = 1.87h* x 107 gem ™ = 8.1 1% x 10°% GeV*

METRIC AND SPACETIME

In this work, I adopt the signature (-,+,+,+) for the metric tensor. I recall that the signature of a metric tensor
is defined as the number (counted with multiplicity) of positive, negative and zero eigenvalues of the real

symmetric matrix associated to the metric tensor with respect to a basis. Here, the "-" is associated to the
time dimension, and the "(+, +, +,)" to the space and physical dimension. With this choice, the line element



of a flat maximally symmetric Minkowsky spacetime reads
ds* = —cdt?® + dx* 4 dy? + dz*

and the three-dimensional Euclidean sub-space admits a positive scalar product. The interval between
timelike separated events (i.e. the interval between a given event and the set of points that are inside its
past and future light cone) is negative (As?> < 0), while the interval between spacelike events (i.e. the
interval between a given event and the set of points that are outside its past and future light cone) is
positive (As? > 0). Finally, light-like events (As? = 0) define the limit between the two cases.

PERTURBED FRW LINE ELEMENT

In chapter I I define the most general perturbed line element for a FRW spacetime with a signature (-,+,+,+)

as
ds? = —(142®) dt* + 2a(t)B;dx' dt + a*(t) [(1 — 2%¥) &;; + 2E;;] dx’ dxd,

deriving the linearized Einstein Equations accordingly. In literature this line element if often defined with
the opposite sign for ¥, i.e.,

ds? = —(142®) dt* + 2a(t)B;dx' dt + a*(t) [(1 4 2F) &;; + 2E;;] dx’ dxd.
Notice that some authors often change ¥ with @ in the line elements and other common definitions are
ds? = —(1+2%)dt* +2a(t)B;dx' dt + a*(t) [(1 — 2®) &;; + 2E;;] dx’ dod,

and
ds? = —(1+2¥)dt* + 2a(t)B;dx’ dt +a®(t) [(1 +2®) 6;; + 2E;;] dx' dx/,

Finally in literature the metric signature is sometimes chosen to be (+,-,-,-). To correctly derive the linearized
Einstein Equations we should remain consistent with the convention we chose, but clearly the final results
do not relay on it.

DIMENSIONLESS PRIMORDIAL SPECTRA

For a generic Gaussian random field ¢, the spectrum is defined in terms of its two-point correlation func-
tion as

(o) = (270)°6 1 Py (k)

and that the other higher-order correlation functions are expected to vanish. It is worth noting that in this
thesis I work in terms of the dimensionless primordial spectra defined as

Py (k) = (& /27%) Py(k)

We should be ready to start!
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CHAPTER 1

THE EARLY UNIVERSE

In this chapter I review some of the major aspects of Physical Cosmology paying special
attention to the physics of the Early Universe. I start pointing out the large-scale structure of the
cosmological spacetime, discussing the dynamics and thermodynamics of the cosmic expansion
and revisiting the main steps of the thermal evolution. Then I study the small-scale dynamics
of primordial perturbations, highlighting their connections with the Cosmic Microwave Back-
ground Radiation and the implications for the theory of Cosmic inflation. Finally, I introduce
the Standard ACDM Cosmological Model, reviewing the theoretical assumptions and the most
recent observational constraints.




W. GIARE THE EARLY UNIVERSE

I.I. HOT BIG BANG THEORY

Modern Cosmology is based on Einstein’s Theory of General Relativity [8-10] (GR) which relates the space-
time geometry and its dynamics to the matter-energy content and distribution. In this section we introduce
and review the major aspects of the so-called Hot Big Bang Theory, i.e., the predictive theory which, starting
from first principles, is able to describe the large scale dynamics and the thermal evolution of our Universe.

LLI.I GEOMETRY

Despite the fact that our observable Universe is full of highly inhomogeneous structures such as stars,
galaxies and galaxy clusters, the central premise of modern cosmology is that, on large scales, the Universe
can be regarded as homogeneous and isotropic. Homogeneity and isotropy are physical requirements that
imply symmetries. In modern physics symmetries are acquiring an increasing importance and in this
chapter, as well as in the rest of this thesis, we will often follow approaches based on symmetries to derive
our results.

Here we start discussing the spacetime geometry of maximally symmetric spaces. A D-dimensional
space is said to be maximally symmetric if it has 1/2 D(D + 1) independent isometries®. A first obvious
consequence of isometries on the manifold is that the curvature is the same in every point in space and the
Ricci scalar R is constant. Moreover, because of invariance under rotations and translations, the geome-
try must look the same in every direction constraining the Riemann tensor to be invariant under Lorentz
transformations. Since by definition the Minkowski metric tensor is invariant under Lorentz transforma-
tions itself, we can write the Riemann curvature tensor in a local inertial frame as a combination of Lorentz
invariant quantities. The only possible combination which preserves all the symmetries reads [10]:

R R
Raﬁyv = m (gaygﬁv - gucvgﬁy) ’ Rﬁv = <D) 8pv- (L.1)

If we focus on D = 4 dimensions we see that the Einstein equations in the vacuum

1
Ruw = 5 8w R+ Agu =0, (1.2)

imply R = A/4 and, depending on R, we can classify three different maximally symmetric solutions [10,
11]:

¢ the Minkowki spacetime with vanishing curvature R = 0 (or A = 0),
¢ the de Sitter spacetime with positive curvature R > 0 (or A > 0),
¢ the anti-de Sitter spacetime with negative curvature R < 0 (or A <0).

We will appreciate their importance in Modern Cosmology. Anyway; it is clear that, if we want to describe
a realistic Universe, our cosmological spacetime cannot be maximally symmetric as this would imply in-
variance under time translation and the Universe would appear the same at each time. We are forced to
reduce the degrees of symmetries requiring homogeneity and isotropy only on space. This request is often
called cosmological principle.

It is well known that a spatially homogeneous and isotropic spacetime which evolves in time can be
foliated into space-like slices [10, 11]. Therefore we can consider our spacetime to be described by a Man-
ifold M = R x X where R represents the time direction and where X is a 3-dimensional homogeneous
and isotropic surface (i.e. a surface of a maximally symmetric 3-dimensional manifold). In our spacetime
foliation we can choose the threading to be orthogonal to the slices which gives for the metric gp; = 0.

'We can think to RP: it is invariant under translations and rotations and so we have D isometries related to invariance under
translation and 1/2D(D — 1) isometries related to invariance under rotations giving a total number of D +1/2D(D — 1) =
1/2D(D + 1) isometries
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THE EARLY UNIVERSE W. GIARE

Furthermore, thanks to homogeneity, time intervals among slices do not depend on the position and so
we can choose a universal time coordinate ¢ in such a way that gopo = —1. These coordinates are called
comoving coordinates. Note that only a comoving observer (i.e., an observer at rest in these coordinates) will
see an isotropic Universe, while a non-comoving observer will see anisotropies due to the Doppler effect
because a non-vanishing velocity in his frame breaks symmetry under rotations and introduces a preferred
direction.
Introducing a function of time R(t) (with the dimension of a length), in comoving coordinates, the
metric reads:
ds* = —dt* + R?(t) do?, (L3)

where do? is the metric of the 3-dimensional maximally symmetric slices ¥ that we can write in full gener-
ality as

ds* = —dt* + R*(t) dO?| . (1.4)

where d0? = d6? + sin? 6 d¢? and K = RBP) /6 with RGP) the 3D-Ricci scalar on ¥. From equation (I.4)
we see that one can absorb the physical size of the manifold into the factor R(¢) normalizing K in such
a way that K = {+1,0,—1}. Moreover using the fact that the metric is invariant under the following

simultaneous set of transformations:
R — A71R,

r— Ar, (L.5)
K — A72K.

one can write

ds* = —dt* + a?(t) +7r2d0?| . (L6)

1 — «xr?

This is called Friedmann Robertson Walker (FRW) metric. The dimensionless time dependent function a(t)
is called scale factor and, with this normalization, the radial coordinate r has the dimension of a length. The
quantity « is related to the spatial curvature and now can take any value. We can distinguish three different
cases:

* x > 0 corresponding to a positive curved space (closed Universe);
* x = 0 corresponding to a flat space (flat Universe);
* x < 0 corresponding to a negative curved space (open Universe).

For our future discussion it is worth pointing out the causal structure of FRW spacetime. We recall that
causality is defined by null geodesics ds> = 0 and, in an isotropic Universe, by the radial propagation of
photons. It is easy to show that the FRW metric is conformally equivalent to the Minkowski metric. We
recall that Conformal Transformations are a local metric re-scaling [11]:

S = QZ(xa)gw/ (L.7)

with Q(x*) a regular non-vanishing function defined on the whole Manifold. Clearly conformal transfor-
mations do not alter the causal structure as d>s = 0 implies d%s = 0. Using an important quantity called
Conformal time defined as
: dt
= / @- (1.8)

the conformal equivalence between (flat) FRW and Minkowski is trivially proved

dr?

+r2d0?| . (1.9)

2_ 2 2
ds® = a“(n) [—dﬂ +1—K7’2
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W. GIARE THE EARLY UNIVERSE

LILII DYNAMICS

So far we used symmetries to find out an appropriate cosmological spacetime geometry. Here we discuss
its large-scale dynamics. Modern cosmology is based on general relativity, and the Einstein’s equations
relate the FRW metric to the matter/energy content of the Universe. We recall the Einstein equations

1
Ruw = 5 8w R+ Agus = 871G Ty (1.10)
where the stress-energy tensor T),, satisfies the local covariant conservation law
Vv, " = 0. (L11)

Notice also that in what follows we will consider the cosmological constant term A g, in the Einstein equa-
tions as a component of the stress energy tensor. In cosmology matter and energy are commonly modeled
as a perfect fluid where both viscosity and heat flow are assumed negligible. Within these assumptions the
stress-Energy tensor takes the following form:

T) = (o + P) utu, + P&} (112)

where p is the energy density, P is the pressure and u* is the fluid 4-velocity. Moreover, as we deal with
extremely rarefied fluid, we can use a linear equation of state P = wp, with the dimensionless parameter w
such that w = 0 for matter, w = % for radiation and w = —1 for the cosmological constant (we will prove
this in what follows).

Finally, to solve the Einstein Equations, we need the Ricci tensor and the Ricci scalar for the FRW metric.
After some calculations one can obtain what follows [9, 10].

¢ Non zero Christoffel symbols for FRW metric

aa

M =——- 1.1
(T a— (I.13a)
I, =aar? (1.13b)
% =aar® sin’0 (I13¢)
Iy =T% (1.13d)
Tl = —r(1—x1?) (I.13e)
1 Kr
=13 (1.13f)
Il = —r(1—xr*)sin’ 0 (1.13g)
2, =73 = % (1.13h)
I3, = —sinf cosf (L.13i)
a :
TGy = - (L.13))
I35 = cotf (L.13k)
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* Non zero Ricci tensor’s components for the FRW metric

Rop = _32 (L14a)
da+24%+ 2k
Ry=—="_"=" 1.14b
11 T2 (1.14b)
Ry = 1* (da + 24* + 2x) (L.14c)
Ras = 1* (da + 24* + 2k) sin® 0 (1.14d)

¢ Ricci scalar for the FRW metric

R=6 (1.15)

i (a)’, «x
HORE
a a a

We can now find out the equations of motions. A first important relation can be easily obtained using
Eq. (I.11):

o+ 3g(p +P) =0. (L16)

This is called Continuity equation and it holds for each component of the cosmic fluid which is uncoupled
from the others. Sometimes it is said to be the analog of energy conservation for the spacetime motion, even
though this is perhaps misleading since actually energy is not conserved during the cosmic expansion (we
will prove this in what follows).

Because of symmetries, we can derive only two other independent relations that correspond to the
components (u,v) = (0,0) and (uv) = (i,j) of the Einstein Equations. After a few simplifications, we

obtain: )
a 8nG K
(5) =5 1
i 4G
E = —T(p + 3p) (1.18)

Together they are known as Friedmann equations, but sometimes we will refer to Eq. (1.18) as "acceleration
equation". At this point it is convenient to introduce the following quantities:

the Hubble parameter:

H(t) = " (L.19)
¢ the critical density:
. 3H?
¢ the density parameter:
. ()
Q(t) = (L.21)
W= o)
¢ the curvature parameter:
O (t) =1-Q(¢). (I.22)

Notice that Eq. (I.17) can be easily written in terms of H(f) and the curvature parameter as

(a H)?

O (t) = — (1.23)

from which it follows that () = 0 corresponds to a spatially flat Universe while (3, < 0 and O, > 0
correspond to a spatially closed and open Universe, respectively.
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W. GIARE THE EARLY UNIVERSE

In what follows we will appreciate that different kinds of components such as baryons, photons, neu-
trinos, dark matter and dark energy can contribute to the energy density and the pressure in the cosmic
fluid. Therefore p and P should be considered as the sum of all these different components

=) pi(t), P(t) =} Pt). (1.24)

Consequently, it is convenient to define a density parameter Q;(f) = p;(t)/p.(t) for each component i,
)

(
related to the density parameter Q)(#) and the curvature parameter Q). (t) by
ZQ £) 4+ Ox(t) = 1. (1.25)

To simplify the notation, from now on, when we refer to the density parameters evaluated at the present
time, t = to, we drop the time-dependence in such a way that Q; (ty) = Q; . We also adopt the commonly
used normalization a(t = t)) = a9 = 1 and the notation Hy = H(t = t) = 2 = 4y for the present

ap
3(w+1)

day Hubble parameter. By noting that from the continuity equation we get p « a~ , the Friedmann

equation (I.17) can be easily written in terms of present density parameters:

< ) EQa (Hw) 4 a2 (1.26)

Notice that we could also describe curvature as another component of cosmic fluid with equation of state
w = —% writing down the more compact expression

( ) }:s) g 3(1+wi) (1.27)

with
0; for Non relativistic Matter,
1
3

; for Radiation,
. 1 (1.28)
—3, for Curvature,

—1;, for Cosmological constant.

It is also worth evaluating the behavior of the scale factor when the Universe is dominated by different
component of the cosmic fluid. In the most relevant case of flat Universe (i.e., x = 0) an easy computation

gives:
2
3@ ifw # —1
a(t) « ! 1.29
®) {th ifw=—1. (1-29)

Therefore a (flat) Universe dominated by matter, radiation or cosmological constant expands with time. We
may ask if such an expansion is accelerated or decelerated. This information can be derived by equation
(I.18) from which we see that only components with w < —% give positive acceleration. It follows that both
matter and radiation give deceleration while the cosmological constant gives acceleration.

Cosmological Horizon

We conclude this subsection spending a few words on some causal Horizons for the FRW spacetime as
they play a primary role in our subsequent discussions. Consider an observer which measures particles
velocity in his frame at a given time. In an expanding Universe, the particle velocity can be obtained as

dx d

v= T [a(t)r]

=a(t)r = H(t)a(t)r, (1.30)
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where r is a comoving coordinate. We can define the Hubble Horizon as the boundary among particles
that are moving slower and faster than light v = ¢ = 1. We immediately see that this defines the so-called
(Comoving) Hubble Radius

Comoving Hubble Radius = (a H) !, (I31a)

Hubble Radius = H~'. (1.31b)

If particles at the time t are separated by distances greater than the (comoving) Hubble radius they are not
in causal contact at that time and they cannot talk to each other. In a Universe dominated by a fluid with
equation of state w, we have

(aH) ™' = Hy g2t (1.32)

which means that the Hubble radius grows for each fluid with equation of state w > —1. Therefore, given
a physical length A corresponding to a wavenumber k = 271 a/A we see that A is well outside or inside the
Hubble radius if k/(aH) < 1 or k/(aH) > 1, respectively.

Since the age of the Universe and the light velocity have finite values, there is another horizon which
represents the longest distance we can receive information from the past and defines the past observ-
able Universe. Since light signals satisfy the geodesic equation ds?> = 0, because of the homogeneity and
isotropy, without loss of generality, we can focus on radial propagation to find that the maximum comov-
ing distance that light can run between an initial time t; = 0 and some later time ¢ is given by the so called
(comoving) Particle Horizon:

todr

Comoving Particle Horizion = /0 Tt/) (I.33a)
Eody

Particle Horizon = a(t) / < (I.33b)
o a(t')

If the (comoving) particle horizon is finite, it would naturally set the boundary between the visible Universe
and that part of the Universe from which light has not reached us, yet. It is important to point out that we
can write the (comoving) particle horizon in terms of the comoving Hubble radius (¢ H) ! as

a
Comoving Particle Horizon = / dIn(a) (aH) ™', (I.34a)
0

a
Particle Horizon = a(t) / din(a’) (a H)™". (I.34b)
0

We see that also the comoving particle horizon grows for each fluid with equation of state w > —3.

LLIII. THERMODYNAMICS

We now collect the basic equations that describe the (equilibrium) thermodynamics in an expanding Uni-
verse. Then we review the most important steps of the thermal history, too.

Equilibrium Thermodynamics in the Expanding Universe

We start noting that the rate of interactions among particles in the Universe is often much higher than the
expansion rate H(t). Therefore the cosmic medium is in thermal equilibrium almost at any time of the
cosmological history. For this reason it is useful to describe the equilibrium thermodynamics of a system
with different particle species in terms of the chemical potential . Consider the reaction

hti+-+ine ittt +fu (1.35)
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W. GIARE THE EARLY UNIVERSE

where {i;} are the initial particles and {f;} are the final ones. In thermal equilibrium, we have:

Wiy + Piy + o Wi, = P g g (1.36)

Applying this relation to the process e"e~ — e~ e~y we immediately see that the chemical potential of a
photon is zero: y, = 0. Instead if we apply the relation (I.36) to the process et + e~ <+ 27, we see that
Het = —H.—. Generalizing, we can conclude that the chemical potential of a given particle is equal to the
chemical potential of its antiparticle, but with the opposite sign. For much of the thermal history, we can
ignore interaction energies among particles in such a way that the particle energy is simply given by

E=/p>+m? (1.37)

where p = || is the magnitude of the momentum. Furthermore, interactions among particles in cosmic
plasma are often fairly weak and the equilibrium distributions of Bosons and Fermions spatial momenta p
are well described by the Bose-Einstein and Fermi-Dirac distributions, respectively:

1 1
f(p) = (2n)? ,Er

. (I.38)
+1
We recall that the sign + corresponds the Fermi-Dirac distribution which describes the behavior of fermions

while the sign — corresponds to the Bose-Einstein distribution for bosons. Finally, neglecting the term +1
in the denominator, one obtains the classical Boltzmann distribution

flp) = @) e T (1.39)

which can be adopted to describe a low density gas made of non-relativistic particles. From now on, in
this subsection we refer to T as to the mean temperature of the Universe that can be approximated with
the photon temperature T = T, since photons are the dominant specie. The number density 7, the energy
density p and the pressure P of a dilute gas of weakly interacting particles with ¢ internal degrees of
freedom can be written in terms of its phase-space distribution function f(p) as [12-16]:

__8 3
=y | CpSE) (1.40a)
p= (2i)3 / &°p E(p) f(p) (1.40b)
p=_3 /d3p“"2f<p> (1.400)
(271) 3E(p) ‘
Using that EAE = |p|d|p| and neglecting the chemical potential at the thermal equilibrium we have
1/2
_ 8 [Yypp B
"= 2n2/m AEE o ET T (L41a)
P
1/2
_ 8 [T 2 (E*—m?)
=53 /m dEE T I (L41b)
2 2)3/2
_ 8 /°° (2 —m?)
P= ) O T o1 (L41c)
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THE EARLY UNIVERSE W. GIARE

These relations can be studied distinguishing two interesting physical limits and discriminating whether
particles are relativistic or not.

¢ In the non-relativist limit, the distribution function of a dilute gas of non-relativistic particles is described
by the Boltzmann distribution (I.39). As a result, then number density is

TN3/2
n=g <7;17_[> eMT, (1.42)

while the energy density and pressure read
3
p:mn—i—EnT, P=Tn<p. (L.43)

Therefore, up to corrections of order O(T/m), the equation of state of non relativistic matter is P =
0+ O(T/m) and we recover the result w = 0 anticipated before.

¢ In the relativistic limit T > m the number density, the energy-density and the pressure instead reads:

Bs _
n=1{ 5% 7; Bose (L44a)
18> 17 — Fermi
% 4
==T* — Bose
p= { 7g7$z° . . (1.44Db)
583, " — Fermi
p= g (144c)

where ((3) =~ 1.2. We see that for relativistic matter w = 1/3 as anticipated. Notice also that in the non-
relativist case the energy density is exponentially smaller than in the relativist case. So the contribution
of non-relativistic particle to total energy-density of a plasma made of both relativistic and non-relativist
particles is essentially negligible.

In the case on many relativistic particles one can write

_y
Prot = 3Prot = g 30 T (L45)

where A A
T: 7 T:

counts the effective total number of relativistic degrees of freedom in the cosmic plasma as a function of
temperature. Assuming the particle content expected in the standard model of elementary particles, we
have that [12-18]

e for T > 100 GeV all the standard model degrees of freedom (dof) are relativistic and we have gBoson = 28
(2 dof for photons, 9 for W+ and Z, 16 for gluons, 1 for Higgs) and gfe™ion = 90 (72 dof for quarks, 12
for charged leptons and 6 for neutrinos) so that g, = gBoson + 7/8 ghermion — 106 75;

e for T ~ 30 GeV the heaviest particles of the Standard Model, the top quarks which have 12 fermionic
dof, are annihilated and we have g, = 106.75 — 7/8 x 12 = 96.25;

e for T ~ 10GeV the Higgs boson (1 bosonic dof) and the gauge bosons W* and Zj (9 bosonic dof) are
annihilated and we have g, = 96.25 — 10 = 86.25;
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e for 10Gev ST < 160 MeV we first have the bottom quarks annihilation (12 fermionic dof) which gives
g+ = 86.25 —7/8 x 12 = 75.75, then we have the charm quarks (12 fermionic dof) and the tau leptons (4
fermionic dof) annihilation giving g. = 75.75 —7/8 x (12 4+ 4) = 61.75.

e for T < 160MeV we have the QCD phase transition and quarks combine with gluons into baryons
(protons, neutrons, etc) and mesons (pions, ect). So, after the QCD phase transition there are many dif-
ferent species of baryons and mesons, but all except the pions are non-relativistic below the temperature
of the QCD phase transition. Thus, the only relativistic species are pions (3 bosonic dof), electrons (4
fermionic dof), muons (4 fermionic dof), neutrinos (6 fermionic dof), and photons (2 bosonic dof) giving
g« =5+7/8x14=17.25

¢ for T ~ 10 MeV muons and pions annihilate giving g, = 17.25 -3 —7/8 x 4 = 10.75

e for T < 0.5MeV finally electrons and positrons annihilate and the residual relativistic degrees of free-
dom today is made of photons (2 bosonic dof) and Neutrinos. Anyway the calculation of the residual
relativistic degrees of freedom can be estimated only by entropy conservation since shortly after the neu-
trino decoupling, the electron positron heats photons and the neutrino decoupling is not instantaneous.
A precise computation gives ¢, = 2 +7/8 x 2Ngg (4/11)*/3 = 3.36 where N = 3.046 is the effective
number of relativistic species in the standard model (3 neutrino species and a further contribution of
0.046 which comes from the non-instantaneous neutrino decoupling).

We show the relativistic degrees of freedom in the Early Universe in Figure I.1.

DEGREES OF FREEDOM IN THE EARLY UNIVERSE

200 ¢t

100 ¢ /

1072 10° 102 10 10°
T [MeV]

FIGURE I.1: Relativistic (entropic) degrees of freedom in the Early Universe as predicted by
the Standard Model of elementary particles. Figure based on Ref. [17].

Geodesic motion in the Expanding Universe

Now we want to investigate in some details the physical consequences of the cosmic expansion for light
propagation. Let us consider the geodesic equation

d?x~ dxt dxv
e g g =0 (147)
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where by definition dx* /dt = (E, ). Let us focus on the « = 0 component of this equation, since, '), = 0,

we have: S
?x0  gdxtdx  d?x®

0 i j
a2 Vlige ar = az PP =0 (1.48)
In a flat Universe we have I"?j = d;jaa and so:
2.0 o
izrxz +aad;p pl =0, (L49)
Performing the following manipulation
d dx® d d
(Y (o) = (B2) () — pE (1.50b)
dr2  \dt) \dr U dt dat) 7 dt '
equation (1.49) reads
E ‘Zj +aadjp'p =0. (1.51)

The term aa d;; p' p/ can be estimated as follows. We remember that we are interested in photons and by
definition we have g, p* p’ = 0 and using a flat FRW metric we get E? — a2 §;; p’ p/ = 01t follows that

adip'p = %. (1.52)

Using Eq. (I.51) we finally obtain the equation for the Energy of a photon in an expanding (flat) Universe:

dE  [a
-+ <a> E=0 (153)

It is easy to convince yourself by direct substitution that
Ex1/a (1.54)

is the solution of the equation (1.53). We have found a very important result: the energy of a photon decays
as the Universe expands. That’s why we claimed in the previous section that energy is not conserved
during the cosmic expansion. Remembering that E = %€, we find that A « 4 and so that the relation
between the wave length A(t,) = A, of the emitted photon and the wave length A(t,) = A, of the observed

photon is

Ao a(te)
fe _ 1.55
A alty) (155)
If we define the redshift as
AO - )\g
- I.
z A (1.56)
we have: ()
a\to
= . 1.57
z+1 a(t,) (1.57)
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This relation is usually written considering ¢, = today so that a(t,) = a9 = 1, so that relabeling t, — t we
find the relation between the redshift and the scale factor a(t):

a(t) = (L58)

Entropy in the Expanding Universe

Entropy is an important thermodynamic characteristic of a system. In the general case of variable number
of particles, the first law of thermodynamics reads

dE = TdS — PdV + Y p;dN; (1.59)
i
where the subscript i labels the particle specie. In terms of the entropy density s = S/V , the number
density n = N/V and the energy density p = E/V, we can write
(Ts=P—p+pun)dV + (Tds —dp+ pdn)V = 0. (L.60)

This relation is valid both for the entire system and for any of its parts. Focusing on a region of constant
volume we obtain T ds = dp — udn that put in (1.60) gives for the whole volume:

:P+p—],tn

L6l
s=—t (L61)
Neglecting the chemical potential as usual, in the relativistic case we obtain:
P 4 223 _
s=10_20_ ) 8siusT - Bose (1.62)
T 3T 38555 I° — Fermi

where g5 counts the entropic degree of freedom. In the case of many different relativistic species, the total
entropy density is straightforward generalized to

2772
s = Eg*sﬁ’ (1.63)

where g..s now counts the total entropic degrees of freedom:

T\®> 7 T\ °
gs(T)= ), & (T) +3 Y s <T> : (L64)

bosons fermions

For most of the story of the Universe all particles had the same temperature and before the neutrino freeze-
out g.s = g+ while after the neutrino freez-out, the present residual entropic degrees of freedom can be
computed as g.s =2 +7/8 X 2Neg (4/11) ~ 3.91 [17], see also Figure L.1.

Finally, notice that for any closed system we expect the entropy in a comoving volume to be conserved

ds _ d(a’s)
dt —  dt

=0 (L65)

Using the relation (1.63), entropy conservation gives (2% ¢,sT%) = const and so we find out that, in general
during the expansion
_1
Tog ol (166)

As long as g.s = const, the usual inverse relation between the temperature and the scale factor T o« 1

is restored, as well. This means that as the Universe expands temperature decreases and so energy does.
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As a matter of fact, the Early Universe was denser and warmer: going much back in time, we come to
some epochs that cannot be directly probed by observations with current particle colliders. Instead we
can use cosmology as a literally unique laboratory to test and constrain fundamental physics which is an
important achievement of the subsequent discussion. Anyway, in what follows we give a brief overview
of the different steps of the thermal evolution.

Phase Transitions

At high temperatures there are many epochs of interest, at least from a theoretical point of view, such as
phase transitions [19-23]. Some theoretical hints suggest that at temperatures T > 10'® GeV, the fundamen-
tal forces (excluding gravity) can be described as unique Grand force with no distinction between strong,
weak and electromagnetic interactions [24-27]. Anyway we don’t know if these temperatures actually ex-
isted in the Universe, but, if so, we expect a first phase transition on GUT scales. Furthermore, we expect
another phase transition at T 2 100 GeV from weak interactions. Indeed, before the electroweak phase
transition, the Higgs condensate is absent, and the W™~ and Z~ bosons have zero masses while at T ~ 100
GeV the electroweak symmetry is spontaneously broken and they acquire mass due to the Higgs mecha-
nism [28-30]. Lastly, we expect another phase transition by strong interactions. The QCD phase transition
is the transition from quark-gluon plasma to the hadronic matter. Its temperature is determined by the
energy scale of strong interactions, about Tocp S 200 MeV. For T > Tqcp, quarks and gluons behave as
individual particles, while for T S Tocp they are confined in colorless bound states, hadrons [31-35]. The
QCD phase transition will be a hot-topic in the last chapter of this work.

Neutrino Decoupling

Another important steps in the cosmic evolution is represented by the neutrinos decoupling. Neutrinos
today contribute only to the radiation component of the total energy density of the Universe which is
negligible small in the total balance. Anyway going back in time, the neutrino density becomes a crucial
parameter for the Early Universe Cosmology. For example the neutrino number density plays a crucial
role during the Big Bang Nucleosynthesis [36] as neutrinos affect the expansion rate and hence the cooling
rate of the primordial plasma [37-41]. Here we want to give a roughly estimation of the temperature at
which the interactions between neutrinos and the cosmic plasma switch off and estimate their relic number
density today.

Neutrinos participate only to weak interactions since they have no charge. At energies of interest, the
interactions cross sections are proportional to GZ, where Gg ~ 1.17 x 107> GeV 2 is the Fermi constant.
The relevant processes in the picture are (i) neutrino scattering off electrons or positrons; (ii) neutrino-
antineutrino annihilation into electrons and (iii) positrons or neutrino-antineutrino annihilation into neu-
trino and antineutrino pairs of different types. At the temperature of interest all the particles involved are
relativistic and all the cross section ¢, are 0, ~ GZE?> ~ GZT? where the energy E is a typical collision
energy, E ~ T. The mean free time 1, is given by 1/71, = (nv0,) where v is the relative velocity of neutrino
and the colliding particle, n is the number density of the latter particles. Being all the particles involved
relativist, we have v ~ ¢ ~ 1 and n ~ T3. This means

1/71, ~ GET°. (1.67)

Using the Freedman relation (I.17) and the relativistic relation between temperature and energy-density,
Eq. (I.45), one can relate the temperature to the Hubble parameter in a radiation dominated Universe as

473 T?
H = ﬁg*(T) (W) / (1.68)

with M, =1 /+/G the Planck mass in natural units. As the Universe cools down, T, increases faster than
1/H and so, being the free time shorter than the Hubble time, neutrinos are in thermal equilibrium with
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matter. One can estimate the number of neutrinos collisions since the time ¢ as [15, 16]

o Y g ¢ t 1
N~ o () = RGO OO (169)

where we made use of the fact that in a radiation dominated era the Hubble parameter is H(t) = 1/(2t).
Therefore if N(t) > 1 neutrinos are in thermal equilibrium while when N(t) < 1 interactions switch off.
We can therefore estimate the neutrinos decoupling temperature T, ; as the temperature when

1
Ty ( Tv,d )

obtaining that Neutrinos decouple at temperature T, ; ~ 2 — 3 MeV and propagate freely through the
Universe. Today relic neutrinos temperature can be estimated as

~ H(T, 1) (1.70)

a(to)

a (tv,d)

where t, ; and z, 4 are the time and the redshift at neutrino decoupling, respectively. The easiest way to
compute the temperature of relic neutrinos is to associate it to the photon temperature. At the time of
freeze-out, neutrino temperature equals that of photons but after neutrino decoupling their temperature
starts decreasing with the expansion of the Universe. Instead photons are still in thermal equilibrium since
they decouple later. When the temperature drops, because of the electron-positron annihilation et + e~ —
7, photons acquire energy and their temperature becomes higher than the effective neutrino temperature.
This effect can be quantified using entropy conservation (in comoving volume): ¢.(T)a>T® = const. After
the neutrinos decoupling, the plasma is basically made of relativistic electrons, positrons and photons.
The total number of relativistic degrees of freedom therefore is given by g, (T, 4) =2+7/8 x (2+2) =
11/2. When all free electrons and positrons annihilate away because of electron-positron annihilation,
the effective number of relativistic degrees of freedom will be all due to photons and therefore we have
2+(Tp) = 2. Applying entropy conservation it follows that

8«(Tya) altyq)’ Ty g = g+(To) a(to)® T3 . (L.72)

Tv,d = TV,O < ) = (1 + Zv,d) TV,O (1-71)

Using Eq. (1.71) we can write 8.(T, 4) Ty = +(To) T$,0 from which it follows

1 1
= (i) = ()
0 _ N 1.73
T~ \ge(Ta) = \ii 17
As we will see, the temperature of relic photons today is measured with great precision to be T, g ~ 2.75K
[42], implying for the relic neutrinos T, o ~ 1.95K and by Eq. (I.44a)

3¢03)

Mg =27 25 Top~112cm™3 (1.74)

of the same order of the temperature and number density of photons, but, unfortunately, direct detection
of relic neutrinos is very difficult from an experimental point of view.

Big Bang Nucleosynthesis

One of the most important step in the cosmological evolution is the Big Bang Nucleosynthesis (BBN) [36,
43-45]. The BBN is the period in the Early Universe during which the primordial light elements are formed.
It starts at temperatures T < 0.1 MeV and finishes at temperature T ~ 50 KeV, corresponding to an epoch
lasted from about 1 to 300 seconds after the Big Bang singularity. Most of the light nuclei formed in this
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phase are helium-4 (the most tightly bound light nucleus) but there are also small amounts of deuterium,
helium-3 and lithium-7. Notice that the binding energy of the elements are [15, 16]:

¢ D: binding energy ~ 2.2 MeV
 3H: binding energy ~ 8.4 MeV

* 3He: binding energy ~ 7.7 MeV
* 4He: binding energy ~ 28.3 MeV

A first question naturally arises: why does BBN start so late if the binding energies of primordial elements
are so high? The answer is that, at higher temperatures, the elements that were forming are suddenly
destroyed by scatterings with the CMB photons. Indeed, due to the huge number of photons per baryon
(we recall that we have about 10° photons for each baryon) in the energy distribution tails there were
still too many energetic free CMB photons that could hit and break the primordial elements as they were
forming. However as the Universe cooled down, at T ~ 0.1 MeV, also light nuclei could form without
being destroyed by photons. The computation of the abundance of the primordial nuclei, that makes use
of General Relativity and the nuclear physics, predicts a given amount for each primordial specie and these
predictions can be tested by observation even if with some efforts. Anyway, we can say that there is a good
agreement between theory and observations and that BBN is one of the cornerstones of the Hot Big Bang
Cosmology. Here we only briefly review this process.

We start considering the number density of protons and neutrons. Since BBN occurs at temperatures
T ~ 0.1 MeV while the masses of protons and neutrons are my, =~ 938.28MeV and m, ~ 939.57MeV
respectively, we can use the expression non relativistic limit (I.42) to obtain

3/2 B
n,=g <n;BnT> exp (V”Tm") (1.75)

3/2 _
n,=g <n;B7TT> exp <Vmep> (L76)

where since m;, ~ m, we have considered the difference in the neutron and proton masses only in the
exponential but not in the overall factor where we have denoted mp ~ m, ~ m,. Let now suppose that
the particles 1 and 2 annihilate in order to form the particles 3 and 4. The generic particle has to satisfy the
Boltzmann equation (that in what follows we write for the particle 1)

a73d(n1a3) :/ d®pq d®ps d3p3 Ppy
dat (2n)32E; (2r)32E, (2r)?2E; (27)32E,

. (27'[)4 (53(]91 + p2—p3— p4) 5(1‘:1 + E, — E3 — E4)-
AMPA{ffal Al £ o] — A 21+ f][1 £ fu]} (1.77)

where:

d ’) . . . . . . . .
a3 % is essentially the time variation of the specie 11 (and would be 0 without interactions)

the factors 1/2E; come from the fact that we are integrating over all the momenta that satisfy the
relation E? = m? + p?

f1, f2, f3 and f4 are the distribution functions of the different particles

in [1 £ f;], the sign depends on the species (+ for bosons and - for fermions)

83(p1 + p2 — p3 — pa) ensures the total momentum conservation

0(E1 + Ex — E3 — E4) ensures the total energy conservation
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* M is the scattering matrix that carries information about the physics of nuclear interaction

In the non relativistic limit we have that -

F(E) = e'T (1.78)

from which

S Gl N e Mt
{(LADEAINEL - ALAEAHIE fa]} =e T {6 e T (L.79)
Defining the number density in the non-relativistic limit evaluated at 4 = 0 as
T\32 .
nig = gi <n211n > e T (1.80)
and the time averaged cross section as
(0v) = (2m)* / p1 ps dps Ppy  nin
C mygnao ) (2m)32E; (2)32E; (27)32E; (27)32E,
-8 (p1+p2—p3—pa)6(Er + Ex — E3 — Ey) - [IMJ? (L81)
with v the particle velocity, the Boltzmann equation (I.77) becomes:
d (nya3) N3 n nin
-3 314 1712
—_— = — 1.82
! dt 020 (70) n30Ma0 11,0 12,0 (182

It is useful to study this equation in the limit of strong couplings. If we define the usual interaction rate
I' = n (cv) we know that particles are strongly coupled when I'(t) > H(t) and so they are essentially in
thermal equilibrium. Expanding the derivative in the left side term

d (n1 a3) da® a
32V 7 ) i =~
a T, nia ; 3n1a O(H) (1.83)

and noting that 11910 (cv) ~ T > H, we see that Eq. (1.82) naturally implies

Molla MM | g (1.84)
n3ongo MN10M20
which is translated into
M1+ po >~ Uz + Ua. (1.85)

We recovered nothing but the result discussed at the beginning of this section: the chemical potential is
conserved in thermal equilibrium. Let us suppose that nuclei of atomic mass A made of Z protons and
A — Z neutrons are formed by a reaction in the thermal equilibrium limit. Because of Eq. (1.85) (sometimes
called Saha equation) we have

pa=Zpup+ (A—=Z)pn. (1.86)

Defining the Binding energy as
Ba=Zmy+(A—Z)my, —myg (L.87)

with my the mass of the formed element, and reversing the Egs. (1.75) and (1.76) we can write the number
density n 4 for the nuclei A as:

3(A-1)
2

a4 48 27 7 Ba
na=ga2 4 A2 <mBT> ngn,’? Zet, (1.88)

We now introduce the so called mass function defined as X4 = A (n4/np) where np is the Baryon number
density and the baryon to photon ratio # = ng/n, ~ 10~°. We can easily write all the number density in
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terms of these quantities as:

nag=1Mn, % (1.89a)
np =ny X, =11, Xp (1.89Db)
Ny =ty Xy = 1y Xy, (1.89¢)

Using 1, = (2¢(3)/7%) x T° we eventually find

T 3(A-1)
2 B

X4 = f(A) () A XZ XA et (1.90)

mp

with
3A-5 1-A i|

f(A) = ga A} 2 (34 (1.91)

Notice that in the expression of X there is a term /=1 < 1 and to have an X4 of order one the exponential

¢* must be sufficiently large. This means that the temperature T must be sufficiently smaller than the
binding energy B4. This explains why the BBN starts at temperatures smaller than the binding energy of
the primordial elements. For example, from Eq. (1.90) we can roughly estimate the temperature at which
the mass function X4 becomes of order one to obtain

0.07MeV for D,

3
T— 0.10MeV for°H, 192)
0.11MeV for3He,

0.28 MeV for*He.

We conclude this discussion, deriving an estimation of the abundance of primordial Helium. The
agreement between the observation and the estimation is one of the most important success of cosmol-
ogy. In our toy-model we assume thermal equilibrium and that all the neutrons produce only *He. This
is clearly a strong approximation and extremely precise calculations can be done. Nevertheless, consider
the following processes v +n «— p +¢~ and e” + n <— p+ 7, where e is the positron and 7 is some
anti-neutrino. Because of the conservation of chemical potential (I1.36) we have u, + p, = pp + pe and
Hn — Ye = Wp — Py, where we have used that p,+ = —p,- and yy = —p,. Combining the previous equa-
tions above: p, — pp = pe — py. Using that p, ~ p, ~ 0 we find p, ~ p, which means:

Mo Xn (1.93)

np  Xp
where Am = m, — m, ~ 1.3 MeV. When T ~ 0.7 MeV the ratio between neutron and proton freezes out
at the value n,/n, ~ 1/6. Nevertheless at temperature of the order of T ~ 0.1 MeV, because of the p-
decay the above mentioned ratio acquires a correction and it is estimated to be 1/7. Assuming that all the
neutrons form*He, we can estimate the abundance of the primordial helium to be

ny

_dm/2 2 (i) ~ 0.25 (1.94)

Therefore our approximate computation suggests a primordial abundance of Helium-4 of about 25%. This
abundance, as well as the abundance of all the other primordial elements, today is computed with high
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precision integrating the Boltzmann equations, as we show in the next sections and chapters?. Moreover
observations are in good agreement with the theoretical estimations (even if there are some tensions with
7Li) and the BBN represents one milestone in modern cosmology. We don’t provide other details on the
physics of the BBN, but we want only to discuss the following interesting aspect. Thanks to the obser-
vational constraints on the abundance of primordial elements, we are able to constrain with precision the
total amount of Byronic matter in our Universe to be (), ~ 0.05. We also measure the total amount of
matter in the Universe to be (), ~ 0.3. This implies that most of the matter in the Universe is not made of
Baryon and it is one of the major indirect evidences for Dark Matter.

Recombination

In the Early Universe there is full ionization as long as the temperature remains high compared to the
hydrogen ionization energy [12, 13]. Matter is ionized and photons, strongly coupled to electrons through
Compton scattering, are in thermal equilibrium with a black-body distribution of momenta. On the other
hand, at lower temperatures the formation of neutral atoms is favored and the Compton scattering is no
more an efficient process. Photons decouple from electrons giving a fossil radiation: the so called Cosmic
Microwave Background (CMB). In order to visualize this fact, we define the optical depth

by
() = op /t e (t) dt (1.95)

where o7 is the Thomson scattering cross-section and 1,(t) is the number density of free electrons at the
cosmic time t. Notice that n.07 is the probability per unit time for a photon to scatter, so we can express the
probability P that a CMB photon traveled freely since the time ¢ in terms of the optical depth as

dP dt
r— ne(t) U'TP = _E

= P, (1.96)

from which it follows P(t) = e~ 7). On the other hand, the probability that a photon scattered in the
interval time between t and t + dt travelling free since then is

g(t) = CZJ _ ‘Z e — o (£) op ). (1.97)

The function g(t), known as visibility function, can be thought also as a function of the redshift and so as
the probability for a photon to be scattered between z and z + dz. From the recombination era on, T — 0
because there are no free electrons, n, — 0. Therefore we expect the visibility function to be highly peaked.
Its maximum can be estimated to be around z ~ 1100 and it defines the epoch when the CMB photons last
scattered on electrons. After recombination, the Universe becomes transparent and photons can propagate
in all directions freely. Given its importance for this work and in general for cosmology, we will dedicate
the whole section LIII to the Cosmic Microwave Background Radiation.

I.I COSMOLOGICAL PERTURBATION THEORY

So far we studied the large-scale behavior of the Universe assuming Homogeneity and Isotropy. However
on small scales the Universe is not so regular but highly inhomogeneous structures such as stars, galaxies,
and galaxy clusters are formed by the gravitational collapse of primordial inhomogeneities. Indeed, the
Early Universe was not perfectly homogeneous, but small irregularities 6T /T ~ 107> are observed in
the temperature distribution of the Cosmic Microwave Background relic photons. Such irregularities are
extremely small and therefore they can be analyzed in linear perturbation theory around a homogeneous

2For example, within the standard model of cosmology, a precise evaluation of primordial Helium abundance is Yp =
0.246721 +£ 0.000057 at 68% CL (from BBN and Planck TT TE EE and lensing data), see also Table I.1
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and isotropic background in such a way that the Einstein equations eventually reduce to a set of ordinary
differential equations. In this section, our aim is to review the dynamics of primordial perturbations.

LILI SCALAR, VECTOR AND TENSOR PERTURBATIONS

Given a generic quantity Q(f,x) we can split it into a homogeneous part and a spatially dependent pertur-
bation: Q(t,x) = Q(t) + 5Q(t, x). Since we are interested into perturbations around a FRW spacetime, we
can use the background symmetries to classify perturbations into three different categories: Scalar, Vector
and Tensor. We work in the Fourier space, defining the Fourier transform and anti-transform of a generic
quantity as

50(t k) = / P 5Q(t, x)e ki (1.98a)
3k o
5Q(t,x) = / (;7_[)35Q(t,k)e’kix. (1.98b)

We can classify perturbations using their helicity. Consider a rotation of the coordinate system around the
wave-vector k by an angle 6; a perturbation is said to have helicity m if its amplitude is multiplied by '™ 6
under rotation: 6Q(t, k) — ¢/ "™%5Q(t, k). So we define:

¢ Scalar perturbations those with helicity m = 0;
* Vector perturbations those with helicity m = +1;
¢ Tensor perturbations those with helicity m = 32.

We now show that these three kinds of perturbations evolve independently. Consider the linear time
evolution of N perturbations 6Q,, withn = {1, ..., N} from a time #; to a time t,. Without loss of generalities
we can write:

N
5Qn(t21k> = Z /d3]~con€(t1/ tZ/k/R) 5Q€(t1/l~<)/ (199)
=1

where O,(t1, t2,k, R) is an operator which gives the evolution and that in general can mix different k-
modes. Notice that it could be computed using the Einstein equations but here we do not need its exact
expression. Indeed, symmetries are enough to find out how modes with different k and helicity evolve.
In particular, we can use invariance under translations and rotations. We start considering the translation
x'" = x' + al. By equation (1.98a) we see that the relation between 6Q, (t,k) and 5Q/, (¢, k) is

6Q' (1 k) = / Bx 5Q(t,x)e ) = 50, (t, k) e~ ki (1.100)

and using Eq. (1.99) we obtain

. i N ~ ~ ~ . i
5Q) (1K) v’ =y / PO (1, b, &, K) 5Q (11, K)elFo'. (L101)
/=1

Thus the evolution equation (I1.99) in the primed coordinate system reads

N i l, ~
6Q,(tk) =Y / A%k Oy (t1, b, K, k) /iR 5000 (11, k) (1.102)
/=1
N ~ ~ ~
=y / PRO, (1, b,k K) 6Q, (1, K). (1.103)
/=1
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Notice that because of invariance under translations the equation of motion must be the same in both the
coordinate systems, O,y = O/, which implies

Ong(tl, tr, k, R)ei(%"fk")“i = Ong(fl, tr, k, 1~() (1104)

This must hold for any o giving ki = k;. We found out that, because of translation invariance, Fourier
modes with different wave-vector k evolve independently.
We now consider a rotation around the wave-vector k by an angle 6. Perturbations transform as:

5Q,(t, k) = e'™85Q,(t,k), (1.105)

putting into (1.99) and remembering that Fourier modes with different wave-vector k evolve independently
we get

. N .
5Q, (LK) e e =} / Pk O (b, ta, K) 6Q) (11, K)e 8 (1.106)
(=1
therefore
N .
5Q, (k) =Y / Pk O (t1, £, K) e =m0 50 (1K) (1.107)
/=1
N
=y / PO, (1, b2, k) 6Q (1, K). (1.108)
/=1

Again, because of invariance under rotations, the equation of motion must be the same in both the coordi-
nate systems, O,y = O/, implying

Ong(tl, f, k) = Ong(tl, t, k) gt (me=mu) 0 (1.109)

This holds for any 6 and the only way is that m, = m,. So, because of invariance under rotation, pertur-
bations with different helicity m evolve independently: we can consider scalar tensor and vector pertur-
bations as independent. With these results in mind, we can now write down the perturbed metric and
Stress-energy tensor.
LIL.II LINEARIZED EINSTEIN EQUATIONS
We consider small perturbations to the background metric. The most general line element is [46-54]
ds? = —(142®) dt* + 2a(t)B;dx' dt + a*(t) [(1 — 2%F) &;; + 2E;;] dx’ dxd, (1.110)

where

* ®isa 3-scalar called Lapse;

* Y is a 3-scalar called spatial curvature perturbation;

* B, is a 3-vector called shift;

* Ejjis a spatial symmetric and traceless 3-tensor called shear.

Due to the SVT decomposition we can write

Bi= 0;B — S; , and Eij = Zai]'E +Za(iFj) + I’li]' , (I.111)
-~ Nyl \\,—/ N’ N~
Scalar  Vector Scalar Vector Tensor
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where we used the notation £(,,) = 3(tw + tyy). Notice that the vector perturbations must satisfy the
transverse conditions 9'S; = 0 = 0'F; while tensor perturbations are transverse and trace-less: hf = Bihi]- =
0.

As concerns the stress-energy tensor, while for a perfect fluid it can be described in terms of the energy
density p, the pressure P and the 4-velocity u¥, when we consider perturbations we may also need an
anisotropic stress tensor ©/*V. Energy density and pressure perturbations can be defined as [54]

Sp(t,x) = p(t,x) — p(t), OP(t,x) = P(t,x) — D(t). (1.112)
while for the perturbed metric (I.110), the perturbed 4-velocity reads
uy = (=1-@,a(t)v;), (1.113)

with v; the velocity of the perturbations. The anisotropic stress is a first-order perturbation because it
vanishes in the unperturbed case. It is defined to be orthogonal to the 4-velocity u,>#" = 0. This implies
that only its spatial components are non-zero and that its trace is zero; i.e., it is a symmetric traceless 3-
tensor. The perturbed components of the Stress-Energy tensor are [54]

Ty = —(p + 6p), (L114a)

T) = (p+ P)a(t) v; = adg;, (114b)
i - ~ Ui — Bi

To=—(p+P) oM (L.114c)

Ti = (P +6P)5! + X (1114d)

where in equation (1.114b) we have defined the 3-momentum density 6g; = (9 + P) v;. In a multi-component

)

fluid the total stress-energy tensor is instead given by the sum of the different components: T}, = } T,Ss .

Gauge Freedom

Before going further, we need to stress an important aspect. Comoving coordinates define a privileged
coordinate system in which the Universe appears to be homogeneous and isotropic. In any other coordi-
nate system the Universe would not appear so regular. For example, in an unperturbed homogeneous and
isotropic Universe, where the energy density is only a function of time p = p(t), fictitious perturbations
could appear as a consequence of a time coordinate transformation of type f = t + 6t(t,x). Indeed this
transformation defines new slices of constant time f and in general the hypersurfaces of constant time f
would have an inhomogeneous energy density g(£(t,x)). Of course, we can reverse the process and say
that, in an unperturbed Universe, requiring not to have fake irregularities defines a privileged coordinate
choice (the comoving coordinates). Anyway, if we want to describe a perturbed Universe we must be care-
ful because the split into homogeneous background and perturbations is not unique, but it depends on the
coordinates and, because of irregularities, there is not a privileged coordinate system, anymore. We have
the so-called Gauge freedom: when we chose a Gauge to define the slicing and threading of the spacetime
we implicitly also define perturbations and fake perturbations could appear or real perturbations could dis-
appear because of our Gauge choice. To say the truth, tensor perturbations are intrinsically gauge-invariant,
but both scalar perturbations and vector perturbations are not. Even though Vector perturbations are not
of interest for our purpose (they decay with the expansion of the Universe and above all are not naturally
generated during inflation), the issue of gauge freedom is crucial for scalar perturbations and deserves to
be clarified carefully.

To solve ambiguities between real and fake perturbations, it is useful to derive some Gauge indepen-
dent combinations of perturbations. We start considering the gauge transformation given by t — t + a,
and x' — x' + (0;8)47; it is possible to show that scalar perturbations in the metric transform as [15, 16, 54]
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O D, (I.115a)
Y ¥+ Ha, (L115b)
o .
B—B+ Ol a(t)B, (L115c¢)
E—E-B. (1115d)

while perturbations in Stress-Energy perturbations transform as [15, 16, 54]

5o — 6p—pa, (I.116a)
5P — 6P — Pa, (L.116b)
59— o6q+ (p+DP)a. (1.116¢)

We decompose the pressure perturbation 6P into an adiabatic part and an entropic part as [15, 16, 54]:

0P = 0P,q + 0Pen, (1.117)
where: .
P
0P,q = <dp, (I1.118a)
Y
p
0Pen = 0P — < 6p. (I.118b)

Using equations (I.116a) and (I.116b) it is easy to show that the entropic part (1.118b) is Gauge independent.
Two other important Gauge independent quantities are the Bardeen potentials:

P =D — ;t [az(t) <E - aﬁ)ﬂ , (1.119)
Y=Y +a?(t)H (E — aé) : (1.120)

Moreover, combining the Stress-Energy perturbations with the metric perturbations we can find the fol-
lowing other important gauge invariant variables

¢ The primordial curvature perturbation (:

=Y+ I;&p. (I.121)
¢ The comoving curvature perturbation R:
R=Y-—- H =04, (I.122)
p+P

Geometrically, ¢ measures the spatial curvature of constant-density hypersurfaces (i.e., the hypersurfaces
on which p = const), while R measures the curvature on comoving hypersurfaces. Using equations (I.115a)
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- (I.116c) it is easy to check that both  and R are Gauge independent. Furthermore the Einstein equations
give a link between ¢ and R. Indeed it can be shown that

k? 2p

_g:R+(aH)23(,5+13)

. (1.123)

From which we see that on superhorizon scale (k < a H) we get

{=-R. (1.124)

Einstein equations for Scalar Perturbations

Einstein equations relate the Stress-Energy perturbations and the metric perturbations. Because of the
SVT-Decomposition we can deal with Scalar, Vector and Tensor perturbations separately. Here, we are
interested only in scalar and tensor modes. We start with scalar modes. The perturbed Einstein equations
0Gyy = 8mGET), in the scalar case give the following equations (in the Fourier space):

3H (Y + H®) + I; [¥ +H (a*(t)E —a(t)B)] = —4nGdp, (1.125)
Y+ H® = —47Gdqg, (1.126)

Y +3HY + H® + (3H* +2H) ® = 411G <5p - §k252> , (1.127)
Yp — &p = 871G a*(t) 6% (1.128)

The Stress-Energy conservation law V, T#” = 0 gives other two equations:
6p+3H (6 +6P)—£5 + (p+ D) |3¥ + K Ev D (1.129)
59 +3Hdéq = —6P + %kzéz —(p+ D). (1.130)
A very interesting relation for our purpose is the Eq. (1.129). It can be written in terms of Gauge indepen-

dent variables as 2 12
. 5P, H 20
—— 4+ = —Y5(1-— _ 1.131
¢ 5D 3 (aHP [é ( 9(p + D) <aH>2>] .

Einstein equations for Tensor Perturbations

As concerns tensor perturbations, they are intrinsically gauge-invariant at linear order. It is useful to in-
troduce the eigenmodes of the spatial Laplacian Vzeij = —k? e;j so that we can decompose the tensor
perturbations h;; as h;'x = h(t) eg’x where + and x denote the two possible polarization states of the
gravitational waves. The evolution of gravitational waves in an expanding Universe can be described by
Einstein equations that in the case of tensor perturbations reduce to only one equation. Assuming the
anisotropic stress negligible this equation reads [12, 14, 15, 54]:

2
h+3Hh + I;—zh =0. (1.132)
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We will see that Gravitational waves can be sourced during inflation, but unfortunately they decay with the
expansion of the Universe. Anyway their amplitude at the time of recombination might be large enough
to leave a signature in the Cosmic Microwave Background B-modes spectrum on large angular scales and
their detection can be regarded as one of the main goal on modern cosmology.

LILIII DYNAMICS OF SCALAR PERTURBATIONS

Here we study the dynamics of cosmological perturbations using the linearized Theory developed in the
previous subsection. More precisely, here we analyze the evolution of scalar perturbations before recom-
bination while we discuss the dynamics of tensor perturbations in the next subsection. Notice that this is
the period when CMB photons decouple from baryonic matter and perturbations at that epoch are directly
related to CMB observations [12-16, 55]. Moreover, perturbations of dark matter and baryons at recombi-
nation provide the initial conditions for the subsequent evolution that leads to structure formation [15, 47,
49].

Single Ideal Fluid Approximation

Studying primordial perturbations is rather complicated from an analytic point of view, and so it is useful
to start with the simplest case of single-component fluid approximation. This is of great interest because
it can be used to describe perturbations in the component which dominates the background dynamics at
a given cosmological epoch. Anyway then we also generalize our result for the multi-component case.
In both cases we work in the framework of negligible anisotropic stress tensor (/X ~ 0), assuming the
cosmic fluid to be ideal. Notice that the cosmic medium is not always ideal and this assumption becomes
particularly important for baryon-electron-photon plasma and neutrino components [12, 15]. However for
our aim an ideal-fluid approximation is accurate enough.

Before recombination, the independent components in the cosmic fluid are baryon-electron-photon
plasma, dark matter and neutrinos (while photons and baryons become two separate components only
after recombination). We can write down the linearized Einstein equation (in the momentum representa-
tion) for a single ideal fluid by choosing a gauge. In what follows we work in the Conformal Newtonian
Gauge defined by E = B = 0 and®

ds? = a*(t) [—(1 +20) dn? + (1 —2¥) dx' dxl} . (1.133)

In this gauge ® has the meaning of Newtonian gravitational potential while ¥ is the space curvature.
Notice however that assuming an ideal fluid (6X = 0) for Eq.(1.128), it follows that ® = Y. In this case only
two of Egs. (1.125) - (1.130) are independent and, working in conformal time (dy = adt), we can write [12,

56]
2

/ /
2D + 3%@’ + 3%@ = —47Ga?dp (1134a)
a/ a// a/z
" + 3Eq)/ + <2a - aZ) ® = 41Ga*6P (1.134b)

where the prime represents a derivative with respect to the conformal time. Assuming an equation of state
SP = u? 6p we can combine the two equations into a single master differential equation for the gravitational
potential which reads

" a/Z

/
Q" + 3% (1+ul)d + [2”61 - (- 3u§)} O+ ulk’® =0 (1.135)

31t is worth noting that quite often in literature the spatial curvature perturbation ¥ is defined with a different sign with respect
to that adopted here in Eqs.(1.110) and (I.133). In that case the all the relations differ by an additional minus sing in front of ¥ (and
its derivatives) and the relation between ¥ and ® becomes & = —Y¥, see also the conventions.
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Notice that using the second Freedman equation, the element in square brackets can be put in the form

El” azz
2=
a a

1—3u?) = —81Ga* (P —u?p) =0 (1.136)
where in the last line we assumed to consider the specie which dominates the cosmological expansion in

such a way that w = u3 (i.e., P = u2p). We can therefore simplify the master equation to

/
O +3% (1+12) @ + 12D = 0 (1137)
To study the behavior of this equation, it is helpful to introduce the so-called sound acoustic Horizon as*
sound acoustic Horizon = u;H ™. (1.138)
and the density contrast as
)
5 =P (1139)
p

For perturbations with wavelengths well outside the acoustic horizon, A > usH ~1 we see that the last term
in Eq.(I.137) becomes negligibly small and we get the trivial solution ® = ®; = Const. Therefore, on
super-horizon scales (k < a’/a) we have

§ =04 = —20, (1.140)

On the other hand, for sub-sound horizon modes, the solution of Eq.(I.137) depends strongly on the equa-
tion of state.

* For Relativistic Matter (@ « 77 and w = u? = 1/3) we have

_sin (uskn)

e (1.141)

1
P(n) = =3P - cos (usk
(1) (i) (uskn)z (uskn)
and well inside the sound horizon (uskn > 1) it describes a wave with decaying amplitude and definite
phase:
D) = 3y —
The behavior of the energy-density perturbations dp,,q4 can be obtained by using Eq.(I.134a), from which
it follows that

cos (uskn) . (1.142)

Sprna) = — - E () (1143)
Pradlll) = =G a2 M '
while using also the Freedman equations, we get
Orad(n7) = 6D ;) cos (uskiy) = —30aq,i) COS (uskn) (1.144)

from which we easily see that energy density perturbations undergo acoustic oscillations and their am-
plitude nor decreases neither grows at radiation domination epoch.

e For Non-Relativistic Matter (2 « 72 and w = u? = 0) we get ®(#) = const and the density perturbation

reads . 1
_ 2 -“
op = 11CA (k + ]72> D (I.145)

“Notice that the sound-horizon must not be confused with the causal cosmological horizon (aH)~!. In what follows when
we say "super/sub-horizon" modes, we always refer to modes outside/inside the causal horizon, while we always specify "sound"
when we refer to the sound horizon.
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On super-horizon scales (kn7 < 1) the second term in the round brackets dominates and we have Jp
a2 which gives 6 = 6p/p = —2®. Instead on sub-horizon scales (ky > 1) it is the first term which
dominates resulting into § o a(7). This means that matter perturbations start growing with the scale
factor.

¢ For Matter perturbations at late times (i.e., after the matter to cosmological constant transition) Eq.(1.136)
is no longer valid and it is convenient to use Eq.(I1.134b) which for a A dominated Universe with dpp =

6Py = 0and and a « e!!! gives

o 3¢ 4+ 3o (1.146)
1 n?

On sub-horizon scales, the solutions are ® « # o« 1/a and § = const. It follows that matter perturbations
stop growing when the cosmological constant dominates. Structure formation is over; forever.

Multi Component Ideal Fluid Approximation

In the real Universe, the cosmological fluid is composed of several components such as baryons, photons,
neutrinos, dark matter and dark energy [12, 16, 56]. At late times, there is no interaction between the
different species, except for the gravitational one. Anyway, it should be noted that gravitational interaction
between the components affects perturbations in each of them and so in principle all the different species
should be considered together. In this case the full set of linearized Einstein Equations is [14, 37, 56]

2

/
2 a . a _ 2

K*d + 37@ + 3ﬁc1> = —47Ga ;m (1.147a)

/
P+ %@ = —47Ga® Y (or + Py)oy (147b)

A
"+ 3a—I<I>’ + 2”1 _a ® =4nGa®)_ 6P (1.147¢)
a a a2 - < A ’

while the covariant conservation law gives the following two relations
/
50, + 3% (8pr +6Py) — (pa + P2) (Kop +39') =0 (1.148a)

/

[(or + Py) vp] + 4% (o + Py) v + 0Py + (pp + Py) @ = 0 (1.148b)

Here A runs over the different species in the cosmic fluid. Notice that for an ideal fluid with n component
the system above reduces to 2n + 3 equations for 2n 4+ 1 unknowns (P, = ”5, 1P ; vy and @) and so not
all the equations are independent. As in the previous subsection it is helpful to use the density contrast
oy = (5‘0)\ /‘0)L Recalling that

5P)\ = pA(SA, (SP/\ = MZ',A(Sp)L = M’:f,/\p/\(S)\, P/\ = WArPA (1.149)

and noting that in this case w, # ”3, , and that in principle they can both depend on time, the covariant
conservation laws Eqgs.(1.148a) and (1.148b) read

/
5+ 3% (u2) —w)) 6y — (14 wy) oy =3 (1 +wy) @ (L150a)

/

[(1+wy)0a] + % (1=3wy) (1 wp) o4 + 42,0, = — (1 + w,) P. (L.150b)
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Before going further we need to specify the initial conditions for perturbations. The initial conditions are
typically specified well inside the radiation dominated epoch and, in linear perturbation theory, solutions
will be linear in the initial conditions. Primordial perturbations can be decomposed into two different
modes: adiabatic modes and isocurvature modes that behave in a fairly different way. While adiabatic per-
turbations are measured in the Cosmic Microwave Background, no evidences are currently found about
the existence of isocurvature modes [57, 58] and so, in what follows, we define the differences between
these two classes but then we focus exclusively on adiabatic modes.

There are many ways to define Adiabatic and Isocurvature perturbations. A common practice in lit-
erature [12, 13, 15, 50, 59] is to define Adiabatic modes those corresponding to the situation where, well
inside the radiation dominated epoch, the relativistic matter has non-vanishing energy density perturba-
tions (i.e., space-dependent temperature fluctuations) and the composition of the cosmic fluid is assumed
to be spatially homogeneous. Notice that, in the formal limit # — 0 (which corresponds to consider the
super-horizon regime) the adiabatic modes must therefore satisfy the following relation for the (conserved)
number (density) of baryon and Cold Dark Matter per unit of entropy (density) [12, 15]:

5 (%) —4 (”C;DM) —0 (L151)

Conversely, Isocurvature modes are defined as those corresponding to the situation where, well inside the
radiation dominated epoch, the relativistic matter has vanishing energy-density perturbations (i.e., vanish-
ing temperature fluctuations) but the composition of the cosmic fluid is spatially inhomogeneous. While
these definitions capture the physical meaning of these two kinds of perturbations, it should be noted that
they are not gauge invariant. Indeed, through a gauge transformation, we can always choose hypersurfaces
of constant time where temperature is spatially homogeneous at each moment of time. The latter gauge
anyway will be different from Newtonian gauge.

A more formal and gauge independent definition of adiabatic (and isotropic) perturbations can be ob-
tained as follows. Let us consider the primordial curvature perturbation § which, by definition, is a gauge
invariant quantity. In the super-horizon limit k/ (aH) < 1, the equation of motion of ¢, Eq.(I.131), reduces
to [50, 54, 55]

_ H 5P 67Z~

p+P
where we recall that 6 P,,, is the entropic part of perturbations. We define adiabatic perturbations those with
0P., = 0 and isocurvature perturbations those with 6P, # 0. Notice that this definition does not differ
much from the previous one since we have already pointed out that when the cosmic fluid is assumed to be
spatially homogeneous perturbations of entropy per baryon and entropy per dark matter are expected to
vanish while when temperature perturbations are absent, but the cosmic fluid is inhomogeneous, we expect
non-vanishing perturbations of entropy per baryon and entropy per dark matter particle, respectively.
Since isocurvature modes are not of interest for this thesis, from now on we omit them from the discussion,
focusing exclusively on adiabatic modes.

With the previous definition in mind, the initial condition for adiabatic perturbations can be derived
straightforward. Indeed, we immediately see that for adiabatic modes on super-horizon scales { freezes
out [12, 54, 55]:

g~ (L.152)

{ — 0= { = const. (L.153)

Since in the Newtonian gauge (within the ideal fluid approximation) { reads

5Ptot

— Py het
¢ 3 (ptot + Prot)

(1.154)
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well inside the radiation dominated epoch, when the relativistic matter is widely the most important specie
(ptot > Prad = 3Prag = 3Ptot)/ we have

(=@ L0 _ g 15 _gq> (1155)

4 Prad 4

where in the last line we used that, in the RD epoch and on super horizon scales the single fluid approxima-
tion holds giving d,,q = —2®, see Eq. (1.140). Notice also that, if the cosmic fluid is spatially homogeneous,
by definition the density contrast of all the relativistic species will be the same: 6, = 6, = d;oq = —2P. As
concerns the density contrast of non-relativistic matter, it can be easily obtained by noting that pp; « a3
and ppq « a~* from which it follows that dy; = o/ oM = 3/480rad/ Prad = 3/4 5raq. Given that for adia-
batic perturbations the density contrast of all the non-relativistic species is the same as well (6, = dcpm =
dm), in the Radiation dominated epoch we finally get

3 3 3
dcpm = 0p = 1 0y = 1 Oy = ZCD. (1.156)
This is exactly the equation that fixes the initial conditions for each component of the cosmic fluid. Notice
that, this equation can be also expressed in term of the primordial curvature perturbation for each single
specie, (), defined as
opA o
4\ ¢+3(P2\‘|‘PA) <1>+3(1+m). (L.157)
It easily follows that Eq. (I.156) is equivalent to set {cpym = {p = {, = {y = {. These relations provide an
elegant formal definition of adiabatic perturbations. Now that the initial conditions for adiabatic pertur-
bations have been pointed out, in principle we could solve the system of differential Equations to find out
the small-scale dynamics of perturbations. Anyway, the evolution itself is fairly complex, and a general
solution cannot be derived analytically. A complete precise analysis is therefore possible only adopting
numerical methods. Notice also that a description of the effects beyond the ideal fluid approximation can
be obtained by a system of Boltzmann equations that can be solved only numerically, as well. A full nu-
merical treatment of the dynamics of primordial perturbations is beyond the aim of this section. In what
follows we study only some interesting limits where an analytic description is possible.

The evolution of primordial perturbations depends on their wavelength. Adiabatic modes with large
wavelength enter the causal horizon at matter domination (MD), while perturbations with small wave-
length enter the sound horizon at radiation domination (RD). These two limits can be studied analytically
within the ideal fluid approximation.

¢ Large Wavelength Limit. Modes with large wavelengths enter the causal horizon at the matter domi-
nation epoch. Therefore, during the radiation domination epoch, these modes are super-horizon. The
super-horizon evolution of adiabatic modes is rather simple because, due to Eq. (I.131), they remain
constant until they enter the causal horizon. After the horizon entry, during the MD epoch, relativis-
tic matter gives very small contribution to the energy density of the Universe which we can assume to
be negligible. Therefore the evolution of modes proceeds in analogy to the single component fluid ap-
proximation with the matter contrast §); growing linearly with the scale factor. On the other hand, we
can study how the gravitational potential ® changes between the RD and the MD epoch. Since super-
horizon modes are frozen, at the matter domination, when perturbations in the non-relativistic matter
already dominate, by Eq. (1.140) we have 6y = —2®P\p and by Eq.(1.154), (with Py; = 0) we can easily
find out that { = —® + 1/34)s from which it follows that

3
Ovp = —20 (1.158)

PAGE 28 OF 200



THE EARLY UNIVERSE W. GIARE

Since ¢ does not evolve on super-horizon scales it will be equal to its initial value, that, because of
Eq.(1.155), is { = —3/2 ®grp. So we finally get

9
Pvip = | — | Pro- 1.159
MD (10> RD (L159)
For these modes the gravitational potential decreases by a factor of 9/10 at radiation-matter equality.
Notice also that, because of Eq. (I1.156), in the MD epoch we have

4 8 12
0y = 551\4 = —gchD = —quRD (1.160)

¢ Small Wavelength Limit. We now study what happens when perturbations with small wavelengths
enter the sound horizon during radiation domination. It is useful to distinguish perturbations in the rel-
ativistic component, perturbations in the Dark Matter component and perturbations in the baryon-photon
plasma.

— Perturbations in the Relativistic Component dominate during the RD epoch and their evolution is
well described by the single fluid approximation. They will therefore evolve according to Eq.(I.141)
with the adiabatic initial condition ®;y = —2/3¢.

— Perturbations in Dark Matter are subdominant during the RD epoch. Nevertheless here we highlight
that they logarithmically grow during this period. This effect is crucial for structure formation since,
without it, the growth of dark matter perturbations during the MD epoch would not be enough to
produce )1 ~ 1. To find out the dynamics of CDM perturbations we can write down Egs. (I.150a)
and (1.150b) for the matter component in RD (wcpy = 42 = 0 and a « 77), obtaining

Sepm — K vepm = 39, (I.161a)

1
U/CDM + g UCDM — —q), (I.l61b)

We also recall that the evolution of gravitational potential ® during the RD epoch is given by
Eq.(I.141) and that it rapidly decays well inside the sound horizon, when us; k7 > 1. Therefore
we can consider the homogeneous equations

Sepm — Kvepm =0, (1.162a)

1
Yepm + , 2com =0 (.162b)
From Eq.(1.162b) we get vcpy = ¢1/ (k*y7) and inserting in Eq.(L.162a) it gives
dcpM = €1 log k?] + (I.163)

where c; and ¢, are integration constants that can be derived [15]. Anyway for our task it is enough
to note that Dark Matter perturbation actually grows during the RD epoch. After the RD epoch,
when matter becomes the dominant component in the Universe, its evolution is well described
within the single fluid approximation and we have already pointed out that they linearly grow
with the scale factor.

— Perturbations in the Baryon-Photon plasma are subdominant at the period from radiation-matter
equality to recombination. Nonetheless they are extremely important from the point of view of
Cosmic Microwave Background as they produce the so-called acoustic oscillations. First, notice
that, due to intense photon-electron scatterings and Coulomb interaction between electrons and
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baryons, the baryon-photon plasma can be regarded as a single ideal fluid. This is sometimes called
tight-coupling limit. We can therefore assume that baryons and photons share then same velocities
v, = Uy = 0Up,. Furthermore the adiabatic initial conditions imply J, = &,. In what follows we
write Eq.(1.150a) for Baryon and photons separately obtaining

4
& — k*vy, =3®" and & — gk%m =49 (L.164)

respectively. On the other hand, it is useful to write Eq.(I.150a) in terms of 4, and a new variable

Ry(n) = 3pp/4p, (L.165)
getting - 5
/ a B 0.2 _
Upy, + PR Upy + 4usz57 +®=0, (I.166)

with the sound speed of the baryon-photon plasma u2(7) given by

oP 1 dp 1
) =—=r—""1—= : 1167
U0 = 55 = 350, 1008~ 3(1+Ry) (1167)
We also define the sound horizon for a time-dependent sound speed as
1
Sound Horizon = r,(1) = / daij us(n) (L.168)
0

which is clearly a generalization of Eq.(1.138). By noting that for the sub-horizon modes (at matter
domination) ' < k® we can neglect derivatives in ® and, combining Egs.(1.164) into a single
relation for ¢, we obtain

/
3 + % < : beb> 8+ KPus, = —§k2© (1.169)
As we will see, this equation captures many features of the angular spectrum of CMB photons
anisotropies [12, 15, 60]. Here, without the intention to be mathematically accurate, we only note
that it describes acoustic oscillation in the baryon-photon component: its solution basically contains
oscillating terms with a definite phase that are nothing but the generalization of the oscillations
discussed in the single fluid approximation for the relativistic species. We will come back to this
equation in the next section when we discuss the CMB anisotropies, providing a more quantitative
discussion and highlighting they are of primary importance for the CMB angular spectrum.

We conclude this section with Figure 1.2 which summarizes the evolution of Cosmological perturbations
(and the gravitational potential ®) both before and after recombination. Notice that here we just focused on
their evolution before recombination as we are mainly interested in their signature in CMB. Anyway, after
recombination, perturbations in the Baryon component, 6, are importantly enhanced, &, = écpa « 72, and
this is of primary relevance for the process of structure formation in the Universe [15, 47, 49].

LILIV DYNAMICS OF TENSOR PERTURBATIONS

Tensor Modes are of primary interest in this work: along with scalar perturbations, they can be sourced
during inflation and their detection represents maybe one of the main goals of modern cosmology. In this
subsection we describe the dynamical evolution of tensor perturbations.
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FIGURE 1.2: Time evolution of adiabatic modes towards different cosmological epochs. Nor-
malization is arbitrary. Figure based on Ref. [15].

We start recalling that the equation of motion of tensor modes is given by Eq.(1.132) which we can write
in term of conformal time as

!
W+ 2%}1’ Tk =0 (1.170)

where for sake of simplicity we are dropping the two polarization states + and x. As usual, we can
identify two different cases: depending whether perturbations are super-horizon k < a’/a or sub-horizon
k> a'/a.

Super-Horizon Tensor Modes

When tensor modes are on super-horizon scales k < a’/a or equivalently kn < 1, the equation of motion
simply reduces to

/
W 2%11’ —0 (L171)

with the trivial solution & = const. Therefore on super-horizon scales tensor modes do not evolve at all.

Sub-Horizon Tensor Modes

To study the sub-horizon evolution, it is useful to write the equation of motion in term of the field u(y) =

a(n) h(n7) getting

"
u" + [kz -~ “a] u=0 (1172)

this is often called Mukhanov Equation and we will study it extensively when we discuss the Quantum
inflationary Fluctuations. Here we just note that the a” /a « 1/%? and on sub-horizon scales k > a’/a or
equivalently k; > 1 the equation is simplified to u” + ks = 0 and we come to the oscillator equation. The
general solution for h(7) is

h(y) = 067) cos (ki + a) (L173)
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where A and a are the (conformal) time-independent amplitude and phase, respectively that can be ob-
tained by fixing the initial conditions [15]. After the horizon crossing, tensor perturbations describe gravity
waves whose amplitude decays with the cosmic expansion as « 1/a(7).

LIIT CosMIC MICROWAVE BACKGROUND RADIATION

The Cosmic Microwave Background represents maybe the most important observable in Cosmology. After
recombination the Universe becomes transparent to photons and today the Universe is embedded into
this fossil electromagnetic radiation that dates back to 380.000 years after the Big Bang singularity. This
fossil radiation carries unigue information about Primordial Universe and was first accidentally measured
by Penzias and Wilson, awarded with Nobel Prize in Physics in 1978. They found a black-body thermal
energy coming from all parts of the sky. We recall that the specific intensity of a gas of photons with a
black-body spectrum is

4 3 2mhy -1
I — nhv [ 1] ‘

2| BT — (1.174)
Today we measure the CMB black-body spectrum with unbelievable precision and the theoretical curve
fixes the present day CMB photon temperature to T = 2.7260 £ 0.0013K [57, 61]. We also recall that as the
Universe expands the temperature decreases as T o 1/a and this is why today CMB photons are in the
microwave frequency band.

Despite Cosmic Microwave Background radiation appears to be very homogeneous and isotropic; we
observe small intrinsic temperature anisotropies and polarization that are crucial in our understanding of
the underlying physics of the Early Universe. In what follows we point out their primary role in modern
cosmology with particular attention to the link with the primordial perturbations.

LIII.LIL. ANISOTROPIES

The physics of CMB anisotropies [60, 62—67] is well understood and described in terms of linear pertur-
bation theory [14, 55]. The angular variations in temperature that we observe today, see Figure 1.4, are a
snapshot of the local properties of relic photons at redshift z ~ 1100 that must be related to primordial
perturbations [12, 14, 55]. Therefore anisotropies encode information on the primordial perturbation itself.
Here we first introduce the formalism used to describe CMB anisotropies and then we review the main
physical processes that sourced them.

Multipoles Expansion and Angular Spectra

It is useful to define the so-called brightness function

0T (n,x,#)
UU

where 71 = p/p is the unitary vector which defines the direction of the photon momentum; x is a given
point of the space and # is the conformal time. It is somehow useful to define also the direction in which the
photon is seen é = —7i. Indeed the brightness function depends equivalently on 7 or é. Since the photons
we observe today were emitted on a 3-sphere given by the intersection between the last scattering surface
and our past light cone, it is natural to expand the bright function into spherical harmonics. The multipoles
expansion reads [12, 55]

Oy, x,7) = (1.175)

O(n,x,7) =Y Y (1) @ (17, %) Yo (). (L.176)
(>1 m
where 1
241 (0—m)]E g
Yo = [ I (5 m) m)'] P/*(cosB)e'™?. (1.177)
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FIGURE 1.3: The map of temperature anisotropies in the Cosmic Microwave Background as
measured by the Planck Collaboration. Figure adopted from the Planck legacy archive [42].

are the spherical harmonics while 6 and ¢ represent the usual spherical coordinates that identify the direc-
tion 71. P}"(cos 0) are the associated Legendre functions

(1.178)

1— x2)% dﬂ—o—m 2)€'

pr() = (-

It is well known that the Spherical harmonics are a complete orthonormal set of functions which means
that

/ Yo Yiis dQ = Spp6pum- (1.179)

Notice also that in the equation (I.176) we can absorb the factor (—1) into spherical harmonics using &
instead of 7i:

®(77/ x,ﬁ) = Z Z®€m(77/ X)ng (é) (1.180)

(>1m

In the sum we do not consider the monopole contribution / = 0. The reason is that such term carries
information about the energy of relic photons at different positions but we cannot measure CMB photons
at positions different than ours and so we cannot measure this effect which is proportional to the photons
energy fluctuations [55]. For this reason we start the spherical harmonics expansion considering the dipole
contribution ¢ = 1.

The dipole term, ¢ = 1, in the sum is due to the doppler shift caused by the relative motion between
the observer and the photons fluid. We stress that we are not comoving observers because we move by the
Earth’s motion. Therefore in our frame a dipole effect is expected and indeed observed. We can evaluate
the Doppler shift to the first order in the relative photon velocity v,

Y Oun(n, x)Y1u(é) = —v, - &. (1.181)

While the CMB dipole is the dominant effect, it does not give any appreciable information about the in-
trinsic primordial temperature fluctuations and consequently should be removed from the map of CMB
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anisotropies.

Multipoles with £ > 2. In this case the effect of Earth motion on multipoles is proportional to (vv)f and
so it becomes small as v, < 1. Multipoles with £ > 2 show a small magnitude of order 102, that cannot be
brought back to the Earth motion effect since this is expected to be at least of order 1076 for ¢ = 2. Therefore
multipoles with ¢ > 2, while small, are a snapshot of the intrinsic anisotropies in the CMB radiation that
are related to its underlying physical production and evolution. From now on, we call such terms a,,,:

Ay = ®£m(770/ Xp = 0), for ¢ Z 2. (1.182)

Here x is our position chosen to be the origin of coordinates. We are interested in the stochastic properties
of the CMB multipoles a,,,. We first note that invariance under rotations implies that (a,,) = 0 and that
the two-point correlator therefore reads

(@eme) = CI" 00 0mm, (L183)

where CJT = ( |agm\2) is the angular power spectrum of the CMB anisotropies. Given a model of the Early
Universe, the angular power spectrum can be computed. It is an important tool in the statistical analysis
of the CMB anisotropies as it describes the physical information contained in the million pixels of the CMB
anisotropies in a very compact way. The angle brackets in the equation (I.183) denote the average over an
ensemble of random fluctuations. For the moment we assume such fluctuations to be Gaussian. We will
appreciate next how the simplest models of inflation predict Gaussianity at early times. We see that multi-
poles ay,, are uncorrelated for different £ and m. If we assume gaussianity, they become also independent
and the power spectrum provides a complete statistical description of the temperature anisotropies. For
this reason measuring the anisotropies power spectrum has been one of the main goals of observational
cosmology.

If we measured the temperature fluctuations over the full sky in an ideal situation of noise-free, the
CMB power spectrum could be simply estimated as:

A

_ 1 2

This gives for sure an estimator of the “true” angular power spectrum, but it must be noted that there is
an irremovable cosmic variance, due to the finite (2/ + 1) modes that we can observe. In other words,
assuming the temperature anisotropies to be Gaussian distributed, the estimator has a x? distribution with
20 + 1 degrees of freedom and a variance given by [12, 55]:

R 2 ’

—(Cy)? = A (1.185)

The cosmic variance is negligible at higher ¢ while it becomes an important limitation at low multipoles.
Furthermore, in practice estimating the power spectrum is complicated by a number of real-world com-
plexities such as partial sky coverage and instrumental noise. Describing the experimental methods used
to estimate the temperature power spectrum is beyond our aim and we remand to the vast literature ded-
icated. Here instead we would like to stress that, given a model of the Early Universe, the angular power
spectrum can be computed using cosmological perturbation theory. One can write a system of coupled
Einstein-Boltzmann equations that can be integrated numerically and predictions can be compared with
observations. In Figure 1.5 we show the angular spectra for temperature anisotropies (and polarization) as
measured by the Planck Collaboration together with the best fit obtained with the standard ACDM model
of cosmology. We see a remarkable agreement between theory and observations which provides one of the
greatest successes of modern cosmology.
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Primary Anisotropies

Temperature fluctuations in the CMB photons, as well as their measured power spectrum shown in Fig.(L.5),
carry information about the Early Universe and can be sourced by interactions of the photons with other
fields, such as gravity and density perturbations [12, 13, 15, 16, 38, 40, 46, 55, 60, 67]. Here we study
anisotropies originated on the last scattering surface, before (or at least at) the time of recombination.
Sometimes these are called primary anisotropies and are strongly linked with the primordial perturbations
discussed in the previous section. In what follows we briefly review the main processes that generated
them and their signature in the power spectrum.

There are basically three processes which contributed to primary anisotropies: (i) the Sachs-Wolfe effect
due to the gravitational potential fluctuations on the last scattering surface [68], (ii) the intrinsic adiabatic
fluctuations of the baryon-photon plasma [69] and lastly (iii) the Doppler effect due to the peculiar velocity
of the different regions on the last scattering surface [70], for which photons emerging from regions that
move in opposite (same) direction to the observer are red-shifted (blue-shifted). The total temperature
fluctuations are simply given by the sum of the three contributions and so the measured mean squared
temperature fluctuations are given by

<<ATT>2> = (P+0O)+ (- Ty)? (1.186)

Looking at Figure 1.5, we can identify three different regions in the angular power spectrum:

e The Sachs-Wolfe Plateau on scales greater than the horizon at decoupling 2 < ¢ < 100. On such
large scales the main contribution is due to fluctuations in the gravitational potential at recombination.
In particular, depending on whether the fluctuations in the gravitational potential generate a potential
well or a potential peak, photons are red-shifted and blue-shifted, respectively. The fluctuations in the
photons temperature are simply given by

6T 5D
{T] W= (1.187)

Also, due to the intrinsic adiabatic fluctuations in the baryon-photon plasma, photons diffused from
over-dense regions (6, > 0) will be hotter, while those coming from sub-dense regions (J, < 0) will be
colder. This is another primary isotropy which affects the same multipole range than the Sachs-Wolfe
effect and in this case the fluctuations in the CMB Photons temperature are given by
[”] _Lopy _ 200

B

_ _co= (1.188)
T ) 3 197 3P

where we have used p, « 1/a® « T and in the last line we used the adiabatic conditions that relate
fluctuations in the cosmic fluid to the gravitational potential. So, notice that this effect is opposed to the
SW effect and the sum of the two effects is in favor of gravity.

e Acoustic Peaks at intermediate scales 100 < ¢ < 1000. In the previous section we saw that, during the
matter dominated epoch, perturbations in baryon-photon plasma, falling in the gravitational potential,
generate relativistic sound waves that propagate until recombination. These waves lead to the dramatic
acoustic oscillations in the angular spectrum of CMB temperature anisotropies on scales between 0.1
and 2 angular degrees. As anticipated, these features are captured by Eq.(1.169) that, by noting that
py & 1/a* & T*, we can easily write in term of @ = 6T /T as

/
n, 4 Ry P 12,20 Lo
Q" + p <1+Rb> O +ku;® = 3k D. (I.189)
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We recall that u is given by Eq.(1.167) and that we are ignoring the time variations of the potential (which
is a good approximation since recombination happens during matter dominance when the potential is
approximately constant, see also Figure 1.2). To point out much of the physics underlying this equation,
we can consider a simple toy model, getting rid of ®' and writing

Q" + Ku?0 = —%kZQD (1.190)

This is the equation of a simple harmonic oscillator with a constant gravitational forcing term. For
adiabatic initial conditions ®(0) = —2/3® and ©’(0) = 0, the general solution is

O, k) = %(1 1 3Ry) (k) cos (krs) — (1+ Ry)D(k) (1191)

with 7, the sound horizon of the baryon-photon plasma, Eq.(1.168). We can use this simple solution to
study some interesting limits. First, when photons dominate the cosmic fluid we can take the limit R, —
0 from which we see that (1.191) becomes the equation of motion of a harmonic oscillator with a zero-
point displaced by gravity. This means that photons oscillate in and out the potential well and because
of these oscillations after decoupling different modes will arrive in different phases of their evolution.
Therefore there will be a set of discrete wave-numbers {k,} = nm/rs(1,) which will correspond to the
oscillation peaks at recombination time (7 = 7,). In other words a single scale k, which has done half-
oscillation at recombination, is in the maximum compression in the potential wells and in the maximum
rarefaction on the peaks. This scale would produce the highest 6T/T, i.e., the first peak of the CMB
power spectrum. On the other hand, the scale corresponding to the half of the previous scale, has
done a complete oscillation at recombination, and is in the maximum compression on the potential
peaks, and in the maximum rarefaction in the wells. This latter scale corresponds to the second acoustic
peak of the CMB power spectrum. Therefore, in practice, the odd acoustic peaks, of the CMB power
spectrum, correspond to the maximum compression in the potential wells while the even acoustic peaks
correspond to the maximum compression on the potential peaks. These are nothing but the peaks that
we observe in the CMB angular spectrum. Anyway it should be noted that, without Baryons (R, = 0),
we would not have acoustic waves at all since the two contributions of density and velocity of the fluid
would cancel each other. Therefore one has to consider also Rj, and, from the general solution (1.191),
we see that the displacement is further enhanced by Baryons. In other words, Baryons allow a greater
compression of the fluid in the potential well and this is translated into an enhancements of all the peaks
due to compression over those from rarefaction.

e Dumping tail on small scales ¢ 2 1000. Due to photons diffusion, the temperature fluctuations are
washed out. Indeed on those scales the ideal fluid approximation used to derive the dynamics of pri-
mordial perturbation breaks down and it can be shown that [12]

© e ¥/%b cos (krs) . (1.192)

were kp is also known as Silk damping scale [12, 13, 15]. It can be shown that a detailed calculation of
the damping scale involving the quadruple moment in the Einstein-Boltzmann equations gives [12, 15]

R% 8
— 1.193
1+ Ry + 9] ( )

Sy - [ a7
kp? (k) _/O 6(1+ Ry)neora(if)

where 1, is the number of free electrons and o7 the Thompson cross section.
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Secondary Anisotropies

We refer to the anisotropies generated after recombination, when photons freely traveled from the last
scattering surface to us, as secondary anisotropies. In what follows we review the main formation processes

¢ (early and late) Integrated Sachs-Wolf Effect: after decoupling, if the CMB photons cross a time-
dependent gravitational potential, they will be red-shifted or blue-shifted depending on the variation
in the potential. This is exactly what happened also before recombination with the SW effect, but with
the difference that, instead of occurring on the last scattering surface, in this case the shift is integrated
along the photon’s path. Notice that if the Universe is matter dominated, at linear order in perturba-
tion theory, the gravitational potential is constant and therefore the Integrated Sachs-Wolf (ISW) effect is
zero. Anyway, in a realistic cosmological model the matter domination is not instantaneous and, for a
short period after decoupling, the gravitational potential still slightly changes in (conformal) time. Fur-
thermore, at late time, after the matter-dark energy equality, the gravitational potential starts changing
again, see Figure 1.2. So, we can actually distinguish the Early ISW, that occurs shortly after decoupling,
when matter does not completely dominate, and the Late ISW, that instead occurs quite recently, when
dark energy starts dominating. The ISW leaves signatures in the CMB angular spectrum on multipoles
¢ < 200.

* Gravitational Weak Lensing: on large scales the Universe is full of structures, such as galaxies, that
can both produce secondary anisotropies and distort primary anisotropies through the so called gravita-
tional lensing. Consider a pair of photons that move towards the observer forming at the beginning an
angle 0 between their directions of propagation. Due to the lensing effect the observer will see instead
an angle 0 + 0. The distortion of light is typically of a few arcmins and the result is the smearing of the
oscillations of the CMB angular power spectrum at small scales [12, 15, 71].

* Sunyaev-Zel’dovich Effect: this effect is due to the inverse Compton scattering between low energy
CMB photons and high energy free electrons in the hot ionized gas in a cluster of galaxies. This effect
produces two distinct signatures: first, photons, crossing the cluster, are scattered by the random motion
of free electrons, deforming the black body spectrum and leading to a reduction (increment) in temper-
ature at the low (high) frequencies. Second, because of the peculiar velocity of the hot ionized gas in
galaxies, CMB photons will be red-shifted or blue-shifted for the Doppler effect [12, 15, 70, 72].

* Reionization: at late times, the Universe reionized again and CMB photons scattered off free electrons,
reaching the observer from a different direction with respect to the initial one. While the physical nature
of reionization is still discussed, its signature on the CMB angular spectrum can be observed, giving a
decrease of the power in the spectra on multipoles ¢ 2> 10 that are reduced by a factor ¢>* where 7 is the

optical depth defined as [12, 16]
U
t= [ dineora (1.194)

Hreion
While reionization suppresses the peaks amplitude in the temperature anisotropies spectrum, these ef-
fects are completely degenerate with other cosmological parameters. On the other hand, the reioniza-
tion signal dominates the position and the height of the peaks in the polarization spectra at multipoles
¢ < 10. Therefore it is worth noting that the constraints on T come basically from polarization and not
from anisotropies.

* Relic Gravity Waves: tensor perturbations that enter the horizon after recombination in general con-
tribute to the C; T and so produce temperature anisotropies. Here we briefly show that the contribution
of primordial gravity waves to CMB anisotropies is extremely small. It is useful to relate the mode with
wave-vector k at the time # to the primordial amplitude defining the so-called transfer function b(k, 77)
as

h(i7,k) = b(k,n) - hi(k) (1.195)
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where h;(k) is the primordial amplitude. We have shown that after the horizon re-entry, tensor pertur-
bations behave as gravitational waves which decay with the expansion of the Universe. It can be shown
that their contribution to the Cy is given by [15]

2
owrr _ I (1+2)! r*dk . o abk,n) i [0 — 1) K]
=S o) /0 o Pr(k) ( . dy M (oS R ) (1.196)

where Pr(k) is the primordial spectrum of tensor perturbations predicted by inflation (that we will in-
troduce in the next section and will be the central topic of the next chapter) and j; are the spherical
Bessel function. This integral depends basically on (the parametrization of) the primordial spectrum
and (derivative of ) the transfer function. We will see that the simplest inflationary scenarios predict a
basically flat tensor spectrum, while the term inside the round brackets gives non-negligible contribu-
tions only on scales k(190 — #7) ~ ¢ and ky ~ 1. In this regime the spherical Bessel functions behave as
i1 (0 — 17) k] ~ £7! and so the integrals behave as ~ (£73)2 ~ £~°. Since the overall factor grows as ¢4
and we finally get

CWCTT o 072, (1.197)

Gravity waves contribution decays very rapidly on multipoles ¢ 2 100 because in that case tensor modes
enter the horizon before recombination. On multipoles 2 < ¢ < 50 they instead behave similar to the
SW effect, but in any case, also on such large angular scales, their contribution is always subdominant
because the primordial amplitude of tensor modes is at least 100 times smaller than the amplitude of
scalar modes, see also Figure 1.6 where we compare the scalar and tensor contribution in the different
angular spectra. Fortunately a more promising approach for the detection of primordial tensor modes
can be obtained by searching their signatures in the B-modes polarization. We would like to conclude
with a final remark: the parametrization of the primordial spectrum, plays an important role in deriving
this result. As a matter of fact, if during inflation the power spectrum is sufficiently "blue" (i.e., the
gravity wave production is amplified at large k) the contribution of short waves is enhanced, and hence
SWCIT may not be so small at large ¢. We will discuss some of these models in the next chapter.

I.III.IT POLARIZATION

The temperature anisotropies originated from primordial fluctuations, are polarized by the Thomson scat-
tering [71, 73-75]. Recombination was not an instantaneous process: while protons and electrons were
combining into neutral hydrogen, the photons developed a quadrupole anisotropy that was converted
into CMB polarization by the Thomson scattering. A combined analysis of polarization and anisotropies
allows us to evaluate the consinstency of the standard cosmological model: measuring the CMB polar-
ization increases the accuracy the cosmological parameters are measured with. Moreover, the search for
B-modes in the CMB polarization is one of the target of observational cosmology as they are related to
the inflationary production of gravitational waves on super-horizon scale which is a unique prediction of
inflation theory. Therefore it is worth recalling the classic theory of polarized electromagnetic radiation.
Consider a plane wave coming from the positive direction of the z axis:

1 . .
E(t) =35 [E et + E* e‘l‘”} , (1.198)

the amplitude E can be decomposed into its (x,y) components as E, = Ey cos ¢ + E, sin¢. Defining the
unpolarized intensity [

I=[E+EP, (1.199)
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FIGURE 1.4: The map of polarized Cosmic Microwave Background anisotropies as measured
by the Planck Collaboration. Figure adopted from the Planck legacy archive [42].

and the Stokes parameters {Q, U, V'}

Q = |Ex|> — |Ey|%, (1.200a)
U =2Re [EZE,], (L200b)
V =2Im [EE,] (1.200¢)
one obtains -
|E5| = I+ Q cos2¢ + U sin2¢. (1.201)

We recall that Q and U are two Stokes parameters that specify the polarization plane, while V is a third
Stokes parameter that measures the intensity of circular polarization. If we perform a rotation around the
axis z of an angle ¢ so that ¢ — ¢ + ¢ clearly |E | must not change. This implies that under rotation the
Stokes parameters (Q, U) change as [55]

Q cos2¢ —sin2¢ Q
<U> - < sin2¢  cos2¢ ) (u) (1.202)

Using the combination Q+ = Q =i U we find a more compact expression:
Qr — ™29 Q, (1.203)

which implies the existence of a preferred direction, i.e., the direction in which the Stokes parameter U
vanishes. Therefore, because of the assumption of spatial isotropy, in an unperturbed Universe the Stokes
parameters must be all null. Anyway in our Universe small deviations from homogeneity and isotropy
are observed as well as a map of polarized CMB anisotropies, see Figure 1.4. To understand why, we can
consider a toy model where a photon travels in the direction of an incident single free electron. In a frame in
which the electron is located at the origin, the electron itself will oscillate with a displacement r(t) and with

an acceleration # = —;-E(t). This will induce a dipole momentum d(t) = —er(t) and a corresponding
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FIGURE L.5: The TT, TE, EE and Lensing (bottom right) angular power spectra of Cosmic
Microwave Background Radiation as measured by the Planck Collaboration with D?’Y

T2 % C?’Y. The blue solid line represents the best fit obtained within the standard
ACDM cosmological model. Figure adopted from the Planck legacy archive [42].
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outgoing scattered spherical wave E = ;L (d(t —r) x #’) x #’ whose components (E}, E;) are related to

the original radiation components (Ey, E,) as follows:

2 2

e

/ [J—
E, = i E cost, E, = I, rEy (1.204)
In terms of the outgoing and ingoing Stokes parameters this reads:
I = 8?;;7:2 2 (cos?0+1) T+ (cos*0 —1) Qi + (cos?0—1) Q_] (1.205)
Q. = 83::2 {2 (Cos2 0 —1) I+ (cosb+ 1)2 Q+ + (cos0 F 1)2 Q,} (1.206)

The second of these relations clearly shows that the outgoing Stokes parameters are non zero also for
unpolarized radiation. This description can be applied also to CMB radiation. However since for a black-

body radiation I o T* and since we work with ® = ‘ST = 4 I, it is useful to redefine the Stokes parameters
in a cosmological contest with the following normalization
Q+
— == 1.207
Q+ 2l (1.207)

According to the Q4 transformation propriety under rotations (1.203), we clearly see that it is a spin-2 field
that can be expanded in terms of spin-weighted spherical harmonics. The spin-weighted spherical harmonics
can be defined in terms of rotations matrices a:

sng(Q,(P) = <2€+ !

e )Pl (#,8,0) (1208

They reduce to ordinary spherical harmonics when s = 0. In this case s = 2 and defining »Y;,, = an, one
can expand Q+ as:

Z Z Qi Yo (@) (1.209)
=2m=—/

At this point we can introduce the Polarization multipoles E;,, and By, defined as:
Q. = Em LBy, (1.210)

One can show that under parity transformation é — —¢ the E modes E;,, — (—1)5 E;,, while the B modes
By — (—=1)F1By,. Therefore the E-modes are parity-even while the B-modes are parity-odd. Roughly
speaking, we can think of the E-modes as the gradient of a scalar and the B-modes as the curl of a vec-
tor. The stochastic properties under rotations and parity transformations allow us to define the following
correlators among a,,, E¢,, and By,

(@m@G) = CLT 80 06mm (1211a)
(@ Eorme) = CLES 008y (1211b)
(Ejp Eom) = CLE 8008 (1.211c)
(Bj Bowr) = CPP800 8y, (1.211d)

where for sake of completeness we wrote also the correlator (1.183). Notice that since B is parity-odd, while
T and E are parity-even, in a parity-conserving theory we expect C/? = CEP = 0 and for each ¢ we can
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define the so called covariance matrix

cIT ¢t o
C,=| CfT CEE 0 |. (1.212)
0o 0 CP

Today, the spectrum of E modes polarization (as well as the cross-correlator TE spectrum) is measured
with good precision by the Planck Collaboration, see also Figure I.5. Again a remarkable agreement with
the prediction of standard cosmological model is found. Measurements of C;* and CF* give additional
information on the cosmological parameters, often braking the degeneracy between them. In particular

e The spectrum C/T of temperature anisotropies is mostly sensitive to scalar perturbations and the gravi-
tational potential.

e The spectrum CFE on large multipoles 100 < ¢ < 1000 is mostly determined by the velocity of the
baryon-photon plasma at the recombination epoch while on low multipoles it strongly depends on the
optical depth at reionization: CFE o 72. We clearly show this dependence in Figure 1.6 where the effect of
T on the low multipoles of the EE angular spectrum has been emphasized adopting an unrealistic large
value T = 0.2.

e The spectrum C/F on low multipoles strongly depends on the optical depth at reionization: C}f o
7. Once again, in Figure 1.6 we show the effect of T in the TE spectrum for an unrealistic large value
of T = 0.2. The (combined) measurement of CETE and CfE allows us to constrain T which would be
difficult within only the spectrum of temperature anisotropies C;! as in that case it turns out to be
extremely degenerate with the other parameters. Notice also that since both CF* and C]F are dominated
by reionization on low multipoles, the cosmic variance sets a natural limit on the maximum precision T
can be measured with. We are already close to such limit.

e The spectrum C}? is not measured. Anyway scalar perturbations can produce only E-modes while ten-
sor perturbations can produce both E-modes and B-modes. Hence a detection of B-modes can be a hint
for the existence of tensor modes. However the B-mode spectrum can have two different contributions:
together with tensor perturbations, also gravitational lensing can mixes E modes and the B modes, con-
verting the first into the second. Therefore a careful characterization of the B-mode spectrum is required
to distinguish the two sources. In what follows we give some details.

E-modes from relic gravity waves

Tensor modes produce both temperature anisotropies and E and B modes polarization in the CMB radia-
tion. Therefore they not only contribute to the angular spectrum of temperature anisotropies via Eq.(1.196)
but they contribute also to the TE EE and BB angular spectra. In particular the EE and TE contributions can
be estimated to be [15]

* dk N[ (1+2)(1+1) |
GW(EE “/0 %k (817) { -n@ 2l =mk
2
_ (6z(llj12))((2lz:u 13)) jilo =) K+ le (i )—(212)+ gyie2 (00 =) k]} (1.213)
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and
ow l+2 9\ ™ (90 Jillno —m) k|
ol (-2 <8n)uérd”<an) (70— 1)* k2
z+zz+1 _ 6(1+2)(1—1)
{ o 1)l 1yl =1 G e il )
T Jlr(i)_(zll)Jr 3)]1+2 (70 =) K] } (1.214)

respectively. The effect of gravitational waves in the angular spectra of CMB polarization is shown in
Figure 1.6. As one can see, also for unrealistic large values of the tensor amplitude, the tensor contribution
is always sub-dominant with respect to the scalar counterpart both in the EE and EE spectra. This is one
of the reason why a detection of tensor perturbations is extremely challenging from an experimental point
of view. Fortunately, while scalar modes do not produce B-mode polarization, tensor modes contribute
also in the BB spectrum and so searching for B-modes polarization is a more promising way for detecting
Primordial Gravitational Waves.

SCALAR MODES
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FIGURE 1.6: A comparison between scalar and tensor contributions in the CMB temperature
anisotropy and polarization angular spectra. On the left the contributions from adiabatic
scalar perturbations (and lensing) in the TT TE EE (and BB) spectra. On the right the con-
tributions from tensor perturbations in the same spectra. To better emphasize the effects of
tensor modes and reionization, the tensor amplitude and the optical depth are fixed to the
unrealistically large values of r = 0.4 and T = 0.2, respectively. Figure based on Ref. [15].

B-modes from relic gravity waves

The detection of B-mode polarization can be considered a major task of observational cosmology as it can
be produced by inflationary gravity waves. Here we briefly review the signatures that relic gravitational
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radiations may have left in the B-spectrum. A detailed computation of the relic gravity waves contributions
to CPP would be rather expensive, involving the polarization tensor and some maths. Here we avoid to get
lost in mathematical details and we just point out that this contribution can be computed to be [15]

© dk N2 [l+2 (—1 2
GW ~BB unr a9 Lt+2 -1
Che fy 7T <a17> % [% /-1 (ko) — 5 e (ki) (1.215)

where the constant of proportionality is rather small. In any case, one can see that

¢ Tensor perturbations that are super-horizon at recombination give small contributions in the integral
as in that case the modes are frozen and the derivative with respect to the conformal time is extremely
small.

¢ The largest contribution in Eq.(1.215) is given by tensor modes that enter the horizon exactly at the
time of recombination (k#, ~ 1) which corresponds to multipoles ¢ < #0/1, ~ 50 or to angles smaller
than about 3 degrees. Indeed in that region dh/dn o 1/#, while the spherical Bessel functions result
to be jy(knjo) ~ 1/(kio). Therefore CPP is constant in ¢ in that range of multipoles and its magnitude
will depend on the amplitude of tensor modes as sourced by inflation: if during inflation a satiable
background of primordial gravitational waves is generated this contribution can be dominant on these
scales.

* On smaller scales, 50 < ¢ < 1000 the behavior of the integral is very different as it saturates for k ~ £/1p.
Indeed on small scales dh /97 1/17r2 «x 1/¢aswell as jy (k170) o« 1/¢. Therefore we get that CEB x 1/¢*
which decays very rapidly wit /. Furthermore on small scales the B-mode spectrum is dominated by
the signal due to gravitational lensing which, converting E modes into B modes, contains information
related to the different cosmological parameters, such as dark matter, dark energy or spatial curvature.

We conclude that CMB polarization is particularly important also from the viewpoint of the search for
tensor perturbations. Indeed the analysis of temperature anisotropies C] T alone has a limited sensitivity
on tensor perturbations both because the cosmic variance affects signals at low mulitipoles and above all
because of degeneracy with the other cosmological parameters. While the measurement of E-mode po-
larization improves the sensitivity to tensor modes, the analysis of B-mode offers us a unigue opportunity.
In particular, of primary interest is the study of B-mode at intermediate angular scales, where the cosmic
variance is not very significant and gravitational lensing is not dominant, yet. While currently there is no
evidence for B-mode polarization, future cosmological experiments are designed specifically for probing
the range of multipoles of interest for tensor perturbations, possibly leading to a first detection of relic
gravity waves and opening to the possibility to test and constrain fundamental physics on the inflationary
energy scales, literally at the dawn of time. In the next chapter we will discuss exactly how non-standard
physics on the inflationary energy scales can be encoded in the inflationary parameters and how we can
test and probe it using primordial gravitational waves.

I.IV INFLATION THEORY

As often happens in Science, observations challenge theories. Many evidences are extremely difficult to ex-
plain in contest of the Hot Big Bang Theory. For example the previous discussion of the Cosmic Microwave
background teaches us that the Early Universe was very homogeneous and all the CMB photons share the
same temperature within small fluctuations of order §T/T =~ 10~°. This is very hard to explain in the the-
oretical framework we described so far because CMB photons are separated by a distance grater than the
particle horizon and they have never communicated [54, 76, 77]. So, according to Hot Big Bang Theory, the
last scattering surface should consist of many causally disconnected regions and there is any dynamical
reason why such regions (that never "talked") could share similar physical conditions. We are forced to
suppose a fine-tuning of thousands initial conditions to explain homogeneity in the Early Universe.
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Another observational evidence is that the Universe is spatially flat [78]. We pointed out that the Hubble
radius 1/(aH) grows with time for each component of the cosmic fluid with equation of state v > —3.
Therefore when the Universe is dominated by radiation or matter we have (2 — 1 « a2and Q-1 « a,
respectively. In both cases () — 1 decreases and so going backwards with time |1 — Q)| should diverge.
Flatness is not a tracking solution of the FRW dynamics and in the Hot Big Bang cosmology, a flat geometry
today would require an extreme fine-tuned () at early times. We can roughly deduce its value at the Planck

time (i.e., the time when the temperature of the Universe is the Planck epoch):

’Q _ 1|T:TPlanck ~ al%l ~ Tg ~ —64
Taiee e (2 )~ No(m ) (1.216)

where we have assumed a Radiation dominated Universe, we have used that T « % and we remember that
the present epoch temperature of the Universe is Ty ~ 1073 GeV. Is it something meaningful to require a
precision in the initial conditions within 1 part over 10%0?

Although all these "problems" are not inconsistencies able to falsify the Big Bang picture, it is clear that
one would prefer a physical mechanism able to fix all the required initial conditions without controversial
assumptions. Inflation [79], an early epoch of "fast" accelerated expansion with repulsive gravity, is largely
believed to be exactly the physical mechanism able to set the correct initial conditions [54, 55, 76, 77, 80-83].

To figure out how a phase of repulsive gravity can drive the Universe towards homogeneity and flat-
ness, we recall that an accelerated expansion requires w < —3 and that in this case also the Hubble radius
(aH)~! decreases over the time. This automatically solves also the flatness problem:

1-0(@a)| =|-x(aH)™?|. (1.217)

Driven to flatness < decrease

In particular it should be noted that in the de Sitter limit, w = —1, the spacetime expansion becomes
exponentially accelerated as well as the Hubble sphere exponentially shrinks: (aH) ™! o e~ 1. In terms of
the particle horizon, 7 = —(1/H)e !, we see that the initial singularity is pushed back to 77; — —oo with
the hypersurface 7 = 0 corresponding to the end of inflation. So, not only the curvature is exponentially
driven to flatness but now there is an "infinite" amount of conformal time to let the past light-cones of CMB
photons intersect in such a way that the homogeneity observed in the CMB radiation is simply explained
in terms of thermal equilibrium.

Anyway it is also evident that in an exact de Sitter background the end of inflation is reached at the
cosmological time t = co which means that inflation would go on forever. This is clearly due to the isome-
tries of the de Sitter background which, being a maximally symmetric solution, preserve invariance under
time translations. Therefore to ensure the end of inflation, the de Sitter limit, although valid at early times,
must be broken near the end of inflation. Therefore we need a dynamical process able to transit from an
inflating phase to a radiation dominated era.

LIVI SINGLE FIELD SLOW-ROLL INFLATION

The simplest dynamical model of Inflation involves a scalar field ¢, which from now on we call the inflaton,
minimally coupled to gravity. The action of the field reads [54, 55, 76, 77, 80-83]

Mf, 1
— R+58"0u93p —V(¢)|, (1.218)

S:SEH+S¢:/d4x\/—g

with M, = 1/+/871G the reduced Planck Mass in the natural units c = i = 1 (see also the conventions).
This theory is said to be “minimal coupled to gravity” because there is not a direct coupling between the
inflaton field and the metric tensor in the action. The equation of motion can be obtained minimizing the
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action with respect to the field 6S,/d¢ = 0. A trivial computation gives:

1 " oV (¢)
\/jgay (v/—go"'e) + 59 0. (1.219)
In principle, to solve this equation in full generality we should use the FRW metric with a non-vanishing
curvature since it is the inflation itself that drives the spacetime to be flat. Anyway the observational
consequences of the inflation come out from its ending phase when the spacetime is already nearly flat. So
a consistent theory of initial conditions is not required for investigating the inflationary predictions and we
can simply use a flat FRW metric. In this way from Eq. (1.219) we obtain

¢+3Hp —a2(t) Vi + Mggp) =0. (1.220)
If we restrict our attention on homogeneous scalar fields, the gradient term vanishes V2¢ = 0 and the
functional derivative dV(¢)/J¢ reduces to the ordinary one dV(¢)/d¢ = V'(¢). The equation of motion

eventually becomes
¢ +3Hp +V'(¢) =0. (1.221)

Minimizing the action with respect to the metric 6S/6¢g"" = 0 we can find the relation for Stress-Energy
tensor

oL 1
Ti = 8wl = 25 = —340u9 + gy <28a4>a"‘¢ -V (¢)> (1.222)
and get the relation for the energy-density and pressure in a inflaton-dominated Universe, namely:
1.
pp = 59"+ V(¢), (1.223)
1.,
Po = 59" V(¢9). (L224)

The equation of state w is now a function of the scalar field

L
wp =P — 20— V(9) (1.225)

Py 3PP+ V(p)

and we clearly see that if V >> ¢? a phase of repulsive gravity wy ~ —1 < —1/3 is obtained and the
Universe starts inflating. This scenario is commonly called slow roll inflation. The price to pay for this
paradigm of inflation is that we need to put some restrictions on the scalar field ¢ and above all on the
shape of its potential V(¢) in order to obtain a de sitter expansion. First of all it is useful to write down the
Freedman equations (I1.17) and (I.18) for a Universe dominated by the homogeneous scalar field ¢:

3My H* = py = (;q';z + V(q>)> , (1.226)

a

_ i 1 1,.
W5 () = =g oo +390) = =3 (# —V(@)). (1:227)

Taking the derivative of the equation (1.226) and using the equation of motion (I.221) we have:

2M3H = —¢? (1.228)
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During the slow roll phase we want an almost exponentially expansion and so we have to require wy ~ —1
that implies ¢? < V(¢). So from equation (1.226)

~ 2 N2 12
V(¢) ~3M, H", (L.229)
and the slow roll condition is equivalent to require that
H
‘Hz| < 1 (1.230)
On the other hand, taking the derivative of Eq.(1.229) and using the slow roll condition we get also
V'(¢) ~ —3Hgp, (L.231)

that implies |¢| < 3 H|¢|. Therefore it is useful to introduce the following potential slow-roll parameters

ey = M % <“;4§> , (1.232a)
- <V$¢> , (1.232b)
& = ik <V¢“//§4>¢>, (1.2320)
o = <‘W> (1.232d)

where Vo..p = V' indicates the derivatives of the potential with respect to the filed. Notice that the
potential parameters will be largely used in the subsequent discussion together with the parameters {e;}
defined as .

H o dloge;_1
THEHET Y T T Tlogk

that are instead clearly related to the background dynamics. During the slow-roll phase all these param-
eters are expected to be small with the limit 1 > |ey| ~ |e1| — 0 corresponding to an exactly de Sitter
expansion.

Inflation can be easily achieved when the potential looks like that shown in Figure 1.7. Along the flat
plateau the kinetic energy of the scalar field ¢ becomes negligible with respect to the potential energy
V(¢) which is instead approximately constant. In this way, wy ~ —1 and we have an almost de Sitter
phase. On the other hand, when this condition breaks down, inflation ends and the scalar field typically
falls into a potential well starting oscillating. This phase of oscillation around the vacuum state is called
reheating [84-93] and is required to restore particles in the Universe. Indeed during the slow period, the
Universe is exponentially driven towards flatness and homogeneity but all its pre-inflationary contents are
exponentially diluted as well. This means that at the end of inflation the Universe appears nearly empty
and dominated by a scalar field in a state of coherent oscillation about the vacuum state. This looks far
away from the Hot Big Bang picture: there is no radiation or particles but only an enormous amount of
energy. Indeed, as by definition the energy-density during the inflationary expansion remains constant, the
total energy E; = pV; exponentially expands with the volume of the Universe. Such an exponential amount
of energy can easily decay into radiation and particles when the field starts oscillating during the reheating
phase. The details of reheating clearly depend on the specific shape of the potential, nevertheless this is
typically a very rapid process. When the field is oscillating around the minimum, we can approximate the

€1 = (1.233)

PAGE 47 OF 200



W. GIARE THE EARLY UNIVERSE

V(@)

: ' Reheating -~
—> g Qs

A¢

FIGURE I.7: The typical shape of a good Inflationary Potential.

potential as V(¢) ~ %24)2 so that:
1,.
pp = 5 (6 +2%¢%), (1.234)
taking the time derivative, oy = ¢ ¢ + A*p ¢, and using Eq. (1.221) we get:

. 3H .
pp +3Hpy = =~ (A29* — ¢7). (1.235)
N————

oscillates

The oscillating factor on the right hand side averages out to zero over one oscillation period and the long-
time behavior of the energy density eventually reads:

by +3Hpy = 0. (1.236)

Note that the inflaton field is doing small oscillations around the potential minimum and the energy density
can decay into particles. If the decay is slow the inflaton energy density follows the equation:

pp+ (BH+T)py =0, (1.237)

where I represents the inflation decay rate and so —I'py is the energy transferred to other particles. Whether
the inflaton decays into bosons, the process may be very rapid and violent and it is known as pre-heating.
Anyway the particles produced in this stage will eventually interact, creating other particles unless the
thermal equilibrium will be restored at some temperature so that the standard Hot Big Bang evolution can
start.

LIVII QUANTUM INFLATIONARY FLUCTUATIONS

In the previous section we described the dynamics of scalar and tensor perturbation and their imprinting
in the cosmic microwave background, but we said nothing about their origin: which is the physical nature
of primordial perturbations? One could say that they simply exist, but a remarkable aspect of the CMB is
that the primordial perturbations are correlated on scale well outside the horizon at the time of decoupling.
This can be considered as another aspect of the horizon problem: how can perturbations that have never
interacted be correlated? Here we want to answer all these questions showing that inflation provides a
fascinating mechanism able to unveil the nature of primordial density perturbations. This is maybe one
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of the most relevant aspects of inflation theory: one can calculate the power spectrum both of scalar and
tensor perturbations and since this spectra are related to the CMB anisotropies, this calculation provides
an important prediction directly connected with observations.

The basic idea underlying the origin of the primordial perturbations is that, during inflation, the infla-
ton field ¢ evolving on the potential V(¢) will not have a completely classical dynamics, but it will also
have some small quantum fluctuations around its classical trajectory. Quantum fluctuations of the infla-
ton field are so blown up on superhorizon scales by inflation itself becoming classical perturbations: the
source of the primordial power spectra of scalar and tensor fluctuations. Therefore inflation, combined
with quantum mechanics, provides an elegant mechanism for generating the initial seeds of all structures
in the Universe [13, 55, 77, 94, 95].

To describe a rigorous picture of quantum fluctuations, in general, we should consider perturbations
in the metric, too. Nevertheless the Einstein equations relate perturbations in the metric to perturbations
in the fields and so there is essentially only one physical degree of freedom [83, 96]. If we choose to work
in the so called spatially flat Gauge, namely the Gauge in which the curvature of space-like hypersurfaces
is zero and the spatial part of the metric is unperturbed, we can quantify this degree of freedom as the
field fluctuations é¢, leaving the metric unperturbed [53, 82, 83, 96]. At the same level of accuracy, we
can also drop the contribution that arises from the inflationary potential V (¢), considering the field to be
free. In this way, we can just focus on é¢, and, according to the perturbation theory, we split field and the
fluctuations ¢ — ¢ + d¢. The perturbations in general will not be homogeneous, d¢ = d¢(t, x), so in their
equation of motion we must consider also the spatial dependence and, in light of Eq. (1.220), we write

o¢p +3Hép —a 2(t) V25¢ = 0. (1.238)

It is useful to use the conformal coordinates o; = (1/a)0d, in such a way that
/
59" +2 (‘;) 5¢' — V26 =0 (1.239)

where we used the notation (... )/ = 9, (... ). We have to quantize the field in a FRW spacetime. We proceed
analogously to the canonical quantization process, expanding the field d¢ into its Fourier components

a3k . .
5901,%) = [ Gy [00n) e + 0 ) o™ (1.240)

and promoting the field d¢ to be an operator ¢ — d¢ and (by, bi) — (by, bf). We interpret (b, bl) as the
common creation and annihilation operators. We also impose the canonical quantization conditions:

[@k, Blt,} — Bk —K), (1.241)
[Ek, Ek,} - [Blt, Blt,] —0. (1.242)
Using the equation of motion (I.239), we easily find the equation for the Fourier components [13, 14, 55]
/
Syl +2 (‘;) 5L + K2o¢y = 0 (1.243)
where with k* we are intending the spatial Euclidean amplitude k> = |k|%. At this point it is useful to

introduce the following field redefinition:

up = a(n) o (1), (1.244)
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The equation for the Fourier modes (1.243) in terms of the new field uj reads

2

ull + [kz . ”a] g = 0. (1.245)

This is nothing but the Mukhanov equation we have already discussed in section LIl and can be considered
the generalization of the Klein-Gordon equation in an expanding Universe. In the so called Ultraviolet limit
k> -, Eq. (1.245) simplifies to

ul + k> uy = 0. (1.246)

whose solution is given by

1 ‘ ‘

ur(n) = —= (Axe ™ + By e 1.247

k(1) NGT: ( k k ) (1.247)

with Ay and By to be fixed by choosing an appropriate vacuum state (we will do this soon). On the other
hand, in the so called Infrared limit k < ”7” the equation (1.245) reads

auy —a"u, =0, (1.248)

with the easy solution
up < a(n) = d¢ = const. (1.249)

proving a very interesting feature: the Fourier mode é¢; does not evolve on the super-horizon scales (i.e.
k < a(t)H). This phenomenon is called mode freezing.
We now come back to the issue of the vacuum state. The mode amplitude depends on the constant
Ay and By and all of their physics boils down the boundary condition for the field perturbations in the
ultraviolet limit. This problem is strictly related to the vacuum selection in the canonical quantization
process. Indeed with some efforts, one can show that the canonical quantization condition for the operators
(by, E,‘:) translates into a boundary condition for the u; and u;; modes that is nothing else but the Wronskian
condition
W, 1) = g () — ()} = i (1.250)

Using the solution (1.247) it is easy to see that this implies | Ax|> — |Bx|?> = 1, the same condition that one
would obtain in a Minkowski spacetime. Anyway, it is not enough to complete the solution and, in fact,
a second relation arises from the vacuum selection in our FRW spacetime. We define the vacuum state for
the FRW spacetime as the state where all the comoving observers see no particles which is to require that in
the ultraviolet limit the FRW spacetime is asymptotically Minkowskian, i.e., Ay =1 and By = 0. Thisis
known as the Bunch-Davies vacuum. It is not the only discussed choice in literature (see e.g., Refs [97-102]),
but it is of course the most reasonable and we will adopt it. With this choice the solution in the ultraviolet

limit eventually becomes
1

ug(n7) = ﬁ

Notice that equation (I1.245) depends on the spacetime background by a term “7” and so it is quite difficult
to find a generic solution for this equation. However, here, we are interested in the quantum inflationary
fluctuations and, since during inflation our spacetime is approximately de Sitter, it is worth finding an
exact solution in this limit. By noting that in a de Sitter spacetime 7 = —1/(a H), and a”/a = 2/7?, the
Mukhanov equation becomes:

e~k (1.251)

uy + (kz — 7722) u = 0. (1.252)

By a direct substitution one can check that an exact solution is:

A (Y g O (1 1.253
e = km( ‘w)* km(*rm)' (1:259)
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which fixing the Bunch-Davies vacuum (Ax = 1 and By = 0) eventually becomes

e (1 i > (1.254)
Uy =—=11——1. .
Cvak Uk
So we have the complete expression of the field operator d¢ in the de Sitter spacetime
o _ [ @k Uk 7 ikex W\ tt ikx
5p(17,%) = /(271)3 [(ﬂ) Bree™ ™ + <a) bt e ] . (1.255)

One can now compute the power spectrum of the fluctuations around the vacuum state in the de Sitter
limit

~ ~ Bk dk’ [ uyeuy dex il
(0169 (17, )0 (17, x')|0) = = [ 75K ) (0lbbl|0)elxe KX 4 . (1.256)
(2m) a

where all the other terms omitted from the integral vanish. The only non vanishing matrix element

(0]bicbi|0) = (0|bycby, — b byc|0) = (0] [bk, bﬂ 0) = & (k — k). (1.257)
H:,O—/
gives
(01891, )59, )10) = [ PREH (10l ) exitex 31 1) (1.258)
P01 X0501,x)10) = [ 550 (Z -
#k [ |u]? ik (x+x)
=] Gy ( 2 ) e (1.259)
dk - ,
- P ik (x+x") .
/ ey Plk) e , (1.260)
where in the last line we have defined the power spectrum
2
. |u
Py (k) = ‘a‘;‘ , (1.261)
and so the dimensionless power spectrum (see also the conventions)
s B |u)?
Using equation (I.251) we obtain for |uy|?
1 1
2 P
nel® = 5 <1 + k2172>’ (1.263)

which gives

2 2
Prp = @T) [H— (;) ] . (1.264)

This is the expression for the dimensionless power spectrum of the inflaton fluctuations in an exact de
Sitter spacetime. Note that well outside the Hubble horizon (i.e., k < (aH)) it approaches to be a constant:

2
P = (;) . (1.265)
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This result is consistent with the phenomenon of modes freezing that we discussed above.

Scalar Modes

Thanks to these efforts, computing the power spectrum for the primordial scalar and tensor perturbations
is almost trivial. We must use some Gauge-invariant measures for the fluctuations induced in the space-
time geometry and for the scalar spectrum we use the primordial curvature perturbation {. The inflaton
quantum fluctuations can be easily related to the primordial curvature perturbations { in the zero spatial
curvature Gauge where the spatial component of the metric is unperturbed (¥ = 0) and the spacelike
hypersurfaces at constant time are flat. According to equation (I.121), in the spatially flat Gauge, ¢ for an
inflaton-dominated Universe reads

{~ — <H) 0. (1.266)
¢
Therefore the calculation of the scalar power spectrum is straightforward:
H 2
p. = (4}) Pso (1.267)

This is the dimensionless power spectrum for scalar perturbations predicted by inflation at the time of
horizon crossing. Note that since { is a gauge independent quantity (or more rigorously speaking a gauge
fixed quantity), this result is gauge independent as well.

Notice that in the single-field slow roll paradigm the physics at the end of inflation is the same every-
where and the perturbations are adiabatic: since there is only one scalar degree of freedom that measures
the slightly density differences where there is an over-density in dark matter there is also a corresponding
over-density in the photons, baryons and neutrinos. Notice also that in an exact de Sitter spacetime the
spectrum of inflaton fluctuations is exactly scale independent. Therefore in an almost de Sitter epoch, we
expect the scale dependence to be very small. This is why the primordial scalar spectrum is commonly
parametrized with a power

ns—1
Ps(k) = As <kk> (1.268)
which includes only an amplitude A; = P(k,) (evaluated at the pivot scale k) and a scalar spectral index
(or scalar tilt) ns — 1 = dlog Ps/dlogk.

We conclude recalling that the inflationary fluctuations are directly related to the small irregularities
observed in the Cosmic Microwave Background. A simply way to link them to the statistical properties
of the CMB anisotropies and polarizations (i.e. the different Cy;) is to define the so called scalar transfer
functions

Cg{ Y, scalar _ ‘/0 dInk TSy (k) T3y (k) Ps(k), (1.269)

where for scalar perturbations X and Y run over X,Y = {T,E}. The transfer functions depend only on
known physics: a set of coupled Einstein-Boltzmann equations at linear order. Roughly speaking, the form
of the linear transformations encoded in the transfer functions probe the (late) time evolution while the
primordial power spectrum is determined by inflation.

Tensor Modes

Along with scalar modes, the quantum fluctuations of the inflaton field can source also Tensor modes, a
stochastic background of metric fluctuations known as Primordial Gravitational Waves. The underlying
reason is easy to understand: during the inflationary epoch the energy density of the Universe is dominated
by the energy of the inflaton filed. Therefore fluctuations in the filed ¢ — ¢ + ¢ source fluctuations in
the stress energy tensor Ty, [¢ + 6¢] — Ty + 6Tyy. The Einstein Equations relate fluctuations in the stress
energy tensor to fluctuations in the metric, i.e., Primordial Gravitational Waves. We have already pointed
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out that the equation of motion of primordial gravitational waves is

iy +3Hhy » +Khy . =0, (1.270)

with the two polarization states x and +. With the efforts of the previous sections the computation of the
tensor spectrum is trivial. The only point to be carefully considered is the normalization of the field & ..
In order to use the formalism developed from a scalar field, we have to be sure that /1, . and ¢ have the
same physical unit. Since in natural units [¢] = energy while & is dimensionless, it is useful to introduce
the normalized fields

Vst =V2Mphy i, (1.271)

where the factor /2 simply counts the two polarization states. The equation of motion for the normalized
tields read
P+ 3HYx 4+ + K s =0, (1272)

Using conformal time dt = a dy and defining a new field u, = a(n) P« + we get
"

ul |+ [k2 — ”u] Uy 4 =0. (1.273)

For each polarization (x and +) this is nothing else but the Mukhanov equation (I.245). Therefore we can
use the results already derived to obtain the dimensionless tensor power spectrum that, taking into account
all the factors corresponding to the two different polarization states, reads:

8 (H\?
m_m(zn)

Once again the symmetries of the almost de Sitter background constrain the scale dependence to be very
small and also in this case the tensor spectrum is commonly parametrized with a power

(1.274)

k=aH

k"
Pr(k) = At (k) (1.275)
which includes only an amplitude At = P (k. ) (evaluated at the pivot scale k) and a tensor spectral index
(or tensor tilt) nt = dlog Pr/dlogk.

In the next chapter we will discuss in great details Primordial Gravitational Waves. We conclude this
section underlying that, as for scalar modes, also tensor perturbations are directly related to the CMB by
Egs.(1.196), (1.213), (1.214) and (1.215) for the temperature anisotropies, E-mode and B-modes polarization,
respectively.

LIV.III EFFECTIVE FIELD THEORY OF INFLATION

So far we assumed the existence of a fundamental scalar field minimally coupled to gravity, the inflaton.
Here we review inflation under a completely different approach based on (broken) symmetries. We formu-
late inflation as an example of a spontaneous symmetry breaking theory and we describe its underlying
Goldstone dynamics [59, 76, 103-106].

Broken time diffeomorphisms

What we really know about inflation is that it is a transient phase of accelerated expansion and the space-
time is approximately, but not exactly, de Sitter. A de Sitter spacetime is a maximally symmetric solution of
the Einstein equations with a positive cosmological constant. It is well known that the de Sitter spacetime,
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being maximally symmetric, has 10 different Killing vectors ( i.e. the maximum possible number for a 4-
dimensional spacetime) that roughly correspond to 10 different isometries, namely: 3 spatial translations,
3 spatial rotations, 1 dilatation and 3 special conformal transformations®. However in almost any physical
model of inflation the de Sitter symmetries are broken to ensure the end of inflation as if the spacetime is
exactly de Sitter it would be invariant under time translations and we could not identify any preferred time
slicing. In other words we need a “clock’ (i.e. an order parameter such as, for example, the Hubble rate H)
that measures how long inflationary expansion lasts. Consider a generic clock-field ¢ (t) (that can be a mat-
ter field or the inflaton field itself) driving inflation. We can point out a privileged time-slicing where the
field is taken as uniform. Anyway, if we want to use the formalism of the spontaneous symmetry breaking
in the inflationary cosmology, we have to consider the metric tensor g, as our fundamental gauge field. It
is well known that General Relativity is invariant under spacetime diffeomorphisms of the type:

xt — X (). (1.276)
In inflationary cosmology we are clearly interested in the time component

A=t (x) =20 (1.277)

that must be broken since the spacetime dependent transformation t — t + 7(t,x) does not leave the
action invariant unless 77 is constant. An immediate consequence of a broken symmetry is the existence of
a Goldstone boson excitation in the direction of the broken generator corresponding to the transformation
U(x) =t + mt(t,x). The formalism of the Goldstone boson is very useful in the cosmological perturbation
theory. Indeed a generic adiabatic fluctuation of the clock-field i (t) can be easily related to the Goldstone
boson:

Sp(t) = w(t+ m(t,x)) — ¢(t) = P r(t,x), (1.278)

In other words, at linear order, adiabatic fluctuations are proportional to the Goldstone mode [76]. If we
decide to work in the so called spatially flat gauge (i.e., the gauge in which the spatial part of the metric is
flat) we get [59, 76]

gij = az(t) 51']', (1.279)

and all the metric perturbations are related to the Goldstone mode by the Einstein equations.

The Action in the Unitary Gauge

We can always perform a time shifting t — t — 7t(t,x) such that the fluctuations of the clock field vanish:
op(t) = 0. In this way we have no more the Goldstone boson (7t = 0) and its effect is eaten by the metric
guv since we induce a perturbation to the spatial part of the metric given by [59, 76]:

581] = az(t) e—ZHT((t,X) (51] (1280)

This gauge is called Unitary Gauge. In what follows, we derive the most general action in the Unitary gauge
compatible with all the symmetries of our problem. In particular, after Gauge fixing, our theory must be
invariant only under time-dependent spatial diffeomorphisms x' — x’ + (¢, x/) but it does not have to
respect the full diffeomorphism invariance. Therefore, besides the usual curvature invariants like R and
Rype RF'PY that are invariant under all diffeomorphism by definition, the reduced degrees of symmetry
allow other terms in the action. We can think to these terms as those that describe the additional degrees
of freedom coming from the Goldstone boson that, in our Gauge, are eaten by the metric. For example it is
easy to show that the ¢% is invariant under the time-dependent spatial diffeomorphism

o OF O

oxH dxv

g =08,68)g" = g" (1.281)

5 At late times, special conformal transformations act like conformal transformations on the space-like boundary
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and so its polynomials can appear freely in the Unitary Gauge action. Instead, to describe the metric
fluctuations we follow a geometrical approach: we first define the unit four-vector 7, on the constant time
hypersurfaces X; that in the unitary gauge reads

i
ny = — . (1.282)
/— g0

By contracting covariant tensors with 7, we can produce objects with un-contracted upper 0 indices, such
as g% and R that we argued to be scalars under spatial diffeomorphisms and so allowed in the action.
Generalizing, any four-dimensional covariant tensors with free upper 0 indices (but with all spatial indices
contracted) are allowed operators. Furthermore we can have three-dimensional quantities describing the
geometry of the hypersurfaces X;. In order to describe the geometry of these hypersurfaces, we can define
the so called induced metric 1, = guv + nun,, the extrinsic curvature tensor K, = hﬁvpnv, and the
Riemann tensor of the induced metric Ramg = 1 hg hf, hiRyvpor — KayKps + KasKpy. The most general
action will eventually read [54, 59, 76]

S— / d*x /=g L [Ruvper 8% Ky, Ry, 1], (1.283)

with the prescription that the only free indices can be upper 0s. Expanding this action around a flat FRW
spacetime:
¢® = -1, R=12H%>+6H, K=3H, (1.284)

with some efforts one can show that the action can be put in the following form [59, 76, 80]

Mg fi(t) — ()™ | +AS (L.285)

S—/d‘*x\/i

where f1(t) and f>(t) are time dependent functions and AS is the part of the action containing quadratic
order and higher-terms . We will deal with this part of the action later; now let us focus on the linear order
terms. Variating this part of the action respect to g*” we obtain the following relations:

1

2 _
. 1
H+H*=——= [2f(t) — fi(t)]. 1.287
The equations (1.286) and (1.287) are nothing else but the Freedmen equations that solved give
f(t) = M3 (3H* + H), (1.288)
— 2 1
fo(t) = =M H. (1.289)

Therefore the two unknown functions are completely fixed by imposing the FRW background (i.e., speci-
fying H(t)). The action becomes:

M, —FR— M (3H> + H) + M3HG™ | + AS (1.290)

S—/d4x\/7
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It is worth proving that if the slow roll condition —H < H? holds, so the linear part of this action is nothing
else that the minimal coupled action (I.218). In the unitary gauge, where ¢ = ¢(t), the action (1.218) reads:

S = / d*x /=g p R+~ g’waycpavq) V(¢p) (1.291)
- / dx\/~g P R+ 2 gOO(p V() (1.292)
= / d*x \ﬁ M (3H* + H) + MZHgOO] (1.293)

where in the last line we have used the slow roll relations (1.228) and (1.229). Note that it matches the linear
part of (1.290).

If we want to consider also the higher order terms AS, we have to take into account higher expansions
in powers of fluctuations such as [59, 76, 80]:

. (1294)

as = [t /=g [i Mall) ggoy _ 10 (5051 — 821 (o) — B (k2 4.

where we remember that around a flat FRW spacetime §g%° = 1 + g%.

The Goldstone Dynamics

We now introduce the Goldstone boson 7t again. Sometimes the procedure of reintroducing the Goldstone
boson is called Stuckleberg trick. As we are going to see, once that 7t is reintroduced, also the gauge
invariance of the theory is restored. In order to reintroduce the Goldstone boson, we perform a spacetime
dependent time reparametrization of the form:

t—t =t+m(tx) (1.295a)
Xj — X = x; (1.295b)
Let us see how the elements of the action (1.290) transform under such a parametrization. First of all we

recall that the volume element \/—g d*x is invariant under general four-dimensional diffeomorphism as
well as the Ricci scalar. As concerns the time dependent coefficients, instead they transform as

. 1.
flt) = f(t+m) = f(t)+ f(t) T+ Ef(t)ﬂ2 + .. (1.296)
while the contravariant components of any tensor transform as

ox'* ax'V

tHv
ox* 9xP

tF = (8ua + 6,00a77) (Sup + Su0dp7r) t°P. (1.297)

As concerns the covariant components, instead we get

ax oxP

a I ax/v a‘B (5#0{ + 55{08}[7-[) ! (5]/[5 + 5[3081/7‘() - th‘B' (1.298)

Fuy

We eventually get the following transformation rules for the metric tensor

g% — g%+ 20, g™ + 9,0, g"”, (1.299)
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g% — g% +0,mg", (1.300)
g — gl (1.301)

Considering only powers of 5g” inAS (without considering the quantities related to the extrinsic curva-
ture), the action for the goldstone boson finally reads[76, 80]:

pR M (3H? (t+ 7t) + H (t + 7)) + My H (8% 4 20, 18" + 9, 10, 1g"") | +

s= [dxy=g |5
+ fatey=g 1 2

4
Mt + ”) (14 g% + 20, tg" + 9,73, rg™)" (1.302)

AS

This appears to be very complicated. Even ignoring AS, we see that the goldstone boson 7 mixes with
the metric perturbations and so its dynamics is highly non linear. However a simplification may occur
at sufficiently short distances when we expect that, because of the equivalence principle, the Goldstone
dynamics can be studied without taking into account the metric fluctuations. In other words, the quadratic
terms that mix 7t and g, contain fewer derivatives than the kinetic terms of 77. Therefore at sufficiently
high energy scales they can be ignored. It is worth studying what happens when we consider the so called
decoupling limit defined as

M, o, H—0 for M%H = const (1.303)
This limit suggests that the Goldstone boson decouples from the metric perturbation for frequencies higher

than wmlx ~ |H |, where we can consider the metric unperturbed so that the action (1.302) up to terms of

order wmlx / w? reads:

s_/d‘*x\ﬁ
+ fatey=s 1 2

”R M (3H? (t+ m) + H (t+ 7)) + MyH (=1 =27t 4 (9,71)%) | +

M4 P ”> —27t + (3,m)2)" (1304)

AS

This works for any arbitrary FRW background. If we are interested in a quasi de Sitter background we
have to consider that —H < H?. In other words the fractional change in H per Hubble time is small. We
will assume that this propriety holds also for any other time dependent function and so that all the time
dependent parameters vary slowly. Assuming this implies that the action in the quasi de Sitter spacetime
will be approximately invariant under time translation. This approximate invariance of the action must not
be confused with the broken time diffeomorphism of the Background that is what we have used in order
to write the action. In other words this is another approximate global symmetry of the fluctuation and not
of the background. Taking into account this consideration, let us see when in a quasi de Sitter spacetime
the mixing terms are negligible. Let us consider the Lagrangian for the Goldstone 7t given by the first part
of (1.302) (i.e. we are not considering the higher terms in AS) [59, 76, 80]:

Ln=—M; (3H?*(t+ )+ H (t+ 7)) + M3H (g + 20, 71g% + 0,719, 71g""), (1.305)

We have to compare the mixing term 2]\71%, H 7t 5g™ (that comes from the term 2]\71%, HO,,7tg% in (1.305)) with
the kinetic term —M%, H 72 (that comes from Mf, H (9yma, ) for v = p = 0 always in (1.305).) One can show

that the Binstein equations give 6g% = 2ep H 7r. Therefore the mixing term becomes 4M7H (ey H 7771).
Since 7t7t is a total derivative of 7t this term can be integrated by part in the action (1.302) in order to obtain
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a mixing term —6M§H (em H? 7%). However a similar term comes from the expansion —3]\7[12, H2(t+ ) ~
SM%,H (eqH?7?) 4 ... Combining all these terms the ratio between the mixing term and the kinetic term
is: L '
mixing term —6M§H (ew H? %) + foqH (ew H??)  3ey H2 72
. = A ==H- (1.306)
kinetic term —M3 H 7t s

We see that the decoupling is reached when:
W > Wmix = VeEu H. (1.307)

Therefore in a quasi de Sitter spacetime ey < 1 the decoupling takes place at very low frequencies. For
example it is interesting to observe that at the horizon crossing w ~ H we are in this limit. If in this regime
we evaluate the Lagrangian (1.305) using an unperturbed metric, after a few efforts due to the quite long
calculation, one finds that the Lagrangian at the second order in 7 is very simple and reads:

2

£ = 3|1 (42 - 1) (1308)
The equation (1.308) is the second order (in 7r) Lagrangian of the inflation. It is a different but equivalent
description of the dynamics given by action (1.290) in the unitary gauge that, as we have shown, includes
also the slow roll inflation. We have therefore formulated inflation as a theory of broken time diffeomor-
phism writing its dynamics in terms of the corresponding Goldstone boson. This means that we can also
read off the spontaneous symmetry breaking energy scale from the Noether current associated with the
Lagrangian (1.308). The Noether current is:

= — (2M§|H\>aﬂ[ (20311 n]:— (2031 ) o7, (1.309)

The normalization of the current f2 tells us that the energy scale of the symmetry breaking is [76, 80]
fr=2M;|H| = ¢, (1.310)

This result formalizes the intuitive fact that, in the single field inflation, the inflaton itself is responsible of
the symmetry breaking because of its time evolution.

It is now useful to briefly provide a different strategy for computing the primordial spectra using the
Goldestone Dynamics. We use a different Gauge in which é¢ = 0 to obtain [76]

Sij = az(t) (1 - ZR) (51']‘ + ”ll‘]‘ . (I.311)
—_— —~

scalar perturbations  tensor perturbations

where R is the comoving curvature perturbation defined in (I1.122). In this way the inflaton scalar field ¢
is unperturbed and the scalar degree of freedom is described by the metric fluctuations from which both
scalar and tensor perturbations arise. In this gauge there is a relation between the comoving curvature
perturbation R and the Goldstone boson 7 is given by:

R=—-Hrn (I.312)

Since scalar and tensor perturbations evolve independently at linear order we split the computation. As
concerns scalar perturbations, we can write down the Lagrangian (I1.308) in term of R that in the slow-roll
approximation reads [76]:

Sp = 1/d4x 2 [z2_ L ary (1.313)
2 H? 2 )] '
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Using the conformal time 7 and defining the following variables

¢?
72 = azﬁ, u=zR, (1.314)
one obtains: . ,
Sk =5 /d;y d>x {(u’)2 + (9;u)* + Z? uZ] . (1.315)

Expanding the field u in its Fourier components, they must satisfy the Mukhanov equation
Z//
ul + <k2 — Z) u = 0. (1316)

and considering that in the de Sitter limit z”//z — a”a, the quantization process gives the same results
discussed before.
Similarly, for the tensor perturbations the second order action in h;; is [76]:

M2
S =5 / dpdxa® [()? = (3:hy)?] (L317)
Defining the Fourier expansion
@’k (1) (1),
hyj = / oY e et (1.318)
j
(27) p=(x+)
with ‘ )
klefjp) =0 GE]P)GEJP) = 20pp's (1319)
and normalizing the field
) = %MP n?, (1.320)

the action eventually becomes:
1 3 (»'\2 , a’ (p)\2
Si= Y E/dquwk P (-2 o) (1.321)
p=(x,+)

and we can recognize the Mukhanov equation and so also in the tensor case the quantization process gives
the same results.

I.LV THE STANDARD MODEL OF COSMOLOGY

We conclude this chapter with a brief overview of the current status of the standard model of cosmology,
the so called ACDM cosmological model.

Our previous discussions pointed out that to have a good agreement between the Hot Big Bang theo-
retical picture and the wide surveys of cosmological observations from large to small scales, we essentially
need three major unexpected ingredients: an early stage of accelerated expansion, an unknown matter com-
ponent able to facilitate structure formation and finally an unknown energy component able to explain the
current accelerated expansion. Within the standard ACDM cosmological models these three ingredients
are introduced as follows:

¢ Single-Field Slow Roll Inflation: the early stage of accelerated expansion is regarded to be driven
by a single slow-rolling scalar field minimally coupled to gravity. The quantum fluctuations of the
scalar field are expected to produce only adiabatic scalar modes while within the standard model of
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cosmology isocurvature modes are not expected and Primordial Tensor Modes are usually assumed
to be negligibly small. Moreover inflation is supposed to be long enough to drive the spatial geometry
towards flatness in such a way that the curvature parameter is set to (2, = 0.

¢ Cold Dark Matter: the missing matter component able to facilitate structure formation is parametrized
by a pressure-less fluid made of collision-less particles with low momenta known as Cold Dark Mat-
ter (here the meaning of CDM in ACDM). Since possible interactions/decays are ignored and the
energy density of relativistic species decreases very rapidly with the scale factor, other Hot Dark
Matter species in the Universe are considered absent or negligible.

¢ Cosmological Constant Dark Energy: the late-time epoch of accelerated expansion is supposed to be
due to the cosmological constant term A in the Einstein Equations (here the meaning of A in ACDM).
Therefore the late time equation of state is assumed to be wpg = —1 (i.e., P = —p) and there is no
dynamical evolution in the dark energy component: Qpg(t) = QO = Const.

It should be noted that from a theoretical side, these choices are mostly motivated by simplicity. The
theoretical predictions (as well as the computational efforts) become less expensive if we include fewer free
parameters in the theory. As a matter of fact the ACDM model is made of only six free parameters that we
can fix by observations, namely:

* the baryon energy density, O,h?;

¢ the cold dark matter energy density, QHZ;

¢ the angular size of the horizon at the last scattering surface, Oyic;

¢ the optical depth at reionization, T;

¢ the amplitude of the primordial spectrum of scalar inflationary perturbation, As;

¢ the spectral index of of the primordial spectrum of scalar inflationary perturbation, ns.

Equivalently we may consider the Hubble constant Hy (= 100/ [Km/s/Mpc]) instead of Oyc. In what
follows we review the current constraints on these parameters.

I.LVI DATA STORYTELLING

So far we have outlined a phenomenological model of the Universe with only six degrees of freedom. We
can therefore use cosmological observations to constrain such free parameters.

It should be clear from our previous discussion of the Cosmic Microwave Background Radiations that
the study of the angular spectrum of CMB polarization and isotropies play a crucial role in observational
cosmology since the combined analysis of the TT TE and EE correlators breaks the degeneracy among the
different parameters allowing us to obtain precise values for all of them. Furthermore, along with the
Cosmic Microwave Background, other cosmological observations can be used to improve these results.

Methodology

Here we use the final release of Planck 2018 temperature and polarization data [42], combined with other
cosmological observations, to derive updated bounds on the ACDM model. In particular we perform
Monte Carlo Markov Chain (MCMC) analyses using the publicly available package CosmoMC [107, 108] and
computing the theoretical model with the latest version of the Boltzmann code CAMB [109, 110]. We consider
the canonical ACDM model described by the usual six-parameters.

The posteriors of our parameter space have been explored using the MCMC sampler developed for
CosmoMC and tailored for parameter spaces with a speed hierarchy which also implements the "fast drag-
ging" procedure described in Ref. [111]. The convergence of the chains obtained with this procedure
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is tested using the Gelman-Rubin criterion [112] and we choose as a threshold for chain convergence
R—1<0.02.
Our baseline data-set consists of:

¢ Planck 2018 temperature and polarization (TT TE EE) likelihood, which also includes low multipole
data (£ < 30) [42, 113, 114]. We refer to this combination as "Planck".

¢ Planck 2018 lensing likelihood [115], constructed from measurements of the power spectrum of the
lensing potential. We refer to this dataset as "lensing".

¢ Baryon Acoustic Oscillations (BAO) measurements extracted from data from the 6dFGS [116], SDSS
MGS [117] and BOSS DR12 [118] surveys. We refer to this dataset as "BAO".

¢ Type Ia Supernovae (SNela) distance moduli measurements from the Pantheon sample [119]. We
refer to this dataset as "Pantheon”.

In particular we stress that for the Planck data we consider both the high-multipole likelihood (which
includes multipoles 30 < ¢ < 2500 for the TT spectrum and 30 < ¢ < 2000 for TE and EE spectra) and
the "low-E" polarization likelihood (which covers the multipole range 2 < ¢ < 30 for the EE spectrum). In
this way, analyzing the Planck anisotropies and polarization measurements, we can derive constraints on
all the cosmological parameters of the model. Furthermore, we combine the Planck TT TE EE spectra with
the Planck lensing measurement. Indeed the CMB photons that we measure today traversed almost the
entire observable Universe and, along their paths, are deflected by gradients in the gravitational potentials
associated with inhomogeneities in the Universe. This can cause a smoothing of the acoustic peaks and a
conversion of E-mode polarization into B-mode polarization. Therefore the Planck lensing reconstruction,
being the most significant detection of CMB lensing to date, is useful to improve the constraints on cosmo-
logical parameters, providing sensitivity above all on parameters that affect the late-time expansion and
the background geometry. However, while the Planck lensing measurements partially break the geomet-
ric degeneracy, it is well known that the inclusion of the baryon acoustic oscillation (BAO) measurements
from galaxy surveys is a much more powerful way to break degeneracy in the geometrical sector. BAOs
are the counterpart to the CMB acoustic peaks in the baryon distribution which remain imprinted also into
the present-day matter distribution. Using the transverse BAOs information one can constrain the ratio
between the comoving angular diameter distance (Dj) and the sound horizon (r;) at the epoch when the
baryon evolution becomes unaffected by coupling to photons. On the other hand, from the line-of-sight
information we can constrain the quantity H(z) r4. These two information can be combined together to con-

strain the acoustic-scale distance ratio Dy /rq = [cz D3,(z)H !(2)] 13 r4- The acoustic scale measured by
BAOs (at around 147 Mpc), being much larger than the scale of virialized structures, makes the BAO mea-
surements relatively simple geometric measurements insensitive to nonlinear physics, providing a robust
geometrical test of cosmology. Here, in combination with the Planck data, we use the measurements of
Dy /rq from the 6dF survey at an effective redshift ze = 0.106 [120], the SDSS Main Galaxy Sample at
Zegg = 0.15 [117] and the final BOSS DR12 data with separate constraints on H(z) rq and Dj/rq4 in three
correlated redshift bins at z.¢ = [0.38, 0.51, 0.61] [118].

The results for cosmological parameters are given in Table I.1 for different combinations of the datasets
listed above. On the other hand in Figure 1.8 we show the 1D and 2D posterior distributions of the six
free parameters of the standard ACDM cosmological model. It is worth pointing out that, once these
parameters are fixed by observations, the whole cosmological evolution is determined as all the other cos-
mological parameters can be derived starting from the knowledge of these six ones. In Figure 1.9 we show
the marginalized 2D distributions of different derived cosmological parameters, most of them introduced
in the previous discussions. In what follows we briefly review the major results.

Inflation and Adiabatic Scalar Modes

Two of the six parameters of the standard cosmological model are related to inflation. Indeed both the
spectral amplitude of adiabatic scalar modes As and the spectral index n are free parameters in the ACDM
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Parameter Planck (TT TE EE) + lensing + lensing + phanteon  +lensing + BAO  + lensing + BAO + Pantheon
Oph? 0.02236 £ 0.00015 0.02237 £ 0.00015 0.02239 £ 0.00014 0.02242 £ 0.00014 0.02243 £ 0.00013
Qc? 0.1202 £ 0.0014 0.1200 £ 0.0012 0.1197 £ 0.0011 0.11933 £ 0.00091 0.11921 +£ 0.00089
100 Opc 1.04090 =4 0.00031 1.04092 4 0.00031 1.04095 4 0.00031 1.04101 + 0.00029 1.04102 + 0.00029
T 0.0544 + 0.0079 0.0544 + 0.0073 0.0551 + 0.0073 0.0561 =+ 0.0071 0.0564 =+ 0.007
log(1010A;) 3.045+0.016 3.044 +0.014 3.045+0.014 3.047 +0.014 3.047 £ 0.014
ng 0.9649 £ 0.0044 0.9649 £ 0.0042 0.9655 4 0.0041 0.9665 =+ 0.0038 0.9668 & 0.0037
Hp [km/s/Mpc] 67.27 £ 0.60 67.36 £ 0.54 67.48 £ 0.50 67.66 £ 0.42 67.72 +0.40
Qu 0.3166 £ 0.0084 0.3153 £ 0.0073 0.3136 £ 0.0068 0.3111 £ 0.0056 0.3103 £ 0.0054
(OIN 0.6889 =+ 0.0056 0.6847 £ 0.0073 0.6864 =+ 0.0068 0.6889 =+ 0.0056 0.6897 & 0.0054
03 0.8120 £ 0.0073 0.8111 £ 0.0060 0.8108 £ 0.0060 0.8102 £ 0.0060 0.8100 £ 0.0060
Sg =03 (Q,,,/O.?))l/2 0.834 +0.016 0.8324+0.013 0.829 4-0.012 0.82540.011 0.824 4 0.010
1000, 1.04109 £ 0.00030 1.04110 4 0.00031 1.04113 £ 0.00030 1.04119 £ 0.00029 1.04120 + 0.00029
75« Mpc] 144.39 +£0.30 144.43 +£0.26 144.49 +£0.25 144.57 £0.22 144.59 £0.21
kp [Mpc™!] 0.14078 + 0.00028 0.14087 =+ 0.00030 0.14083 =+ 0.00029 0.14078 + 0.00028 0.14076 + 0.00028
Zre 7.68 £0.79 7.67£0.73 7.73+£0.73 7.82+0.71 7.85+0.7
YEBN 0.246716 4 0.000059  0.246721 4 0.000057  0.246729 4-0.000055  0.246740 == 0.000052 0.246744 + 0.000051
Age [Gyr] 13.800 £ 0.024 13.797 £0.023 13.793 £0.022 13.787 £ 0.020 13.785 £ 0.020

TABLE 1.1: Results for the ACDM cosmological model obtained for different combinations of
datasets. The bounds on parameters are 10 errors (68% CL).

model and we can fix them only by observation since inflation does not predict their magnitude. From data
we obtain at 68% CL

log(10'°A;) = 3.044 + 0.014 Planck (TT TE EE + lensing), (1.322)

ng = 0.9649 +0.0042 Planck (TT TE EE + lensing). (1.323)

Therefore the spectrum of scalar (adiabatic) perturbations in measured with great precision and it should
be noted that the result for the scalar spectral index is one of the major successes of inflation theory. Indeed,
in the simplest single field slow roll inflation paradigm, due to the breaking of the de-Sitter isometries by
a dynamical scalar field (the inflaton), we expect a slightly red tilted spectrum ny = 1 — 25y — 6ey S 1
that is exactly what we measure. At the beginning of the next chapter, we will study extensively the
observational constraints on the standard paradigm of inflation, so we postpone a more precise discussion
of the implications on the physics of inflation to the next chapter.

Acoustic oscillations, sound horizon and dumping tail

The acoustic oscillations in the TT correlator discussed in the previous section on the CMB radiation, cor-
respond to a sharply-defined acoustic angular scale on the sky, given by

s, %
9*:7'

D (1.324)
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Planck (TT TE EE)
B Planck (TT TE EE + Lensing)
Planck (TT TE EE + Lensing) + Pantheon
Il Planck (TT TE EE + Lensing) + BAO
Planck (TT TE EE + Lensing) + BAO + Pantheon
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FIGURE 1.8: Marginalized 2D and 1D posteriors of the six free parameters of standard ACDM
Cosmological Model obtained exploiting different combinations of cosmological data-sets
listed above.

with 7, the (comoving) sound horizon at recombination and Dy; = (1 + z) D4 the comoving angular
distance. In practice 6. is nothing but the angular distance corresponding to the sound horizon at recom-
bination. The CMB data by the Planck Collaborations measure at 68% CL

1006, = 1.04110 £ 0.000311 Planck (TT TE EE + lensing) (1.325)

with a precision of about 0.03%. Notice that since 6. has a simple geometrical interpretation, these results
are very robust and almost independent both on the datasets and also on of the cosmological model.

Similarly we can extract information also on the physical size of the Sound Horizon 7, . at recombina-
tion, obtaining at 68% CL

ts,« = 144.43 = 0.26 Mpc Planck (TT TE EE + lensing) (1.326)
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and on the dumping scale kp given by Eq.(1.193) obtaining always at 68% CL

kp = 0.14087 + 0.00030 Mpc_1 Planck (TT TE EE + lensing) (1.327)

Reionization

As we have already pointed out, the sub-horizon CMB anisotropies are scattered by free electrons that
are present after reionization, and their observed amplitude decays as As e~27, where 7 is the reionization
optical depth, measured with good precision

T = 0.0544 £ 0.0073 Planck (TT TE EE + lensing) (1.328)

at 68% CL. Combining the anisotropies and polarization (cross) correlators, see Tab(l.1), one can extract
information on the redshift when reionization takes place. Assuming a parametrization for the ionization

fraction 1
y, = Nt _ LH nme/nn [1 + tanh (y(z’@) —J (Z)>] (1.329)
ny 2 Ay

withy(z) = (142)%2, Ay ~ 3 (1+ zre)'/?, this implies a mid-point redshift of reionization measured to be
at 68% CL
zre = 7.67 £0.73 Planck (TT TE EE + lensing) (1.330)

which tells us that reionization is a quite recent event in the Universe whose physical nature is still debated.

Dark Matter and Dark Energy

As one can see in Table I.1, the Baryon and Cold Dark Matter content in the Universe, (), h* and Q. h?
respectively, are measured with a great precision by current cosmological observations:

Q h* = 0.02237 +0.00015 Planck (TT TE EE + lensing) (1.331)

Q. h? = 0.1200 + 0.0012Planck (TT TE EE + lensing) (1.332)

both at 68% CL. This means that the matter and energy content of the Universe is well understood. In
particular, the matter density can be measured from the CMB spectra using the scale-dependence of the
amplitude, as, for fixed 0, a larger matter density would reduce the small-scale CMB power. Furthermore,
the matter density also affects the amount of lensing in the CMB spectra and the amplitude of the CMB-
lensing reconstruction spectrum. Therefore we can obtain at 68% CL the tight constrain

0y, = 0.3153 £0.0073  Planck (TT TE EE + lensing) (1.333)

from which it follows that about the 31% of the energy content of the Universe is due to matter. In particular
Baryonic matter is only a small fraction (about 4%) while the largest contribution is due to Cold Dark
Matter. Indeed baryonic matter can be constrained at sub-percent level, see Table 1.1 since changes in
the baryon density would affect the CMB angular spectrum in characteristic ways, modifying the relative
heights of the even and odd acoustic peaks, see also the discussion on CMB anisotropies. Notice also that,
a very important quantity in the matter (power spectrum) measurements is the parameter oz defined to be
the root mean squared of the fluctuations over a volume of radius 8~ Mpc. Indeed this is constrained
by the detection of the Baryon Acoustic Oscillations that, due to the effect of the oscillations of baryons
(that are tightly coupled to photons before decoupling and then oscillate with them) are imprinted at small
scales in the matter power spectrum. From the CMB data, we get at 68% CL for o3

og = 0.8111 £ 0.0060 Planck (TT TE EE + lensing). (L.334)
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Alternatively one can use the combination Sg = 03 (), / 0.3)1/ 2 obtaining at 68% CL
Sg = 0.832£0.013 Planck (TT TE EE + lensing). (1.335)

Finally, since the Universe is regarded to be spatially flat ((), = 0) and the radiation energy density
is expected to be negligibly small (), < ();;), because of Eq.(1.25), this means that the missing fraction
of energy density, about ~69%, must be accounted by Dark Energy. We recall that within the standard
ACDM model, Dark Energy is assumed to be the cosmological constant term in the Einstein equations so
that Qp = 1 — Q),,,. From the CMB measurements it follows that at 68% CL

Qa = 0.6847 £ 0.0073 Planck (TT TE EE + lensing). (1.336)

that corresponds to a value A ~ 4.2 x 107 eV? for the cosmological constant. This value is much smaller
than those expected for example in Quantum Field Theory where A can be interpreted as the vacuum
energy and so its physical meaning is not clear yet.

The Expansion Rate and the Age of the Universe

The Hubble constant is one of the most important cosmological parameters since it quantifies the expansion
rate of the Universe. The CMB measurements fix Hy at 68% CL to

Hy = 67.36 £0.54 [Km/s/Mpc] Planck (TT TE EE + lensing) (L.337)

Notice that the CMB radiation carries information about the Early Universe while Hy quantifies the expan-
sion rate today. This means that this value is extrapolated by data within the ACDM cosmological model.
In the last years several convincing evidences for a statistically significant tension between the value of
HO derived by measurements of the Early Universe (CMB) and those derived by late time measurements
(Supernovae) suggest either systematic in (one of) these experiments or possible modifications to the stan-
dard ACDM paradigm. We remand to Ref. [121] for an extensive review of the problem and its possible
solutions.

Once that the energy-density content and the expansion rate of the Universe are specified, the age of
the Universe can be easily computed integrating the cosmological evolution from early to late time. The
CMB measurements give at 68% CL

Age = (13.797 +0.023) x 10° [year] Planck (TT TE EE + lensing). (1.338)

which is not very different from a rough estimation that we can obtain simply by ~ 1/ Hy.

ILVII BEYOND THE STANDARD COSMOLOGICAL MODEL

The ACDM model described so far has been hugely successful in describing most of the cosmological
observations of the last century. However it is also true that simplicity is not always a prerogative of nature
and this phenomenological model can be regarded as an approximation to a more accurate scenario that
still needs to be fully explored (or even understood) both theoretically and experimentally. Therefore it is
not guaranteed at all that the same model will fit more precise observations from widely different cosmic
epochs and scales from current and future cosmic observers.

As a matter of fact, in the last years several convincing evidences for a statistically significant tension
between early and late Universe [121-124] are undermining the stability of the scenario developed in the
past century. While these tensions could be explained in terms of systematic errors in the CMB and/or
astrophysical experiments currently unaccounted for, they can also suggest possible modifications to the
standard ACDM paradigm [121, 124]. In addition, the recent debate on the spatial curvature of the Uni-
verse [125] opens several other points of discussion.
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What is sure is that current and future improvements in the experimental measurements may open up
a unique observational window for testing extensions of this standard scenario with increasing precision.

Among all the possible extensions that may be considered, probably the most relevant are those con-
nected with fundamental interactions. In the following chapters of this work we consider different exten-
sions of the standard cosmological model that will allow us to constrain very different branches of funda-
mental physics, testing global theoretical scenarios beyond General Relativity and the Standard Model of
particle physics.

In particular in chapter II we focus on relic gravity waves from inflation that, being produced at ex-
tremely high energy scales, may carry unique information about the theory of gravity nearly the dawn of
time, soon after the Big Bang singularity. We study - both from a theoretical, phenomenological and data
analysis perspective - the way non standard physics beyond the slow roll paradigm with Einstein gravity
can be encapsulated into different cosmological observables.

Conversely, in chapter III we explore the possibility to constrain well motivated extensions of the Stan-
dard Model of particle physics with current and future cosmological data. In particular we focused on QCD
Axions produced in the Early Universe via thermal channels in realistic mixed hot dark matter scenarios
that consider also massive neutrinos as extra thermal species.
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CHAPTER II

PRIMORDIAL GRAVITATIONAL WAVES

The search for tensor modes, a stochastic background of gravitational waves sourced by a
super-adiabatic amplification of zero-point quantum fluctuations during inflation, is one of
the major goals of modern cosmology as they may both provide substantial evidence for
Primordial Inflation and shed light on its physical nature. In this chapter, after presenting an
extensive updated review of the cosmological constraints on slow roll Inflation, I study the way
non-standard high-energy physics may be encoded in the tensor two-point function, inferring
how the usual power-law parametrization can be broken by large surveys of mechanisms and
discussing the implications for large and small scale observations.
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II.I COSMOLOGICAL CONSTRAINTS ON SLOW ROLL INFLATION

In the previous chapter we reviewed how in the very Early Universe a phase of almost de Sitter expansion
known as Cosmological inflation is supposed to set the initial condition for Hot Big Bang Theory evolution,
driving the Universe towards homogeneity and flatness [79].

According to the standard paradigm of inflation, a dynamical scalar field ¢, the inflaton, can easily
induce such an epoch of expansion provided that the inflationary potential V (¢) is sufficiently flat to allow
a phase of slow roll evolution [54, 77, 126, 127]. Furthermore, the quantum fluctuations of the field around
its classical trajectory, becoming classical on large scales, can induce energy-density fluctuations, sourcing
both rotational invariant scalar modes and, if the energy scale of inflation is sufficiently high, a satiable
background of Primordial Gravitational Waves (PGWs) [13, 14, 55, 126-132]. As we anticipated in the first
chapter, the search for primordial gravitational waves is one of the main goals of modern cosmology as they
can both provide a substantial evidence for primordial inflation and shed light on its physical nature [12—
14, 55,79, 126-129, 133-142]. Being scalar and tensor perturbations decoupled at the linearized level, they
can be treated separately. After the end of inflation, scalar perturbations re-enter the observable Universe,
setting the seeds for the structure formation and providing a quite natural explanation for the observed
anisotropies in the Cosmic Microwave Background (CMB). On the other hand, PGWs may imprints the
CMB photon polarization, leading to a very distinctive signature in the B-modes spectrum on large angular
scales [12-14, 54,79, 126-129, 143].

In the framework of single-field inflation with Einstein gravity, primordial scalar and tensor pertur-
bations are expected to be (nearly) Gaussian and hence they can be described in terms of their two-point
correlation functions and their primordial spectra. It is well known that the spectrum of the quantum fluc-
tuations of a (massless) scalar field in a de Sitter background is flat. Therefore, since both scalar and tensor
perturbations are sourced by the fluctuations of the inflaton field in an almost de Sitter background, we
expect nearly but not exactly flat primordial spectra. From Eqs (1.267) and (1.274) it follows that, in terms
of the inflationary parameters (1.232a) - (1.232d), the primordial spectra are [12-14, 55, 56, 144-159]

1 H? 1 V3
D — (=)= —) (L], 1.1
° <8n2M§1> (ev> <1z7r2Mg> <V43> (D)

— 2 2 _ 2
Pr = <7T2M%> H? = (3712]%) v. (I.2)

Notice that, by definition, the expansion rate is almost but not exactly constant during the slow-roll evolu-
tion (H? > |H|). Since both the Hubble parameter and the Inflationary potential, slightly evolve with time
during Inflation, we evaluate the spectra at the time when the wave-number k exits the causal horizon,
namely at k = aH. As pointed out in subsection LIVII, after the horizon-exit, scalar and tensor modes
freeze-out and the spectra approach to a constant value. For this reason, the perturbations produced by
generic single-field models are typically well approximated by the following power-law form of the adia-
batic scalar and tensor components

log Ps(k) =log As + (ns — 1) log (k/k.) + . .. (IL3)

log Pr(k) =log (r As) + (nt)log (k/ks) + ... (IL.4)

where k. denotes an arbitrary scale known as pivot scale, As = Ps(k.) and At = Pr(k.) are the scalar and
tensor amplitudes computed at the pivot scale and r = At/ As is the so called tensor-to-scalar ratio. We
have also defined the scalar and tensor spectral index (or tilt) respectively as

. [dlogPs(k)
ne—1= [dlogk L (IL5)
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. [dlogPr(k)
Ny = [d gk |, - (IL6)

The scalar and tensor tilts quantify the departure from the scale-invariant case and in this simplest scenario
we expect slightly tilted spectra because of the field evolution which breaks the de Sitter isometries, pro-
viding also a well define clock to measure the time to the end of inflation. Notice anyway that inflation
does not predict neither the precise values of the amplitudes nor those of the tilts, but they depend on the
details of the inflationary dynamics which is clearly related to the precise shape of the potential. Indeed,
using Eqgs.(IL.1) - (I1.2), one can write the scalar and tensor tilt in terms of the slow-roll parameters as

ns —1=2ny —6ey = —2€1 — €, (I1.7)

ny = —2ey = —r/8 (IL.8)

from which we see that constraints on the spectral parameters can be translated into constraints on the
inflationary potential and the background dynamics (or vice-versa). Within the power-law parametriza-
tion, both ns and nt can be assumed to be scale-independent and the higher order terms in Eqs. (IL.3)
and (II.4) negligible. However this is an approximation and further parametrizations that include also
higher-order corrections may be considered [2, 160, 161]. Furthermore, it is worth noting that today only
the scalar amplitude and tilt are measured with good precision [78] while a detection of primordial ten-
sor modes is still missing. Indeed, a combined analysis of the Planck measurements of the CMB polar-
ization and anisotropies [78] and the BICEP2/Keck array likelihood for B-modes polarization [162] con-
strains the amplitude of primordial gravitational waves on scales comparable to the current Hubble length
(ap Hy = 2.248 x 10~*Mpc 1), placing only an upper bound on the tensor to scalar ratio at a pivot scale
k. = 0.002 Mpc_1 of rg.002 < 0.056 at 95% Confidence Level (CL hereafter).

Therefore, even though current observations show a general agreement with the standard slow-roll
predictions and many inflationary models proposed in literature can be ruled out, the missing evidence for
tensor modes and, in general, the present day accuracy in data places only generic constraints on inflation
that in many cases are obtained within specific assumptions (e.g. an exactly flat background geometry, a
vanishing scale dependence of the scalar - and tensor - tilt or even a negligible tensor amplitude).

In this section we provide an updated review of the cosmological constraints on slow roll inflation,
analyzing different extensions of the standard ACDM model. Because of the inflationary perspective of
this chapter, we are basically interested in exploring modifications in the primordial sector. By using the
slow-roll approximation we derive a set of consistency relations between higher-order scalar and tensor
parameters, generalizing the power-law expansion for the primordial spectra up to the third order and
constraining the additional parameters in light of the most recent cosmological observations. We also
relate the primordial perturbations to the dynamics of the Hubble parameter during inflation and the
derivatives of the inflationary potential, constraining these quantities and interpreting the results in terms
of the physics of the inflationary epoch.

II.I.IL. METHODOLOGY

In this subsection we outline the methodology used in our analysis. We highlight the modifications to
the primordial sector and discuss the additional parameters that we introduce in the cosmological model.
Then, we review our data-analysis techniques and the datasets used to derive our results.

Cosmological Model

We analyze the slow-roll paradigm of inflation considering different extensions of the standard ACDM
model. We consider the standard six-parameters of ACDM i.e., the baryon w, = k% and cold dark
matter w. = Qh? energy densities, the angular size of the horizon at the last scattering surface Oyic, the
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optical depth T, the amplitude of primordial scalar perturbation log(10'°Ag) and the scalar spectral index
ns. Along with them, we consider also other different combinations of additional parameters that involve
modifications in the primordial sector. In particular we generalize Egs.(I1.3) to the following expansion

log Ps(k) = In As + (ns — 1) log (k/k.) + % log? (k/k.) + %log3 (k/k,) (IL9)

introducing a weak scale-dependence in the primordial spectrum modeled by the running of the scalar tilt
s or also its running of running B, defined respectively as

. dns . leS
e [dlogk}k_k* Ps = [dlogk]k—k* (I10)

where the running a5 quantifies the rate of change of ns per Hubble time (we recall that d/dlogk =
1/H d/dt) while the running of running s quantifies the rate of change of a5 per Hubble time. These
quantities are related to the shape of the inflationary potential (or equivalently to the dynamics of the back-
ground evolution) and consequently to the underlying physics of inflation. Under the slow-roll assump-
tion, s and Bs can be both expressed in terms of the potential slow-roll parameters {ey, v, C%, , cD‘3/} as

as = +16€eyny — 24€3 — 253 (I1.11)

Bs = —192¢}, + 192e3 17y — 32eyni — 24ey % + 2y + 205
or, equivalently, in terms of the parameters {¢;} as

ng = —2€1€x — €263 (IL.12)

Bs = —Zele§ — 2€162€3 — €2e§ — €2€3€4 (IL.13)

with ey ~ €1 ~ r/16 which is clearly related to the amplitude of the tensor spectrum.
Similarly, for the tensor spectrum we adopt the parameterization

log Pr(k) = log (r As) + (nt) log (k/k.) + ”‘ZJ log? (k/k.) + 56T log® (k/k.). (IL14)
Along this section we adopt the same pivot scale of k. = 0.05Mpc ™! both for scalar and tensor perturba-
tions and we consider the tensor-to-scalar ratio r = Ar/A;s a free parameter while we use the slow-roll

consistency relation nt = —r/8 for the tensor tilt. We also relate the higher order tensor runnings
. d”T . dﬂéT
= = IL.1
sz [d logk } K=k, r [d log k ] k=k. —

to the scalar ones by a set of slow-roll consistency relations. Indeed, under the assumption of slow-roll
inflation, a set of consistency relations among scalar and tensor parameters can be derived at any order! [1,
127]. In particular, the slow-roll consistency relations for the tensor running and running of running are [1]

2

r r
ar = g(ns -1)+ i’ (IL.16)
r 1 372 r3
= - — -1 - — —-1)— —. I1.17

11t should be noted that these relations can be violated in many non standard inflationary models, e.g. in presence of other
spectator (rolling) fields [2, 163-166] or in modified gravity theories [3, 4, 94, 167-171].
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Parameter Prior
Qph? [0.005, 0.1]
Qch? [0.001, 0.99]

100 Onic [0.5, 10]
T [0.01, 0.8]
log (10" Ag) [1.61, 3.91]
ng [0.8, 1.2]
g [—1,1]
Bs (-1, 1]
r [0, 3]
Oy [—0.3, 0.3]

TABLE II.1: List of the parameter priors.

Therefore given constraints on the scalar spectral index n;, its running as and on the tensor-to-scalar ratio
r, constraints can be derived on the tensor spectral index n¢, its running «;, its running of running ;.

Numerical Analyses and Datasets

We perform Monte Carlo Markov Chain (MCMC) analyses using the publicly available package CosmoMC [107,
108] and computing the theoretical model described in the previous subsection with the latest version of
the Boltzmann code CAMB [109, 110]. For all the different cosmological parameters we choose flat prior-
distributions (unless otherwise stated), varying them uniformly in the conservative ranges listed in Ta-
ble II.1. We explore the posteriors of our parameter space using the MCMC sampler developed for CosmoMC
and tailored for parameter spaces with a speed hierarchy which also implements the "fast dragging" pro-
cedure described in Ref. [111]. The convergence of the chains obtained with this procedure is tested using
the Gelman-Rubin criterion [112] and we choose as a threshold for chain convergence R — 1 < 0.02.
Our baseline data-set consists of:

¢ Planck 2018 temperature and polarization (TT TE EE) likelihood, which also includes low multipole
data (¢ < 30) [42, 113, 114]. We refer to this combination as "Planck".

¢ Planck 2018 lensing likelihood [115], constructed from measurements of the power spectrum of the
lensing potential. We refer to this dataset as "lensing".

¢ Baryon Acoustic Oscillations (BAO) measurements extracted from data from the 6dFGS [120], SDSS
MGS [117] and BOSS DR12 [118] surveys. We refer to this dataset combination as "BAO".

¢ CMB B-modes power spectrum likelihood cleaned from the foreground contamination as released by
Bicep2/Keck Array X Collaboration [162]. We refer to this dataset as "BK15".

¢ Atacama Cosmology Telescope DR4 likelihood, combined with WMAP 9-years observations data [172]
and a Gaussian prior on T = 0.065 &= 0.015, as done in [173]. We refer to this dataset combination as
"ACTPol+WMAP".
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¢ South Pole Telescope polarization measurements SPT-3G [174] combined with WMAP 9-years obser-
vations data [172] and a Gaussian prior on T = 0.065 & 0.015. We refer to this dataset combination as
"SPT3G+WMAP".

As concerns the Planck (CMB and Lensing) data and the BAO measurements, we used the same
datasets described in subsection I.V.I. Instead, to improve also the constraints in the primordial tensor sec-
tor, we exploit the CMB B-modes power spectrum likelihood (cleaned from the foreground contamination)
as released by Bicep2/Keck Array X Collaboration [162]. As discussed in the previous chapter, a satiable
background of inflationary gravitational waves can produce B-modes polarization on large/intermediate
angular scales where the cosmic variance is not very significant and gravitational lensing is not yet domi-
nant. Notice however that the B-modes likelihood basically improves only the constraints on tensor modes.
Therefore we include this dataset only when we analyze the tensor spectrum because interested in models
with a satiable production of gravitational waves.

Along with these combinations of datasets involving the Planck CMB measurements, we analyze also
two other Planck-independent datasets. In particular we use the Atacama Cosmology Telescope DR4 like-
lihood and the South Pole Telescope polarization measurements. We combine both of them with WMAP
9-years observations data [172]. The reason is that the Atacama Cosmology Telescope has a minimum sen-
sitivity in multipole of 600 in TT, and 350 in TE and EE, and so it lacks data around the first two acoustic
peaks in the TT spectrum and the first full peak in TE and EE. Similarly, the South Pole Telescope measures
only the TE and EE spectra over a range of multipoles 300 < ¢ < 1400 for EE and 300 < ¢ < 1700 for TE.
Therefore, the only way to obtain competitive Planck-independent measurements for all the cosmological
parameters is to combine these two datasets with the public WMAP 9-year observations at intermediate
scales (2 < £ < 1200 for TT and ¢ < 800 for TE), as also done in [173, 174]. Notice also that we use a Gaus-
sian prior on T = 0.065 =+ 0.015 both for ACT+WMAP and for SPT3G+WMAP. Indeed, while our primary
goal is to obtain a measurement of the cosmological (inflationary) parameters that is Planck-independent,
neither ACT nor SPT-3G can constrain the optical depth at reionization 7. Furthermore there is evidence
that WMAP large-scale polarization data (2 < ¢ < 23 in TE spectrum) can be contaminated by dust, pos-
sibly affecting the WMAP bounds on 7. For this reason in our analysis we exclude this multipoles range,
using instead the conservative Gaussian prior on T which is based on Planck measurements. This prior on
T is not expected to affect the constraints on the other cosmological parameters [173, 174].

II.III COSMOLOGICAL CONSTRAINTS

In this section we present and discuss the updated observational constraints obtained by our MCMC anal-
ysis of the inflationary slow-roll paradigm in extended parameter spaces beyond the standard ACDM
cosmological model.

Scalar Spectrum: running the Running

We start analyzing an extended cosmological model which includes both the running of the scalar spectral
index a5 and its running of running B¢ as additional free parameters. We refer to this model as ACDM +
as + Bs. Notice that here we focus exclusively on the adiabatic scalar modes, parametrizing the scalar
spectrum by Eq.(I1.9) and assuming a negligible gravitational waves production during the slow roll phase.
Assuming a negligible tensor amplitude r = 16ey =~ 16€; ~ 0 in terms of the slow-roll parameter means to
consider ey ~ €1 ~ 0; i.e., negligibly small in the relations for the scalar tilt and its runnings. We summarize
the results obtained wihtin this assumption in Table II.2, while in Figure II.1 we show the 68% and 95% CL
contour plots for different combinations of parameters.

Analyzing the Planck data we derive constraints on the scalar tilt ns = 0.9612 £ 0.0054, its running
as = 0.001 £ 0.010, and on its running of running Bs; = 0.012 + 0.013, all at 68% CL2. The inclusion of
the lensing spectrum and the BAO data does not change significantly these results and all these bounds

2Unless otherwise stated, we always provide 68% CL values for bounded parameters and 95% CL for upper/lower bounds.
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Parameter Planck18 Planck18 + lensing Planck18 + BAO ACTPol + WMAP SPT3G+WMAP
Q12 0.02235 +0.00017 ~ 0.02237£0.00016 ~ 0.02243 £ 0.00015  0.02195 £ 0.00025  0.02251 =+ 0.00025
Q2 0.1207 £ 0.0015 0.1202 £ 0.0012 0.1195+£0.0010  0.1190 +£0.0029  0.1139 = 0.0032
1000yc  1.04085+0.00031  1.04089 £ 0.00030  1.04100 £ 0.00028  1.04174 £ 0.00066  1.03970 =+ 0.00066
T 0.0575 -+ 0.0086 0.0564 - 0.0080 0.0590 == 0.0087 0.061 = 0.013 0.063 £ 0.013
log(10"°Ag)  3.053 +0.018 3.049 +0.015 3.053 £0.018 3.051 4 0.026 3.037 £ 0.026
ng 0.9612 = 0.0054 0.9625 4 0.0048 0.9645 +0.0045  0.9680 =+ 0.0082 0.978 £ 0.011
o 0.001 £ 0.010 0.002 £ 0.010 0.000 £ 0.010 0.035 £ 0.012 0.028 £ 0.017
Bs 0.012 4 0.013 0.010 £ 0.013 0.009 £ 0.013 0.03540.013 0.023 £ 0.016
nv —0.0194 00027 —0.018710:902 —0.017770:9021 —0.0160 £ 0.0041  —0.0111 = 0.0053
2 —0.0005+0.0050 ~ —0.0008"00039 ~ —0.0001+£0.0049 —0.0174+0.0058  —0.0141 =+ 0.0085
@3 0.0058 90063 0.0051 700062 0.00460.9062 0.0172 £0.0064  0.0115 = 0.0078
€ 0.0388™0.0023 0.03750.0%7 0.0355 09533 0.0320 =+ 0.0082 0.022 £ 0.011
€ —0.02£0.26 —0.0479%7 0.00 +0.28 < —0.02 -

TABLE II.2: Results for ACDM + a5 + 5. The constraints on parameters are at 68% CL, while

upper bounds are at 95% CL. The internal horizontal line divides the primary parameters of

the cosmological model (those we directly sample in our MCMC analysis) from the derived
parameters (those we obtain from the others by the relations described in the text).

are consistent with the case of vanishing runnings within one standard deviation, see also Figure II.1.
We then compare the Planck bounds with other independent measurements derived using the different
datasets listed in subsection IL.LI. Considering the SPT-3G data combined with WMAP 9-years observation
data, we get a; = 0.028 + 0.017 and Bs = 0.023 £ 0.016, both and consistent with zero within 1.6 and 1.4
standard deviations with Planck. On the other hand, considering the ACTPol+WMAP data, we obtain
a preference for non-vanishing running as = 0.035 4 0.012 and for a non-vanishing running of running
Bs = 0.035 £ 0.013 at the level of 2.90 and 2.7c, respectively. Interestingly, in both the cases positive
values for the runnings are preferred with a statistical significance which ranges between about 1.7 ¢ (SPT-
3G+WMAP) and 2.9 0 (ACTPol+WMAP). While both the ground based telescope measurements are in
good agreement one with each other, it should be noted that they are instead in disagreement at more than
20 with Planck regarding the value of the running a;, and in tension for the running of running Bs (see
also Figure II.1). This tension indicates a difference from the high multipoles region that can be either an
indication of small systematic errors unaccounted for, or an hint for physics beyond the standard model. In
other words, the extended inflationary models considered in this section recast the global tension between
the datasets already present for a ACDM model analysis [175]

Under the assumption of a negligible tensor amplitude, we derive constraints also on the slow-roll
parameters {1y, &2, co%/} and {e€j_p34}. Due to the Planck data evidence for a tilted scalar spectrum,
we obtain non-zero slow-roll parameters 1y = —0.0194f8:88§g or equivalently e; = 0.0388f8:88§i. On the
other hand, the missing evidence for scalar runnings only limits the parameter space allowed for higher-
order slow-roll parameters to C%, = —0.0005 £ 0.0050 and ci);q’/ = 0.0058f8:882“;’ both consistent with zero
within one standard deviation. Similarly, e3 = —0.02 & 0.26 while €4 turns out to be unbounded for all
the datasets considered in this section. Considering also lensing or BAO in combination with Planck, these
constraints do not change significantly, see also Table II.2. Conversely, considering the Atacama Cosmology
Telescope DR4 likelihood combined with WMAP 9-years, while the bounds on 77y = —0.0160 £ 0.0041 and
€ = 0.0320 £ 0.0082 remain basically unchanged with respect to the other datasets, the preference for
non vanishing runnings is translated into the constraints on higher-order inflationary parameters ¢3, =
—0.0174 + 0.0058 and @3, = 0.0172 & 0.0064 (or equivalently e3 < —0.02 at 95% CL) that are all different
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FIGURE I1.1: Marginalized 2D and 1D posteriors distributions for the ACDM + a; + s cosmo-
logical model obtained for the different combinations of the datasets listed in subsection IL.LL
The dashed lines represent the case of vanishing inflationary parameters.

from zero at more than 95% CL. Finally, regarding the SPT3G+WMAP case, we find more than 1c¢ shift
towards lower values of both 7y = —0.0111 4 0.0053 and €, = 0.022 £ 0.011, while we find 1o preference
for non-vanishing higher-order parameters ¢ = —0.0141 + 0.0085 and @}, = 0.0115 + 0.0078.

Tensor Spectrum and slow-roll consistency relations

We now include as additional parameters the running of the scalar tilt a5 and the tensor amplitude r, fixing
instead the scalar running of running to zero. We refer to this model as ACDM + a5 + r. We summarize
the results obtained for this model in Table II.3 while in Figure 1.2 we show the 68% and 95% CL contour
plots for different inflationary parameters.

As one can see, for the scalar parameters the constraints on n; and a5 are slightly changed when we
replace the running of running with the tensor-to-scalar ratio. This is due to the fact that also the terms
o ey contribute in the slow roll relations (I1.7) and (II.12), modifying the correlation among the inflationary
parameters. Furthermore, since a5 and Bs are strongly correlated for all the datasets, see Figure I1.1, fixing
Bs = Oresults into a shift of a5 towards lower values. In particular, for the Planck data this shift is translated
into a preference for negative values of «a; at the level of slightly more than 10 even though the constraints
on the running are always consistent with zero within two standard deviations. When the lensing and
BAO measurements are considered together with Planck these results remain unchanged. Furthermore,
ACTPol+WMAP and SPT3G+WMAP shift a; towards lower values too. This produces a reduction of
as = 0.0090 £ 0.0087 for ACTPol+WMAP, positive and larger than zero at slightly more than one standard
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Parameter Planck18 Planck18 + lensing  Planck18 + BAO Planck18 + BK15 ACTPol + WMAP SPT3G+WMAP
Quh? 0.02241£0.00016 ~ 0.02242£0.00015  0.02247 £0.00014 ~ 0.02239 £ 0.00015  0.02234 £0.00022  0.02273 = 0.00024
Q? 0.1202 + 0.0014 0.1199 £ 0.0012 0.1193 £ 0.0010 0.1206£0.0014  0.1179£0.0030  0.1138 = 0.0031
1006y 1.04091+£0.00032  1.04093 £0.00030  1.04101+0.00030  1.04087 +0.00031  1.04186 & 0.00065  1.03978 = 0.00067
T 0.0562 = 0.0081 0.0560 = 0.0076 0.0573 = 0.0080 0.0570 = 0.0083 0.058 £ 0.012 0.060 £ 0.013
log(10'°4,)  3.050 £0.017 3.049 £0.015 3.051 £ 0.017 3.053 £0.017 3.049 £ 0.025 3.037 £ 0.026
ng 0.9642 £ 0.0047 0.9647 £ 0.0044 0.9665 = 0.0041 0.9629 £0.0046  0.9796 == 0.0074 0.980 £ 0.010
s —0.0094 £0.0074 ~ —0.0084£0.0073  —0.0091 +£0.0075  —0.0080£0.0069  0.0090 + 0.0087 0.001 = 0.012
r < 0.165 < 0.159 <0.172 < 0.0658 <0.176 < 0.260
nr > —0.0206 > —0.0198 > —0.0215 > —0.0082 > —0.022 > —0.032
ar (-1873) 107 (-17£10)-10°  (—16670%) 107 (—117725) 1070 (—42757) .10 (31R) .10
Br (1147¢9) 10 (996761)-107°  (118772)-10°  (39%33)-10°  (-448}).10°  (548).107°
ev e < 0.0103 < 0.0099 < 0.0108 < 0.0041 < 0.0110 < 0.0163
n —0.0058 30069 —0.0061*3066 —0.0039725072 —0.0130"990%8 0.0015 2007 0.01072012
2 0.0044 £ 0.0037 0.0040 £ 0.0036 0.0043 £ 0.0038 0.0038 £0.0034  —0.0045+£0.0044  —0.0001 1%
€ 0.027710:50% 0.027610:501 0.02507 9009 0.0334 = 0.0054 0.012670:51%) 0.006" 9015
€ - 0.37+92¢ 0.62121¢ 0.24£0.21 - -
vl <204 x10%GeV <201 x10GeV  <206x10°GeV < 1.62x10°GeV <210 x 10°GeV < 2.31 x 10'°GeV

inf
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TABLE II.3: Results for ACDM + r + a5. The constraints on parameters are at 68% CL, while
upper bounds are at 95% CL. The internal horizontal line divides the primary parameters of
the cosmological model (those we directly sample in our MCMC analysis) from the derived
parameters (those we obtain from the others by the relations described in the text).
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FIGURE II.2: Marginalized 2D and 1D posteriors distributions for the ACDM + r + a5 cosmo-
logical model obtained for different combinations of datasets listed in subsection ILLI The
dashed lines represent the case of vanishing inflationary parameters.
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deviation, and a5 = 0.001 £ 0.012 for SPT3G+WMAP which is completely in agreement with the case of
a vanishing scalar running. It should be noticed anyway that while SPT3G+WMAP is in agreement with
Planck for the value of the running a;, ACTPol+WMAP is instead in disagreement at about 2¢ and this
tension is still coming from the high multipole region.

As concerns the tensor spectrum, its amplitude is constrained to be 7 < 0.165 (at 95% CL) by the Planck
data while ACTPol+WMAP and SPT3G+WMAP give r < 0.176 and r < 0.260, respectively. A strong
improvement in this upper bound is obtained including also the BK15 likelihood that, combined with
Planck, gives r < 0.0658. Using the slow-roll relation between the tensor amplitude and the tensor tilt, nt =
—r/8, these upper bounds on the amplitude can be translated into a lower bounds on the (negative) tensor
tilt, see also Table II.3. Furthermore, in the slow-roll framework, any constraint to the tensor amplitude
places also a constraint to the energy scale of inflation:

_ /3 1/4
Vit = M, (2 % As r) GeV. (IL18)
In Table II.3 we show the upper bounds on the energy scale of inflation for the different datasets.

Reversing the slow-roll relations for the scalar and tensor parameters, we derive constraints on the
slow-roll parameters {ey,7v, %} that are related to the shape of the inflationary potential. In particular
from Planck, we get ey < 0.0103 while the improvement in the constraining power on the tensor amplitude
due to the BK15 data is translated into the more stringent upper bound ey < 0.0041. On the other hand,
for v and ¢ the Planck + BK15 data we get 77y = —0.0130" )00 and &% = 0.0038 = 0.0034, respectively,
ruling out the null value at more than one standard deviation. On the contrary, ACTPol+WMAP finds
Ny = 0.00151’8:8%4 and ¢, = —0.0045 + 0.0044, always showing 1o indication different from zero, but with
an opposite sign with respect to Planck. In addition, SPT3G+WMAP prefer both the parameters 7y and

Z in agreement with the null value within the 68% CL. Equivalently, we can derive constraints on the
parameters {€z, €3}. For Planck + BK15 we obtain €, = 0.0334 + 0.0054 and €3 = 0.24 4 0.21. Instead, the
Atacama Cosmology Telescope and the South Pole Telescope data, even if they have larger experimental
errors and lead to less constraining bounds, prefer e; much lower than Planck, reducing the significance
for a value different from zero.

Under the assumption of slow-roll inflation, we see that the parameter space allowed for the (higher-
order) tensor parameters in the slow-roll paradigm is strongly reduced since constraints on r and the scalar
spectrum are translated into constraints on tensor spectrum, see also Figure I1.2. In particular using the
Planck+BK15 data we see that the results for the scalar parameters and the upper bound on the tensor am-
plitude, are translated into constraints for the tensor running and its running of running that are consistent
with zero within less than two standard deviations and that, in any case, they are expected to be extremely
small and therefore negligible in the slow-roll hierarchy. Similar results can be obtained also exploiting the
Planck-independent measurements by ACTPol+WMAP and SPT3G+WMAP, see Table I1.3. In particular,
for these datasets the bounds on a1 and Bt are less constraining with respect Planck(+BK15) because ACT-
Pol and SPT3G in combination with WMAP have a smaller sensitivity both on the tensor amplitude and
on scalar modes. However, given also the large error bars, these bounds are all consistent with each other
within 2 standard deviations, leading to predict a scale invariant tensor tilt, unless corrections of order
|dnt/dlogk| < 107° for all the different datasets.

Implications for slow-roll inflationary models

Now, we shall focus on the constraints for a few selected models of slow-roll inflation. In particular, we
compute the slow-roll parameters and consequently we predict the values of n,, a5 and r at leading order
in the slow-roll approximation. We include an uncertainty in the number of e-folds (before the end of
inflation) of 50 < N < 60 [78]. In Figure I1.3 we compare the theoretical predictions with the observational
constraints obtained within the ACDM + r + ff; cosmological model for the different datasets listed in
subsection ILLIL
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First, by noting that in a Universe dominated by the energy-density of the inflaton field during the slow-
roll regime we have H = —47G¢$? = d*N/dt?, we can relate the field excursion to the tensor amplitude by
A¢/ My = +/r/8 N and using N = 50 we set a lower bound

Ap r 2

that is shown in Figure I1.3. Notice that both large and small field models are compatible with every
dataset. On the other hand, using Eq. (I1.18), we get an approximate limit for potentials that work on GUT
scales finding that they are ruled out at 95% CL by the combination Planck+BK15 even though they are
still compatible with the other datasets, including ACTPol+WMAP and SPT3G+WMAP. This is again an
indication of a tension between the Planck satellite results and the ground based telescopes measurements,
that prefer a larger value for the scalar spectral index n; more consistent with a scale invariant spectrum
ns; = 1. We would like to stress that this is not (only) a volume effect due to the different constraining
power of the experiments, but it is an actual shift of the ns coming from damping tails of the power spectra
whose nature needs to be further investigate. Finally, we demand whether the data are in agreement with
a convex or a concave potential, being ¥ = —8/3 (n; — 1) the relation which defines the limit between the
two different cases. Due to the fact that B-modes polarization measurements are able to give more stringent
constraints on tensor modes, in particular on r that appears in the relation aforementioned, the BK15 data
indicates that the potential should be concave, excluding a convex shape, whereas the other datasets are
unable to give such a restriction.

We give below a concise review of some inflationary models studied in this work and the main results
obtained by our analysis.

* (Generalized) Natural Inflation: we start from the general natural inflation [176], which consider an
axion model where a global U(1) symmetry is spontaneously broken at scale f, with a soft explicit
symmetry breaking at a lower scale A. The inflaton field corresponds to the pseudo-Nambu-Goldstone
boson associated to the symmetry breaking [154] and the potential reads

V =21"mA4 {1 + cos ﬂ ) . (I1.20)

Fixing m = 1 and recovering the natural inflation [177], the parameters are

B 1[1+2y%(1+e )
=1 [1+2y2(1—e—x) , (I1.21)
B 4(2y% +1)e*
R T PR VD e 12
16e~*

(I1.23)

T TR — e

where x = N/y and y = f/Mj). Plotting the above quantities as functions of f/Mp, (blue curves in
Figure I1.3) we can see that this model in only compatible within one standard deviation for Planck and
within two standard deviation with Planck+BK15. Anyway, relaxing the assumption m = 1 and leaving
m a free parameter, the compatibility with Planck+BK15 increases as long as m < 1. Given the tension
present in the parameter space between the different experiments (as we can see from Figure I1.2), the
model compatibility changes between the datasets. In fact, the South Pole Telescope data show only an
agreement at 95% CL for every N in the chosen interval, i.e., both blue lines are in the lighter region
of the dataset. Moreover, the shift towards high values of ns preferred by the Atacama Cosmology
Telescope data basically excludes the (generalized) natural inflation from the 95% CL contours. It should
be stressed that the ground experiments (ACTPol and SPT-3G) are the ones responsible for the shift of
the measurements and consequently changes the compatibility with the model, not WMAP 9-years [61,

PAGE 79 OF 200



W. GIARE PRIMORDIAL GRAVITATIONAL WAVES

178]. Actually, the shift of the n; bounds is due to the high multipole region accurately constrained by
the damping tail of the power spectra.

¢ (Non minimally coupled) Power-law inflation: by taking the limit f — oo in Eq.(IL.20), we recover
the quadratic potential, a particular case of the general power-law inflation, represented as two yellow
straight lines in Figure II.3, and described by the dominant term A,¢". Values of the index n = 2/3,1,2
have been obtained in string theory [179-182]. The spectral index, the scalar running and r are simply

2n+4

ng = 1-— m, (1124:)
8(n+2)
== I1.25
“S (1’1+4N)2, ( )
16n
r= 4N (IL.26)

and we can see that there is no agreement when the B-modes BK15 observations are included, whereas
we still have a consistency at 95% CL with Planck alone, or up to within 1o for ACTPol+WMAP and
SPT3G+WMAP. Nevertheless, provided a non-minimal coupling with gravity, the simple power-law
potential acquires a compatibility up to 68% CL for some values of n as shown by the red lines in Fig-
ure I1.3. The coupling constant ¢ is chosen according to Ref. [183] where the authors have made an
analysis imposing this inflationary model at the beginning and using ¢ as a free parameter. For sake of
completeness the values are listed below

- n = 4, with ¢ ~ 0.0016,

1
ns=1- (3 -8IN), (I1.27)
ng = ﬁ(—3+96§N — 64F2N?), (I1.28)
16
= —(1—-8&N). 11.29
r N( ¢N) (I1.29)
- n =2, with & ~ 0.0015,
2 4
=1—=(1+ =¢N? 1I.
1 (138N, (IL30)
wg = ﬁ(—1 + 4FasN — 9682N?), (I1.31)
8
= —(1—82N). 11.32
r= (1 -8EN) (I1.32)
- n =3, with & ~0.0011,
ns = 1— —— (54 82N) (I133)
s — 3N 7 .
= - — 704¢*N? 11.34
& = gz (727 + 48TN — 70437 N?), (I1.34)
16
= ——(3—32¢N). 1135
r=gn¢ ¢N) (IL.35)
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- n=2/3,with { ~ 0.0007,

4
ns =1— 2 (1+4N), (I1.36)
_ _ 2N72
&g = oz (<27 + BAEN + 4640°N?), (11.37)
8
r=gny (3 400N). (I1.38)

This model is consistent also with the ATCPol+WMAP and SPT3G+WMAP contours with the preference
for higher values of the tensor tilt translated into slightly preferences for lower values of n < 2, e.g., the
one with n = 2/3 acquires a compatibility of 68% CL.

* Quintessential inflation: in this scenario the early inflationary period and the late-time acceleration
are combined. The potential in this case should be shallow at early times, i.e., satisfying the slow-roll
conditions, and steep after. As the usual exponential model does not satisfy the observational constraints
[184] a new parameter 7 is added (I1.39) which also influences the steepness of V(¢), whose form is

1
A

V=Ae M (I1.39)

with n > 1. Imposing A < 1 we end up with the large field inflation, called quintessential inflation
[185]. In this model, the parameters are

2(n—1) [n(n—Z)AN]_%

=L LTON T o 2N (I1.40)
o 2(n—1) | 6(n—1)[n(n—2)AN] >
T T —2)N? + (n— 2)°N3 , (IL.41)
_ 8[n(n— 2)AN] 72
L PP }F 5 N R (IL.42)

Fixing A = 107! and varying n, the purple curves in Figure 1.3 are drawn, showing, for example as
reference, that n = 7 is compatible with 95% CL of Planck+BK15 with N = 60 whereas it is not for
N = 50. Lower values of A move the curves to the right, increasing the inclination, whereas a higher
value makes n; independent of it, as shown in (I1.40). Concerning the other datasets, this model is in
disagreement with ACTPol+WMAP data unless for significantly lower values of A, and in tension with
SPT3G+WMAP. Also in this case the different agreement of the models with the data is affected by the
inconsistency between the datasets explored here.

¢ Starobinsky-like inflation: lastly, we analyze the R? inflation [129, 186-189] which is characterized by
adding higher curvature corrections to the Einstein-Hilbert action of gravity (1.218). The potential is

2

M _JZ o
V= %’1)\(1 Vi, )2 (IL43)
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and the inflationary parameters are

32N + 24 2
ng = 1— m =1— N, (1144)
_ 64N(8N —13) 2
Ksg = _W = —m, (1145)
L 192 12 (I1.46)

(4N —3)2 =~ NZ°

In this model the hierarchy of the parameters is { ~ € < 1 < 1 instead of the more common ¢ < 17 K<
€ < 1. Thus the value of r is expected to be extremely small. In fact, we can see from the cyan line in
Figure I1.3 that its smallness results in a compatibility within one standard deviation for all the datasets.
Small deviation from this model, i.e. considering the term R? with p ~ 2 [190], worsen the agreement
with Planck+BK15 as shown by the dotted lines which represent terms with 2 + Ap where Ap = 0.01.
Considering also ACTPol+ WMAP, we see that the model is excluded when p is decreased, whereas for
SPT3G+WMAP it is still consistent within the 95% CL contours. On the other hand, a bigger value of p
is completely in agreement with both datasets at 68% CL.

We would like to conclude this subsection pointing out that the constraints on the slow-roll inflationary
models remain basically stable when dns/dlogk can freely vary in the sampling, see also the analogous
discussion in [78] and also [184, 191-194]. Anyway, the tension [175] among the different cosmological
datasets analyzed in this work (i.e., Planck, ACTPol+WMAP and SPT3G+WMAP) produces different con-
straints on the inflationary parameter and often different results regarding the model compatibility, see
also Figure I1.3.

PAGE 82 OoF 200



PRIMORDIAL GRAVITATIONAL WAVES

W. GIARE

= Natural inflation

Power-law inflation = Power-law Non-minimally C. —
—o— /My =20 —0— n=3 —-e— N=14
—-— My =6 —= n=2 - n=2
n=4/3 n=4/3
My =4 —— / e /.
i —— n=1 —a— n=2/3
—t— n=2/3
0.25 0.002
. B Planck ‘ W Planck
N Planck+BK15 W Planck+BK15
0.20 ‘
0.001
0.15 ‘
“ § 0.000
0.10 Gurscale___ | ’ A'~q .
e =
~0.001 -
0.05
0.00 —0.002 + : ;
0. 0.95 0.96 0.97 0.98 0.99

0.25

N ACTPol+WMAP

0.002 ¢

[ SPT3G+WMAP

0.001

& 0.000

-0.001

—0.002 4
0.

Ns

B ACTPol+WMAP

[ SPT3G+WMAP

Starobinsky inflation

. Ap=0.01

—— Quintessential inflation
—— n=8
- n=7
—h— N=9

IS

0

S

W Planck
W Planck+BK15

T
B ACTPol+WMAP

0.002

0.001

& 0.000

-0.001

-0.002
0.00

I SPT3G+WMAP

0.20 025

FIGURE I1.3: Marginalized joint 68% and 95% CL regions for (1, r), (ns, as) and (r, as) from
Planck(+BK15) (top panels), ACTPol+WMAP (middle panels) and SPT3G+WMAP (bottom
panels) data. The marginalized contours can be compared to the theoretical predictions of
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II.IT  INFLATIONARY GRAVITY WAVES FROM LARGE TO SMALL SCALES

In the previous section we discussed how the missing evidence of the B-modes in the Cosmic Microwave
Background (CMB) polarization originated from the inflationary tensor modes and, in general, a combined
analysis of the Planck and BICEP2/Keck array (BK15) data [162], allow us to set only an upper bound on
the amplitude® of PGWs on the CMB scales r < 0.07 at 95% C.L. at the pivot scale k., = 0.05Mpc~! [78]. As
common practice in literature, in deriving such bounds we have assumed the slow roll consistency relation
nt = —r/8 to hold together with other higher-order slow-roll consistency relations among scalar and
tensor parameters, Egs. (I1.16) and (I.17). In this way we basically obtained slightly red tilted primordial
tensor spectrum P;(k) and a scale invariant tensor tilt, unless corrections of order |dnt/dlogk| < 107> for
all the different datasets analyzed.

However, the slow roll consistency relations can be violated in many non standard models of inflation
, e.g. in presence of other spectator (rolling) fields [163-166] or in modified gravity theories [94, 167-171,
201-203]. When they are relaxed, the Planck data only weakly constrain the tensor tilt to —0.55 < nt < 2.54
at 95% C.L. [78]. Always in Ref [78], it was shown that a significant improvement in the upper bound on the
tensor tilt can be obtained combining the CMB measurements with the LIGO/VIRGO data on the stochastic
background of gravitational waves Qgw. Indeed, along with B-modes polarization, primordial tensor
fluctuations may have imprinted also the stochastic background of gravitational waves, the analogous of
CMB for gravitational waves [131]. While a direct detection of the stochastic background has not been
provided yet?, in the frequency range f € (20 — 85.8) Hz, which corresponds to the wave-number range
k € (1.3 —5.5) x 101 Mpc ™!, the first and second observing runs of the LIGO/VIRGO collaboration set an
upper bound on the stochastic background

Ocw(kry) < 1.7 x1077 (I1.47)

at 95 % C.L. [78, 209]. The Planck Collaboration, including the LIGO/VIRGO limit (I1.47) as a half-gaussian
prior on the tensor tilt, under the assumption of scale independence (i.e., dnt/dlogk = 0), derived the
improved upper bound nt < 0.53 at 95% C.L. [78]. Notice that this constraint is obtained marginalizing
over the probability distribution of r, that is typically sampled assuming a flat prior ¥ € [Fmin, "max] With
fmin < 1073 ~ 0. This makes the constraint on the tensor tilt subject to misunderstanding as if there is no
detection of r no reliable constraint can be derived. Moreover, another important assumption beyond this
analysis, is to consider the tensor tilt as scale independent extending the well known power law relation
(IL.4) from the CMB scales (k ~ 0.05Mpc™!) all the way up to the small scales probed by the gravitational
interferometers (k ~ 10'® Mpc ). This is clearly an important approximation as Eq. (IL.4) is just a leading
order expansion and, depending on the model of inflation, nt can acquire a (slight) scale dependence.
Therefore non-linearities may easily break the power-law relation on small scales. It is therefore timely
to investigate which is the impact of higher-order corrections on small scales and the implications for the
constraints that one can derive on inflation combining GW and CMB observations.

In this section for the first we show time that, due to the huge difference in the scales probed by CMB
and GW experiments, higher-order terms in the spectrum, parametrized through the so-called tensor run-
nings [1, 160], albeit negligibly small on the CMB scales, may give non-negligible contributions on the
ultrahigh k probed by direct gravitational observations, drastically changing the final predictions. We
point out the implications for the status of current observational constraints on PGWs and for future de-
tection prospects. In the subsequent sections we instead discuss how these model-dependent small-scale

31t is worth noting that in the upcoming decade, a new generation of CMB experiments such as BICEP3 [195], CLASS [196] ,
SPT-3G [197], Advanced ACTPol [198], LBIRD [199] and CMB-54 [200] are expected to bring the sensitivity to the tensor amplitude
down to r ~ 0.01 — 0.001 possibly leading to its first detection.

4Notice that the North American Nanohertz Observatory for Gravitational Waves (NANOGrav) found strong evidences for a
stochastic common-spectrum process [204]. Even if this will be confirmed as a first genuine detection of a stochastic background
of GWs, its inflationary interpretation will be in tension with BBN bounds [205, 206] unless we assume a very low reheating
temperature [207, 208].
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effects can be relevant to probe and constrain several non-standard realization of inflation, including the
rich phenomenology associated to modified theories for gravitational interactions.

ILIILIL. BREAKING THE POWER LAW EXPANSION

The energy density of the universe due to PGWs at the present time and at a given scale k = 27 f is given
by [78, 132, 210-212]
1 dpew _ Pr(k)

Qaw (k) = pcdlogk — 24zeg

(I.48)

where zeq =~ 3400 is the redshift at the matter-radiation equivalence [78]. Using Eq. (IL.4), it is easy to
see that, under the assumption of scale-independent tilt, a constraint on the amplitude of the stochastic
background Qgw (k) can be translated into an upper bound on the tensor tilt

()
) < 0.39 +0.025 x log(1/7), (I1.49)

where in the last inequality we considered the LIGO/VIRGO limit (IL.47). Note that the constraint (I1.49)
is derived without any assumption on the tensor amplitude®: if future measurements reveal evidence for
r # 0, its detection will immediately place a well defined upper bound on the tensor tilt that however,
because of its logarithmic dependence, will not be drastically sensitive to the precise value of the tensor
amplitude, see also Figure I.4. The physical reason beyond this weak dependence on the tensor amplitude
is that a large positive tilt strongly amplifies the GWs production on the ultrahigh k probed by gravitational
detectors, easily compensating a small (but of course not vanishing) tensor amplitude on the CMB scales.
On the other hand, it is also true that constraints on nt cannot be derived for a vanishing tensor amplitude,
and in fact we may see that taking the limit » — 0, the right side of Eq. (I1.49) logarithmically diverges, as
expected.

The constraint (I1.49) as well as the upper bound nt < 0.53 at 95% C.L. derived in [78] assume a constant
tilt over a range of about eighteen order of magnitude, namely k € [0.05, 1.3 x 10'] Mpc~!. In order to
parametrize a possible scale dependence, we generalize the power law parametrization to the following
expansions:

_ = dni’lT n+1
log Pr(k) = log (r As) + nt log (k/kx) ; [dlog k] log"™ (k/k.). (IL.50)
and we define the n-order running of the tensor tilt® as
d"n
T - T
af (ko) = [ dlog" k} - (IL51)

Including the runnings, the upper bound (II.49) is modified to

W(k)) > al(k,) k1"
— Z . [log (k)] . (IL.52)

5This is a different approach with respect to those performed in [78] where the upper bound nt < 0.53 at 95% C.L. was derived
marginalizing over the distribution of . Anyway we see that for r ~ 1072 — 103 we basically recover the same result, see also
Figure I1.4.

®In what follows we will usually avoid to specify that the spectral tilt and the runnings are computed on the pivot scale k. and,
to simplify the notation, we will only write nt and a!,.
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Clearly, in order to exactly compute the sum expansion and to check its convergence we need to estimate all
the derivatives {a!,} and this is possible only fixing a specific model of inflation. Nevertheless we can ap-
preciate how the generic n-order running must at least satisfy the condition |a}, /nt| < (n+1)!/log" (k/k.)
to give a negligible contribution at the generic scale k. This requirement should become highly non-trivial,
above all on the ultra-high k as those directly probed by GW ground-based interferometers.
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FIGURE II.4: Constraints on the tensor tilt from the LIGO/VIRGO limit on the stochastic back-

ground (I1.47). The yellow dots represent the upper bounds on nt for different values of r

when scale-dependence is ignored. When a scale dependence dlognrt/dlogk # 0 is consid-
ered the yellow dots move on the red lines at constant 7.

To study how constraints on nt derived under the assumption of scale independence are modified in
presence of a (slight) scale dependence, we derive the upper bound on the tensor tilt by the LIGO/VIRGO
limit (I1.47) for different values of the tensor to scalar ratio, varying the rate of change of the tensor tilt
with respect to the scale, dlognr/dlogk, in a range dlognr/dlogk € [—0.04, 0.04]. We find out that,
due to the huge distance between the scales probed by CMB and GW data, a small departure from scale
independence (< 4%) can significantly change the final results, see also Figure I1.4. In particular, a small
negative (positive) running’, suppressing (amplifying) the amplitude of PGWs on small scales, can re-
markably worsen (improve) the upper bound derived under the assumption dlognrt/dlogk = 0 (yellow
dots in Figure I1.4). This is clearly translated also into a strong degeneracy between scale-dependence and
the tensor amplitude (see Figure I1.4) that can be broken only by an independent measurement of r from
future CMB experiments. Furthermore, it should be noted that Primordial tensor modes with wavelengths
corresponding to the high frequencies of direct GW detection, will exit the horizon very close to the end of
inflation which is precisely when the slow-roll approximation breaks down, see also Ref. [213]. Therefore,
it is not sure at all that a power-law expansion holds even approximately on ultra-high k. As a matter of
fact, near the end of inflation, the shape of the tensor spectrum will be strongly related to the shape of
the inflationary potential and large departures from the power-law parametrization are typically expected.
In the supplementary material, section A.3, we show different examples of negligible and non-negligible
gravitational wave production. We conclude that the small-scale constraints on nt may be very sensitive
to the assumption of scale independence. Non-negligible model-dependent contributions can arise from

"We recall that d log nt/dlogk = &t /nrt.
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non-linear corrections and cannot be always ignored when constraints on the inflationary parameters are
derived combining CMB and GW data.

II.LIII PROPAGATING SPEED OF PRIMORDIAL GRAVITATIONAL WAVES

In the previous section we have seen that a simple power-law parametrization may be not enough to cap-
ture the behavior of primordial tensor modes with wavelengths corresponding to the high frequencies of
direct GW detection. The higher-order terms in the spectrum, parametrized through the so-called tensor
runnings, albeit negligibly small on the CMB frequencies, may give non-negligible contributions on scales
of direct GW observations. It should be noted that such terms carry information about the specific model
of inflation, possibly changing the small-scale behavior of tensor anisotropies in a model-dependent man-
ner. In this and the following section, we focus on the way non standard physics in the gravitational sector
may be encoded in the primordial tensor two-point function. The increased precision in the constraints
on the primordial tensor modes from the current (and above all future) small and large scale experiments
opens up the possibility of probing the physics of inflation with primordial gravitational waves, testing
deviations from the standard slow roll predictions as a hint for new physics. It is therefore timely to in-
vestigate which constraints one can obtain from current CMB and GW data on inflationary models that
can lead to deviations from the standard inflationary consistency relations. We will show how the afore-
mentioned model-dependent small-scale effects can play a crucial role in testing, constraining and possibly
discriminating a vast phenomenology, including modified theories for gravitational interactions. In partic-
ular, in this section we study the implications of a modified propagation of gravity for the tensor spectrum
and the inflationary observables while in the next section we focus on higher curvature gravity and on its
implications for the inflationary observables.

We start by noting that direct measurements of gravitational waves show good agreements with the
GR predictions on gravity propagation [214-217]. For example, the only multi-messenger event ever mea-
sured so far, GW170817 [214, 218], sets very constraining bounds |ct — 1| < 1015, Anyway, it should be
noted also that these results refer to a precise range of frequencies (or equivalently to a precise range of
the wave-number k), namely the small scales probed by direct gravitational observations. Without specific
model-dependent assumptions, these limits should not be trivially extended to different frequencies. In-
deed, in many modified gravity theories beyond GR, such as the Horndeski theory of gravity [219-235],
the Gauss-Bonnet gravity [236-252] and also the low-energy effective string theory with higher-order cor-
rections [4, 94, 253-268] gravity can propagate differently from GR and both deviations from the speed of
light and frequency-dependencies often arise. For this reason, testing the condition ct = 1 (at different
frequencies) means to test the theory of gravity (at different energies) and so an independent test of the
gravity propagation on large scales would clearly provide an independent test of GR.

Here we shall focus on the propagation of relic inflationary gravitons [167-170, 266, 269-293]. Under
the assumption of slow-roll inflation, we derive for the first time a set of generalized consistency relations
for the spectral index and its higher-order runnings in presence of a non-trivial gravity propagation during
inflation. In this way we connect the CMB scales to the LIGO/Virgo band (f ~ 100 Hz), showing that a
running in frequency of the propagating speed of gravity can induce a scale-dependence of the tensor two-
point function, amplifying the PGWs production on small scales. We exploit these effects for constraining
both the speed of gravity and above all its frequency variation.

ILIII.I THEORY

In what follows, we derive a set of equations that relate the propagating speed to the inflationary param-
eters and that generalize the usual slow roll consistency relations that are, in fact, recovered when the GR
prescription ct = 1 is restored. We start by generalizing the theory of the primordial tensor perturbations
during inflation [59, 76, 83, 144, 146, 149, 150, 155] allowing for non-trivial gravity propagation. The action
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for the single field inflation in the unitary gauge is [59, 76, 103, 294]:

- M%’/d‘*x\ﬁ [R—c (t) —ca(t) g% — <1 - 1> (0K KM — 3K°) (11.53)
> 8 1 2(H)8 c%(t) ’w '

where ¢;(t) =2 (H + 3H?), ca(t) = —2H and Ky, is the extrinsic curvature of the spatial slices. Here a dot
denotes the derivative with respect to the cosmic time x = dx/dt. Note that in the standard slow roll case
(ct = 1) the part of the action involving the extrinsic curvature vanishes and one recovers the standard GR
action in the unitary gauge. It should be noted also that a non-trivial propagating speed does not affect the
spectrum of the scalar perturbation and so we can consider only the tensor perturbations whose quadratic

action is , )
M 2 doy:: . 2
2 _ Mp 3. 4 Ti\ 2 B
Sy’ = r /de xc%(t) [( I7 ) ct(t) (V’yl]) ] (I.54)

where a(t) is the scale factor, dt = dt/a(t) is the conformal time and +;; is transverse and traceless: y;; = 0
and 9;7;; = 0. We expand 1;; in the Fourier series:

dSk —ik-x
w(Tx) = [ aape L (T, K)a) () A (K) + hee. (IL55)
p=+x

where the sum should be considered over the polarization states p = (+, x) while the polarization tensor
Afj(k) satisfies the usual conditions

kMF’) (k) =0, (IL56)
k) = (IL57)
(k)Aj‘] ( ) = Opp (IL58)
P = A" (K, (IL.59)

and the creation and annihilation operators satisfy

[a(V)<k) ’ ”EFP’)(k/)] = Gy 8 (k —K'). (IL.60)

It is trivial to check that, defining the fields

. . Mp a
u(T k) =y (T Rz, 2= o <CT(t)> (IL61)
the equation of motion is

In what follows we work under the following conditions:
* we fix a background slow roll dynamics requiring that |H| < H?,

¢ we assume the slow roll parameter 0 < €; < 1 in such a way that the Null Energy Condition (NEC) is
preserved as well as we consider |€;~1] < 1,

* we also assume the variation of the propagating speed per Hubble time to be small and we define similar
parameters
1o cr(d)
Her (t) ’

(IL63a)

PAGE 88 OF 200



PRIMORDIAL GRAVITATIONAL WAVES W. GIARE

dlogel ér
T - i—1 i—1
I ~ 11.63b
€i>1 dlogk He;r_l’ ( 63 )
with [e]| < 1and |e] ;| < 1.
In this way one can show that
1 d?zr N 1d%a 2 (IL64)

zr dt2 ~ adt? T2
at least of corrections of order €, see the supplementary material, section A.4, for further details. It is also

easy to check that one can define a new wave vector k = cp(t)k that can be regarded as constant in the
conformal time since its derivative is of order e?. At the end of the game, unless corrections of order €, we

can write our equation as
du (2 2Y, (IL65)
dr? )" '

with the solution (obtained fixing the Bunch-Davies vacuum)

B e—ifcr i
u(t, k) = T (1 - i{"L') . (I1.66)

A more detailed derivation of this solution is given in the supplementary material,section A.4. Interest-
ingly, this is exactly the standard solution with k — k = cr(t) k therefore, in the presence of a non-trivial
propagating speed cr, the primordial tensor and scalar spectra at a given scale k are written as [76, 83, 276]

2 H? [epk\ e
K- 1.67
Pr(k) M2 of <aH> (I1.67)
1 H2 /[ k\ &=
) — i} 1.
735( ) 8772 M% €1 (aH) ( 68)

Generalized Consistency Relations

Here we are going to generalize the inflationary consistency relations among the spectral parameters in
presence of a generic propagating speed ct. The effects of a non-trivial propagating speed during inflation
are encoded in the inflationary parameters and translated into different consistency relations with respect
to the standard case [1]. Future detection of the tensor spectrum and a consequent test of these consistency
relations can therefore be used to constrain the propagating speed ct testing possible deviations from GR
on the inflationary energy scales.

Because of the propagating speed cr, the scalar and tensor perturbations now exit the horizon at differ-
ent scales. In fact the tensor perturbation will cross the horizon at ctk = aH while the scalar perturbation
will cross the horizon® at k = aH. Deriving the primordial spectra, we can compute the scalar and tensor
tilts:

. dlogPs - >
"1 logk |, 2Ol 17
. dlogPr o T 2
= dlogk |,_. 2 —atoley 70

where k., is the pivot scale and the expressions above hold both for k., = aH and for k, = % at least of
corrections of order O(e?) and therefore negligible. As concerns the scalar and tensor amplitudes, also in

8We are considering the case of a scalar speed cg = 1
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this case they do not depend drastically on the pivot scale

2 H? 2 H?

Pyl =2 H 2y _py (IL71)

k-ut  Mpmter - Mpm? k.=aH

(cr)' ™" H? 1 H

PS = — _ — _— = PS (II.72)

k=t 82 M3 €1 82 M3 € k.—aH

and so does the tensor-to-scalar ratio
16 _
r = 16¢; (CT)”S_2 ~ 228 16€1 (c1)"" e (IL.73)
k,=aH T ky=aH

=7

In the equations above we have used the fact that we measure ng ~ 0.96 [78] and we expect |n7| < 1. Note
also that we are not interested in a large deviation from the standard GR prescription ct/c = 1 and that
the same results should be obtained computing the scalar and tensor spectra at their respective (different)
exit scales. Since we proved that the choice of the pivot scale is not crucial, in what follows we adopt the
conventional pivot scale k, = aH = 0.05Mpc .

A first obvious consequence of a non-trivial propagating speed is that the amplitude of the tensor
spectrum does not fix anymore the energy scale of inflation directly. Indeed in the standard case Pr
H? o pi¢ while from Eq. (I1.71) we see that Pr o IC‘I—Z

A more interesting effect of a slightly time dependent propagating speed is that the expression for
the tensor tilt nt acquires a new term €] with respect to the standard case. Therefore the sign of nt now
depends on the parameter €] that quantifies the variation of ¢t in a Hubble time. If we consider Eq.(IL.70)
we see that’ if during the inflation the propagating speed increases or remains constant in time (¢] > 0)
the tensor tilt is necessarily red (n7 < 0). Instead if the propagating speed reduces in time (¢{ < 0), the
sign of n depends on the magnitude of €. For —2¢; < €] < 0 the dismissing is small enough to ensure
a negative tensor tilt while for ] < —2¢; the dismissing is translated into a blue tensor tilt nt > 0. As
discussed so far, a positive tensor tilt would amplify the PGWSs production on small scales and this is why
we can use small scale experiments (such as LIGO and VIRGO) to constrain the propagating speed.

Moreover, as one can see from (I1.70) and (I1.73), also the usual consistency relation r = —8nr is violated
in the presence of a non-trivial propagating speed. In practice, however, there are many ways to violate the
consistency relation between r and nt that do not imply a deviation form GR, see also the supplementary
material, section A.3. This means that, if a violation of the consistency relation » = —8nt is observed, we
need a way to recognize if such a violation is due to a non-trivial tensor propagating speed during inflation
or not.

As we are going to show we can derive a set of consistency relations among the inflationary parameters
and the propagating speed ct(t). For simplicity we suppose that, during inflation, ct increases or decreases
linearly with time, so that

ér(t) ~ 0. (I.74)

In other words, we take into account only the linear term in the Taylor expansion of ct(t). This (reasonable)
approximation is not crucial for our results, but simplifies the relations we are going to derive. Anyway
we discuss scenarios beyond the assumption of linear time evolution for the tensor propagating speed in
the supplementary material, section A.5. To relate the propagating speed ct to the inflationary parameters
we make use of the scalar and tensor runnings

re = dns
> dlogk|,_,

= —2€16x — €2€3 (IL.75)

9Remember that €1 > 0 to ensure the Null Energy Condition.
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pr = dTZT
T~ dlogk

= —2e1e; —€led (IL.76)

k=k,

because of (I1.74), eg can be calculated from its definition (I1.63b)

T . . 2
- — il - 2T —e — .77
© Hel  HeldtHcr  Hel Lo Hc? “aTa ( )
that gives for at
ar = —2€1€r — erf (el — e?) (IL.78)
Equations (I1.69) (I1.70) (I1.73) (IL.75) and (II.78) can be reversed together to obtain
1
€1=1¢ (rer) (I1.79)
1
el = —np— g (rer) (11.80)
1
€=1—ng— 3 (rer) (11.81)
g 1
_ _ = 11.82
&= s T171/8 (rer) 8D (1182)

Using the above equations in at one gets

5 1 5
— 2 2 2, 2 — z
ar = ng + 18 (rer)” + 3 (rer) [(ng 1)+ 21@} . (I1.83)
Equation (I1.83) is a consistency relation between ng, nt, at and cr that generalizes the usual slow roll
relation. Note that we can obtain as many relations as we want; for example, considering also the running
of running Bt

. dat
PT= Tlogk k.

2
= —2616% — 2€162€3 — (—f [(el — (—f) + €16p — e? (61 — e?)] (I1.84)

it is easy to see that, using (I1.79), (I11.80), (IL.81), (IL.82) and solving Eq.(IL.83) for ct one obtains a new
consistency relation fr = Br(ns, as,r, nt, ar). This can be trivial generalized to all orders following the
procedure described in [1] for the standard case. It is, however, more interesting to study some limits of
Eq.(IL.83). The limit €] = 0 describes a constant propagating speed not necessarily equal to the speed of

light. Because of (I1.80) we have

8
o = r”T (IL.85)

Using Eq. (I1.85) in the consistency relations (I1.83) we obtain
ar = n} —nr (ng — 1) (11.86)

That is the same consistency relation among nt, at and ng than in the standard slow roll case [1]. Similarly

the equation for B
2

[1é
Br = nt (a1 — ag) + nf (11.87)

is the same than the standard slow roll. This mean that if during inflation ct = const # 1, the consistency
relation between r and nt will be violated but all the other consistency relations will be preserved. If
together with ] = 0 we fix also cr = 1 (recovering the standard GR prescriptions) the relation r = —8n
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as well as all the other standard slow roll results will be restored.

For completeness we briefly discuss another interesting case in which at the horizon crossing the prop-
agating speed reaches the value cy ~ 1 even with a non vanishing e} # 0'°. In this case we have to simply
put cr = 1 in the Eq. (IL.83) obtaining

5 4 5
— 2 Y 2 _ e
ar = ng + 128" + 3 [(ns 1)+ 5 nT] (I1.88)
that is different from the standard slow roll relation (I1.86). Indeed being €] # 0 because of Eq. (I.80)
also nt # . This means that a time variation of c can leave a trace even if at the horizon exit the usual
GR condition ¢y = ¢ = 1 is restored. We conclude that, together with the propagating speed ct, another

. . . T
interesting parameter to analyze is €; .

IIIII.LIT CONSTRAINTS

So far we derived a set of consistency relations that generalize the standard slow roll relations introducing
the effects of a non-trivial propagation of gravity during inflation. We have shown that the propagating
speed can be related to the inflationary parameters which means that they can be used to constrain the
propagating speed itself and to test possible deviations from GR at the high energy scales of inflation.

Here, we discuss the constraints coming from present cosmological data and imposing the general-
ized consistency relations that we have derived so far. The theoretical model is calculated using the latest
version of the Boltzmann code CAMB [109, 110] and we use the python sampler Cobaya [295] to extract cos-
mological constraints. The posteriors of our parameter space have been explored using the Monte Carlo
Markov-Chain (MCMC) sampler developed for CosmoMC [107, 108] and tailored for parameter spaces
with a speed hierarchy which also implements the "fast dragging" procedure described in [111]. The con-
vergence of the chains obtained with this procedure is tested using the Gelman-Rubin criterium [112] and
we choose as a threshold for chain convergence R — 1 < 0.01. To compare current data with our theoreti-
cal model, we employ the Planck’s 2018 temperature and polarization likelihood which also includes low
multipole data (¢ < 30) [113] combined with the lensing likelihood of Planck’s 2018 data release based on
temperature and polarization lensing reconstruction [115] and the CMB power spectrum likelihood of Bi-
cep2/Keck Array X (BK15) [162]. Then we focus on the constraints from the LIGO/VIRGO upper limit on
the stochastic gravitational waves background, that we denote with LV. Indeed, for a blue tilted spectrum,
the stochastic background of primordial gravitational waves Qgw can be strongly amplified on small scales
and we can use the small scales experiment data on the stochastic background to constrain the propagating
speed and its time variation. Anyway, in light of the results discussed in the previous section, it is clear that
to derive constraints on the inflationary parameters by direct GW observations we need to consider also
the small-scale effects caused by higher-order corrections in the tensor spectrum. We do this relating the
CMB and GW scales trough several generalized higher-order consistency relations discussed so far and as-
suming that the effects of a non trivial propagating speed dominate the behavior of the tensor spectrum on
small scales. Finally, we combine the CMB data and the LIGO/VIRGO bound on the stochastic background
to improve the final results on the inflationary parameters.

Constraints from CMB

In this subsection we present the results of our MCMC analysis. Let us start by noting that the Boltmann
integrator CAMB [109, 110] employs the standard power law parametrization of the primordial scalar and

10This is possible if for example the initial propagating speed was smallest than the speed of light and, at some point, it starts
constantly increasing (e;F > 0) to reach the value ¢y ~ 1 at the horizon exit.
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Parameter

Prior

Qph?
QcH?
100 Opmce
T
log(10'°Ag)
ns
cT
16 €1
T
€3

[0.005, 0.1]
0.001, 0.99]
(0.5, 10]
0.01, 0.8]
[1.61, 3.91]
0.8, 1.2]
0.01, 1]
[0, 1]
[—0.5, 0.5]
[—0.5, 1]

TABLE II.4: List of the parameters used in the MCMC sampling and their external flat pri-

ors assumed in section ILIILIL. In section ILIILII we sampled the same parameters with the

same external priors except for €] on which we also impose a Half-Gaussian prior to include
LIGO/VIRGO data on the stochastic background [296, 297]

P18+BK15 P18+BK15+LV
Qph? 0.02242 +0.00015  0.02241 + 0.00015
Qch? 0.1200 = 0.0012 0.1200 = 0.0012
T 0.0566 =+ 0.0076 0.0564 -+ 0.0079
In(10'0Ag) 3.051 £ 0.015 3.050 £ 0.016
r < 0.0961 < 0.0599
ns 0.9645 -+ 0.0044 0.9646 -+ 0.0044
as —0.0067 £ 0.0067  —0.0069 == 0.0069
nr 0.2070%7 —0.0847520,
ar 0.087 0 0es 0.01411900%°
or > 0.178 > 0.219
ef < 0.203 0.0821097
x> 3530 3530

TABLE I1.5: Constraints on parameters are at 1c level (68% C.L.) while upper bounds are at 2c
(95% C.L.) for the full Planck 2018 likelihood [113, 115] and Biceps/Keck 2015 B-mode [162]
likelihood with and without the inclusion of the prior on €] coming from LIGO/VIRGO data
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FIGURE II.5: Marginalized 2D and 1D posteriors for the combination of Planck 2018 [113,

115] and Biceps/Keck 2015 [162] data for the parameters of the tensor spectrum and their

combination with the LIGO/VIRGO upper limit on the stochastic background amplitude [296,
297] (P18+BK15+LV).

tensor power spectra i.e. :

pCAMB(k) ACAMB < k ) n5—1+% ag log(k/k,s)
° o k*,S

'PCAMB (k) ACAMB k nT+% ar log(k/k.1)
P g ()

where k, 1 and k, g are the tensor and scalar pivot scale and the tensor-to-scalar ratio is defined as r

(I1.89)

(11.90)

CAMB _

PSAMB (k1) / PSAMB (K, 5). While the inclusion of a non-trivial tensor propagating speed leaves unchanged

the scalar spectrum, it impacts the tensor spectrum by rescaling its amplitude of a factor c'%T_l. We there-
fore modify CAMB in order to include this correction by rescaling yCAMB accordingly (i.e. v = rpp5s =
rCAMBc¥T_1) and calculating the amplitude of the spectra at the same pivot scale k.t = k,s = aH =

0.05 Mpc~!. This choice ensures that r is calculated to a well-defined scale and allows our constraints to
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FIGURE II.6: Marginalized 2D and 1D posterior for the combination of Planck 2018 [113, 115]

and Biceps/Keck 2015 [162] data (P18+BK15) for the first and second order slow parameters

and their combination with the LIGO/VIRGO upper limit on the stochastic background am-
plitude [296, 297] (P18+BK15+LV).

be directly compared with the results reported by the Planck Collaboration [78, 114]. In our MCMC anal-
ysis we consider the six parameters of the standard ACDM model i.e., the baryon wy, = (), h? and cold
dark matter w. = Q. h? energy densities, the angular size of the horizon at the last scattering surface Oyic,
the optical depth T, the amplitude of primordial scalar perturbation log(10!° Ag) and the scalar spectral
index ng. As discussed before, the inclusion of (the tensor and scalar) runnings is mandatory to relate the
shape of the spectrum at different scales and so, along with the six standard ACDM parameters, we also
include in our analysis the scalar running &g, the tensor-to-scalar ratio r, the tensor spectral index nt, the
tensor running at, the propagating speed cr and the parameter €] that quantifies its time variation per
Hubble time. Instead of directly sampling these parameters (as it is commonly done, see e.g [78, 114]) we
choose to do the MCMC sampling using, along with the standard ACDM parameters, the following four
{cr,16€1, elT ,€3} and to derive the value of the tensor and scalar runnings from the generalized consistency
relations introduced in section ILIILI. The flat priors!! on our parameter space are reported in Table I1.4.

In Table I1.5 we show the constraints on the parameters from the combination of Planck and Biceps/Keck
data while in Figure II.11 we report their 68% and 95% contour plots. A first aspect we would like to stress is
that our results confirm that a non-trivial time-dependent propagating speed does not alter the constraints
on the scalar parameters from the Planck data (which assume cr = 1) as expected from our theoretical
discussion.

As concerns the inflationary tensor parameters, the tensor propagating speed ct is only weakly con-
strained with the 95% C.L. contours showing a preference for ct 2 0.18. This is expected since the CMB
data only constrain the amplitude of tensor perturbations At = r Ag = 16€; Asg C¥T71. Then Planck data

Note that in our MCMC sampling we are considering only the parameter space of subluminal velocities. We discuss superlu-
minal velocities in the supplementary material, section A.6
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are only able to bound the product €;/ct and since they prefer a tensor amplitude consistent with zero
this leads to a weakly constrained propagating speed of tensor perturbations; only an upper bound can
be placed on the tensor-to-scalar ratio r < 0.096 at 95% C.L. Nevertheless we can derive the upper bound
€l < 0.203 at 95% C.L. on the parameter that quantifies the time dependence of cr. The fact that the region
€] < 0 is essentially unconstrained from the Planck data is translated into the fact that the tensor tilt can
assume large positive values as well as the tensor running at.

We note that the bound we derive on the tensor-to-scalar ratio is ~ 60% worse with respect to the results
obtained from a combination of Planck and Biceps data without considering the runnings of the tensor
spectrum. Conversely, the bound on the tensor spectral index 77 is significantly improved. In particular,
—0.23 < nt < 0.54 at 95% C.L. showing an improvement of a factor of 2 in the negative tail and a factor
of 5 improvement in the positive tail in place of the Planck results of —0.55 < nt < 2.54. This situation is
again a direct consequence of considering a non-vanishing tensor running and imposing the generalized
consistency relation (I1.83). When a7 is non-zero the tensor spectrum acquires a term ~ at log” k leading
to a growth on small scales (high k). The freedom in n7 is so partially transferred to at that it results to be
almost the same order of magnitude as nt. Moreover, from Eq. (I1.84) one can also derive a constraint on
the second-order tensor running Bt that we found to be Bt = 0.06019% at 68% C.L. (i.e. again of almost
the same order than nt and at)'? This shows that also the results can be sensitive to the higher-order terms
in the primordial spectra, enforcing the importance of a proper parametrization to correctly connect and
describe the large and small scale behavior of the tensor spectrum.

For completeness we also report the bound on the standard slow roll parameters that can be derived
accordingly to the consistency relation derived in section ILIILI. We obtain the following constraints from
the combination P18+BK15:

€1 < 0.0046 (95% C.L) (IL91)
€, = 0.0334 == 0.0046 (68% C.L) (I1.92)
€3 = 0.224+0.23 (68% C.L) (I1.93)

in very good agreement with the results derived in section IL.I within GR. We show the 2D marginalized
contour plots and 1D marginalized posterior distributions of these parameters in Figure II.6.

Constraints from small scale experiments on Gravitational Waves

If during inflation the propagating speed of gravitational waves decreases enough (i.e. if €] is negative
enough), the tensor tilt can become blue amplifying the Primordial Gravitational Waves production on
small scales. Small scale experiments on gravitational waves such as LIGO/VIRGO and, in the future, LISA
and Einstein Telescope (ET), are sensitive to the stochastic background, Q) gw and can be used to improve
the constraints on the inflationary parameters. In particular Eq. (I1.49) provides a rough estimation of the
upper bounds we can set on the blue tensor tilt from small scale experiments. However ground based
interferometers probe scales that are separated from the CMB by a factor of 10'® in k. We have already said
that on such small scales the higher-order corrections parametrized by the tensor runnings can be non-
negligible and that should be included in the analysis [2]. Therefore, as also done in the previous section,
we generalize the parametrization to Eq. (I1.50)

In order to estimate the higher order contributions given by the sum (I1.50), we work under the fol-
lowing important assumption: we consider the tensor parameters dominated by the time variation of the
propagation speed through the parameter €] in such a way that:

n, = —2e —e€l ~ —ef (I1.94)

T

12These results are consistent with the relation Br ~2 nfT’ ~ 2&%/ 2, discussed below.
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and consequently because of Eq. (IL.77)

n n+1
al = (dligk) n, ~ n! (—e?) ~ n! (TZT)H+1 (I1.95)

This approximation is in great accordance with the results derived in the previous section as it is possible
to see from Figure IL.7. In the left panel we plot the constraints in the plane (11, €]) while in the middle and
right panels of the same figure we plot the constraints on the first two runnings (i.e. af = ar and al = )
in the planes (n1, at) and (nt, Br), respectively. As one can see from the left panel the linear relation (I1.94)
between nt and e? is confirmed and the impact of the parameter €; is indeed negligible. The middle and
right panels, instead validate the relation (II.95) between the runnings and the tensor tilt (or equivalently
between the runnings and €]). As one can see at ~ (n1)* ~ (GT)Z while B ~ 2 (n7)* ~ 2 (—e¥)3: this is
exactly what we expect from Eq. (IL95). Therefore when €] is negative, not only the tensor tilt is blue but
also the runnings are positive. This amplifies the PGWs production on small scales allowing us to improve
the constraints on the inflationary parameters. At the end of this section we will come back to further

0.4 0.2 /7
0.2 0.2 |
\ 0.11 '
= 00_ N\ ~ ~
¢ N\ 0.1 = 0.0
—0.21
—0.11
—-0.41 \, 0.0
Q{’) QQ QQ) Q(? QQ Qo) Q(? QQ QC)
/ / /
nrt nTt nTt

FIGURE I1.7: Marginalized 2D posterior in the planes (11, r) and (a1, #). The blue contours are

derived from the combination of Planck 2018 [113, 115] and Biceps/Keck 2015 [162] data (see

section ILIILIT) while the red contours include also the LIGO/VIRGO data on the stochastic

background [296, 297] (see section ILIILII). The yellow dashed lines represent the relations
(I1.94) and (I1.95) we used to derive the small scale constraints in section ILIILIIL.

discuss the validity of our approximation.
Since we are going to constrain the region of the parameter space €] < 0 it is convenient to use —€] =
€] |. Putting (I1.94) and (I1.95) into (I1.50), we can estimate the sum

log(l—\e}\log(é))

oon =g () (11.96)
eq %

As one can see from Eq. (I1.96), on the generic ultra-high k > k, the spectrum is well defined if |e]| <
1/ log(k/k.). More precisely: if |e]| < 1/log(k/k.) the spectrum is essentially flat Qgw =~ r As/24zeq
while if |e]| ~ 1/ log(k/k.) the spectrum is still flat for k < k, but it exponentially grows at k ~ k.

Here we derive a cutoff on €] simply demanding the spectrum to be well defined at least from the CMB
scales all the way up to the ultra-high k probed by gravitational detectors and matching the LIGO/VIRGO
constraints. We recall that in the frequency range f € (20 —85.8) Hz, which corresponds to the wave-

number range kry € (1.3—5.5) x 101°Mpc !, the LIGO and VIRGO data set an upper bound on the
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stochastic background given by Eq.(I1.47). Interestingly, reversing Eq. (I1.96)

1—-_1ds
lef| = —2429‘*2“(“ (IL97)
log (F)
the LIGO/VIRGO limit on the stochastic background can be translated into a lower bound on €
1— - 14s
T P Sowltv) 00249 + (3.5 x 107) 7 (IL98)

127 log (%/)

that is almost insensitive to the value of the tensor-to-scalar ratio r. Equivalently Eq. (I1.98) puts a stringent

upper limit on the blue tensor tilt
nt < 0.025 (IL99)

N

0.2

K 0.0k \\§T=const.
L}GO Virgo Limit
N i

0.05 0.10 0.15
r

-0.4

FIGURE I1.8: Marginalized 2D posterior for the combination of Planck 2018 [113, 115] and Bi-
ceps/Keck 2015 [162] data in the plane (r, €]). The red region is excluded by the LIGO/VIRGO
data on the stochastic background of GWs (see section ILIILII).

We plotted the LIGO/VIRGO limit on €] in Figure IL.8. As one can see comparing the upper bound
(IL.99) with that plotted in Figure II.10, once that higher order corrections (i.e. the tensor runnings) are
included in the analysis we can improve the final constraints of more than 1 order of magnitude.

Note also that the constraints on €{ can be translated into constraints on ct since €] quantifies how
the propagating speed changes with respect to the scale. To see this, since here we are focusing only on
the linear terms assuming that ¢ ~ 0, we can consider a simple toy model where the propagating speed

constantly decreases for almost all the e-fold of inflation in such a way that the equation of motion reads

CT(t) — CT(ti) = /t.t CT dt = CT (t — ti) = €F1FCT(t) AN (HlOO)

1

where AN = HAt is the total number of e-fold between the initial time ¢; (when ct starts to decrease) and
the time ¢. In this case ct is given by

cr(ti)
or= —E 11.101
T 1-€IAN (11101
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Assuming c1(t;) = 1 and AN ~ 60, the LIGO/VIRGO constraint on €] implies!
or > 0.4 (I1.102)

that is consistent with the 2D marginalized posteriors shown in Figure I1.11 where values of cr smaller than
0.4 times the speed of light seem to be disfavored, at least within the 68% C.L. contours.

As concerns the next generation of gravitational waves experiments, LISA and ET are expected to have
a sensitivity to the stochastic background Qgw (kpisa) >~ 1 X 10712 on scales kyjs, ~ 1 x 1013 Mpcf1 [210]
and Qg (ker) =~ 3 x 10713 on scales kgr &~ 5 x 101> Mpc ! [298], respectively. Considering the higher-
order corrections in Pr(k), we see that the improvement in sensitivity expected from LISA and ET is not
translated into constraining power on €] and consequently on the tensor tilt at the CMB scales '4. This
result seems to contradict the common intuition but the key aspect here is scale-dependence. Assuming
the generalized tensor spectrum of Eq. (I1.50), we can define a scale-dependent tensor tilt nr(k)

00 T

nr(k) = nr(k.) + ; ﬁ log (k/k.)]" (I1.103)

=S(k)

in such a way that we can always derive constraints by QOgw, trivially generalizing Eq. (11.49) for the

scale-dependent case as

24 Zeq Qcw (k) >
r Ps(k*)

In (%)

with nr(k) given by (I1.103). Notice that the improvement in the sensitivity expected by LISA and ET
is again translated into an improvement in the constraints on nr(k), but now these constraints must be
referred to the tensor tilt evaluated at different scales. Therefore the improvement in the constraints ex-
pected from LISA and ET is not trivially translated into an improvement in the constraints on the tensor
tilt on the CMB scales. In fact, the constraints on a given scale k are related to the constraints on the CMB
scales k. through the sum S(k) that carries information about the specific model . In the inflationary
model considered here, the constraints on nr(k,) remain almost the same for the three experiments. In-
deed while nT(kET) 5 nT(kLISA) < TZT(kLv) it is also true that S(kLv) > S(kET) > S(kLISA) and the two
terms in Eq. (I1.103) compensate each other leaving almost the same freedom on the CMB scales for nr(k.).
This is again an effect due to the result discussed in section ILII; i.e., on small scales the PGW production is
strongly model dependent and inflationary models that behave at the same way on the CMB scales (where
all the physics is well captured by a power-law parametrization) may instead behave differently on small
scales.

Before concluding this subsection, we want to briefly come back on the approximations (I1.94) and
(I.95) on which our results are based. Even if we have already shown that the analysis performed in the
previous section confirms their validity, it is worthwhile to additionally prove their robustness. The shape
of the tensor tilt plotted in Figure I1.7 and, in general, the validity of our approximation can be further
understood as follows: using Eq. (II.73), we see that the value of € is fixed by the value of ¢ and r:

1
nt(k) < ( (I1.104)

r < r

el:ECTNE

(11.105)

13We want to stress that this example is used to show that constraints on elT can be translated into constraints on ct assuming
that we know how the tensor speed evolves during inflation. However to derive our final results (shown in Table II.5) we did not
assume any specific evolution. Notice also that in the supplementary material, section A.7, we discuss the consistency between
our final results and the current small scale measurement of cr.

4Tn this model, the constraints on n(k.) expected by future experiments are nt (k) < 0.032 for LISA and nt(k.) < 0.025 for
ET.

15The scale-dependence is encoded in the runnings {a] } that define the shape of n1(k) relating its value on the CMB scales with
its value on the generic scale k by Eq. (I1.103).
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where in the last inequality we have used that cr < 1. From the CMB data we know that r is constrained to
be very small, if for example we fix the tensor-to-scalar ratio to r ~ 1072, we immediately see that e; ~ 107%
and'® e; ~ 1072. So for |e] | ~ 1072 (i.e. the order of the limit we derived from the LIGO and VIRGO data),
comparing the terms involved in the generic n order running,

lef] (e1)" ~ €2 (e1)" ~ 10722+ (I1.106)

€1 ()" ~ e (!e?!)n ~ 10722 (I1.107)
+1

(leTl)n ~ 1072 (I1.108)

. 1 . . oL
we find that o} ~ n! (—e]) "*! Unless corrections at least 2 order of magnitude smaller. The approximation
is even better for smaller r while it is trivial to see that it is still valid for the whole range of r explored in

our MCMC analysis as Figure I1.7 confirms.

Combined constraints from CMB and Small scale experiments

The LIGO/VIRGO limit on the stochastic background amplitude reduces significantly the allowed param-
eter space for elT (see also Figure I1.8). Therefore, it is worth combining this small scale bound (I1.98) with
CMB data. We include the LIGO/VIRGO upper bound as a half-Gaussian prior on €] and we sample the
same parameter space using the same method and the same priors as those considered in section ILIILII.
In Table IL.5 we give the constraints on the parameters from a combination of Planck and Biceps/Keck with
the LIGO/VIRGO constraints, while in Figure I1.11 we report their 68% and 95% C.L. contour plots. As one
can see neither the inclusion of the small scale data is enough to derive precise constraints on the primor-
dial tensor speed that we found to be ct > 0.22 at 95% C.L.. Nevertheless, a proper parametrization of the
small scale behavior of the tensor spectrum allows us to set tight constraints on its time dependence pa-
rameter €] = 0.082109}” at 68% C.L. and consequently on the other inflationary parameters. In particular,
we constrain the tensor-to-scalar ratio r < 0.0599 at 95% C.L., which is in perfect agreement with the con-
straints derived by the Planck Collaboration [78]. We also constrain the tensor tilt to be nt = —0.084:’8:(1)27
at 68% C.L. and its running at = 0.014170.09%° always at 68% C.L. These constraints show an improvement
of more than an order of magnitude with respect to those derived in section ILIILII only from the Planck
and Biceps/Keck data. Moreover using (I1.84) we can obtain derived constraints on the second-order run-
ning Br, namely Bt = —0.0061 7911 at 68% C.L., again one order of magnitude better than our estimation
provided in section ILIILIL. For completeness we report also the constraints on the other slow roll param-
eters that can be derived according to the consistency relation discussed in section ILIILI. We obtain the
following constraints from the combination P18+BK15+LV:

€1 < 0.00276 (95% C.L) (I1.109)
€» = 0.0347 + 0.0046 (68% C.L) (I1.110)
€3 = 0.21+£0.22 (68% C.L) (IL.111)

Our almost constraints on the inflationary parameters reduce significantly the parameter space allowed for
models of inflation with non-trivial tensor speed. Indeed the positive (negative) values of nt (a1) are now
very tightly constrained (see also Figure I1.9). This means that a future detection of a large positive (neg-
ative) tensor tilt (running), allowed by the present bounds once the generalized consistency relations are
relaxed, cannot be brought back to a time variation of the primordial tensor speed, as our results proved.
Besides, thanks to the great improvement in the constraints derived combining the CMB and small scales
data, one can better test gravity on the inflationary energy scale. We would like to stress that the gener-
alized consistency relations obtained in section ILIILI and assumed in our MCMC analysis, generalize the
standard slow roll relations that we prove to be recovered when the GR prescriptions cr = 1 and €] = 0

16Using Eq. (I1.69) and the fact that ng ~ 0.96 [78]

PAGE 100 oF 200



PRIMORDIAL GRAVITATIONAL WAVES W. GIARE

are restored. Since any departure from these prescriptions would imply physics beyond GR on the infla-
tionary energy scales, it is important to check the consistency between the constraints and the standard
slow roll predictions in the GR framework. Let us start noting that the condition €] = 0 that ensures a
constant propagating speed ct is consistent with our constraints within one standard deviation. Moreover
in Figure I1.9 we plot the 2D marginalized contours at 68% and 95% C.L. in the planes (nt, r) and (a, 7).
The standard consistency relations, yellow dashed lines in the figure, are consistent with our constraints
and, above all when the small scale limit (I1.47) is included, no significant deviations are observed.

We can, therefore, conclude that our results, even not strong enough to definitively exclude departures
from GR on the inflationary energy scales, set interesting constraints on the inflationary models with non-
trivial tensor speed, significantly reducing the allowed parameter space for such models. Moreover, they
show remarkable accordance between the current data and the standard predictions expected in a GR slow
roll scenario. In particular only deviations from GR of the order of ~ x10~! are allowed to combine large
and small scale data for models with non-trivial tensor speed, see Figure IL.9.

0.151 0.15-

0.10- 0.10 1

- -

0.05 0.05-

0.00 0.00-

FIGURE II.9: Marginalized 2D posterior in the planes (nt, r) and (a1, r). The blue contours
are derived from the combination of Planck 2018 [113, 115] and Biceps/Keck 2015 [162] data
(see section ILIILIT) while the red contours take into account the LIGO/VIRGO data on the
stochastic background [296, 297] (see section ILIILII). The yellow dashed lines represent the
standard slow roll relations in the GR limit i.e. c; = 1 and dlogcy/dlogk = 0.

II.IV HIGHER CURVATURE CORRECTIONS AND TENSOR MODES

In the previous section we studied the effects of a non trivial gravity propagation during inflation with-
out assuming any underlying model of modified gravity, but introducing the propagating speed in the
framework of the effective field theory of inflation. In this section we instead focus on corrections from
higher-curvature tensors.

Several high-energy theoretical models, such as String Theory [299-302], predict higher-curvature cor-
rections to the gravitational effective action [76, 273, 303-305] and if the inflationary energy scale is suf-
ficiently high, such corrections can lead to testable features in the primordial perturbations [94, 95, 227,
240-242, 253-255, 273, 304-327]. Here we further investigate the effects of a coupling of the inflaton field
to higher-curvature tensors in models with a minimal breaking of conformal symmetry. In Ref. [94], it was
clearly shown that, at leading order in the breaking of conformal symmetry, a coupling to the squared Weyl
tensor can reproduce the most general higher-curvature corrections to the tensor spectrum. As we pointed
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out in the previous sections, introducing non-standard (gravitational) physics during inflation we basically
break the consistency relation between r and nt and the higher order parameters, possibly leading to blue
tensors. However these relations are violated in many other non standard models of inflation and even if
a deviation from standard inflation will be observed by future experiments, one may ask how we could
convince ourselves that it comes from the higher-curvature effects.

In this section we show for the first time that an observable violation of the tensor consistency relation(s)
from higher-curvature tensors implies also a relatively large running of the tensor tilt, enhanced even by
some order of magnitude with respect to the standard slow roll hierarchy [1, 127, 161]. This may affect the
small scale behavior of tensor perturbations [2, 160, 328-330] and leave signatures in the tensor two-point
function that we could test to recognize higher-curvature effects, above all if they are translated into a blue
tilted spectrum visible by future Gravitational Wave experiments. Exploiting current cosmic microwave
background and gravitational wave data we finally infer that large higher-curvature corrections seem to
be disfavored.

IL.IVI THEORY

The action that reproduces the most general high-curvature corrections to the tensor two-point function at
leading order in the breaking of conformal symmetry is [94, 331] 17

M? W2
§ = Ser + Sp+ " /d4x VRFP) 1 (IL112)

where Sgy and Sy are the Einstein-Hilbert action and the action for the inflaton field ¢, respectively. W is
the Weyl tensor

W],n/pa =R uvpo

1
2 (8upRuc = guoRup = gupRue + uoRuo)

R
+ ¢ (8no8ve — up8yc) - (IL113)

involved in the inflaton-Weyl coupling f(¢)W?/M? with

1
W2 = WP W00 = R Ryypr — 2 RM R,y + 3 R? (IL.114)

and M is the scale suppressing higher-curvature corrections. Starting from Eq. (I.112), the primordial
spectra can be computed to obtain the same results (I1.67) and (I1.68) derived in the previous section , with
the exception that in this case we can get a precise relation for tensor propagating speed [3, 167, 217, 271-
279] which reads
HZ
cr~1—4 (MZ> Fe). (IL.115)

Furthermore in principle here also the speed of scalar perturbations is not exactly unitary but the correc-
tions are suppressed in slow-roll expansion and we can ignore them: cs ~ 1+ (€1/3)(cr — 1) ~ 1. Notice
also that we are considering the inflaton-Weyl coupling as a perturbative correction to the gravitational ac-
tion'® and so c cannot deviate much from unity putting constraints on the function f(¢) and consequently
on its scale dependence. In what follows we consider a simple coupling df (¢) /d$ ~ £1/A with A < M,
and we assume negligible the higher-order derivatives: d" f(¢)/d¢" ~ 0. We postpone the discussion of a

7Note that a further term ~ h(¢$)WW /M? can be considered basically violating parity of primordial tensor modes [94, 331-
335]. In our work we ignore such coupling.
18Note that in this way the theory is safe from ghost instabilities [59, 94].
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generic coupling-function f(¢) to the supplementary material, section A.8. Finally, we do not specify the
sign of the coupling. Indeed, while the sign could be constrained by requiring tensor to propagate sublim-
inally, as shown in Refs. [336, 337] (see also Ref. [338]) this is not always a safe assumption and, depending
on the model, it can be possible to perform a change of frame so that in the new frame the tensor speed is
¢, but the speed of the other massless particles is greater than c leaving us with a situation where we have
actually constrained the speed of normal species to be superluminal, in tension with causality.

As we discussed on the previous section, the presence of a non trivial tensor speed breaks the infla-
tionary slow roll consistency relation between r ~ 16¢; /cr ~ 16€; and the tensor tilt ny ~ —r/8 — et with
et = dlogcr/dlogk [3, 94]. From Eq. (IL.115) it follows that [94]

np = _g L Ar2 (IL.116)
where we have ignored negligible terms & (cs — 1) that are further suppressed by a factor €; and we have
defined the dimensionless parameter

Aﬁ\fZMP<M2> df(P) i\f( ><AIZ> (I1.117)

that weights the size of high-curvature corrections to the inflationary parameters. As discussed in Ref. [94],
if the inflationary energy scale H? is close to M2, these corrections can be the dominant effect as the param-
eter A is also amplified by the factor M,/ A that can be large. Note also that for enough large positive A,
higher-curvature corrections can end-up in a blue tensor spectrum, amplifying the PGWs production on
the small scales probed by gravitational detectors, as we discussed so far.

Along with the tensor tilt, also the other inflationary parameters can acquire non negligible corrections

from higher-curvature terms. In particular, by noting that'’
dA r
dlogk —2Ae1 = ~3 A (IL.118)

we derive the expression of the tensor running at = dnr/dlogk, namely

3 32 1 ap
ar = afR A T 57 (ns—1)| . (I1.119)
where ocSR represents the standard slow roll relation (I1.16) and the terms in the square brackets are the

correctlon introduced by higher-curvature tensors. While in the standard slow roll scenario this relation is
(9(62), implying an extremely small running a%R ~ —5x10"" 3 forr ~ 107", higher-curvature corrections
may instead give a relatively large running at/A ~ 2 x 107"/272, see also Figure I1.10. A large tensor
running can leave non trivial features in the shape of the tensor two-point function, affecting the small scale
behavior of tensor anisotropies and, if higher-curvature corrections are translated into blue tensors, further
enhancing the gravitational wave production on small scales as those probed by gravitational detectors.
Therefore if a violation of the consistency relation r = —8nrt is observed by future CMB and/or small
scales measurements, a combined analysis of the tilt and the running should in principle shed light on its
higher-curvature nature.
As concerns the other inflationary parameters, a computation for the running of running fr = dat/dlogk

gives:

15 5/2+373/z

1 1
e o7 (ns = 1) + 1r1/2 (ns —1)% — 5 /2 g (I1.120)

Br=PBT+A

19We recall the useful relation d/d logk = /2 2Mpe; el/? d/de.
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where B} ~ O(e?) < 107° [1] represents the standard slow roll term given by Eq.(Il.17). We see that
higher-curvature corrections still provide a dominant effect /A ~ 10~"/2~4, which is however extremely
small.

By taking higher order derivatives it is also easy to see that zx]T = (d/dlogk) nt <2/ A x 107272 from

which it follows that the running of order j + 1 is expected to be a factor ~ 1072 smaller than the running
of order j. Despite the fact that higher order runnings can be strongly amplified on ultrahigh k, it is easy to
see that in this case such terms still remain negligible even on the scales probed by GW interferometers’.
So, along with the tensor tilt, any relevant correction to the spectrum is captured only by the running at

and eventually the running of running fBr.

0.010
5
— 0.005 —
C o
- i
2 :
= = 0.000 =
0n —
[ o
(O] n
— - —0.005 <
(D]
=
-0.010

/ Q 5 Q e Q
09 09 05’ Q~\’ 0’)’

Tensor to scalar ratio (r)

FIGURE II1.10: Tensor spectrum expected by higher-curvature corrections. For each point in
the plane (r, nt) the tensor running at is fixed by the equations (I1.116) and (I1.119). The
dashed region is excluded by the LIGO/VIRGO limit on the stochastic background (I1.47); the
black solid (dashed) line represents the sensitivity expected by LISA (Einstein Telescope). The
blue contours are the 68% and 95% C.L. bounds for a combination of Planck 2018 [113, 115],
BICEP2/Keck 2015 [162] and the LIGO/VIRGO [296, 297] (P18+BK15+LV) data.

II.IVII CONSTRAINTS

We first derive constraints on higher-curvature corrections using the small scale data on the stochastic back-
ground of GWs and then we combine such information with the current CMB data performing a Monte
Carlo Markov Chain (MCMC) analysis. We use the same methods, techniques and datasets discussed
previously in the subsection ILIILII

20We recall that the generic running of order j gives a correction to the tensor tilt that is weighted by a factor log/ (k/k.) /(j +1)!
on the generic scale k.
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Parameter Prior/Derived Constraints (P18+BK15+LV)
Qph? [0.005, 0.1] 0.02240 £ 0.00015
QH? (0.001, 0.99] 0.1200 + 0.0012

100 By [0.5, 10] 1.04091 £ 0.00031
T [0.01, 0.8] 0.0564 £ 0.0078

log (101 Ag) [1.61, 3.91] 3.050 + 0.015

ns 0.8, 1.2] 0.9653 4 0.0044
€3 [—0.5, 1] 0.1240.23
r 0, 1] <0.123
er [—0.5, 0.5] -
a5 Derived —0.0041 750077
nr Derived 0.08:’8:‘;‘3
ar Derived —0.0004 30058
Br Derived —0.00022F 00008
A Derived O.lf%:g

TABLE II.6: The external priors used in our MCMC sampling and the results obtained combin-

ing the full Planck 2018 likelihood [113, 115], the BICEP2/Keck 2015 B-mode [162] likelihood

and the LIGO/VIRGO data on the stochastic background [209]. The constraints on parame-

ters are at 10 level (68% C.L.) while upper bounds are at 2¢ (95% C.L.). We indicate as Derived
those parameters obtained by the others using the consistency relations.

Constraints from Gravitational Waves

In this case we parametrize the primordial tensor spectrum by Eq.(IL.14) and we impose the relations
(I.116) and (I1.119) for the inflationary parameters relating the LIGO/VIRGO limit (I1.47) to higher-curvature
corrections. In Figure I1.10 we plot the constraints in the plane (r, nt) showing that values nt 2 0.4 are
excluded by the LIGO/VIRGO limit (I1.47). Note also that these constraints can be easily translated into
constraints on the dimensionless parameter A, i.e. on the size of the higher-curvature corrections. A large
positive tensor tilt implies a large positive running at that is completely fixed by the values of nt and r
by equations (I1.116) and (II.119). If a violation of the slow roll consistency relation is observed, a test of
(IL.119) could in principle shed light on its higher-curvature nature. Testing this relation with current and
future CMB measurements could be extremely challenging as the tensor running, even enhanced by some
order of magnitude by higher-curvature corrections, clearly gives higher-order corrections to the tensor
spectrum on the CMB scales. Nevertheless, if higher-curvature corrections are translated into a sufficiently
large blue tilted spectrum, leading to an Qgw visible by future GW experiments, combining the CMB and
GW data we might strongly improve the constraining power as proved in the previous section. Indeed
always in Figure I1.10 we show the sensitivity curves of future gravitational wave experiments such as
LISA [339] and Einstein Telescope [340]. They are expected to bring the LIGO/VIRGO upper limits down
by a factor ~ 2 leading to either a detection or to tighter constraints. Because of (I1.116) and (I1.119), a
detection of Qgw at a given scale k will immediately fix the parameter A to

1 (%@’\’)m) SR
= — @k s~ 7 In(k/k) (IL121)
A2 [3 32 L2 (ng— 1)] In(k/ks) '
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Supposing that future CMB experiments lead to a first detection of the tensor amplitude r, we can use
measurements of Qgw (k) at different scales (e.g. the scales probed by LISA and ET) as a consistency check
for A and so as a test of equations (I1.116) and (II.119).

We conclude this subsection with a final remark: it is well known that the multi-messenger event
GW170817 [214, 218] sets strong bounds on modified gravity theories, constraining cr — 1 < 10~ 1°. There-
fore one could consider the possibility of using this bound to derive constraints on this model. While it is
easy to see that adopting the GW170817 limit higher-curvature corrections will be severely suppressed?!,
it is also worth noting that the event GW170817 only constrains the propagating speed of gravity in a
precise range of frequencies that is far away from the CMB scales. Because of the running in frequency
et = dlogcr/dlogk, we may not simply use the GW170817 bound as it refers different scales, but we can
use constraints on A to relate values of cr at different frequencies.

Constraints from Cosmic Microwave Background and Gravitational Waves

For our MCMC analysis, we consider the six parameters of the standard ACDM model, i.e. the baryon
wp = Oy h? and cold dark matter w. = Q. h? energy densities, the angular size of the horizon at the last
scattering surface 6yic, the optical depth 7, the amplitude of primordial scalar perturbation log(10'° Ag)
and the scalar spectral index ns. Along with the six standard ACDM parameters, we also considered the
scalar running «s, the tensor-to-scalar ratio r, the tensor spectral index nt, the tensor running at, and the
running of running Br. However, instead of directly sampling all these parameters (as it is commonly
done, see e.g. [78, 114]), along with the standard ACDM parameters, we sample only {r,e3,er} and we
use the relations derived in subsection IL.IV.I to compute the others. More precisely we derive the tensor
tilt nt by Eq. (I1.116), its running at by Eq. (IL.119) and its running of running Bt by Eq. (IL.120) with
as = a3} + (1 —ns—r/8)es. In this way we are also able to derive constraints on the dimensionless
parameters A defined by Eq.(I1.117), as we discuss below.

In Table I1.6 we show both the priors used for the sampled parameters, denoting as "Derived" those
obtained by consistency relations, and the constraints from the combination of Planck (P18), BICEP2 /Keck
(BK15) and LIGO/VIRGO (LV) limit on the stochastic background, Eq.(I1.47). We include the LIGO/VIRGO
limit as an half-Gaussian prior on the amplitude of tensor spectrum at the smallest scale probed by those
gravitational wave interferometers. In Figure I1.11 we instead report the 68% and 95% contour plots for the
tensor parameters.

Although our results do not exclude the possibility that observable departures from the slow roll con-
sistency relation can arise from higher-curvature tensors, see also Figure I1.10, they strongly reduce the
parameter space allowed for such deviations. In particular our analysis shows a preference for a small
running of the tensor tilt ar = —0.0004f8:883(1) at 68% C.L., consistent with zero as expected in the stan-
dard slow-roll hierarchy. The constraints on the tensor running can be translated into a constraint on the
dimensionless parameter A that weighs the higher-curvature corrections to the inflationary parameters,
namely A = 0.1f%2 at 68% C.L., see also Table I1.6 and the discussion in section ILIV.II. Also in this case
a remarkable preference for values of A consistent with zero is found, disfavoring large corrections from
higher curvature tensors, see also the posterior distribution of A in Figure I.11. Notice also that future
experiments on GW such as LISA and ET, once combined with current and future CMB data, can further
constrain the parameter space allowed for this model. In Figure II.10, we can appreciate that the sensitivity
curves of future gravitational wave experiments intersect the current CMB constraints, which means that
a large range of the parameter space currently allowed can be probed by future measurements, leading to
either a detection or to tighter bounds on higher-curvature corrections.

21 Assuming a coupling function f(¢) ~ ¢/ A with ¢ < 10'°GeV the GW170817 limit would imply |A| ~ 10711 < 1.
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FIGURE II.11: Marginalized 2D and 1D posteriors for the combination of Planck 2018 [113,
115], BICEP2/Keck 2015 [162] and the LIGO/VIRGO upper limit on amplitude of the stochas-
tic background [296, 297] (P18+BK15+LV).
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CHAPTER III

HOT RELICS: AXIONS & NEUTRINOS

In this chapter I discuss well motivated extensions of the Standard Model of elementary parti-
cles that involve axions thermalized in the early Universe by scatterings with other particles as a
solution of the strong CP problem in quantum chromodynamics. After providing a brief review
of the axion theory, I analyze realistic mixed hot-dark-matter scenarios that include both axions
and massive neutrinos. In light of the most recent cosmological and astrophysical observations,
I present new robust bounds on hot relics able to constrain a significant range of the parameter
space, with important implications for direct axion and neutrino searches. Finally, I extend the
discussion to future cosmological observations.
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III.IT THE STRONG CP PROBLEM AND AXIONS

The most elegant and promising solution of the strong CP problem in quantum chromodynamics was
provided by Peccei and Quinn in 1977 [341, 342]. They postulated that the full Lagrangian of the standard
model was invariant under an additional global U(1)pq symmetry spontaneously broken at some energy
scale. The result is a new spineless particle named axion. In this section, we give a brief overview both of
the strong CP problem and the Peccei Quinn solution, pointing out the most important properties of axion
theory.

IIILILI  ASPECTS OF QUANTUM CHROMODYNAMICS

We start our discussion from another problem known as U (1) problem. It seems peculiar, but we will see
that the strong CP problem actually arises from the solution of the Ua (1) problem. To understand the na-
ture of the Ux (1) problem we need to briefly review the basic aspects of QCD and the chiral structure of the
Dirac spinor fields [343, 344]. As nuclei are formed from protons and neutrons, in the same way Hadrons
(i.e. particles that undergo strong interactions) are made of bound states of charged quarks. Quarks can
have three different colors (red, blue, green) and different flavors (i.e. up, down, strange, charm, bottom, top).
At the beginning , when quarks were first introduced, they were considered a convenient way to motivate
the appearance of particular representations of the approximate symmetry group SU(3) and for this reason
dynamical problems such as the absence of free quarks were neglected. Instead quarks can be described
as interacting particles by a fundamental quantum field theory. QCD (i.e. the quantum theory of strong
interactions) is a non abelian gauge field theory based on the gauge group SU(3). The particles linked to the
gauge field are said gluons, and their role is to bind Hadrons together. A non-abelian gauge theory in some
sense is similar to an abelian one and indeed quarks in QCD appear in a very similar way that electrons
in QED, while gluons are analogous to photons. Anyway there are some important differences such as the
fact that unlike electrons and photons, quarks and gluons never appear as physical particles. The fact that
quarks and gluons are never observed as free particles is solved by the so called confinement requirement
which asserts that the dynamics of QCD are such that only SU(3) singlet states are present in the space
of finite energy physical states. Furthermore in QCD there are no mass-less states (as photons in QED)
except the Pions and associated pseudo-scalar particles in the limit of vanishing quark masses. Note that a
crucial consequence of the confinement requirement is that QCD cannot be described in the conventional
perturbation theory since free particle states are the starting point of any perturbation theory. Anyway one
can show that for non abelian gauge theories, uniquely in four spacetime dimensions, perturbation theory
has the correct property of asymptotic freedom and this justifies the application of the perturbation theory
in order to calculate quantitatively measurable predictions.

The Lagrangian of a non abelian SU(3) gauge theory has 8 gauge fields Ay, (2 = 1...8) corresponding to
8 different gluons. The strength tensor reads

Gl = 04 AL — 0, A5 + 8 fanc AVAS (IIL.1)
where g is the coupling constant and the f,;. are the totally antisymmetric structure constants of the SU(3)

group. In terms of the 3 x 3 Gell-Mann matrices A, we have

1 1 o1
|:2/\a, 2)Lb:| = ZlebCEAC (IIIz)

The quark fields belong to the complex 3-dimensional representation of SU(3) defined by matrices A,. The
QCD Lagrangian therefore is

1 — .
Locp = —ZvaGﬁv +) 4 (i7" Dy — my) g5 (I11.3)
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where the sum is over the spinor indices (suppressed for brevity), the different quark color indices (sup-
pressed for brevity, as well) and over the different flavor indices f. Note that each flavor quark has a given
mass my. Dy is the covariant derivative defined in such a way that:

. al
Duqs = 9uq5 — 1gAH§/\aqf (I11.4)

Local infinitesimal SU(3) gauge transformation reads:

{MW = 1 (9uCa + fabc ApiGe) (IIL5)

845 = ia ety
and it easy to show that the QCD Lagrangian (II.3) is invariant under (III.5). We do not want to investigate
further general details of the QCD Theory since this goes beyond our goals and we remand the interested
reader to the literature dedicated.

As a preliminary to describe the Ua (1) problem we examine the chiral structure of the Dirac fields.
Such fields (that could be the electron or the quark field) satisfy the Dirac equation:

(iv"9, —m) p(x) =0, (I1L.6)

that is obtained from the Lagrangian

L(x) = (x) (i7" —m) p(x). (IL.7)

where = 'Y and the 7* matrices are defined by {y#,7"} = 2¢*'I and we introduce also the further
matrix 75 = 7°91929® which by definition trivially satisfies (7°)> = 1 and 7°y# = —v#45. At this point
we introduce the Left handed and Right handed Dirac fields respectively as

=
|
N =N =

=)y, $=50+71)9 (II1.8)

(T+7) 9, Pr=50-15)9 (IIL.9)

| = N =

¥R =
in such a way that ¢ = ¢ + g and ¢ = ¢, + . In term of ¢, and ¢, the Lagrangian reads

L(x) = Priv*0upr + P iy 0, pr — m [P + P | (11.10)

and we see that the kinetic part is a sum of two terms involving the right and left chiral components sepa-
rately, while the mass term couples right to left and left to right. From this point of view the fermion mass
comes from an interaction that transforms left handed (or negative helicity) particles into right handed (or
positive helicity) ones; and vice versa. For example an (approximately) massless neutrino has no inter-
action inducing such a L-R flip so that it remains purely left-handed. Another interesting fact is that for
massless particles, since y’y# = —9#v°, we have that v (iy9,p) = 0 = — (i7"9°¢) and so both ¢; and
YR respect the Dirac equation: iy"d, g = iv"9,¢r = 0.

With this result in mind, we now come back to the QCD Lagrangian (II.3) and focusing on the quark
Dirac field term } G, (iv" Dy, — my) q we see that in the limit m; — 0, Vf, both the Right and the Left
handed Dirac fields respect the Dirac Equation and so for f flavors of quarks, we have a large global
symmetry

Ur(f) x UL(f) (IIL.11)

which corresponds to the freedom of arbitrary chiral rotations of the f flavor of quarks into each other. We
can use the chirial rotation invariance in order to define the Vectorial component (V=R+L) and the Axial
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component (A=R-L) so that, in the quark vanishing masses, the exact symmetry of the theory is
Uy(f) x Ua(f) (II1.12)

If we call Agcp the dynamical energy scale of the QCD, since the masses of the up and down quarks are
my , mg < Agcp we have that
Uy (2) x Ua(2) (II1.13)

is a very good approximate symmetry of the theory that can be further decomposed as:

SUy(2) x Uy(1) x SUA(2) x Ua(1) (I1.14)

Uy (2) Ua(2)

Let us focus on the vectorial part and on the axial part separately.
The SUy(2) part is the symmetry group associated with the quark field transformations:

g — [eﬂ g (IL.15)

ij

and the Noether current: .
Ty =34 (IIL16)

This symmetry is exact if m, = m,;. However since m, , m; < Aqcp so SUy(2) must be a good approx-
imated symmetry. The conservation quantity associated with this symmetry is the Isospin. On the other
hand it is easy to show that Uy(1) is always an exact symmetry of the theory (i.e., independently form the
value of the quark masses) corresponding to the quark field transformations:

;i — €°q; (I11.17)

and the Noether current
Iy = 47"q. (I1.18)
The conservation of the Noether current is nothing else but the Barion Number.
The situation is very different if we consider the Axial SU4 (2) x Ua (1) symmetry. The reason is that in

QCD the dynamical formation of quark and anti-quark condensation (jq) breaks both the global SU, (2)
and Uy (1) symmetries.

The SUA (2) symmetry is associated with the quark field transformations

g — [g%} g (II1.19)
if
and the Noether Axial current .
_ T

Ta = 0" 15 54. (I11.20)

As to the broken symmetries correspond Goldstone bosons, the break of the SU (2) symmetry is associated
with the 7r-triplet with masses m,; ~ 0.
On the other hand the U, (1) symmetry corresponds to the quark field transformations

gi — €95/ 2g; (I1.21)
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and it is associated with the Noether axial current
1_
J§ = 537" 75. (I11.22)

The very interesting fact is that the broken U (1) symmetry (in the limit of finite but small quark masses)
would imply a Goldstone boson essentially degenerate with the pions triplet that instead is not observed
in hadron spectrum. Why? This is what is known as the Ua (1) problem. In order to solve this problem
we have to briefly review the structure of the vacuum state of the Gauge Theories and in particular the
structure of the QCD vacuum.

Chiral Anomaly

One can think that a possible solution of the Ux (1) problem may be represented by the chiral anomaly of
the Ua (1) Axial current JE. In other words the divergence of J{' gets quantum correction

2
. = ny 35;2 Givér, (I11.23)

where 7 is the number of different flavors f and GZV is the dual strength energy tensor

e 1
Gi = 5€uwapGi' - (I1.24)

In this way, even if the QCD is formally invariant under the U, (1) transformations, the chiral anomaly will
change the action introducing a term

55 o / d420,j! o / dixGl G, (I1.25)

so it seems that the U, (1) is no more a symmetry at the quantum level. Unfortunately the quantity G} VG;’W

can be expressed as a total divergence
Gy Gjj, = 9,K¥ (IT1.26)

where .
K = ehabrg [Gam - & fabCAbﬁAm} . (I11.27)

Therefore choosing the usual condition A} = 0 at the spatial infinity the chiral term (IT.25) vanishes
55 o / dxGIY Gl o / d4x9,KF / dx, K" =0 (I11.28)
and the Ux (1) is a good symmetry of the theory again. The problem is not solved.

The structure of the QCD vacuum

The real solution of the Ux (1) problem comes from the understanding of the structure of the QCD vacuum
state that implies different boundary conditions for the gauge field A} that must be a pure gauge field at
the spatial infinity. As a matter of fact, the vacuum state of non abelian gauge field theories (like QCD)
is more complex and structured than one may expect: in a gauge theory we have some freedom that we
use to require that the gauge fields (i.e. the gluon fields) A} respect the condition AY = 0. This is known
as Temporal Gauge. In this gauge the fields are time independent and, under a gauge transformation Q)(7),

transform as
Ta

5 AL(F) = A7) —» QF) A (F)QF) T + ;0(7)vf.9—1(7) (I11.29)
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The vacuum state is of course defined to be the state where the vector potential is either zero or in a
gauge equivalent configuration to zero. From Eq. (IIL.29), one can see that in this case the vacuum gauge
equivalent configurations correspond to the term éQ( 7)V.Q71(7). If we require that at the spatial infinity

Q(F — o0) — 1, we can classify all these gauge equivalent vacuum states by how Q(7) goes to unity at
spatial infinity. In other words
lim Q(F) — 2" (11.30)
r—0o0
where the integer number 7 is called winding number (or sometimes topological charge or even instanton
number) and it is related to the Jacobian of a S3 — S3 transformation that maps the physical space onto the
group space. It can be shown that [345]

03 ,
= / @1 Tr e AL (7) Al (7) AK (7) (IIL31)
where A, is the transformed gauge field under the transformation (),,. We can so use the winding number
n in order to classify the different vacuum states |1) corresponding to the different ways of how Q(¥) — 1
at the spatial infinity. Moreover we can note that, because of eq. (II1.30), we can obtain the gauge transfor-
mation (), using n-times (); and so that the vacuum states are not really gauge invariant since for example
the action of the gauge transformation () on n-vacuum state gives a different (n + 1)-vacuum state

M |n) = [n+1). (I11.32)

However it is possible to show that superimposing n different vacuum states, one can obtain a gauge
invariant vacuum, the so called #-vacuum [346]

=Y e "n). (I11.33)

This is of course a gauge invariant vacuum state, but the very interesting fact of the #-vacuum is that the
vacuum to vacuum transition is non zero:

+(0]0) - Ze”"g T (min)_ =Y | Y +(n —|—v|n>] (111.34)
14 n
where v = m — n is the difference in the winding number. One can show that v is given by:
— 4 BV _
v= 3 / a3 GGl = 55 / 4z, K" # 0 (I11.35)

Thus the complex structure of the QCD 6#-vacuum provides a very interesting fact: the term that comes
from the chiral anomaly [ d*x G, Gl" is not zero but it is equal to the difference in winding numbers v.
Using the path integral formalism in order to describe the vacuum to vacuum transition, one finds:

L (6]6)_ / 5 Al iS4l [1/ 25 / d4xG”VGaW] (I11.36)

where the effective action S is given by:

Seit = SacplA] + 0 33’5 s [ 4% Gl G (I1L.37)

Therefore the 6-term that arises from the non trivial vacuum structure of the gauge theories can be inter-
preted as a further term in the action of the theory. This additional term violates both P and CP symmetries
(while of course it preserves the CPT symmetry). Recovering our analogy to the electromagnetic theory,
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we may say that this term roughly corresponds to the E, - B, interactions.

The solution to the Ua (1) problem, should be clear now. We have to consider that the boundary condi-
tion to impose on the gauge transformation (i.e., their behavior at the spatial infinity) and the consequent
non trivial structure of the vacuum state connect the chiral anomaly with the sectors of vacuum to vacuum
transition with v # 0. In other words we have to consider that there are sectors of the theory where v # 0.
Since the QCD perturbation theory is connected to the v = 0 sector where the GG term vanishes, the ef-
fects of the v # 0 sectors are necessarily non-perturbative but of course they must be considered. In these
sectors the chiral anomaly plays a crucial role since the charge Qs associated with the Noether current J£,
eq.(II1.22), becomes

2
AQs = / d*xayJ5 = ny 3522 / d*xG}" Gopy = npv (I11.38)

and so it is never conserved if v # 0. Thus, if we include the v # 0 sectors in the QCD theory (as we have
to do), Ua (1) is never a symmetry.

III.III THE STRONG CP PROBLEM

It is interesting and maybe singular that the solution of the Ua (1) problem generates the so called strong
CP problem. Indeed if together with the QCD we consider also the weak interactions another term similar
to that obtained from the Ux (1) problem solution appears. The origin of this additional term is due to
the mass matrix of quarks which emerges from the spontaneous breakdown of the electroweak gauge
symmetry. The mass matrix of quarks is neither Hermitian nor diagonal and in general it is complex so
that the respective terms in the Lagrangian are

L mass = _qu.MijQLj - ﬁL,- <M+)ij qR; (II1.39)

If one wants to go to a physical basis then the matrix must be diagonalized by separate unitary transfor-
mations of the chiral quark fields that encompass also the U, (1) chiral rotations

{ZR : :2;72 (II1.40)
L L

where « = 1/ny Arg det M. With analogous considerations to those discussed in the previous section one
can show that such chiral rotation alters the vacuum angle in such a way that, if we define

Qs = / dxJ3 (IL.41)
the effect of a chiral rotation on the vacuum state is
¢*%|9) = [0+ nsa) (I1L.42)

Therefore, using again the path integral formalism to describe the vacuum to vacuum transition as in the
previous section, but considering also this effect coming from the electroweak interactions, one finds that
the full additional term to include in the Lagrangian (or equivalently in the action) is

2
Lep = (0+ Arg det M) 3g%cawcg’”. (I11.43)
It is so useful to define the parameter § = 6 + Arg det M so that we eventually have

2

Lcp = G%Gaw@”- (I1.44)
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The Lagrangian (III.44) contains all the terms coming from QCD and EW interactions that violate the CP
symmetry. The parameter 0, that is a combination of QCD and electroweak parameters, gives us a measure
of the CP violation. This is a free parameter of the theory and so it can assume all the values with the same
probability. The parameter 6 is strongly constrained from the electric dipole momentum of the neutron d,,
that reads [347-349]

2

dy ~ <mq> <372 [ecm] (IIL45)
my

That implies # < 10~?. Why is it so small? How is it possible that completely different contributes of order
O(1), coming from completely different physics (QCD and EW) compensate each other within a precision
of one part over 10°? Even if all the values of § have the same probability we would like to find a dynamical
mechanism able to explain a value of 6 so small. This is known as Strong CP problem. An easy solution to
the strong CP problem would be requiring a new additional chiral symmetry in such a way that we could
always rotate 0 to be zero. This could always be done whether the mass of one quark, say m,, is zero. In
this way, with a chiral rotation, one may choose § = 0 and 0 « det M « m,, = 0. Anyway, in general, both
from the theoretical and experimental side, quarks are regarded to be massive and this is not a good way
to solve the problem.

IILLIII THE PECCEI QUINN SOLUTION

To solve the strong CP problem, in 1977, Roberto Peccei and Helen Quinn postulate the full Lagrangian of the
standard model was invariant under an additional global chiral U(1) symmetry, known as Upg(1) (Peccei-
Quinn) symmetry [341, 342]. If the Upg(1) symmetry exists and is exact, so the strong CP problem would
be trivially solved by performing a chiral rotation and setting § = 0. However, such a symmetry cannot
be exact but it must be spontaneously broken at some energy scale f4. Indeed if Upg(1) is spontaneously
broken,  is dynamically driven to zero. In this case there will be an associated pseudo Goldstone boson in
the theory, that is named axion [341, 342, 346, 350-362]. Axions are not mass-less since the chiral Upg(1)
symmetry is anomalous and they get a mass of order ~ AéCD /fa.

Let us try to understand in more details which are the implications coming from the Peccei Quinn
Upq(1) symmetry. First of all we notice that since the axion field ¢4 is the filed of the Goldstone boson
associated with the spontaneously broken symmetry Upg(1), this field translates under the Upg(1) trans-
formations

pa(x) — ¢a(x)+afa (IIL.46)
Upq(1)

where « is the phase parameter of the transformation e'2 and f, is again the breakdown symmetry scale.
Then if we want the Lagrangian that describes the full theory to be invariant under the Upg(1) symmetry
we need to insert the axion field only derivatively coupled so that when ¢4 transforms according to Eq.
(II1.46) the term « f4 vanishes being constant. Moreover we have to consider also the chirial anomaly
that forces us to introduce also a direct coupling between the axion field and the Gluon field. All these
considerations completely fix the form of the additional terms in the effective Lagrangian L.¢ which reads

g s (MY Aa Pa g s MY Aa Mg
= 0 —= 8 o int. | —— 111.47
Eeff ‘CSM + 3077 G G Hv y(PA (PA + f 532 G G + L; nt. [ fA {lIJ} ( )
—,_/
CP violating Free Axion Lagrangian £ 4 interaction Lagrangian

where {¢} are all the other fields in the theory and ¢ is a model dependent parameter defined by the chiral
anomaly of the Upg(1) current ]{,’Q as

fhg = 532 3G’ Gl (ITL.48)
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Let us focus on the free axion Lagrangian £ 4 in (I11.47):

LA = *ayquaV(PA + ?A & 3‘55 Gy Gy, (I11.49)
we can recognize the axion potential
v, = Pz 88 Gl Ge (ITL.50)
fa®32m2 i
If we do not take into account the QCD effects, minimizing the vacuum expectation value (VEV) of the
potential (V4) = — f—i 3§§r2 (G" GZU>, one can see that all the values 0 < (¢p4) < 271f4 /¢ are allowed. On the

contrary, taking into account the CP violating term (II1.47) (i.e., considering the QCD anomalies) because
of the periodicity of (G}" GZ ), we have en effective potential V5 in the effective 6 + <qu> vacuum angle

VSt ~ cos <é + f; <¢A>> (IL.51)
that can be minimized to obtain the axion VEV:
(pa) = —fé“ g (I1L52)

so that

o tss =0 (IT1.53)
R

Wa\ _ & & Jomwea
<a¢A>_ Faz2r? (GG

Note also that expanding the potential around the minimum, axions acquire a mass given by:

VA7 N R B
e < 3% > = Fas2mrags (O Gl n (I1L54)

So, being the axion field massive, the mass term must be introduced in the Lagrangian. We want to show
that, with all these efforts, the strong CP problem is automatically solved. Indeed if we define the physical

axion field cpihys
ihys = ¢a—(Pa) = pa+ J;f‘ (I11.55)
the Lagrangian (I11.47) in terms of (f)ihys (and the above mentioned mass term) eventually reads:
1 ~ oH
Leotf = Loy — an(l)ihysaycpihys L ((Pphys) fg (PPhys gs zcvaﬁv + Lot [fq:ml {l[J}] (IT1.56)

We see that the CP violating term with 6 is cancelled. The effect of the Peccei-Quinn Upg(1) symmetry
must be clear now: the static free parameter 0 of the theory is replaced by dynamical scalar field, the axion
field, that is dynamically driven to zero. The strong CP problem is solved.

The original model of the axion was proposed by Weinberg and Wilczek, based on the idea of Peccei
and Quinn. This is called the Peccei-Quinn-Weinberg-Wilczek (PQWW) model, or the visible axion model.
In this model, the axion field is identified as a phase direction of the standard model Higgs field. It is
necessary to introduce two (or more) Higgs doublets, since the axion degree of freedom does not exist
in the theory with single Higgs doublet. Let us denote two Higgs doublets as ¢; and ¢». The PQWW
axion is visible, in the sense that it predicts observable signatures in the laboratory experiments. However,
the theoretical predictions of the PQWW axion contradict with experimental limits. The problem of the
original visible axion model can be avoided if the PQ symmetry is broken at some energy scale higher than
the electroweak scale since the couplings of axions with other particles are suppressed as o fl—A This fact
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motivates the “invisible” axion model. In this model, the axion is not the phase direction of the standard
model Higgs doublet. We must introduce a complex singlet scalar field, whose phase would be identified
as the axion. Such models are called invisible axion models.

The role of non perturbative physics is crucial for axions and it becomes important at some temperature
Tne < f providing a periodic potential for the axions. If we define A 4 the scale of non perturbative physics
the potential can therefore be put in the form

Vo= A4 U(x) (IL.57)

where U(x) has at least one minimum and one maximum on the interval x € [—7, 77]. Indeed, even if for a
more detailed discussion on the structure of the QCD vacuum and its energy we remand to [363], we have
already explained that we expect a periodic contribute coming from the CP violating term. A particularly
simple choice for the potential is therefore

N

Va(pa) = A4 [1 — cos <DW"’A>] (IIL.58)
fa

where Npw is an integer number called Domain Wall number that, unless otherwise stated, here we set

to Npm = 11 Itis important to remark that the potential (II1.58) is not unique since we cannot predict
it exactly without a full knowledge of the non perturbative physics. For example in the potential one can

include the so called higher order instanton corrections that will add the terms ~ cos” (%) to the potential
(II1.58). Anyway if ¢4 < fa the potential can be expanded as

Va(pa) = %midﬁ (I1L.59)

with my = A%/ f3. Since the symmetry breaking scale £, is typically rather high, while the non perturba-
tive scale A 4 is typically lower, the axion mass is expected to be small.

III.IT NEW COSMOLOGICAL BOUNDS ON AXIONS AND NEUTRINOS

As we discussed so far, the most elegant solution at present to the strong CP problem in Quantum Chro-
modynamics (QCD) would require the Lagrangian of the Standard Model of elementary particles to be
invariant under an additional global U(1)pg (Peccei-Quinn) symmetry, spontaneously broken at some en-
ergy scale f, [341, 342, 346, 350-360], with an associated Pseudo Nambu Goldestone Boson (PNGB), the
so-called axion [355-359, 361, 364-368]. A strong experimental effort has been devoted in different fields to
search for axions [369-377]. If these elusive particles exist, they can be copiously produced via both ther-
mal and non-thermal processes in the early universe. Axions produced via non-thermal processes, e.g. by
the vacuum realignment mechanism [378-384] and/or by topological defects decay [385-392], are natural
cold dark matter candidates®. Conversely, thermal axions, i.e. the population of axions created and anni-
hilated during interactions among particles in the primordial universe, contribute to the hot dark matter
component instead.

Here we shall focus on the thermal axion scenario [393—-402]. While still relativistic, thermal axions, as
other hot relics, behave as extra dark radiation, contributing to the effective number of relativistic degrees
of freedom N,¢, defined by the relation

Prad =

7 4/3
147 (11) Neff] o, (I11.60)

ISee also Appendix B for a discussion on Domain Walls
2See also the brief review on axion Cold Dark Matter provided in the Appendix B
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with p, the present Cosmic Microwave Background (CMB) energy-density. The reference value is Neg =
3.045 [403-407], and a departure from this standard scenario may leave different signatures in the cos-
mological observables, modifying the damping tail of the CMB temperature angular power spectrum and
changing two important scales at recombination: the sound horizon and the Silk damping scales. In ad-
dition, the primordial abundances of light elements predicted by the Big Bang Nucleosynthesis (BBN) are
also sensitive to extra light species, i.e. to a larger value of Ngg. Indeed the expansion rate of the universe
during the BBN epoch strongly depends on the effective number of relativistic degrees of freedom and
extra light species, which will increase the expansion rate and lead to a higher freeze-out temperature for
weak interactions, implying a higher fraction of primordial helium.

When thermal axions become non-relativistic particles they leave identical signatures in the different
cosmological observables as massive neutrinos, increasing the amount of the (hot) dark matter mass-energy
density in our universe, suppressing structure formation at scales smaller than their free-streaming scale
and leaving an imprint on the CMB temperature anisotropies, via the early integrated Sachs-Wolfe effect.
This is why a large degeneracy between the axion and the total neutrino masses is expected [398, 400].

III.II.1 THERMAL AXIONS

The thermal axion scenario can be described by two parameters: the axion coupling constant f, and the
axion mass m,, related as

7
M, = f”m”ﬂ ~ 0.6eV X M ,
fa 1+R fa
where R = m,,/my; ~ 0.553 £ 0.043 is the up-to-down quark mass ratio and f,; ~ 93 MeV is the pion decay
constant [408]. The axion contribution to the effective number of relativistic degrees of freedom

(IIL61)

4 43 143
ANy~ = | ———— I11.62

depends on the temperature T; at which axions decouple from the thermal bath via the number of entropic
degrees of freedom g, s(T). Axions decouple from the thermal bath when the reaction rate I', falls below
the Hubble expansion rate

473 T2
H(T) = Eg*(T) <prl> . (IIL.63)
with My, ~ 1.22 x 10"°GeV the Planck Mass. Considering only the two-body processes with cross sections
0; = o(pia <> p;px) and with all the particles in thermal equilibrium, we can define the decay rate as [367,
393]
T, oY ni(voy) (I11.64)
i

where n; is the number density of p;, v ~ 1 the relativistic velocity and the brackets denote a thermal
average. Solving the usual freeze-out condition

I.(T;) = H(T,), (I11.65)

one can estimate the decoupling temperature of a thermal axion population with mass m,, while the ax-
ion contribution to the relativistic degrees of freedom is simply given by ¢.(T;) = ¢SM(T;) + 1. After
decoupling (T < T,;) axions maintain a thermal distribution which basically remains unaffected by other
phenomena occurring in the plasma. Therefore we can estimate the current axion number density simply
as

_ &s(To) 1y (IT1.66)

X —=,

Mg
s (Tg) 2
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with 71, ~ 411 cm 3 the present photon density and g,s(Tp) ~ 3.91 the current number of entropic degrees
of freedom.

In the early Universe, there are several different processes that can produce distinct population of ther-
mal axions. In this work we shall study a thermal axion population from axion-gluon and axion-pion
scatterings separately [409-414].

Axion-Gluon coupling

In any QCD axion model, axions couple with free gluons. The relevant processes for axion thermalisation
are [415]

*at+qg<rg+ganda+g< g+G;
cat+g<q+g;
catgeg+g

Following Di Luzio et al. [367], the decoupling temperature for this population of thermal axions reads as

2
T, ~ 12.57”*3”) Si Gev. (I11.67)
0 Mpl

S

It is easy to see that for T; > T., we expect a contribution n, ~ 7.5 cm 3. Tt is also worth noting that the
decoupling temperature must be smaller than the PQ breaking scale (above which there is no axion) and
that if the scale of inflation and the reheating temperature are below T, this thermal population gets in-
flated away. In this section, taking into account these caveats and exploiting current cosmological datasets,
we constrain the sub-eV axion mass range allowed for this process in realistic scenarios that include also
massive neutrinos.

Axion-Pion Coupling

After the QCD phase transition, T < T, axions can couple with hadrons. In practice, however, nucleons are
so rare in the early universe with respect to pions that the only relevant process is the axion-pion interaction
T+ 7T <> T+a.

The leading order Lagrangian for axion-pion interaction reads

9,4
Lon = Con—e (BTt~ + 79yt — 2 179, , 71°) (I11.68)
fafr
where the axion-pion coupling
1 /my—m
Cor = (mu - cg) , (I1L.69)

is a model-dependent quantity sensitive to the nature of axion-fermion interactions via the axion-quark
couplings ¢ and ). Starting from Eq.(II1.68), the leading order axion-pion interaction rate can be computed
to obtain [367, 415]
0 ~ 0.215C2 T—Shm (@) (I1L.70)
o o)
with h(x) a rapidly decreasing function of its arguments normalized to #(0) = 1. As usual, solving the
freeze out condition (IIL.65) we can estimate the decoupling temperature for an axion population with
mass m,, while by Eq. (II.66) we can derive its current number density.
However it should be noted that the thermal production of axions via pion scattering is strongly model-
dependent since the relation between the axion mass and the (decoupling) temperature changes accord-
ingly to the axion-pion interaction strength. Consequently, the thermal production of axions from pion
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scattering could range between relatively large thermal abundances to negligible ones, depending on the
precise value of C,. For example, in the KSVZ axion model [355, 356, 367] the coupling between axions
and fermions vanishes at tree level: ¢§ = ¢} = 0 and C,r = (1 — R)/(3+ 3R) =~ 0.12 leading to a sizable
amount of relic axions. On the other hand, in the DFSZ scenario [357, 367, 416] because of the presence of
extra Higgs doublets, QCD axions couple to SM fermions at tree level - ¢ = 1 cos?(B), ¢ = § sin?(B) with
tan § € [0.25,170] because of the unitary of tree-level fermion scatterings [367] - and the axion production
can be either enhanced or suppressed: C,z = (1 — R)/(3+3R) —1/9cos(2p), see the recent discussion by
Ferreira, Notari, and Rompineve [414].

Furthermore, the authors of Ref. [415] have recently shown that for temperatures T) 2 62 MeV the
next-to-leading order term in the axion-pion interaction rate

T7 m
NLO ~ _0.62C2 —— i 1171
arn anfazf;l[ NLO ( T > ( )

becomes comparable with the leading order part, INFO(T,) ~ 0.5TLQ(Ty), and the chiral perturbation
theory breaks down. Interestingly, for the KSVZ model these controversial values for the temperatures
precisely correspond to the sub-eV axion mass range of interest for current and future CMB experiments.
Therefore, it is mandatory to adopt a model-independent approach to be able to compute reliable thermal
axion mass limits from cosmology until a robust lattice QCD method provides the precise answer for a
given model in these temperature ranges.

In order to study the thermalisation from axion-pion scatterings in the most broad and reliable scenario,
we restrict ourselves to explore exclusively to the parameter space where the next-to-leading order term
I'NLO(T) remains small with respect to leading order part I';Q(T), which basically means to consider de-
coupling temperatures T; < T, ~ 62MeV. In addition, we shall not assume in the following any specific
underlying theoretical model for the axion-pion interactions, leaving the axion-pion coupling C, - as a free
parameter. In this way, we are not only able to explore different axion models beyond the usual KSVZ and
DSFZ scenarios 2, but also to derive well-defined constraints on the sub-eV axion mass range in realistic
scenarios which include also massive neutrinos.

IILILII NUMERICAL ANALYSES

The final release of Planck 2018 temperature and polarization data [42], offers a unique opportunity to
derive updated bounds on the thermal axion mass, accounting also for the fact that neutrinos are mas-
sive particles, as robustly indicated by oscillation experiments [418, 419]. Cosmology provides the most
powerful mean to constrain their masses [419-426].

We therefore analyze an extension of the ACDM model which includes both axions and neutrinos as
hot thermal massive relics. We perform Monte Carlo Markov Chain (MCMC) analyses using a modified
version of the publicly available package CosmoMC [107, 108] and computing the theoretical model with the
latest version of the Boltzmann code CAMB [109, 110]. We consider the canonical ACDM model described
by the usual six-parameters, i.e., the baryon wy, = Qph? and cold dark matter w. = Qh? energy densities,
the angular size of the horizon at the last scattering surface 0yc, the optical depth 7, the amplitude of
primordial scalar perturbation log(10'°Ag) and the scalar spectral index ng. Together with the standard
ACDM parameters, we add the thermal axion mass m, and the sum of three active neutrino masses }_ m,
(both in eV). For the axion-pion thermalization channel we consider also the coupling C,, and we restrict
our scan only to decoupling temperatures T; < 62MeV where TNLO(T) remains small with respect to
TLO(T). In this case, for each sampled point (T;, C,z) we compute the axion mass 11,(Ty, Coz) by solving
Eq.(IIL.65). We vary these parameters in a range of external and conservative priors listed in Table III.1.

3While the KSVZ and DFSZ are widely considered as benchmark scenarios, there are other models in which both the new
heavy quarks and the Higgs doublets carry U(1)pg charges, see e.g. Kim and Carosi [417] and Di Luzio et al. [367].
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Parameter Prior for axion-gluon Prior for axion-pion
Qph? [0.005, 0.1] [0.005, 0.1]
Qch? [0.005, 0.1] [0.005, 0.1]

100 Ovic [0.5, 10] [0.5, 10]
T [0.01, 0.8] [0.01, 0.8]
log(10'° Ag) [1.61, 3.91] [1.61, 3.91]
g (0.8, 1.2] (0.8, 1.2]
Y. my [eV] [0.06, 5] [0.06, 5]
M, [eV] [0.1, 10] -
T4 [MeV] - < 62
Can - [0, 0.5]

TABLE III.1: List of the parameter priors.

The posteriors of our parameter space have been explored using the MCMC sampler developed for
CosmoMC and tailored for parameter spaces with a speed hierarchy which also implements the "fast drag-
ging" procedure described in Ref. [111]. The convergence of the chains obtained with this procedure
is tested using the Gelman-Rubin criterion [112] and we choose as a threshold for chain convergence
R —1 < 0.02. Our baseline data-set consists of:

¢ Planck 2018 temperature and polarization (TT TE EE) likelihood, which also includes low multipole
data (£ < 30) [42, 113, 114]. We refer to this combination as "Planck".

¢ Planck 2018 lensing likelihood [115], constructed from measurements of the power spectrum of the
lensing potential. We refer to this dataset as "lensing".

¢ Baryon Acoustic Oscillations (BAO) measurements extracted from data from the 6dFGS [116], SDSS
MGS [117] and BOSS DR12 [118] surveys. We refer to this dataset as "BAO".

¢ Type la Supernovae (SNela) distance moduli measurements from the Pantheon sample [119]. We
refer to this dataset as "Pantheon".

¢ Galaxy clustering and cosmic shear measurements, as well as their cross-correlations, from the Dark
Energy Survey [427-429]. We refer to this dataset as "DES".

¢ The Hubble constant measurement from the SHOES collaboration analysing type-la supernovae data
from the Hubble Space Telescope [430]. We refer to this dataset as "R20".

IILILIIT COSMOLOGICAL BOUNDS

In this section we present the results obtained by our MCMC analysis of the mixed hot dark matter scenario
which includes axions and neutrinos as hot thermal massive relics. We consider both the axion-gluon and
the axion-pion thermalization channels.

Axion-Gluon scatterings

Table IIL.2 summarizes the results for the axion-gluon thermalization channel obtained from our MCMC
analyses of the ACDM + ) m, + m, model. Figure IIl.1 shows the 68% and 95% CL contour plots for
different cosmological parameters.
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DATASET AXION-GLUON COUPLING
Qph? Q.h? 100 Opic T log(10™°Ag) ‘ ns ‘ m, [eV] ‘ Y m, [eV]
Planck 0.02236 £ 0.00016 | 0.1188739%%% | 1.0476£0.00032 | 0.0546709%72 | 3.04770915 | 0.9631+£0.0046 | <835 | < 0.324
Planck
0.02236 £ 0.00015 | 0.119173:9%0 | 1.04076 £ 0.00031 | 0.0553 £ 0.0075 | 3.049 £ 0.015 | 0.9626 +£0.0044 | < 8.03 | < 0.272
+lensing
Planck 0.0029 0.0072 0.015
0.02248 £ 0.00014 | 0.11767355%, | 1.04099 £ 0.00029 | 0.0568709%72 | 3.04870015 | 0.9672+£0.0040 | <8.14 | <0.158
+BAO ’ ’ '
Planck 0.0034 0.0073 0.015
0.02242 £ 0.00014 | 0.1181739%%4 | 1.04086 £ 0.00031 | 0.0554709%73 | 3.04670015 | 0.9648 £0.0044 | < 8.62 | < 0.209
+Pantheon
Planck 0.0028
0.02248 £ 0.00015 | 0.116073:9028 | 1.04093 £ 0.00032 | 0.0549 £ 0.0079 | 3.043 £0.016 | 0.9661 £0.0044 | <840 | < 0.346
+DES
Planck 0.0028 0.0073
0.02258 £ 0.00015 | 0.11687300%8 | 1.04113 £ 0.00030 | 0.0579709%75 | 3.048 £0.017 | 0.9697 £0.0043 | <792 | < 0.129
+R20
Planck +lensing
+BAO +DES | 0.0225540.00013 | 0.115970:9%%5 | 1.04105£0.00029 | 0.059475305% 3.05270013 | 0.9677£0.0038 | <813 | <0.136
+Pantheon
Planck +lensing
+BAO +DES | 0.02265 £0.00013 | 0.1156759026 | 1.04118 +0.00030 | 0.062473907% | 3.05770915 | 0.97014+0.0038 | <7.46 | <0.114
+Pantheon +R20

TABLE III.2: Results for the Axion-Gluon thermalization channel obtained for different com-
bination of the datasets listed in subsection IILILIL. The bounds on parameters are 1o errors
(68% CL), while the upper bounds are 20 (95% CL) constraints.

DATASET AXION-PION COUPLING, T; < 62MeV
Qph? ‘ Qh? 100 Opc T log(10™°Ag) ng ‘ m, [eV] ‘ Y m, [eV]
Planck 0.02261 £0.00015 | 0.1252+39%22 | 104012 £ 0.00032 | 0.0567 09022 | 3.06475015 | 0.9703£0.0058 | <241 | < 0.269
Planck +0.0016 +0.0072 +0.014 +0.0056
tlensing 0.02257 +£0.00015 | 0.126610.%016 | 1.04004 £+ 0.00032 | 0.0592750022 | 3.0711001 | 0.9706109%%¢ | <196 | <o0.221
1
Planck 0.0075 0.015
0.02279 +0.00014 | 0.1238£0.0012 | 1.04043 £ 0.00029 | 0.060970007 | 3.0667501> | 0.9819+£0.0040 | < 1.04 | <0.134
+BAO
Planck + +00017 4 +0.0072 +0015 758+0.0052 7
+Panth 0.02268 +0.00015 |  0.1250709017 | 1.04023 £0.00031 | 0.0582100072 | 3.06475015 | 09758700032 | <178 | <0.169
antheon
Planck 0.0076 0.015
0.02270 +0.00014 | 0.1239£0.0013 | 1.04024 £ 0.00031 | 0.056875907%¢ | 3.06175015 | 0.9727 £0.0056 | <216 | < 0.257
+DES
Planck 0.0077 0.016
0.02281 £0.00014 | 0.1240£0.0013 | 1.04041 = 0.00030 | 0.06087 307 | 3.067T001¢ | 0.9811£0.0043 | < 1.17 | <0.124
+R20
Planck +lensing
+BAO +DES | 0.02286£0.00013 |  0.123370000% | 1.04047 £0.00029 | 0.0683735%1 | 3.0827951% | 0.9828 £0.0037 | <1.04 | <0.115
+Pantheon
Planck +lensing
+BAO +DES | 0.02292+0.00013 | 0.12271 4 0.00091 | 1.04059 4 0.00028 | 0.07067 037 | 3.08570315 | 0.9848£0.0036 | <091 | < 0.105
+Pantheon +R20

TABLE II1.3: Results for the Axion-Pion thermalization channel obtained for different com-
bination of the datasets listed in subsection IILILII. The bounds on parameters are 1o errors
(68% CL), while the upper bounds are 20 (95% CL) constraints.
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Planck+BAO

Planck+R20

Planck+Pantheon

Planck+DES
Planck+lensing+BAO+Pantheon+DES
Planck+lensing+BAO+Pantheon+DES+R20

1 1 1 1 1 1 1 1 1 1 1/ 1 =
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FIGURE III.1: Axion-Gluon thermalization channel. Marginalized 2D and 1D posteriors for
different combinations of the datasets listed in subsection IILILIIL
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0.1 4
Planck (T4 < 62MeV)
Planck+all (T4 < 62MeV)

0.5 1.0 1.5 2.0 2.5
m;[eV]

FIGURE II1.2: Axion-Pion thermalization channel. Marginalized 2D and 1D posteriors in the
plane (m,, Cyr) with the prior T; < 62MeV.

As discussed in the introduction, a large degeneracy is expected between the axion and neutrino
masses, see also Figure II.1, where a strong anticorrelation is clearly noticed from the allowed contours
in the (}_m,, m;) plane. Furthermore, these two parameters show similar degeneracies with other cosmo-
logical parameters and quantities such as Hy, Sg and (),,.

Exploiting the last release of Planck’s temperature and polarization (TT,TE,EE+lowP) data, we derive
the 95% CL upper bounds }_m, < 0.324eV and m, < 8.35eV. Notice that due to the lower contribution
in ), h? and AN, expected by the axion-pion thermalization channel, the bounds on the axion mass are
much less tight than those presented for the axion-pion case in Ref. [400]. Indeed for the axion-gluon
thermalization channel, eV axion masses correspond to high decoupling temperatures T; > T, and for
T; 2 150 GeV all particles of the Standard Model are relativistic so that g, ~ 107,75. From Eq. (IIL.66)
one can notice that this will lead to a number density of relic axion 1, ~ 7.5cm™~? (that does not depend
on the decoupling temperature), giving a very small contribution ANg =~ 0.027 to the effective number of
relativistic degrees of freedom, which is well beyond the constraining power of Planck data.

As concerns the other datasets involved in our analyses, we notice that the axion mass bounds only
weakly change with the dataset. For example, the inclusion of CMB lensing measurements from the
Planck satellite only slightly improves the neutrino mass bound to ) m, < 0.272eV at 95% CL, leaving
the constraints on the axion mass almost unchanged (m, < 8.03eV at 95% CL). Instead, the combination
of Planck and DES data slightly worsens both the bounds on the axion mass (m, < 8.40eV at 95% CL),
and the bounds on neutrinos (}_m, < 0.346eV at 95% CL). This is due to the lower value of the clustering
parameter og preferred by DES measurements, which is translated into higher hot thermal relic masses.
Conversely, due to the smaller error in (), the inclusion of Pantheon data leads to a significant improve-
ment in the constraints on the sum of neutrino masses (}_m, < 0.209 eV at 95%CL), but not in those on the
axion mass ( m, < 8.62eV, at 95% CL).

As expected, the largest impact on Planck bounds arises from the inclusion of the large-scale structure
information from BAO measurements. As also discussed by Di Valentino et al. [400], hot thermal particles
as axions and neutrinos suppress structure formation at small scales and therefore galaxy clustering infor-
mation becomes crucial to set bounds on the amount of dark matter in the form of these relics. Indeed,
combining Planck and BAO data we derive the upper bounds m, < 8.14eV and }_m, < 0.158eV, both at
95% CL. Combining together all the datasets, we obtain the robust 95% CL upper limits of m, < 8.13eV
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FIGURE II1.3: Axion limits in the plane (1, , g4y). We quote our most constraining cosmo-

logical bounds (both at 95% CL) for the axion-pion and the axion-gluon thermalization chan-

nels. We also show current limits and future detection sensitivity forecasts for different experi-

ments: CAST [370], IAXO [371, 372], ORGAN [373], MADMAX [374], Plasma Haloscope [375],

ADMX [376, 377], Telescopes [431, 432] and BRASS. The horizontal dashed lines represent the
limits from the Sun and horizontal branch (HB) stars energy loss [433].
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and }_m, < 0.136eV.

Despite the fact that there is a very large tension among CMB estimates and low redshift measurements
of the Hubble constant - with a statistical significance above 40 [121, 122, 434] -, this tension is considerably
reduced in the presence of additional relativistic degrees of freedom. Sub-eV thermal axions are relativistic
at decoupling and therefore will ease the well-known Hubble constant tension. Consequently, the addition
of the prior on Hy as measured by the Hubble Space Telescope in our cosmological analyses is perfectly
justified and leads to a further strong improvement in the constraints on ) m,. The reason beyond this
improvement can be easily understood in terms of the large degeneracy between the neutrino masses and
the Hubble constant. It is well known that an increase on }_m, induces a shift in the distance to last
scattering that can be easily compensated by lowering Hj, leading to a strong degeneracy between these
two parameters. Such a degeneracy can be broken by an independent measurement of Hy as that provided
by the SHOES Collaboration. Combining R20 and Planck data leads to upper bounds on the thermal relic
masses of ) m, < 0.129eV and m, < 7.92eV, both at 95% CL. Including also Planck lensing measurements,
BAO, Pantheon and DES data, the upper bound on the neutrino mass becomes ) m, < 0.114eV at 95% CL,
while the bound on the axion mass is slightly improved to m, < 7.46eV at 95% CL. Notice that the former
upper limit on the total neutrino mass is very close to the inverted neutrino mass ordering prediction,
implying that a future measurement of the nature’s mass ordering could be translated into a limit on the
thermal axion parameter space.

Axion-Pion scatterings

We shall now focus on the axion-pion thermalization channel. In this case the chiral perturbation theory
adopted to compute the abundance of relic axions produced via pion scattering becomes unsafe for values
of the decoupling temperatures above Ty ~ 62MeV [415]. For any axion model, this limit defines the
smallest mass which can be safely explored within a perturbative approach:

ma > ma(Ty, Car) ~ 1.2 % <(2:‘12) eVv. (IIL.72)

art

Notice that when m, < 1.2 x (0.12/C,,) €V any bound derived using effective field theory is not com-
pletely reliable. Until robust lattice QCD methods provide a definitive answer, we have basically two
choices: either we assume that when temperatures exceed 62 MeV perturbation theory still provides a rea-
sonable approximation of a more accurate non-perturbative result, or, more conservatively, we limit our
scan only to temperatures below 62 MeV. Here, we present and discuss the results obtained following the
latter more conservative approach. Table III.3 summarizes the constraints for the model ACDM + ) m, +
m, + Cyu for the different datasets listed in subsection IILILIL. Figure III.2 clearly illustrates the fact that
requiring T; < 62MeV implies less constraining bounds on the axion mass. We estimate the upper bound
on the axion mass as the value which corresponds to the 95% of its integrated posterior distribution func-
tion. Therefore, we derive strong conservative bounds without extending the theory in a region beyond
its validity. Exploiting the last release of Planck temperature and polarization (TT,TE,EE+lowP) data, we
derive the upper bound m, < 2.41eV at 95% CL on the axion mass and ) m, < 0.269eV at 95% CL on
neutrinos. As concerns the other datasets considered in our analyses, in this case their impact on the axion-
mass bounds is relevant. Indeed, we may appreciate that the inclusion of CMB lensing measurements from
the Planck satellite improve both the neutrino mass bound () m, < 0.221eV at 95% CL) and the constraints
on the axion mass (m, < 1.96eV at 95% CL). Due to the lower value of the clustering parameter oy pre-
ferred by DES measurements, in this case the combination of Planck and DES data gives m, < 2.16eV and
Y- m, < 0.257eV, both at 95% CL. On the other hand, the smaller error in (), of Pantheon data leads to
an improvement both in the constraints on the sum of neutrino masses (}_m, < 0.169 eV at 95%CL), and
in the constraints on the axion mass ( m, < 1.78eV, at 95% CL). Once again, the largest impact on Planck
bounds arises from the inclusion of large-scale structure information from BAO measurements. Indeed,
combining Planck and BAO data we derive the upper bounds m, < 1.04eV and ) m, < 0.134eV, both
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at 95% CL. Combining together all the aforementioned datasets, we obtain the very tight and robust 95%
CL upper limits of m, < 1.04eV and ) m, < 0.115eV. Considering also the prior on Hy as measured by
the Hubble Space Telescope and combining together the R20 and Planck data, we obtain the upper bounds
on the thermal relic masses )} m, < 0.124eV and m, < 1.17eV, both at 95% CL. Including also Planck
lensing measurements, BAO, Pantheon and DES data the upper bound on the neutrino mass is improved
to ) m, < 0.105eV at 95% CL, while the bound on the axion mass is improved to m, < 1.04eV at 95% CL.
In this axion-pion thermalization case, the most constraining upper limit on the total neutrino mass lies
extremely close to the inverted neutrino mass ordering prediction, enforcing our main message, that is, a
multi-messenger search of axion and neutrino properties and for a joint analysis of their expected sensitiv-
ities. Figure II1.3 illustrates our cosmological constraints in the axion mass - axion-photon coupling plane
(a4, $ay). We focus exclusively on the parameter space of interest for thermal axions?, covering a mass
range m, € [107%, 10] eV and quoting our most constraining 95% CL bounds for the two thermalization
channels together with current experimental limits and future detection sensitivity forecasts. From the lim-
its depicted in Figure III.3 one can notice that a significant range of the parameter space can be probed by
cosmological data. Furthermore, a future cosmology-independent limit on the axion mass may provide an
important test of the cosmological constraint, and also can be translated into a limit on the hot dark matter
component in the form of massive neutrinos, strongly supporting multi-messenger searches of axions and
neutrino properties.

IILIIT COSMOLOGICAL FORECASTS ON AXIONS NEUTRINOS AND LIGHT EL-
EMENTS

While the bounds discussed in the previous section are able to probe a significant range of the parameter
space allowed by direct axion searches, see also Figure III.3, the current constraining power on the total
variation of the effective number of relativistic species due to extra dark radiation (ANeg < 0.4 at 95% CL)
represents an important limitation as it is not accurate enough to reveal the presence of thermal axions
produced before the QCD transition. These axions would lead to ANk < 0.1, which lies well below the
present sensitivity to ANgg. In this regard, the next generation of CMB experiments is expected to signifi-
cantly increase the constraints on Neg. Indeed one of the targets of future Cosmic Microwave Background
and Baryon Acoustic Oscillation measurements is to improve the current accuracy in the neutrino sector
and reach a much better sensitivity on extra dark radiation in the Early Universe. We conclude this thesis
studying how these improvements can be translated into constraining power for well motivated extensions
of the Standard Model of elementary particles that involve axions thermalized before the QCD phase tran-
sition by scatterings with gluons. Assuming a fiducial ACDM cosmological model, here we simulate future
data for CMB-54-like and DESI-like surveys following the methodology discussed in Equation IILIIL.I and
analyze a mixed scenario of axion and neutrino hot dark matter. We further account also for the effects of
these QCD axions on the light element abundances predicted by Big Bang Nucleosynthesis.

IILIII.I FORECAST METHODS

In this subsection we describe the method followed for our forecasted analyses, focusing on future CMB
and BAO observations. In particular, we simulate future data for a CMB-54-like [200] observatory and for
a DESI-like [440, 441] BAO survey. These probes are expected to provide scientific results in the next few
years and have been carefully designed to improve the constraints on the neutrino sector and other forms
of dark radiation in a significant way [200, 440, 442, 443]. Finally, we also address the effect of additional
thermal species on the observational prediction of BBN on light element abundances up to Beryllium-7.
All our forecasted datasets make use of the COBAYA software [295]. The code allows to build syn-
thetic realization of cosmological data for both CMB and BAO observations and test them again a given

4For a review of the limits on axion-like particles covering larger ranges see O’Hare [435] and also O’Hare and Vitagliano [436],
O'Hare et al. [437], Dafni et al. [438], and Knirck et al. [439] for interesting discussions.
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cosmological model. The parameter posteriors have been sampled using the MCMC algorithm developed
for CosmoMC [107, 108]. The predictions of the theoretical observational probes are calculated using the
latest version of the cosmological Boltzmann integrator code CAMB [109, 110]. To include the effect of
the axion-gluon coupling as an additional form of dark radiation we have modified the CAMB package
accordingly to the detailed description in the previous section. The strength of the coupling and its effect
on the neutrino sector are functions only of the axion mass that we include as an additional cosmological
parameter in our analyses.

To complete this picture one needs to choose a fiducial cosmological model to build the forecasted
data. We perform our forecasts using values of the parameters that are in agreement with the latest Planck
2018 constraints for a ACDM scenario [114]. In particular we choose the following values for the standard
six cosmological parameters : n; = 0.965, w, = 0.0224, w. = 0.12, Hy = 674, T = 0.055, A; = 2.1 x
107%, Ny = 3.046, Y m, = 0.06 eV and m, = 0 eV. The above values are those commonly used in the
forecasts available in the literature, and, therefore, for the sake of comparison, are the most convenient and
useful ones, despite the fact that none of these previous works have considered m, as a parameter to be
constrained.

CMB-S4 forecasts

We build our forecast for future CMB observations using a well-established and robust method that is now
a common practice in cosmological analyses. Using the fiducial model introduced above, we compute the
angular power spectra of temperature C/ T, E and B polarization C f EBB and cross temperature-polarization
C}E anisotropies. Then, we consider an experimental noise for the temperature angular spectra of the form
[444]:

Ny =w 'exp(£(£+1)6?/8In2), (IIL.73)
where 6 is the FWHM angular resolution and w1 is the experimental sensitivity in units of yK arcmin. The

polarization noise is derived assuming w,, 1 = 2w~ (one detector measures two polarization states). The
simulated spectra are compared with theoretical ones using the following likelihood £ [132, 444]:

D C
21 Loy = Y20+ 1) fuy <Cf TSl 3) , (m.74)
7 |Cyl |Ce|

where C and C are the theoretical and simulated spectra (plus noise), respectively and are defined by :

|Cy| = CTTCEECEE — (C}E)2 BB (II1.75)
|| = CTTCEECBE _ (C}E)z BB (IL.76)

while D is:
D, = CTTCFECP® + C[TCEECH? + CTTCFFCE — CJF (CJPCER + 2C]FCPF). (IIL.77)

In this study we construct synthetic realizations of CMB data for only one experimental configuration,
namely CMB-54 (see e.g. [445]), using 6 = 3’ and w = 1 K arcmin. The range of multipoles is 5 < ¢ < 3000
and the sky coverage of the 40% (fsky = 0.4). We do not include CMB lensing derived from trispectrum
data.
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DESI (BAO) forecasts

For the future BAO dataset we consider the DESI experiment [441]. As a tracer for BAO observations we
employ the volume average distance defined as:

(1+ z>2DA<z)-’~cz) . (1L78)

D@ = (I

where D 4 is the angular diameter distance and H(z) the Hubble parameter. Assuming the fiducial model
described previously, we compute the theoretical values of the ratio Dy /7 for several redshifts in the range
z = [0.15 — 1.85], where r; is sound horizon at the photon-baryon decoupling epoch. The uncertainties on
Dy /1 are calculated propagating those for D4 /rs and H(z) reported in [440]. The simulated BAO data are
compared to the theoretical Dy /r; values through a multivariate Gaussian likelihood :

—2InLgao =) (p—m)C  (u—p)", (I11.79)

where p and fi are the vectors containing the simulated and theoretical values of Dy /7, at each redshift
and C their simulated covariance matrix.

It would also be possible to forecast BAO data considering D4 /s and H(z) as independent measure-
ments, allowing for stronger constraints. However some small tension (~ 1 sigma) has been identified
between the current constraints from D, /rs and H(z) [446]. Given the difficulty of properly accounting
for this small tension between D, /rs and H(z) , we decided to follow the approach of [447] and employ
the volume average distance for our BAO forecasts. The resulting dataset is the same obtained in Ref. [448]
(see also their Table 2) while a plot representing the forecasted dataset is presented in Figure III.4.
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FIGURE II1.4: The fiducial BAO datasets employed in our forecasts. Error bars refer to 30 CL
uncertainties.

BBN primordial light element abundances

Big Bang Nucleosynthesis (BBN) is a cornerstone of the Hot Big Bang cosmology which explains the forma-
tion of the first light nuclei (from H up to “Li) by a solid understanding of the nuclear interactions involved
in the production of elements.

The set of differential equations that regulate those interactions in the primordial plasma can be solved
numerically [449-452] after neutrino decoupling (T 2 1 MeV) up the end of BBN (T ~ 10 keV), yielding
the total abundance of primordial elements in terms of their ratio with respect to the hydrogen abundance.
BBN provides a natural laboratory to probe new physical scenarios of the early Universe and its predictions
can be compared to the primordial abundances of light elements inferred by astrophysical and cosmologi-
cal observations. Given current uncertainties, BBN predictions and primordial light element measurements
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show a good agreement [453-455] °. Notice also that since the BBN epoch ends before recombination, its
outcome does not have any impact on the recombination epoch or else on the CMB power spectra. In other
words, recombination and BBN are two independent and complementary probes that can be combined to
check the consistency of particles interactions in the early universe. What is relevant for CMB is the BBN
prediction for the Helium abundance , that can be used to estimate the baryon density through a simple

formula: BEN s
B 1 —0.007125 Yp < Tems > o

2
= 273.279 27255 K (IT1.80)
where 17719 = 101,/ 1, is the photon-baryon ratio today, Tcup is the CMB temperature at the present time
and YEBN = 4nye /1y is the helium nucleon fraction defined as the ratio of the 4-Helium to the baryon den-
sity one. Furthermore, BBN depends on the expansion rate H(z), which sets the value of the temperature
of the Universe during the radiation epoch via a function of the radiation density:

8tG 7tG 4\*3
<11> O, (TI1.81)

H(z) = —3=praa = —5— Nes
making BBN a very powerful tool to constrain the total number of relativistic species via H(z).

In this section, we made use of the code PARTHENOPE [452]. Using the values of N, T, (the neutron
lifetime ©) and 7719 (or equivalently Q,h?), the code computes the value of Y5PN and other light element
abundances. To include the BBN code predictions in our MCMC analysis, we follow the same procedure
used by the Planck collaboration [114]. Namely, we fix the neutron life time and create an interpolation grid
varying Qph? and ANgg = Neg — 3.045 within a given range. We choose these ranges to be ANg € [—3;3]
and O;h% € [0.0073;0.033]. The neutron lifetime is fixed to 7, = 879.4 s, corresponding to the latest
measurement reported by the Particle Data Group (7, = 879.4 £ 0.6 5) [31] 7.

III.ITI.IT FORECASTED RESULTS

We present the results obtained with the forecasting method discussed in the previous subsection. As a
baseline model, we employ an extension of the standard cosmological model that includes both neutrinos
and axions as thermal massive relics. We refer to it with ACDM + }_m, + m,. Within this model, we
study the improvement on the bounds of QCD axions achievable by future CMB and BAO experiments.
As aforementioned, thermal axions also contribute as additional relativistic species prior to recombination,
increasing the value of N thus leading to modifications of the standard BBN predictions. Therefore we
also take into account the effect of additional thermal species on the observational predictions of BBN light
element abundances. Finally, we shall also compare the constraints on the hot relics and on the Helium
nucleon fraction YEBN achievable with our simulated datasets without employing the BBN code, testing the
dependence of our results on the assumptions adopted for the BBN sector and proving their robustness.
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Parameter Fiducial value CMB-S4 CMB-S4 + DESI
O h? 0.0224 0.022420 =+ 0.000034 0.022422 =+ 0.000034
Qch? 0.12 0.12066 + 0.00062 0.12019 + 0.00032

Hy [Km/s/Mpc] 67.4 66.9410<3 67.39 + 0.24
T 0.05 0.0508 =+ 0.0026 0.0508 4 0.0025
log(10'°Ag) 3.044 3.0491 + 0.0049 3.0478 + 0.0047
s 0.965 0.9647 + 0.0021 0.9659 4 0.0017
Y m, [eV] 0.06 <0.183 <0.122
1, [eV] 0.0 < 1.60 <0.924
YBBN 0.247 0.247268 0000052 0.247244 70000030
10°D/H 2.514 2.5211 4 0.0065 2.5200 = 0.0063
10’ T/H 0.808 0.8104 + 0.0022 0.8101 £ 0.0021

10°He3/H 1.032 1.03374 4 0.00095 1.03358 4 0.00094

10'°Li7/H 4.67 4.670 £ 0.015 4.671 +0.015

10'°Be7/H 4.40 4.396 +0.031 4.398 +0.015

TABLE 111.4: Results for the ACDM + m, + }_m, cosmological model and on the primordial

light element adundances. The constraints on the parameters are at 68% CL, while upper

bounds are quoted at 95% CL. We make use of the PARTHENOPE package to compute the
BBN predictions.

Mixed Hot Dark Matter: Axions and Neutrinos

Table II1.4 summarizes the results obtained from our forecasting methods for future CMB and BAO exper-
iments while Figure II1.5 shows the 68% and 95% CL contour plots for different cosmological parameters.
Using our forecasting data for future CMB-54 observations, we derive the 95% CL upper bounds on
thermal relics of ) ;m, < 0.183eV and m, < 1.60eV. These values should be compared with those derived
in [5] for the same cosmological model, exploiting the last CMB data release provided by the Planck Collab-
oration. In particular, one can appreciate that future CMB-54 measurements are expected to improve the
current bounds on the axion-gluon interaction scenario by a factor of ~ 5, while we estimate the improve-
ment in the constraining power on the neutrino sector to be ~ 2. This enhancement in the constraining

5Nevertheless, there are some discrepancies in the observed abundance of “Li (which is a factor of ~ 2 smaller than those
measured from low-metallicity stars [456, 457]) and in that of the primordial deuterium (which exhibit a 1.8¢ discrepancy with
the CMB+BAO value [453]).

6Tt is worth noting that, the interaction rates used in BBN codes assume a prior knowledge of 7,, which sets the efficiency
of nuclear reactions. Therefore, BBN abundances are significantly affected even by a small change in the precise value of this
parameter.

7This estimate of the neutron life time is derived averaging over a large number of measurements. However, beam-only and
bottle-only experiments show a 4¢ discrepancy in measuring the neutron lifetime, leading respectively to 7, = 888.0 £2.0 s and
Ty = 879.2 £ 0.6 s (see also the discussion in Ref. [458]). Interestingly, independent constraints can be derived by CMB data only,
but these limits are not accurate enough to disentangle between the two results (1, = 851 £ 60 s). Nevertheless, the neutron
lifetime discrepancy is beyond the scope of this work and we therefore fix its value to that of Ref. [31], even if this could produce
a systematic error in N [459].
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FIGURE III.5: Marginalized 2D and 1D posteriors for different cosmological parameters ob-
tained from the forecasting data and methods.

power on thermal relic masses is mostly due to the much higher sensitivity to the effective number or
relativistic degrees of freedom N, expected from future CMB measurements .

Notice that, due to the degeneracy between the axion and the neutrino masses discussed in the in-
troductory section, the contours in the (}_m,, m,) show a clear anti-correlation. Furthermore, these two
parameters show very similar degeneracies with other cosmological parameters such as Hy, 0g and (). It
is well-known that hot thermal particles suppress structure formation at small scales and therefore galaxy
clustering information becomes crucial to set bounds on the amount of dark matter in the form of these
relics. As discussed in [5] the largest impact on CMB bounds on hot relics arises from the inclusion of
the large-scale structure information from BAO measurements. For this reason, here, together with the
likelihood for future CMB-54 observations, we consider also a likelihood for future BAO measurements
from the DESI-like experiment. Combining our simulated CMB-54 and DESI forecasts, we obtain a fur-
ther improvement in the cosmological constraining power for thermal relics, reaching the 95% CL limits
m, < 0.924eV and ) m, < 0.122eV. In this case these bounds can be compared with those obtained for
current Planck+BAO real data [5], observing an improvement of a factor ~ 8 and ~ 1.5 in the sensitivity

8We recall that, while the current Planck data lead to a 95% CL upper limit of AN < 0.4, future CMB-S4-like experiments are
expected to bring this upper limit down by a factor of ~ 10, resulting in a much more tighter limit on dark radiation, AN < 0.06.
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on the axion and neutrino masses, respectively.

Our results clearly state that future cosmological observations can substantially improve the current
constraints on m,, exploring a much larger range of the parameter space currently allowed for QCD ther-
mal axion and reaching the sub-eV mass range. Conversely, when axions are included in the picture as
additional thermal species, the possibility to detect the expected minimum neutrino mass of 0.06 eV is no
longer possible, and only upper bounds, close to the inverted mass ordering prediction, can be derived.

Parameter Fiducial value CMB-S4 CMB-S4 + DESI
Qph? 0.0224 0.022399 == 0.000050 0.022406 == 0.000050
Qch? 0.12 0.12070 = 0.00062 0.12020 == 0.00031
Hy [Km/s/Mpc] 67.4 66.9010% 67.37 4 0.24
T 0.05 0.0506 = 0.0026 0.0507 == 0.0025
log (100 Ag) 3.044 3.0486 == 0.0049 3.0474 = 0.0047
n 0.965 0.9635 -+ 0.0034 0.9649 = 0.0030
Y. my [eV] 0.06 <0.183 < 0.120
m, [eV] 0.0 <163 < 0.991
YPEN 0.247 0.2458 100027 0.24601 00024

TABLE III.5: Results for ACDM + m, + }_m, + Y}?BN case (i.e. leaving the Helium nucleon
fraction as a free parameter of the model, without assuming the BBN theoretical predictions).
The constraints on parameters are at 68% CL, while the quoted upper bounds are at 95% CL.

Primordial abundances of light elements

Thermal axions contribute to the effective number of relativistic degrees of freedom, modifying the ex-
pansion rate at the radiation epoch and affecting, indirectly, the canonical BBN predictions. Even tough
the latest results of the Planck collaboration place tight bounds on both the baryon density (Qyh? =
0.0224 £ 0.0001) and N (limiting the amount of additional relativistic degrees of freedom to AN < 0.4),
the impact of axions on the Helium fraction is extremely small and the Planck uncertainties on (), h? are
still too large to provide robust theoretical predictions on the Helium abundance in presence of the axion.
However, the next generation of CMB and BAO observations will substantially improve the bounds on the
baryon energy density by a factor of 2, strongly reducing the theoretical uncertainties on YEBN, and, possi-
bly, allowing to test signatures of the axion in the primordial abundances. Figure III.6 shows a comparison
between CMB-54 and Planck in determining the Helium fraction. In particular, we show the theoretical He-
lium fraction predictions in the ACDM +- m, + }_ m, cosmological model as a function of the axion mass (or,
equivalently, as a function of the axion contribution to AN,¢) together with the 2D marginalized posterior
distribution obtained for the CMB-54 and CMB-54+DESI simulated data. Notice that the BBN predictions
introduce a strong correlation between the axion mass and the Helium fraction (Y]EBN) that, combined with
the substantial improvement in the constraining power expected by CMB-54 and DESI, suggests that the
BBN could be a useful tool to make predictions on hot axions and that astrophysical measurements of the
primordial fraction of Helium could be used as an independent test together with the cosmological ob-
servations. For this reason we included all the BBN light elements in our analysis. We provide the 68 %
CL results for the other light elements up to Beryllium-7 in Table III.4. It should be noticed however that
these results are derived without considering the experimental error in the measurement of the neutron
life-time 7,. This error could dominate the total error budget, enlarging the theoretical uncertainties on
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FIGURE II1.6: Theoretical Helium fraction predictions in the ACDM + m, + Y m, cosmological

model. The black solid line represents the Helium fraction as a function of the axion mass

(with the corresponding AN on the top axis) obtained fixing () h? = 0.0224. The green

(gray) region represents the 3¢ uncertainties on YE‘BN by CMB-54 (Planck). The vertical lines

are the 95% C.L. upper limits on m, from current cosmological data and from CMB and BAO
future experiments, together with the respective 68% and 95% CL contours.

the BBN predictions for Y}?BN by a factor of ~ 3 (AYEBN(ATH) =~ (0.00012), producing the same effect as an
extra dark radiation component [459]. Consequently a large degeneracy between the axion mass and the
neutron life-time is expected and this effect may change the correlations between the primordial Helium
fraction and the axion mass. For this reason, to prove the robustness of our results on hot massive relics,
it is mandatory to follow also a very conservative approach and study the impact of additional hot relics
on the abundances of primordial elements without assuming the BBN theoretical predictions but leaving
all the parameters varying in uninformative flat priors. We therefore analyze a cosmological model where,
together with axions and massive neutrinos, we also include the abundance of primordial Helium as an ad-
ditional free parameter. We refer to this model as ACDM+m,+) mﬁYEBN and report the results obtained
with our CMB and BAO forecasting data in Table IIL.5. In this case, the 68% and 95% CL marginalized
contours in the plane (m, , YEBN) are shown in Figure IIL.7.

Removing the BBN predictions the strong positive correlation between the axion mass and the Helium
fraction YEBN is relaxed as well. Furthermore the bounds on the Helium fraction are much less constraining,

with 68% CL bounds of YFBN = 0.2458 00027 and YPBN = 0.24607((027 for CMB-54 and CMB-S4+DES],
respectively. On the other hand, the constraints on hot dark matter are basically unchanged. Exploiting our
forecasting data for future CMB-54 observations we can still derive the 95% CL upper bounds m, < 1.63 eV
and ) m, < 0.183 eV for axions and neutrinos, respectively. The upper limit on the total neutrino mass is
exactly the same as that derived including the BBN code as well as the upper bound on the total axion mass.

Similarly, combining future CMB-54 and BAO data the upper bound on neutrinos masses is unchanged
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FIGURE II1.7: Marginalized 2D posteriors in the plane (1, , YEBN) when the BBN predictions
are relaxed and the Helium fraction is considered as a free parameter.

(Y m, < 0.120 eV at 95% CL) while the upper bound on axions is only slightly worsened to m, < 0.991 eV
at 95%CL. These results prove that the impact of the BBN uncertainties on axion and neutrino masses is
negligible and therefore the extraction of both m, and m, does not rely on the assumptions adopted for the
neutron-life time.

We conclude supporting and underlying again the relevance of multi-messengers searches of axions,
neutrinos and primordial light element measurements. Indeed, cosmology-independent limits on the axion
and neutrino masses, combined with precise astrophysical measurements of light elements, may provide
an important cosmological test for checking the BBN predictions. On the other hand, future cosmic ob-
servations should also be able to probe scenarios with hot axions with masses m, 2 1 eV and a missing
evidence would constrain the axion mass at the sub-eV level, favoring the normal ordering as the one
governing the mass pattern of neutral fermions. In the same multi-messenger spirit, future cosmology-
independent probes of neutrino masses (i.e. future terrestrial double beta decay and/or long baseline
neutrino experiments) will play, even if indirectly, a crucial role on axion searches.
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CONCLUSION

In this thesis, working at the interface of cosmology, gravitation and (astro)particle physics, we studied,
characterized and constrained different global theoretical scenarios beyond General Relativity and the Stan-
dard Model of elementary particles in light of their implications for the physics of the Early Universe. In
particular, after providing in chapter I an exhaustive review of the major aspects of physical cosmology,
we focus on two different types of relics: gravitational waves from inflation and hot thermal relics from the
Early Universe.

GRAVITATIONAL WAVES FROM INFLATION

In chapter II, a particular attention is devoted to the inflationary background of gravitational waves sourced
by a super-adiabatic amplification of zero-point quantum fluctuations during inflation. We are entering in
an exciting decade for inflationary cosmology as the next generation of Cosmic Microwave Background
experiments (e.g. BICEP3, CLASS, SPT-3G, LBIRD and CMB-54) are expected to reach a much better sen-
sitivity on B-modes polarization, possibly leading to a first detection of Primordial Gravitational Waves
(PGWs). Moreover, future Gravitational Wave experiments (e.g. LISA and Einstein Telescope) are expected
to strongly improve the current LIGO/VIRGO sensitivity to the stochastic background of Gravitational
Waves, as well. This could open up a unique observational window to probe physics at the extremely high
energy scales, allowing us to test a rich phenomenology, including modified gravity theories and/or signa-
tures from quantum-gravity models. Anyway a careful characterization of the underlying phenomenology
is needed because the standard inflationary predictions may be violated in many non-trivial realizations of
inflation as well as several different plausible mechanisms may lead to a stochastic background of gravita-
tional waves testable by future experiments, resulting into a large degeneracy of the theoretical predictions.
In this thesis we derive and discuss the following original results.

¢ In section IL.I we start by providing an extensive updated review of the cosmological constraints on
slow roll inflation. We analyze different extended scenarios beyond the ACDM cosmological model that
involve modifications in the primordial sector. Imposing a set of consistency relations between higher-
order scalar and tensor parameters, we generalize the power-law expansion for the primordial scalar
and tensor spectra up to the third order and constrain the additional inflationary parameters in light of
the most recent cosmological observations.

We show that, under the assumption of slow-roll inflation with Einstein gravity, different combinations
of the Planck, lensing, BAO and BK15 data, do not give evidence for higher-order terms in the scalar
spectrum such as a running a5 = dng/dlogk or a running of running Bs; = das/dlogk. Conversely,
analyzing the ACTPol+WMAP data we find a preference for non-zero a5 and f; at the level of 2.90 and
2.70, respectively. Anyway, such a preference is reduced when the running of running is replaced by
tensor amplitude in the model.

We interpret the results in terms of the physics of the inflationary epoch showing that the shift towards
higher values of n; preferred by the ACTPol+ WMAP data actually strongly disfavors some inflationary
models that are instead compatible with Planck bounds; in some cases leading to completely different
conclusions for the model selection. In other words, we prove that the extensions to the primordial
sector considered in this section recast the global tension between the datasets already present for a
ACDM model analysis on a difference among the inflationary parameters.

As concerns the spectrum of inflationary gravitational waves, we provide different updated upper
bounds on the tensor amplitude, with r < 0.0658 at 95% CL our most constraining bound for Planck+BK15
data at the pivot scale k, = 0.05Mpc™'. Furthermore, given the constraints on the tensor spectrum and
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the upper limits on the tensor amplitude, we show that the usual consistency relations strongly reduce
the parameter space allowed for the tensor spectrum, basically leading to predict a scale-independent
tensor tilt, unless corrections of order dnr/dlogk < 1072, for all the datasets analyzed.

¢ In section ILII, we instead study what happens relaxing the aforementioned inflationary slow-roll con-
sistency relations that, in fact, can be violated in many non standard inflationary models.

In particular, as shown by the Planck Collaboration in Ref. [78], when the slow-roll consistency relation
between the tensor amplitude and the tensor tilt is relaxed (nt # —r/8) the observations of the Cosmic
Microwave Background are no more able to place stringent constraints on the tensor tilt and the final
95%CL bound —0.55 < nt < 2.54 allows for the possibility of having a strongly blue tilted primordial
tensor spectrum (nt > 0). Always in Ref. [78], it was shown that an improvement in the constraining
power on blue tilted models can be achieved combining the Planck CMB observations with the LIGO-
Virgo data on the stochastic background of gravitational waves. The reason beyond this improvement
is that a blue tensor tilt can strongly amplify the power of PGWs on small scales, possibly producing a
signal testable by ground-based interferometers. The LIGO-Virgo upper limit on the stochastic gravita-
tional wave background is so translated into an upper bound on the tensor tilt of nt < 0.53 at 95%CL.

However, in preforming this analysis, the usual power-law parametrization was adopted for the tensor
spectrum, basically extending a leading-order expansion over a range of frequencies of about 18 order
of magnitude: from the microwave scales probed by the Planck satellite (k ~ 0.01 Mpc™!) all the way
up to the scales of direct gravitational wave detection probed by LIGO and Virgo (k ~ 1 x 10 Mpc™1).
In this section, we discuss for the first time the effects of non-linearities induced by higher-order terms
beyond the power-law expansion, parametrized through the so-called tensor runnings. We show that
such terms, albeit negligibly small on the CMB scales, may give non-negligible contributions on the
ultrahigh k probed by gravitational interferometers, possibly breaking the power-law assumption. We
point out that direct GW observations do not always constrain the tensor tilt on the CMB scales but, due
to the huge distance between the scales probed by CMB and GW data, even a small departure from scale
independence (< 4%) is enough to relax the final constraints, see also Figure II.4. Finally, we discuss the
implications for the status of current observational constraints and future detection prospects.

¢ In section ILIII and section IL.IV we study how non-standard high-energy physics may be encapsulated
in the tensor two-point function and in the inflationary observables, inferring that the usual power-law
parametrization can be broken by a large survey of different physical mechanisms. We also discuss
how the aforementioned non-linear effects can play an important role in discriminating among different
models beyond the standard slow roll paradigm with Einstein gravity. Indeed, affecting the small scale
behavior of tensor anisotropies in a model-dependent manner, they can break the degeneracy in the
large-scale predictions, helping us to shed light both on the physics of inflation and on the underlying
theory of gravitation. From a data analysis perspective, we instead outline a methodology to properly
combine small and large scale cosmological and astrophysical measurements in order to increase the
data constraining power on inflation within specific theories/models.

In particular, in section ILIII we study non-standard cosmological models where gravity can propagate
differently from GR at early epochs.

In many modified gravity theories, such as Horndeski gravity, Gauss-Bonnet gravity and also low-
energy effective string theory, gravitational interactions can propagate differently from GR at high ener-
gies. Therefore testing the propagation of gravity at different frequencies means testing General Relativ-
ity at different energy scales.

Here, using a slow-roll effective field theory approach, we derive for the first time a set of generalized
consistency relations for the spectral index and its higher-order runnings that include the effects of non-
trivial gravity propagation on the spectrum of inflationary gravitational waves. We show that a running
in frequency of the propagating speed of gravity during inflation can induce a scale-dependence in the
tensor two-point function, amplifying or suppressing the PGWs production on small scales. Exploiting
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the generalized relations, we connect the CMB scales to the LIGO/Virgo band (f ~ 100 Hz), constraining
both the speed of gravity and above all its frequency variation to d log ct/d log k = 0.082*0%1 (68% CL)
at the pivot scale k, = 0.05Mpc'. This places remarkable constrains on gravity propagation at the CMB
frequencies, providing, at the same time, an independent test of General Relativity on the inflationary
energy scales, see also Figure II.9.

In section IL.IV we instead focus on higher-curvature tensors in the gravitational action.

It is well known that several high-energy theoretical models predict higher-curvature terms in the grav-
itational effective action and that, for sufficiently high-scale Inflation, such corrections can leave charac-
teristic signatures in the tensor spectrum, for instance breaking the usual slow-roll consistency relations.

In this section, for the first time, we generalize the slow-roll consistency relations to include the effects
of a coupling of the inflaton field to higher-curvature tensors, in models of inflation with a minimal
breaking of conformal symmetry. We point out that higher-curvature tensors can induce large non-
linear corrections, characterizing the different signatures in the tensor two-point function that we could
test to recognize them. For instance, we prove that an observable violation of the tensor consistency
relations due to higher-curvature tensors necessarily implies also a relatively large running of the tensor
tilt, enhanced even by some order of magnitude with respect to the standard slow roll hierarchy, see
also Figure 11.10. Opportunely defying by Eq. (IL.117) a new parameter A that weighs the corrections
from higher curvature tensors (with A = 0 corresponding to GR and |A| 2 O(1) in higher-curvature
gravity) we exploit the most recent cosmological and astrophysical observations to derive constraints on
the inflationary parameters. We infer that large higher-curvature corrections appear to be disfavored by
current data (A = 0.17% at 68%CL), remarkably reducing the room allowed for higher-curvature effects,
see also Figure IL.11.

HOT RELICS: AXIONS AND NEUTRINOS

In chapter III we focus on the possibility to use current and future cosmological and astrophysical obser-
vations to probe and constrain well motivated extensions of the Standard Model of particle physics that
involve spineless axions as a solution of the strong CP problem in Quantum Chromodynamics. In par-
ticular, we consider QCD Axions produced in the Early Universe via interactions with other particles of
the Standard Model in realistic mixed hot dark matter scenarios that include also massive neutrinos as
additional thermal species. Notice that cosmology and astrophysics provide powerful and elegant means
to test extension of the Standard Model. For instance, additional thermal species in the Early Universe,
behaving as extra dark radiation, may leave several signatures in the different cosmological observables,
modifying the damping tail of the CMB temperature angular power spectrum, changing the sound hori-
zon and the Silk damping scale at recombination and the abundances of light elements predicted by the Big
Bang Nucleosynthesis by increasing the expansion rate of the universe and leading to a higher freeze-out
temperature for weak interactions. Furthermore hot thermal particles beyond the SM suppress structure
formation at small scales and therefore astrophysical galaxy clustering measurements turn out to be crucial
to reveal the possible presence of additional relics in the form of dark matter. Exploiting the most recent
cosmological and astrophysical observations, we derive and discuss the following original results.

¢ In section IILII, in light of the most recent cosmological and astrophysical observations, we analyze a
mixed Hot Dark Matter scenario that includes both axions and massive neutrinos as additional thermal
relics. We distinguish between axions decoupled before or after the QCD phase transition. In the former
case we analyze the axion—gluon scattering constraining the axion and neutrino masses to m, < 7.46 eV
and ) m, < 0.114, both at 95% CL. In the latter case we study the axion—pion scattering and, without
assuming any specific model for the axion—pion interactions and remaining in the range of validity of
the chiral perturbation theory, we improve our bounds to m, < 0.91 eV and }_m, < 0.105 eV (always
at 95% CL). In both cases, the total neutrino mass lies very close to the inverted neutrino mass ordering
prediction. If future terrestrial double beta decay and/or long baseline neutrino experiments find that
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the nature mass ordering is the inverted one, this could rule out a wide region in the currently allowed
thermal axion window. Our results are summarized in Figure II1.3 where we show that a significant
range of the parameter space can be probed by cosmological data. Furthermore, a future cosmology-
independent limit on the axion mass may provide an important test of the cosmological constraint, and
can also be translated into a limit on the hot dark matter component in the form of massive neutrinos,
strongly supporting multi-messenger searches of axions and neutrino properties.

¢ In section IILIII, for the first time, we study how the declared improvements expected by the next gen-
eration cosmic microwave background and baryon acoustic oscillation measurements can be translated
into constraining power for well motivated extensions of the Standard Model of particle physics that
involve axions thermalized before the QCD phase transition by scatterings with gluons. Assuming a
fiducial ACDM cosmological model, we simulated future data for CMB-5S4-like and DESI-like surveys
and analyze a mixed scenario of axion and neutrino hot dark matter. We further account for the ef-
fects of these QCD axions on the light element abundances predicted by Big Bang Nucleosynthesis. The
most constraining forecasted limits on the hot relic masses are m, < 092 eV and }_m, < 0.12 eV at
95%CL, showing that future cosmic observations can substantially improve the current bounds, sup-
porting multi-messenger analyses of axion and neutrino properties and possibly opening a window for
a combined analysis with primordial light element abundances, see also Figure IIL.6.

FUTURE DEVELOPMENTS

In future all the methods and techniques underlying this thesis can be employed and further developed
to study other non standard realizations of inflation and different extensions of the Standard Model to
characterize the different scenarios of the Early Universe that we may be able to test with current and
future cosmological and astrophysical observations, using cosmology as a laboratory to test and constrain
fundamental physics.
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Appendix A

SUPPLEMENTARY MATERIAL

In this Appendix I provide different secondary results that were always derived and discussed in the works
this thesis is based on, Refs [1-7]. While they are not essential to the comprehension of the main discussion,
this information is very useful because it enriches the overall presentation through a multitude of different
practical examples and detailed calculations. Furthermore, sometimes here I generalize the major results to
scenarios beyond the theoretical assumptions under which they were originally derived in the manuscript.

A.1 HIGHER-ORDER SLOW ROLL CONSISTENCY RELATIONS

We briefly review the standard slow roll consistency relations among the higher-order (scalar and tensor)
inflationary parameters. Using the parameters (1.233), we can prove a quite general result: in the single

tield slow roll inflation, if we fix the scalar parameters up to the scalar running d("ln_i;{';;l, we immediately

fix all the tensor spectral parameters up to the tensor running 5 ( ) proving that, for the single field slow

roll inflation, one can obtain as many relations as he wants. We recall that the scalar and tensor spectral
indices in terms of these parameters read

dlogPs dlogH? dloge;

1= = - = —2¢ — Al
s~ 1 dlogk dlogk dlogk 261~ €2 A1

dlogP:  dlog H?
— — = — A2
"= logk  dlogk ! (A-2)
It is therefore easy to convince yourself that in the scalar case the first n scalar parameters will be (regular)
functions of the first n + 1 Hubble parameters:

—1= 21 — e = fi(ey,€2)
dfgék =y = —2¢e162 — €263 = fa(€1,€2,€3)
2
fogi = Bs = —2¢1€5 — 2€16265 — €265 — €263€4 = f3(€1, €2, €3,€4) (A.3)
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In the tensor case, the first n + 1 tensor parameters
parameters:

= g1(e1)

—2€1€2

nr = —261
dny

dlogk =ar =
dznT

d(logk)?
d371T

d(logk)3

= g2(€1,€2)

= ,BT = —26162 2616263

_ _dBr
~ dlog(k) T
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d”nT
d(logk)"

= gn+1(€1,-~, €nt1)-

will be (regular) functions of the first n + 1 Hubble

g3 (61, €2, 63)

(A.4)

6€1€2€3 — 2616‘263 — 2e162€3€4 = Qu(€1,€2,€3,€4)

Note that the two sets of functions {fi, .., f»} and {g1,..,gn} are introduced only to render explicit the
dependency of the scalar and tensor parameters in terms of the Hubble parameters.
Because of the structure of the tensor runnings (A.4), it is easy to reverse the equations in such a way

that we can express the Hubble parameters {ey, ...,
ar .
{nT, lXT, ﬁT..., d(loingc)”}'

€n+1} as functions {§1, .., §x} of the tensor parameters

( 1 o~
€1 = —*HT = g1<7’lt)
€ = % = $o(n1,at)
_Br _ar —_ 5
€3 = oo — & = $(nr,ar, fr)
A5)
_ nr Pnt ﬁ _arfr ﬁ — 5 Pnr (
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eI’H—l - gﬂ+1 (nT/ OCT, ,BT/ d(log};)S/ °7 d(logi)n )

Substituting in the scalar equations (A.3) we obtain the following n relations among scalar and tensor

parameters:
ns—1=mnr— 7t
2
d*n o atp 1 4
1o§k 7 =Ps=Pr—2 (é) +3 ( TTT> Tonr (d(log£)3> (A.6)
dnfl s 7 d3 qn
d(logki)/ln—l = fu(nt, a1, Br, d(logi)” “es d(logi)” )-
Note that here the tilded functions are nothing else that the un-tilded functions up to a variables redefini-
tion. However we also know that, for the single field slow roll inflation, » = —8nt and so the set of all the
n + 1 relations is:
(r = —8nt
ns—1=ny— 7t
2
i —“s—“T+( ) —
_d’ns _ a3 atpfr 1 Bnr (A7)
Togp = Ps _ﬁT_2<E) +3< nf ) R (d(logk)3)
dn—] s qn
d(logk?’“*l fu(nr,ar, Br. 5 102?() d(loé%n )-
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Note that if all the left side members of (A.7) (i.e. r and all the n scalar parameters) are fixed, all the
n + 1 right side tensor parameters are fixed as well. Therefore by the system above, one can calculate
how many consistency relations he wants. The first three lines of (A.7) are nothing else that the three
consistency relations for the spectral index, its running and its running of running used in SecIL.I derived
in the previous subsection, while the fourth line is another explicit consistency relation that can be put in

the form p s
T == (pr— g =2 (51 ) +3 (28T (A8

Therefore, in practice, if single field slow-roll inflation is valid, a determination of r and of the first n scalar
parameters immediately fixes also the first n 4- 1 tensor parameters. An independent measurement of these
tensor parameters can be therefore used for testing the slow-roll condition.

A.2 INFLATION AND SPATIAL CURVATURE

Adopting the same framework and following the same methodology discussed in section IL.I, we consider
the spatial curvature density parameter (), as an additional free parameter of the model, exploring the pos-
sibility of a non trivial background geometry as a consistency check of the standard slow-roll paradigm.
Indeed the vast majority of inflationary models predict flatness and constraints on the spatial curvature
are an important test of this standard scenario. Here we study two different extensions of the standard
cosmological model that both include the curvature parameter (); as an additional free parameter. In
particular we first analyze the case ACDM + r 4 (), and then we add also the running of the scalar tilt,
ACDM + r + a5 + Q. For both the models, we adopt the common power-law parameterization for the
primordial spectra, assuming the usual slow-roll consistency relations to hold. Notice that, since the vast
majority of inflationary models predict flatness, the constraints on the spatial curvature provide an impor-
tant consistency check of this standard scenario [78].

In Table A.1 we summarize the constraints derived for the model ACDM + r + () and in Figure A.1 we
show the 68% and 95% CL marginalized contours for different inflationary parameters in the same model.
On the other hand, in Table A.2 we present the results for the ACDM + 7 + a; + () model showing in
Figure A.2 the 68% and 95% CL contours.

For the inflationary parameters we see that in both the models, slightly higher values for scalar tilt are
preferred with respect to the flat case (with () = 0). In particular the Planck data gives n; = 0.9720 & 0.0052
(ns = 0.9728 £ 0.0052) when the running «; is included (excluded). We can also appreciate that these
constraints are 1o shifted towards higher values for the different datasets, including ACTPol+ WMAP and
SPT3G+WMAP. As concerns the scalar running, the bounds on «; are consistent with those derived without
considering (), see also Table A.2.

For the tensor amplitude, we see that, ignoring the scalar running, Planck data gives r < 0.170 at 95%
CL while including a; this bound is less stringent: » < 0.250. Interestingly, for ACTPol+ WMAP the upper
bound r < 0.210 becomes more stringent (r < 0.185) including a;. We also confirm that for the dataset
ACTPol+WMAP the preference observed for a non-vanishing scalar running is reduced when the tensor
amplitude can freely vary. A strong improvement in the constraining power is clearly obtained includ-
ing also the B-modes BK15 likelihood and, in fact, including (excluding) the running, the combination
Planck+BK15 gives r < 0.0637 (r < 0.0613). Also in this case the results appear to be stable and consistent
with the case in which () is not varied.

Using the slow-roll consistency relations among the inflationary parameters, we can appreciate how
also in this case the parameter space allowed for the tensor spectrum is strongly constrained. On the other
hand reversing the slow-roll relations for the scalar and tensor parameters, we can derive constraints on
the slow-roll parameters {ev,7v,¢%}. Exploiting the Planck+BK15 data, for the ACDM + r + () model
we obtain ey < 0.0038 and 7y = —0.00941“8:8823 such results remain similar even if we let the scalar running
s free to vary, in this scenario, however, we have also the result for the slow-roll parameter of the third
order: ¢2, = 0.0013 & 0.0034. Considering the ACTPol+WMAP and SPT3G+WMAP datasets combination,
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FIGURE A.1: Marginalized 2D and 1D posteriors distributions for the ACDM + r + () cos-
mological model obtained for different combinations of the datasets listed in subsection IL.LI.
The dashed lines represent the case of vanishing inflationary parameters and flat spacetime
geometry.

PAGE 144 OF 200



SUPPLEMENTARY MATERIAL W. GIARE

SPT3G+WMAP
ACTPol+WMAP
Planck+BAO
Planck
Planck+lensing
Planck+BK15

w
=

In(10%°A;)

w
=)

Ns

(\\ } N / L\
0.95 ! AR

0.04
g 0.001 @M ‘a1
o) @ &
-0.04
0.4
0.3
“
02 -
5 A | () \
P ‘j]ﬂ\ (- ( N
0.002 I
[f8!
§ 0.001 I I | ‘3 |
Il
v I
0.000 ..,__—73}4 — T —— g “ "
0.001
-
xQ
0.000 _%ﬁ,‘ 4‘;*/ /.\’\ A._’ F! ................
0.08
2004 - - - - } |
T A | L Ly ' 1
000 ) ) ‘- % \ / AR\
0.02
P = Za ‘ S \ z
o y A (4 () \ f
S © O S N~ o o > L @ SADN S 5 S & S & &
ENAENRN KN N SRS A S & NN
In(10%%A;) r
n, nv
Qx s as ar Br
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tion ILLL. The dashed lines represent the case of vanishing inflationary parameters and flat
spacetime geometry.
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Parameter Planck18 Planck18 + lensing  Planck18 + BAO  Planck18 + BK15 ACTPol + WMAP SPT3G+WMAP
Qph? 0.02263£0.00018  0.02252£0.00017  0.02241 £0.00015  0.02262 £0.00017  0.022450.00022  0.02273 = 0.00025
Qc? 0.1177 £0.0016 0.1181 £ 0.0015 0.1196£0.0014  0.1179£0.0015  0.118440.0030  0.1141 +0.0033

100 Oyic 1.04120 £0.00033  1.04110+0.00032  1.04097 £0.00031 ~ 1.04118 +-0.00033  1.04181 40.00065  1.03975 == 0.00070
T 0.048075:9%87 0.04875:008 0.0554 =+ 0.0080 0.0477+5-008¢ 0.059 +0.013 0.060 + 0.013
log (100 Ay) 3.02675018 3.02775018 3.0457501 3.026 £ 0.018 3.057 + 0.027 3.039 + 0.026
1 0.9728 = 0.0052 0.9707 = 0.0049 0.9671£0.0046  0.9715£0.0048  0.9773£0.0070  0.9793 = 0.0091
r < 0.170 < 0.154 < 0.120 < 0.0613 <0.210 < 0.259
o) —0.04873:020 —0.0123+5:9072 0.0007 + 0.0020 —0.04710018 —0.007+3918 0.000875:913
nr > —0.0212 > —0.0192 > —0.0150 > —0.0077 > —0.0262 > —0.0324
ar (—108+85)-107° (—12+£78)-107° (-12773)-10"° (-75%3%)-107° (-3.7%%)-107° (sf;‘f ) 1075
ev e < 0.0106 < 0.0097 < 0.0075 < 0.0038 < 0.0131 < 0.0162
v —0.0005 135081 —0.003310.996° —0.0079 19905 —0.0094 10908 0.00510:91 0.0096 097
& 0.018475011 0.0217+5:00%8 0.0272750081 0.0252 + 0.0055 0.012391 0.007+0:91
A <208x10GeV  <2.03x10°GeV <190x10°GeV < 1.61x10°GeV < 2.19x 10°GeV < 2.31 x 10" GeV
ANt 63.551030 - - 63.311031 - -
AN (kexit) 1551039 - - 1311031 - -

TABLE A.1: Results for ACDM + r + Q). The constraints on parameters are at 68% CL, while

upper bounds are at 95% CL. The internal horizontal line divides the primary parameters of

the cosmological model (those we directly sample in our MCMC analysis) from the derived
parameters (those we obtain from the others by the relations described in the text).

we find instead both ey and 7y in agreement with zero within the 68% CL when the scalar running is
fixed to zero or free to vary, while it appears 1c indication for a negative ¢2, for ACTPol+WMAP in the
ACDM + r + a5 + O model. Equivalently, we can constrain the parameters {€;} obtaining e, = 0.0256 +
0.0057 (e, = 0.0252 £ 0.0055) and €3 = 0.10 + 0.29 when «; is considered (excluded) for Planck+BK15. This
indication for the €, parameter different from zero is reduced to more than 1¢ for ACTPol+WMAP and
disappears for SPT3G+WMAP. We would like to stress that all the results obtained analyzing the Planck
2018 data are in agreement with the ACTPol+WMAP and SPT3G+WMAP data within the 95% CL.
Interestingly, as concerns the spatial curvature, the Planck preference for a closed universe [114, 124,
125, 464] is confirmed in both the scenarios, and slightly enforced when the BK15 data are combined to-
gether with Planck Data. Indeed in the extended parameter space of ACDM + r 4+ () we obtain () =
—0.048f8:8§2 for Planck and Q) = —0.047f8:8%§ for Planck+BK15. Considering also the running of the scalar
tilt as an additional parameter, the results are essentially unchanged. In any case, Planck and Planck+BK15
data prefer (}; < 0 at 2.4¢ and 2.6 7, respectively. Anyway, considering the lensing spectrum as mea-
sured by the Planck Collaboration the evidence for (); # 0 is reduced to less than two standard deviations
(Q = —0.0123700072 and O = —0.0113 + 0.0066 ignoring and considering as, respectively). Finally,
we have the indication for a spatially flat universe using also the BAO data ((y = 0.0007 £ 0.0020, for
both the models), but this result should be considered with caution because these measurements are in
strong disagreement with Planck when the curvature parameter is free to vary [124, 125, 464], so they can-
not in principle be combined together. Similarly, exploiting the data from the Atacama Cosmology Tele-
scope and the South Pole Telescope we do not find any evidence for () # 0, with the constraints reading
O = —0.00710515 (Q = —0.01070017) for ACTPol+WMAP and O = —0.0008 0055, (% = —0.0007501%)
for SPT3G+WMAP when the running is excluded (included). It is important to stress here, that also in these
extended scenario including a curvature free to vary the ACTPol+WMAP and SPT3G+WMAP dataset com-
binations show a tension with respect to the results obtained by Planck, as we can see in Figure A.1 and
Figure A.2, always driven by the same effect discussed before. So, albeit the Universe is spatially flat or
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Parameter Planck18 Planck18 + lensing  Planck18 + BAO Planck18 + BK15 ACTPol + WMAP  SPT3G+WMAP
Q12 0.02268 +0.00018 ~ 0.02255+0.00017  0.022450.0016 ~ 0.02263 +0.00017 ~ 0.02236 £ 0.00022  0.02274 + 0.00024
Q? 0.1176 £ 0.0016 0.1182 £ 0.0015 0.1197 £0.0015  0.1180£0.0015  0.1171£0.0032  0.1141+0.0038
1006yc  1.041214+0.00033  1.04110+0.00032  1.04097 +0.00032 1.04118 +0.00032  1.04189 +0.00067  1.03979 + 0.00069
T 0.0491 + 0.0085 0.0514 + 0.0083 0.0573+5:0077 0.0487 + 0.0086 0.056 013 0.060 + 0.013
log(10'°4,)  3.029+£0.018 3.034 £ 0.018 3.052 £ 0.018 3.029 £ 0.018 3.043 £ 0.028 3.038 £ 0.029
ng 0.9720 £ 0.0052 0.9696 £ 0.0051 0.9655 + 0.0048 0.9710 0.9810 + 0.0077 0.980 + 0.012
as —0.0078 £ 0.0080 —0.0064+0:9078 —0.0097 £0.0076 ~ —0.0029 & 0.0068  0.0102 % 0.0090 0.000 + 0.013
r < 0.250 < 0.205 <0.188 < 0.0637 <0.185 <0.282
O —0.04810:920 —0.0113£0.0066  0.0007 == 0.0020 —0.04670.517 —0.01070:017 0.0000:91
nr > —0.0312 > —0.0256 > —0.0235 > —0.0080 > —0.0231 > —0.0352
ar (-9.652) 10  (~136'55) 10 (-17£11)-107° (-79%80)-10° (-25'3])-10°  (575) 107
Br (1673) 10 (10672)-10°  (1347) 107 (17'39) 107 (-58773)-10°  (6'18) 100
ev e < 0.0156 < 0.0128 < 0.0118 < 0.0040 < 0.0116 < 0.0176
n 0.006 10911 0.0003 0008 —0.0034 05979 —0.0095 05057 0.0030 90979 0.011 7073
2 0.00400:00% 0.0031 19005 0.0046 £0.0038  0.0013£0.0034  —0.0050 +0.0046  0.0004 == 0.0066
€ 0.0146 100006 0.02017092, 0.025375911, 0.0256 =+ 0.0057 0.010770:983 0.0060:919
€ - - - 0.10£0.29 - —
v <23x10GeV  <22x10GeV  <21x10°GeV < 1.6x10°GeV <212x10°GeV < 235 x 10 GeV
ANor 63.677027 - - 63.337039 - -
AN (kexit) 167702 - - 1347039 - —

TABLE A.2: Results for ACDM + r + a5 + (). The constraints on parameters are at 68% CL,

while upper bounds are at 95% CL.The internal horizontal line divides the primary parameters

of the cosmological model (those we directly sample in our MCMC analysis) from the derived
parameters (those we obtain from the others by the relations described in the text).

closed is still a very disputed issue, see also [465-470], in what follows we brief discuss about the inflation-
ary dynamics in a curved cosmological spacetime.

inflationary dynamics in a curved Universe

Here we take into account the Planck(+BK15) preference for a closed cosmological spacetime discussed at
the end of IL], investigating the implication of curvature for the slow-roll background dynamics.

Inflation in a curved Universe has been largely discussed in literature, see e.g. Refs [471-483]. As a
matter of fact, during inflation the spatial curvature is exponentially driven to flatness and so the only way
to obtain an inflationary universe with () # 0 is to assume that it inflated only by a finite (small) number
of e-folds ANy Furthermore, in a curved inflationary background, the power-law relations adopted in
this work to compute the primordial spectra become disputed at low multipoles ¢ < 20 and more reliable
parameterizations should be considered [473-476]. Anyway the differences are typically limited to low
multipoles and the Planck estimation of cosmological parameters remains robust under the inclusion of
positive spatial curvature [474]. In what follows we therefore neglect these corrections and we provide
constraints on the e-fold of inflation compatible with Planck(+BK15) preference for a closed Universe. In-
deed, in the case of a positive curvature, () < 0, assuming a slow-roll evolution and a reheating phase
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taking place just after the end of inflation (e, > Vin), the total of e-fold can be estimated as [478, 479]

1 14680 — Opag) R + QpagR?
ANior ~ = log << + % rad) R + Orag > (A9)
2 o0
with 8y = Qg — 1, Qg =~ 4 x 107° 12 the radiation density parameter today [114] and
1[144
1 ~ 66+ 1 —— | A.10
ogR + log <1016GeV> (A.10)
B N\CDM + r + Qy (Planck) B N\CDM + r+ Q (Planck+BK15) ACDM + r + Qg + a5 (Planck) B ACDM +r+ Qy + a5 (Planck+BK15)
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FIGURE A.3: Marginalized 2D and 1D posteriors for the total number of e-fold of inflation
ANt in a closed cosmological spacetime (left panel) and for the number of e-fold before the
largest observable scale exits the horizon during inflation AN (keyit) (right panel).

In Fig. A.3, we show the 68% and 95% CL marginalized contours for the total number of e-fold of
inflation compatible with Planck(+BK15) preference for a closed Universe. Within the ACDM 4 r + Q)
model, using only the Planck data, we obtain a maximum number of e-fold ANyt = 63.55f8:g(1) at 68%
CL while including also the B-modes likelihood, for Planck+BK15 we get ANyt = 63.31703% at 68% CL.
Including the scalar running in the sampling, the results remain almost unchanged, see also Tab A.2 and
Fig. A.3. This means that if the Planck(+BK15) evidence for a closed Universe will be confirmed by future
measurements, one would need about 63 e-fold of expansion while the total number of e-folds in many
physical models of inflation is typically extremely large, e.g. in power-law inflation one expects ANjo; ~
10'2 [96, 484]. This would strongly constrains the background dynamics before the largest observable scale
exit the horizon, with important implications for the observed homogeneity in the Cosmic Microwave
Background. Indeed, assuming a standard slow-roll inflation followed by a canonical reheating phase
and supposing the Universe to be radiation-dominated from the end of reheating to the matter-radiation
equality, the number of e-folds between when the scale k crosses the horizon and the end of inflation can
be estimated as [479, 485, 486]

k Vit Ho
N(k) ~ 128 —log R — log (ﬂo Ho) +2log (1016GeV —log <100Km/s/MpC> + O (log(Vi/ Ving))
(A1)
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where, for a slow-roll dynamics, the effects of assuming Vi >~ V¢ are expected to be small for the scales of
interest. By noting that the CMB roughly probes scales from 10 to 10* Mpc, one can estimate the number
of e-fold before the largest observable scale in the Universe exits the horizon AN (kexit) 2~ ANiot — N (kmin)-
By noting that for the parameter space explored in this work N(kmin) =~ 61 — 62, see also [479], from
Planck(+BK15) data it follows that, within the ACDM + r 4+ Q) model, AN (kexit) = 1.55Jj8:§? (AN (kexit) =
1.311’8:%), while including also a; we get AN (kexit) = 1.671’8:%? (AN (kexit) = 1.341’8:;%), see also Fig. A.3.
Although the allowed number of e-fold compatible with the constraints by structure formation (i.e., 50 -
60 e-folds between the horizon exit and the end of inflation [78]) are enough also to solve ‘flatness” with
an accuracy represented by the precision in () (a fine tuning of about 1% is typically enough [472]), it
should be also noted that the main difficulty for a successfully closed inflationary model is represented by
homogeneity and isotropy. Indeed, in most of the models proposed in the literature, when the universe
does not inflate long enough to become flat, the density perturbations on the horizon scale are typically
expected to be much larger than those observed, except for a specific class of models [472].

A.3 EXAMPLES OF SCALE-EFFECTS IN THE PGWS PRODUCTION

To further validate our discussion, in Sec.ILII we study two physical models of inflation. We first ana-
lyze the Starobinsky model that, being pure slow roll, by definition predicts an almost scale independent
slightly red tilted spectrum. It represents an example of models where higher order corrections are typically
negligible also on small scales. However this cannot be true in more elaborated scenarios: as a counterex-
ample we study a model of particle production where non linear corrections lead to a non negligible scale
dependence.

Starobinsky Inflation

In this subsection we want to estimate the impact of the scale dependence choosing a specific slow roll
model of inflation, namely the Starobinsky model [129] that predicts the following well known relations:
2 12
ns—lz—ﬁ, r:ﬁ (A12)
where N is the e-fold number of inflation that we can fix since we measure ng ~ 0.96 with good precision
[78]. The tensor tilt and its runnings read

~ . ~Y — '
nr = —5 <N> ;o Ky 2(n+1). <N> (A.13)

The sum expansion that quantifies the scale dependence of the tensor tilt can be easily computed to be

= oy (k) kNT" 5 log (i)
n; (n+1)! [log <k>] - <1_;]10g(kk)> (A14)

In Fig. A.4 we plot Qgw (k) from the CMB scales all the way up to the GW scales both including (black
solid line) and neglecting (gray dashed line) the runnings. As one can see the runnings lead to negligible
corrections also on small scales. This is not surprising since by definitions the slow roll paradigm pre-
dicts an almost scale independent slightly red tilt. We actually study this model to provide an example of
negligible scale dependence and to show how the situation can be drastically different in more elaborated
scenarios as those discussed in the next subsection.
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FIGURE A.4: Qgw (k) in the Starobinsky model both including (solid lines) and neglecting
(dashed lines) the runnings. The scale dependence is negligible.

Particle Production

In this subsection we want to provide a counterexample studying a different physical model of inflation
that employs a pseudo scalar axion naturally coupled to gauge fields. In this model a mechanism of par-
ticle production takes place during the rolling inflation and this can be translated into a blue spectrum of
gravitational waves. We will show that the tensor tilt can acquire a non trivial scale dependence as well. We
start giving a brief description of the model, more details can be found in [163-165, 487-489]. We consider
a simple theory of a Pseudo Nambo Goldstone Boson inflation. In this model the inflaton field ¢ and the
axion 1 are minimally coupled to gravity and the axion is also coupled with a U(1) gauge field in a way
consistent with symmetries’. The action of the theory is

M? -
$= / d*x\/—g [;’R - %(asb)z ~V(¢) - %(aw)z —Uu(y) - }lPWP,W - ;’}PWPW (A.15)

Fuy and F1V = %eVV“ﬁFaﬁ are the field-strength tensor of the gauge field and its dual, respectively; f is the
axion decay constant while V(¢) and U(y) are the inflation and axion potential. We also assume a flat
FRW metric and that both the inflaton and the axion take a homogeneous vacuum expectation value (vev)
while the gauge field carries no vev. Under this assumption the equations of motion for the inflaton and
the axion are ) _

¢+3Hp+V'(§) =0 (A.16)

¥ +3Hp + U (P) =0 (A.17)

where the prime denotes the derivatives with respect to the argument and the over-dots denote the deriva-
tives with respect to time. We also assume that the contribution of the axion on the background evolution

INote that the axion is not the inflaton itself but another distinct field.
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is negligible compared to that of the inflaton i.e |U| < V and §* < $2. We introduce the parameter

l[LJ
4 ﬁ (A.18)

that will play a crucial role in our future discussion. We assume ¢ to be nearly but not exactly scale inde-
pendent:

. dlog¢ ¢
- —_° 1. A.19
dlogk ¢H < ( )
We instead assume §; to be constant i.e. dlog¢;/dlogk ~ 0. In our future discussion we restrict our atten-
tion to the case ¢ > 1 that allows a blue tensor tilt. We are not going to discuss in details the peculiarities of
this model such as the gauge quanta production [487] that are reviewed also in [163, 165] and the references
within, but for our aim it is sufficient to observe that, in order to avoid a significant back-reaction of the

produced gauge quanta to the background dynamics, we have to require that

¢1

e’ 135 f

=, K e (A.20)
57 < JerPo My
where Py = (m) (f—f) is the primordial scalar spectrum without source (i.e. as predicted by the slow
P
roll inflation). The scalar and tensor spectra for this model are [163, 490, 491]:
e47rg";’
P, ~ Py (1 +cs€2 Py 6) (A.21)
¢ k=k,
16 €; (1 + cr €1 Poeg—f)
ro —— (A.22)
(1 +cs €7 Po %) k=k,

where cs = 2.5-10 "% and ¢; = 3.4- 1072 are constants. We compute the spectral tilts from the relation (A.21)
and (A.22) taking the logarithm derivatives:

. dlogPs dlog Po Cs d ( ) e47”3>
e —1 = - v _ Py A23
dlogh |, dlogk " 1+ e} dlogk P07z (A.23)
= _2(1+fs)€1 - (1 _fs)€2+fs(47r‘§_6)(:l (A.24)
~ —2€1 — € (A.25)
and
. dlog Py dloge;  dlog Py Ct d et
pu— pu— ey A.2
" dlogk |,_,  dlogk = dlogk 1+4ce e‘éi’f dlogk €17 ge (A.26)
= 2(1+ fer + filAnE — )& (A27)
where the functions -
£ = it <1 (A.28)
© 14 ¢csPo 6% eéﬁ’;é .
and -
¢t Po €1 %
(A.29)

ti—rr
1—|—Ct770€19276€
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weigh the corrections to the slow roll predictions for the scalar and tensor parameters respectively. In
what follows we fix Ps and n; to the observed values Ps ~ 2.1 x 1072 and ng ~ 0.96 [78]. We also fix
the tensor to scalar ratio r to reference value r ~ 1072 and & ~ 5 x 1073 < 1. Note that our results are
marginally sensitive to the value of r and {; and that we are not interested into a parameter analysis for
this specific model: our task is simply to show that also in physical models of inflation scale dependence
can be non-negligible.

We use the Egs. (A.21) and (A.22) in order to explicit €; and Py as functions of ¢. This means that when
¢ changes, €1(¢) and Py(¢) change in such a way that Ps; and r remain constant. Moreover because of Eq.
(A.27) also nt is only a function of ¢. Being 15 fixed by observations, we can also use the relation (A.25) in
order to find €; as a function of ¢ so that when ¢ changes, €,(¢) changes leaving n; fixed to its observed
value. So in this model all the inflationary parameters® become known functions of &. We plot them in Fig.
A5 letting ¢ vary in the range ¢ € [1, 7].

0.0007 , , , , , 0.0402
0.0006 : ; , 0.0400}
0.0005 0.0398}
0.0004 0.0396}
& 0.0003 $'0.0394}
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FIGURE A.5: The parameters of the model as functions of ¢.
First of all we want to stress that we have carefully checked that the scalar spectrum (A.21) remains

essentially equal to Py (that is what predicted by the single field slow roll inflation). As a matter of fact, if
we decompose the scalar spectrum Ps = Py + Pg sourced We find that the sourced term induces corrections

2The inflationary parameters are to be considered evaluated to the pivot scale k = k. = 0.05Mpc~! which means that also the
parameter ¢ in the equations above is computed on the CMB scales ¢ = {(k = k).
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that are extremely small compared to the vacuum contribution P sourced ~ 104 Py for all the values of ¢.
In other words, the corrections to the scalar spectrum are completely negligible (fs ~ 0), and the scalar pa-
rameters are essentially equal to that obtained in the simplest slow roll models. This can be understood by
noting that the scalar corrections are suppressed by a factor €7 Py and that €; exponentially decreases with
¢ in order to keep r fixed, see also Fig. A.5. The fact that the scalar spectrum is essentially indistinguish-
able from the single field slow roll models is crucial since in this way all the tight constraints on the scalar
perturbations (e.g. their high level of gaussianity) are respected as well [490, 492]. On the other hand the
corrections to the tensor spectrum can be dominant for an appreciable range of the parameter space, allow-
ing also a blue tensor tilt, see Fig. A.5. The sourced tensor modes could also leave a sizable non-gaussianity
of nearly equilateral shape on the CMB anisotropies and polarization. The amount of non-gaussianity is
controlled by the parameter fyy, estimated as [163, 493]:

14 2 °
L~ 1.1 x10™ (6’1 €3> (A.30)
and its shape given in Fig. A.5, as well. We estimate the scale dependence of the tensor tilt performing
a second order computation and deriving the expression for the tensor running a] = dny/dlogk and the
running of the running (xg = dtx{ /dlogk:

T - dnT

7 dlogk

= —2(1+ fr)erea — 2f{e1 + f{(4nE — 6)81 + 4mfillT (A.31)
k=k.

o dad
0y = dloglgk = —2(1+ fi) (€165 + €16263) — Aflerer — 2f{'er + f'(AnE — 6)81 + 87f{EET + ATfilES
k=k.,
(A.32)
where we have defined:
. d —2e; + (47TE — 6)¢
= dlftk _ l ew) L g (A.33)
O8 K | =k, 1+ CtP0€1?
and
2
p. dfi _ | 261+ (418 —6)C fr
¢ dlogk k=k, 1+ Cﬂ’oﬁ%g
(A.34)

N (1+ Cﬂ’oﬂ%)(—%lez +47ge3) — CtPoel%Zg [—2€1 + (47¢ — 6)&1)

(1 + Ct770€1€%§>2 .

In this model the tensor tilt can acquire a non trivial scale dependence. In fact, depending on the
parameters, dlognt/dlogk ~ 0.1, see Fig. A.5. As we discussed in Sec. ILILI, this can lead to non
negligible corrections on small scales.

As explained before all these quantities are known functions® of ¢ or equivalently n1. However, since
for large values ¢ 2 5 the backreaction becomes typically non negligible as well as the primordial non
gaussianity, we decide to restrict our attention to a safer region of the parameter space. We therefore fix
nt ~ 0.1 (or equivalently ¢ ~ 3.5) in such a way that both backreaction and non gaussianity are still under
control, see Fig. A.5. In this way the running a] ~ 0.01 and the running of running al ~ 3 x 107° are
fixed as well. We let evolve Qgw (k) from the CMB scales all the way up to the ultra high k probed by
the ground based interferometers both including and neglecting a] and al, see Fig. A.6. The importance

3Note that we parametrized the slow parameter €3 appearing in (A.32) as €3 = 7 €;. Letting 7 vary in a range v € [—1,1] no

significant changes in al are observed. We therefore fixed €3 ~ 0.
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of scale dependence in this model is evident as Q¢gw differs by many orders of magnitude when the non-
linear corrections are considered, possibly becoming visible to future gravitational wave experiments such
as LISA [339] and Einstein Telescope [340].

While we have shown that the impact of the second order running aJ is completely negligible, see also
Fig.A.6, one may ask if the higher order terms ! _, can instead give an appreciable contribution possibly
changing the shape of Qgw (k). For our aim it is sufficient to note that being the tensor tilt only a function of
¢, the derivative with respect to the scale can be written as d/dlogk = (d¢/dlogk) d/d¢ = ({&1)d/d¢ and
that the overall factor ¢&; ~ 1072 will further suppress the higher order derivatives. We therefore expect
such terms to be smaller and smaller at least in this range of the parameters space. We leave the detailed

analysis of the sum expansion convergence suitable for future works.

10-9 T T T T T T T T T
ool T Only n, s
] e _
107 — n,+o) +ag -

102 10° 10° 10* 10° 10%® 10%*°10%?10% 10%°
k [Mpc ']

FIGURE A.6: Qgw (k) in the particle production model both including and neglecting the first
two runnings. The scale dependence is not negligible.

A.4 A DETAILED DERIVATION OF THE TENSOR SPECTRUM

We review in more details the computation of the primordial tensor spectrum with a non-trivial time de-
pendent tensor speed ct, showing that under the assumptions |e]| < 1, the solution of (I1.62) is given by
Eq. (IL.66). First of all, keeping in mind that

d;it) = af )d”;:) — () H (A.35)
d”;zr(t) =223(t) H2 + O(ey) (A.36)
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we see that for zr(t) defined in Eq. (I1.61) we have

dZdTT(t) - A;Ipa(t);t [a(ter] (A37)
= A;Ipa(t) [d(t)cfl —a(t)ér c{z} (A.38)
Iy .
= 7%(t) [a(t)Hch —a(t)Heg! (I;TCT)] (A.39)
- A;Ipa(t)z Hey! [1 - eﬂ (A.40)
M, d
g
Mpda(t) 4
e (A42)
and
d>zr(t) My [d*a(t) ,  da(t) . d
2~ 2[ dr2 T dt (t)acT } (A43)
M, [d?
=~ { - Bt T3 (1) 12 cfl} (A.44)
M, d?a(t) el
~ e 5 [1 - 2} (A.45)
My da(t)
e (A.46)

Therefore the equation of motion (IL62) is equivalent to (IL.65) unless corrections of order lef] < 1. Now
we want to prove that u(7, k) given by Eq. (IL.66) correctly solves Eq. (I1.65). First of all, remembering that
k(t) = cr(t) k, it is worth deriving the following relations:

dk Tk
dkt) - T "
o =k (1 . €1> ~ K (A.48)

d [e-ikt o ikt |: 1€l

— |~ |—ik+ 1] (A.49)

at ( @) NoY 4T
where in (A.47) we have used that in the de Sitter spacetime T ~ — (aH )71. Now we take the following
derivatives:

du e T 1 1 ¢ i 1 ¢
e ikt .1 i
~ Sik-li b A51
2k [ T sz] (5D
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and finally
u e kT ik 3 2 1 2i 1
au _ B2t L ter) 2 (g LT .
e [ Ry ( +4el> +2 (1 861) 2 <1 8)] (A52)
skt k20 2
S [—k ot w} (A.53)
e—li&T i 2 -
~ 1—— | (5 -k A.54
-5 (=F) (A5
u(t,k)
~ — <I~<2 - ;) u(t, k) (A.55)

that is nothing but Eq. (IL65). Therefore, now that we have proved that (I1.66) is the correct solution, the
derivation of the primordial spectra is trivial: it is sufficient to follow the standard procedure (see e.g. [76,
83]) with k — k that leads us to (I.71).

A.5 BEYOND THE LINEAR ORDER IN THE PROPAGATING SPEED

In Sec ILIII we have derived some equations that relate the tensor propagating speed ct to the inflationary
parameters under the assumption that the second-order time derivative ¢t ~ 0. In other words, expanding
the propagating speed cr(t) we have taken into account only the linear term. For completeness, we would
like to briefly discuss slightly more complicated scenarios in which we consider also the higher-order terms
in the Taylor expansion.

Let us see what happens including also the quadratic term ¢r: the relation (I1.77) is modified as follows

J= O —e Ty (A.56)

where we have to introduce the new parameter

. Cr

= . A.57
= Her (A.57)

Neglecting the third order time derivative ¢t ~ 0 we find

d It . 1d (fT .
dlogk — Hdt [H ér| e (€= 11r) (A.58)
and at and Bt now will read
ar = —2€162 — e? <e1 — ef + 17T> (A.59)
2 T T 2 T T

Br = —2€1€6; — 2€162€63 — €] <e1 —€ + ’7T) + €162 — € (el —€ + 17T) + 1yt (€1 — Y1) (A.60)

Note that considering the second order derivative of ct with respect to time provides a correction only
to the runnings and not to the spectral tilt that in fact is always given by Eq. (IL.70). Moreover even
considering the new term 5t a set of consistency relations can always be derived. Indeed reversing (A.59)

ot + 2€162

nr = (e1 — e1T> e (A.61)
1
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and using the Egs. (I1.79), (I1.80), (IL.81), (II.82) and (A.61), it is easy to see that Eq. (A.60) still provides a
consistency relation for the propagating speed ct and the inflationary parameters. However in this case the
relation will be cubic in the slow roll parameters and will involve also the scalar running a5 and the tensor
running of running Bt that are not involved in the respective quadratic relation in the slow roll parameter
(I1.83) derived under the linear order expansion of ct.

This procedure can be generalized at any order: if we expand cr(t) taking all the terms up to the
order n and assuming that (%) " cr =~ 0, we can always find a consistency relation between ct and the
inflationary parameters. This relation will include the scalar runnings up to > ; and the tensor runnings
up to ol

Clearly, to test the time dependence of ct beyond the linear expansion, we need an accuracy that we do
not have at present. We conclude that the choice to adopt the simply linear approximation for cr(t) is rea-
sonable because it allows us to test its time dependence without complicating the equations or introducing
higher-order parameters that will be difficult to constrain with the current cosmological data.

A.6 SUPERLUMINAL GRAVITY PROPAGATION DURING INFLATION

In Sec. ILIII, we have restricted our attention to the parameter space cr < 1 excluding the superluminal
propagation from the MCMC sampling. One may ask if such an artificial exclusion leads to a biased
conclusion and, in general, what happens including superluminal velocities. In this appendix we want to
clarify some aspects about superluminal velocities and motivate our decision to impose a prior cr < 1in
our MCMC sampling.

First of all we want to stress that we have carefully checked that our constraints were not biased by
our choice of not exploring superluminal velocities. As a matter of fact, the constraints on ct are almost
uncorrelated with the constraints on the other parameters and, even extending our MCMC prior to cr > 1,
we will end up with almost the same results, see Fig. A.7.

We also would like to point out that our theoretical framework holds for both subluminal and super-
luminal velocities indifferently and that we excluded the superluminal propagation only in our MCMC
analysis. This is crucial since, from a theoretical point of view, imposing subluminal propagation is not as
safe an assumption as one may think. In fact, as shown in [336, 337], depending on the model, it can be
possible to perform a change of frame so that in the new frame the tensor speed is c, but the speed of the
other massless particles is greater than c ending up with a situation where we have actually constrained
the speed of normal species to be superluminal, in tension with causality.

However we decided to exclude superluminal velocities from our MCMC analysis for the following
reason: as one can see from Eq. (IL.73), superluminal velocities will suppress the amplitude of tensor
perturbations leading to a completely different phenomenology with respect to subluminal velocities. In
fact when cr < 1 the amplitude of the tensor spectrum grows, eventually becoming greater than the Planck
experimental error and allowing us to provide a well defined lower bound on the tensor speed. Conversely
when ct > 1 the amplitude of the tensor spectrum decreases and the effect of ¢t on the primordial spectrum
is buried in the experimental error, preventing us from achieving a well defined upper bound. In other
words when the MCMC prior on ct is extended to superluminal velocities, since the Planck data prefer a
vanishing r, the posterior distribution of the propagating speed is pushed to ct > 1 and the upper bound
on ct is completely dominated by the a-priori imposed prior, see Fig. A.7.

Furthermore when the prior on the tensor speed is extended to cr > 1 most of the area of the posterior
distribution is found for values of ¢t close to the upper limit of the prior. Specifically enlarging the prior on
ct by a factor of 5 we now get a lower limit cr > 0.92c ( pushed forward by the same amount with respect
to the subluminal case) .

This is clearly a biased result which stems from the fact that we are unable to place an upper bound on
the propagating tensor speed with the theoretical framework presented in the work. The reason behind this
is that the MCMC samples accumulate at the higher edge of the imposed range for cr leading to exclude
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FIGURE A.7: Marginalized 2D and 1D posteriors for the combination of Planck 2018 [113,
115] and Biceps/Keck 2015 [162] data for the parameters of the tensor spectrum. The blue
contours are those obtained exploring only subluminal velocities while the green contours are
obtained extending the prior to superluminal velocities cr < 5. As one can see the choice
of exploring only subluminal velocities does not lead to significant bias on the inflationary
parameters. Nevertheless, once the superluminal velocities are considered, since the Planck
data prefer a vanishing tensor amplitude, the posterior of ct is pushed to c > 1 leading to a
prior dependent upper (and lower) bound.
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values of cr much smaller than the upper limit at more than two standard deviation resulting in a biased
lower bound for the tensor speed. Note that this example is merely to show that even pushing the prior
on ¢t to cr > 1 only the posterior of the tensor speed is affected while all other parameters are almost
unaffected.

It is also worth noting that to correctly analyze the region ¢y > 1, along with the consistency relation
we found, one has to consider also the different phenomenology induced by superluminal propagation.
For example a tensor speed different from unity will generate non-gaussian features in the primordial
perturbations fn, ~ 1 — C~21- [272, 278]. Of course this (and other) information can be used to place an
upper bound on cr > 1, but constraining the superluminal part of cr goes outside the aim of this work
since here we are mainly interested in constraining the shape and amplitude of the tensor spectrum in
non-standard theories of inflation with a scale dependent propagating speed. We plan to tackle down the
issue of superluminal velocities in a subsequent work.

A.7 MATCHING SMALL-SCALES CONSTRAINTS ON THE TENSOR SPEED

Even if the main goal of Sec. ILIII was to constrain the shape and the amplitude of the tensor two-point
function in a non trivial theory of inflation, in Sec. ILIILII we have derived constraints on the propagat-
ing speed ct that clearly refer to its value on the CMB scales, with Eqgs. (IL.71) and (I1.72) evaluated at the
horizon crossing. In this appendix, we want to discuss the accordance between our results and the current
measurement ct ~ c provided by gravitational experiments. Let us stress that the current observed value
ct ~ c refers to the propagating speed of the astrophysical gravitational waves measured by the gravi-
tational detectors on astrophysical scales k ~ kpy and not to the propagating speed of primordial tensor
perturbations that are instead generated during the inflationary epoch at energies that can be extremely
larger. We have several observational pieces of evidence that Einstein’s theory of general relativity works
appropriately on the astrophysical energy scales, but theoretical arguments suggest that it may need to be
modified at high energies and some well motivated extended theories predict a non unitary propagating
speed [94, 219, 221-225, 236-242, 253-263]. In our work we have used an effective field theory approach
(that, by definition, provides an approximate description of an underlying physical theory at a specific en-
ergy scale) to show that if the inflationary energy scale is sufficiently high, high-energy deviations from GR
could leave signatures during the inflationary epoch and primordial tensor perturbations could provide a
unique observational window to probe gravity at those energy scales. However, in a consistent theory of
gravity, GR has to emerge in the low energies limit in such a way that all the observational evidences for
GR (including the observed value ct ~ c on the astrophysical scales) can remain consistent through the
evolution of the universe. Therefore it is worth showing that, our constraints on cr(k,) are not in conflict
with those derived by gravitational detectors.
Considering the expansion of log cr(k) we can write

(k)
cr(k) = cr(ky) <kk>7 (A.62)
where (
n( k
B co d n T log t
7= 2 |(qioge) <1, 1 (re)

Because of the discussion provided in sec ILIILII, we can estimate the derivatives of €] as

(dlggk>n @1 = (1)t (q)nﬂ (A-64)
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FIGURE A.8: Constraints on the propagating speed ct at the generic scale k extrapolated from

the constraints on the CMB scales fixing €] = 0.082 and cy(k,) > 0.2. Remarkably on the

LIGO/VIRGO scales we can extrapolate the lower limit cp(kpy) 2 0.94, in perfect agreement
with the constraints on the astrophysics GWs.

that gives for y
log(1 — f(k
v =l g(f(k{( ) (A.65)
where f(k) = —el log(k/k.). As one can see, the value of the propagating speed at the generic scale k

depends on both cr(k.) and €. Interestingly, using the value derived for €] ~ 0.082, the lower bound for
cr 2 0.22 on the CMB scale is translated into the constraints plotted in Fig. A.8 at the generic scale k. Even
on ultra-high k the power low expansion (II.115) provides reasonable values remarkably close to ct = c.
In particular on the LIGO/VIRGO scales we have cr(kpy) 2 0.94 ¢ that is in very good agreement with the
constraints on the propagating speed of gravitational waves derived on astrophysical scales [214-216]. We
therefore conclude that our results are not in conflict with those of gravitational experiments.

A.8 INFLATON-WEYL COUPLING FUNCTION

In Sec IL.IV, we studied the higher-curvature corrections to the inflationary parameters considering a cou-
pling between the Weyl tensor and the Inflaton of the form df(¢)/d¢ ~ £1/A, assuming negligible the
higher-order derivatives: d" f(¢)/d¢" ~ 0. In this appendix we want to generalize our computation for a
generic function f(¢). Introducing the dimensionless parameters

A= (Vamy)' (;ﬁ) (ﬁi,)nf(@ (A.66)

that generalize Eq. (I1.117) with A1 = A, we see that Eq. (II.118) is generalized to

d\
dlog £ = —2Mer+ A el’? (A.67)
1 1
= —gMrt A rt/2 (A.68)
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So for a generic function f(¢), while the tensor tilt ny = —2¢; — et is always given by Eq. (I1.116), the
tensor running becomes
3/\1 Al /\2
QT = IX%R + _E 7’3/2 — ? 7’1/2(7’15 — 1) + Z r. (A69)

It differs from Eq. (I1.119) by a further term (A,/4)r that can give appreciable contribution only if |A;| =~
|A1]. Because of Eq. (A.66), this means a coupling function of the form f(¢) « e*?/M». However in this case
we have a further enhancement of the running of tensor tilt, see also Fig. A.9. This scenario is even more
disfavored by our results that instead show a preference for small running, as we discussed in Sec. ILIV.IL

1.0
Qq/ 0.8
J\at
Q-’» 0.6
N 0.4
= Q’Q 0.2
~ Q 0.0
ooy Zod/h
Q0 —0.4
SV | 0.6
/Q/;) —-0.8
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/ > v A
,\/Q ,\Q ,\Q
T

FIGURE A.9: Tensor running for a generic coupling f(¢). The dashed line represents the
model adopted in SecIL.IV.
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AXION COLD DARK MATTER

Here we focus on non-thermally produced axions, natural candidates for the cold dark matter component
of the Universe. We give an overview of non thermal axion production, studying the evolution of the
cosmological Axion field from the moment when the U(1)pq is spontaneously broken during the PQ phase
transition to the moment when axions acquire mass during the QCD phase transition. As we will see,
the phenomenology of non thermal axions is maybe larger than that of thermal axions since a lot of non
standard scenarios may happen such as the formation of topological defects like cosmic strings or domain
walls.

VACUUM REALIGNMENT

The equation of motion of the axion field ¢ 4 can be derived assuming in the early universe the usual ER.W.
flat metric
dSz = —dtz + az(t)éijdxidx]- (Bl)

and assuming that the axion field is minimal coupled to gravity. So we write the action:

My 1
TR—I—EgV’ E)quAaV(pA—VA(cpA) . (B.2)

S:/d4x\/jg

Minimizing the action with respect to the Axion field ¢4 we can find the equation of motion that reads:

[a% +3Hd; — ;vz} Pa(x) + Vi[pa(x)] =0 (B.3)

where prime indicates a derivative with respect to ¢4 and where V, is the effective periodic potential
for the axion field that, accounting for non-perturbative QCD effects associated with instantons, can be
qualitatively written as

V= 22 (1) [1 ~ cos (2” (B4)

The axion mass is a function of temperature and hence of time: m,(t) = my4[T(t)]. High temperature
effects (T ~ 1 GeV) of QCD instantons give [362, 378-380]:

4
ma(T) ~ 4 x 10~%V (1012Gev> (Gev> (B.5)
fa T

The axion mass is strongly suppressed at temperatures that are large compared to the QCD scale, but it
turns on when the temperature approaches Agcp. In practice, the axion mass becomes important when
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my(t) « t, so it is useful to define a time ¢, at which the axion mass turns on':
ma(t)te =1 (B.6)

Putting the potential (B.4) into the equation of motion (B.3) we obtain:

0? +3Ho; — al—zvi ¢a(x) +m?(t) fa sin (4’/3((")) =0 (B.7)
A

On the other hand, minimizing the action with respect to the metric tensor we can find the well known
relations for the axion energy density and pressure that are:

1,
pa=5¢a+Va (B.8)
1.,
and so: Lo
0% — V.
wy=PA 204"V (B.10)

P 3¢5+ Va

The axion field evolves according to equation (B.7). So once we have solved it and computed ¢4(x) we
can also predict the axion energy density and pressure from the equations (B.8) and (B.10). However we
need to specify the axion field initial condition that are completely random. Moreover causal disconnected
region of spacetime in general have uncorrelated values of ¢4 (x). Nevertheless it is well known that the
size of the causal horizon grows exponentially during inflation and so it can homogenize the axion field
over enormous distances. Therefore, before solving equation (B.7), we have to distinguish two different
cases. Let us call Try the temperature of the reheating after the inflation, if:

1. Tpg > Tru so the inflation occurs after the PQ symmetry breaking and the axion field is homogenized
over enormous distances.

2. Tpq < Tru so the inflation occurs before the PQ symmetry breaking and the axion field has non-zero
modes and carries topological defects such as strings and domain walls.

The first possibility, inflation occurring after the PQ symmetry breaking, is of course the simplest since in
this way we do not have to worry about the topological defects production and the axion field is homoge-
nized over large distances. However in what follows we will study both the situations.

Case 1: TPQ > TrH

Focus our attention on the first case Tpq > Try. Inflation homogenizes the axion field over very large
distances and so we can assume that the axion field does not depend on the space coordinate X so that the
equation of motion (B.7) becomes:

2
[;tz + % ;t] pa(t) +n(t) fa sin (qu‘cit)) =0 (B.11)

where we have used H = % Because of our previous discussion about the time (or temperature) depen-
dence of the axion mass m 4 (t), we are allowed to distinguish two different regimes t < t, when the axion
mass can be neglected and t 2 t, when the axion mass turns on.

1/3
Yor T~ 1GeV, t, ~2x107s (MW)
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In the regime t < t, we can neglect the axion mass n4(t < t.) =~ 0 and the equation to solve becomes:

d? 3d
[dtz " tht] pat) =0 (B.12)

We immediately see that the most general solution is

Pa(t) = o+ 1t 2 (B.13)

where ¢y and ¢; are constants. Therefore the expansion of the universe ( in a Radiation dominated era

a(t) o t2 ) freezes the axion field to a constant value. Therefore the axion field is overdamped and frozen
at its initial value by Hubble friction. The equation of state at early times is so wq = —1 and the axion
behaves as a contribution to the vacuum energy: if axions were able to dominate the energy density of
the universe when still overdamped with equation of state w < —3, they could even drive a period of
accelerated expansion.

When t approaches t,, the axion field starts oscillating because of the axion mass contribution. Let us
suppose that ¢4 () < fa so that we can expand f4 sin (‘P;‘(—S)) ~ ¢4 (t) in the equation of motion that so

becomes:

LA (t) + m5 () pa(t) (B.14)
az " orar] P al)a '
It is useful to study this equation performing the following substitution:
x(t) = to(t) (B.15)
So that the equation of motion becomes:
d? »
I +w(t)| x(t) =0, (B.16)
where
3

W (t) = m3(t) + (B.17)

1642
In other words for t 2 t, the axion field is oscillating with frequency w =~ m,. The solution of equation
(B.16) is therefore given by:

x(t) ~ \/mCT(t) cos [/tdt/w (t’)] (B.18)

where C = const. For ¢4 (f) this translates into

Pa(t) = ¢o(t) cos [/fdt’ w (t’)] (B.19)
with %
cti

Po(t) = W (B.20)

Putting the solution (B.19) into equation (B.8) one can check that

pa o< ma(t)po(t)? o< 72 (B.21)
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remembering that a(f) "2, we finally obtain the following very important result:
pa xa(t). (B.22)

This is the same behavior of ordinary matter, and this is why misalignment axions are a valid candidate for
the cold dark matter. We can also estimate the late time number density of axions by saying that the axion
field has a random initial value ¢4 (t.) = fa 6, where 0, is said initial misalignment angle and it evolves
according to the equation of motion

0, +3 HO, +mu(t)?6, (B.23)

Since the potential is periodic with period 27 f4, the relevant range of 0. is [—7t, 7r]. The number density
of axion at time ¢, is given by [378-380]

n'a< (t,) Lia (£) 02 (¢ —ﬁGZ B.24
A (k) ~ 3 A(*)(PA(*)_Zt** (B.24)

The number of axions is an adiabatic invariant after t, and so, since they behave like matter, their number
density at any given time t > ¢, is:

2 3
1% (£) ~ ;295 <”a((t;)) > (B.25)
and so, today (t = tp): ,
2
e (to) ~ {i 07 (ZZO;) (B.26)
Note that from the axion number density we can obtain the axion energy density simply multiplying for
their mass: ) s
e () ~ a4 g2 (”a((t;‘f ) (827)

This mechanism of axion production is called vacuum realignment or also misalignment mechanism.

Case 2: TPQ < Tru

So far we have studied in details the case when inflation homogenizes the axion field over large distances.
Now we want to study the vacuum realignment in the case in which no inflation occurs and the value of
the field depends on the spatial coordinates and the equation to solve is the eq. (B.7). As we will see the
only difference with the previous case is a contribution coming from the non zero momentum modes.

Let us start considering the regime t < t, when the axion mass is suppressed. In this case it is conve-
nient to expand the axion field in the Fourier space

Pa(x, 1) = / PGk, 1) ek (B.28)

where the Fourier modes ¢(k, t) satisfy the equation of motion in the Fourier space that reads:

2 3 k2 ~

As well known, in an expanding universe, the wavelength A(t) = 271@ of each mode is stretched by the
expansion itself and so two further different regimes arise. The evolution is in fact different depending on
the larger or smaller wavelength than the causal horizon.

For the modes outside the horizon, k/a(t) < H(t), the third term on the left hand side of Eq. (B.29) is
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dropped, and the solution is given by:

Nl—=

Palk,t) = po(k) + ¢ (k) £ (B.30)
where ¢o(k) and ¢1 (k) are some k-dependent constants. Therefore, for wavelengths larger than the causal
horizon, each mode goes to a constant and the axion field is frozen by causality.

On the other hand, for modes inside the horizon, k/a(t) > H(t), we cannot neglect the third term on the
left hand side of Eq. (B.29) that, performing the substitution

Xk t) = a(t)? §alk,t), (B.31)
can be rewritten as follows:
(07 + w?(1)] x(k,t) =0 (B.32)
where ) ,
WA (t) = k 3 .k (B.33)

20 162 T 2
The most general solution is

Pk, t) = a(Ct) cos [/t dt' w (t/)] (B.34)

where C = const. This is an oscillating solution with a frequency w ~ k/a(t) and whose amplitude de-

creases with time as ,1(17)

When t 2 t, the axion mass term becomes non-negligible. The modes outside the causal Horizon, k/a(t) <
H(t), start oscillating with frequency w =~ m,(t). In fact the equation of motion becomes exactly the same
than that studied in the previous scenario with Tpg > Try: we call these modes zero modes. As concerns
the modes inside the Horizon, k/a(t) > H(t), they contribute to the higher momentum modes.

The axion number density in this case is therefore given by the sum of the contribution of the zero momen-

tum modes 1'7“(t) and the contribution of the higher momentum modes 1% (¢):

ny(t) = n‘;‘ac'o(t) + n‘gac’l(t). (B.35)

The zero momentum modes contribution is given by equation (B.25), but since in this case the initial mis-
alignment angle is different from one QCD horizon to another and since the average of 62 is of order one

we have ) ) 5
vac,0 ~ f a(t.
n20 (t) 22 (a(t)) : (B.36)

On the other hand, one can show [362, 494] that the higher momentum modes contribution at the time
t=t,1s:

N,
2ty

where the factor N is defined saying that the typically variation of the Axion field from one horizon to the
next is ~ N f4. Since after t, almost all these axions are non-relativistic they behave like ordinary matter

and so: szz “) s
vac,1 a(t
net () ~ 2t:‘ <a 0 ) (B.38)

nRt (t,) ~ (B.37)
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TOPOLOGICAL DEFECTS

Since the physics of the early universe is described by guage theories which undergo spontaneous symme-
try breaking, the universe is expected to have gone through various phase transitions as it cooled after the
big bang. These phase transitions can give rise to topological defects. The Peccei Quinn phase transition
is one of the primordial phase transition that can produce such topological defects. If inflation occurs after
the PQ phase transition (Tpg > Tru ), then topological defects are exponentially diluted in such a way that
today it is extremely improbable to observe them in our universe. Otherwise, if inflation occurs before the
PQ phase transition, topological defects are not diluted and so their evolution can have left a trace in our
observable universe. So in this section we will focus on this scenario studying the different topological de-
fects and the Axion production from topological defects. We do not pretend to be mathematically precise.
For a more formal description the interested reader can see refs [385, 386, 390, 495]. Before studying the
Axion production from topological defects, we need to be accurate to classify the different type of defects.
The type of topological defects depends on the topology of the gauge theory and in particular on the topol-
ogy of the vacuum manifold M. In what follows let us assume that the universe is correctly described by a
gauge theory which undergoes spontaneous symmetry breaking of its symmetry group G at some critical
temperature. The generic field ¢ (not necessary the axion field ¢4) undergoing spontaneous symmetry
breaking can be taken to have a minimum at ¢ = 0 in the high temperature phase while it takes a vacuum
expectation value (0|$|0) = (¢) # 0. Let us suppose that (¢) is invariant under sub-group transformations
H € G. The vacuum manifold M therefore is given by M = & the space of degenerate states which breaks
the original symmetry. During the phase transition, ¢(x) will take a vacuum expectation value in M that
will be uncorrelated in causal disconnected regions of spaces. To say the truth, for energetic reasons (be-
cause in general a spatial derivative term appears in the Hamiltonian) a constant or slowly varying vacuum
expectation value is preferred but, depending on the topology of M, some boundaries may survive among
domains where instead ¢(x) = 0. These are nothing else that the topological defects: topologically stable
configurations of the higher-energy state.

We are basically interested in two different types of topological defects: Domain Walls and Cosmic strings.
Domain walls are two-dimensional topological defects, which are formed when the vacuum manifold M
is disconnected. This happens for example when M is made up by only two points corresponding to two
different values of the vacuum expectation value (¢) = £#. In each causal disconnected region (¢) can
be +#1 or —1 randomly and then causal disconnected neighboring regions will tend to fall randomly into
the different states. The common boundary surface between these regions is what we call domain wall.
Since one cannot pass from (¢) = +1 to (¢p) = —ny without passing through a region where (¢) = 0, so
the domain walls are such that (¢) = 0. Regions with (¢) = 0 are in a higher energy state and so high
energy walls are formed. The cosmological evolution of a domain wall is determined by its surface ten-
sion. The structures will grow with time until they are comparable to the Hubble scale, leading to large
inhomogeneities in the cosmic background radiation that are not observed [72, 386].

Cosmic strings are one dimensional topological defects which are formed when the vacuum manifold
M is not simply connected. Cosmic strings require a more complicated theory than Domain walls. Con-
sider a complex scalar field ¢. Its vacuum state will have a U(1) symmetry: (¢) = 57¢”: at each point in
space the field can assume a phase 6 € [0, 27t]. Since (¢) is single valued, the total change of 6 around any
closed loop must be A8 = 27tn. If n # 0 the loop cannot be shrunk to a point and there will be at least
one point inside the loop where 6 is undefined. If 6 is undefined so it must be (¢) = 0. The loop can be
deformed in order to find another point of false vacuum. All these false vacuum points connect together
to form a tube of false vacuum that is what we call cosmic string.

Let us try to understand how topological defects may arise from the invisible axion model. This re-
quires a brief description of the model itself. Let us call Tpg the temperature at which the PQ symmetry is
spontaneously broken, we have that

TPQ ~0A (B39)
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where v4 is the vacuum expectation value of a complex field ¢(x), named Peccei Quinn filed, whose La-
grangian is:

2
L, = %8;,(7*8"0 — % (O'JFU' — vi) + Lint [0(x), i (B.40)

where Lint [0(x), ;] is the Lagrangian of interactions between o (x) and the other fields in the theory.
When T > Tpg the minimum of energy is at o(x) = 0 and the PQ symmetry is unbroken. However as the
universe cools down T' < Tpg and the temperature of the universe becomes comparable to the QCD scale
Agcp ~ 100MeV, so the non perturbative nature of QCD becomes relevant, the axions acquire mass and

the effective potential arises 2.

Va (pa) = m? f2 [1 — cos <I\IDX:M>] . (B.41)

The existence of the QCD potential explicitly breaks the U(1)pg symmetry and the vacuum expectation

value of the field o becomes a circle whose radius quickly approaches v4:

Pp(x)
(0]c(x)|0) = ve’ 4 (B.42)

where ¢4 (x) is the axion field. As we can see, now we have a non trivial vacuum manifold M that is non
simply connected and we are in the situation described before and so cosmic strings are formed. Let us
consider the discrete subgroup Zy,,,, of the shift symmetry

Pa — Pa +2k7rf—A (B.43)
Npw

withk = {0,1..., Npw — 1} that leaves the potential unchanged. Also this Zy;,,, symmetry is spontaneously
broken because of the vacuum expectation value (B.42) of the axion field. Therefore the vacuum manifold
M becomes more complicated since we have Npw degeneracy vacuums that are equidistant in the curve of
the minima. In other words M not only is not simply connected but it is also disconnected and so Domain
walls can be produced. Cosmic strings occur much earlier than the formation of domain walls: the domain
walls are formed when the Hubble parameter becomes comparable to the axion mass: H ~ m 4.

AXIONS FROM STRING DECAY

Let us consider the axion cosmic strings. Because they are strongly coupled to the axion field, the strings
decay very efficiently into axions. We want to estimate this process. For more details one can read [390,
494, 495].

The energy per unit length of an axion string is

u=rmov4 In(val) (B.44)

where L is an infra-red cutoff approximately equal to the distance of the nearest neighbor string. As we
have seen, since without inflation® the size of the causal horizon is of order t, so ¢4(x) is completely
uncorrelated over distances larger than t. At a given time f, there is at least the order of one string per
horizon. At the beginning these strings are in the primordial plasma and they are stretched by the Hubble
expansion a(t) o £, During this time the density of strings grows and they become much more than one
per horizon. However with the spacetime expansion, when the temperature of the universe becomes lower

2
than approximatively [496] Tiee ~ 2 X 107GeV 1{7*‘ , they decouple from the primordial plasma and
PP y 1012GeV y p p p

250 far we have set Npw = 1, but now let us relax this assumption
3Remember that in this scenario inflation occurs before the PQ symmetry breaking, otherwise it will dilute the abundance of
topological defects in such a way that their contribution to the universe energy density will be negligible
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they make up a network of axion strings moving freely at relativistic speeds. Axions are expected to be
largely and efficiently produced by the string loops collapse. Moreover long strings (that by definition are
stretched across horizons) reconnect to form loops that then collapse freely in axions. The number density
of axions radiated by strings n5" is given by [362]

dnir str 1 dpStrﬁA
at - OHMAT O T @

(B.45)

where w(t) is the average energy of axions radiated in string-decay processes at a given time*

1 :<dpstHA>‘1 dk dpser 4 (B.46)

w(t) dt k  dtdk
while dpsctlirjf‘ is the rate at which energy density is converted from strings to axions

dpstr—>A . _dPstr i
=~ 2Hps (B.47)

where pg; is the long sting energy density [362] psr(t) = &%. The parameter ¢ determines the density of
the string network, ¢ = 1 corresponds to a density of one long string per horizon. If we want that global
strings can decay efficiently into axions we have to require that { ~ 1. Numerical simulation of global
string networks in an expanding universe found that effectively ¢ ~ 1 [362, 497].

Combining all these equations, maintaining only the terms of order In(v4 t), one obtains

str ~ CnfazNz ! ! In (Uﬂtl)

To go further we need to know w(t), the average energy of axions radiated at time t. Many analytic
approximations or computational techniques can be used in order to estimate w(t), see for example [362]
and the reference within. What really interests us is that in the range t 1 < k < (¢ th)_l/ the axions
coming from string decay have a spectrum o« k=2 and so, at the time t. they have a momentum « . This
means that when the axions acquire a mass they become non-relativistic soon after. Axions produced by
cosmic strings decay contribute to cold dark matter and we have that, after t,

3
() = mant (e (%)) (B.49)

and so today (t = to)

3
O (k) = manSE(£) (ZE’;OD (B.50)

AXION FROM DOMAIN WALLS

When the axion mass turns on, at time t,, each axion string becomes the edge of Npw domain walls. The
domain walls produce a cosmological disaster unless there is inflation after the PQ phase-transition (case
1) or unless Npw = 1. Basically what happens is that, when the axion mass turns on, each axion string
becomes the edge of Npw domain walls. Let us consider that Npw > 2, since there are two or more exactly
degenerate vacuum states so there is at least the order of one domain wall per causal horizon. The energy
density in domain walls is then

(B.51)

-1

pow(t) 2

“Note that & g;g;" figuring in the equation (B.46) is nothing else that the spectrum of the axions produced.

PAGE 169 OF 200



W. GIARE AXION COLD DARK MATTER

where ¢ is the wall energy per unit surface [362]

~OF2 10~ 173 fa

Therefore we estimate the domain wall energy density today t = ty ~ 14 Gyr obtaining;:

g _ — A
opw (to) = o= 2 x 10 Mgem™ <101£GeV> (B.53)

The critical density today (i.e. the energy density required in order to have a flat universe) is

pc(to) = LH(% ~ 10" ¥gem3. (B.54)
871G

We immediately see that the domain wall contribution to the energy density exceeds alone by many orders
the magnitude of the critical energy density for closing the universe. Domain Walls would over-close the
universe. There are at least two options to avoid the axion domain-wall problem’: the first trivial option
is to have inflation with try < Tpq so that the axion field is then homogenized over large distances, and
there are no strings or domain walls. The second option is to postulate Npw = 1. In this way, when
the axion mass turns on, each string becomes the boundary of a single domain wall. In this case what
typically happens is that each string accelerates to relativistic speeds, in the direction of the wall to which
it is attached, in less than a Hubble time unzipping the wall and releasing the stored energy in the form
of barely relativistic axions [362]. The part of the domain walls that does not decay in axions can decay in
gravitational waves. For example this is the case when one considers small symmetry breaking. Domain
walls are gravitationally repulsive, a detailed description of their behavior can be found in [392, 498, 499].
Here we just summarize the following results. Domain walls accelerate away from each other with an
acceleration 2 71 G 0 and, after a time of order (271 G o)1, they recede at the speed of light. By averaging
over volumes containing many cells separated by walls, the equation of state of a wall dominated universe
is ppw = — % ppw. This implies that the energy density of domain walls scales as

This, combined with the Freedman equations, implies that a domain-wall-dominated universe expands as
a(t) « 2. A domain-wall-dominated universe has an accelerated expansion and so one could be tempted
to say that the present-day accelerated expansion of the universe is due to the domain walls. However a
domain wall dominated universe would have some proprieties that are far away from what we observe
today [362] and we are forced to reject this option.

TOTAL COLD AXION ENERGY DENSITY

The total amount of the cold axion energy density (24 can be computed taking into account the different
cold dark matter contribution described before. Ignoring the contribution of domain walls and assuming
that the contribution of cosmic strings is

2 a 3
05" (t) ~ 2{1* < a((t:>)) my (B.56)

5The domain problem Npw > 1 can also be avoided if one assumes a small symmetry breaking in such a way that the true
vacuum takes over before the walls dominate the energy density. On the other hand, it must be small enough so that the PQ
mechanism still works and so there is a very small portion in the parameter space in which such option works and some fine
tuning problems arise.
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for the two different cases described above one obtains

7/6 2 )
Oy ~ 1£A g % 0.150z for TPQ > Tru (B.57)
101°GeV h 0.7 for TPQ < Tru

where &1 is defined by Hy = h100kms™ 'Mpc ! and Q4 = ‘;—’:. Note that if we want axions to be (part of)
Cold Dark Matter of course the total amount of cold axions cannot exceed the total amount of cold dark
matter estimated in the universe Qcpy =~ 0.22:

Q4 < Ocpy ~ 0.22. (B.58)

If we are in the situation in which inflation occurs before the PQ symmetry breaking (so that the axion
energy density does not depend on the initial misalighment angle 6, ) this translates into a direct constraint
on the PQ symmetry breaking scale

fa <037 10"2GeV for Tpg < Tru (B.59)

while if we are in the situation of a broken PQ symmetry during inflation this translates into a relation
between the initial misalignment angle and the PQ symmetry breaking scale

1 7/12
Gi <04 <10Gev> for TPQ > Try. (B60)
fa

An initial misalignment angle of order one corresponds to f4 ~ 10'2GeV while, in order to allow regions
with f4 > 1012 (such as f4 ~ 10! — 10'*) we need to require a very fined tuned value of 6, = 0. Clearly
being 6, an angle it can assume all the value between —7r and 7t with the same probability, but to avoid a
fine tuning problem (again), we prefer regions of the parameter space with f4 < 10!2 GeV corresponding
toma 2 107°. Another interesting characteristic is that more the axion mass is small more the axion energy
density is big. This because axions are bosons and so, if the decoupling is non thermal, their momentum is
very slow and they behave as a condensate. This is an important difference between axions and other cold
dark matter candidates such as WIMPs. Let us conclude this section saying that the axion mass window
ma € [1,100] peV is the most promising in order to have axion cold dark matter and most of the present
experimental efforts on axions are focused on searching axions in this range.

AXION ISOCURVATURE PERTURBATIONS

We now turn to isocurvature perturbations of the axion field produced by quantum fluctuation during the
inflation. As pointed out in the previous section, we basically have two possibilities: inflation can occur
before or later the Peccei Quinn phase transition. If the reheating temperature after inflation is less than the
Peccei Quinn temperature Tpqg, the axion field is present during inflation and it is subjected to quantum-
mechanical fluctuations, just like the inflaton field. Since in this case the axion field is massless and weakly
coupled as well as the the inflaton field, so the two fields have the same spectrum of fluctuation [76]. So
the spectrum of the axion field perturbation [362] is given by:

d3x Hy > 2 om2

Pa(k) = / Ty (09400 )09 (X, )y e ) <2n = (B.61)

At the start of the QCD phase-transition, the local value of the axion field ¢ (x) determines the local
number density of cold axions produced by the vacuum realignment mechanism

na(x, ty) = ;592 (x, ty) (B.62)
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where 0 (x, t,.) = % is the initial misalignment angle. Therefore it is clear that the axion field perturba-
tion generates perturbations in the number density of cold axions, in such a way that:

(57111?‘0 _ 2(54)/\ _ HI
na  pa(xty)  fabs

Where ¢4 (x, ts) is the value of the axion field at the start of the QCD phase-transition that, because of
inflation, is common to our entire visible universe. Since the vacuum-realignment mechanism converts the
quark - gluon plasma energy into axion rest mass energy, the energy density of these perturbations obeys
to:

(B.63)

5050 (£) = —0p9 () (B.64)

while, as known, the density perturbations produced by the fluctuations of the inflaton field satisfy the adi-
abatic condition. Therefore the perturbations produced by the axion field fluctuations are not adiabatic (as
those produced by the inflaton field fluctuations) but they are isocurvature perturbations. However note that
in this case the density perturbations in the cold axion fluid have both adiabatic and isocurvature com-
ponents: the adiabatic component is given by the quantum mechanical fluctuations of the inflaton field
during inflation, while the isocurvature perturbations are produced by the quantum mechanical fluctua-
tions of the axion field during that same epoch. The adiabatic and axion isocurvature components are of
course uncorrelated. The isocurvature perturbations leave a different trace in the cosmic microwave back-
ground with respect to adiabatic perturbations. In order to constrain the kind of perturbation observed
in the CMB, in general one uses the primordial isocurvature fraction f;s, defined as the ratio between the
isocurvature perturbation spectrum over the sum of the isocurvature and adiabatic perturbation spectrum:

,Biso = # 5 0.04. (B.65)

This limit can be used to exclude regions in the parameter space of the PQ scale and the scale of inflation
Hj, since they are related via [500]

, Biso 1/2 Ox \! /2 a 0.408
H; ~0.96 x 10°GeV <0.04) <0120> <1011GeV> (B.66)
If we consider the limit (B.65) and if we assume all the cold dark matter made of axions, we have:
, fa 0.408
H; <0.87 x 10°GeV <1011Gcﬂf> (B.67)

Note that another independent estimator of the energy scale of the inflation is the amplitude of the primor-
dial gravitational waves or, equivalently, the tensor to scalar ratio. It is so clear that a future measurement
of the primordial gravitational waves would constrain the PQ scale.
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