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ABSTRACT

Over the last decades our knowledge of the Universe has reached an unprecedented level of accuracy. The
observations of the Cosmic Microwave Background and the large scale structure of the Universe opened
the so-called epoch of precise cosmology, enabling us to test with increasing precision several aspects of
fundamental physics, from the first principles of the cosmological model to global theoretical scenarios
beyond General Relativity and the Standard Model of elementary particles. The research subject of this PhD
thesis goes exactly in this direction: working at the interface of cosmology, gravitation and (astro)particle
physics, I analyze cosmological and astrophysical observations to identify, characterize and constrain pos-
sible hints for new physics in light of their implications for the Early Universe.
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SCIENTIFIC PRODUCTION
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OVERVIEW

In this thesis I discuss how non-standard physics, either in the gravitational sector or in the Standard Model
of particle physics can be hidden in different kinds of relics from the Early Universe and how we can use
current and future cosmological and astrophysical large and small scale observations to unveil it. Here I
briefly summarize the structure of the work to guide the interested reader. What follows is not a summary
of the results, that instead can be found in the conclusion.

This thesis is made of three chapters.

[1] In chapter I I provide an exhaustive review of the field of cosmology, paying special attention to the
physics of the Early Universe. This chapter is thought to contextualize the original results discussed in
the subsequent two chapters. All the different topics reviewed should be largely known to the expert
reader. Nevertheless, I tried to organize the discussion in the most possible original way, trying always
to follow what I considered the best approach to derive the different results. The chapter is organized as
follows.

– In section I.I I review the so-called Hot Big Bang Cosmology: a predictive theory of the Universe based
on Einstein’s theory of General Relativity and the Standard Model of particle physics. This section is
organized as follows.

* In subsection I.I.I I review the geometrical large-scale structure of the cosmological space-time
following an approach based on symmetries.

* In subsection I.I.II I solve the Einstein equations for the FRW metric deriving the equations of
motion that relate the dynamics of the Universe to its matter and energy content.

* In subsection I.I.III I collect the basic equations that describe the thermodynamics in an expanding
Universe and then I review the most important steps of the thermal history.

– In section I.II I study the small scale structure of the Universe, introducing the cosmological perturba-
tion theory and following this path

* In subsection I.II.I I classify the different perturbations into three categories: scalar, vector and
tensor. Then I prove the so-called Scalar-Vector-Tensor decomposition theorem, showing that
they evolve independently.

* In subsection I.II.II I derive the linearized Einstein Equations for scalar and tensor perturbations
around a FRW spacetime.

* In subsection I.II.III I study the dynamics of scalar perturbations along the different cosmological
epochs using the linearized Theory developed in the previous subsection.

* In subsection I.II.IV I describe the dynamical evolution of tensor perturbations in en expanding
Universe.

– In section I.III I introduce perhaps the most important cosmological observable: the Cosmic Mi-
crowave Background. I describe the physics of temperature anisotropies and polarization, connecting
the small irregularities observed in the CMB with the physics of the Early Universe. In particular

* In subsection I.III.I I review the theory of CMB temperature anisotropies, discussing different
physical mechanisms able to produce primary and secondary anisotropies and the respective sig-
natures left in the angular power spectrum.

* In subsection I.III.II I review the theory of CMB polarization, discussing in details different phys-
ical mechanisms able to produce them and highlighting the effects of relic gravitational waves
from the Early Universe.



– In section I.IV I introduce the theory of cosmological in�ation, showing how an early epoch of fast
accelerated expansion can solve many �ne-tuning problems with the initial conditions. Then I extend
the discussion following the subsequent path.

* In subsection I.IV.I I characterize the simplest dynamical models of in�ation that involve a scalar
�eld and a suf�ciently �at potential to allow a phase of slow-roll evolution.

* In subsection I.IV.II I show that in�ation provides an elegant mechanism able to generate the pri-
mordial scalar and tensor perturbations. I perform a detailed and complete calculation in quan-
tum �eld theory, deriving the expressions for the spectra of scalar and tensor perturbations in an
almost de-Sitter spacetime.

* In subsection I.IV.III I study how in�ation can emerge as a theory of broken time diffeomorphisms
and I point out the most relevant strengths of the Effective Theory of in�ation.

– In section I.V I �nally introduce the standard L CDM cosmological model, pointing out all the theo-
retical assumptions beyond the main unknown ingredients of this standard scenario:

* In subsection I.V.I using the most recent cosmological and astrophysical datasets to date, I de-
tailed review the most recent observational constraints on this standard scenarios, highlighting
the implications for the physics of the Early Universe.

* In subsection I.V.II I discuss why one should consider the possibility to explore extensions of the
L CDM cosmological model, and I explain why among the different extension maybe the most
interesting ones are those connected with extensions to fundamental physics. Finally I outline the
research project that I develop in the subsequent two chapters.

[2] In chapter II I present the results obtained during my PhD in the �eld of in�ation and Primordial Gravi-
tational Waves. This chapter is entirely based on original results discussed in different papers published
along the years. In particular

– In section II.I I provide an updated review of the observational constraints on the standard slow roll
paradigm of in�ation based on the techniques and the results obtained in the following works that I
authored and co-authored

[1] William Giarè , Eleonora Di Valentino, and Alessandro Melchiorri " Testing the in�ationary slow-roll
condition with tensor modes", Phys. Rev. D 99, 123522

[6] Matteo Forconi, William Giarè , Eleonora Di Valentino and Alessandro Melchiorri " Cosmological
constraints on slow roll in�ation: an update" , Phys.Rev D 104, 103528 , [arXiv:2110.01695]

– In section II.II I discuss the implications of direct gravitational wave observations for models of in�a-
tion beyond the standard slow-roll paradigm with Einstein gravity, reviewing the results published
in

[2] William Giarè and Alessandro Melchiorri " Probing the in�ationary background of gravitational waves
from large to small scales", Phys. Lett. B 815 (2021) 136137 , [arXiv:2003.04783]

– In section II.III I discuss the implications for the cosmological observables of a non trivial propagation
of gravity during the in�ationary epoch, retracing the results published in

[3] William Giarè and Fabrizio Renzi, "Propagating speed of Primordial Gravitational Waves", Phys. Rev.
D 102, 083530 , [arXiv:2007.04256]

– In section II.IV I investigate the effects of higher-curvature gravity in models of in�ation with a mini-
mal breaking of conformal symmetry, following the results published in

[4] William Giarè , Fabrizio Renzi and Alessandro Melchiorri, " Higher-Curvature corrections and Tensor
Modes", Phys.Rev D 103, 043515 , [arXiv:2012.00527]

[3] In chapter III I use cosmological and astrophysical observations to probe and constrain well motivated
extensions of the standard model of particle physics that involve spineless axions as a solution of the
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strong CP problem in Quantum Chromodynamics. In particular I focused on QCD Axions produced in
the Early Universe via interactions with other particles in realistic mixed hot dark matter scenarios that
consider also massive neutrinos as additional thermal relics. The chapter is organized as follows.

– In section III.I I provide a brief review of the axion theory. In particular:

* In subsection III.I.I I discuss some aspects of the quantum theory of strong interactions;

* In subsection III.I.II I discuss the nature of the strong CP problem in the Standard Model of ele-
mentary particles;

* In subsection III.I.III I show how axions can arise from the Peccei Quinn solution of the strong CP
problem and I characterize their underlying physical properties.

– In section III.II I discuss the implications of cosmological observations for axions produced thermally
in the Early Universe, and, in light of the most recent cosmological and astrophysical measurements,
I derive new cosmological constraints on hot thermal relics following the results published in

[5] William Giarè , Eleonora Di Valentino, Alessandro Melchiorri, and Olga Mena, " New cosmological
bounds on hot relics: Axions& Neutrinos", MNRAS 505 (2021) 2, 2703–2711 , [arXiv:2011.14704]

– In section III.III I study the improvement in the constraining power on hot relics expected by the next-
gen CMB and BAO observations. I investigate and discuss the implications for axions (themralized
before the QCD transition), neutrinos and BBN elements, following the results presented in

[7] William Giarè , Fabrizio Renzi, Alessandro Melchiorri, Olga Mena and Eleonora Di Valentino " Cos-
mological forecasts on thermal axions relic neutrinos and primordial elements", [arXiv:2012.00527]

Along with these three main chapters, the work is enriched by two other different appendices:

[A] In the Supplementary Material (Appendix A) I provide different secondary results that were always
derived and discussed in the works this thesis is based on, Refs [1–7]. While they are not essential to
the comprehension of the main discussion, this information is very useful because it enriches the overall
presentation through a multitude of different practical examples and detailed calculations. Furthermore,
sometimes I generalize the major results to scenarios beyond the theoretical assumptions under which
they were originally derived. The Supplementary Material is organized as follows.

– In section A.1 I review the standard slow roll relations among the higher-order (scalar and tensor)
in�ationary parameters proving that a set of consistency relation exists at any order in the power-
law expansion. These results were derived �rst in Ref. [1].

– In section A.2 I study in�ation in relation with the spatial curved of the cosmological spacetime,
discussing the implication of curvature for the slow-roll dynamics. This section is based on Ref. [6].

– In section A.3 I show different examples of negligible and non-negligible scale dependence in the
tensor two-point function originally discussed in Ref. [2].

– In section A.4 I provide a detailed computation of the primordial tensor spectrum using en effective
�eld theory approach and allowing a non-standard propagation of gravity. This section follows the
discussion in Ref. [3].

– In section A.5 I generalize the results discussed in section II.III for non linear propagation of gravity
as done in Ref. [3].

– In section A.6 I discuss the effects of a superluminal propagation of gravity during in�ation follow-
ing Ref. [3].

– In section A.7 I discuss how to relate our constraints on the propagation of gravity at early epochs
with those one can obtain by direct GW measurements, showing they perfectly agree. This section
is based on Ref. [3].



– In section A.8 I generalize the results discussed in section II.IV for generic in�aton-Weyl couplings
following Ref. [4].

[B] In the Appendix B for completeness I provide a review of axions produced non-thermally that are natural
candidates for the cold dark matter component of the Universe.



CONVENTIONS

A few remarks on the conventions adopted in this thesis. They are useful to avoid misunderstanding with
the reader.

UNITS , CONVERSIONS AND CONSTANTS

Even though sometimes I will keep the fundamental constants explicit in the equations, in this work I will
largely adopt the so-called natural units: c = } = kb = 1. In this way there is only one fundamental
dimension:

[Energy] = [Mass] = [Temperature] =
1

[Length]
=

1
[Time].

Some useful conversion factors for these units are listed below:

1g = 5.61� 1023GeV

1s = 1.5� 1024 1
GeV

1 Kelvin = 8.6� 10� 14GeV

1cm = 5.1� 1013 1
GeV

1 Mpc = 3.08� 1022 m = 1.56� 1038 1
GeV

Some useful fundamental constants are listed below:

Planck Mass
.= M pl

.=

r
} c
G

= 1.22� 1019 GeV

Reduced Planck Mass
.= M̄ p

.=

r
} c

8p G
= 2.43� 1018 GeV = 2.2� 10� 5g

Planck time
.= tp

.=
1

M pl
= 5.4� 10� 44 s

Planck length
.= lp

.=
1

M pl
= 1.6� 10� 33 cm

Planck temperature
.= Tp

.= M pl = 1.42� 1032 Kelvin

Hubble constant
.= H0 = 100hKm/s/Mpc = 2.1h � 10� 42 GeV

Critical Density
.= r c = 1.87h2 � 10� 29 g cm� 3 = 8.1h2 � 10� 47 GeV4

M ETRIC AND SPACETIME

In this work, I adopt the signature (-,+,+,+) for the metric tensor. I recall that the signature of a metric tensor
is de�ned as the number (counted with multiplicity) of positive, negative and zero eigenvalues of the real
symmetric matrix associated to the metric tensor with respect to a basis. Here, the "-" is associated to the
time dimension, and the "(+, +, +,)" to the space and physical dimension. With this choice, the line element



of a �at maximally symmetric Minkowsky spacetime reads

ds2 = � c dt2 + dx2 + dy2 + dz2

and the three-dimensional Euclidean sub-space admits a positive scalar product. The interval between
timelike separated events (i.e. the interval between a given event and the set of points that are inside its
past and future light cone) is negative ( Ds2 < 0), while the interval between spacelike events (i.e. the
interval between a given event and the set of points that are outside its past and future light cone) is
positive ( Ds2 > 0). Finally, light-like events ( Ds2 = 0) de�ne the limit between the two cases.

PERTURBED FRW LINE ELEMENT

In chapter I I de�ne the most general perturbed line element for a FRW spacetime with a signature (-,+,+,+)
as

ds2 = � (1 + 2F ) dt2 + 2a(t)Bi dxi dt + a2(t)
�
(1 � 2Y ) di j + 2Ei j

�
dxi dxj ,

deriving the linearized Einstein Equations accordingly. In literature this line element if often de�ned with
the opposite sign for Y, i.e.,

ds2 = � (1 + 2F ) dt2 + 2a(t)Bi dxi dt + a2(t)
�
(1 + 2Y ) di j + 2Ei j

�
dxi dxj .

Notice that some authors often change Y with F in the line elements and other common de�nitions are

ds2 = � (1 + 2Y ) dt2 + 2a(t)Bi dxi dt + a2(t)
�
(1 � 2F ) di j + 2Ei j

�
dxi dxj ,

and
ds2 = � (1 + 2Y ) dt2 + 2a(t)Bi dxi dt + a2(t)

�
(1 + 2F ) di j + 2Ei j

�
dxi dxj ,

Finally in literature the metric signature is sometimes chosen to be (+,-,-,-). To correctly derive the linearized
Einstein Equations we should remain consistent with the convention we chose, but clearly the �nal results
do not relay on it.

D IMENSIONLESS PRIMORDIAL SPECTRA

For a generic Gaussian random �eld y k, the spectrum is de�ned in terms of its two-point correlation func-
tion as

hy k y k0i
.= ( 2p )3d3

k+ k0Py (k)

and that the other higher-order correlation functions are expected to vanish. It is worth noting that in this
thesis I work in terms of the dimensionlessprimordial spectra de�ned as

Py (k) .= ( k3/2 p 2) Py (k)

We should be ready to start!
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CHAPTER I

THE EARLY UNIVERSE

In this chapter I review some of the major aspects of Physical Cosmology paying special
attention to the physics of the Early Universe. I start pointing out the large-scale structure of the
cosmological spacetime, discussing the dynamics and thermodynamics of the cosmic expansion
and revisiting the main steps of the thermal evolution. Then I study the small-scale dynamics
of primordial perturbations, highlighting their connections with the Cosmic Microwave Back-
ground Radiation and the implications for the theory of Cosmic in�ation. Finally, I introduce
the Standard L CDM Cosmological Model, reviewing the theoretical assumptions and the most
recent observational constraints.



W. GIARÈ THE EARLY UNIVERSE

I.I H OT BIG BANG THEORY

Modern Cosmology is based on Einstein's Theory of General Relativity [8–10] (GR) which relates the space-
time geometry and its dynamics to the matter-energy content and distribution. In this section we introduce
and review the major aspects of the so-called Hot Big Bang Theory, i.e., the predictive theory which, starting
from �rst principles, is able to describe the large scale dynamics and the thermal evolution of our Universe.

I.I.I G EOMETRY

Despite the fact that our observable Universe is full of highly inhomogeneous structures such as stars,
galaxies and galaxy clusters, the central premise of modern cosmology is that, on large scales, the Universe
can be regarded ashomogeneousand isotropic. Homogeneity and isotropy are physical requirements that
imply symmetries. In modern physics symmetries are acquiring an increasing importance and in this
chapter, as well as in the rest of this thesis, we will often follow approaches based on symmetries to derive
our results.

Here we start discussing the spacetime geometry of maximally symmetric spaces. A D-dimensional
space is said to be maximally symmetric if it has 1/2 D(D + 1) independent isometries1. A �rst obvious
consequence of isometries on the manifold is that the curvature is the same in every point in space and the
Ricci scalar R is constant. Moreover, because of invariance under rotations and translations, the geome-
try must look the same in every direction constraining the Riemann tensor to be invariant under Lorentz
transformations. Since by de�nition the Minkowski metric tensor is invariant under Lorentz transforma-
tions itself, we can write the Riemann curvature tensor in a local inertial frame as a combination of Lorentz
invariant quantities. The only possible combination which preserves all the symmetries reads [10]:

Rabmn=
R

D(D � 1)
�
gamgbn � gangbm

�
, Rbn =

�
R
D

�
gbn. (I.1)

If we focus on D = 4 dimensions we see that the Einstein equations in the vacuum

Rmn�
1
2

gmnR + L gmn= 0, (I.2)

imply R = L /4 and, depending on R, we can classify three different maximally symmetric solutions [10,
11]:

• the Minkowki spacetime with vanishing curvature R = 0 (or L = 0) ,

• the de Sitter spacetime with positive curvature R > 0 (or L > 0),

• the anti-de Sitter spacetime with negative curvature R < 0 (or L < 0 ).

We will appreciate their importance in Modern Cosmology. Anyway, it is clear that, if we want to describe
a realistic Universe, our cosmological spacetime cannot be maximally symmetric as this would imply in-
variance under time translation and the Universe would appear the same at each time. We are forced to
reduce the degrees of symmetries requiring homogeneity and isotropy only on space. This request is often
called cosmological principle.

It is well known that a spatially homogeneous and isotropic spacetime which evolves in time can be
foliated into space-like slices [10, 11]. Therefore we can consider our spacetime to be described by a Man-
ifold M = R � S where R represents the time direction and where S is a 3-dimensional homogeneous
and isotropic surface (i.e. a surface of a maximally symmetric 3-dimensional manifold). In our spacetime
foliation we can choose the threading to be orthogonal to the slices which gives for the metric g0i = 0.

1We can think to RD : it is invariant under translations and rotations and so we have D isometries related to invariance under
translation and 1/2 D(D � 1) isometries related to invariance under rotations giving a total number of D + 1/2 D(D � 1) =
1/2 D(D + 1) isometries

PAGE 2 OF 200



THE EARLY UNIVERSE W. GIARÈ

Furthermore, thanks to homogeneity, time intervals among slices do not depend on the position and so
we can choose a universal time coordinate t in such a way that g00 = � 1. These coordinates are called
comoving coordinates. Note that only a comoving observer ( i.e., an observer at rest in these coordinates) will
see an isotropic Universe, while a non-comoving observer will see anisotropies due to the Doppler effect
because a non-vanishing velocity in his frame breaks symmetry under rotations and introduces a preferred
direction.

Introducing a function of time R(t) (with the dimension of a length), in comoving coordinates, the
metric reads:

ds2 = � dt2 + R2(t) ds2, (I.3)

where ds2 is the metric of the 3-dimensional maximally symmetric slices S that we can write in full gener-
ality as

ds2 = � dt2 + R2(t)
�

dr2

1 � Kr2 + r2 dW2
�

. (I.4)

where dW2 = dq2 + sin2 qdf 2 and K
.= R(3D) /6 with R(3D) the 3D-Ricci scalar on S. From equation (I.4)

we see that one can absorb the physical size of the manifold into the factor R(t) normalizing K in such
a way that K = f + 1, 0,� 1g. Moreover using the fact that the metric is invariant under the following
simultaneous set of transformations: 8

><

>:

R ! l � 1 R,

r ! l r,

K ! l � 2K.

(I.5)

one can write

ds2 = � dt2 + a2(t)
�

dr2

1 � kr2 + r2 dW2
�

. (I.6)

This is called Friedmann Robertson Walker (FRW) metric. The dimensionless time dependent function a(t)
is called scale factorand, with this normalization, the radial coordinate r has the dimension of a length. The
quantity k is related to the spatial curvature and now can take any value. We can distinguish three different
cases:

• k > 0 corresponding to a positive curved space (closed Universe);

• k = 0 corresponding to a �at space (�at Universe);

• k < 0 corresponding to a negative curved space (open Universe).

For our future discussion it is worth pointing out the causal structure of FRW spacetime. We recall that
causality is de�ned by null geodesics ds2 = 0 and, in an isotropic Universe, by the radial propagation of
photons. It is easy to show that the FRW metric is conformally equivalent to the Minkowski metric. We
recall that Conformal Transformations are a local metric re-scaling [11]:

g̃mn= W2(xa)gmn, (I.7)

with W(xa) a regular non-vanishing function de�ned on the whole Manifold. Clearly conformal transfor-
mations do not alter the causal structure as d2s = 0 implies ˜d2s = 0. Using an important quantity called
Conformal timede�ned as

h
.=

Z dt
a(t)

. (I.8)

the conformal equivalence between (�at) FRW and Minkowski is trivially proved

ds2 = a2(h)
�
� dh2 +

dr2

1 � kr2 + r2 dW2
�

. (I.9)
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W. GIARÈ THE EARLY UNIVERSE

I.I.II D YNAMICS

So far we used symmetries to �nd out an appropriate cosmological spacetime geometry. Here we discuss
its large-scale dynamics. Modern cosmology is based on general relativity, and the Einstein's equations
relate the FRW metric to the matter/energy content of the Universe. We recall the Einstein equations

Rmn�
1
2

gmnR + L gmn= 8p G Tmn (I.10)

where the stress-energy tensorTmnsatis�es the local covariant conservation law

r nTmn= 0. (I.11)

Notice also that in what follows we will consider the cosmological constant term L gmnin the Einstein equa-
tions as a component of the stress energy tensor. In cosmology matter and energy are commonly modeled
as a perfect �uid where both viscosity and heat �ow are assumed negligible. Within these assumptions the
stress-Energy tensor takes the following form:

Tm
n = (r + P) umun + Pdm

n (I.12)

where r is the energy density, P is the pressure and um is the �uid 4-velocity. Moreover, as we deal with
extremely rare�ed �uid, we can use a linear equation of state P = wr , with the dimensionless parameter w
such that w = 0 for matter, w = 1

3 for radiation and w = � 1 for the cosmological constant (we will prove
this in what follows).

Finally, to solve the Einstein Equations, we need the Ricci tensor and the Ricci scalar for the FRW metric.
After some calculations one can obtain what follows [9, 10].

• Non zero Christoffel symbols for FRW metric

G0
11 =

a �a
1 � kr2 (I.13a)

G0
22 = a �a r2 (I.13b)

G0
33 = �a a r2 sin2 q (I.13c)

G1
01 = G2

02 (I.13d)

G1
22 = � r(1 � k r2) (I.13e)

G1
11 =

k r
1 � kr2 (I.13f)

G1
33 = � r(1 � k r2) sin2 q (I.13g)

G2
12 = G3

13 =
1
r

(I.13h)

G2
33 = � sin q cosq (I.13i)

G3
03 =

�a
a

(I.13j)

G3
23 = cot q (I.13k)
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• Non zero Ricci tensor's components for the FRW metric

R00 = � 3
ä
a

(I.14a)

R11 =
ä a+ 2�a2 + 2k

1 � kr2 (I.14b)

R22 = r2 �
ä a+ 2�a2 + 2k

�
(I.14c)

R33 = r2 �
ä a+ 2�a2 + 2k

�
sin2 q (I.14d)

• Ricci scalar for the FRW metric

R = 6

"
ä
a

+
�

�a
a

� 2

+
k
a2

#

(I.15)

We can now �nd out the equations of motions. A �rst important relation can be easily obtained using
Eq. (I.11):

�r + 3
�a
a
(r + P) = 0. (I.16)

This is called Continuity equationand it holds for each component of the cosmic �uid which is uncoupled
from the others. Sometimes it is said to be the analog of energy conservation for the spacetime motion, even
though this is perhaps misleading since actually energy is not conserved during the cosmic expansion (we
will prove this in what follows).

Because of symmetries, we can derive only two other independent relations that correspond to the
components (m, n) = ( 0, 0) and (mn) = ( i , j) of the Einstein Equations. After a few simpli�cations, we
obtain: �

�a
a

� 2

=
8p G

3
r �

k
a2 , (I.17)

ä
a

= �
4p G

3
(r + 3p). (I.18)

Together they are known as Friedmann equations, but sometimes we will refer to Eq. (I.18) as "acceleration
equation". At this point it is convenient to introduce the following quantities:

• the Hubble parameter :

H (t) .=
�a
a

(I.19)

• the critical density :

r c(t) .=
3H2

8p G
(I.20)

• the density parameter :

W(t) .=
r (t)
r c(t)

(I.21)

• the curvature parameter :
Wk(t) = 1 � W(t). (I.22)

Notice that Eq. (I.17) can be easily written in terms of H (t) and the curvature parameter as

Wk(t) = �
k

(a H)2 (I.23)

from which it follows that Wk = 0 corresponds to a spatially �at Universe while Wk < 0 and Wk > 0
correspond to a spatially closed and open Universe, respectively.
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W. GIARÈ THE EARLY UNIVERSE

In what follows we will appreciate that different kinds of components such as baryons, photons, neu-
trinos, dark matter and dark energy can contribute to the energy density and the pressure in the cosmic
�uid. Therefore r and P should be considered as the sum of all these different components

r (t) = å
i

r i (t), P(t) = å
i

Pi (t). (I.24)

Consequently, it is convenient to de�ne a density parameter Wi (t) .= r i (t)/ r c(t) for each component i,
related to the density parameter W(t) and the curvature parameter Wk(t) by

W(t) = å
i

Wi (t), W(t) + Wk(t) = 1. (I.25)

To simplify the notation, from now on, when we refer to the density parameters evaluated at the present
time, t = t0, we drop the time-dependence in such a way that Wi ,k(t0) � Wi ,k. We also adopt the commonly
used normalization a(t = t0) .= a0 = 1 and the notation H0

.= H (t = t0) = �a0
a0

= �a0 for the present

day Hubble parameter. By noting that from the continuity equation we get r µ a� 3(w+ 1) , the Friedmann
equation (I.17) can be easily written in terms of present density parameters:

�
H
H0

� 2

= å
i

Wi a� 3(1+ wi ) + Wk a� 2. (I.26)

Notice that we could also describe curvature as another component of cosmic �uid with equation of state
w = � 1

3 writing down the more compact expression

�
H
H0

� 2

= å
i

Wi a� 3(1+ wi ) (I.27)

with

wi =

8
>>>><

>>>>:

0; for Non relativistic Matter,
1
3; for Radiation,

� 1
3; for Curvature,

� 1; for Cosmological constant.

(I.28)

It is also worth evaluating the behavior of the scale factor when the Universe is dominated by different
component of the cosmic �uid. In the most relevant case of �at Universe ( i.e., k = 0) an easy computation
gives:

a(t) µ

(
t

2
3(w+ 1) if w 6= � 1,

eHt if w = � 1.
(I.29)

Therefore a (�at) Universe dominated by matter, radiation or cosmological constant expands with time. We
may ask if such an expansion is accelerated or decelerated. This information can be derived by equation
(I.18) from which we see that only components with w < � 1

3 give positive acceleration. It follows that both
matter and radiation give deceleration while the cosmological constant gives acceleration.

Cosmological Horizon

We conclude this subsection spending a few words on some causal Horizons for the FRW spacetime as
they play a primary role in our subsequent discussions. Consider an observer which measures particles
velocity in his frame at a given time. In an expanding Universe, the particle velocity can be obtained as

v =
dx
dt

=
d
dt

[a(t)r ] = �a(t)r = H (t)a(t)r, (I.30)
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THE EARLY UNIVERSE W. GIARÈ

where r is a comoving coordinate. We can de�ne the Hubble Horizon as the boundary among particles
that are moving slower and faster than light v = c = 1. We immediately see that this de�nes the so-called
(Comoving) Hubble Radius

Comoving Hubble Radius
.= ( a H) � 1, (I.31a)

Hubble Radius
.= H � 1. (I.31b)

If particles at the time t are separated by distances greater than the (comoving) Hubble radius they are not
in causal contact at that time and they cannot talk to each other. In a Universe dominated by a �uid with
equation of state w, we have

(a H) � 1 = H � 1
0 a

1
2 (3w+ 1) (I.32)

which means that the Hubble radius grows for each �uid with equation of state w > � 1
3. Therefore, given

a physical length l corresponding to a wavenumber k = 2p a/ l we see that l is well outside or inside the
Hubble radius if k/ (aH) � 1 or k/ (aH) � 1, respectively.

Since the age of the Universe and the light velocity have �nite values, there is another horizon which
represents the longest distance we can receive information from the past and de�nes the past observ-
able Universe. Since light signals satisfy the geodesic equation ds2 = 0, because of the homogeneity and
isotropy, without loss of generality, we can focus on radial propagation to �nd that the maximum comov-
ing distance that light can run between an initial time t i = 0 and some later time t is given by the so called
(comoving) Particle Horizon:

Comoving Particle Horizion
.=

Z t

0

dt0

a(t0)
(I.33a)

Particle Horizon
.= a(t)

Z t

0

dt0

a(t0)
. (I.33b)

If the (comoving) particle horizon is �nite, it would naturally set the boundary between the visible Universe
and that part of the Universe from which light has not reached us, yet. It is important to point out that we
can write the (comoving) particle horizon in terms of the comoving Hubble radius (a H) � 1 as

Comoving Particle Horizon =
Z a

0
d ln (a) (a H) � 1 , (I.34a)

Particle Horizon = a(t)
Z a

0
d ln (a0) (a H) � 1 . (I.34b)

We see that also the comoving particle horizon grows for each �uid with equation of state w > � 1
3.

I.I.III T HERMODYNAMICS

We now collect the basic equations that describe the (equilibrium) thermodynamics in an expanding Uni-
verse. Then we review the most important steps of the thermal history, too.

Equilibrium Thermodynamics in the Expanding Universe

We start noting that the rate of interactions among particles in the Universe is often much higher than the
expansion rate H (t). Therefore the cosmic medium is in thermal equilibrium almost at any time of the
cosmological history. For this reason it is useful to describe the equilibrium thermodynamics of a system
with different particle species in terms of the chemical potential m. Consider the reaction

i1 + i2 + � � � + in $ f1 + f2 + � � � + fn (I.35)
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where f i jg are the initial particles and f f jg are the �nal ones. In thermal equilibrium, we have:

mi1 + mi2 + � � � + min = mf1 + mf2 + � � � + mfn . (I.36)

Applying this relation to the process e� e� ! e� e� g we immediately see that the chemical potential of a
photon is zero: mg = 0. Instead if we apply the relation (I.36) to the process e+ + e� $ 2g, we see that
me+ = � me� . Generalizing, we can conclude that the chemical potential of a given particle is equal to the
chemical potential of its antiparticle, but with the opposite sign. For much of the thermal history, we can
ignore interaction energies among particles in such a way that the particle energy is simply given by

E =
q

p2 + m2 (I.37)

where p � j ~pj is the magnitude of the momentum. Furthermore, interactions among particles in cosmic
plasma are often fairly weak and the equilibrium distributions of Bosons and Fermions spatial momenta p
are well described by the Bose-Einstein and Fermi-Dirac distributions, respectively:

f (p) =
1

(2p )3

1

e
(E(p)� m)

T � 1
. (I.38)

We recall that the sign + corresponds the Fermi-Dirac distribution which describes the behavior of fermions
while the sign � corresponds to the Bose-Einstein distribution for bosons. Finally, neglecting the term � 1
in the denominator, one obtains the classical Boltzmann distribution

f (p) =
1

(2p )3 e� (E(p)� m)
T (I.39)

which can be adopted to describe a low density gas made of non-relativistic particles. From now on, in
this subsection we refer to T as to the mean temperature of the Universe that can be approximated with
the photon temperature T � Tg since photons are the dominant specie. The number density n, the energy
density r and the pressure P of a dilute gas of weakly interacting particles with g internal degrees of
freedom can be written in terms of its phase-space distribution function f (p) as [12–16]:

n =
g

(2p )3

Z
d3p f(p) (I.40a)

r =
g

(2p )3

Z
d3p E(p) f (p) (I.40b)

P =
g

(2p )3

Z
d3p

jp j2

3E(p)
f (p) (I.40c)

Using that EdE= jp jdjp j and neglecting the chemical potential at the thermal equilibrium we have

n =
g

2p 2

Z ¥

m
dE E

�
E2 � m2

� 1/2

exp(E/ T) � 1
(I.41a)

r =
g

2p 2

Z ¥

m
dE E2

�
E2 � m2

� 1/2

exp(E/ T) � 1
(I.41b)

P =
g

6p 2

Z ¥

m
dE

�
E2 � m2

� 3/2

exp(E/ T) � 1
(I.41c)
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These relations can be studied distinguishing two interesting physical limits and discriminating whether
particles are relativistic or not.

• In the non-relativist limit, the distribution function of a dilute gas of non-relativistic particles is described
by the Boltzmann distribution (I.39). As a result, then number density is

n = g
�

mT
2p

� 3/2

e
m� m

T , (I.42)

while the energy density and pressure read

r = m n +
3
2

nT, P = T n � r . (I.43)

Therefore, up to corrections of order O(T/ m), the equation of state of non relativistic matter is P =
0 + O(T/ m) and we recover the result w = 0 anticipated before.

• In the relativistic limit T � m the number density, the energy-density and the pressure instead reads:

n =

(
gz(3)

p 2 T3 � Bose
3
4gz(3)

p 2 T3 � Fermi
(I.44a)

r =

(
gp 2

30T4 � Bose
7
8gp 2

30T4 � Fermi
(I.44b)

P =
r
3

(I.44c)

where z(3) � 1.2. We see that for relativistic matter w = 1/3 as anticipated. Notice also that in the non-
relativist case the energy density is exponentially smaller than in the relativist case. So the contribution
of non-relativistic particle to total energy-density of a plasma made of both relativistic and non-relativist
particles is essentially negligible.

In the case on many relativistic particles one can write

r tot = 3Ptot = g�
p 2

30
T4 (I.45)

where

g� (T) = å
bosons

gi

�
Ti

T

� 4

+
7
8 å

fermions

gi

�
Ti

T

� 4

(I.46)

counts the effective total number of relativistic degrees of freedom in the cosmic plasma as a function of
temperature. Assuming the particle content expected in the standard model of elementary particles, we
have that [12–18]

• for T & 100 GeV all the standard model degrees of freedom (dof) are relativistic and we have gBoson
� = 28

(2 dof for photons, 9 for W � and Z0, 16 for gluons, 1 for Higgs) and gFermion
� = 90 (72 dof for quarks, 12

for charged leptons and 6 for neutrinos) so that g� = gBoson
� + 7/8 gFermion

� = 106.75;

• for T � 30 GeV the heaviest particles of the Standard Model, the top quarks which have 12 fermionic
dof, are annihilated and we have g� = 106.75� 7/8 � 12 = 96.25;

• for T � 10 GeV the Higgs boson (1 bosonic dof) and the gauge bosonsW � and Z0 (9 bosonic dof) are
annihilated and we have g� = 96.25� 10 = 86.25;
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• for 10 Gev . T . 160 MeV we �rst have the bottom quarks annihilation (12 fermionic dof) which gives
g� = 86.25� 7/8 � 12 = 75.75, then we have the charm quarks (12 fermionic dof) and the tau leptons (4
fermionic dof) annihilation giving g� = 75.75� 7/8 � (12+ 4) = 61.75.

• for T . 160 MeV we have the QCD phase transition and quarks combine with gluons into baryons
(protons, neutrons, etc) and mesons (pions, ect). So, after the QCD phase transition there are many dif-
ferent species of baryons and mesons, but all except the pions are non-relativistic below the temperature
of the QCD phase transition. Thus, the only relativistic species are pions (3 bosonic dof), electrons (4
fermionic dof), muons (4 fermionic dof), neutrinos (6 fermionic dof), and photons (2 bosonic dof) giving
g� = 5 + 7/8 � 14 = 17.25

• for T � 10 MeV muons and pions annihilate giving g� = 17.25� 3 � 7/8 � 4 = 10.75

• for T . 0.5 MeV �nally electrons and positrons annihilate and the residual relativistic degrees of free-
dom today is made of photons (2 bosonic dof) and Neutrinos. Anyway the calculation of the residual
relativistic degrees of freedom can be estimated only by entropy conservation since shortly after the neu-
trino decoupling, the electron positron heats photons and the neutrino decoupling is not instantaneous.
A precise computation gives g� = 2 + 7/8 � 2Neff (4/11 )4/3 = 3.36 where Neff = 3.046 is theeffective
number of relativistic species in the standard model (3 neutrino species and a further contribution of
0.046 which comes from the non-instantaneous neutrino decoupling).

We show the relativistic degrees of freedom in the Early Universe in Figure I.1.

FIGURE I.1: Relativistic (entropic) degrees of freedom in the Early Universe as predicted by
the Standard Model of elementary particles. Figure based on Ref. [17].

Geodesic motion in the Expanding Universe

Now we want to investigate in some details the physical consequences of the cosmic expansion for light
propagation. Let us consider the geodesic equation

d2xa

dt 2 + Ga
mn

dxm

dt
dxn

dt
= 0, (I.47)
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where by de�nition dxa/ dt = (E, ~p). Let us focus on the a = 0 component of this equation, since, G0
00 = 0,

we have:
d2x0

dt 2 + G0
ij

dxi

dt
dxj

dt
=

d2x0

dt 2 + G0
ij pi pj = 0, (I.48)

In a �at Universe we have G0
ij = di j �aaand so:

d2x0

dt 2 + �aadi j pi pj = 0, (I.49)

Performing the following manipulation

d
dt

=
dx0

dt
d

dx0 = E
d
dt

, (I.50a)

d2x0

dt 2 =
�

d
dt

� �
d

dt
x0

�
=

�
E

d
dt

� �
E

dt
dt

�
= E

dE
dt

(I.50b)

equation (I.49) reads

E
dE
dt

+ �aadi j pi pj = 0. (I.51)

The term �aadi j pi pj can be estimated as follows. We remember that we are interested in photons and by
de�nition we have gmnpmpn = 0 and using a �at FRW metric we get E2 � a2 di j pi pj = 0 It follows that

adi j pi pj =
E2

a
. (I.52)

Using Eq. (I.51) we �nally obtain the equation for the Energy of a photon in an expanding (�at) Universe:

dE
dt

+
�

�a
a

�
E = 0 (I.53)

It is easy to convince yourself by direct substitution that

E µ 1/ a (I.54)

is the solution of the equation (I.53). We have found a very important result: the energy of a photon decays
as the Universe expands. That's why we claimed in the previous section that energy is not conserved
during the cosmic expansion. Remembering that E = hc

l , we �nd that l µ a and so that the relation
between the wave length l (te) � l e of the emitted photon and the wave length l (to) � l o of the observed
photon is

l e

l o
=

a(te)
a(to)

(I.55)

If we de�ne the redshiftas

z =
l o � l e

l e
(I.56)

we have:

z + 1 =
a(to)
a(te)

. (I.57)
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This relation is usually written considering to = today so that a(to) = a0 = 1, so that relabeling te ! t we
�nd the relation between the redshift and the scale factor a(t):

a(t) =
1

z + 1
(I.58)

Entropy in the Expanding Universe

Entropy is an important thermodynamic characteristic of a system. In the general case of variable number
of particles, the �rst law of thermodynamics reads

dE = TdS� PdV + å
i

midNi (I.59)

where the subscript i labels the particle specie. In terms of the entropy density s = S/ V , the number
density n = N/ V and the energy density r = E/ V, we can write

(T s � P � r + mn)dV + ( Tds� dr + mdn)V = 0. (I.60)

This relation is valid both for the entire system and for any of its parts. Focusing on a region of constant
volume we obtain T ds= dr � mdn that put in (I.60) gives for the whole volume:

s =
P + r � mn

T
(I.61)

Neglecting the chemical potential as usual, in the relativistic casewe obtain:

s =
P + r

T
=

4
3

r
T

=

(
gS

2p 2

45 T3 � Bose
7
8gS

2p 2

45 T3 � Fermi
(I.62)

where gS counts the entropic degree of freedom. In the case of many different relativistic species, the total
entropy density is straightforward generalized to

s =
2p 2

45
g� ST3 (I.63)

where g� S now counts the total entropic degrees of freedom:

g� S(T) = å
bosons

gi

�
Ti

T

� 3

+
7
8 å

fermions

gi

�
Ti

T

� 3

. (I.64)

For most of the story of the Universe all particles had the same temperature and before the neutrino freeze-
out g� S = g� while after the neutrino freez-out, the present residual entropic degrees of freedom can be
computed as g� S = 2 + 7/8 � 2Neff (4/11 ) ' 3.91 [17], see also Figure I.1.

Finally, notice that for any closed system we expect the entropy in a comoving volume to be conserved

dS
dt

=
d(a3 s)

dt
= 0 (I.65)

Using the relation (I.63), entropy conservation gives
�
a3 g� ST3

�
= const and so we �nd out that, in general

during the expansion

T µ g
� 1

3
� S a� 1 (I.66)

As long as g� S = const, the usual inverse relation between the temperature and the scale factor T µ 1
a

is restored, as well. This means that as the Universe expands temperature decreases and so energy does.

PAGE 12 OF 200



THE EARLY UNIVERSE W. GIARÈ

As a matter of fact, the Early Universe was denser and warmer: going much back in time, we come to
some epochs that cannot be directly probed by observations with current particle colliders. Instead we
can use cosmology as a literally uniquelaboratory to test and constrain fundamental physics which is an
important achievement of the subsequent discussion. Anyway, in what follows we give a brief overview
of the different steps of the thermal evolution.

Phase Transitions

At high temperatures there are many epochs of interest, at least from a theoretical point of view, such as
phase transitions [19–23]. Some theoretical hints suggest that at temperaturesT & 1016 GeV, the fundamen-
tal forces (excluding gravity) can be described as unique Grand forcewith no distinction between strong,
weak and electromagnetic interactions [24–27]. Anyway we don't know if these temperatures actually ex-
isted in the Universe, but, if so, we expect a �rst phase transition on GUT scales. Furthermore, we expect
another phase transition at T & 100 GeV from weak interactions. Indeed, before the electroweak phase
transition, the Higgs condensate is absent, and the W � and Z � bosons have zero masses while atT � 100
GeV the electroweak symmetry is spontaneously broken and they acquire mass due to the Higgs mecha-
nism [28–30]. Lastly, we expect another phase transition by strong interactions. The QCD phase transition
is the transition from quark-gluon plasma to the hadronic matter. Its temperature is determined by the
energy scale of strong interactions, about TQCD . 200 MeV. For T > TQCD, quarks and gluons behave as
individual particles, while for T . TQCD they are con�ned in colorless bound states, hadrons [31–35]. The
QCD phase transition will be a hot-topic in the last chapter of this work.

Neutrino Decoupling

Another important steps in the cosmic evolution is represented by the neutrinos decoupling. Neutrinos
today contribute only to the radiation component of the total energy density of the Universe which is
negligible small in the total balance. Anyway going back in time, the neutrino density becomes a crucial
parameter for the Early Universe Cosmology. For example the neutrino number density plays a crucial
role during the Big Bang Nucleosynthesis [36] as neutrinos affect the expansion rate and hence the cooling
rate of the primordial plasma [37–41]. Here we want to give a roughly estimation of the temperature at
which the interactions between neutrinos and the cosmic plasma switch off and estimate their relic number
density today.

Neutrinos participate only to weak interactions since they have no charge. At energies of interest, the
interactions cross sections are proportional to G2

F, where GF ' 1.17� 10� 5 GeV� 2 is the Fermi constant.
The relevant processes in the picture are (i) neutrino scattering off electrons or positrons; (ii) neutrino-
antineutrino annihilation into electrons and (iii) positrons or neutrino-antineutrino annihilation into neu-
trino and antineutrino pairs of different types. At the temperature of interest all the particles involved are
relativistic and all the cross section sn are sn � G2

FE2 � G2
FT2 where the energy E is a typical collision

energy, E � T. The mean free time t n is given by 1/ t n = hn v sni where v is the relative velocity of neutrino
and the colliding particle, n is the number density of the latter particles. Being all the particles involved
relativist, we have v � c � 1 and n � T3. This means

1/ t n � G2
FT5. (I.67)

Using the Freedman relation (I.17) and the relativistic relation between temperature and energy-density,
Eq. (I.45), one can relate the temperature to the Hubble parameter in a radiation dominated Universe as

H =

r
4p 3

45
g?(T)

�
T2

M pl

�
, (I.68)

with M pl = 1/
p

G the Planck mass in natural units. As the Universe cools down, t n increases faster than
1/ H and so, being the free time shorter than the Hubble time, neutrinos are in thermal equilibrium with
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matter. One can estimate the number of neutrinos collisions since the time t as [15, 16]

N (t) �
Z ¥

t

dt0

t n (t0)
=

Z ¥

t

dt0

t0
t0

t n (t0)
�

t
t n(t)

�
1

H (t)t n(t)
(I.69)

where we made use of the fact that in a radiation dominated era the Hubble parameter is H (t) = 1/ (2t).
Therefore if N (t) � 1 neutrinos are in thermal equilibrium while when N (t) . 1 interactions switch off.
We can therefore estimate the neutrinos decoupling temperature Tn,d as the temperature when

1
t n(Tn,d)

� H (Tn,d) (I.70)

obtaining that Neutrinos decouple at temperature Tn,d � 2 � 3 MeV and propagate freely through the
Universe. Today relic neutrinos temperature can be estimated as

Tn,d = Tn,0

�
a(t0)

a(tn,d)

�
= ( 1 + zn,d) Tn,0 (I.71)

where tn,d and zn,d are the time and the redshift at neutrino decoupling, respectively. The easiest way to
compute the temperature of relic neutrinos is to associate it to the photon temperature. At the time of
freeze-out, neutrino temperature equals that of photons but after neutrino decoupling their temperature
starts decreasing with the expansion of the Universe. Instead photons are still in thermal equilibrium since
they decouple later. When the temperature drops, because of the electron-positron annihilation e+ + e� !
g, photons acquire energy and their temperature becomes higher than the effective neutrino temperature.
This effect can be quanti�ed using entropy conservation (in comoving volume): g� (T)a3T3 = const. After
the neutrinos decoupling, the plasma is basically made of relativistic electrons, positrons and photons.
The total number of relativistic degrees of freedom therefore is given by g� (Tn,d) = 2 + 7/8 � (2 + 2) =
11/2. When all free electrons and positrons annihilate away because of electron-positron annihilation,
the effective number of relativistic degrees of freedom will be all due to photons and therefore we have
g� (T0) = 2. Applying entropy conservation it follows that

g� (Tn,d) a(tn,d)3 T3
n,d = g� (T0) a(t0)3 T3

g,0. (I.72)

Using Eq. (I.71) we can write g� (Tn,d) T3
n,0 = g� (T0) T3

g,0 from which it follows

Tn,0

Tg,0
=

�
g� (T0)

g� (Tn,d)

� 1
3

=
�

4
11

� 1
3

(I.73)

As we will see, the temperature of relic photons today is measured with great precision to be Tg,0 ' 2.75 K
[42], implying for the relic neutrinos Tn,0 ' 1.95 K and by Eq. (I.44a)

nn,0 = 2 �
3
4

z(3)
p 2 T3

n,0 ' 112 cm� 3 (I.74)

of the same order of the temperature and number density of photons, but, unfortunately, direct detection
of relic neutrinos is very dif�cult from an experimental point of view.

Big Bang Nucleosynthesis

One of the most important step in the cosmological evolution is the Big Bang Nucleosynthesis (BBN) [36,
43–45]. The BBN is the period in the Early Universe during which the primordial light elements are formed.
It starts at temperatures T . 0.1 MeV and �nishes at temperature T � 50 KeV, corresponding to an epoch
lasted from about 1 to 300 seconds after the Big Bang singularity. Most of the light nuclei formed in this
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phase are helium-4 (the most tightly bound light nucleus) but there are also small amounts of deuterium,
helium-3 and lithium-7. Notice that the binding energy of the elements are [15, 16]:

• D: binding energy ' 2.2 MeV

• 3H: binding energy ' 8.4 MeV

• 3He: binding energy ' 7.7 MeV

• 4He: binding energy ' 28.3 MeV

A �rst question naturally arises: why does BBN start so late if the binding energies of primordial elements
are so high? The answer is that, at higher temperatures, the elements that were forming are suddenly
destroyed by scatterings with the CMB photons. Indeed, due to the huge number of photons per baryon
(we recall that we have about 109 photons for each baryon) in the energy distribution tails there were
still too many energetic free CMB photons that could hit and break the primordial elements as they were
forming. However as the Universe cooled down, at T � 0.1 MeV, also light nuclei could form without
being destroyed by photons. The computation of the abundance of the primordial nuclei, that makes use
of General Relativity and the nuclear physics, predicts a given amount for each primordial specie and these
predictions can be tested by observation even if with some efforts. Anyway, we can say that there is a good
agreement between theory and observations and that BBN is one of the cornerstones of the Hot Big Bang
Cosmology. Here we only brie�y review this process.

We start considering the number density of protons and neutrons. Since BBN occurs at temperatures
T � 0.1 MeV while the masses of protons and neutrons are mp ' 938.28MeV and mn ' 939.57MeV
respectively, we can use the expression non relativistic limit (I.42) to obtain

nn = g
�

mBT
2p

� 3/2

exp
�

mn � mn

T

�
(I.75)

np = g
�

mBT
2p

� 3/2

exp
�

mp � mp

T

�
(I.76)

where since mn ' mp we have considered the difference in the neutron and proton masses only in the
exponential but not in the overall factor where we have denoted mB ' mp ' mn. Let now suppose that
the particles 1 and 2 annihilate in order to form the particles 3 and 4. The generic particle has to satisfy the
Boltzmann equation (that in what follows we write for the particle 1)

a� 3 d
�

n1 a3
�

dt
=

Z d3p1

(2p )3 2E1

d3p2

(2p )3 2E2

d3p3

(2p )3 2E3

d3p4

(2p )3 2E4
�

� (2p )4 d3(p1 + p2 � p3 � p4) d(E1 + E2 � E3 � E4)�

� jMj 2 f f3 f4 [1 � f1] [1 � f2] � f1 f2 [1 � f3] [1 � f4]g (I.77)

where:

• a� 3 d( n1 a3)
dt is essentially the time variation of the specie n1 (and would be 0 without interactions)

• the factors 1/2 Ei come from the fact that we are integrating over all the momenta that satisfy the
relation E2 = m2 + p2

• f1, f2, f3 and f4 are the distribution functions of the different particles

• in [1 � fi ], the sign depends on the species (+ for bosons and - for fermions)

• d3(p1 + p2 � p3 � p4) ensures the total momentum conservation

• d(E1 + E2 � E3 � E4) ensures the total energy conservation
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• M is the scattering matrix that carries information about the physics of nuclear interaction

In the non relativistic limit we have that
f (E) ' e

m� E
T (I.78)

from which
f f3 f4 [1 � f1] [1 � f2] � f1 f2 [1 � f3] [1 � f4]g ' e� E1+ E2

T

h
e

m3+ m4
T � e

m1+ m2
T

i
(I.79)

De�ning the number density in the non-relativistic limit evaluated at m= 0 as

ni ,0
.= gi

�
mi T
2p

� 3/2

e� mi
T (I.80)

and the time averaged cross section as

hs vi .=
(2p )4

n1,0 n2,0

Z d3p1

(2p )3 2E1

d3p2

(2p )3 2E2

d3p3

(2p )3 2E3

d3p4

(2p )3 2E4
e� E1+ E2

T

� d3(p1 + p2 � p3 � p4) d(E1 + E2 � E3 � E4) � jMj 2 (I.81)

with v the particle velocity, the Boltzmann equation (I.77) becomes:

a� 3 d
�

n1 a3
�

dt
= n1,0 n2,0hs vi

�
n3 n4

n3,0 n4,0
�

n1 n2

n1,0 n2,0

�
(I.82)

It is useful to study this equation in the limit of strong couplings. If we de�ne the usual interaction rate
G

.= n hs vi we know that particles are strongly coupled when G(t) � H (t) and so they are essentially in
thermal equilibrium. Expanding the derivative in the left side term

a� 3 d
�

n1 a3
�

dt
= n1 a� 3 d a3

dt
= 3n1

�a
a

� O (H ) (I.83)

and noting that n1,0 n2,0hs vi � G � H, we see that Eq. (I.82) naturally implies
�

n3 n4

n3,0 n4,0
�

n1 n2

n1,0 n2,0

�
' 0 (I.84)

which is translated into
m1 + m2 ' m3 + m4. (I.85)

We recovered nothing but the result discussed at the beginning of this section: the chemical potential is
conserved in thermal equilibrium. Let us suppose that nuclei of atomic mass A made of Z protons and
A � Z neutrons are formed by a reaction in the thermal equilibrium limit. Because of Eq. (I.85) (sometimes
called Saha equation) we have

mA = Z mp + ( A � Z) mn. (I.86)

De�ning the Binding energy as
BA

.= Z mp + ( A � Z) mn � mZ (I.87)

with mZ the mass of the formed element, and reversing the Eqs. (I.75) and (I.76) we can write the number
density nA for the nuclei A as:

nA = gA 2� A A
3
2

�
2p

mB T

� 3(A � 1)
2

nZ
p nA � Z

n e
BA
T . (I.88)

We now introduce the so called mass function de�ned as XA
.= A (nA / nB) where nB is the Baryon number

density and the baryon to photon ratio ĥ = nB/ ng ' 10� 9. We can easily write all the number density in
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terms of these quantities as:

nA = ĥ ng
XA

A
(I.89a)

np = np Xp = ĥ ng Xp (I.89b)

nn = nn Xn = ĥ ng Xn (I.89c)

Using ng = ( 2x(3)/ p 2) � T3 we eventually �nd

XA = f (A)
�

T
mB

� 3(A � 1)
2

ĥA � 1 XZ
p X A � Z

n e
BA
T (I.90)

with
f (A) = gA A

5
2

h
2

3A � 5
2 p

1� A
2 z(3)A � 1

i
. (I.91)

Notice that in the expression of XA there is a term ĥA � 1 � 1 and to have an XA of order one the exponential

e
BA
T must be suf�ciently large. This means that the temperature T must be suf�ciently smaller than the

binding energy BA . This explains why the BBN starts at temperatures smaller than the binding energy of
the primordial elements. For example, from Eq. (I.90) we can roughly estimate the temperature at which
the mass function XA becomes of order one to obtain

T =

8
>>>><

>>>>:

0.07 MeV for D,

0.10 MeV for 3H,

0.11 MeV for 3He,

0.28 MeV for 4He.

(I.92)

We conclude this discussion, deriving an estimation of the abundance of primordial Helium. The
agreement between the observation and the estimation is one of the most important success of cosmol-
ogy. In our toy-model we assume thermal equilibrium and that all the neutrons produce only 4He. This
is clearly a strong approximation and extremely precise calculations can be done. Nevertheless, consider
the following processes n + n  ! p + e� and e+ + n  ! p + n̄, where e+ is the positron and n̄ is some
anti-neutrino. Because of the conservation of chemical potential (I.36) we have mn + mn = mp + me and
mn � me = mp � mn, where we have used that me+ = � me� and m̄n = � mn. Combining the previous equa-
tions above: mn � mp = me � mn. Using that me ' mn ' 0 we �nd mp ' mn which means:

nn

np
'

Xn

Xp
= e� Dm

T (I.93)

where Dm = mn � mp ' 1.3 MeV. When T ' 0.7 MeV the ratio between neutron and proton freezes out
at the value nn/ np ' 1/6. Nevertheless at temperature of the order of T � 0.1 MeV, because of theb-
decay the above mentioned ratio acquires a correction and it is estimated to be 1/7. Assuming that all the
neutrons form 4He, we can estimate the abundance of the primordial helium to be

YP =
4 � nn/2
nn + np

=
2

�
nn
np

�

1 +
�

nn
np

� ' 0.25 (I.94)

Therefore our approximate computation suggests a primordial abundance of Helium-4 of about 25%. This
abundance, as well as the abundance of all the other primordial elements, today is computed with high
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precision integrating the Boltzmann equations, as we show in the next sections and chapters 2. Moreover
observations are in good agreement with the theoretical estimations (even if there are some tensions with
7Li) and the BBN represents one milestone in modern cosmology. We don't provide other details on the
physics of the BBN, but we want only to discuss the following interesting aspect. Thanks to the obser-
vational constraints on the abundance of primordial elements, we are able to constrain with precision the
total amount of Byronic matter in our Universe to be Wb ' 0.05. We also measure the total amount of
matter in the Universe to be Wm ' 0.3. This implies that most of the matter in the Universe is not made of
Baryon and it is one of the major indirect evidences for Dark Matter.

Recombination

In the Early Universe there is full ionization as long as the temperature remains high compared to the
hydrogen ionization energy [12, 13]. Matter is ionized and photons, strongly coupled to electrons through
Compton scattering, are in thermal equilibrium with a black-body distribution of momenta. On the other
hand, at lower temperatures the formation of neutral atoms is favored and the Compton scattering is no
more an ef�cient process. Photons decouple from electrons giving a fossil radiation: the so called Cosmic
Microwave Background (CMB). In order to visualize this fact, we de�ne the optical depth

t (t) .= sT

Z t0

t
ne(t) dt (I.95)

where sT is the Thomson scattering cross-section andne(t) is the number density of free electrons at the
cosmic time t. Notice that nesT is the probability per unit time for a photon to scatter, so we can express the
probability P that a CMB photon traveled freely since the time t in terms of the optical depth as

dP
dt

= ne(t) sT P = �
dt
dt

P, (I.96)

from which it follows P(t) = e� t (t) . On the other hand, the probability that a photon scattered in the
interval time between t and t + dt travelling free since then is

g(t) �
dP
dt

= �
dt
dt

e� t (t) = ne(t) sT e� t (t) . (I.97)

The function g(t), known as visibility function, can be thought also as a function of the redshift and so as
the probability for a photon to be scattered between z and z + dz. From the recombination era on, t ! 0
because there are no free electrons,ne ! 0. Therefore we expect the visibility function to be highly peaked.
Its maximum can be estimated to be around z � 1100 and it de�nes the epoch when the CMB photons last
scattered on electrons. After recombination, the Universe becomes transparent and photons can propagate
in all directions freely. Given its importance for this work and in general for cosmology, we will dedicate
the whole section I.III to the Cosmic Microwave Background Radiation.

I.II C OSMOLOGICAL PERTURBATION THEORY

So far we studied the large-scale behavior of the Universe assuming Homogeneity and Isotropy. However
on small scales the Universe is not so regular but highly inhomogeneous structures such as stars, galaxies,
and galaxy clusters are formed by the gravitational collapse of primordial inhomogeneities. Indeed, the
Early Universe was not perfectly homogeneous, but small irregularities dT/ T � 10� 5 are observed in
the temperature distribution of the Cosmic Microwave Background relic photons. Such irregularities are
extremely small and therefore they can be analyzed in linear perturbation theory around a homogeneous

2For example, within the standard model of cosmology, a precise evaluation of primordial Helium abundance is YP =
0.246721� 0.000057 at 68% CL (from BBN and Planck TT TE EE and lensing data), see also Table I.1
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and isotropic background in such a way that the Einstein equations eventually reduce to a set of ordinary
differential equations. In this section, our aim is to review the dynamics of primordial perturbations.

I.II.I S CALAR , V ECTOR AND TENSOR PERTURBATIONS

Given a generic quantity Q(t, x) we can split it into a homogeneous part and a spatially dependent pertur-
bation: Q(t, x) = Q̃(t) + dQ(t, x). Since we are interested into perturbations around a FRW spacetime, we
can use the background symmetries to classify perturbations into three different categories: Scalar, Vector
and Tensor. We work in the Fourier space, de�ning the Fourier transform and anti-transform of a generic
quantity as

dQ(t, k ) =
Z

d3x dQ(t, x)e� iki xi
, (I.98a)

dQ(t, x) =
Z d3k

(2p )3 dQ(t, k )eiki xi
. (I.98b)

We can classify perturbations using their helicity. Consider a rotation of the coordinate system around the
wave-vector k by an angle q; a perturbation is said to have helicity m if its amplitude is multiplied by ei m q

under rotation: dQ(t, k ) ! ei m qdQ(t, k ). So we de�ne:

• Scalar perturbations those with helicity m = 0;

• Vector perturbations those with helicity m = � 1;

• Tensor perturbations those with helicity m = � 2.

We now show that these three kinds of perturbations evolve independently. Consider the linear time
evolution of N perturbations dQn, with n = f 1, ...,Ng from a time t1 to a time t2. Without loss of generalities
we can write:

dQn(t2, k ) =
N

å
`= 1

Z
d3k̃ On` (t1, t2, k , k̃ ) dQ` (t1, k̃ ), (I.99)

where On` (t1, t2, k , k̃ ) is an operator which gives the evolution and that in general can mix different k-
modes. Notice that it could be computed using the Einstein equations but here we do not need its exact
expression. Indeed, symmetries are enough to �nd out how modes with different k and helicity evolve.
In particular, we can use invariance under translations and rotations. We start considering the translation
x0i = xi + ai . By equation (I.98a) we see that the relation betweendQn(t, k ) and dQ0

n(t, k ) is

dQ0
n(t, k ) =

Z
d3x dQ(t, x)e� iki (xi + ai ) = dQn(t, k ) e� iki ai

(I.100)

and using Eq. (I.99) we obtain

dQ0
n(t, k ) eiki ai

=
N

å
`= 1

Z
d3k̃ On` (t1, t2, k , k̃ ) dQ0

` (t1, k̃ )ei k̃i ai
. (I.101)

Thus the evolution equation (I.99) in the primed coordinate system reads

dQ0
n(t, k ) =

N

å
`= 1

Z
d3k̃ On` (t1, t2, k , k̃ ) ei( k̃i � ki )ai

dQ0
` (t1, k̃ ) (I.102)

�
N

å
`= 1

Z
d3k̃ O0

n` (t1, t2, k , k̃ ) dQ0
` (t1, k̃ ). (I.103)
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Notice that because of invariance under translations the equation of motion must be the same in both the
coordinate systems,On` = O0

n` which implies

On` (t1, t2, k , k̃ )ei( k̃i � ki )ai
= On` (t1, t2, k , k̃ ). (I.104)

This must hold for any ai giving k̃i = ki . We found out that, because of translation invariance, Fourier
modes with different wave-vector k evolve independently.

We now consider a rotation around the wave-vector k by an angle q. Perturbations transform as:

dQ0
n(t, k ) = ei m qdQn(t, k ), (I.105)

putting into (I.99) and remembering that Fourier modes with different wave-vector k evolve independently
we get

dQ0
n(t, k ) e� i mn q =

N

å
`= 1

Z
d3k On` (t1, t2, k ) dQ0

` (t1, k )e� i m` q, (I.106)

therefore

dQ0
n(t, k ) =

N

å
`= 1

Z
d3k On` (t1, t2, k ) e� i (m` � mn) q dQ0

` (t1, k ) (I.107)

�
N

å
`= 1

Z
d3k O0

n` (t1, t2, k ) dQ0
` (t1, k ). (I.108)

Again, because of invariance under rotations, the equation of motion must be the same in both the coordi-
nate systems,On` = O0

n` implying

On` (t1, t2, k ) = On` (t1, t2, k ) e� i (m` � mn) q. (I.109)

This holds for any q and the only way is that mn = m` . So, because of invariance under rotation, pertur-
bations with different helicity m evolve independently: we can consider scalar tensor and vector pertur-
bations as independent. With these results in mind, we can now write down the perturbed metric and
Stress-energy tensor.

I.II.II L INEARIZED EINSTEIN EQUATIONS

We consider small perturbations to the background metric. The most general line element is [46–54]

ds2 = � (1 + 2F ) dt2 + 2a(t)Bi dxi dt + a2(t)
�
(1 � 2Y ) di j + 2Ei j

�
dxi dxj , (I.110)

where

• F is a 3-scalar calledLapse;

• Y is a 3-scalar calledspatial curvature perturbation;

• Bi is a 3-vector called shift;

• Ei j is a spatial symmetric and traceless 3-tensor calledshear.

Due to the SVT decomposition we can write

Bi = ¶i B|{z}
Scalar

� Si|{z}
Vector

, and Ei j = 2¶i j E
| {z }
Scalar

+ 2¶( i Fj)
| {z }
Vector

+ hi j
|{z}
Tensor

, (I.111)

PAGE 20 OF 200



THE EARLY UNIVERSE W. GIARÈ

where we used the notation t (mn) � 1
2(tmn+ tnm). Notice that the vector perturbations must satisfy the

transverse conditions ¶iSi = 0 = ¶i Fi while tensor perturbations are transverse and trace-less: hi
i = ¶ihi j =

0.
As concerns the stress-energy tensor, while for a perfect �uid it can be described in terms of the energy

density r , the pressure P and the 4-velocity um, when we consider perturbations we may also need an
anisotropic stress tensorSmn. Energy density and pressure perturbations can be de�ned as [54]

dr(t, x) = r (t, x) � r̃ (t), dP(t, x) = P(t, x) � P̃(t). (I.112)

while for the perturbed metric (I.110), the perturbed 4-velocity reads

um = (� 1 � F , a(t)vi ) , (I.113)

with vi the velocity of the perturbations. The anisotropic stress is a �rst-order perturbation because it
vanishes in the unperturbed case. It is de�ned to be orthogonal to the 4-velocity unSmn = 0. This implies
that only its spatial components are non-zero and that its trace is zero; i.e., it is a symmetric traceless 3-
tensor. The perturbed components of the Stress-Energy tensor are [54]

T0
0 = � ( r̃ + dr), (I.114a)

T0
i = ( r̃ + P̃) a(t) vi

.= adqi , (I.114b)

Ti
0 = � ( r̃ + P̃)

vi � Bi

a(t)
, (I.114c)

Ti
j = ( P̃ + dP)di

j + Si
j (I.114d)

where in equation (I.114b) we have de�ned the 3-momentum density dqi
.= ( r̃ + P̃) vi . In a multi-component

�uid the total stress-energy tensor is instead given by the sum of the different components: Tmn= å s T(s)
mn.

Gauge Freedom

Before going further, we need to stress an important aspect. Comoving coordinates de�ne a privileged
coordinate system in which the Universe appears to be homogeneous and isotropic. In any other coordi-
nate system the Universe would not appear so regular. For example, in an unperturbed homogeneous and
isotropic Universe, where the energy density is only a function of time r = r (t), �ctitious perturbations
could appear as a consequence of a time coordinate transformation of type t̃ = t + dt(t, x). Indeed this
transformation de�nes new slices of constant time t̃ and in general the hypersurfaces of constant time t̃
would have an inhomogeneous energy density r̃ ( t̃(t, x)) . Of course, we can reverse the process and say
that, in an unperturbed Universe, requiring not to have fake irregularities de�nes a privileged coordinate
choice (the comoving coordinates). Anyway, if we want to describe a perturbed Universe we must be care-
ful because the split into homogeneous background and perturbations is not unique, but it depends on the
coordinates and, because of irregularities, there is not a privileged coordinate system, anymore. We have
the so-called Gaugefreedom: when we chose a Gauge to de�ne the slicing and threading of the spacetime
we implicitly also de�ne perturbations and fake perturbations could appear or real perturbations could dis-
appear because of our Gauge choice. To say the truth, tensor perturbations are intrinsically gauge-invariant,
but both scalar perturbations and vector perturbations are not. Even though Vector perturbations are not
of interest for our purpose (they decay with the expansion of the Universe and above all are not naturally
generated during in�ation), the issue of gauge freedom is crucial for scalar perturbations and deserves to
be clari�ed carefully.

To solve ambiguities between real and fake perturbations, it is useful to derive some Gauge indepen-
dent combinations of perturbations. We start considering the gauge transformation given by t ! t + a,
and xi ! xi + ( ¶j b)di j ; it is possible to show that scalar perturbations in the metric transform as [15, 16, 54]
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F ! F � �a, (I.115a)

Y ! Y + H a, (I.115b)

B ! B +
a

a(t)
� a(t) �b, (I.115c)

E ! E � b. (I.115d)

while perturbations in Stress-Energy perturbations transform as [15, 16, 54]

dr ! dr � �̃r a , (I.116a)

dP ! dP � �̃Pa, (I.116b)

dq ! dq+ ( r̃ + P̃) a. (I.116c)

We decompose the pressure perturbation dP into an adiabatic part and an entropic part as [15, 16, 54]:

dP = dPad + dPen, (I.117)

where:

dPad =
�̃P
�̃r
dr, (I.118a)

dPen = dP �
�̃P
�̃r
dr. (I.118b)

Using equations (I.116a) and (I.116b) it is easy to show that the entropic part (I.118b) is Gauge independent.
Two other important Gauge independent quantities are the Bardeen potentials:

F B � F �
d
dt

�
a2(t)

�
�E �

B
a(t)

��
, (I.119)

YB � Y + a2(t) H
�

�E �
B

a(t)

�
. (I.120)

Moreover, combining the Stress-Energy perturbations with the metric perturbations we can �nd the fol-
lowing other important gauge invariant variables

• The primordial curvature perturbation z:

� z � Y +
H
�̃r

dr. (I.121)

• The comoving curvature perturbation R :

R � Y �
H

r̃ + P̃
dq, (I.122)

Geometrically, z measures the spatial curvature of constant-density hypersurfaces (i.e., the hypersurfaces
on which r = const), while R measures the curvature on comoving hypersurfaces. Using equations (I.115a)
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- (I.116c) it is easy to check that bothz and R are Gauge independent. Furthermore the Einstein equations
give a link between z and R . Indeed it can be shown that

� z = R +
k2

(aH)2

2r̃
3

�
r̃ + P̃

� YB. (I.123)

From which we see that on superhorizon scale (k � a H) we get

z = �R . (I.124)

Einstein equations for Scalar Perturbations

Einstein equations relate the Stress-Energy perturbations and the metric perturbations. Because of the
SVT-Decomposition we can deal with Scalar, Vector and Tensor perturbations separately. Here, we are
interested only in scalar and tensor modes. We start with scalar modes. The perturbed Einstein equations
dGmn= 8p GdTmn in the scalar case give the following equations (in the Fourier space):

3H
�

�Y + HF
�

+
k2

a2

�
Y + H

�
a2(t) �E � a(t)B

��
= � 4p Gdr, (I.125)

�Y + HF = � 4p Gdq, (I.126)

Ÿ + 3H �Y + H �F +
�
3H2 + 2 �H

�
F = 4p G

�
dp �

2
3

k2dS
�

, (I.127)

YB � F B = 8p G a2(t) dS. (I.128)

The Stress-Energy conservation lawr nTmn= 0 gives other two equations:

�dr + 3H (dr + dP) =
k2

a2(t)
dq+

�
r̃ + P̃

�
�
3 �Y + k2

�
�E +

B
a(t)

��
, (I.129)

�dq+ 3Hdq = � dP +
2
3

k2dS � ( r̃ + P̃)F . (I.130)

A very interesting relation for our purpose is the Eq. (I.129). It can be written in terms of Gauge indepen-
dent variables as

�z = � H
dPen

r̃ + P̃
+

H
3

k2

(aH)2

�
z � YB

�
1 �

2r̃
9( r̃ + P̃)

k2

(aH)2

��
(I.131)

Einstein equations for Tensor Perturbations

As concerns tensor perturbations, they are intrinsically gauge-invariant at linear order. It is useful to in-
troduce the eigenmodes of the spatial Laplacian r 2ei j = � k2 ei j so that we can decompose the tensor
perturbations hi j as h+ ,�

i j = h(t) e+ ,�
i j where + and � denote the two possible polarization states of the

gravitational waves. The evolution of gravitational waves in an expanding Universe can be described by
Einstein equations that in the case of tensor perturbations reduce to only one equation. Assuming the
anisotropic stress negligible this equation reads [12, 14, 15, 54]:

ḧ + 3H �h +
k2

a2 h = 0. (I.132)
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We will see that Gravitational waves can be sourced during in�ation, but unfortunately they decay with the
expansion of the Universe. Anyway their amplitude at the time of recombination might be large enough
to leave a signature in the Cosmic Microwave Background B-modes spectrum on large angular scales and
their detection can be regarded as one of the main goal on modern cosmology.

I.II.III D YNAMICS OF SCALAR PERTURBATIONS

Here we study the dynamics of cosmological perturbations using the linearized Theory developed in the
previous subsection. More precisely, here we analyze the evolution of scalar perturbations before recom-
bination while we discuss the dynamics of tensor perturbations in the next subsection. Notice that this is
the period when CMB photons decouple from baryonic matter and perturbations at that epoch are directly
related to CMB observations [12–16, 55]. Moreover, perturbations of dark matter and baryons at recombi-
nation provide the initial conditions for the subsequent evolution that leads to structure formation [15, 47,
49].

Single Ideal Fluid Approximation

Studying primordial perturbations is rather complicated from an analytic point of view, and so it is useful
to start with the simplest case of single-component �uid approximation. This is of great interest because
it can be used to describe perturbations in the component which dominates the background dynamics at
a given cosmological epoch. Anyway then we also generalize our result for the multi-component case.
In both cases we work in the framework of negligible anisotropic stress tensor ( dS ' 0), assuming the
cosmic �uid to be ideal. Notice that the cosmic medium is not always ideal and this assumption becomes
particularly important for baryon-electron-photon plasma and neutrino components [12, 15]. However for
our aim an ideal-�uid approximation is accurate enough.

Before recombination, the independent components in the cosmic �uid are baryon-electron-photon
plasma, dark matter and neutrinos (while photons and baryons become two separate components only
after recombination). We can write down the linearized Einstein equation (in the momentum representa-
tion) for a single ideal �uid by choosing a gauge. In what follows we work in the Conformal Newtonian
Gaugede�ned by E = B = 0 and3

ds2 = a2(t)
h
� (1 + 2F ) dh2 + ( 1 � 2Y ) dxi dxi

i
. (I.133)

In this gauge F has the meaning of Newtonian gravitational potential while Y is the space curvature.
Notice however that assuming an ideal �uid ( dS = 0) for Eq.(I.128), it follows that F = Y. In this case only
two of Eqs. (I.125) - (I.130) are independent and, working in conformal time ( dh = a dt), we can write [12,
56]

k2F + 3
a0

a
F 0+ 3

a02

a2 F = � 4p Ga2dr (I.134a)

F 00+ 3
a0

a
F 0+

�
2

a00

a
�

a02

a2

�
F = 4p Ga2dP (I.134b)

where the prime represents a derivative with respect to the conformal time. Assuming an equation of state
dP = u2

s dr we can combine the two equations into a single master differential equation for the gravitational
potential which reads

F 00+ 3
a0

a

�
1 + u2

s

�
F 0+

�
2

a00

a
�

a02

a2

�
1 � 3u2

s

�
�

F + u2
sk2F = 0 (I.135)

3It is worth noting that quite often in literature the spatial curvature perturbation Y is de�ned with a different sign with respect
to that adopted here in Eqs.(I.110) and (I.133). In that case the all the relations differ by an additional minus sing in front of Y (and
its derivatives) and the relation between Y and F becomesF = � Y, see also the conventions.
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Notice that using the second Freedman equation, the element in square brackets can be put in the form

2
a00

a
�

a02

a2

�
1 � 3u2

s

�
= � 8p Ga2 �

P � u2
sr

�
= 0 (I.136)

where in the last line we assumed to consider the specie which dominates the cosmological expansion in
such a way that w = u2

s (i.e., P = u2
sr ). We can therefore simplify the master equation to

F 00+ 3
a0

a

�
1 + u2

s

�
F 0+ u2

sk2F = 0 (I.137)

To study the behavior of this equation, it is helpful to introduce the so-called sound acoustic Horizonas4

sound acoustic Horizon
.= usH � 1. (I.138)

and the density contrast as

d
.=

dr
r

. (I.139)

For perturbations with wavelengths well outside the acoustic horizon, l � usH � 1, we see that the last term
in Eq.(I.137) becomes negligibly small and we get the trivial solution F = F i = Const. Therefore, on
super-horizon scales (k � a0/ a) we have

d = d( i) = � 2F ( i) (I.140)

On the other hand, for sub-sound horizon modes, the solution of Eq.(I.137) depends strongly on the equa-
tion of state.

• For Relativistic Matter (a µ h and w = u2
s = 1/3) we have

F (h) = � 3F ( i) �
1

(uskh)2

�
cos(uskh) �

sin (uskh)
uskh

�
(I.141)

and well inside the sound horizon ( uskh � 1) it describes a wave with decaying amplitude and de�nite
phase:

F (h) = � 3F ( i)
1

(uskh)2 cos(uskh) . (I.142)

The behavior of the energy-density perturbations dr rad can be obtained by using Eq.(I.134a), from which
it follows that

dr rad(h) = �
1

4p G
k2

a2 F (h) (I.143)

while using also the Freedman equations, we get

drad(h) = 6F ( i) cos(uskh) = � 3drad,( i) cos(uskh) (I.144)

from which we easily see that energy density perturbations undergo acoustic oscillations and their am-
plitude nor decreases neither grows at radiation domination epoch.

• For Non-Relativistic Matter (a µ h2 and w = u2
s = 0) we get F (h) = const and the density perturbation

reads

dr = �
1

4p Ga2

�
k2 +

12
h2

�
F (I.145)

4Notice that the sound-horizon must not be confused with the causal cosmological horizon (aH) � 1. In what follows when
we say "super/sub-horizon" modes, we always refer to modes outside/inside the causal horizon, while we always specify "sound"
when we refer to the sound horizon.
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On super-horizon scales (kh � 1) the second term in the round brackets dominates and we have dr µ
a� 3 which gives d

.= dr/ r = � 2F . Instead on sub-horizon scales (kh � 1) it is the �rst term which
dominates resulting into d µ a(h). This means that matter perturbations start growing with the scale
factor.

• For Matter perturbations at late times (i.e., after the matter to cosmological constant transition) Eq.(I.136)
is no longer valid and it is convenient to use Eq.(I.134b) which for a L dominated Universe with drL =
dPL = 0 and and a µ eH t gives

F 00�
3
h

F 0+
3
h2 F = 0. (I.146)

On sub-horizon scales, the solutions areF µ h µ 1/ aand d = const. It follows that matter perturbations
stop growing when the cosmological constant dominates. Structure formation is over; forever.

Multi Component Ideal Fluid Approximation

In the real Universe, the cosmological �uid is composed of several components such as baryons, photons,
neutrinos, dark matter and dark energy [12, 16, 56]. At late times, there is no interaction between the
different species, except for the gravitational one. Anyway, it should be noted that gravitational interaction
between the components affects perturbations in each of them and so in principle all the different species
should be considered together. In this case the full set of linearized Einstein Equations is [14, 37, 56]

k2F + 3
a0

a
F 0+ 3

a02

a2 F = � 4p Ga2 å
l

dr l (I.147a)

F 0+
a0

a
F = � 4p Ga2 å

l

(r l + Pl )vl (I.147b)

F 00+ 3
a0

a
F 0+

�
2

a00

a
�

a02

a2

�
F = 4p Ga2 å

l

dPl (I.147c)

while the covariant conservation law gives the following two relations

dr0
l + 3

a0

a
(dr l + dPl ) � (r l + Pl )

�
k2vl + 3F 0� = 0 (I.148a)

[(r l + Pl ) vl ]0+ 4
a0

a
(r l + Pl ) vl + dPl + (r l + Pl ) F = 0 (I.148b)

Here l runs over the different species in the cosmic �uid. Notice that for an ideal �uid with n component
the system above reduces to 2n + 3 equations for 2n + 1 unknowns ( Pl = u2

s,l r l ; vl and F ) and so not
all the equations are independent. As in the previous subsection it is helpful to use the density contrast
dl = dr l / r l . Recalling that

dr l = r l dl , dPl = u2
s,l dr l = u2

s,l r l dl , Pl = wl r l (I.149)

and noting that in this case wl 6= u2
s,l and that in principle they can both depend on time, the covariant

conservation laws Eqs.(I.148a) and (I.148b) read

d0
l + 3

a0

a

�
u2

s,l � wl
�

dl � (1 + wl ) k2vl = 3 (1 + wl ) F 0 (I.150a)

[(1 + wl ) vl ]0+
a0

a
(1 � 3wl ) (1 + wl ) vl + u2

s,l dl = � (1 + wl ) F . (I.150b)
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Before going further we need to specify the initial conditions for perturbations. The initial conditions are
typically speci�ed well inside the radiation dominated epoch and, in linear perturbation theory, solutions
will be linear in the initial conditions. Primordial perturbations can be decomposed into two different
modes: adiabaticmodes and isocurvaturemodes that behave in a fairly different way. While adiabatic per-
turbations are measured in the Cosmic Microwave Background, no evidences are currently found about
the existence of isocurvature modes [57, 58] and so, in what follows, we de�ne the differences between
these two classes but then we focus exclusively on adiabatic modes.

There are many ways to de�ne Adiabatic and Isocurvature perturbations. A common practice in lit-
erature [12, 13, 15, 50, 59] is to de�neAdiabatic modesthose corresponding to the situation where, well
inside the radiation dominated epoch, the relativistic matter has non-vanishing energy density perturba-
tions (i.e., space-dependent temperature �uctuations) and the composition of the cosmic �uid is assumed
to be spatially homogeneous. Notice that, in the formal limit h ! 0 (which corresponds to consider the
super-horizon regime) the adiabatic modes must therefore satisfy the following relation for the (conserved)
number (density) of baryon and Cold Dark Matter per unit of entropy (density) [12, 15]:

d
� nb

s

�
= d

� nCDM

s

�
= 0 (I.151)

Conversely, Isocurvature modesare de�ned as those corresponding to the situation where, well inside the
radiation dominated epoch, the relativistic matter has vanishing energy-density perturbations ( i.e., vanish-
ing temperature �uctuations) but the composition of the cosmic �uid is spatially inhomogeneous. While
these de�nitions capture the physical meaning of these two kinds of perturbations, it should be noted that
they are not gauge invariant. Indeed, through a gauge transformation, we can alwayschoose hypersurfaces
of constant time where temperature is spatially homogeneous at each moment of time. The latter gauge
anyway will be different from Newtonian gauge.

A more formal and gauge independent de�nition of adiabatic (and isotropic) perturbations can be ob-
tained as follows. Let us consider the primordial curvature perturbation z which, by de�nition, is a gauge
invariant quantity. In the super-horizon limit k/ (aH) � 1, the equation of motion of z, Eq.(I.131), reduces
to [50, 54, 55]

�z ' � H
dPen

r̃ + P̃
(I.152)

where we recall that dPen is the entropic part of perturbations. We de�ne adiabatic perturbations those with
dPen = 0 and isocurvature perturbations those with dPen 6= 0. Notice that this de�nition does not differ
much from the previous one since we have already pointed out that when the cosmic �uid is assumed to be
spatially homogeneous perturbations of entropy per baryon and entropy per dark matter are expected to
vanish while when temperature perturbations are absent, but the cosmic �uid is inhomogeneous, we expect
non-vanishing perturbations of entropy per baryon and entropy per dark matter particle, respectively.
Since isocurvature modes are not of interest for this thesis, from now on we omit them from the discussion,
focusing exclusively on adiabatic modes.

With the previous de�nition in mind, the initial condition for adiabatic perturbations can be derived
straightforward. Indeed, we immediately see that for adiabatic modes on super-horizon scales z freezes
out [12, 54, 55]:

�z ! 0 ) z = const. (I.153)

Since in the Newtonian gauge (within the ideal �uid approximation) z reads

z = � F +
dr tot

3 (r tot + Ptot )
(I.154)
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well inside the radiation dominated epoch, when the relativistic matter is widely the most important specie
(r tot ' r rad = 3Prad ' 3Ptot ), we have

z = � F +
1
4

dr rad

r rad
= � F +

1
4

drad = �
3
2

F (I.155)

where in the last line we used that, in the RD epoch and on super horizon scales the single �uid approxima-
tion holds giving drad = � 2F , see Eq. (I.140). Notice also that, if the cosmic �uid is spatially homogeneous,
by de�nition the density contrast of all the relativistic species will be the same: dg = dn = drad = � 2F . As
concerns the density contrast of non-relativistic matter, it can be easily obtained by noting that r M µ a� 3

and r rad µ a� 4 from which it follows that dM
.= dr M / r M = 3/4 dr rad / r rad

.= 3/4 drad . Given that for adia-
batic perturbations the density contrast of all the non-relativistic species is the same as well ( db = dCDM =
dM ), in the Radiation dominated epoch we �nally get

dCDM = db =
3
4

dg =
3
4

dn = �
3
2

F . (I.156)

This is exactly the equation that �xes the initial conditions for eachcomponent of the cosmic �uid. Notice
that, this equation can be also expressed in term of the primordial curvature perturbation for each single
specie,zl , de�ned as

zl = � F +
dr l

3 (r l + Pl )
= � F +

dl

3 (1 + wl )
. (I.157)

It easily follows that Eq. (I.156) is equivalent to set zCDM = zb = zg = zn = z. These relations provide an
elegant formal de�nition of adiabatic perturbations. Now that the initial conditions for adiabatic pertur-
bations have been pointed out, in principle we could solve the system of differential Equations to �nd out
the small-scale dynamics of perturbations. Anyway, the evolution itself is fairly complex, and a general
solution cannot be derived analytically. A complete precise analysis is therefore possible only adopting
numerical methods. Notice also that a description of the effects beyond the ideal �uid approximation can
be obtained by a system of Boltzmann equations that can be solved only numerically, as well. A full nu-
merical treatment of the dynamics of primordial perturbations is beyond the aim of this section. In what
follows we study only some interesting limits where an analytic description is possible.

The evolution of primordial perturbations depends on their wavelength. Adiabatic modes with large
wavelength enter the causalhorizon at matter domination (MD), while perturbations with small wave-
length enter the soundhorizon at radiation domination (RD). These two limits can be studied analytically
within the ideal �uid approximation.

• Large Wavelength Limit. Modes with large wavelengths enter the causal horizon at the matter domi-
nation epoch. Therefore, during the radiation domination epoch, these modes are super-horizon. The
super-horizon evolution of adiabatic modes is rather simple because, due to Eq. (I.131), they remain
constant until they enter the causal horizon. After the horizon entry, during the MD epoch, relativis-
tic matter gives very small contribution to the energy density of the Universe which we can assume to
be negligible. Therefore the evolution of modes proceeds in analogy to the single component �uid ap-
proximation with the matter contrast dM growing linearly with the scale factor. On the other hand, we
can study how the gravitational potential F changes between the RD and the MD epoch. Since super-
horizon modes are frozen, at the matter domination, when perturbations in the non-relativistic matter
already dominate, by Eq. (I.140) we have dM = � 2F MD and by Eq.(I.154), (with PM = 0) we can easily
�nd out that z = � F + 1/3 dM from which it follows that

F MD = �
3
5

z (I.158)
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Since z does not evolve on super-horizon scales it will be equal to its initial value, that, because of
Eq.(I.155), isz = � 3/2 F RD. So we �nally get

F MD =
�

9
10

�
F RD. (I.159)

For these modes the gravitational potential decreases by a factor of 9/10 at radiation-matter equality.
Notice also that, because of Eq. (I.156), in the MD epoch we have

dg =
4
3

dM = �
8
3

F MD = �
12
5

F RD (I.160)

• Small Wavelength Limit. We now study what happens when perturbations with small wavelengths
enter the sound horizon during radiation domination. It is useful to distinguish perturbations in the rel-
ativistic component, perturbations in the Dark Matter component and perturbations in the baryon-photon
plasma.

– Perturbations in the Relativistic Componentdominate during the RD epoch and their evolution is
well described by the single �uid approximation. They will therefore evolve according to Eq.(I.141)
with the adiabatic initial condition F ( i) = � 2/3 z.

– Perturbations in Dark Matterare subdominant during the RD epoch. Nevertheless here we highlight
that they logarithmically grow during this period. This effect is crucial for structure formation since,
without it, the growth of dark matter perturbations during the MD epoch would not be enough to
produce dM � 1. To �nd out the dynamics of CDM perturbations we can write down Eqs. (I.150a)
and (I.150b) for the matter component in RD ( wCDM = u2

s = 0 and a µ h), obtaining

d0
CDM � k2 vCDM = 3F 0, (I.161a)

v0
CDM +

1
h

vCDM = � F , (I.161b)

We also recall that the evolution of gravitational potential F during the RD epoch is given by
Eq.(I.141) and that it rapidly decays well inside the sound horizon, when us k h � 1. Therefore
we can consider the homogeneous equations

d0
CDM � k2vCDM = 0, (I.162a)

v0
CDM +

1
h

vCDM = 0. (I.162b)

From Eq.(I.162b) we getvCDM = c1/ (k2h) and inserting in Eq.(I.162a) it gives

dCDM = c1 log kh + c2 (I.163)

where c1 and c2 are integration constants that can be derived [15]. Anyway for our task it is enough
to note that Dark Matter perturbation actually grows during the RD epoch. After the RD epoch,
when matter becomes the dominant component in the Universe, its evolution is well described
within the single �uid approximation and we have already pointed out that they linearly grow
with the scale factor.

– Perturbations in the Baryon-Photon plasmaare subdominant at the period from radiation-matter
equality to recombination. Nonetheless they are extremely important from the point of view of
Cosmic Microwave Background as they produce the so-called acoustic oscillations. First, notice
that, due to intense photon-electron scatterings and Coulomb interaction between electrons and
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baryons, the baryon-photon plasma can be regarded as a single ideal �uid. This is sometimes called
tight-coupling limit. We can therefore assume that baryons and photons share then same velocities
vg = vb

.= vbg . Furthermore the adiabatic initial conditions imply dg = db. In what follows we
write Eq.(I.150a) for Baryon and photons separately obtaining

d0
b � k2vbg = 3F 0 and d0

g �
4
3

k2vbg = 4F 0 (I.164)

respectively. On the other hand, it is useful to write Eq.(I.150a) in terms of dg and a new variable

Rb(h) .= 3r b/4 r g (I.165)

getting

v0
Bg +

a0

a
RB

1 + RB
vBg +

3
4

u2
sdg + F = 0, (I.166)

with the sound speed of the baryon-photon plasma u2
s(h) given by

u2
s(h) =

dP
dr

=
1
3

drg

drg + drb
=

1
3 (1 + Rb)

. (I.167)

We also de�ne the sound horizonfor a time-dependent sound speed as

Sound Horizon
.= rs(h) .=

Z h

0
dh̃ us(h) (I.168)

which is clearly a generalization of Eq.(I.138). By noting that for the sub-horizon modes (at matter
domination) F 0 � kF we can neglect derivatives in F and, combining Eqs.(I.164) into a single
relation for dg , we obtain

d00
g +

a0

a

�
Rb

1 + Rb

�
d0

g + k2u2
sdg = �

4
3

k2F (I.169)

As we will see, this equation captures many features of the angular spectrum of CMB photons
anisotropies [12, 15, 60]. Here, without the intention to be mathematically accurate, we only note
that it describes acoustic oscillation in the baryon-photon component: its solution basically contains
oscillating terms with a de�nite phase that are nothing but the generalization of the oscillations
discussed in the single �uid approximation for the relativistic species. We will come back to this
equation in the next section when we discuss the CMB anisotropies, providing a more quantitative
discussion and highlighting they are of primary importance for the CMB angular spectrum.

We conclude this section with Figure I.2 which summarizes the evolution of Cosmological perturbations
(and the gravitational potential F ) both before and after recombination. Notice that here we just focused on
their evolution before recombination as we are mainly interested in their signature in CMB. Anyway, after
recombination, perturbations in the Baryon component, db are importantly enhanced, db = dCDM µ h2, and
this is of primary relevance for the process of structure formation in the Universe [15, 47, 49].

I.II.IV D YNAMICS OF TENSOR PERTURBATIONS

Tensor Modes are of primary interest in this work: along with scalar perturbations, they can be sourced
during in�ation and their detection represents maybe one of the main goals of modern cosmology. In this
subsection we describe the dynamical evolution of tensor perturbations.

PAGE 30 OF 200



THE EARLY UNIVERSE W. GIARÈ

FIGURE I.2: Time evolution of adiabatic modes towards different cosmological epochs. Nor-
malization is arbitrary. Figure based on Ref. [15].

We start recalling that the equation of motion of tensor modes is given by Eq.(I.132) which we can write
in term of conformal time as

h00+ 2
a0

a
h0+ k2h = 0 (I.170)

where for sake of simplicity we are dropping the two polarization states + and � . As usual, we can
identify two different cases: depending whether perturbations are super-horizon k � a0/ a or sub-horizon
k � a0/ a.

Super-Horizon Tensor Modes

When tensor modes are on super-horizon scalesk � a0/ a or equivalently kh � 1, the equation of motion
simply reduces to

h00+ 2
a0

a
h0 = 0 (I.171)

with the trivial solution h = const. Therefore on super-horizon scales tensor modes do not evolve at all.

Sub-Horizon Tensor Modes

To study the sub-horizon evolution, it is useful to write the equation of motion in term of the �eld u(h) =
a(h) h(h) getting

u00+
�
k2 �

a00

a

�
u = 0 (I.172)

this is often called Mukhanov Equationand we will study it extensively when we discuss the Quantum
in�ationary Fluctuations. Here we just note that the a00/ a µ 1/ h2 and on sub-horizon scales k � a0/ a or
equivalently kh � 1 the equation is simpli�ed to u00+ k2u = 0 and we come to the oscillator equation. The
general solution for h(h) is

h(h) =
A

a(h)
cos(kh + a) (I.173)
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where A and a are the (conformal) time-independent amplitude and phase, respectively that can be ob-
tained by �xing the initial conditions [15]. After the horizon crossing, tensor perturbations describe gravity
waves whose amplitude decays with the cosmic expansion as µ 1/ a(h).

I.III C OSMIC M ICROWAVE BACKGROUND RADIATION

The Cosmic Microwave Background represents maybe the most important observable in Cosmology. After
recombination the Universe becomes transparent to photons and today the Universe is embedded into
this fossil electromagnetic radiation that dates back to 380.000 years after the Big Bang singularity. This
fossil radiation carries uniqueinformation about Primordial Universe and was �rst accidentally measured
by Penzias and Wilson, awarded with Nobel Prize in Physics in 1978. They found a black-body thermal
energy coming from all parts of the sky. We recall that the speci�c intensity of a gas of photons with a
black-body spectrum is

In =
4p } n3

c2

�
e

2p } n
kb T � 1

� � 1

. (I.174)

Today we measure the CMB black-body spectrum with unbelievable precision and the theoretical curve
�xes the present day CMB photon temperature to T = 2.7260� 0.0013K [57, 61]. We also recall that as the
Universe expands the temperature decreases asT µ 1/ a and this is why today CMB photons are in the
microwave frequency band.

Despite Cosmic Microwave Background radiation appears to be very homogeneous and isotropic; we
observe small intrinsic temperature anisotropiesand polarizationthat are crucial in our understanding of
the underlying physics of the Early Universe. In what follows we point out their primary role in modern
cosmology with particular attention to the link with the primordial perturbations.

I.III.I A NISOTROPIES

The physics of CMB anisotropies [60, 62–67] is well understood and described in terms of linear pertur-
bation theory [14, 55]. The angular variations in temperature that we observe today, see Figure I.4, are a
snapshot of the local properties of relic photons at redshift z � 1100 that must be related to primordial
perturbations [12, 14, 55]. Therefore anisotropies encode information on the primordial perturbation itself.
Here we �rst introduce the formalism used to describe CMB anisotropies and then we review the main
physical processes that sourced them.

Multipoles Expansion and Angular Spectra

It is useful to de�ne the so-called brightness function

Q(h, x, n̂) �
dT(h, x, n̂)

T(h)
, (I.175)

where n̂ = p/ p is the unitary vector which de�nes the direction of the photon momentum; x is a given
point of the space and h is the conformal time. It is somehow useful to de�ne also the direction in which the
photon is seen ê = � n̂. Indeed the brightness function depends equivalently on n̂ or ê. Since the photons
we observe today were emitted on a 3-sphere given by the intersection between the last scattering surface
and our past light cone, it is natural to expand the bright function into spherical harmonics. The multipoles
expansion reads [12, 55]

Q(h, x, n̂) = å
` � 1

å
m

(� 1) ` Q`m(h, x)Y`m(n̂). (I.176)

where

Y`m =
�

2` + 1
4p

(` � m)!
(` + m)!

� 1
2

Pm
` (cosq) ei mf . (I.177)
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FIGURE I.3: The map of temperature anisotropies in the Cosmic Microwave Background as
measured by the Planck Collaboration. Figure adopted from the Planck legacy archive [42].

are the spherical harmonics while q and f represent the usual spherical coordinates that identify the direc-
tion n̂. Pm

` (cosq) are the associated Legendre functions

Pm
` (x) = ( � 1) ` (1 � x2)

m
2

2` ` !
d`+ m

dx`+ m (1 � x2) ` . (I.178)

It is well known that the Spherical harmonics are a complete orthonormal set of functions which means
that Z

Y`mY�
`0m0 dW = d̀ ` 0dmm0. (I.179)

Notice also that in the equation (I.176) we can absorb the factor (� 1) ` into spherical harmonics using ê
instead of n̂:

Q(h, x, n̂) = å
` � 1

å
m

Q`m(h, x)Y`m(ê). (I.180)

In the sum we do not consider the monopole contribution ` = 0. The reason is that such term carries
information about the energy of relic photons at different positions but we cannot measure CMB photons
at positions different than ours and so we cannot measure this effect which is proportional to the photons
energy �uctuations [55]. For this reason we start the spherical harmonics expansion considering the dipole
contribution ` = 1.

The dipole term, ` = 1, in the sum is due to the doppler shift caused by the relative motion between
the observer and the photons �uid. We stress that we are not comoving observers because we move by the
Earth's motion. Therefore in our frame a dipole effect is expected and indeed observed. We can evaluate
the Doppler shift to the �rst order in the relative photon velocity vg :

å
m

Q1m(h, x)Y1m(ê) = � vg � ê. (I.181)

While the CMB dipole is the dominant effect, it does not give any appreciable information about the in-
trinsic primordial temperature �uctuations and consequently should be removed from the map of CMB
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anisotropies.
Multipoles with ` � 2. In this case the effect of Earth motion on multipoles is proportional to (vg ) ` and

so it becomes small asvg � 1. Multipoles with ` � 2 show a small magnitude of order 10 � 5, that cannot be
brought back to the Earth motion effect since this is expected to be at least of order 10� 6 for ` = 2. Therefore
multipoles with ` � 2, while small, are a snapshot of the intrinsic anisotropies in the CMB radiation that
are related to its underlying physical production and evolution. From now on, we call such terms à m:

à m
.= Q`m(h0, x0 = 0), for ` � 2. (I.182)

Here x0 is our position chosen to be the origin of coordinates. We are interested in the stochastic properties
of the CMB multipoles à m. We �rst note that invariance under rotations implies that hà mi = 0 and that
the two-point correlator therefore reads

hà ma�
`0m0i = CTT

` d̀ ` 0dm m0, (I.183)

where CTT
`

.= hj à mj2i is the angular power spectrumof the CMB anisotropies. Given a model of the Early
Universe, the angular power spectrum can be computed. It is an important tool in the statistical analysis
of the CMB anisotropies as it describes the physical information contained in the million pixels of the CMB
anisotropies in a very compact way. The angle brackets in the equation (I.183) denote the average over an
ensemble of random �uctuations. For the moment we assume such �uctuations to be Gaussian. We will
appreciate next how the simplest models of in�ation predict Gaussianity at early times. We see that multi-
poles à m are uncorrelated for different ` and m. If we assume gaussianity, they become also independent
and the power spectrum provides a complete statistical description of the temperature anisotropies. For
this reason measuring the anisotropies power spectrum has been one of the main goals of observational
cosmology.

If we measured the temperature �uctuations over the full sky in an ideal situation of noise-free, the
CMB power spectrum could be simply estimated as:

Ĉ` =
1

2` + 1 å
m

j à mj2 . (I.184)

This gives for sure an estimator of the “true” angular power spectrum, but it must be noted that there is
an irremovable cosmic variance, due to the �nite (2` + 1) modes that we can observe. In other words,
assuming the temperature anisotropies to be Gaussian distributed, the estimator has a c2 distribution with
2` + 1 degrees of freedom and a variance given by [12, 55]:

var
�
Ĉ`

�
� h Ĉ` Ĉ` i � h Ĉ` i 2 =

2
(2` + 1)

C2
` . (I.185)

The cosmic variance is negligible at higher ` while it becomes an important limitation at low multipoles.
Furthermore, in practice estimating the power spectrum is complicated by a number of real-world com-
plexities such as partial sky coverage and instrumental noise. Describing the experimental methods used
to estimate the temperature power spectrum is beyond our aim and we remand to the vast literature ded-
icated. Here instead we would like to stress that, given a model of the Early Universe, the angular power
spectrum can be computed using cosmological perturbation theory. One can write a system of coupled
Einstein-Boltzmann equations that can be integrated numerically and predictions can be compared with
observations. In Figure I.5 we show the angular spectra for temperature anisotropies (and polarization) as
measured by the Planck Collaboration together with the best �t obtained with the standard L CDM model
of cosmology. We see a remarkable agreement between theory and observations which provides one of the
greatest successes of modern cosmology.
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Primary Anisotropies

Temperature �uctuations in the CMB photons, as well as their measured power spectrum shown in Fig.(I.5),
carry information about the Early Universe and can be sourced by interactions of the photons with other
�elds, such as gravity and density perturbations [12, 13, 15, 16, 38, 40, 46, 55, 60, 67]. Here we study
anisotropies originated on the last scattering surface, before (or at least at) the time of recombination.
Sometimes these are calledprimary anisotropiesand are strongly linked with the primordial perturbations
discussed in the previous section. In what follows we brie�y review the main processes that generated
them and their signature in the power spectrum.

There are basically three processes which contributed to primary anisotropies: (i) the Sachs-Wolfe effect
due to the gravitational potential �uctuations on the last scattering surface [68], (ii) the intrinsic adiabatic
�uctuations of the baryon-photon plasma [69] and lastly (iii) the Doppler effect due to the peculiar velocity
of the different regions on the last scattering surface [70], for which photons emerging from regions that
move in opposite (same) direction to the observer are red-shifted (blue-shifted). The total temperature
�uctuations are simply given by the sum of the three contributions and so the measured mean squared
temperature �uctuations are given by

* �
DT
T

� 2
+

= ( F + Q)2 + (n̂ � ~vb)
2 (I.186)

Looking at Figure I.5, we can identify three different regions in the angular power spectrum:

• The Sachs-Wolfe Plateau on scales greater than the horizon at decoupling 2 . ` . 100. On such
large scales the main contribution is due to �uctuations in the gravitational potential at recombination.
In particular, depending on whether the �uctuations in the gravitational potential generate a potential
well or a potential peak, photons are red-shifted and blue-shifted, respectively. The �uctuations in the
photons temperature are simply given by

�
dT
T

�

SW
=

dF
F

(I.187)

Also, due to the intrinsic adiabatic �uctuations in the baryon-photon plasma, photons diffused from
over-dense regions (db > 0) will be hotter, while those coming from sub-dense regions ( db < 0) will be
colder. This is another primary isotropy which affects the same multipole range than the Sachs-Wolfe
effect and in this case the �uctuations in the CMB Photons temperature are given by

�
dT
T

�

db

=
1
3

drb

r b
= �

2
3

dF
F

(I.188)

where we have used r b µ 1/ a3 µ T3 and in the last line we used the adiabatic conditions that relate
�uctuations in the cosmic �uid to the gravitational potential. So, notice that this effect is opposed to the
SW effect and the sum of the two effects is in favor of gravity.

• Acoustic Peaks at intermediate scales 100. ` . 1000. In the previous section we saw that, during the
matter dominated epoch, perturbations in baryon-photon plasma, falling in the gravitational potential,
generate relativistic sound waves that propagate until recombination. These waves lead to the dramatic
acoustic oscillations in the angular spectrum of CMB temperature anisotropies on scales between 0.1
and 2 angular degrees. As anticipated, these features are captured by Eq.(I.169) that, by noting that
r g µ 1/ a4 µ T4, we can easily write in term of Q = dT/ T as

Q00+
a0

a

�
Rb

1 + Rb

�
Q0+ k2u2

sQ = �
1
3

k2F . (I.189)
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We recall that us is given by Eq.(I.167) and that we are ignoring the time variations of the potential (which
is a good approximation since recombination happens during matter dominance when the potential is
approximately constant, see also Figure I.2). To point out much of the physics underlying this equation,
we can consider a simple toy model, getting rid of Q0and writing

Q00+ k2u2
sQ = �

1
3

k2F (I.190)

This is the equation of a simple harmonic oscillator with a constant gravitational forcing term. For
adiabatic initial conditions Q(0) = � 2/3 F and Q0(0) = 0, the general solution is

Q(h, k) =
1
3

�
1 + 3Rb

�
F (k) cos(krs) � (1 + Rb)F (k) (I.191)

with rs the sound horizon of the baryon-photon plasma, Eq.(I.168). We can use this simple solution to
study some interesting limits. First, when photons dominate the cosmic �uid we can take the limit Rb !
0 from which we see that (I.191) becomes the equation of motion of a harmonic oscillator with a zero-
point displaced by gravity. This means that photons oscillate in and out the potential well and because
of these oscillations after decoupling different modes will arrive in different phases of their evolution.
Therefore there will be a set of discrete wave-numbers f kng = np / rs(hr ) which will correspond to the
oscillation peaks at recombination time ( h = hr ). In other words a single scale k, which has done half-
oscillation at recombination, is in the maximum compression in the potential wells and in the maximum
rarefaction on the peaks. This scale would produce the highest dT/ T, i.e., the �rst peak of the CMB
power spectrum. On the other hand, the scale corresponding to the half of the previous scale, has
done a complete oscillation at recombination, and is in the maximum compression on the potential
peaks, and in the maximum rarefaction in the wells. This latter scale corresponds to the second acoustic
peak of the CMB power spectrum. Therefore, in practice, the odd acoustic peaks, of the CMB power
spectrum, correspond to the maximum compression in the potential wells while the even acoustic peaks
correspond to the maximum compression on the potential peaks. These are nothing but the peaks that
we observe in the CMB angular spectrum. Anyway it should be noted that, without Baryons ( Rb = 0),
we would not have acoustic waves at all since the two contributions of density and velocity of the �uid
would cancel each other. Therefore one has to consider alsoRb and, from the general solution (I.191),
we see that the displacement is further enhanced by Baryons. In other words, Baryons allow a greater
compression of the �uid in the potential well and this is translated into an enhancements of all the peaks
due to compression over those from rarefaction.

• Dumping tail on small scales ` & 1000. Due to photons diffusion, the temperature �uctuations are
washed out. Indeed on those scales the ideal �uid approximation used to derive the dynamics of pri-
mordial perturbation breaks down and it can be shown that [12]

Q µ e� k2/ k2
D cos(krs) . (I.192)

were kD is also known as Silk damping scale [12, 13, 15]. It can be shown that a detailed calculation of
the damping scale involving the quadruple moment in the Einstein-Boltzmann equations gives [12, 15]

k� 2
D (k) .=

Z h

0

dh̃
6(1 + Rb)nesT a(h̃)

"
R2

b

1 + Rb
+

8
9

#

(I.193)

where ne is the number of free electrons and sT the Thompson cross section.
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Secondary Anisotropies

We refer to the anisotropies generated after recombination, when photons freely traveled from the last
scattering surface to us, assecondary anisotropies. In what follows we review the main formation processes

• (early and late) Integrated Sachs-Wolf Effect: after decoupling, if the CMB photons cross a time-
dependent gravitational potential, they will be red-shifted or blue-shifted depending on the variation
in the potential. This is exactly what happened also before recombination with the SW effect, but with
the difference that, instead of occurring on the last scattering surface, in this case the shift is integrated
along the photon's path. Notice that if the Universe is matter dominated, at linear order in perturba-
tion theory, the gravitational potential is constant and therefore the Integrated Sachs-Wolf (ISW) effect is
zero. Anyway, in a realistic cosmological model the matter domination is not instantaneous and, for a
short period after decoupling, the gravitational potential still slightly changes in (conformal) time. Fur-
thermore, at late time, after the matter-dark energy equality, the gravitational potential starts changing
again, see Figure I.2. So, we can actually distinguish theEarly ISW, that occurs shortly after decoupling,
when matter does not completely dominate, and the LateISW, that instead occurs quite recently, when
dark energy starts dominating. The ISW leaves signatures in the CMB angular spectrum on multipoles
` . 200.

• Gravitational Weak Lensing: on large scales the Universe is full of structures, such as galaxies, that
can both produce secondary anisotropies and distort primary anisotropies through the so called gravita-
tional lensing. Consider a pair of photons that move towards the observer forming at the beginning an
angle q between their directions of propagation. Due to the lensing effect the observer will see instead
an angle q+ dq. The distortion of light is typically of a few arcmins and the result is the smearing of the
oscillations of the CMB angular power spectrum at small scales [12, 15, 71].

• Sunyaev-Zel'dovich Effect: this effect is due to the inverse Compton scattering between low energy
CMB photons and high energy free electrons in the hot ionized gas in a cluster of galaxies. This effect
produces two distinct signatures: �rst, photons, crossing the cluster, are scattered by the random motion
of free electrons, deforming the black body spectrum and leading to a reduction (increment) in temper-
ature at the low (high) frequencies. Second, because of the peculiar velocity of the hot ionized gas in
galaxies, CMB photons will be red-shifted or blue-shifted for the Doppler effect [12, 15, 70, 72].

• Reionization: at late times, the Universe reionized again and CMB photons scattered off free electrons,
reaching the observer from a different direction with respect to the initial one. While the physical nature
of reionization is still discussed, its signature on the CMB angular spectrum can be observed, giving a
decrease of the power in the spectra on multipoles ` & 10 that are reduced by a factor e2t where t is the
optical depth de�ned as [12, 16]

t
.=

Z h0

hreion

dh̃ nesT a (I.194)

While reionization suppresses the peaks amplitude in the temperature anisotropies spectrum, these ef-
fects are completely degenerate with other cosmological parameters. On the other hand, the reioniza-
tion signal dominates the position and the height of the peaks in the polarization spectra at multipoles
` . 10. Therefore it is worth noting that the constraints on t come basically from polarization and not
from anisotropies.

• Relic Gravity Waves: tensor perturbations that enter the horizon after recombination in general con-
tribute to the CTT

` and so produce temperature anisotropies. Here we brie�y show that the contribution
of primordial gravity waves to CMB anisotropies is extremely small. It is useful to relate the mode with
wave-vector k at the time h to the primordial amplitude de�ning the so-called transfer function h(k, h)
as

h(h, k) = h(k, h) � hi (k) (I.195)
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where hi (k) is the primordial amplitude. We have shown that after the horizon re-entry, tensor pertur-
bations behave as gravitational waves which decay with the expansion of the Universe. It can be shown
that their contribution to the C` is given by [15]

GWCTT
` =

9p
2

( l + 2)!
( l � 2)!

Z ¥

0

dk
k

PT(k) �

 Z h0

hr

dh
¶h(k, h)

¶h
j l [(h0 � h) k]

(h0 � h)2 k2

! 2

(I.196)

where PT(k) is the primordial spectrum of tensor perturbations predicted by in�ation (that we will in-
troduce in the next section and will be the central topic of the next chapter) and j l are the spherical
Bessel function. This integral depends basically on (the parametrization of) the primordial spectrum
and (derivative of ) the transfer function. We will see that the simplest in�ationary scenarios predict a
basically �at tensor spectrum, while the term inside the round brackets gives non-negligible contribu-
tions only on scales k(h0 � h) � ` and kh � 1. In this regime the spherical Bessel functions behave as
j l [(h0 � h) k] � ` � 1 and so the integrals behave as� (` � 3)2 � ` � 6. Since the overall factor grows as `4

and we �nally get
GWCTT

` µ ` � 2. (I.197)

Gravity waves contribution decays very rapidly on multipoles ` & 100 because in that case tensor modes
enter the horizon before recombination. On multipoles 2 . ` . 50 they instead behave similar to the
SW effect, but in any case, also on such large angular scales, their contribution is always subdominant
because the primordial amplitude of tensor modes is at least 100 times smaller than the amplitude of
scalar modes, see also Figure I.6 where we compare the scalar and tensor contribution in the different
angular spectra. Fortunately a more promising approach for the detection of primordial tensor modes
can be obtained by searching their signatures in the B-modes polarization. We would like to conclude
with a �nal remark: the parametrization of the primordial spectrum, plays an important role in deriving
this result. As a matter of fact, if during in�ation the power spectrum is suf�ciently "blue" ( i.e., the
gravity wave production is ampli�ed at large k) the contribution of short waves is enhanced, and hence
GWCTT

` may not be so small at large ` . We will discuss some of these models in the next chapter.

I.III.II P OLARIZATION

The temperature anisotropies originated from primordial �uctuations, are polarized by the Thomson scat-
tering [71, 73–75]. Recombination was not an instantaneous process: while protons and electrons were
combining into neutral hydrogen, the photons developed a quadrupole anisotropy that was converted
into CMB polarization by the Thomson scattering. A combined analysis of polarization and anisotropies
allows us to evaluate the consinstency of the standard cosmological model: measuring the CMB polar-
ization increases the accuracy the cosmological parameters are measured with. Moreover, the search for
B-modes in the CMB polarization is one of the target of observational cosmology as they are related to
the in�ationary production of gravitational waves on super-horizon scale which is a unique prediction of
in�ation theory. Therefore it is worth recalling the classic theory of polarized electromagnetic radiation.

Consider a plane wave coming from the positive direction of the z axis:

E(t) =
1
2

h
Eeiw t + E� e� iw t

i
, (I.198)

the amplitude E can be decomposed into its (x, y) components as Ef = Ex cosf + Ey sin f . De�ning the
unpolarized intensity I

I � jEx j2 + jEyj2, (I.199)
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FIGURE I.4: The map of polarized Cosmic Microwave Background anisotropies as measured
by the Planck Collaboration. Figure adopted from the Planck legacy archive [42].

and the Stokes parameters f Q,U, Vg

Q � jEx j2 � jEyj2, (I.200a)

U � 2 Re
�
E�

xEy
�

, (I.200b)

V � 2 Im
�
E�

xEy
�

(I.200c)

one obtains
jE2

f j = I + Q cos 2f + U sin 2f . (I.201)

We recall that Q and U are two Stokes parameters that specify the polarization plane, while V is a third
Stokes parameter that measures the intensity of circular polarization. If we perform a rotation around the
axis z of an angle j so that f ! f + j clearly jE2

f j must not change. This implies that under rotation the
Stokes parameters(Q,U ) change as [55]

�
Q
U

�
!

�
cos 2j � sin 2j
sin 2j cos 2j

� �
Q
U

�
. (I.202)

Using the combination Q� � Q � i U we �nd a more compact expression:

Q� ! e� 2i j Q� (I.203)

which implies the existence of a preferred direction, i.e., the direction in which the Stokes parameter U
vanishes. Therefore, because of the assumption of spatial isotropy, in an unperturbed Universe the Stokes
parameters must be all null. Anyway in our Universe small deviations from homogeneity and isotropy
are observed as well as a map of polarized CMB anisotropies, see Figure I.4. To understand why, we can
consider a toy model where a photon travels in the direction of an incident single free electron. In a frame in
which the electron is located at the origin, the electron itself will oscillate with a displacement r(t) and with
an acceleration r̈ = � e

me
E(t). This will induce a dipole momentum d(t) = � e r(t) and a corresponding
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FIGURE I.5: The TT, TE, EE and Lensing (bottom right) angular power spectra of Cosmic
Microwave Background Radiation as measured by the Planck Collaboration with DX,Y

` �

T2
0

` (`+ 1)
2p CX,Y

` . The blue solid line represents the best �t obtained within the standard
L CDM cosmological model. Figure adopted from the Planck legacy archive [42].
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outgoing scattered spherical wave E = 1
4p r

�
d̈(t � r) � n̂0

�
� n̂0 whose components (E0

x, E0
y) are related to

the original radiation components (Ex, Ey) as follows:

E0
x =

e2

4p me r
Ex cosq, E0

y =
e2

4p me r
Ey (I.204)

In terms of the outgoing and ingoing Stokes parameters this reads:

I0 =
3sT

8p r2

�
2

�
cos2 q+ 1

�
I +

�
cos2 q � 1

�
Q+ +

�
cos2 q � 1

�
Q�

�
(I.205)

Q0
� =

3sT

8p r2

h
2

�
cos2 q � 1

�
I + (cosq � 1)2 Q+ + (cosq � 1)2 Q�

i
(I.206)

The second of these relations clearly shows that the outgoing Stokes parameters are non zero also for
unpolarized radiation. This description can be applied also to CMB radiation. However since for a black-
body radiation I µ T4 and since we work with Q = dT

T = dI
4I , it is useful to rede�ne the Stokes parameters

in a cosmological contest with the following normalization

Q� !
Q�

4I
(I.207)

According to the Q� transformation propriety under rotations (I.203), we clearly see that it is a spin-2 �eld
that can be expanded in terms of spin-weighted spherical harmonics. The spin-weighted spherical harmonics
can be de�ned in terms of rotations matrices a:

sY`m(q, f ) =

s �
2` + 1

4p

�
D `

� s,m(f , q, 0). (I.208)

They reduce to ordinary spherical harmonics when s = 0. In this cases = 2 and de�ning 2Y`m � Y�
`m, one

can expand Q� as:

Q� (ê) =
¥

å
`= 2

`

å
m= � `

Q�
`m Y�

`m(ê). (I.209)

At this point we can introduce the Polarization multipoles E`m and B`m de�ned as:

Q�
`m � E`m � i B`m (I.210)

One can show that under parity transformation ê ! � ê the E modes E`m ! (� 1) ` E`m while the B modes
B`m ! (� 1) `+ 1B`m. Therefore the E-modes areparity-evenwhile the B-modes are parity-odd. Roughly
speaking, we can think of the E-modes as the gradient of a scalar and the B-modes as the curl of a vec-
tor. The stochastic properties under rotations and parity transformations allow us to de�ne the following
correlators among à m, E`m and B`m

hà ma�
`0m0i = CTT

` d̀ ` 0dm m0 (I.211a)

ha�
`m E`0m0i � CTE

` d̀ ` 0dmm0 (I.211b)

hE�
`m E`0m0i � CEE

` d̀ ` 0dmm0 (I.211c)

hB�
`m B`0m0i � CBB

` d̀ ` 0dmm0, (I.211d)

where for sake of completeness we wrote also the correlator (I.183). Notice that since B is parity-odd, while
T and E are parity-even, in a parity-conserving theory we expect CTB

` = CEB
` = 0 and for each ` we can
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de�ne the so called covariance matrix

Ĉ`
.=

0

@
CTT

` CTE
` 0

CET
` CEE

` 0
0 0 CBB

`

1

A . (I.212)

Today, the spectrum of E modes polarization (as well as the cross-correlator TE spectrum) is measured
with good precision by the Planck Collaboration, see also Figure I.5. Again a remarkable agreement with
the prediction of standard cosmological model is found. Measurements of CTE

` and CEE
` give additional

information on the cosmological parameters, often braking the degeneracy between them. In particular

• The spectrum CTT
` of temperature anisotropies is mostly sensitive to scalar perturbations and the gravi-

tational potential.

• The spectrum CEE
` on large multipoles 100 . ` . 1000 is mostly determined by the velocity of the

baryon-photon plasma at the recombination epoch while on low multipoles it strongly depends on the
optical depth at reionization: CEE

` µ t 2. We clearly show this dependence in Figure I.6 where the effect of
t on the low multipoles of the EE angular spectrum has been emphasized adopting an unrealistic large
value t = 0.2.

• The spectrum CTE
` on low multipoles strongly depends on the optical depth at reionization: CTE

` µ
t . Once again, in Figure I.6 we show the effect of t in the TE spectrum for an unrealistic large value
of t = 0.2. The (combined) measurement of CTE

` and CEE
` allows us to constrain t which would be

dif�cult within only the spectrum of temperature anisotropies CTT
` as in that case it turns out to be

extremely degenerate with the other parameters. Notice also that since both CEE
` and CTE

` are dominated
by reionization on low multipoles, the cosmic variance sets a natural limit on the maximum precision t
can be measured with. We are already close to such limit.

• The spectrum CBB
` is not measured. Anyway scalar perturbations can produce only E-modes while ten-

sor perturbations can produce both E-modes and B-modes. Hence a detection of B-modes can be a hint
for the existence of tensor modes. However the B-mode spectrum can have two different contributions:
together with tensor perturbations, also gravitational lensing can mixes E modes and the B modes, con-
verting the �rst into the second. Therefore a careful characterization of the B-mode spectrum is required
to distinguish the two sources. In what follows we give some details.

E-modes from relic gravity waves

Tensor modes produce both temperature anisotropies and E and B modes polarization in the CMB radia-
tion. Therefore they not only contribute to the angular spectrum of temperature anisotropies via Eq.(I.196)
but they contribute also to the TE EE and BB angular spectra. In particular the EE and TE contributions can
be estimated to be [15]

GWCEE
` µ

Z ¥

0

dk
k

PT(k)
�

¶h
¶h

� 2 �
( l + 2)( l + 1)

(2l � 1)(2l + 1)
j l � 2 [(h0 � hr ) k]

�
6( l + 2)( l � 1)
(2l � 1)(2l + 3)

j l [(h0 � hr ) k] +
l ( l � 1)

(2l + 1)(2l + 3)
j l+ 2 [(h0 � hr ) k]

� 2

(I.213)
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and

GWCTE
` µ

s
( l + 2)!
( l � 2)!

Z ¥

0

dk
k

PT(k)
�

¶h
¶h

� Z h0

hr

dh
�

¶h
¶h

�
j l [(h0 � h) k]

(h0 � h)2 k2

�
�

( l + 2)( l + 1)
(2l � 1)(2l + 1)

j l � 2 [(h0 � hr ) k] �
6( l + 2)( l � 1)
(2l � 1)(2l + 3)

j l [(h0 � hr ) k]

+
l ( l � 1)

(2l + 1)(2l + 3)
j l+ 2 [(h0 � hr ) k]

�
(I.214)

respectively. The effect of gravitational waves in the angular spectra of CMB polarization is shown in
Figure I.6. As one can see, also for unrealistic large values of the tensor amplitude, the tensor contribution
is always sub-dominant with respect to the scalar counterpart both in the EE and EE spectra. This is one
of the reason why a detection of tensor perturbations is extremely challenging from an experimental point
of view. Fortunately, while scalar modes do not produce B-mode polarization, tensor modes contribute
also in the BB spectrum and so searching for B-modes polarization is a more promising way for detecting
Primordial Gravitational Waves.

FIGURE I.6: A comparison between scalar and tensor contributions in the CMB temperature
anisotropy and polarization angular spectra. On the left the contributions from adiabatic
scalar perturbations (and lensing) in the TT TE EE (and BB) spectra. On the right the con-
tributions from tensor perturbations in the same spectra. To better emphasize the effects of
tensor modes and reionization, the tensor amplitude and the optical depth are �xed to the

unrealistically large values of r = 0.4 and t = 0.2, respectively. Figure based on Ref. [15].

B-modes from relic gravity waves

The detection of B-mode polarization can be considered a major task of observational cosmology as it can
be produced by in�ationary gravity waves. Here we brie�y review the signatures that relic gravitational
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radiations may have left in the B-spectrum. A detailed computation of the relic gravity waves contributions
to CBB

` would be rather expensive, involving the polarization tensor and some maths. Here we avoid to get
lost in mathematical details and we just point out that this contribution can be computed to be [15]

GWCBB
` µ

Z ¥

0

dk
k

PT(k)
�

¶h
¶h

� 2

�
�

` + 2
2` + 1

j` � 1 (kh0) �
` � 1
2` + 1

j`+ 1 (kh0)
� 2

(I.215)

where the constant of proportionality is rather small. In any case, one can see that

• Tensor perturbations that are super-horizon at recombination give small contributions in the integral
as in that case the modes are frozen and the derivative with respect to the conformal time is extremely
small.

• The largest contribution in Eq.(I.215) is given by tensor modes that enter the horizon exactly at the
time of recombination ( khr � 1) which corresponds to multipoles ` . h0/ hr � 50 or to angles smaller
than about 3 degrees. Indeed in that region ¶h/ ¶h µ 1/ hr while the spherical Bessel functions result
to be j` (kh0) � 1/ (kh0). Therefore CBB

` is constant in ` in that range of multipoles and its magnitude
will depend on the amplitude of tensor modes as sourced by in�ation: if during in�ation a satiable
background of primordial gravitational waves is generated this contribution can be dominant on these
scales.

• On smaller scales, 50 . ` . 1000 the behavior of the integral is very different as it saturates for k � ` / h0.
Indeed on small scales¶h/ ¶h µ 1/ h2

r µ 1/ ` as well as j` (kh0) µ 1/ ` . Therefore we get that CBB
` µ 1/ `4

which decays very rapidly wit ` . Furthermore on small scales the B-mode spectrum is dominated by
the signal due to gravitational lensing which, converting E modes into B modes, contains information
related to the different cosmological parameters, such as dark matter, dark energy or spatial curvature.

We conclude that CMB polarization is particularly important also from the viewpoint of the search for
tensor perturbations. Indeed the analysis of temperature anisotropies CTT

` alone has a limited sensitivity
on tensor perturbations both because the cosmic variance affects signals at low mulitipoles and above all
because of degeneracy with the other cosmological parameters. While the measurement of E-mode po-
larization improves the sensitivity to tensor modes, the analysis of B-mode offers us a uniqueopportunity.
In particular, of primary interest is the study of B-mode at intermediate angular scales, where the cosmic
variance is not very signi�cant and gravitational lensing is not dominant, yet. While currently there is no
evidence for B-mode polarization, future cosmological experiments are designed speci�cally for probing
the range of multipoles of interest for tensor perturbations, possibly leading to a �rst detection of relic
gravity waves and opening to the possibility to test and constrain fundamental physics on the in�ationary
energy scales, literally at the dawn of time. In the next chapter we will discuss exactly how non-standard
physics on the in�ationary energy scales can be encoded in the in�ationary parameters and how we can
test and probe it using primordial gravitational waves.

I.IV I NFLATION THEORY

As often happens in Science, observations challenge theories. Many evidences are extremely dif�cult to ex-
plain in contest of the Hot Big Bang Theory. For example the previous discussion of the Cosmic Microwave
background teaches us that the Early Universe was very homogeneous and all the CMB photons share the
same temperature within small �uctuations of order dT/ T � 10� 5. This is very hard to explain in the the-
oretical framework we described so far because CMB photons are separated by a distance grater than the
particle horizon and they have never communicated [54, 76, 77]. So, according to Hot Big Bang Theory, the
last scattering surface should consist of many causally disconnected regions and there is any dynamical
reason why such regions (that never "talked") could share similar physical conditions. We are forced to
suppose a �ne-tuning of thousands initial conditions to explain homogeneity in the Early Universe.
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Another observational evidence is that the Universe is spatially �at [78]. We pointed out that the Hubble
radius 1/ (aH) grows with time for each component of the cosmic �uid with equation of state w > � 1

3.
Therefore when the Universe is dominated by radiation or matter we have W � 1 µ a2 and W � 1 µ a,
respectively. In both cases W � 1 decreases and so going backwards with time j1 � Wj should diverge.
Flatness is not a tracking solution of the FRW dynamics and in the Hot Big Bang cosmology, a �at geometry
today would require an extreme �ne-tuned Wat early times. We can roughly deduce its value at the Planck
time (i.e., the time when the temperature of the Universe is the Planck epoch):

jW � 1jT= TPlanck

jW � 1jT= T0

�

 
a2

Pl

a2
0

!

�

 
T2

0

T2
Pl

!

� O
�

10� 64
�

(I.216)

where we have assumed a Radiation dominated Universe, we have used that T µ 1
a and we remember that

the present epoch temperature of the Universe is T0 � 10� 13 GeV. Is it something meaningful to require a
precision in the initial conditions within 1 part over 10 60?

Although all these "problems" are not inconsistencies able to falsify the Big Bang picture, it is clear that
one would prefer a physical mechanism able to �x all the required initial conditions without controversial
assumptions. In�ation [79], an early epoch of "fast" accelerated expansion with repulsive gravity, is largely
believed to be exactly the physical mechanism able to set the correct initial conditions [54, 55, 76, 77, 80–83].

To �gure out how a phase of repulsive gravity can drive the Universe towards homogeneity and �at-
ness, we recall that an accelerated expansion requiresw < � 1

3 and that in this case also the Hubble radius
(aH) � 1 decreases over the time. This automatically solves also the �atness problem:

j1 � W(a)j
| {z }

Driven to �atness

=
�
� � k(a H) � 2

�
�

| {z }
( decrease

. (I.217)

In particular it should be noted that in the de Sitter limit, w = � 1, the spacetime expansion becomes
exponentially accelerated as well as the Hubble sphere exponentially shrinks: (aH) � 1 µ e� Ht . In terms of
the particle horizon, h = � (1/ H )e� Ht , we see that the initial singularity is pushed back to hi ! � ¥ with
the hypersurface h = 0 corresponding to the end of in�ation. So, not only the curvature is exponentially
driven to �atness but now there is an "in�nite" amount of conformal time to let the past light-cones of CMB
photons intersect in such a way that the homogeneity observed in the CMB radiation is simply explained
in terms of thermal equilibrium.

Anyway it is also evident that in an exact de Sitter background the end of in�ation is reached at the
cosmological time t = ¥ which means that in�ation would go on forever. This is clearly due to the isome-
tries of the de Sitter background which, being a maximally symmetric solution, preserve invariance under
time translations. Therefore to ensure the end of in�ation, the de Sitter limit, although valid at early times,
must be broken near the end of in�ation. Therefore we need a dynamical process able to transit from an
in�ating phase to a radiation dominated era.

I.IV.I S INGLE FIELD SLOW -ROLL I NFLATION

The simplest dynamical model of In�ation involves a scalar �eld f , which from now on we call the in�aton,
minimally coupled to gravity. The action of the �eld reads [54, 55, 76, 77, 80–83]

S = SEH + Sf =
Z

d4x
p

� g

"
M̄ 2

p

2
R +

1
2

gmn¶mf¶ nf � V (f )

#

, (I.218)

with M̄ p = 1/
p

8p G the reducedPlanck Mass in the natural units c = } = 1 (see also the conventions).
This theory is said to be “minimal coupled to gravity” because there is not a direct coupling between the
in�aton �eld and the metric tensor in the action. The equation of motion can be obtained minimizing the
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action with respect to the �eld dSf / df = 0. A trivial computation gives:

1
p

� g
¶m

� p
� g¶mf

�
+

dV (f )
df

= 0. (I.219)

In principle, to solve this equation in full generality we should use the FRW metric with a non-vanishing
curvature since it is the in�ation itself that drives the spacetime to be �at. Anyway the observational
consequences of the in�ation come out from its ending phase when the spacetime is already nearly �at. So
a consistent theory of initial conditions is not required for investigating the in�ationary predictions and we
can simply use a �at FRW metric. In this way from Eq. (I.219) we obtain

f̈ + 3H �f � a� 2(t) r 2f +
dV (f )

df
= 0. (I.220)

If we restrict our attention on homogeneous scalar �elds, the gradient term vanishes r 2f = 0 and the
functional derivative dV (f )/ df reduces to the ordinary one dV(f )/ df � V0(f ). The equation of motion
eventually becomes

f̈ + 3H �f + V0(f ) = 0. (I.221)

Minimizing the action with respect to the metric dS/ dgmn= 0 we can �nd the relation for Stress-Energy
tensor

Tf
mn= gmnL f � 2

dL f

dgmn = � ¶mf¶ nf + gmn

�
1
2

¶af¶ af � V (f )
�

(I.222)

and get the relation for the energy-density and pressure in a in�aton-dominated Universe, namely:

r f =
1
2

�f 2 + V (f ), (I.223)

pf =
1
2

�f 2 � V (f ). (I.224)

The equation of state w is now a function of the scalar �eld

wf �
pf

r f
=

1
2

�f 2 � V (f )
1
2

�f 2 + V (f )
. (I.225)

and we clearly see that if V � �f 2 a phase of repulsive gravity wf � � 1 < � 1/3 is obtained and the
Universe starts in�ating. This scenario is commonly called slow roll in�ation. The price to pay for this
paradigm of in�ation is that we need to put some restrictions on the scalar �eld f and above all on the
shape of its potential V (f ) in order to obtain a de sitter expansion. First of all it is useful to write down the
Freedman equations (I.17) and (I.18) for a Universe dominated by the homogeneous scalar �eld f :

3M̄ 2
p H2 = r f =

�
1
2

�f 2 + V (f )
�

, (I.226)

M̄ 2
p

�
ä
a

�
= �

1
6

�
r f + 3pf

�
= �

1
3

�
�f 2 � V (f )

�
. (I.227)

Taking the derivative of the equation (I.226) and using the equation of motion (I.221) we have:

2 M̄ 2
p

�H = � �f 2 (I.228)
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During the slow roll phase we want an almost exponentially expansion and so we have to require wf � � 1
that implies �f 2 � V (f ). So from equation (I.226)

V (f ) � 3 M̄ 2
p H2, (I.229)

and the slow roll condition is equivalent to require that

j �H j
H2 � 1. (I.230)

On the other hand, taking the derivative of Eq.(I.229) and using the slow roll condition we get also

V0(f ) � � 3 H �f , (I.231)

that implies j f̈ j � 3 H j �f j. Therefore it is useful to introduce the following potential slow-roll parameters

eV
.= M̄ 2

p
1
2

 
V2

f

V2

!

, (I.232a)

hV
.= M̄ 2

p

�
Vff

V

�
, (I.232b)

x2
V

.= M̄ 4
p

�
Vf Vfff

V2

�
, (I.232c)

v 3
V

.= M̄ 6
p

 
V2

f Vffff

V3

!

(I.232d)

where Vf ...f
.= V0...0 indicates the derivatives of the potential with respect to the �led. Notice that the

potential parameters will be largely used in the subsequent discussion together with the parameters f eig
de�ned as

e1
.= �

�H
H2 ' eV , ei> 1

.=
d log ei � 1

d log k
. (I.233)

that are instead clearly related to the background dynamics. During the slow-roll phase all these param-
eters are expected to be small with the limit 1 � j eV j ' j e1j ! 0 corresponding to an exactly de Sitter
expansion.

In�ation can be easily achieved when the potential looks like that shown in Figure I.7. Along the �at
plateau the kinetic energy of the scalar �eld �f becomes negligible with respect to the potential energy
V (f ) which is instead approximately constant. In this way, wf � � 1 and we have an almost de Sitter
phase. On the other hand, when this condition breaks down, in�ation ends and the scalar �eld typically
falls into a potential well starting oscillating. This phase of oscillation around the vacuum state is called
reheating [84–93] and is required to restore particles in the Universe. Indeed during the slow period, the
Universe is exponentially driven towards �atness and homogeneity but all its pre-in�ationary contents are
exponentially diluted as well. This means that at the end of in�ation the Universe appears nearly empty
and dominated by a scalar �eld in a state of coherent oscillation about the vacuum state. This looks far
away from the Hot Big Bang picture: there is no radiation or particles but only an enormous amount of
energy. Indeed, as by de�nition the energy-density during the in�ationary expansion remains constant, the
total energy Ei = r Vi exponentially expands with the volume of the Universe. Such an exponential amount
of energy can easily decay into radiation and particles when the �eld starts oscillating during the reheating
phase. The details of reheating clearly depend on the speci�c shape of the potential, nevertheless this is
typically a very rapid process. When the �eld is oscillating around the minimum, we can approximate the
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FIGURE I.7: The typical shape of a good In�ationary Potential.

potential as V (f ) � l 2

2 f 2 so that:

r f =
1
2

�
�f 2 + l 2f 2�

, (I.234)

taking the time derivative, �r f = �f f̈ + l 2f �f , and using Eq. (I.221) we get:

�r f + 3Hr f =
3H
2

�
l 2f 2 � �f 2�

| {z }
oscillates

. (I.235)

The oscillating factor on the right hand side averages out to zero over one oscillation period and the long-
time behavior of the energy density eventually reads:

�̄r f + 3Hr̄ f = 0. (I.236)

Note that the in�aton �eld is doing small oscillations around the potential minimum and the energy density
can decay into particles. If the decay is slow the in�aton energy density follows the equation:

�̄r f + ( 3H + G) r̄ f = 0, (I.237)

where Grepresents the in�ation decay rate and so � Gr f is the energy transferred to other particles. Whether
the in�aton decays into bosons, the process may be very rapid and violent and it is known as pre-heating.
Anyway the particles produced in this stage will eventually interact, creating other particles unless the
thermal equilibrium will be restored at some temperature so that the standard Hot Big Bang evolution can
start.

I.IV.II Q UANTUM I NFLATIONARY FLUCTUATIONS

In the previous section we described the dynamics of scalar and tensor perturbation and their imprinting
in the cosmic microwave background, but we said nothing about their origin: which is the physical nature
of primordial perturbations? One could say that they simply exist, but a remarkable aspect of the CMB is
that the primordial perturbations are correlated on scale well outside the horizon at the time of decoupling.
This can be considered as another aspect of the horizon problem: how can perturbations that have never
interacted be correlated? Here we want to answer all these questions showing that in�ation provides a
fascinating mechanism able to unveil the nature of primordial density perturbations. This is maybe one
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of the most relevant aspects of in�ation theory: one can calculate the power spectrum both of scalar and
tensor perturbations and since this spectra are related to the CMB anisotropies, this calculation provides
an important prediction directly connected with observations.

The basic idea underlying the origin of the primordial perturbations is that, during in�ation, the in�a-
ton �eld f evolving on the potential V (f ) will not have a completely classical dynamics, but it will also
have some small quantum �uctuations around its classical trajectory. Quantum �uctuations of the in�a-
ton �eld are so blown up on superhorizon scales by in�ation itself becoming classical perturbations: the
source of the primordial power spectra of scalar and tensor �uctuations. Therefore in�ation, combined
with quantum mechanics, provides an elegant mechanism for generating the initial seeds of all structures
in the Universe [13, 55, 77, 94, 95].

To describe a rigorous picture of quantum �uctuations, in general, we should consider perturbations
in the metric, too. Nevertheless the Einstein equations relate perturbations in the metric to perturbations
in the �elds and so there is essentially only one physical degree of freedom [83, 96]. If we choose to work
in the so called spatially �at Gauge, namely the Gauge in which the curvature of space-like hypersurfaces
is zero and the spatial part of the metric is unperturbed, we can quantify this degree of freedom as the
�eld �uctuations df , leaving the metric unperturbed [53, 82, 83, 96]. At the same level of accuracy, we
can also drop the contribution that arises from the in�ationary potential V (f ), considering the �eld to be
free. In this way, we can just focus on df , and, according to the perturbation theory, we split �eld and the
�uctuations f ! f + df . The perturbations in general will not be homogeneous, df = df (t, x), so in their
equation of motion we must consider also the spatial dependence and, in light of Eq. (I.220), we write

d̈f + 3H �df � a� 2(t) r 2df = 0. (I.238)

It is useful to use the conformal coordinates ¶t = ( 1/ a)¶h in such a way that

df 00+ 2
�

a0

a

�
df 0� r 2df = 0 (I.239)

where we used the notation (. . . )0 � ¶h(. . . ). We have to quantize the �eld in a FRW spacetime. We proceed
analogously to the canonical quantization process, expanding the �eld df into its Fourier components

df (h, x) =
Z d3k

(2p )3

h
df k (h) bk eik �x + df �

k (h) b�
k e� ik �x

i
(I.240)

and promoting the �eld df to be an operator df ! d̂f and (bk , b�
k ) ! (b̂k , b̂†

k ). We interpret (b̂k , b̂†
k ) as the

common creation and annihilation operators. We also impose the canonical quantization conditions:
h
b̂k , b̂†

k'

i
= d3(k � k' ), (I.241)

h
b̂k , b̂k'

i
=

h
b̂†

k , b̂†
k'

i
= 0. (I.242)

Using the equation of motion (I.239), we easily �nd the equation for the Fourier components [13, 14, 55]

df 00
k + 2

�
a0

a

�
df 0

k + k2df k = 0 (I.243)

where with k2 we are intending the spatial Euclidean amplitude k2 = jk j2. At this point it is useful to
introduce the following �eld rede�nition:

uk � a(h) df k(h), (I.244)
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The equation for the Fourier modes (I.243) in terms of the new �eld uk reads

u00
k +

�
k2 �

a00

a

�
uk = 0. (I.245)

This is nothing but the Mukhanov equationwe have already discussed in section I.II and can be considered
the generalization of the Klein-Gordon equation in an expanding Universe. In the so called Ultraviolet limit
k � a00

a , Eq. (I.245) simpli�es to
u00

k + k2 uk = 0. (I.246)

whose solution is given by

uk(h) =
1

p
2k

�
Ak e� ikh + Bk eikh

�
(I.247)

with Ak and Bk to be �xed by choosing an appropriate vacuum state (we will do this soon). On the other
hand, in the so called Infrared limit k � a00

a the equation (I.245) reads

a u00
k � a00uk = 0, (I.248)

with the easy solution
uk µ a(h) ) df k = const. (I.249)

proving a very interesting feature: the Fourier mode df k does not evolve on the super-horizon scales (i.e.
k � a(t)H). This phenomenon is called mode freezing.

We now come back to the issue of the vacuum state. The mode amplitude depends on the constant
Ak and Bk and all of their physics boils down the boundary condition for the �eld perturbations in the
ultraviolet limit. This problem is strictly related to the vacuum selection in the canonical quantization
process. Indeed with some efforts, one can show that the canonical quantization condition for the operators
(b̂k, b̂†

k) translates into a boundary condition for the uk and u�
k modes that is nothing else but the Wronskian

condition
W(uk , u�

k) � uk (u�
k)0� (uk)0u�

k = i . (I.250)

Using the solution (I.247) it is easy to see that this implies jAkj2 � j Bkj2 = 1, the same condition that one
would obtain in a Minkowski spacetime. Anyway, it is not enough to complete the solution and, in fact,
a second relation arises from the vacuum selection in our FRW spacetime. We de�ne the vacuum state for
the FRW spacetime as the state where all the comoving observers see no particles which is to require that in
the ultraviolet limit the FRW spacetime is asymptotically Minkowskian, i.e., Ak = 1 and Bk = 0. This is
known as the Bunch-Davies vacuum. It is not the only discussed choice in literature (see e.g., Refs [97–102]),
but it is of course the most reasonable and we will adopt it. With this choice the solution in the ultraviolet
limit eventually becomes

uk(h) =
1

p
2k

e� ikh, (I.251)

Notice that equation (I.245) depends on the spacetime background by a term a00

a and so it is quite dif�cult
to �nd a generic solution for this equation. However, here, we are interested in the quantum in�ationary
�uctuations and, since during in�ation our spacetime is approximately de Sitter, it is worth �nding an
exact solution in this limit. By noting that in a de Sitter spacetime h = � 1/ (a H), and a00/ a = 2/ h2, the
Mukhanov equation becomes:

u00
k +

�
k2 �

2
h2

�
uk = 0. (I.252)

By a direct substitution one can check that an exact solution is:

uk = Ak
e� ikh
p

2k

�
1 �

i
kh

�
+ Bk

eikh
p

2k

�
1 +

i
kh

�
. (I.253)
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which �xing the Bunch-Davies vacuum ( Ak = 1 and Bk = 0) eventually becomes

uk =
e� ikh
p

2k

�
1 �

i
kh

�
. (I.254)

So we have the complete expression of the �eld operator d̂f in the de Sitter spacetime

d̂f (h, x) =
Z d3k

(2p )3

� � uk

a

�
b̂k eik �x +

�
u�

k

a

�
b̂†

k e� ik �x
�

. (I.255)

One can now compute the power spectrum of the �uctuations around the vacuum state in the de Sitter
limit

h0jd̂f (h, x)d̂f (h, x')j0i =
Z d3k d3k0

(2p )6

�
uk u�

k'

a2

�
h0jbk b†

k' j0i eik �xe� ik' �x' + .... (I.256)

where all the other terms omitted from the integral vanish. The only non vanishing matrix element

h0jbk b†
k' j0i = h0jbk b†

k' � b†
k' bk j0i

| {z }
= 0

= h0j
h
bk , b†

k'

i
j0i = d3(k � k' ). (I.257)

gives

h0jd̂f (h, x)d̂f (h, x')j0i =
Z d3k d3k0

(2p )6

�
uk u�

k'

a2

�
ei k �xe� i k' �x' d3(k � k' ) (I.258)

=
Z d3k

(2p )3

�
juk j2

a2

�
ei k �(x+ x') (I.259)

.=
Z d3k

(2p )3 Pdf (k) ei k �(x+ x') , (I.260)

where in the last line we have de�ned the power spectrum

Pdf (k) .=
juk j2

a2 , (I.261)

and so the dimensionless power spectrum (see also the conventions)

Pdf
.=

k3

2p 2 Pdf (k) =
k3

2p 2

juk j2

a2 . (I.262)

Using equation (I.251) we obtain for juk j2

juk j2 =
1
2k

�
1 +

1
k2h2

�
, (I.263)

which gives

Pdf =
�

H
2p

� 2
"

1 +
�

k
aH

� 2
#

. (I.264)

This is the expression for the dimensionless power spectrum of the in�aton �uctuations in an exact de
Sitter spacetime. Note that well outside the Hubble horizon ( i.e., k � (aH)) it approaches to be a constant:

Pdf =
�

H
2p

� 2

. (I.265)
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This result is consistent with the phenomenon of modes freezing that we discussed above.

Scalar Modes

Thanks to these efforts, computing the power spectrum for the primordial scalar and tensor perturbations
is almost trivial. We must use some Gauge-invariant measures for the �uctuations induced in the space-
time geometry and for the scalar spectrum we use the primordial curvature perturbation z. The in�aton
quantum �uctuations can be easily related to the primordial curvature perturbations z in the zero spatial
curvature Gauge where the spatial component of the metric is unperturbed ( Y = 0) and the spacelike
hypersurfaces at constant time are �at. According to equation (I.121), in the spatially �at Gauge, z for an
in�aton-dominated Universe reads

z � �
�

H
�f

�
df . (I.266)

Therefore the calculation of the scalar power spectrum is straightforward:

Ps =
�

H
�f

� 2

Pdf (I.267)

This is the dimensionless power spectrum for scalar perturbations predicted by in�ation at the time of
horizon crossing. Note that since z is a gauge independent quantity (or more rigorously speaking a gauge
�xed quantity), this result is gauge independent as well.

Notice that in the single-�eld slow roll paradigm the physics at the end of in�ation is the same every-
where and the perturbations are adiabatic: since there is only one scalar degree of freedom that measures
the slightly density differences where there is an over-density in dark matter there is also a corresponding
over-density in the photons, baryons and neutrinos. Notice also that in an exact de Sitter spacetime the
spectrum of in�aton �uctuations is exactly scale independent. Therefore in an almost de Sitter epoch, we
expect the scale dependence to be very small. This is why the primordial scalar spectrum is commonly
parametrized with a power

Ps(k) = As

�
k
k�

� ns� 1

(I.268)

which includes only an amplitude As = P(k� ) (evaluated at the pivot scale k� ) and a scalar spectral index
(or scalar tilt) ns � 1

.= d log Ps/ d log k.
We conclude recalling that the in�ationary �uctuations are directly related to the small irregularities

observed in the Cosmic Microwave Background. A simply way to link them to the statistical properties
of the CMB anisotropies and polarizations (i.e. the different C`s) is to de�ne the so called scalar transfer
functions

CX Y, scalar
` =

Z ¥

0
d ln k Ts

` X (k) Ts
` Y(k) Ps(k), (I.269)

where for scalar perturbations X and Y run over X,Y = f T, Eg. The transfer functions depend only on
known physics: a set of coupled Einstein-Boltzmann equations at linear order. Roughly speaking, the form
of the linear transformations encoded in the transfer functions probe the (late) time evolution while the
primordial power spectrum is determined by in�ation.

Tensor Modes

Along with scalar modes, the quantum �uctuations of the in�aton �eld can source also Tensor modes, a
stochastic background of metric �uctuations known as Primordial Gravitational Waves. The underlying
reason is easy to understand: during the in�ationary epoch the energy density of the Universe is dominated
by the energy of the in�aton �led. Therefore �uctuations in the �led f ! f + df source �uctuations in
the stress energy tensorTmn[f + df ] ! Tmn+ dTmn. The Einstein Equations relate �uctuations in the stress
energy tensor to �uctuations in the metric, i.e., Primordial Gravitational Waves. We have already pointed
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out that the equation of motion of primordial gravitational waves is

ḧ� ,+ + 3H �h� ,+ + k2h� ,+ = 0, (I.270)

with the two polarization states � and + . With the efforts of the previous sections the computation of the
tensor spectrum is trivial. The only point to be carefully considered is the normalization of the �eld h� ,+ .
In order to use the formalism developed from a scalar �eld, we have to be sure that h� ,+ and f have the
same physical unit. Since in natural units [f ] = energy while h is dimensionless, it is useful to introduce
the normalized �elds

y � ,+ �
p

2 M̄ p h� ,+ , (I.271)

where the factor
p

2 simply counts the two polarization states. The equation of motion for the normalized
�elds read

ÿ � ,+ + 3H �y � ,+ + k2 y � ,+ = 0, (I.272)

Using conformal time dt = a dh and de�ning a new �eld u� ,+ = a(h) y � ,+ we get

u00
� ,+ +

�
k2 �

a00

a

�
u� ,+ = 0. (I.273)

For each polarization ( � and + ) this is nothing else but the Mukhanov equation (I.245). Therefore we can
use the results already derived to obtain the dimensionless tensor power spectrum that, taking into account
all the factors corresponding to the two different polarization states, reads:

PT =
8

M̄ 2
p

�
H
2p

� 2
�
�
�
�
�
k= a H

. (I.274)

Once again the symmetries of the almost de Sitter background constrain the scale dependence to be very
small and also in this case the tensor spectrum is commonly parametrized with a power

PT(k) = AT

�
k
k�

� nT

(I.275)

which includes only an amplitude AT = P(k� ) (evaluated at the pivot scale k� ) and a tensor spectral index
(or tensor tilt) nT

.= d log PT/ d log k.
In the next chapter we will discuss in great details Primordial Gravitational Waves. We conclude this

section underlying that, as for scalar modes, also tensor perturbations are directly related to the CMB by
Eqs.(I.196), (I.213), (I.214) and (I.215) for the temperature anisotropies, E-mode and B-modes polarization,
respectively.

I.IV.III E FFECTIVE FIELD THEORY OF I NFLATION

So far we assumed the existence of a fundamental scalar �eld minimally coupled to gravity, the in�aton.
Here we review in�ation under a completely different approach based on (broken) symmetries. We formu-
late in�ation as an example of a spontaneous symmetry breaking theory and we describe its underlying
Goldstone dynamics [59, 76, 103–106].

Broken time diffeomorphisms

What we really know about in�ation is that it is a transient phase of accelerated expansion and the space-
time is approximately, but not exactly, de Sitter. A de Sitter spacetime is a maximally symmetric solution of
the Einstein equations with a positive cosmological constant. It is well known that the de Sitter spacetime,
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being maximally symmetric, has 10 different Killing vectors ( i.e. the maximum possible number for a 4-
dimensional spacetime) that roughly correspond to 10 different isometries, namely: 3 spatial translations,
3 spatial rotations, 1 dilatation and 3 special conformal transformations 5. However in almost any physical
model of in�ation the de Sitter symmetries are broken to ensure the end of in�ation as if the spacetime is
exactly de Sitter it would be invariant under time translations and we could not identify any preferred time
slicing. In other words we need a `clock' (i.e. an order parameter such as, for example, the Hubble rate H)
that measures how long in�ationary expansion lasts. Consider a generic clock-�eld y (t) (that can be a mat-
ter �eld or the in�aton �eld itself) driving in�ation. We can point out a privileged time-slicing where the
�eld is taken as uniform. Anyway, if we want to use the formalism of the spontaneous symmetry breaking
in the in�ationary cosmology, we have to consider the metric tensor gmnas our fundamental gauge �eld. It
is well known that General Relativity is invariant under spacetime diffeomorphisms of the type:

xm ! x0m(xn) . (I.276)

In in�ationary cosmology we are clearly interested in the time component

x0 � t ! t0(xn) � x00(xn) (I.277)

that must be broken since the spacetime dependent transformation t ! t + p (t, x) does not leave the
action invariant unless p is constant. An immediate consequence of a broken symmetry is the existence of
a Goldstone boson excitation in the direction of the broken generator corresponding to the transformation
U (x) = t + p (t, x). The formalism of the Goldstone boson is very useful in the cosmological perturbation
theory. Indeed a generic adiabatic �uctuation of the clock-�eld y (t) can be easily related to the Goldstone
boson:

dy(t) � y (t + p (t, x)) � y (t) � �y p (t, x), (I.278)

In other words, at linear order, adiabatic �uctuations are proportional to the Goldstone mode [76]. If we
decide to work in the so called spatially �at gauge ( i.e., the gauge in which the spatial part of the metric is
�at) we get [59, 76]

gi j = a2(t) di j , (I.279)

and all the metric perturbations are related to the Goldstone mode by the Einstein equations.

The Action in the Unitary Gauge

We can always perform a time shifting t ! t � p (t, x) such that the �uctuations of the clock �eld vanish:
dy(t) = 0. In this way we have no more the Goldstone boson ( p = 0) and its effect is eaten by the metric
gmnsince we induce a perturbation to the spatial part of the metric given by [59, 76]:

dgi j = a2(t) e� 2Hp (t,x) di j . (I.280)

This gauge is called Unitary Gauge. In what follows, we derive the most general action in the Unitary gauge
compatible with all the symmetries of our problem. In particular, after Gauge �xing, our theory must be
invariant only under time-dependent spatial diffeomorphisms xi ! xi + zi (t, x j ) but it does not have to
respect the full diffeomorphism invariance. Therefore, besides the usual curvature invariants like R and
RmnrsRmnrs that are invariant under all diffeomorphism by de�nition, the reduced degrees of symmetry
allow other terms in the action. We can think to these terms as those that describe the additional degrees
of freedom coming from the Goldstone boson that, in our Gauge, are eaten by the metric. For example it is
easy to show that the g00 is invariant under the time-dependent spatial diffeomorphism

g̃00 =
¶t̃

¶xm
¶t̃

¶xn gmn= d0
md0

n gmn= g00 (I.281)

5At late times, special conformal transformations act like conformal transformations on the space-like boundary
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and so its polynomials can appear freely in the Unitary Gauge action. Instead, to describe the metric
�uctuations we follow a geometrical approach: we �rst de�ne the unit four-vector nmon the constant time
hypersurfaces St that in the unitary gauge reads

nm = �
d0

mp
� g00

. (I.282)

By contracting covariant tensors with nm, we can produce objects with un-contracted upper 0 indices, such
as g00 and R00 that we argued to be scalars under spatial diffeomorphisms and so allowed in the action.
Generalizing, any four-dimensional covariant tensors with free upper 0 indices (but with all spatial indices
contracted) are allowed operators. Furthermore we can have three-dimensional quantities describing the
geometry of the hypersurfaces St . In order to describe the geometry of these hypersurfaces, we can de�ne
the so called induced metric hmn = gmn+ nmnn, the extrinsic curvature tensor Kmn = hr

mr r nn, and the
Riemann tensor of the induced metric R̂abgd = hm

a hn
b hr

g hs
dRmnrs � KagKbd + KadKbg . The most general

action will eventually read [54, 59, 76]

S =
Z

d4x
p

� gL
�
Rmnrs, g00, Kmn, R̂mn, t

�
, (I.283)

with the prescription that the only free indices can be upper 0s. Expanding this action around a �at FRW
spacetime:

g00 = � 1, R = 12H2 + 6 �H, K = 3H, (I.284)

with some efforts one can show that the action can be put in the following form [59, 76, 80]

S =
Z

d4x
p

� g

"
M̄ 2

p

2
R � f1(t) � f2(t)g00

#

+ DS (I.285)

where f1(t) and f2(t) are time dependent functions and DS is the part of the action containing quadratic
order and higher-terms . We will deal with this part of the action later; now let us focus on the linear order
terms. Variating this part of the action respect to gmnwe obtain the following relations:

H2 =
1

3M̄ 2
p

[ f1(t) + f2(t)] , (I.286)

�H + H2 = �
1

3M̄ 2
p

[2 f2(t) � f1(t)] . (I.287)

The equations (I.286) and (I.287) are nothing else but the Freedmen equations that solved give

f1(t) = M̄ 2
p

�
3H2 + �H

�
, (I.288)

f2(t) = � M̄ 2
p

�H. (I.289)

Therefore the two unknown functions are completely �xed by imposing the FRW background ( i.e., speci-
fying H (t)). The action becomes:

S =
Z

d4x
p

� g

"
M̄ 2

p

2
R � M̄ 2

p

�
3H2 + �H

�
+ M̄ 2

p
�Hg00

#

+ DS (I.290)
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It is worth proving that if the slow roll condition � �H � H2 holds, so the linear part of this action is nothing
else that the minimal coupled action (I.218). In the unitary gauge, where f = f (t), the action (I.218) reads:

S =
Z

d4x
p

� g

"
M̄ 2

p

2
R +

1
2

gmn¶mf¶ nf � V (f )

#

(I.291)

=
Z

d4x
p

� g

"
M̄ 2

p

2
R +

1
2

g00 �f 2 � V (f )

#

(I.292)

=
Z

d4x
p

� g

"
M̄ 2

p

2
R � M̄ 2

p

�
3H2 + �H

�
+ M̄ 2

p
�Hg00

#

, (I.293)

where in the last line we have used the slow roll relations (I.228) and (I.229). Note that it matches the linear
part of (I.290).

If we want to consider also the higher order terms DS, we have to take into account higher expansions
in powers of �uctuations such as [59, 76, 80]:

DS =
Z

d4x
p

� g

"
¥

å
n= 2

M 4
n(t)
n!

(dg00)n �
g2

1(t)
2

(dg00dK) �
g2

2(t)
2

(dg00R̂) �
g2

3(t)
2

(dK)2 + ...

#

, (I.294)

where we remember that around a �at FRW spacetime dg00 = 1 + g00.

The Goldstone Dynamics

We now introduce the Goldstone boson p again. Sometimes the procedure of reintroducing the Goldstone
boson is called Stuckleberg trick. As we are going to see, once that p is reintroduced, also the gauge
invariance of the theory is restored. In order to reintroduce the Goldstone boson, we perform a spacetime
dependent time reparametrization of the form:

t ! t0 = t + p (t, xi ) (I.295a)

xi ! x0
i = xi (I.295b)

Let us see how the elements of the action (I.290) transform under such a parametrization. First of all we
recall that the volume element

p
� g d4x is invariant under general four-dimensional diffeomorphism as

well as the Ricci scalar. As concerns the time dependent coef�cients, instead they transform as

f (t) ! f (t + p ) = f (t) + �f (t) p +
1
2

f̈ (t)p 2 + ... (I.296)

while the contravariant components of any tensor transform as

tmn !
¶x0m

¶xa

¶x0n

¶xb tab =
�
dma+ dm0¶ap

� �
dnb + dn0¶bp

�
tab. (I.297)

As concerns the covariant components, instead we get

tmn !
¶xa

¶x0m
¶xb

¶x0n tab =
�
dma+ da0¶mp

� � 1 �
dnb + db0¶np

� � 1 tab. (I.298)

We eventually get the following transformation rules for the metric tensor

g00 ! g00 + 2¶mp g0m+ ¶mp¶np gmn, (I.299)
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g0i ! g0i + ¶mp gmi , (I.300)

gi j ! gi j . (I.301)

Considering only powers of dg00 inDS (without considering the quantities related to the extrinsic curva-
ture), the action for the goldstone boson �nally reads[76, 80]:

S =
Z

d4x
p

� g

"
M̄ 2

p

2
R � M̄ 2

p

�
3H2 (t + p ) + �H (t + p )

�
+ M̄ 2

p
�H

�
g00 + 2¶mp g0m+ ¶mp¶np gmn�

#

+

+
Z

d4x
p

� g
¥

å
n= 2

M 4
n(t + p )

n!

�
1 + g00 + 2¶mp g0m+ ¶mp¶np gmn� n

| {z }
DS

(I.302)

This appears to be very complicated. Even ignoring DS, we see that the goldstone boson p mixes with
the metric perturbations and so its dynamics is highly non linear. However a simpli�cation may occur
at suf�ciently short distances when we expect that, because of the equivalence principle, the Goldstone
dynamics can be studied without taking into account the metric �uctuations. In other words, the quadratic
terms that mix p and gmn contain fewer derivatives than the kinetic terms of p . Therefore at suf�ciently
high energy scales they can be ignored. It is worth studying what happens when we consider the so called
decoupling limit de�ned as

M̄ p ! ¥ , �H ! 0 for M̄ 2
p

�H = const (I.303)

This limit suggests that the Goldstone boson decouples from the metric perturbation for frequencies higher
than w2

mix � j �H j, where we can consider the metric unperturbed so that the action (I.302) up to terms of
order w2

mix / w2 reads:

S =
Z

d4x
p

� g

"
M̄ 2

p

2
R � M̄ 2

p

�
3H2 (t + p ) + �H (t + p )

�
+ M̄ 2

p
�H

�
� 1 � 2 �p + ( ¶mp )2�

#

+

+
Z

d4x
p

� g
¥

å
n= 2

M 4
n(t + p )

n!

�
� 2 �p + ( ¶mp )2� n

| {z }
DS

(I.304)

This works for any arbitrary FRW background. If we are interested in a quasi de Sitter background we
have to consider that � �H � H2. In other words the fractional change in H per Hubble time is small. We
will assume that this propriety holds also for any other time dependent function and so that all the time
dependent parameters vary slowly. Assuming this implies that the action in the quasi de Sitter spacetime
will be approximately invariant under time translation. This approximate invariance of the action must not
be confused with the broken time diffeomorphism of the Background that is what we have used in order
to write the action. In other words this is another approximate global symmetry of the �uctuation and not
of the background. Taking into account this consideration, let us see when in a quasi de Sitter spacetime
the mixing terms are negligible. Let us consider the Lagrangian for the Goldstone p given by the �rst part
of (I.302) (i.e. we are not considering the higher terms in DS) [59, 76, 80]:

L p = � M̄ 2
p

�
3H2 (t + p ) + �H (t + p )

�
+ M̄ 2

p
�H

�
g00 + 2¶mp g0m+ ¶mp¶np gmn� , (I.305)

We have to compare the mixing term 2 M̄ 2
p

�H �p dg00 (that comes from the term 2M̄ 2
p

�H¶mp g0m in (I.305)) with
the kinetic term � M̄ 2

p
�H �p 2 (that comes from M̄ 2

p
�H (¶mp¶np ) for n = m= 0 always in (I.305).) One can show

that the Einstein equations give dg00 = 2eH H p . Therefore the mixing term becomes 4M 2
p

�H (eH H �pp ).
Since �pp is a total derivative of p this term can be integrated by part in the action (I.302) in order to obtain
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a mixing term � 6M̄ 2
p

�H
�
eH H2 p 2

�
. However a similar term comes from the expansion � 3M̄ 2

p H2(t + p ) �
3M̄ 2

p
�H

�
eH H2p 2

�
+ ... Combining all these terms the ratio between the mixing term and the kinetic term

is:
mixing term
kinetic term

=
� 6M̄ 2

p
�H

�
eH H2 p 2

�
+ 3̄̄M 2

p
�H

�
eH H2p 2

�

� M̄ 2
p

�H �p 2
=

3eH H2 p 2

�p 2 . (I.306)

We see that the decoupling is reached when:

w � wmix �
p

eH H. (I.307)

Therefore in a quasi de Sitter spacetime eH � 1 the decoupling takes place at very low frequencies. For
example it is interesting to observe that at the horizon crossing w � H we are in this limit. If in this regime
we evaluate the Lagrangian (I.305) using an unperturbed metric, after a few efforts due to the quite long
calculation, one �nds that the Lagrangian at the second order in p is very simple and reads:

L p = M̄ 2
p

�
� �H

�
�
�

�p 2 �
(¶ip )2

a2

�
(I.308)

The equation (I.308) is the second order (in p ) Lagrangian of the in�ation. It is a different but equivalent
description of the dynamics given by action (I.290) in the unitary gauge that, as we have shown, includes
also the slow roll in�ation. We have therefore formulated in�ation as a theory of broken time diffeomor-
phism writing its dynamics in terms of the corresponding Goldstone boson. This means that we can also
read off the spontaneous symmetry breaking energy scale from the Noether current associated with the
Lagrangian (I.308). The Noether current is:

Jm = �
r �

2M̄ 2
pj �H j

�
¶m

" r �
2M̄ 2

pj �H j
�

p

#

= �
r �

2M̄ 2
pj �H j

�
¶mp c (I.309)

The normalization of the current f 4
p tells us that the energy scale of the symmetry breaking is [76, 80]

f 4
p � 2M̄ 2

pj �H j = �f 2. (I.310)

This result formalizes the intuitive fact that, in the single �eld in�ation, the in�aton itself is responsible of
the symmetry breaking because of its time evolution.

It is now useful to brie�y provide a different strategy for computing the primordial spectra using the
Goldestone Dynamics. We use a different Gauge in which df = 0 to obtain [76]

gi j = a2(t)
�

(1 � 2R ) di j
| {z }

scalar perturbations

+ hi j
|{z}

tensor perturbations

�
. (I.311)

where R is the comoving curvature perturbation de�ned in (I.122). In this way the in�aton scalar �eld f
is unperturbed and the scalar degree of freedom is described by the metric �uctuations from which both
scalar and tensor perturbations arise. In this gauge there is a relation between the comoving curvature
perturbation R and the Goldstone boson p is given by:

R = � H p (I.312)

Since scalar and tensor perturbations evolve independently at linear order we split the computation. As
concerns scalar perturbations, we can write down the Lagrangian (I.308) in term of R that in the slow-roll
approximation reads [76]:

SR =
1
2

Z
d4x a3

�f 2

H2

�
�R 2 �

1
a2 (¶iR )2

�
. (I.313)
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Using the conformal time h and de�ning the following variables

z2 � a2
�f 2

H2 , u � zR , (I.314)

one obtains:

SR =
1
2

Z
dh d3x

�
(u0)2 + ( ¶iu)2 +

z00

z
u2

�
. (I.315)

Expanding the �eld u in its Fourier components, they must satisfy the Mukhanov equation

u00
k +

�
k2 �

z00

z

�
uk = 0. (I.316)

and considering that in the de Sitter limit z00/ z ! a00a, the quantization process gives the same results
discussed before.

Similarly, for the tensor perturbations the second order action in hi j is [76]:

Sh =
M̄ 2

p

8

Z
dhd3x a2

h
(h0

i j )
2 � (¶i hi j )2

i
. (I.317)

De�ning the Fourier expansion

hi j =
Z d3k

(2p )3 å
p=( � ,+)

e(p)
i j h(p)

k ei k �x, (I.318)

with
kie(p)

i j = 0 e(p)
i j e(p0)

i j = 2dp p0, (I.319)

and normalizing the �eld

u(p)
k �

a
2

M p h(p)
k , (I.320)

the action eventually becomes:

Sh = å
p=( � ,+)

1
2

Z
dh d3x

�
(u(p)

k

0
)2 �

�
k2 �

a00

a

�
(v(p)

k )2
�

(I.321)

and we can recognize the Mukhanov equation and so also in the tensor case the quantization process gives
the same results.

I.V T HE STANDARD M ODEL OF COSMOLOGY

We conclude this chapter with a brief overview of the current status of the standard model of cosmology,
the so called L CDM cosmological model.

Our previous discussions pointed out that to have a good agreement between the Hot Big Bang theo-
retical picture and the wide surveys of cosmological observations from large to small scales, we essentially
need three major unexpected ingredients: an early stage of accelerated expansion, an unknown matter com-
ponent able to facilitate structure formation and �nally an unknown energy component able to explain the
current accelerated expansion. Within the standard L CDM cosmological models these three ingredients
are introduced as follows:

• Single-Field Slow Roll In�ation: the early stage of accelerated expansion is regarded to be driven
by a single slow-rolling scalar �eld minimally coupled to gravity. The quantum �uctuations of the
scalar �eld are expected to produce only adiabatic scalar modes while within the standard model of
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cosmology isocurvature modes are not expected and Primordial Tensor Modes are usually assumed
to be negligibly small. Moreover in�ation is supposed to be long enough to drive the spatial geometry
towards �atness in such a way that the curvature parameter is set to Wk = 0.

• Cold Dark Matter: the missing matter component able to facilitate structure formation is parametrized
by a pressure-less �uid made of collision-less particles with low momenta known as Cold Dark Mat-
ter (here the meaning of CDM in L CDM). Since possible interactions/decays are ignored and the
energy density of relativistic species decreases very rapidly with the scale factor, other Hot Dark
Matter species in the Universe are considered absent or negligible.

• Cosmological Constant Dark Energy: the late-time epoch of accelerated expansion is supposed to be
due to the cosmological constant term L in the Einstein Equations (here the meaning of L in L CDM).
Therefore the late time equation of state is assumed to be wDE = � 1 (i.e., P = � r ) and there is no
dynamical evolution in the dark energy component: WDE(t) � WL = Const.

It should be noted that from a theoretical side, these choices are mostly motivated by simplicity. The
theoretical predictions (as well as the computational efforts) become less expensive if we include fewer free
parameters in the theory. As a matter of fact the L CDM model is made of only six free parameters that we
can �x by observations, namely:

• the baryon energy density, Wbh2;

• the cold dark matter energy density, Wch2;

• the angular size of the horizon at the last scattering surface, qMC ;

• the optical depth at reionization, t ;

• the amplitude of the primordial spectrum of scalar in�ationary perturbation, AS;

• the spectral index of of the primordial spectrum of scalar in�ationary perturbation, nS.

Equivalently we may consider the Hubble constant H0 (= 100h [Km/s/Mpc ]) instead of qMC . In what
follows we review the current constraints on these parameters.

I.V.I D ATA STORYTELLING

So far we have outlined a phenomenological model of the Universe with only six degrees of freedom. We
can therefore use cosmological observations to constrain such free parameters.

It should be clear from our previous discussion of the Cosmic Microwave Background Radiations that
the study of the angular spectrum of CMB polarization and isotropies play a crucial role in observational
cosmology since the combined analysis of the TT TE and EE correlators breaks the degeneracy among the
different parameters allowing us to obtain precise values for all of them. Furthermore, along with the
Cosmic Microwave Background, other cosmological observations can be used to improve these results.

Methodology

Here we use the �nal release of Planck 2018 temperature and polarization data [42], combined with other
cosmological observations, to derive updated bounds on the L CDM model. In particular we perform
Monte Carlo Markov Chain (MCMC) analyses using the publicly available package CosmoMC[107, 108] and
computing the theoretical model with the latest version of the Boltzmann code CAMB[109, 110]. We consider
the canonical L CDM model described by the usual six-parameters.

The posteriors of our parameter space have been explored using the MCMC sampler developed for
CosmoMCand tailored for parameter spaces with a speed hierarchy which also implements the "fast drag-
ging" procedure described in Ref. [111]. The convergence of the chains obtained with this procedure
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is tested using the Gelman-Rubin criterion [112] and we choose as a threshold for chain convergence
R � 1 . 0.02.

Our baseline data-set consists of:

• Planck 2018 temperature and polarization (TT TE EE) likelihood, which also includes low multipole
data (` < 30) [42, 113, 114]. We refer to this combination as "Planck".

• Planck 2018 lensing likelihood [115], constructed from measurements of the power spectrum of the
lensing potential. We refer to this dataset as "lensing".

• Baryon Acoustic Oscillations (BAO) measurements extracted from data from the 6dFGS [116], SDSS
MGS [117] and BOSS DR12 [118] surveys. We refer to this dataset as "BAO".

• Type Ia Supernovae (SNeIa) distance moduli measurements from the Pantheon sample [119]. We
refer to this dataset as "Pantheon".

In particular we stress that for the Planck data we consider both the high-multipole likelihood (which
includes multipoles 30 . ` . 2500 for the TT spectrum and 30 . ` . 2000 for TE and EE spectra) and
the "low-E" polarization likelihood (which covers the multipole range 2 � ` � 30 for the EE spectrum). In
this way, analyzing the Planck anisotropies and polarization measurements, we can derive constraints on
all the cosmological parameters of the model. Furthermore, we combine the Planck TT TE EE spectra with
the Planck lensing measurement. Indeed the CMB photons that we measure today traversed almost the
entire observable Universe and, along their paths, are de�ected by gradients in the gravitational potentials
associated with inhomogeneities in the Universe. This can cause a smoothing of the acoustic peaks and a
conversion of E-mode polarization into B-mode polarization. Therefore the Planck lensing reconstruction,
being the most signi�cant detection of CMB lensing to date, is useful to improve the constraints on cosmo-
logical parameters, providing sensitivity above all on parameters that affect the late-time expansion and
the background geometry. However, while the Planck lensing measurements partially break the geomet-
ric degeneracy, it is well known that the inclusion of the baryon acoustic oscillation (BAO) measurements
from galaxy surveys is a much more powerful way to break degeneracy in the geometrical sector. BAOs
are the counterpart to the CMB acoustic peaks in the baryon distribution which remain imprinted also into
the present-day matter distribution. Using the transverse BAOs information one can constrain the ratio
between the comoving angular diameter distance ( DM ) and the sound horizon ( rd) at the epoch when the
baryon evolution becomes unaffected by coupling to photons. On the other hand, from the line-of-sight
information we can constrain the quantity H (z) rd. These two information can be combined together to con-

strain the acoustic-scale distance ratioDV / rd
.=

�
c z D2

M (z)H � 1(z)
� 1/3

/ rd . The acoustic scale measured by
BAOs (at around 147 Mpc), being much larger than the scale of virialized structures, makes the BAO mea-
surements relatively simple geometric measurements insensitive to nonlinear physics, providing a robust
geometrical test of cosmology. Here, in combination with the Planck data, we use the measurements of
DV / rd from the 6dF survey at an effective redshift zeff = 0.106 [120], the SDSS Main Galaxy Sample at
zeff = 0.15 [117] and the �nal BOSS DR12 data with separate constraints on H (z) rd and DM / rd in three
correlated redshift bins at zeff = [0.38 , 0.51 , 0.61] [118].

The results for cosmological parameters are given in Table I.1 for different combinations of the datasets
listed above. On the other hand in Figure I.8 we show the 1D and 2D posterior distributions of the six
free parameters of the standard L CDM cosmological model. It is worth pointing out that, once these
parameters are �xed by observations, the whole cosmological evolution is determined as all the other cos-
mological parameters can be derived starting from the knowledge of these six ones. In Figure I.9 we show
the marginalized 2D distributions of different derived cosmological parameters, most of them introduced
in the previous discussions. In what follows we brie�y review the major results.

In�ation and Adiabatic Scalar Modes

Two of the six parameters of the standard cosmological model are related to in�ation. Indeed both the
spectral amplitude of adiabatic scalar modes As and the spectral index ns are free parameters in the L CDM

PAGE 61 OF 200



W. GIARÈ THE EARLY UNIVERSE

Parameter Planck (TT TE EE) + lensing + lensing + phanteon + lensing + BAO + lensing + BAO + Pantheon

Wbh2 0.02236� 0.00015 0.02237� 0.00015 0.02239� 0.00014 0.02242� 0.00014 0.02243� 0.00013

Wch2 0.1202� 0.0014 0.1200� 0.0012 0.1197� 0.0011 0.11933� 0.00091 0.11921� 0.00089

100qMC 1.04090� 0.00031 1.04092� 0.00031 1.04095� 0.00031 1.04101� 0.00029 1.04102� 0.00029

t 0.0544� 0.0079 0.0544� 0.0073 0.0551� 0.0073 0.0561� 0.0071 0.0564� 0.007

log(1010As) 3.045� 0.016 3.044� 0.014 3.045� 0.014 3.047� 0.014 3.047� 0.014

ns 0.9649� 0.0044 0.9649� 0.0042 0.9655� 0.0041 0.9665� 0.0038 0.9668� 0.0037

H0 [km/s/Mpc ] 67.27� 0.60 67.36� 0.54 67.48� 0.50 67.66� 0.42 67.72� 0.40

Wm 0.3166� 0.0084 0.3153� 0.0073 0.3136� 0.0068 0.3111� 0.0056 0.3103� 0.0054

WL 0.6889� 0.0056 0.6847� 0.0073 0.6864� 0.0068 0.6889� 0.0056 0.6897� 0.0054

s8 0.8120� 0.0073 0.8111� 0.0060 0.8108� 0.0060 0.8102� 0.0060 0.8100� 0.0060

S8
.= s8 (Wm/0.3 )1/2 0.834� 0.016 0.832� 0.013 0.829� 0.012 0.825� 0.011 0.824� 0.010

100q� 1.04109� 0.00030 1.04110� 0.00031 1.04113� 0.00030 1.04119� 0.00029 1.04120� 0.00029

rs,� [Mpc ] 144.39� 0.30 144.43� 0.26 144.49� 0.25 144.57� 0.22 144.59� 0.21

kD [Mpc � 1] 0.14078� 0.00028 0.14087� 0.00030 0.14083� 0.00029 0.14078� 0.00028 0.14076� 0.00028

zre 7.68� 0.79 7.67� 0.73 7.73� 0.73 7.82� 0.71 7.85� 0.7

YBBN
P 0.246716� 0.000059 0.246721� 0.000057 0.246729� 0.000055 0.246740� 0.000052 0.246744� 0.000051

Age [Gyr] 13.800 � 0.024 13.797� 0.023 13.793� 0.022 13.787� 0.020 13.785� 0.020

TABLE I.1: Results for the L CDM cosmological model obtained for different combinations of
datasets. The bounds on parameters are 1s errors (68% CL).

model and we can �x them only by observation since in�ation does not predict their magnitude. From data
we obtain at 68% CL

log(1010As) = 3.044� 0.014 Planck (TT TE EE + lensing), (I.322)

ns = 0.9649� 0.0042 Planck (TT TE EE + lensing). (I.323)

Therefore the spectrum of scalar (adiabatic) perturbations in measured with great precision and it should
be noted that the result for the scalar spectral index is one of the major successes of in�ation theory. Indeed,
in the simplest single �eld slow roll in�ation paradigm, due to the breaking of the de-Sitter isometries by
a dynamical scalar �eld (the in�aton), we expect a slightly red tilted spectrum ns = 1 � 2hV � 6eV . 1
that is exactly what we measure. At the beginning of the next chapter, we will study extensively the
observational constraints on the standard paradigm of in�ation, so we postpone a more precise discussion
of the implications on the physics of in�ation to the next chapter.

Acoustic oscillations, sound horizon and dumping tail

The acoustic oscillations in the TT correlator discussed in the previous section on the CMB radiation, cor-
respond to a sharply-de�ned acoustic angular scale on the sky, given by

q� =
rs,�

DM
(I.324)
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FIGURE I.8: Marginalized 2D and 1D posteriors of the six free parameters of standard L CDM
Cosmological Model obtained exploiting different combinations of cosmological data-sets

listed above.

with rs,� the (comoving) sound horizon at recombination and DM = ( 1 + z) DA the comoving angular
distance. In practice q� is nothing but the angular distance corresponding to the sound horizon at recom-
bination. The CMB data by the Planck Collaborations measure at 68% CL

100q� = 1.04110� 0.000311 Planck (TT TE EE + lensing) (I.325)

with a precision of about 0.03%. Notice that since q� has a simple geometrical interpretation, these results
are very robust and almost independent both on the datasets and also on of the cosmological model.

Similarly we can extract information also on the physical size of the Sound Horizon rs,� at recombina-
tion, obtaining at 68% CL

rs,� = 144.43� 0.26 Mpc Planck (TT TE EE + lensing) (I.326)
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