
Prog. Theor. Exp. Phys. 2022 093B01(33 pages)
DOI: 10.1093/ptep/ptac098

Gauged sigma models and exceptional dressing
cosets
Yuho Sakatani� and Shozo Uehara
Department of Physics, Kyoto Prefectural University of Medicine, 1-5 Shimogamohangi-cho, Sakyo-ku,
Kyoto 606-0823, Japan
�E-mail: yuho@koto.kpu-m.ac.jp

Received April 22, 2022; Accepted July 25, 2022; Published July 27, 2022

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
The Poisson–Lie (PL) T-duality is a generalized T-duality based on the Lie algebra of the
Drinfel’d double. In particular, when we consider the PL T-duality of a coset space, the dual
space is found to be a generalized coset space, which is called the dressing coset. We inves-
tigate an extension of the dressing cosets to the U-duality setup. We propose the gauged
actions for various branes in M-theory and type IIB theory, where the generalized metric
is constructed by using the exceptional Drinfel’d algebra (EDA) and the gauge algebra is a
certain isotropic subalgebra of the EDA. By eliminating the gauge fields, the gauged action
reduces to the standard brane action on a certain reduced background, which we call the ex-
ceptional dressing coset. We also propose an alternative definition of the exceptional dress-
ing cosets based on Sfetsos’s approach and reproduce a known example of non-Abelian
T-duality in the U-duality-covariant formulation.
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1. Introduction
The Poisson–Lie (PL) T-duality [1,2] is a natural generalization of Abelian and non-Abelian
T-duality. This is based on the Lie group of a 2D-dimensional Drinfel’d double D, and the
physical space M on which strings propagate is constructed as a coset space M = D/G̃. Here,
G̃ is a D-dimensional subgroup of D that is isotropic with respect to the T-duality-invariant
bilinear form 〈 ·, ·〉. In general, there are several inequivalent choices of the subgroup G̃, and
we can construct several different physical spaces M = D/G̃, M ′ = D/G̃′, … The PL T-duality
is a classical equivalence of string theories defined on the family of physical spaces. This equiv-
alence still holds even if we consider a further quotient by an isotropic subgroup F of D [3–
5]. Namely, string theories defined on a family of the reduced physical spaces M̌ = F\D/G̃,
M̌ ′ = F\D/G̃′, … are known to be equivalent (at least at the classical level). When D is a per-
fect Drinfel’d double, the physical spaces M = D/G̃, M ′ = D/G̃′, … can be identified with
group manifolds of D-dimensional (isotropic) Lie groups G, G

′
, …, and the reduced physical

spaces can be expressed as M̌ = F\G, M̌ ′ = F\G′, … In particular, if F is a subgroup of G,
M̌ = F\G is a standard coset space, but in general they are non-trivial coset spaces, which is
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called the dressing coset. Then, if we perform a PL T-duality transformations, a coset space is
generally mapped to dressing cosets.

Recently, a U-duality extension of the Drinfel’d double, called the exceptional Drinfel’d al-
gebra (EDA), was proposed in Refs. [6,7], and various aspects of the EDA have been studied
in Refs. [8–18]. It is thus of interest to investigate whether the notion of dressing cosets can be
generalized to the case of the EDA. A difficulty in this generalization arises from the fact that
a group-like extension of the EDA has not yet been clarified. The EDA d(en(n) ) is a Leibniz
algebra and, unlike the Lie algebra, we do not have a group manifold associated with the EDA.
When we consider the generalized U-duality, we find several decompositions of the EDA into a
pair of subalgebras d(en(n) ) = g ⊕ g̃, where g is a maximally isotropic subalgebra and g̃ is also a
subalgebra. Here, g is a Lie algebra (due to the isotropy), and we can consider the associated Lie
group G. The group manifold of G has been found to play the role of the physical space M [6,7],
and by considering various inequivalent decompositions, d(en(n) ) = g ⊕ g̃ = g′ ⊕ g̃

′ = · · · , we
can construct various physical spaces M � G, M

′ � G
′
, … The symmetry which connects these

geometries is known as the generalized U-duality. A major difference from the T-dual case is
that we cannot express this physical space M � G as a coset space, such as D/G̃. In the T-dual
case, the dressing coset has been defined as a double coset F\D/G̃, and F can be an arbitrary
isotropic subgroup of D, but in the U-duality generalization, naively, F\G can be defined only
when F is a subgroup of G.

In fact, to define a U-duality extension of the dressing cosets, it is important to recall the
notion of the dressing action. For a perfect Drinfel’d double, an arbitrary element � of D can
be factorized into a product � = g g̃ (g ∈ G, g̃ ∈ G̃). Then, using the gauge symmetry associated
with right multiplication by G̃, we can always choose a gauge where � = g ∈ G, and the coset
space M = D/G̃ is identified with a group manifold of G. Under a left multiplication by an
element f ∈ F, � = g is mapped to a certain element of D, and by simultaneously performing
a gauge transformation associated with G̃, we can obtain an element �

′ = g
′ ∈ G. The map

g 	→g
′
, defined in this way, is called the dressing action. We can then consider an orbit of the

dressing action of F on G even when F is not a subgroup of G. By regarding this as a gauge
orbit, we can construct the dressing coset F\G. As noted in Ref. [19], the dressing action by
f = 1 + εI TI ∈ F (εI an infinitesimal constant) is generated by the generalized Lie derivative
of double field theory (DFT) [20–24] along some generalized vector fields KI

M ≡ KI
A EA

M

which are constructed from the Lie algebra of the Drinfel’d double D (a similar proposal was
made earlier in Ref. [25], where dressing cosets are defined as generalized cosets).

We propose here that the dressing action in the U-duality context is generated by the gener-
alized Lie derivative of exceptional field theory (ExFT) [26–33] εI £̂KI along KI

I ≡ KI
A EA

I (x).
If the gauge group F is a subgroup of G, KI

I reduce to the usual right-invariant vector fields
on G, similar to the case of the Drinfel’d double. By requiring that the generalized vector fields
KI

I satisfy the generalized Killing equations £̂KKMIJ = 0, the brane action turns out to have
a global symmetry under the dressing action. Then we can promote the global symmetry into
a local symmetry and define the gauged sigma model. By the construction, this model should
describe the motion of a brane on a dressing coset F\G, which we call the exceptional dressing
coset. In principle, eliminating the gauge fields, we can reduce the action to the standard brane
action and read off the supergravity fields on the dressing coset.

To clarify the symmetry of the EDA, it is useful to use the U-duality-covariant approach of
the brane worldvolume theories. As such an approach, we employ here the approach proposed
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and developed in Refs. [34–36] (see Refs. [37–44] for other approaches proposed recently). For
a p-brane in M-theory or type IIB theory, the brane action can be expressed generally as

S = 1
2 (p + 1)

∫
�p+1

eλMIJ (x) PI ∧ ∗γ PJ +
∫

�p+1

�brane. (1)

The supergravity fields are contained only in the generalized metric MIJ (x), and the details
of �brane depend on the brane. The worldvolume gauge fields are contained only in �brane. At
least for the membrane, the M5-branes, and the (p, q)-string, the classical equivalence to the
standard brane theories has been checked in Refs. [34–36], and we use this here as the ungauged
action. We assume the existence of generalized Killing vector fields KI

I (I = 1, . . . , n) that form
a Lie algebra £̂KI KJ

I = − fIJ K KK
I , which corresponds to the gauge algebra f of the dressing

action. Then the brane action is invariant under the coordinate transformation δxi = εI ki
I (εI

a constant), and we consider promoting the global symmetry into the local symmetry δxi(σ ) =
εI (σ ) ki

I (x(σ )) by introducing the gauge fields AI (σ ). We explain a general strategy to construct
the gauged action and construct the gauged actions for various standard branes: the membrane,
the M5-brane, the (p, q)-string, and the D3-brane.

After finding the gauged brane actions, we consider eliminating the gauge fieldsAI . We gauge-
fix the n-dimensional gauge symmetry by setting n coordinates to be constant, and also elim-
inate the gauge fields AI . We then obtain the standard (ungauged) brane action on a (D −
n)-dimensional exceptional dressing coset. Concretely, we consider a (p, q)-string action and
obtain the metric and the 2-form potential fields, which play the role of the supergravity fields
on the exceptional dressing coset. We then find a certain issue on the obtained supergravity
fields. To avoid the issue, we propose an alternative way to construct the supergravity fields on
the exceptional dressing cosets, which extends Sfetsos’s approach [5] to the U-duality setup. This
allows us to determine all of the bosonic supergravity fields and makes it possible to discuss
the generalized U-duality at the level of supergravity equations of motion.

This paper is organized as follows. In Sect. 2 we review the standard dressing cosets and the
gauged string sigma model. In particular, we explain two equivalent descriptions of the gauged
sigma model to make it easy to study the generalization to brane theories. In Sect. 3 we review
the (ungauged) brane actions. In Sect. 4 we explain how to construct the gauge-invariant ac-
tions, and concretely construct various gauged brane actions in M-theory and type IIB theory.
In Sect. 5 we discuss the supergravity fields on the exceptional dressing cosets. For a (p, q)-
string, we find that the gauge fields AI can generally be eliminated, and the background fields
can be determined from the string action. We then discuss a subtle issue and propose an al-
ternative approach based on Sfetsos’s limit. As a demonstration of this approach, we discuss
non-Abelian T-duality of the 2-sphere in the U-duality setup. Section 6 is devoted to conclusion
and discussion.

2. Dressing cosets and the gauged string action
For a classical string on a dressing coset, the gauged sigma models have been studied in
Refs. [19,45] (see, e.g., Refs. [3,46,47] for earlier studies on similar sigma models which include
some projectors). In this section we review the gauged sigma model of Ref. [19] and stress that
there are two equivalent approaches to formulating this gauged sigma model.

Group-based approach The first approach describes the position of the string by using a
map σ 	→ l (σ ) ∈ D from the worldsheet �2 to an element of a 2D-dimensional Drinfel’d
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double D. We introduce gauge fields C(σ ) that are associated with right multiplications by
G̃. Accordingly, the sigma model describes string theory on the D-dimensional coset space
D/G̃. We also introduce gauge fields A(σ ) associated with left multiplications l (σ ) →
f (σ ) l (σ )( f ∈ F ) by an n-dimensional subgroup F of D. Then, the resulting gauged sigma
model corresponds to string theory on the dressing coset F\D/G̃.

Coordinate-based approach In the second approach, the position of the string is described
by the embedding function xm(σ ), which gives a map from �2 to the D-dimensional coset
space D/G̃. The group element l(σ ) defined in the first approach can be parameterized
as l (σ ) = eδa

mxm(σ ) Taeδm
a x̃m(σ ) T a

, where {Ta, T a} spans the Lie algebra d and {Ta} spans
g̃, which is the Lie algebra of G̃. One may then suspect that we also need to introduce
x̃m(σ ). However, in the gauged action, roughly speaking x̃m appears with the combina-
tion dx̃ + C(σ ) and we can rename the combination as Pm(σ ). Accordingly, in the second
approach we introduce independent auxiliary fields Pm(σ ) instead of considering x̃m and
C. To study the dressing cosets, we again introduce the gauge fields A(σ ) in the same way
as the first approach. A difference from the first approach is that (infinitesimal) left multi-
plications are expressed as coordinate transformations along a certain Killing vector field
xm(σ ) → xm(σ ) + εI (σ ) km

I (x(σ )). This transformation looks different from that of the
first approach, but is actually the same. The gauged action is indeed gauge invariant in
both approaches.

When we consider the exceptional dressing cosets, it is not easy to take the first approach
because it is not clear how to define the group-like extension of the EDA. Accordingly, we
explain here the second approach in more detail, and then study its extensions in Sect. 4.

2.1. Drinfel’d double
Here we briefly introduce some notation associated with the Drinfel’d double. The Lie algebra
of the 2D-dimensional Drinfel’d double is given by

[Ta, Tb] = fab
c Tc, [T a, T b] = fc

ab T c, [Ta, T b] = fa
bc Tc − fac

b T c, (2)

where a = 1, … , D. The two subalgebras generated by {Ta} and {Ta} are respectively denoted
as g and g̃, and both are maximally isotropic with respect to the symmetric bilinear form,

〈Ta, Tb〉 = 0 = 〈T a, T b〉, 〈Ta, T b〉 = δb
a. (3)

We shall denote the generators collectively as {TA} = {Ta, T a} (A = 1, … , 2D), and also denote
the algebra and the bilinear form as

[TA, TB] = FAB
C TC, 〈TA, TB〉 = ηAB, ηAB ≡

(
0 δb

a

δb
a 0

)
. (4)

2.2. Gauged string action in the first approach
Let us consider the gauged action [19]

S = 1
4πα′

∫
�2

(
1
2

〈P∧, ∗γ Ĥ(P )〉 + 〈ρ∧, l C l−1〉 − 〈P∧, A〉
)

− 1
4πα′

∫
B

1
3!

〈ρ∧, [ρ, ρ]〉, (5)

where Ĥ : d → d is a linear map satisfying Ĥ2 = 1 and 〈TA, Ĥ(TB)〉 = 〈Ĥ(TA), TB〉, and

ρ ≡ dl l−1, P ≡ ρ + l C l−1, P ≡ P + A, ∂B = �2. (6)

The gauge field C = CA TA takes values in g̃ and can be parameterized as (CA) = (0, Ca). The
gauge field A is defined to take values in an n-dimensional Lie algebra f that is an isotropic
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subalgebra of d. We denote the generators of f as

TI ≡ KI
A TA, [TI, TJ ] = fIJ K TK, 〈TI, TJ 〉 = 0, (7)

where I = 1, . . . , n and KI
A is constant. Then we expand the gauge field as A = AI TI .

We can show that the action in Eq. (5) has the following two gauge symmetries:

(i) Under right multiplication by an element of G̃, l (σ ) → l (σ ) h̃(σ ) (h̃ ∈ G̃), the right-
invariant 1-form ρ(σ ) is transformed as

ρ(σ ) → ρ(σ ) + l dh̃ h̃−1 l−1. (8)

The gauge fields C and A and the intrinsic metric γ are supposed to transform as

C(σ ) → h̃−1 C(σ ) h̃ − h̃−1 dh̃, A(σ ) → A(σ ), γ → γ . (9)

We then find that P(σ ) and P (σ ) are invariant under the right action. We can also find
that the combination ∫

�2

〈ρ∧, l C l−1〉 − 1
3!

∫
B
〈ρ∧, [ρ, ρ]〉 (10)

is invariant, and then the action in Eq. (5) is gauge invariant.
(ii) Let us denote the Lie group associated with f as F. Under left multiplication by an element

of F, l (σ ) → f (σ ) l (σ ) (f ∈ F), we find that the right-invariant 1-form transforms as

ρ → f ρ f −1 + df f −1. (11)

The gauge fields are supposed to transform as

C(σ ) → C(σ ), A(σ ) → f (σ )A(σ ) f −1(σ ) − df (σ ) f −1(σ ). (12)

Then we can easily see that the combination∫
�2

[〈ρ∧, l C l−1〉 − 〈P∧, A〉] − 1
3!

∫
B
〈ρ∧, [ρ, ρ]〉 (13)

is invariant under the transformation. The first term of the action is slightly non-trivial.
We find that P transforms as

P → f P f −1 or PA = (Ad f )B
A PB, (14)

and then the action is invariant if the matrix ĤAB ≡ 〈TA, Ĥ(TB)〉 satisfies

ĤAB = (Ad f )A
C (Ad f )B

D ĤCD (15)

for arbitrary f ∈ F and the intrinsic metric γ is invariant. For an infinitesimal gauge trans-
formation f (σ ) = 1 + εI (σ ) TI , the condition in Eq. (15) reads

KI
C (

FCA
D ĤDB + FCB

D ĤAD
) = 0. (16)

2.3. Gauged string action in the second approach
To consider the second approach, we begin by rewriting the action in Eq. (5). We then explain
how to realize the gauge invariance in this approach.

2.3.1. Rewriting the action. Assuming that an arbitrary element l ∈ D can be factorized as
l = g g̃(g ∈ G, g̃ ∈ G̃), we decompose the right-invariant 1-form field ρ = dl l−1 as

ρ ≡ ρA TA = dl l−1 = r + g r̃ g−1, (17)
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where we have defined

r ≡ ra Ta ≡ dg g−1, r̃ ≡ r̃a T a ≡ dg̃ g̃−1. (18)

We denote the adjoint action as g TA g−1 ≡ (Adg)A
B TB, and then the matrix Adg generally takes

the form

(Adg)A
B =

(
(a−1)a

b 0
ac

a π cb ab
a

)
, (19)

where ab
a is invertible and πab = −πba. Using this parameterization, we can express the right-

invariant 1-form and the gauge field l C l−1 as

ρA =
(

ra − πac ac
b r̃b

aa
b r̃b

)
, (l C l−1)A =

(
−πab Cb

Ca

)
. (20)

We introduce the local coordinates on G and G̃ as g = eδa
mxmTa and g̃ = eδm

a x̃mT a
, respectively, and

then we have

ra = ra
m(x) dxm, r̃a = r̃m

a (x̃) dx̃m. (21)

We also introduce a matrix

EM
A(x) ≡

(
ra

m 0
−πab em

b em
a

)
, (22)

where em
a is the inverse of ra

m. By using this matrix, ρA and (l C l−1)A can be rewritten as

ρA = EM
A(x)

(
dxm

�a
m r̃a

)
, CA = EM

A(x)

(
0

�a
m(x) Ca

)
, (23)

where � ≡ �a
m Ta dxm ≡ g−1 dg and we have used em

a �b
m = aa

b. Then, P ≡ PA TA = ρ + l C l−1,
which is defined in Eq. (6), can be expressed as

PA(σ ) = EM
A(

x(σ )
)

PM (σ ), PM (σ ) ≡
(

dxm(σ )
Pm(σ )

)
, (24)

where Pm ≡ �a
m (Ca + r̃a). We denote the inverse matrix of EM

A as EA
M, and PM can be ex-

pressed as PM = EA
M PA. Making a similar definition for P ≡ PA TA, we have

PM (σ ) ≡ PM (σ ) + AM (σ ), AM (σ ) ≡ KI
M (x(σ ))AI (σ ), (25)

where KI
M (x) ≡ KI

A EA
M (x) are the generalized Killing vector fields that generate the gauge

algebra f. Using the parameterization (KI
M ) = (km

I , k̃Im), we can express PM as

PM =
(
Dxm

Pm

)
, Dxm ≡ dxm + km

I AI, Pm ≡ Pm + k̃Im AI . (26)

Further, using the identity∫
�2

〈ρ∧, l C l−1〉 − 1
3!

∫
B
〈ρ∧, [ρ, ρ]〉 =

∫
�2

dxm ∧ Pm, (27)

we can rewrite the gauged action in Eq. (5) as

S = 1
4πα′

∫
�2

[
1
2
HMN

(
xm(σ )

)
PM ∧ ∗γPN − ηMN PM ∧ AN + dxm ∧ Pm

]
, (28)

where HMN ≡ EM
A EN

B ĤAB and ηMN ≡
( 0 δn

m

δn
m 0

)
.
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2.3.2. Gauge symmetry. Under the right multiplication l (σ ) → l (σ ) h̃(σ )(h̃ ∈ G̃), g = eδa
mxmTa

and g̃ = eδm
a x̃mT a

appearing in the decomposition l = g g̃ are transformed as

g′ = g
(⇔ eδa

mx′mTa = eδa
mxmTa

)
, g̃′ = g̃ h̃

(⇔ eδm
a x̃′

mT a = eδm
a x̃mT a

h̃
)
. (29)

Namely, xm(σ ) are invariant but x̃m(σ ) are transformed. By recalling that P(σ ) = ρ + l C l−1 is
invariant under right multiplication, it is clear that the variation of x̃m (or r̃a) and that of C (or
Ca) are canceled out, and their combination Pm = �a

m (Ca + r̃a) is invariant. The gauge field AI

is also invariant, and then each term of the action in Eq. (28) is manifestly invariant.
The gauge symmetry associated with the left multiplication by F is more non-trivial. To ex-

plain, let us consider some details of left multiplication. As noted in Ref. [19], an infinitesimal
left multiplication by a constant element (1 + εI TI ) ∈ F corresponds to the generalized dif-
feomorphism along the generalized vector field εI KI

M . Under the condition in Eq. (16), this
generalized vector field satisfies the generalized Killing equations εI £̂KIHMN = 0. The general-
ized metric HMN contains the metric and the B-field as

HMN =
(

gmn − Bmp gpq Bqn Bmp gpn

−gmp Bpn gmn

)
, (30)

and in terms of these fields, the generalized Killing equations read

£kI gmn = 0, £kI B2 + dk̃(1)
I = 0, (31)

where k̃(1)
I ≡ k̃Im dxm. The generalized Killing vector fields satisfy the algebra [19]

£̂KI KJ
I = − fIJ K KK

I , (32)

and if we define k̂Im through the relation

k̃Im = k̂Im + Bmn kn
I , (33)

the algebra can be expressed as

£kI km
J = − fIJ K km

K , £kI k̂(1)
J = − fIJ K k̂(1)

K . (34)

Now let us consider the gauge variation of the action in Eq. (28). Here we allow the parameter
εI to depend on the worldsheet coordinates, and consider an infinitesimal diffeomorphism

δxm(σ ) = εI (σ ) km
I (x(σ )). (35)

We also transform the gauge field A as

δAI = fJK
I εJ AK − dεI, (36)

which is the same as the transformation rule in the first approach. The non-trivial point is the
transformation rule of Pm(σ ). Here we redefine this as P̂m(σ ) through the relation

Pm = P̂m + Bmn dxn, (37)

and treat P̂m(σ ) as the fundamental variable. We then assume the transformation rule

δP̂m = −εI ∂mkn
I P̂n + dεI k̂Im. (38)

Combining Eqs. (35)–(38), we can compute the variation of each term of the action. Any func-
tions f(x) of xm are transformed as δ f = εI (σ ) kp

I ∂p f (x), and then, for example, we find

δPm = δP̂m + εI kp
I ∂pBmn dxn + dεI Bmn kn

I + Bmp εI ∂nkp
I dxn

= −εI ∂mkn
I Pn + dεI k̃Im − 2 εI ∂[m k̃|I|n] dxn,

δPm = εI ∂nkm
I Pn, δPm = −εI ∂mkn

I Pn − 2 εI ∂[m k̃|I|n] Pn. (39)
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Then, the variation of the first term of the action is invariant:

δ
(
HMN PM ∧ ∗γPN) = εI (£̂KIH)MN PM ∧ ∗γPN = 0. (40)

We can also find that

δ(−ηMN PM ∧ AN + dxm ∧ Pm
) = d

(−2 εI k̃(1)
I

)
. (41)

Then the action in Eq. (28) is invariant under the gauge transformation up to the total derivative
that corresponds to the B-field gauge transformation.

To consider the case where the worldsheet has boundaries, we introduce an additional 1-form
gauge field A1(σ ) and add a total-derivative term − 1

2πα′
∫
�2

dA1 to the action. Then, supposing
that A1 transforms as

δA1 = −εI k̃(1)
I , (42)

we can show that the resulting action is exactly invariant under the gauge transformation. If
we denote the field strength of the gauge field as F2 ≡ dA1 and define a matrix ω(F) as

ω
(F )
MN ≡

(
2 Fmn −δn

m

δm
n 0

)
, (43)

the modified action can be expressed as

S = 1
8πα′

∫
�2

(
HMN PM ∧ ∗γPN − ω

(F )
MN PM ∧ PN + 2 ηMN AM ∧ PN)

. (44)

If we truncate the gauge field AI , this is precisely the action of the Born sigma model,

S = 1
8πα′

∫
�2

(
HMN PM ∧ ∗γ PN − ωF

MN PM ∧ PN)
, (45)

which was studied in Refs. [36,48]. In this sense, the action in Eq. (44) can be regarded as a
gauged Born sigma model. In the following sections we study extensions of the gauged Born
sigma model for various branes in M-theory and type IIB theory.

3. Ungauged brane actions in M-theory/type IIB theory
The Born sigma model in Eq. (45) can be naturally generalized to various branes in M-theory
and type IIB theory [36]. In this section we briefly review such generalizations; we use the
multiple-index notation, which is reviewed in Appendix A.

The generalized Born sigma model for a p-brane takes the form [36]

S = 1
2 (p + 1)

∫
�p+1

eλMIJ (x) PI ∧ ∗γ PJ +
∫

�p+1

�brane, (46)

where

�brane ≡ − 1
2 (p + 1)

ω
(F )
IJ;K PI ∧ PJ ∧ qK

(brane). (47)

Let us explain the definition of each symbol, one by one.

� The scalar field λ(σ ) is an auxiliary field that determines the tension of the brane when we
consider a (p, q)-string in type IIB theory. When the dimensions of the worldvolume are
different from two, λ can be absorbed to the intrinsic metric γ and can be ignored.

� The matrix MIJ (x) ∈ En(n) is the generalized metric (with unit determinant) in the En(n)

ExFT. This contains an overall determinant factor, but this factor can be absorbed into the
auxiliary field λ(σ ) and can be ignored. When we consider a brane in M-theory (type IIB
theory), we assume that the generalized metric depends on n (n − 1) coordinates xi (xm)
(i = 1, . . . , n, m = 1, . . . , n − 1). For later convenience we denote the coordinates as xi
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(i = 1, . . . , D, with D = n in M-theory and D = n − 1 in type IIB theory). In both theories
the generalized metric can be decomposed as

MIJ = (LT Ĝ L)IJ, (48)

where ĜIJ is a block-diagonal matrix and a lower-triangular matrix LI
J (see Appendix B

for the details). The matrix ĜIJ contains the metric and scalar fields in each theory, while
LI

J contains p-form (or, more generally, mixed-symmetry) gauge potentials.
We call the matrix LI

J a twist matrix and, accordingly, we call ĜIJ the untwisted metric.
We consider that an arbitrary generalized tensor field is twisted by the same twist matrix
and, for example, for a given generalized vector field VI(x), we define the untwisted vector
field V̂ I (x) as

V I (x) = (L−1)I
J (x) V̂ J (x), V̂ I (x) = LI

J (x) V̂ J (x). (49)

We note that the untwisted fields are very useful in our discussion.
� The 1-form fields PI take the following form in each theory:

PI =

⎛
⎜⎜⎜⎜⎝

dxi

Pi2

Pi5
...

⎞
⎟⎟⎟⎟⎠ (M-theory), PI =

⎛
⎜⎜⎜⎜⎜⎜⎝

dxm

Pα
m

Pm3

Pα
m5
...

⎞
⎟⎟⎟⎟⎟⎟⎠

(type IIB theory). (50)

The scalar fields xi correspond to the embedding function, and the other 1-form fields P···
···

are auxiliary fields.
� The matrix ω

(F )
IJ;K is defined as

ω
(F )
IJ;K ≡ (LT)I

K ω
(0)
KL;L L

L
J LL

K (51)

by using some constant matrices ω
(0)
IJ;K. In M-theory, some of them (which are associated

with M2 and M5) take the form

ω
(0)
k =

⎛
⎜⎜⎜⎜⎝

0 −δ
j2
ik 0

δ
i2
jk 0 0 · · ·
0 0 0

...
. . .

⎞
⎟⎟⎟⎟⎠, ω

(0)
k4

=

⎛
⎜⎜⎜⎜⎝

0 0 −δ
j5
ik4

0 −δ
i2 j2
k4

0 · · ·
δ

i5
jk4

0 0
...

. . .

⎞
⎟⎟⎟⎟⎠, · · ·(52)

In type IIB theory, some of them (which are associated with strings, D3, 5-branes) are

ω(0)γ ≡

⎛
⎜⎜⎜⎜⎜⎜⎝

0 −δ
γ

β δn
m 0 0

δ
γ
α δm

n 0 0 0 · · ·
0 0 0 0
0 0 0 0

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

, ω(0)
p2

≡

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 −δn3
mp2

0
0 −εαβ δnm

p2
0 0 · · ·

δm3
np2

0 0 0
0 0 0 0

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(53)
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ω(0)γ
p4

≡

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 −δ
γ

β δn5
p4m

0 0 −δ
γ
α δmn3

p4
0 · · ·

0 −δ
γ

β δnm3
p4

0 0
δ

γ
α δm5

p4n 0 0 0
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

, · · · (54)

The matrix LI
J ∈ En(n) contains the field strengths of the worldvolume gauge fields Fp + 1

= dAp that extend F2 appearing in the string action in Eq. (44), and LI
J is the same matrix

in a different representation of En(n) (see Appendix B for the details).
� The brane charges qI

(brane) are defined as

qI
(brane) = (L−1)J I q̂J

(brane), (55)

where q̂I
(brane) for M-theory branes are given by

q̂I
(M2) ≡ μ2

2

⎛
⎜⎜⎜⎜⎝

dxi

0
0
...

⎞
⎟⎟⎟⎟⎠, q̂I

(M5) ≡ μ5

5

⎛
⎜⎜⎜⎜⎝

0
dxi4

0
...

⎞
⎟⎟⎟⎟⎠, · · · , (56)

and those for type IIB branes are given by

q̂I
(p,q)-1 ≡ μ1

⎛
⎜⎜⎜⎜⎜⎜⎝

qα

0
0
0
...

⎞
⎟⎟⎟⎟⎟⎟⎠

, q̂I
(D3) ≡ μ3

3

⎛
⎜⎜⎜⎜⎜⎜⎝

0
dxm2

0
0
...

⎞
⎟⎟⎟⎟⎟⎟⎠

, q̂I
(p,q)-5 ≡ μ5

5

⎛
⎜⎜⎜⎜⎜⎜⎝

0
0

qα dxm4

0
...

⎞
⎟⎟⎟⎟⎟⎟⎠

, · · · (57)

Here, μp is a constant that corresponds to the tension (or charge) of the brane. The con-
stants qα (α = 1, 2) transform as an SL(2)S-duality doublet; qα = (1, 0) corresponds to the
F-string or the NS5-brane, while qα = (0, 1) corresponds to the D-string or the D5-brane.

To find the explicit form of �brane, it is useful to define

ω
(0)
IJ ≡ ω

(0)
IJ;K q̂K

(brane), ω
(F )
IJ ≡ (LTω(0)L)IJ, (58)

and compute

�brane = − 1
2 (p + 1)

ω
(F )
IJ ∧ PI ∧ PJ . (59)

Then, in M-theory, we find

�(M2) = −μ2
3 Pi2 ∧ dxi2 − μ2 F3, (60)

�(M5) = −μ5
6

(
Pi5 ∧ dxi5 − Pi2 ∧ dxi2 ∧ F3

) − μ5 F6. (61)

In type IIB theory, we find

�(p,q)-1 = −μ1
2 qα Pα

m ∧ dxm − μ1 qα F α
2 , (62)

�(D3) = −μ3
4

(
Pm3 ∧ dxm3 − εαβ Pα

m ∧ dxm ∧ F β

2

) − μ3 F4, (63)
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�(p,q)-5 = −μ5
6 qα

(
Pα

m5
∧ dxm5 − Pm3 ∧ dxm3 ∧ F α

2 + Pα
m ∧ dxm ∧ F4

+ 1
2 εγ δ Pγ

m ∧ dxm ∧ F δ
2 ∧ F α

2

) − μ5 qα

(
F α

6 − 2
3 F4 ∧ F α

2

)
. (64)

Let us define the untwisted fields P̂I as

P̂I ≡ LI
J PJ . (65)

In M-theory, we have

Pi = P̂i = dxi, Pi2 = P̂i2 − Ci2 j dx j,

Pi5 = P̂i5 + C[i3 P̂i2] +
(
Ci5 j − 1

2 C[i3 Ai2] j
)

dxj, (66)

where C3 and C6 are the standard 3- and 6-form potentials in 11-dimensional supergravity. In
type IIB theory, we have

Pm = P̂m = dxm, Pα
m = P̂α

m + Bα
mn dxn,

Pm3 = P̂m3 − εγ δ Bγ

[m2
P̂δ

m1] +
(
Bm3n + 1

2 εγ δ Bγ

[m2
Bδ

m1]n

)
dxn,

Pα
m5

= P̂α
m5

+ Bα
[m2

P̂m3] − B[m4 P̂α
m1] − 1

2 εγ δ Bα
[m2

Bγ
m2

P̂δ
m1]

+ (
Bα

m5n − B[m4 Bα
m1]n − 1

3! εγ δ Bα
[m2

Bγ
m2

Bδ
m1]n

)
dxn,

where Bα
2 , B4, and Bα

6 are S-duality-covariant potential fields in type IIB supergravity.
By using the untwisted fields, in M-theory, the kinetic term is simplified as

MIJ PI ∧ ∗γ PJ = gi j P̂i ∧ ∗γ P̂ j + gi2 j2 P̂i2 ∧ ∗γ P̂j2 + gi5 j5 P̂i5 ∧ ∗γ P̂j5 + · · · (67)

In type IIB theory, we have

MIJ PI ∧ ∗γ PJ = gmn P̂m ∧ ∗γ P̂n + mαβ gmn P̂α
m ∧ ∗γ P̂β

n

+ gm3n3 P̂m3 ∧ ∗γ P̂m3 + mαβ gm5n5 P̂α
m5

∧ ∗γ P̂β
n5

+ · · ·
When n ≤ 8 there are only finite terms, but when n ≥ 9 there is an infinite number of terms.

We can also rewrite �brane as follows by using the untwisted fields:

�(M2) = −μ2
3 P̂i2 ∧ dxi2 + LWZ

(M2), (68)

�(M5) = −μ5
6

[
P̂i5 ∧ dxi5 + P̂i2 ∧ dxi2 ∧ (A3 − F3)

] + LWZ
(M5), (69)

...

�(p,q)-1 = −μ1
2 qα P̂α

m ∧ dxm + LWZ
(p,q)-1, (70)

�(D3) = −μ3
4

[
P̂m3 ∧ dxm3 + εαβ P̂α

m ∧ dxm ∧
(

Bβ

2 − F β

2

)] + LWZ
(D3), (71)

�(p,q)-5 = −μ5
6 qα

[
P̂α

m5
∧ dxm5 + P̂m3 ∧ dxm3 ∧ (

Bα
2 − F α

2

) − P̂α
m ∧ dxm ∧ (B4 − F4)

+ 1
2 εγ δ P̂γ

m ∧ dxm ∧ (
Bδ

2 ∧ Bα
2 − 2 Bδ

2 ∧ F α
2 + F δ

2 ∧ F α
2

)] + LWZ
(p,q)-5,

..., (72)
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where LWZ
brane denotes the Wess–Zumino (WZ) term,

LWZ
(M2) ≡ μ2 (A3 − F3), LWZ

(M5) ≡ μ5
(
A6 − 1

2 A3 ∧ F3 − F6
)
,

LWZ
(p,q)-1 ≡ μ1 qα

(
Bα

2 − F α
2

)
, LWZ

(D3) ≡ μ3
(
B4 − 1

2 εαβ Bα
2 ∧ F β

2 − F4
)
,

LWZ
(p,q)-5 ≡ μ5 qα

[
Bα

6 − F α
6 − (B4 − F4) ∧ ( 1

3 Bα
2 + 2

3 F α
2

) + 1
6 εγ δ Bγ

2 ∧ F δ
2 ∧ F α

2

]
. (73)

Using these expressions, we can easily write down the brane action for each brane.
In summary, the action can be expressed schematically as

S =
∫

�p+1

[
1

2 (p + 1)
eλMIJ (x) PI ∧ ∗γ PJ − μp

p + 1
P̂ip ∧ dxip + · · ·

]
+ SWZ. (74)

The kinetic term MIJ (x) PI ∧ ∗γ PJ contains an infinite number of terms if n is greater than 8
(recall Eqs. (67) and (68)). However, when we consider a p-brane, the auxiliary fields P̂···

··· with
the number of curved indices greater than p appear only from the kinetic term. Then, they
always have simple quadratic forms, such as giqjq P̂iq ∧ ∗γ P̂jq , and can be eliminated under the
equations of motion for the auxiliary fields. We thus argue that n can be extended to n = 11
when we consider standard branes, such as the M2-brane or M5-brane, as well as the standard
type IIB branes. In ExFT, we need to decompose the 11- or 10-dimensional spacetime into
the external space and the internal space, and our coordinates xi correspond to those of the
internal space. The reason we do not consider the external space is because we expect that n
can be extended to n = 11, where the external space vanishes.

We note that, after eliminating all of the auxiliary fields λ, γ , and P···
··· , the first term of the

action in Eq. (74),
∫
�p+1

[· · · ], reproduces the kinetic term of the Nambu–Goto type. Then, SWZ

exactly corresponds to the WZ term. Indeed, for a membrane, the M5-brane, and the (p, q)-
string, the WZ terms given in Eq. (73) are the standard ones. However, for the D3-brane, our
WZ term looks different from the standard one. Our WZ term rather corresponds to that of the
S-duality-covariant formulation of D3-brane worldvolume theory (see, for example, Ref. [49,
Eq. (6.20)]). The WZ term of the (p, q)-5-brane also seems different from the standard one, but
we expect that our theory is equivalent to the standard one. In our approach, for each potential
Cp in supergravity there is the corresponding field strength Fp of the worldvolume gauge fields.
This is because both the potentials and the field strengths are associated with certain generators
of the exceptional algebra en(n) (see Appendix B). In Sect. 4 we see that this U-duality covariance
helps us to construct the gauged actions.

4. Gauged brane actions
In this section we construct gauged brane actions that describe the dynamics of branes on the
exceptional dressing cosets.

4.1. Exceptional dressing cosets
The brane sigma model reviewed in the previous section describes the dynamics of a certain
brane in a curved background with the supergravity fields MIJ (xi). When we discuss the gener-
alized U-duality, we construct MIJ by using the inverse of the generalized frame fields EA

I (xi)
associated with EDA and a constant matrix M̂AB ∈ En(n) as [6,7]

MIJ (x) ∝ EI
A(x) EJ

B(x)M̂AB. (75)

Then the target space is a D-dimensional background M that is a U-dual version of the PL
T-dualizable background M = D/G̃. By construction, supergravity fields depend only on the
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coordinates xi on the Lie group G, and the target space M can be identified with G. To construct
the exceptional dressing cosets, we assume that this background M admits n generalized Killing
vector fields KI

I ≡ KI
A EA

I (I = 1, . . . , n, KI
A constants),

£̂KIMIJ = 0, (76)

where KI are supposed to form an algebra f,

£̂KI KJ
I = − fIJ K KK

I . (77)

We also assume that f is isotropic (which ensures that f is a Lie algebra), and define the dressing
action as generalized diffeomorphisms along these isometry directions. An infinitesimal dress-
ing action on M is generated by εI £̂KI (εI constants). Then, in the sigma model we promote this
global symmetry into the local gauge symmetry, and the dressing action is gauged. As a result
of this gauging the target space is reduced to the coset F\M � F\G, which is the exceptional
dressing coset.

Note that if we define TI ≡ KI
A TA then they form a Lie subalgebra f: [TI, TJ ] = fIJ K TK. In

particular, if f is a subalgebra of g, the dressing action is generated by the right-invariant vector
fields em

I on M � G and the exceptional dressing coset reduces to the usual coset F\G.

4.2. Our conventions
Before going into the details, let us explain our conventions on supergravity fields. In ExFT,
the generalized Lie derivative generates the usual Lie derivative and the gauge transformations
of various potential fields. In the M-theory section, if we parameterize the diffeomorphism
parameters as (V I ) = (vi, ṽi2, ṽi5, . . .), the variation of supergravity fields are given by

δgi j = £vgi j, δC3 = £vC3 + dṽ2, δC6 = £vC6 + dṽ5 + 1
2 C3 ∧ dṽ2, · · · (78)

In the type IIB section, using a parameterization (V I ) = (vm, ṽα
m, ṽm3, ṽα

m5
, . . .), we have

δgmn = £vgmn, δmαβ = £vmαβ, δBα
2 = £vBα

2 + dṽα
1 ,

δB4 = £vB4 + dṽ3 + 1
2 εγ δ Bγ

2 ∧ dṽδ
1,

δBα
6 = £vBα

6 + dṽα
5 + B4 ∧ dṽα

1 + 1
3! εγ δ Bα

2 ∧ Bγ

2 ∧ dṽδ
1, (79)

where gmn is the Einstein-frame metric, and mαβ contains the dilaton and the Ramond–Ramond
0-form potential. Then, for example in M-theory, if we parameterize the generalized Killing
vector fields as (KI

I ) = (ki
I, k̃Ii2, k̃Ii5, . . .), the generalized Killing equations can be expressed

as

£kI gi j = 0, £kIC3 + dk̃(2)
I = 0, £kIC6 + dk̃(5)

I + 1
2 C3 ∧ dk̃(2)

I = 0, · · · , (80)

where k̂(p)
I ≡ k̂Iip dxip.

For convenience, we define the untwisted vector fields K̂I
I as

KI
I = (L−1)I

J K̂I
J . (81)

In M-theory/type IIB theory, they are parameterized as

K̂I
I ≡

⎛
⎜⎜⎜⎜⎝

ki
I

k̂Ii2

k̂Ii5
...

⎞
⎟⎟⎟⎟⎠, K̂I

I ≡

⎛
⎜⎜⎜⎜⎜⎜⎝

km
I

k̂α
Im

k̂Im3

k̂α
Im5
...

⎞
⎟⎟⎟⎟⎟⎟⎠

. (82)
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In terms of these untwisted fields, the algebra £̂KI KJ
I = − fIJ K KK

I can be simplified as

£kI ki
J = − fIJ K ki

K, £kI k̂(p)
J = − fIJ K k̂(p)

K , £kI k̂α(p)
J = − fIJ K k̂α(p)

K . (83)

By using the explicit form of the matrix L−1 ≡ (L−1)I
J in M-theory,

L−1 =

⎛
⎜⎜⎜⎜⎝

δi
j 0 0

−Ci2 j δ
j2
i2 0 · · ·

Ci5 j − 1
2! C[i3 Ci2] j δ

j2k3
i5 Ck3 δ

j5
i5

...
. . .

⎞
⎟⎟⎟⎟⎠, (84)

and in type IIB theory,

L−1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

δm
n 0 0 0

Bα
mn δα

β δn
m 0 0 . . .

Bm3n − 1
2 εγ δBγ

[m2
Bδ

m1]n εβγ Bγ

[m2
δn

m1] δn3
m3

0
Bα

m5n − B[m4 Bα
m1]n − 1

3! εγ δBα
[m2

Bγ
m2 Bδ

m1]n −δα
β δn

[m1
Bm4] + 1

2 εβγ δn
[m1

Bα
m2

Bγ

m2] Bα
[m2

δ
n3
m3] δα

β δn5
m5

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(85)

we can parameterize the generalized Killing vector fields in M-theory as

KI
I ≡

⎛
⎜⎜⎜⎜⎝

ki
I

k̂Ii2 − Ci2 jk
j
I

k̂Ii5 + C[i3 k̂|I|i2] + (Ci5 j − 1
2 C[i3Ci2] j )k

j
I

...

⎞
⎟⎟⎟⎟⎠, (86)

and in type IIB theory as

KI
I ≡

⎛
⎜⎜⎜⎜⎜⎜⎝

km
I

k̂α
Im + Bα

mnkn
I

k̂Im3 − εγ δBγ

[m2
k̂δ

|I|m1] + (Bm3n − 1
2 εγ δBγ

[m2
Bδ

m1]n)kn
I

k̂α
Im5

+ Bα
[m2

k̂|I|m3] − B[m4 k̂α
|I|m1] − 1

2 εγ δBα
[m2

Bγ
m2 k̂δ

|I|m1] + (Bα
m5n − B[m4 Bα

m1]n − 1
3! εγ δBα

[m2
Bγ

m2 Bδ
m1]n)kn

I

...

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(87)

The gauge algebra f has been assumed to be isotropic, which can be expressed as

KI
A KJ

B ηAB;I = 0, · · · , (88)

where ηAB;I is the so-called η-symbol that defines the section condition in ExFT, and the el-
lipses become important only when we consider exotic branes. In M-theory, this condition is
equivalent to

0 = ιI k̂(2)
J + ιJ k̂(2)

I , (89)

0 = ιI k̂(5)
J + k̂(2)

I ∧ k̂(2)
J + ιJ k̂(5)

I , · · · , (90)

where ιI ≡ ιkI . In type IIB theory this is equivalent to

0 = ιI k̂α(1)
J + ιJ k̂α(1)

I , (91)

0 = ιI k̂(3)
J + ιJ k̂(3)

I − εαβ k̂α(1)
I ∧ k̂β(1)

J , (92)

0 = ιI k̂α(5)
J + k̂α(1)

I ∧ k̂(3)
J + k̂α(1)

J ∧ k̂(3)
I + ιJ k̂α(5)

I , · · · (93)
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We note that these isotropy conditions are very important when we construct the gauge-
invariant WZ terms in our gauged brane actions.

4.3. Gauge transformations
To construct the gauged action, we define here the gauge transformation of various fields on
the worldvolume and construct several gauge-invariant combinations.

We suppose that the coordinates xi and the gauge fields AI transform as

δxi = εI ki
I, δAI = −dεI + fJK

I εJ AK. (94)

They are natural generalizations of Eqs. (35) and (36). If we define Dxi ≡ dxi + AI ki
I , we can

easily find that

δDxi = εI ∂jki
I Dxj. (95)

In addition, we need to assume transformations of the auxiliary fields P̂···
··· similar to the one

given in Eq. (38). In the M-theory case, we suppose

δP̂i2 = −εI δkl
i2 ∂kk j

I P̂jl + dεI k̂Ii2, (96)

δP̂i5 = −εI δ
kl4
i5 ∂kk j

I P̂α
jl4 + dεI k̂α

Ii5, · · · , (97)

while in the type IIB case, we suppose

δP̂α
m = −εI ∂mkn

I P̂α
n + dεI k̂α

Im, (98)

δP̂m3 = −εI δpq2
m3

∂pkn
I P̂nq2 + dεI k̂Im3, (99)

δP̂α
m5

= −εI δpq4
m5

∂pkn
I P̂α

nq4
+ dεI k̂α

Im5
, · · · (100)

In both cases, these can be neatly summarized as (see Appendix B for the definition of K̃ i
j)

δP̂I = −εI ∂ikj
I (K̃ i

j)I
J P̂J + dεI K̂I

I . (101)

We assume that the scalar field λ(σ ) and the intrinsic metric on the worldvolume, which defines
∗γ , are invariant under the gauge transformation.

In the sigma model, we regard K̂I
I (x(σ )) as functions, which transform as

δK̂I
I (x) = εI ki

I ∂iK̂I
I (x). (102)

Then, we find that

P̂ I ≡ P̂I + K̂I
I AI (103)

transforms as

δP̂ I = −εI ∂ikj
I (K̃ i

j)I
J P̂

J
, (104)

where we have used

ki
I ∂iK̂J

I + ∂ikj
I (K̃ i

j)I
J K̂J

J = − fIJ K K̂K
I . (105)

The generalized metric MIJ can be decomposed as Eq. (48), and the untwisted metric ĜIJ

contains only the metric (or scalar fields) which are invariant under the gauge transformations
of p-form potentials. Namely, the generalized Killing equations give

kk
I ∂kĜIJ − ∂kkl

I

[
(K̃k

l)T Ĝ + Ĝ K̃k
l
]

IJ = 0. (106)

Using this, the variation of the untwisted metric under the gauge transformation becomes

δĜIJ = εI kk
I ∂kĜIJ = ∂kkl

I

[
(K̃k

l)T Ĝ + Ĝ K̃k
l
]

IJ . (107)
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Combining this with Eq. (104), we can easily see that the combination

ĜIJ P̂
I ∧ ∗γ P̂

J = MIJ P I ∧ ∗γPJ (
P I ≡ (L−1)I

J P̂
J ≡ PI + KI

IAI
)

(108)

is gauge invariant. We thus use MIJ (x)P I ∧ ∗γPJ as the kinetic term of our gauged action.
In addition, Eq. (104) indicates that, if we contract the curved indices of an arbitrary com-

ponent of P̂ I
with Dxi, we can construct a gauge-invariant combination. For example, in M-

theory,

P̂1+2 ≡ P̂ i2 ∧ Dxi2, P̂1+5 ≡ P̂ i5 ∧ Dxi5, · · · (109)

are invariant. In type IIB theory,

P̂α

1+1 ≡ P̂α

m ∧ Dxm, P̂1+3 ≡ P̂m3 ∧ Dxm3, P̂α

1+5 ≡ P̂α

m5
∧ Dxm5, · · · (110)

are invariant. In �brane, the auxiliary fields P̂···
··· always appear with a combination such as P̂i2 ∧

dxi2 , and thus, when we construct the gauged action, we replace these combinations with the
above gauge-invariant combinations.

To construct the gauge-invariant actions, we further need to find some gauge-invariant com-
binations that only involve the supergravity potentials, the worldvolume gauge fields, the gen-
eralized Killing vector fields KI

I , and the gauge fields AI . Unfortunately, we cannot find a sys-
tematic way of finding such combinations, and we find these on a case-by-case basis. It turns
out that the gauge transformation rules for the worldvolume gauge fields can be determined
successively from lower-order ones.

4.4. Gauged membrane action
Let us begin by considering the membrane action. Before the gauging, the Lagrangian for the
membrane theory is given by

L(M2) = − 1
6 MIJ PI ∧ ∗γ PJ − μ2

3 P̂i2 ∧ dxi2 + μ2
(
C3 − F2

)
, (111)

where we have absorbed the scalar field λ into the intrinsic metric γ . The first two terms can be
replaced by the gauge-invariant combinations

L̂0 ≡ − 1
6 MIJ P I ∧ ∗γPJ − μ2

3 P̂1+2. (112)

The non-trivial part is the WZ term. Since Ci3 transforms as a function,

δCi3 = εI k j
I ∂ jCi3, (113)

by using the generalized Killing equation in Eq. (78) and δdxi = εI ∂ jki
I dxj + dεI ki

I , we find

δC3 = −εI dk̃(2)
I + dεI ∧ ιIC3. (114)

Then, by requiring

δA2 = −εI k̃(2)
I , (115)

the variation of the WZ term is simplified as

δ(C3 − F3) = dεI ∧ k̂(2)
I . (116)

To compensate for this variation, we take an approach similar to Refs. [50,51]. We can show the
identities

δ
(
AI ∧ k̂(2)

I

) = −dεI ∧ k̂(2)
I + AI1 ∧ dεI2 ∧ ιI2 k̂

(2)
I1

,

δ
( 1

2 A
I1I2 ∧ ιI2 k̂

(2)
I1

) = −AI1 ∧ dεI2 ∧ ι[I2 k̂
(2)
I1] + 1

2 A
I1I2 ∧ dεI3 ∧ ιI3I2 k̂

(2)
I1

,

δ
( 1

3! A
I1I2I3 ∧ ιI3I2 k̂

(2)
I1

) = − 1
2 A

I1I2 ∧ dεI3 ∧ ι[I3I2 k̂
(2)
I1] , (117)
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and by using Eq. (89), we find

δ
(
AI ∧ k̂(2)

I + 1
2 A

I1I2 ∧ ιI2 k̂
(2)
I1

+ 1
3! A

I1I2I3 ∧ ιI3I2 k̂
(2)
I1

) = −dεI ∧ k̂(2)
I . (118)

Then, the gauge-invariant extension of the WZ term is

L̂WZ
(M2) = μ2

(
C3 − F3 + AI ∧ k̂(2)

I + 1
2 A

I1I2 ∧ ιI2 k̂
(2)
I1

+ 1
3! A

I1I2I3 ∧ ιI3I2 k̂
(2)
I1

)
. (119)

Considering the sum L̂(M2) ≡ L̂0 + L̂WZ
(M2), we obtain the gauged membrane action

Ŝ(M2) = −
∫

�3

( 1
6 MIJ P I ∧ ∗γPJ + μ2

3 P̂1+2
) +

∫
�3

L̂WZ
(M2) (120)

= −
∫

�3

( 1
6 MIJ P I ∧ ∗γPJ + μ2

3 P i2 ∧ Dxi2
) − μ2

∫
�3

F3

+ μ2

∫
�3

(
AI ∧ k̃(2)

I + 1
2! A

I1I2 ∧ ιI2 k̃
(2)
I1

+ 1
3! A

I1I2I3 ιI3 ιI2 k̃
(2)
I1

)
. (121)

4.5. Gauged M5-brane action
Before the gauging, the Lagrangian for an M5-brane is

L(M5) = 1
12 MIJ PI ∧ ∗γ PJ − μ5

6

[
P̂i5 ∧ dxi5 + P̂i2 ∧ Dxi2 ∧ (

C3 − F3
)] + LWZ

(M5), (122)

where again we have absorbed λ into γ , and

LWZ
(M5) = μ5

(
C6 − 1

2 C3 ∧ F3 − F6
)
. (123)

Except for the WZ terms, we can find the gauge-invariant extension as

L̂0 = 1
12 MIJ P I ∧ ∗γPJ

− μ5
6

[
P̂1+5 + P̂1+2 ∧ (

C3 − F3 + AI ∧ k̂(2)
I + 1

2! A
I1I2 ∧ ιI2 k̂

(2)
I1

+ 1
3! A

I1I2I3 ∧ ιI3I2 k̂
(2)
I1

)]
.

(124)

The variation of the WZ term becomes

μ−1
5 δLWZ

(M5) = dεI ∧ [
k̂(5)

I + 1
2 (C3 − F3) ∧ k̂(2)

I

] + d
(−εI k̃(5)

I + 1
2 εI k̃(2)

I ∧ F3
) − δF6, (125)

where we have used

δC6 = −εI dk̃(5)
I − 1

2 εI C3 ∧ dk̃(2)
I + dεI ∧ ιIC6. (126)

Then, by requiring

δA5 = −εI k̃(5)
I + 1

2 εI k̃(2)
I ∧ F3, (127)

the variation in Eq. (125) is simplified as

μ−1
5 δLWZ

(M5) = dεI ∧ [
k̂(5)

I + 1
2 (C3 − F3) ∧ k̂(2)

I

]
. (128)

Again, we find a non-trivial combination which compensates for this variation. To compen-
sate for the first term (i.e. dεI ∧ k̂(5)

I ), it is useful to introduce the Lagrangian

L1 ≡ μ5
(
AI ∧ k̂(5)

I + 1
2! A

I1I2 ∧ ιI2 k̂
(5)
I1

+ · · · + 1
6! A

I1···I6 ∧ ιI6···I2 k̂
(5)
I1

)
(129)
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and use the identities

δ
(
AI ∧ k̂(5)

I

) = −dεI ∧ k̂(5)
I + AI1 ∧ dεI2 ∧ ιI2 k̂

(5)
I1

,

δ
( 1

2! A
I1I2 ∧ ιI2 k̂

(5)
I1

) = −AI1 ∧ dεI2 ∧ ι[I2 k̂
(5)
I1] + 1

2! A
I1I2 ∧ dεI3 ∧ ιI3I2 k̂

(5)
I1

,

δ
( 1

3! A
I1I2I3 ∧ ιI3I2 k̂

(5)
I1

) = − 1
2 A

I1I2 ∧ dεI3 ∧ ι[I3I2 k̂
(5)
I1] + 1

3! A
I1I2I3 ∧ dεI4 ∧ ιI4I3I2 k̂

(5)
I1

,

δ
( 1

4! A
I1···I4 ∧ ιI4···I2 k̂

(5)
I1

) = − 1
3! A

I1I2I3 ∧ dεI4 ∧ ι[I4I3I2 k̂
(5)
I1] + 1

4! A
I1···I4 ∧ dεI5 ∧ ιI5···I2 k̂

(5)
I1

,

δ
( 1

5! A
I1···I5 ∧ ιI5···I2 k̂

(5)
I1

) = − 1
4! A

I1···I4 ∧ dεI5 ∧ ι[I5···I2 k̂
(5)
I1] + 1

5! A
I1···I5 ∧ dεI6 ∧ ιI6···I2 k̂

(5)
I1

,

δ
( 1

6! A
I1···I6 ∧ ιI6···I2 k̂

(5)
I1

) = − 1
5! A

I1···I5 ∧ dεI6 ∧ ι[I6···I2 k̂
(5)
I1] . (130)

To compensate for the second term, it is useful to consider

L2 = −μ5
2 (C3 − F3) ∧ (

AI ∧ k̂(2)
I + 1

2! A
I1I2 ∧ ιI2 k̂

(2)
I1

+ 1
3! A

I1I2I3 ιI3I2 k̂
(2)
I1

)
, (131)

whose variation is

μ−1
5 δL2 = − 1

2 dεI ∧ (C3 − F3) ∧ k̂(2)
I + 1

2 A
I1 ∧ dεI2 ∧ k̂(2)

I2
∧ k̂(2)

I1

− 1
4 A

I1I2 ∧ dεI3 ∧ k̂(2)
I3

∧ ιI2 k̂
(2)
I1

+ 1
2·3! A

I1I2I3 ∧ dεI4 ιI3I2 k̂
(2)
I1

k̂(2)
I4

. (132)

We compute δ(L1 + L2) and find that the terms which are linear in AI are canceled out by
using

AI1 ∧ dεI2 ∧ (
ι(I1 k̂

(5)
I2 ) + 1

2 k̂(2)
I1

∧ k̂(2)
I2

) = 0, (133)

which follows from the isotropy condition in Eq. (90). However, we find that terms that are
quadratic in AI are not canceled out. To compensate for the variation we add the term

L3 ≡ −μ5
12 A

I1I2I3 ∧ ιI3 k̂
(2)
I2

∧ k̂(2)
I1

, (134)

whose variation is

μ−1
5 δL3 = 1

4 A
I1I2 ∧ dεI3 ∧ ι[I3 k̂

(2)
I2

∧ k̂(2)
I1]

+ 1
4! A

I1I2I3 ∧ dεI4 ∧ (−2 ιI4I3 k̂
(2)
I2

∧ k̂(2)
I1

+ 2 ιI3 k̂
(2)
I2

∧ ιI4 k̂
(2)
I1

)
. (135)

Then, using the identity

ιI3I2 k̂
(5)
I1

− ιI2I1 k̂
(5)
I3

− ιI2 k̂
(2)
I3

∧ k̂(2)
I1

− ιI2 k̂
(2)
I1

∧ k̂(2)
I3

= 0, (136)

which follows from Eq. (90) and gives

0 = 1
3! A

I1I2 ∧ dεI3 ∧ (
ιI3I2 k̂

(5)
I1

− ιI2I1 k̂
(5)
I3

− ιI2 k̂
(2)
I3

∧ k̂(2)
I1

− ιI2 k̂
(2)
I1

∧ k̂(2)
I3

)
= 1

3! A
I1I2 ∧ dεI3 ∧ (

ιI3I2 k̂
(5)
I1

− ιI2I1 k̂
(5)
I3

) − 1
4 A

I1I2 ∧ dεI3 ∧ k̂(2)
I3

∧ ιI2 k̂
(2)
I1

+ 1
4 A

I1I2 ∧ dεI3 ∧ ι[I3 k̂
(2)
I2

∧ k̂(2)
I1] , (137)

we find that the quadratic terms are canceled out.
We repeat this procedure. We introduce

L4 ≡ −μ5
4! A

I1···I4 ∧ ιI4I3 k̂
(2)
I2

∧ k̂(2)
I1

, (138)

whose variation is

μ−1
5 δL4 = 1

3! A
I1I2I3 ∧ dεI4 ∧ ι[I4I3 k̂

(2)
I2

k̂(2)
I1] + 1

4! A
I1···I4 ∧ dεI5 ∧ ιI4I3 k̂

(2)
I2

ιI1 k̂
(2)
I5

. (139)

The identity

ιI4I3I2 k̂
(5)
I1

+ ιI3I2I1 k̂
(5)
I4

−ιI2I3 k̂
(2)
I4

k̂(2)
I1

− ιI2I3 k̂
(2)
I1

k̂(2)
I4

+ ιI3 k̂
(2)
I1

∧ ιI2 k̂
(2)
I4

+ ιI3 k̂
(2)
I4

∧ ιI2 k̂
(2)
I1

= 0 (140)
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gives

0 = 1
4! A

I1I2I3 ∧ dεI4

∧(
ιI4I3I2 k̂

(5)
I1

+ ιI3I2I1 k̂
(5)
I4

− ιI2I3 k̂
(2)
I4

k̂(2)
I1

− ιI2I3 k̂
(2)
I1

k̂(2)
I4

+ 2 ιI3 k̂
(2)
I1

∧ ιI2 k̂
(2)
I4

)
= 1

4! A
I1I2I3 ∧ dεI4 ∧ (

ιI4I3I2 k̂
(5)
I1

+ ιI3I2I1 k̂
(5)
I4

) + 1
2·3! A

I1I2I3 ∧ dεI4 ∧ ιI3I2 k̂
(2)
I1

k̂(2)
I4

+ 1
4! A

I1I2I3 ∧ dεI4 ∧ (−2 ιI4I3 k̂
(2)
I2

k̂(2)
I1

+ 2 ιI3 k̂
(2)
I2

∧ ιI4 k̂
(2)
I1

)
+ 1

3! A
I2I3I1 ∧ dεI4 ι[I4I1 k̂

(2)
I3

∧ k̂(2)
I2] , (141)

and then we find that the cubic terms are also canceled out. We further consider

L5 ≡ μ5
5! A

I1···I5 ∧ ιI5I4 k̂
(2)
I3

∧ ιI2 k̂
(2)
I1

, (142)

which satisfies

μ−1
5 δL5 = − 1

4! A
I1···I4 ∧ dεI5 ∧ ι[I5I4 k̂

(2)
I3

ιI2 k̂
(2)
I1] + 1

5! A
I1···I5 ∧ dεI6 ιI5I4 k̂

(2)
I3

ιI2I1 k̂
(2)
I6

. (143)

Using the identities

0 = 1
5! A

I1···I4 ∧ dεI5 ∧ (
ιI5···I2 k̂

(5)
I1

− ιI4···I1 k̂
(5)
I5

)
+ 1

4! A
I1···I4 ∧ dεI5 ∧ ιI4I3 k̂

(2)
I2

∧ ιI1 k̂
(2)
I5

− 1
4! A

I1···I4 ∧ dεI5 ∧ ι[I5I4 k̂
(2)
I3

∧ ιI2 k̂
(2)
I1] , (144)

0 = 1
6! A

I1···I5 ∧ dεI6 ∧ (
ιI6···I2 k̂

(5)
I1

+ ιI5···I1 k̂
(5)
I6

)
+ 1

5! A
I1···I5 ∧ dεI6 ∧ ιI5I4 k̂

(2)
I3

ιI2I1 k̂
(2)
I6

, (145)

we find that

L̂WZ
(M5) ≡ LWZ

(M5) + L1 + · · · + L5, (146)

is gauge invariant. Then, the Lagrangian for the gauged M5-brane theory is L̂(M5) ≡ L̂0 +
L̂WZ

(M5).
In summary, the gauged M5-brane action is given by

Ŝ(M5) = 1
12

∫
�6

MIJ P I ∧ ∗γPJ + μ5

∫
�6

(
C6 − 1

2 C3 ∧ F3 − F6
)

+ μ5

∫
�6

(
AI ∧ k̂(5)

I + 1
2! A

I1I2 ∧ ιI2 k̂
(5)
I1

+ · · · + 1
6! A

I1···I6 ∧ ιI6···I2 k̂
(5)
I1

− 1
6 P̂1+5

)

− μ5
2

∫
�6

(C3 − F3 + 1
3 P̂1+2)

∧(
AI ∧ k̂(2)

I + 1
2! A

I1I2 ∧ ιI2 k̂
(2)
I1

+ 1
3! A

I1I2I3 ιI3 ιI2 k̂
(2)
I1

− 1
3 P̂1+2

)
− μ5

2

∫
�6

( 1
3! A

I1I2I3 ∧ ιI3 k̂
(2)
I2

∧ k̂(2)
I1

+ 2
4! A

I1···I4 ∧ ιI4I3 k̂
(2)
I2

k̂(2)
I1

− 2
5! A

I1···I5 ιI5I4 k̂
(2)
I3

ιI2 k̂
(2)
I1

)
. (147)

We note that we have repeatedly used the identities that follow from the isotropy condition
of the gauge algebra f. As long as the isotropy, which is a U-duality-invariant condition, is
assumed, we can construct the gauged action without requiring any further conditions on the
generalized Killing vector fields.

In M-theory, the next brane we can consider is the Kaluza–Klein monopole (KKM). The
ungauged action of a KKM was partially studied in Ref. [35]. We can also consider various
exotic branes in M-theory, such as the 53-brane or the 26-brane. The worldvolume theories of
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these exotic branes are very involved and we do not consider them here. We only point out an
interesting open question associated with these exotic branes.

Exotic branes always require the existence of several isometry directions. For KKM a single
direction is required, and the 53-brane and the 26-brane require three and six isometry direc-
tions, respectively. Usually, these isometries are assumed to be Abelian, but here we have non-
Abelian isometries generated by KI

I . If we could find the gauged action for an exotic brane
by gauging the non-Abelian isometries, we will find novel objects, which we call non-Abelian
exotic branes. We believe that this would be an interesting direction to explore in the future.

4.6. Gauged (p, q)-string action
Now we turn to the type IIB branes. The ungauged Lagrangian for a (p, q)-string is

L(p,q)-1 = 1
4 eλMIJ PI ∧ ∗γ PJ − μ1

2 qα P̂α
m ∧ dxm + μ1 qα

(
Bα

2 − F α
2

)
. (148)

The first two terms can be extended to the gauge-invariant ones

L̂0 = 1
4 eλMIJ P I ∧ ∗γPJ − μ1

2 qα P̂
α

1+1. (149)

Using

δBα
2 = −εI dk̃α(1)

I + dεI ∧ ιIBα
2 , (150)

and assuming

δAα
1 = −εI k̃α(1)

I , (151)

we find

δ
(
Bα

2 − F α
2

) = dεI ∧ k̃α(1)
I . (152)

Similar to the membrane case, by using the isotropy condition in Eq. (91), we can show that

δ
(
AI ∧ k̂α(1)

I + 1
2! A

I1I2 ιI2 k̂
α(1)
I1

) = −dεI ∧ k̃α(1)
I . (153)

We then obtain the gauge-invariant extension of the WZ term as

L̂WZ
(p,q)-1 ≡ μ1 qα

(
Bα

2 − F α
2 + AI ∧ k̂α(1)

I + 1
2! A

I1I2 ιI2 k̂
α(1)
I1

)
. (154)

Combining these two terms as L̂(p,q)-1 ≡ L̂0 + L̂WZ
(p,q)-1, we obtain the gauged action for a (p,

q)-string:

S = 1
4

∫
�2

eλMIJ P I ∧ ∗γPJ − μ1

2

∫
�2

qα P̂
α

1+1 +
∫

�2

L̂WZ
(p,q)-1

= 1
4

∫
�2

eλMIJ P I ∧ ∗γPJ − μ1

∫
�2

qα

( 1
2 P

α
m ∧ Dxm + F α

2

)

+ qα

∫
�2

(
AI ∧ k̃α(1)

I + 1
2 A

I1I2 ιI2 k̃
α(1)
I1

)
. (155)

If we introduce two matrices,

ηIJ ≡

⎛
⎜⎜⎜⎜⎝

0 qβ δn
m 0 · · ·

qα δm
n 0 0

0 0 0
...

. . .

⎞
⎟⎟⎟⎟⎠, ω

(F )
IJ ≡

⎛
⎜⎜⎜⎜⎝

2 qα F α
mn −qβ δn

m 0 · · ·
qα δm

n 0 0
0 0 0
...

. . .

⎞
⎟⎟⎟⎟⎠, (156)

we can express the gauged action as

Ŝ(p,q)-1 = 1
4

∫
�2

eλMIJ P I ∧ ∗γPJ − μ1

4

∫
�2

ω
(F )
IJ PI ∧ PJ + μ1

2

∫
�2

ηIJ AI ∧ PJ . (157)
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This is a natural uplift of the gauged string action in Eq. (44) to the U-duality setup. Further
details of this gauged sigma model are studied later, in Sect. 5.1.

4.7. Gauged D3-brane action
The Lagrangian for the ungauged D3-brane theory is given by

L(D3) = 1
8MIJ PI ∧ ∗γ PJ − μ3

4

[
P̂m3 ∧ dxm3 + εαβ P̂α

m ∧ dxm ∧ (
Bβ

2 − F β

2

)] + LWZ
(D3), (158)

where λ is absorbed into γ and

LWZ
(D3) = μ3

(
B4 − 1

2 εαβ Bα
2 ∧ F β

2 − F4
)
. (159)

Similar to the case of the M5-brane, if we ignore the WZ term, this can be extended to a gauge-
invariant one as

L̂0 = 1
8 MIJ P I ∧ ∗γPJ

− μ3
4

[
P̂1+3 + εαβ P̂

α

1+1 ∧ (
Bβ

2 − F β

2 + AI ∧ k̂β(1)
I + 1

2! A
I1I2 ιI2 k̂

β(1)
I1

)]
. (160)

By using

δB4 = −εI
(
dk̃(3)

I + 1
2 εγ δ Bγ

2 ∧ dk̃δ(1)
I

) + dεI ∧ ιIB4, (161)

the variation of the WZ term can be found as

μ−1
3 δLWZ

(D3) = dεI ∧ [
k̂I3 − 1

2 εαβ

(
Bα

2 − F α
2

) ∧ k̂β(1)
I

]
− d

[
εI

(
k̃(3)

I − 1
2 εαβ k̃α(1)

I ∧ F β

2

)] − δF4. (162)

This suggests we should define the variation of A3 as

δA3 = εI
( 1

2 εαβ k̃α(1)
I ∧ F β

2 − k̃(3)
I

)
, (163)

and then we obtain

μ−1
3 δLWZ

(D3) = dεI ∧ [
k̂I3 − 1

2 εαβ (Bα
2 − F α

2 ) ∧ k̂β(1)
I

]
. (164)

Similar to the M5-brane case, to compensate for the first term we consider adding the combi-
nation

L1 ≡ μ3
(
AI ∧ k̂(3)

I + 1
2! A

I1I2 ∧ ιI2 k̂
(3)
I1

+ · · · + 1
4! A

I1···I4 ∧ ιI4···I2 k̂
(3)
I1

)
, (165)

and use the identities

δ
(
AI ∧ k̂(3)

I

) = −dεI ∧ k̂(3)
I + AI1 ∧ dεI2 ∧ ιI2 k̂

(3)
I1

,

δ
( 1

2! A
I1I2 ∧ ιI2 k̂

(3)
I1

) = −AI1 ∧ dεI2 ∧ ι[I2 k̂
(3)
I1] + 1

2! A
I1I2 ∧ dεI3 ∧ ιI3I2 k̂

(3)
I1

,

δ
( 1

3! A
I1I2I3 ∧ ιI3I2 k̂

(3)
I1

) = − 1
2! A

I1I2 ∧ dεI3 ∧ ι[I3I2 k̂
(3)
I1] + 1

3! A
I1I2I3 ∧ dεI4 ∧ ιI4I3I2 k̂

(3)
I1

,

δ
( 1

4! A
I1···I4 ∧ ιI4···I2 k̂

(3)
I1

) = − 1
3! A

I1I2I3 ∧ dεI4 ∧ ι[I4I3I2 k̂
(3)
I1] . (166)

To compensate for the second term, we add

L2 = −μ3
2 εαβ (Bα

2 − F α
2 ) ∧ (

AI ∧ k̂β(1)
I + 1

2! A
I1I2 ιI2 k̂

β(1)
I1

)
, (167)

whose variation is

μ−1
3 δL2 = dεI ∧ [ 1

2 εαβ (Bα
2 − F α

2 ) ∧ k̃β(1)
I

] + AI1 ∧ dεI2 ∧ (− 1
2 εαβ k̃α(1)

I1
∧ k̂β(1)

I2

)
+ AI1I2 ∧ dεI3 ∧ (− 1

4 εαβ k̃α(1)
I3

ιI2 k̂
β(1)
I1

)
. (168)

Computing δ(L1 + L2), we find that terms that are linear in AI are canceled out by using

AI1 ∧ dεI2 ∧ (
ι(I1 k̂

(3)
I2 ) − 1

2 εαβ k̂α(1)
I1

∧ k̂β(1)
I2

) = 0, (169)
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which follows from the isotropy condition in Eq. (92). To compensate for the quadratic term,
we need to add the term

L3 ≡ μ3
12 A

I1I2I3 ∧ εαβ ιI3 k̂
α(1)
I2

k̂β(1)
I1

, (170)

whose variation is

μ−1
3 δL3 = − 1

4 A
I1I2 ∧ dεI3 ∧ εαβ ι[I3 k̂

α(1)
I2

k̂β(1)
I1]

+ 1
12 A

I1I2I3 ∧ dεI4 εαβ ιI3 k̂
α(1)
I2

ιI1 k̂
β(1)
I4

. (171)

The isotropy condition in Eq. (92) gives the identity

0 = ιI3I2 k̂
(3)
I1

− ιI2I1 k̂
(3)
I3

− εαβ ιI1 k̂
α(1)
I3

k̂β(1)
I2

+ εαβ k̂α(1)
I3

ιI1 k̂
β(1)
I2

, (172)

and we then find that

0 = 1
3! A

I1I2 ∧ dεI3 ∧ (
ιI3I2 k̂

(3)
I1

− ιI2I1 k̂
(3)
I3

− εαβ ιI1 k̂
α(1)
I3

k̂β(1)
I2

+ εαβ k̂α(1)
I3

ιI1 k̂
β(1)
I2

)
= 1

3! A
I1I2 ∧ dεI3 ∧ (

ιI3I2 k̂
(3)
I1

− ιI2I1 k̂
(3)
I3

)
− 1

4 A
I1I2 ∧ dεI3 ∧ (

εαβ k̂α(1)
I3

ιI2 k̂
β(1)
I1

+ εαβ ι[I1 k̂
α(1)
I3

k̂β(1)
I2]

)
. (173)

We can also show the identity

0 = 1
4! A

I1I2I3 ∧ dεI4
(
ιI4I3I2 k̂

(3)
I1

+ ιI3I2I1 k̂
(3)
I4

+ 2 εαβ ιI3 k̂
α(1)
I2

ιI1 k̂
β(1)
I4

)
. (174)

Using these, we can check that the quadratic and the cubic terms are also canceled out, and we
have shown the invariance of

L̂WZ
(D3) ≡ LWZ

(D3) + L1 + L2 + L3. (175)

Thus, the Lagrangian for the gauged D3-brane theory is L̂(D3) ≡ L̂0 + L̂WZ
(D3).

In summary, the gauged D3-brane action is given by

Ŝ(D3) = 1
8

∫
�4

MIJ P I ∧ ∗γPJ + μ3

∫
�4

(
B4 − 1

2 εαβ Bα
2 ∧ F β

2 − F4
)

+ μ3

∫
�4

(
AI ∧ k̂(3)

I + 1
2! A

I1I2 ∧ ιI2 k̂
(3)
I1

+ · · · + 1
4! A

I1···I4 ∧ ιI4···I2 k̂
(3)
I1

− 1
4 P̂1+3

)

− μ3
2

∫
�4

εαβ

(
Bα

2 − F α
2 + 1

2 P̂
α

1+1

) ∧ (
AI ∧ k̂β(1)

I + 1
2! A

I1I2 ιI2 k̂
β(1)
I1

− 1
2 P̂

β

1+1

)

+ μ3
12

∫
�4

AI1I2I3 ∧ εαβ ιI3 k̂
α(1)
I2

k̂β(1)
I1

. (176)

Here again, we have repeatedly used the isotropy conditions in Eqs. (91) and (92). The structure
is very similar to the gauged M5-brane action, but due to the dimensionality this is slightly
simpler than the M5-brane action.

We hope that a similar analysis can be done for a (p, q)-5-brane, but this will be much more
involved and we shall leave it for future work.

5. Reduced background fields
In this section we study the supergravity fields on the exceptional dressing cosets.
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5.1. Standard (p, q)-string action
In the previous section we obtained the gauged string action as

Ŝ(p,q)-1 = 1
4

∫
�2

eλMIJ P I ∧ ∗γPJ − μ1

2

∫
�2

qα P̂
α

m ∧ Dxm

+ μ1

∫
�2

qα

(
Bα

2 − F α
2 + AI ∧ k̂α(1)

I + 1
2! A

I1I2 ιI2 k̂
α(1)
I1

)
. (177)

By using the equations of motion for the auxiliary fields P̂m3 , P̂
α

m5
, …, this reduces to

S = 1
4

∫
�2

(
eλgmn Dxm ∧ ∗γ Dxn + eλmαβ gmn

̂P
α

m ∧ ∗γ
̂P

β

n − 2 μ1 qα P̂
α

m ∧ Dxm)

+ μ1

∫
�2

qα

(
Bα

2 − F α
2 + AI ∧ k̂α(1)

I + 1
2! A

I1I2 ιI2 k̂
α(1)
I1

)
. (178)

The equations of motion for P̂α

m give

̂P
α

m = μ1e−λmαβ qβ gmn ∗γ Dxn. (179)

Eliminating ̂Pα
m, we obtain

S = 1
4

∫
�2

(
eλ + e−λμ2

1 qα mαβ qβ

)
gmn Dxm ∧ ∗γ Dxn

+ μ1

∫
�2

qα

(
Bα

2 − F α
2 + AI ∧ k̂α(1)

I + 1
2! A

I1I2 ιI2 k̂
α(1)
I1

)
. (180)

The equations of motion for λ become

eλ = |μ1| |q| ≡ |μ1|
√

qα mαβ qβ, (181)

and then the action reduces to

S = |μ1|
2

∫
�2

|q| gmn Dxm ∧ ∗γ Dxn + μ1

∫
�2

qα

(
Bα

2 − F α
2

)

+ μ1

∫
�2

qα

(
AI ∧ k̂α(1)

I + 1
2! A

I1I2 ιI2 k̂
α(1)
I1

)
. (182)

If we consider the specific case qα = (1, 0), this reproduces the action in Ref. [50].
For a general qα, by eliminating the gauge fields AI the gauged action reduces to the standard

action,

S = |μ1|
2

∫
�2

|q̌| ǧmn dxm ∧ ∗γ dxn + μ1

∫
�2

qα

(
B̌α

2 − F α
2

)
, (183)

defined on an exceptional dressing coset with the background fields {ǧmn, B̌α
2 , m̌αβ}. Using the

result of Ref. [19], we can express {ǧmn, B̌α
2 , m̌αβ} in terms of the original background fields

{gmn, Bα
2 , mαβ} and the generalized Killing vector fields KI

I . For example, if a matrix

NIJ ≡ |q| km
I gmn kn

J + ιJ k̂α
I qα (184)

is invertible, by defining

Emn ≡ |q| gmn + qα Bα
2 (185)

we can express the reduced background fields as

Ě (q)
mn = Emn − (

kIm − qα k̂α
Im

)
NIJ

(
kJn + qβ k̂β

Jn

)
, (186)

where kIm ≡ |q̌| ǧmn kn
I . Even when NIJ is not invertible, we can still find an expression for Ěmn

by means of the original fields Emn and the generalized Killing vector fields KI
I [19].
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5.2. An issue
Here we note that the formula in Eq. (186) raises a puzzling issue: each gauged brane action
may give different background fields on the exceptional dressing coset.

For simplicity, let us consider the case where the original background fields {gmn, Bα
2 , mαβ},

which are constructed from the EDA, satisfy B2
2 = 0 and m12 = 0 (⇔ C0 = C2 = 0) (i.e. only

the metric, the B-field, and the dilaton are non-vanishing). We also suppose that the generalized
Killing vector fields satisfy k̂2

Im = 0. Then, the situation studied in standard dressing coset (as-
sociated with a Drinfel’d double) is realized. In this case, if we consider an F-string qα = (1, 0),
the formula in Eq. (186) reproduces the result of Ref. [19], which determines the string-frame
metric gmn ≡ e

�
2 gmn and the B-field on the dressing coset. Explicitly, the string-frame metric on

the dressing coset becomes

ǧ(1,0)
mn = gmn − (

kI(m| − k̂1
I(m|

)
NIJ

(
kJ |n) + k̂1

J |n)

) (
kIm ≡ gmn kn

I

)
, (187)

where NIJ = km
I gmn kn

J + ιJ k̂1
I . Instead, if we consider a D-string qα = (0, 1) on the same origi-

nal background, after eliminating the gauge fields AI , we obtain the D-string action on a back-
ground with the metric given by Eq. (186). Under our assumptions we have Emn = e−� gmn, and
Eq. (186) reduces to

e−�̌(0,1)
ǧ(0,1)

mn = e−�
(
gmn − gmp kp

I nIJ kq
J gqn

) (
nIJ ≡ km

I gmn kn
J

)
. (188)

Namely, the reduced metric ǧ(1,0)
mn given in Eq. (187) that is observed by the F-string is different

from ǧ(0,1)
mn given in Eq. (188) that is observed by the D-string.

By construction, each of the reduced metrics associated with the F-string or the D-string can
be regarded as a metric on an exceptional dressing coset. However, the non-uniqueness (or the
qα-dependence) of the reduced background fields Ě (q)

mn makes it difficult to discuss the general-
ized U-duality as a symmetry of the supergravity equations of motion. For a given EDA, we
can decompose the EDA into a pair of algebras d(en(n) ) = g ⊕ g̃ and construct the supergrav-
ity fields on the physical space G by following the standard procedure. We then consider the
gauged F-string action and obtain the metric and the B-field on the exceptional dressing coset
F\G. We then change the decomposition as d(en(n) ) = g′ ⊕ g̃

′ and similarly obtain the metric
and the B-field on another dressing coset F\G

′
. To discuss the generalized U-duality at the level

of supergravity equations of motion, we need to know all of the supergravity fields on these
dressing cosets, but as long as we are considering the bosonic action, the F-string couples only
to the metric and the B-field. To determine other fields, one may consider using other branes as
additional probes, but as we have observed above, each brane perceives different supergravity
fields and we cannot determine the set of supergravity fields on a single background. To dis-
cuss the generalized U-duality at the level of supergravity, it may be more useful to take the
following completely different approach.

5.3. Generalized U-duality of exceptional dressing cosets
In the study of the PL T-duality of dressing cosets, a useful procedure to determine the su-
pergravity fields was proposed by Sfetsos [5]. Recently, it was found in Refs. [19,45] that this
procedure always gives the same result as the approach based on the gauged sigma model. We
propose to apply this procedure here to the exceptional dressing cosets.

In the approach by Sfetsos, we assume that the gauge group F is initially a subgroup of the Lie
group G, which corresponds to the physical space M. Namely, we start with a standard coset
F\G. After the generalized duality transformation, this may be mapped to a certain dressing
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coset F\G
′
. The procedure to construct the supergravity fields is very simple, and we explain

the procedure by extending this to the U-duality setup.
As in the case of the usual generalized U-duality, we construct the generalized metric as

MIJ ∝ EI
A EJ

B M̂AB by using the generalized frame fields EA
I(x) and a constant matrix

M̂AB ∈ En(n). The difference from the usual procedure is that we introduce a real parameter
λ into the matrix M̂AB such that the metric on the group manifold G reduces to that of the
coset space F\G. For simplicity, we consider here a purely gravitational configuration, and then
the metric is constructed as gmn = ea

m eb
n ĝab, where ĝab is a constant matrix that constructs the

matrix M̂AB. We decompose the generators Ta of g into the generators TI of f and the other
generators Tr (r = 1, … , D − n), and introduce the parameter λ as

ĝab =
(

ĝrs 0
0 ĝIJ

)
→

(
ĝrs 0
0 λ ĝIJ

)
, (189)

where we have assumed ĝrJ = 0 just for simplicity. If we take the Sfetsos limit λ → 0, the metric
becomes degenerate and we obtain the metric gmn = er

m es
n ĝrs on the coset space F\G. Before

taking the limit, we perform a generalized U-duality and obtain the supergravity fields on the
dual geometry. We then take the limit λ → 0 and also make a certain gauge fixing, and then
obtain the supergravity fields on the exceptional dressing coset F\G

′
.

To make it more explicit, let us use the familiar example of non-Abelian T-duality of the 2-
sphere S2 � U(1)\SO(3) [52]. We begin with the type IIB EDA d(en(n) ) (5 ≤ n ≤ 8) (see Ref. [9,
Sect. 6] for the details) with the only non-vanishing structure constants of so(3) being

f12
3 = 1, f23

1 = 1, f13
2 = −1. (190)

Introducing the local coordinates as

(xm) = (θ, φ, ψ, y1, . . . , yn−4), (191)

we parameterize the group element of G as

g = eψ T3eθ T1e−φ T3ey1 T4+···+yn−4 Tn−1 . (192)

Then we obtain the generalized frame fields of the form

EA
I =

⎛
⎜⎝

ea
m 0 0

0 δβ
α ra

m 0

0 0
. . .

⎞
⎟⎠, (193)

where

ea
m =

⎛
⎜⎜⎜⎝

cos ψ − sin ψ

sin θ
− sin ψ

tan θ
0

sin ψ
cos ψ

sin θ

cos ψ

tan θ
0

0 0 1 0
0 0 0 1n−4

⎞
⎟⎟⎟⎠. (194)

We introduce a constant metric

ĝab = diag(1, 1, λ, 1, . . . , 1), (195)

and the constant matrix M̂AB as

M̂AB = |ĝ| 1
9−n

⎛
⎜⎜⎜⎜⎝

ĝab 0 0
0 δαβ ĝab 0 · · ·
0 0 ĝa3b3

...
. . .

⎞
⎟⎟⎟⎟⎠. (196)
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The Sfetsos limit is defined by λ → 0, but we do not take the limit at this stage. We construct
the generalized metric as MIJ ∝ EI

A EJ
B M̂AB, where the overall factor is determined such

that MIJ has a unit determinant. Then, we can easily see that only the (Einstein-frame) metric
gmn = ra

m rb
n ĝab is non-vanishing. The explicit form of the metric is

ds2 = dθ2 + sin2
θ dφ2 + λ (dψ − cos θ dφ)2 + (dy1)2 + · · · + (dyn−4)2. (197)

This background admits the generalized Killing vector field

K ≡ KI=1 = E3 = ∂ψ, (198)

and this U(1) isometry direction is gauged. This gauge symmetry can be fixed as ψ = 0. In this
case, both of the formulas for the F-string, Eq. (187), and the D-string, Eq. (188), give the same
reduced metric on the 2-sphere (with Abelian directions) as

d š2 = dθ2 + sin2
θ dφ2 + (dy1)2 + · · · + (dyn−4)2. (199)

The same result can also be obtained by taking the Sfetsos limit λ → 0 in Eq. (197).
We now perform the factorized T-dualities along the T1-, T2-, T3-, and T4-directions, and

obtain a new type IIB EDA with the non-vanishing structure constants

f 1
3

12 = −1, f 1
1

23 = −1, f 1
2

13 = 1. (200)

Using the coordinates (xm) = (ρ, θ, z, y1, . . . , yn−4), we parameterize the group element as

g = ez T3eρ sin θ T2eρ cos θ T1ey1 T4+···+yn−4 Tn−1 . (201)

We can again systematically construct the generalized frame fields E ′
A

I and construct the gen-
eralized metric as

M′
IJ ∝ E ′

I
A E ′

J
B M̂′

AB. (202)

Here, M̂′
AB can be obtained by acting the factorized T-dualities on the original M̂AB given in

Eq. (196). We rewrite this generalized metric into the standard form MIJ = (LT Ĝ L)IJ (where
we have removed the primes), and find that the matrix LI

J contains the B-field

B1
2 = −λ z ρ dρ ∧ dθ − ρ2 dθ ∧ dz

ρ2 + λ (1 + z2)
. (203)

The block-diagonal matrix Ĝ can be parameterized as

ĜIJ = |g| 1
9−n

⎛
⎜⎜⎜⎜⎝

gmn 0 0 · · ·
0 mαβ gmn 0 · · ·
0 0 gm3n3 · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎠, (204)

mαβ =
(

1 −C0

0 1

)(
e−� 0

0 e�

)(
1 0

−C0 1

)
, (205)

and we find the Einstein-frame metric and the dilaton as

gmn = e− �
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ2+λ

ρ2+λ (1+z2 ) 0 ρ z
ρ2+λ (1+z2 ) 0 · · · 0

0 λ ρ2

ρ2+λ (1+z2 ) 0 0 · · · 0
ρ z

ρ2+λ (1+z2 ) 0 1+z2

ρ2+λ (1+z2 ) 0 · · · 0

0 0 0 1 · · · 0
...

...
...

...
. . . 0

0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

e−2� = ρ2 + λ (1 + z2). (206)
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In this duality frame, the generalized Killing vector field KI=1 that generates the dressing action
becomes

K = E3
1 = ∂θ + k̃α

m ∂m
α with k̃1

m dxm = dz, k̃2
m dxm = 0, (207)

and by using the gauge symmetry, we can impose the gauge-fixing condition as θ = 0. By taking
the Sfetsos limit λ → 0, we obtain the supergravity fields as

ds2 = dρ2 + 2z dρ dz
ρ

+ 1 + z2

ρ2
dz2 + (dy1)2 + · · · + (dyn−4)2,

e−2� = ρ2, B2 = 0, (208)

where the metric corresponds to the string-frame metric. This is exactly the same result as for
non-Abelian T-duality, but the treatment of the dilaton is different. In non-Abelian T-duality,
the metric and the B-field are determined from the gauged action, but the dilaton is determined
differently. However, in ExFT, all of the supergravity fields are contained in the generalized
metric MIJ and can be determined in a uniform manner.

We note that the background in Eq. (206) can be reproduced from the gauged F1-action, but
the gauged D1-action gives a different metric for λ �= 0. Only if we take the Sfetsos limit λ →
0 can a consistent result be obtained from the gauged D1-action, but in this case the gauge
fields AI completely disappear from the gauged D1-action and the consistency is trivial. At the
present stage, the consistency between the gauged action and the Sfetsos limit is still unclear
and needs to be clarified in future study.

At least when we discuss the supergravity equations of motion, the approach based on the
Sfetsos limit would be useful. Once we identify how to introduce λ in the original duality frame,
the dualization procedure is the same as the usual generalized U-duality. After the dualization,
we only need to make a gauge fixing and take the Sfetsos limit λ → 0. A possible subtlety is
that, in order to make Eq. (208) a 10-dimensional metric, we need to consider n = 12, which
goes beyond E11. Of course, this is not a problem. Rather than considering such an extension,
we can introduce the external space that is not considered in this paper.

Here we have only reproduced the known result, but it would not be difficult to find new
examples of the generalized U-duality of dressing cosets. We begin with a standard coset space
satisfying the supergravity equations of motion. After the dualization, the generalized Killing
vector fields KI

I are mapped to new generalized Killing vector fields that generate the dressing
action in the dual geometry. The Sfetsos limit will correspond to gauging the dressing action,
and we obtain the exceptional dressing coset. A natural question is whether the dual geometry
satisfies the supergravity equations of motion. This has not yet been answered completely even
at the level of the generalized U-duality of group manifolds. We hope to address this question
in the future by using the flux formulation of ExFT or a similar formulation.

6. Conclusions
We have proposed a definition of the dressing cosets associated with the EDA, which we have
called the exceptional dressing coset. The standard definition, as a double coset F\D/G̃, cannot
be applied to EDA because the correspondent of the Lie group D has not been defined for the
EDA. Instead of considering a double coset, we have defined the exceptional dressing coset
by gauging the dressing action on the physical space G. In the case of the Drinfel’d double,
the dressing action is generated by the generalized Lie derivative εI £̂KI in DFT along some
generalized Killing vector field εI KI . As a natural extension, we have defined the U-duality
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version of the dressing action as the transformation that is generated by the generalized Lie
derivative εI £̂KI in ExFT.

To see if this makes sense, it will be important to construct the gauged sigma models for
various (single) branes in M-theory and type IIB theory. At least for the membrane, the M5-
brane, the (p, q)-string, and the D3-brane, we have found that the gauged sigma model can be
defined in an arbitrary curved D-dimensional background M admitting n generalized vector
fields KI

I that (i) satisfy the generalized Killing equation £̂KIMIJ = 0, (ii) are orthogonal to
each other with respect to the bilinear forms which define the section condition of ExFT, and
(iii) form a closed algebra by utilizing the generalized Lie derivative £̂KI KJ

I = − fIJ K KK
I . In

particular, if we consider a D-dimensional group manifold M � G that is constructed from the
EDA, we can naturally construct the generalized vector fields KI

I which generate the dressing
action and satisfy the above conditions (i)–(iii). Then, eliminating the gauge fields AI (by using
the equations of motion), we can in principle obtain the standard brane actions whose target
space is a (D − n)-dimensional exceptional dressing coset.

For the gauged (p, q)-string action, we have eliminated the gauge fields AI and obtained the
standard worldsheet action of a (p, q)-string on an exceptional dressing coset. However, from
this action we can determine only the supergravity fields that couple to the (p, q)-string. In ad-
dition, we have found that the supergravity fields computed from the F-string action and that
from the D-string action can generally be different. This makes it difficult to discuss the gener-
alized U-duality at the level of the supergravity equations of motion. To discuss the generalized
U-duality, we found it more reasonable to consider an extension of Sfetsos’s approach to the
U-duality setup. This allows us to compute all of the bosonic fields on the exceptional dressing
cosets, and we can, in principle, check whether a solution of ExFT is mapped to another solu-
tion under the generalized U-duality transformation. As a demonstration, we reproduced the
well-known results of non-Abelian T-duality of the 2-sphere in the U-duality-covariant for-
malism. Unlike the case of the T-duality, we found that the dilaton field is also determined in
the same manner as the metric and the B-field.

We have made two proposals on the exceptional dressing cosets: one is based on the gauged
brane actions and the other is based on the Sfetsos limit. In the case of the PL T-duality, these
two approaches give the same result, but in the U-duality case, they do not always give the
same results. This subtlety needs to be clarified. In future work, it will be interesting to inves-
tigate non-trivial examples of the generalized U-duality of exceptional dressing cosets. It is
also important to show whether the generalized U-duality of the exceptional dressing coset is
a solution generating transformation in ExFT.
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A. Notation
In this paper (after Sect. 2) we have used the multiple-index notation introduced in Ref. [36].
When we write Aip, this corresponds to

Ai1 ···ip√
p!

in the standard notation. The antisymmetrized
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Kronecker delta includes an additional factorial, and δ
jp
ip

reads
p! δ

j1 ···jp
i1 ···ip√
p! p!

= δ
j1···jp
i1···ip , where δ

j1···jp
i1···ip ≡

1
p! (δj1

i1
· · · δjp

ip
± permutations). For curved indices i, which correspond to i (in M-theory) and m

(in type IIB theory), we define the square bracket as

Aip[jq Bjr] ≡ δ
kqlr
jq+r

Aipkq Blr . (A1)

Here, the right-hand side reads

(q + r)! δk1···kql1···lr
j1···jq+r

Ai1···ipk1···kq Bl1···lr√
q! r! (q + r)! p! q! r!

=
(q+r)!

q! r! δ
k1···kql1···lr
j1···jq+r

Ai1···ipk1···kq Bl1···lr√
(q + r)! p!

. (A2)

We also use condensed notation such as

dxip → 1√
p!

dxi1 ∧ · · · dxip, Dxip → 1√
p!

Dxi1 ∧ · · · Dxip. (A3)

Then, for example, Aip dxip reads 1
p! Ai1···ip dxi1 ∧ · · · ∧ dxip in the standard notation. In addition,

we define the metric gipjp that corresponds to gi1k1 · · · gipkp δ
j1···jp
k1···kp

.
We do not apply the multiple-index notation to the group index I, but we still use the con-

densed notation

AI···J ≡ AI ∧ · · · ∧ AJ , ιI···J k̂(p) ≡ ιI · · · ιJ k̂(p). (A4)

The square bracket on the group indices, such as ι[I1···Iq−1 k̂
(p)
Iq] , is used in the usual sense (by

including the factorial 1
q! ).

B. Generators of the exceptional group and twist matrices
By following the approach of Ref. [53], when we consider M-theory we decompose the gen-
erators of en(n) into the gl(n) generators Ki

j, the positive-level generators {Ri3, Ri6, . . .} with
upper indices, and the negative-level generators {Ri3, Ri6, . . .} with lower indices. The matrix
representations (tα)I

J of these generators in the so-called R1-representation are given by [27]

Kk
l ≡ K̃k

l − 1
9 − n

δk
l 1, K̃k

l ≡

⎛
⎜⎜⎜⎜⎝

−δi
l δk

j 0 0
0 δkm

i2 δ
j2
lm 0 · · ·

0 0 δ
km4
i5 δ

j5
lm4

...
. . .

⎞
⎟⎟⎟⎟⎠, (B1)

Rk3 ≡

⎛
⎜⎜⎜⎜⎝

0 0 0
δ

k3
ji2 0 0 · · ·
0 −δ

j2k3
i5 0
...

. . .

⎞
⎟⎟⎟⎟⎠, Rk6 ≡

⎛
⎜⎜⎜⎜⎝

0 0 0
0 0 0 · · ·

δ
k6
ji5 0 0

...
. . .

⎞
⎟⎟⎟⎟⎠, · · · (B2)

If we consider the case n > 8 the rank of these matrices is infinite, but we can determine the
elements of these matrices successively from the low-level components. For our purpose, it is
not necessary to know the details of the omitted (high-level) components. By using the above
generators, we construct the matrix L = (LI

J) as

L = eCi3 Ri3 eCi6 Ri6 · · · (B3)
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We also construct the matrix ĜIJ by exponentiating the generator Kk
l as

ĜIJ = |g| 1
9−n

⎛
⎜⎜⎜⎜⎝

gi j 0 0
0 gi2 j2 0 · · ·
0 0 gi5 j5

...
. . .

⎞
⎟⎟⎟⎟⎠. (B4)

Then, the generalized metric MIJ , which has unit determinant, is given by MIJ = (LT Ĝ L)IJ .
When we study type IIB theory, we decompose the generators of en(n) into the gl(n − 1) gen-

erators Kp
q, the sl(2) generators Rγ δ, the positive-level generators {Rm2

α , Rm4, Rm6
α , . . .} with

upper indices, and the negative-level generators {Rα
m2

, Rm4, Rα
m6

, . . .} with lower indices. Their
matrix representations (tα)I

J in the R1-representation are given by [54]

K p
q ≡ K̃ p

q − 1
9 − n

δp
q 1, K̃ p

q ≡

⎛
⎜⎜⎜⎜⎜⎜⎝

−δm
q δ

p
n 0 0 0

0 δβ
α δ

p
m δn

q 0 0 · · ·
0 0 δ

pr2
m3 δn3

qr2

0 0 0 δβ
α δ

pr4
m5 δn5

qr4
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

,(B5)

Rγ δ ≡

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0
0 δα

(γ εδ)βδn
m 0 0 · · ·

0 0 0 0
0 0 0 δα

(γ εδ)βδn5
m5

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

,

Rr2
γ ≡

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0
δα
γ δr2

nm 0 0 0 · · ·
0 εγβ δnr2

m3
0 0

0 0 −δα
γ δn3r2

m5
0

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

, (B6)

Rr4 ≡

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0
0 0 0 0 · · ·

δr4
nm3

0 0 0
0 δα

β δnr4
m5

0 0
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

, Rr6
γ ≡

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0
0 0 0 0 · · ·
0 0 0 0

δα
γ δr6

nm5
0 0 0
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

. (B7)

The matrix L in type IIB theory is given by

L = eBα
m2

R
m2
α eBm4 Rm4 eBα

m6
R

m6
α · · · , (B8)

and we construct the matrix ĜIJ by using Km
n and Rαβ as

ĜIJ = |g| 1
9−n

⎛
⎜⎜⎜⎜⎜⎜⎝

gmn 0 0 0
0 mαβ gmn 0 0 · · ·
0 0 gm3n3 0
0 0 0 mαβ gm5n5

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

, mαβ = e�

(
e−2� + (C0)2 −C0

−C0 1

)
.

(B9)

Similar to the M-theory case, we then define the generalized metric as MIJ = (LT Ĝ L)IJ .
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The matrix LI
J , introduced in the definition of ω

(F )
IJ;K in Eq. (51), is given by

L = eFi3 Ri3 eFi6 Ri6 · · · (M-theory), (B10)

L = eF α
m2

R
m2
α eFm4 Rm4 eF α

m6
R

m6
α · · · (type IIB theory). (B11)

This shows that in our approach, the field strengths Fp + 1 ≡ dAp of the worldvolume gauge
fields are in one-to-one correspondence with the positive-level generators Rip+1 .

By using an invariant tensor ηIJ;K, known as the η-symbol, that connects a symmetric product
R1⊗SR1 and the R2-representation, we can define the en(n) generators in the R2-representation,
denoted by (tα)IJ , through

(tα)L
I ηLJ;K + (tα)L

J ηIL;K = ηIJ;L (tα)LK. (B12)

In the M-theory parameterization, we find

(Rk3 )IJ ≡

⎛
⎜⎝

0 −δ
ik3
j4 · · ·

0 0
...

. . .

⎞
⎟⎠, (Rk6 )IJ ≡

⎛
⎜⎝

0 0 · · ·
0 0
...

. . .

⎞
⎟⎠, · · · , (B13)

and in the type IIB parameterization, we have

(Rp2
γ )IJ ≡

⎛
⎜⎜⎜⎜⎝

0 −εβγ δ
p2
n2 0

0 0 −δ
p2m2
n4 · · ·

0 0 0
...

. . .

⎞
⎟⎟⎟⎟⎠, (Rp4 )IJ ≡

⎛
⎜⎜⎜⎜⎝

0 0 δβ
α δ

p4
n4

0 0 0 · · ·
0 0 0

...
. . .

⎞
⎟⎟⎟⎟⎠,

(B14)

(Rp6
γ )IJ ≡

⎛
⎜⎜⎜⎜⎝

0 0 0
0 0 0 · · ·
0 0 0

...
. . .

⎞
⎟⎟⎟⎟⎠, · · · (B15)

By using these, the matrix LI
J appearing in Eq. (51) can be defined as(
LI

J
) = eFi3 Ri3 eFi6 Ri6 · · · (M-theory), (B16)

(
LI

J
) = eF α

m2
R

m2
α eFm4 Rm4 eF α

m6
R

m6
α · · · (type IIB theory). (B17)
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