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The Poisson—Lie (PL) 7-duality is a generalized 7T-duality based on the Lic algebra of the
Drinfel’d double. In particular, when we consider the PL 7-duality of a coset space, the dual
space is found to be a generalized coset space, which is called the dressing coset. We inves-
tigate an extension of the dressing cosets to the U-duality setup. We propose the gauged
actions for various branes in M-theory and type IIB theory, where the generalized metric
is constructed by using the exceptional Drinfel’d algebra (EDA) and the gauge algebra is a
certain isotropic subalgebra of the EDA. By eliminating the gauge fields, the gauged action
reduces to the standard brane action on a certain reduced background, which we call the ex-
ceptional dressing coset. We also propose an alternative definition of the exceptional dress-
ing cosets based on Sfetsos’s approach and reproduce a known example of non-Abelian
T-duality in the U-duality-covariant formulation.

Subject Index B20, B23, B80

1. Introduction

The Poisson—Lie (PL) 7-duality [1,2] is a natural generalization of Abelian and non-Abelian
T-duality. This is based on the Lie group of a 2D-dimensional Drinfel’d double D, and the
physical space M on which strings propagate is constructed as a coset space M = D/G. Here,
G is a D-dimensional subgroup of D that is isotropic with respect to the 7-duality-invariant
bilinear form ( -, -). In general, there are several inequivalent choices of the subgroup G, and
we can construct several different physical spaces M = D/G, M’ = D/G', ... The PL T-duality
is a classical equivalence of string theories defined on the family of physical spaces. This equiv-
alence still holds even if we consider a further quotient by an isotropic subgroup F of D [3—
5]. Namely, string theories defined on a family of the reduced physical spaces M = F\D/G,
M' = F\D/G, ... are known to be equivalent (at least at the classical level). When D is a per-
fect Drinfel’d double, the physical spaces M = D/G, M’ = D/G, ... can be identified with
group manifolds of D-dimensional (isotropic) Lie groups G, G, ..., and the reduced physical
spaces can be expressed as M = F\G, M’ = F\G, ... In particular, if Fis a subgroup of G,
M = F\G is a standard coset space, but in general they are non-trivial coset spaces, which is

© The Author(s) 2022. Published by Oxford University Press on behalf of the Physical Society of Japan. This is an Open Access article distributed under the
terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and
reproduction in any medium, provided the original work is properly cited.

Funded by SCOAP?. SCOAP3 and OUP support the goals of the International Year of Basic Sciences for Sustainable Development

220z 189000 Z| uo Jasn yjayjol|qiqienusz-AS3a Aq £890599/109€60/6/2202/ol01e/da)d/wod dno-olwapede//:sdyy Wwoij papeojumo(


mailto:yuho@koto.kpu-m.ac.jp
https://creativecommons.org/licenses/by/4.0/
https://www.iybssd2022.org/en/home/

PTEP 2022, 093B01 Y. Sakatani and S. Uehara

called the dressing coset. Then, if we perform a PL 7-duality transformations, a coset space is
generally mapped to dressing cosets.

Recently, a U-duality extension of the Drinfel’d double, called the exceptional Drinfel’d al-
gebra (EDA), was proposed in Refs. [6,7], and various aspects of the EDA have been studied
in Refs. [8-18]. It is thus of interest to investigate whether the notion of dressing cosets can be
generalized to the case of the EDA. A difficulty in this generalization arises from the fact that
a group-like extension of the EDA has not yet been clarified. The EDA 9(eyy)) 1s a Leibniz
algebra and, unlike the Lie algebra, we do not have a group manifold associated with the EDA.
When we consider the generalized U-duality, we find several decompositions of the EDA into a
pair of subalgebras d(enn)) = g @ §, where g is a maximally isotropic subalgebra and g is also a
subalgebra. Here, g is a Lie algebra (due to the isotropy), and we can consider the associated Lie
group G. The group manifold of G has been found to play the role of the physical space M [6,7],
and by considering various inequivalent decompositions, d(enm) =g® =9 B§ =---, we
can construct various physical spaces M ~ G, M ~ G, ... The symmetry which connects these
geometries is known as the generalized U-duality. A major difference from the 7-dual case is
that we cannot express this physical space M ~ G as a coset space, such as D/G. In the T-dual
case, the dressing coset has been defined as a double coset F\D/G, and F can be an arbitrary
isotropic subgroup of D, but in the U-duality generalization, naively, F\ G can be defined only
when F'is a subgroup of G.

In fact, to define a U-duality extension of the dressing cosets, it is important to recall the
notion of the dressing action. For a perfect Drinfel’d double, an arbitrary element £ of D can
be factorized into a product £ = gg (g € G, § € G). Then, using the gauge symmetry associated
with right multiplication by G, we can always choose a gauge where £ = g € G, and the coset
space M = D/G is identified with a group manifold of G. Under a left multiplication by an
element f/ € F, £ = g is mapped to a certain element of D, and by simultaneously performing
a gauge transformation associated with G, we can obtain an element £ = ¢ € G. The map
g g , defined in this way, is called the dressing action. We can then consider an orbit of the
dressing action of F on G even when F is not a subgroup of G. By regarding this as a gauge
orbit, we can construct the dressing coset F\G. As noted in Ref. [19], the dressing action by
f=1+¢€"T, € F (¢ an infinitesimal constant) is generated by the generalized Lie derivative
of double field theory (DFT) [20-24] along some generalized vector fields KM = K;4 E M
which are constructed from the Lie algebra of the Drinfel’d double D (a similar proposal was
made earlier in Ref. [25], where dressing cosets are defined as generalized cosets).

We propose here that the dressing action in the U-duality context is generated by the gener-
alized Lie derivative of exceptional field theory (EXFT) [26-33] €” £, along K,/ = K,* E /' (x).
If the gauge group F is a subgroup of G, K, reduce to the usual right-invariant vector fields
on G, similar to the case of the Drinfel’d double. By requiring that the generalized vector fields
K,! satisfy the generalized Killing equations £ k.M = 0, the brane action turns out to have
a global symmetry under the dressing action. Then we can promote the global symmetry into
a local symmetry and define the gauged sigma model. By the construction, this model should
describe the motion of a brane on a dressing coset F\ G, which we call the exceptional dressing
coset. In principle, eliminating the gauge fields, we can reduce the action to the standard brane
action and read off the supergravity fields on the dressing coset.

To clarify the symmetry of the EDA, it is useful to use the U-duality-covariant approach of
the brane worldvolume theories. As such an approach, we employ here the approach proposed
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and developed in Refs. [34-36] (see Refs. [37-44] for other approaches proposed recently). For
a p-brane in M-theory or type IIB theory, the brane action can be expressed generally as

e)‘Mu(X) P A *VPJ + f Qbranc- (1)

1
TPy /2 -
The supergravity fields are contained only in the generalized metric M;;(x), and the details
of Qprane depend on the brane. The worldvolume gauge fields are contained only in Qpane. At
least for the membrane, the M5-branes, and the (p, ¢)-string, the classical equivalence to the
standard brane theories has been checked in Refs. [34-36], and we use this here as the ungauged
action. We assume the existence of generalized Killing vector fields K,/ (- = 1, ... , n) that form
a Lie algebra £ K, = —f,,* K!, which corresponds to the gauge algebra f of the dressing
action. Then the brane action is invariant under the coordinate transformation §x' = €* k. (e*
a constant), and we consider promoting the global symmetry into the local symmetry §x'(o) =
€’(0) k' (x(0)) by introducing the gauge fields .A”(o'). We explain a general strategy to construct
the gauged action and construct the gauged actions for various standard branes: the membrane,
the M5-brane, the (p, ¢)-string, and the D3-brane.

After finding the gauged brane actions, we consider eliminating the gauge fields .A*. We gauge-
fix the n-dimensional gauge symmetry by setting n coordinates to be constant, and also elim-
inate the gauge fields A*. We then obtain the standard (ungauged) brane action on a (D —
n)-dimensional exceptional dressing coset. Concretely, we consider a (p, ¢g)-string action and
obtain the metric and the 2-form potential fields, which play the role of the supergravity fields
on the exceptional dressing coset. We then find a certain issue on the obtained supergravity
fields. To avoid the issue, we propose an alternative way to construct the supergravity fields on
the exceptional dressing cosets, which extends Sfetsos’s approach [5] to the U-duality setup. This
allows us to determine all of the bosonic supergravity fields and makes it possible to discuss
the generalized U-duality at the level of supergravity equations of motion.

This paper is organized as follows. In Sect. 2 we review the standard dressing cosets and the
gauged string sigma model. In particular, we explain two equivalent descriptions of the gauged
sigma model to make it easy to study the generalization to brane theories. In Sect. 3 we review
the (ungauged) brane actions. In Sect. 4 we explain how to construct the gauge-invariant ac-
tions, and concretely construct various gauged brane actions in M-theory and type 1IB theory.
In Sect. 5 we discuss the supergravity fields on the exceptional dressing cosets. For a (p, ¢)-
string, we find that the gauge fields .A” can generally be eliminated, and the background fields
can be determined from the string action. We then discuss a subtle issue and propose an al-
ternative approach based on Sfetsos’s limit. As a demonstration of this approach, we discuss
non-Abelian 7-duality of the 2-sphere in the U-duality setup. Section 6 is devoted to conclusion
and discussion.

2. Dressing cosets and the gauged string action

For a classical string on a dressing coset, the gauged sigma models have been studied in
Refs. [19,45] (see, e.g., Refs. [3,46,47] for earlier studies on similar sigma models which include
some projectors). In this section we review the gauged sigma model of Ref. [19] and stress that
there are two equivalent approaches to formulating this gauged sigma model.

Group-based approach The first approach describes the position of the string by using a
map o — [(0) € D from the worldsheet ¥, to an element of a 2D-dimensional Drinfel’d
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double D. We introduce gauge fields C(o ) that are associated with right multiplications by
G. Accordingly, the sigma model describes string theory on the D-dimensional coset space
D/G. We also introduce gauge fields A(c) associated with left multiplications /(o) —
f(o)Il(o)(f € F)byann-dimensional subgroup F of D. Then, the resulting gauged sigma
model corresponds to string theory on the dressing coset F\D/G.

Coordinate-based approach In the second approach, the position of the string is described
by the embedding function x”*(o'), which gives a map from X, to the D-dimensional coset
space D/G. The group element /(o) defined in the first approach can be parameterized
as [(0) = e TagbiSn(@) T “\where {T,, T} spans the Lie algebra d and {7} spans
§, which is the Lie algebra of G. One may then suspect that we also need to introduce
Xm(0). However, in the gauged action, roughly speaking X, appears with the combina-
tion dX + C(o0) and we can rename the combination as P,,(c). Accordingly, in the second
approach we introduce independent auxiliary fields P,,(o) instead of considering X,,, and
C. To study the dressing cosets, we again introduce the gauge fields A(o) in the same way
as the first approach. A difference from the first approach is that (infinitesimal) left multi-
plications are expressed as coordinate transformations along a certain Killing vector field
X"(o) = x"(0) + €"(0) k'(x(0)). This transformation looks different from that of the
first approach, but is actually the same. The gauged action is indeed gauge invariant in
both approaches.

When we consider the exceptional dressing cosets, it is not easy to take the first approach
because it is not clear how to define the group-like extension of the EDA. Accordingly, we
explain here the second approach in more detail, and then study its extensions in Sect. 4.

2.1.  Drinfel’d double

Here we briefly introduce some notation associated with the Drinfel’d double. The Lie algebra
of the 2D-dimensional Drinfel’d double is given by

[T0 Tl = fu' Teo [T T1=f0TC [T, T = £ T = fu" T, (2)
where a = 1, ..., D. The two subalgebras generated by {7, } and {T"} are respectively denoted
as g and g, and both are maximally isotropic with respect to the symmetric bilinear form,

(T, Ty =0=(T", T, (T, T") =5, 3)
We shall denote the generators collectively as {7} = {T,, T“} (4 =1, ...,2D), and also denote
the algebra and the bilinear form as

0 &
(T4, Ts] = Fa5° Tc, (T4, Tp) = nas, Nap = (5,, Oa) 4)

2.2.  Gauged string action in the first approach
Let us consider the gauged action [19]

1 | oY 1
—4m//22(§<7’7*yH(P)>+<p,lCl> <P,A>) /83!@,[0,0]), )

where 7L : 0 — 0 is a linear map satisfying %2 = 1 and (T}, H(T3)) = (H(T4), Tp), and
p=dll™", P=p+ICl, P=P+ A, B =1, (6)

The gauge field C = C4 T takes values in § and can be parameterized as (C4) = (0, C,). The
gauge field A is defined to take values in an n-dimensional Lie algebra f that is an isotropic

1
dro’
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subalgebra of 0. We denote the generators of f as
L=K'Ty, [T, T)=/f,"T., (T, T,) =0, @)

wherer = 1, ..., nand K, is constant. Then we expand the gauge field as A = A’ T,.
We can show that the action in Eq. (5) has the following two gauge symmetries:

(i) Under right multiplication by an element of G, I(¢) — [(¢)h(c) (h € G), the right-
invariant 1-form p(o) is transformed as
p(0) = plo)+1dhh™ 17" 8)
The gauge fields C and A and the intrinsic metric y are supposed to transform as
Co)— h'Clo)h—h""dh,  A(c)— Ao), y = y. )
We then find that P(o) and P(o) are invariant under the right action. We can also find
that the combination

1
/ pricih - 5 / (02 . P (10)
22 * B

is invariant, and then the action in Eq. (5) is gauge invariant.

(i1) Let us denote the Lie group associated with f as F. Under left multiplication by an element
of F,l(c) — f(o)l(o) (f € F), we find that the right-invariant 1-form transforms as

p— foft+df 7. (11)
The gauge fields are supposed to transform as
Clo) > Clo),  Alo) = f(0)Aw0) [ (o) —df(o) [ (o). (12)
Then we can easily see that the combination
1
[ oriery =] -5 [ wito. o0 (13)
b 'JB

is invariant under the transformation. The first term of the action is slightly non-trivial.
We find that P transforms as

P—fPf or P1=(Ad))s' PE, (14)
and then the action is invariant if the matrix ap = (Ty, 7:l(TB)) satisfies
Hap = (Ads)4€ (Ady)s” Hep (15)

for arbitrary f € F and the intrinsic metric y is invariant. For an infinitesimal gauge trans-
formation f (o) = 1 + €*(0) T3, the condition in Eq. (15) reads

K€ (Fea® Hpp + Fe® Hap) = 0. (16)
2.3.  Gauged string action in the second approach

To consider the second approach, we begin by rewriting the action in Eq. (5). We then explain
how to realize the gauge invariance in this approach.

2.3.1.  Rewriting the action. Assuming that an arbitrary element / € D can be factorized as
| =gi(ge G, §e G), we decompose the right-invariant 1-form field p = d/ 1~ as

p=pTy=dll ' =r+gig !, (17)
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where we have defined
r=r"T,=dgg"', F=7T"=dzg". (18)
We denote the adjoint actionasg T, g~ ' = (Ady) 48 T, and then the matrix Ad, generally takes

the form
a! ab 0
(Ady). " = (ica n)cb ab“)’ (19)

where a,“ is invertible and 7% = —n%“. Using this parameterization, we can express the right-
invariant 1-form and the gauge field /C/~! as
ra_nacab’; _nabc
pAz( ba ”>, (zcrlr‘:( ”). (20)
ag " Tp Ca
We introduce the local coordinates on G and G as g = %" T and § = % 7", respectively, and
then we have

r = (x)dx", Fo =T (X)dXy,. (21)
We also introduce a matrix
ré 0
Eyi(x) = ( mo ) (22)
—gen el
where ¢ is the inverse of . By using this matrix, p# and (/ C /~')4 can be rewritten as
dx™ 0
A A A A
= E N C == E 5 23
P M (X)<fam ;’a> M (X)<£,an(x)ca> (23)

where ¢ = ¢4 T, dx" = g~' dg and we have used ¢/ ¢ = a,”. Then, P=PATy=p+ICI7},
which is defined in Eq. (6), can be expressed as

PUo) = Ev(x(@) PY(@),  PY)= (D7), 4)
Pu(o)
where P, = £ (C, + 7,). We denote the inverse matrix of E w? as E4M, and PM can be ex-
pressed as PM = E M P4 Making a similar definition for P = P4 T, we have
P (o) =P (o) + AY(0), AM(o) = KM (x(0)) A'(0), (25)

where KM (x) = K,* EM(x) are the generalized Killing vector fields that generate the gauge
algebra §. Using the parameterization (K;™) = (K", k;»), we can express P as

P = (27); ) DX" = dx" + K A", Py = Pyt A (26)
Further, using the identity
1
/ (prl1Ci™!y — — f (p2[p, pl) = | dx" APy, (27)
PN 3' B p)

we can rewrite the gauged action in Eq. (5) as

1 1
S = _/ = Hun (X"(0)) PY Ay PN — iy P AAY +dX" AP, |, (28)
47'[a’ PN 2
A B 97 0 8;111
where Hyv = Ey® En® Hyp and nyy = <8” 0 )
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2.3.2.  Gauge symmetry. Under the right multiplication /(o) — [ (a)iz(o)(iz € G), g ="l
and g = €% 7" appearing in the decomposition / = gg are transformed as
g=g (& &=, §=gh (& &5 =), (29)

Namely, x"(o) are invariant but X,,(c ) are transformed. By recalling that P(o) = p +/C /7' is
invariant under right multiplication, it is clear that the variation of %, (or 7,) and that of C (or
C,) are canceled out, and their combination B, = ¢4 (C, 4 7,) 1s invariant. The gauge field A*
is also invariant, and then each term of the action in Eq. (28) is manifestly invariant.

The gauge symmetry associated with the left multiplication by F is more non-trivial. To ex-
plain, let us consider some details of left multiplication. As noted in Ref. [19], an infinitesimal
left multiplication by a constant element (1 + €* T;) € F corresponds to the generalized dif-
feomorphism along the generalized vector field € K;. Under the condition in Eq. (16), this
generalized vector field satisfies the generalized Killing equations €’ k; H v = 0. The general-
ized metric H sy contains the metric and the B-field as

Huy = (gm" = Bup 8 By By g””>, (30)
—&"" Bpn g
and in terms of these fields, the generalized Killing equations read
Lisgmm =0, £, By +dkV =0, (31)
where &'V = ky,, dx™. The generalized Killing vector fields satisfy the algebra [19]
£, K, = —fi K (32)

and if we define lAczm through the relation
Fam = kom + By K2, (33)
the algebra can be expressed as
£k = [ K k) = — £ kD, (34)

Now let us consider the gauge variation of the action in Eq. (28). Here we allow the parameter
€’ to depend on the worldsheet coordinates, and consider an infinitesimal diffeomorphism

3x"(0) = €'(0) k' (x(0)). (35)
We also transform the gauge field A as
SA" = [l el A —de, (36)

which is the same as the transformation rule in the first approach. The non-trivial point is the
transformation rule of P,,(c'). Here we redefine this as P,,(o) through the relation

Py = By + By dx", (37)
and treat P, (c) as the fundamental variable. We then assume the transformation rule
8By = —€" 3,,k" B,y + de” kyy,. (38)

Combining Egs. (35)—(38), we can compute the variation of each term of the action. Any func-
tions f(x) of x are transformed as § f = €”(0') k% 9, (x), and then, for example, we find

8Py = 8By, + € kP 8,B,, dX" + d€” By kI + By €” 3,k dX"
= —€" 0k} P, + de” Kym — 2€" dm l~qz|n] dx",
SP" =€ 8,k" P",  SPuy=—€ 8k Py — 26 i kpriy P". (39)
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Then, the variation of the first term of the action is invariant:
S(Han PM A x,PY) = € (£, H)un PM A%, PN = 0. (40)
We can also find that
8(—nun PM A AN +dx" A P,) = d(—2€ kD). (41)
Then the action in Eq. (28) is invariant under the gauge transformation up to the total derivative
that corresponds to the B-field gauge transformation.

To consider the case where the worldsheet has boundaries, we introduce an additional 1-form
gauge field 4(0) and add a total-derivative term —ﬁ f):2 d A, to the action. Then, supposing
that A4, transforms as

§A; = —€" kWD, (42)
we can show that the resulting action is exactly invariant under the gauge transformation. If
we denote the field strength of the gauge field as F> = dA4; and define a matrix o* as

oy = (2;;'?” ‘3) 43)
the modified action can be expressed as
S = 87710[, /E 2 (Harw P A5, PY — o) PYAPY 25y AM A PY). (44)
If we truncate the gauge field A?, this is precisely the action of the Born sigma model,
S = snlou /ZZ(HMNPMA*VPN—CO@NPMAPN), (45)

which was studied in Refs. [36,48]. In this sense, the action in Eq. (44) can be regarded as a
gauged Born sigma model. In the following sections we study extensions of the gauged Born
sigma model for various branes in M-theory and type IIB theory.

3. Ungauged brane actions in M-theory/type IIB theory
The Born sigma model in Eq. (45) can be naturally generalized to various branes in M-theory
and type IIB theory [36]. In this section we briefly review such generalizations; we use the
multiple-index notation, which is reviewed in Appendix A.

The generalized Born sigma model for a p-brane takes the form [36]

1
S= —/ €AM (X) PI Nk PJ +f Qbranev (46)
2(p + 1) PP Y g Zpt1
where
1
Qprane = —=———— PP AP A 47
b D) (P + 1) w[J;/C q(brane) ( )

Let us explain the definition of each symbol, one by one.

e The scalar field A(o) is an auxiliary field that determines the tension of the brane when we
consider a (p, ¢)-string in type I1IB theory. When the dimensions of the worldvolume are
different from two, A can be absorbed to the intrinsic metric y and can be ignored.

* The matrix M;;(x) € Eynm) is the generalized metric (with unit determinant) in the Ey )
ExFT. This contains an overall determinant factor, but this factor can be absorbed into the
auxiliary field A(o) and can be ignored. When we consider a brane in M-theory (type 1IB
theory), we assume that the generalized metric depends on n (n — 1) coordinates x’ (x)
(i=1,...,n,m=1,...,n—1). For later convenience we denote the coordinates as X

8/33

220z 189000 Z| uo Jasn yjayjol|qiqienusz-AS3a Aq £890599/109€60/6/2202/ol01e/da)d/wod dno-olwapede//:sdyy Wwoij papeojumo(



PTEP 2022, 093B01 Y. Sakatani and S. Uehara

(i=1,...,D,with D =nin M-theory and D = n — | in type IIB theory). In both theories
the generalized metric can be decomposed as

M= (L"G L)y, (48)

where Gy is a block-diagonal matrix and a lower-triangular matrix L’; (see Appendix B
for the details). The matrix Gy contains the metric and scalar fields in each theory, while
L!; contains p-form (or, more generally, mixed-symmetry) gauge potentials.

We call the matrix L’; a twist matrix and, accordingly, we call G;; the untwisted metric.
We consider that an arbitrary generalized tensor field is twisted by the same twist matrix
and, for example, for a given generalized vector field V7(x), we define the untwisted vector
field V7/(x) as

Vi) =@, Vi) = L) 7 (). (49)

We note that the untwisted fields are very useful in our discussion.
The 1-form fields P’ take the following form in each theory:

, dx"
dx'
B
PI — Pl~2 (M-theory)’ PI = Prn3 (type 1IB thCOTY). (50)
15 PO[
. ms

The scalar fields x' correspond to the embedding function, and the other 1-form fields P~
are auxiliary fields.

The matrix wﬁf);c 1s defined as

o) = (LK o) L1 Lo (51)

by using some constant matrices a)f,(}) - In M-theory, some of them (which are associated
with M2 and MY) take the form

0 -5 0 0 (.
i> I 22 0 !
20 0 .. 0 -3
(0) Jk ©) ) k
“% =10 0 o0 CoCw T s, 0 o - 62
4

In type IIB theory, some of them (which are associated with strings, D3, 5-branes) are

0 —8y5, 00 0 0 -8, 0
sism 0 00 0 —epd™ 0 0

oW =| 0 0 00 Ce®= om0 0 0 ,
0 0 00 0 0 0 0

(53)
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0 0 0 —sl8ns,
0 0 —5) s 0
4
a)g?yz 0 —5 8 0 0 , (54)
8% 8, 0 0 0

The matrix £/, € Ey) contains the field strengths of the worldvolume gauge fields F), . |
= dA, that extend F> appearing in the string action in Eq. (44), and £7 7 is the same matrix
in a different representation of Ey ) (see Appendix B for the details).

e The brane charges qﬁmne) are defined as

q(Ibrane) = (ﬁ_ ! )jI qz{)rane)v (55)

where Q(Ibrane) for M-theory branes are given by

dx’ 0
0 dx*
A “2 N s
=5 o[ dww=%|0o | (56)

and those for type IIB branes are given by

qu 0 0
0 dx™ 0
] 7 3 A Hs m
Tt = M1 8 . oy = 3 g o s = 5% c(l)x B R € V)]

Here, 1, is a constant that corresponds to the tension (or charge) of the brane. The con-
stants ¢, (@ = 1, 2) transform as an SL(2)S-duality doublet; g, = (1, 0) corresponds to the
F-string or the NS5-brane, while ¢, = (0, 1) corresponds to the D-string or the D5-brane.

To find the explicit form of Qpane, it is useful to define

6053) = wg'(})lC éflf)rane)’ a)EIJ:) = (ﬁTw(O)ﬁ)U’ (58)
and compute
1
(F) 7

Qbrane:—ma)lj APIA P (59)

Then, in M-theory, we find
Quoz = =5 P, Adx"™ — ua B, (60)
Qums) = =& (P A dx" — Py Adx" N F) — s F. (61)

In type IIB theory, we find
Qpg1 = =5 qo By NdX" — 1 g B (62)
Qo3 =—-% (Pm3 ANdx™ — €qp Py AdX" N Fzﬂ) — w3 B, (63)
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Qpgrs = — ¢ qa (P,f;5 ANdX"™ — Py, NdX"™ ANES + Py AdX" AN Fy
+ e s PUndX" N AFY) — psqo (FE — 2 F A FY).
Let us define the untwisted fields P’ as
Pl=L',P.
In M-theory, we have
P =P =dx', P, =P, — C,;dx/,
P = 131'5 + G 131'2] + (Ci5j - % G Aiz]j) dx/,

(64)

(65)

(66)

where C; and Cg are the standard 3- and 6-form potentials in 11-dimensional supergravity. In

type IIB theory, we have

P" = P = dx", PY = P+ BY dx",

m mn

sz = Pm% — €ys Bmz P}le + (Bm3” + 5 €ys Bma m1]n) dx

P = Pa Bflmz sz — B, 13;1)’[11] EV5 BC:’nz B, Pa
+ (B?nsn B[m4 B;’Xn] In 3' 6)’5 Bflmz B Bml]n) d'x 4

where BS, By, and B are S-duality-covariant potential fields in type IIB supergravity.

By using the untwisted fields, in M-theory, the kinetic term is simplified as
My PP A, Pl = gij PP A%, P74 @22 Py Ak, Py + &5 Py Ak, Pr + - -
In type IIB theory, we have

Mg PPN s, P) = gy P A5, P 4 mgp @™ P2 A 5, PP
+ @ By Ay By + map g7 P A x, PP 4

m

(67)

When n < 8 there are only finite terms, but when n > 9 there is an infinite number of terms.

We can also rewrite Qppape as follows by using the untwisted fields:

Quus) = % [P, Adx" + P, Adx" A (43 — B)] + L),

Qo1 = =5 qo Py ndX" + LYE

Q(D3) = —% [Pm3 Adx™ + €qp PIZ Adx" A (Bzﬁ )] + ﬁ(D3),

Qpgrs = —2 qo [PL A dX"™ + By AdX™ A (B — FY) — P2 AdX" A (By — Fy)

tLes P ndx" A (BN B — 2B A B+ B A E)] 4 LY s,
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where L¥% denotes the Wess—Zumino (WZ) term,

LGy =2 (A—B), LN = ps(ds— 5 45 A B — F),
CN = (B F). L= (B~ e B A B~ ),
LYo s =usqa [BE —F —(Ba—FE)AN (3B +3F) + 6By AR AF]. (73)

Using these expressions, we can easily write down the brane action for each brane.
In summary, the action can be expressed schematically as

1 A 1 J Hp
5= s v =5t
The kinetic term M, (x) P! A %, P/ contains an infinite number of terms if n is greater than 8
(recall Eqgs. (67) and (68)). However, when we consider a p-brane, the auxiliary fields 2 with
the number of curved indices greater than p appear only from the kinetic term. Then, they
always have simple quadratic forms, such as gl piq A *yf’jq, and can be eliminated under the
equations of motion for the auxiliary fields. We thus argue that n can be extended to n = 11
when we consider standard branes, such as the M2-brane or M5-brane, as well as the standard
type 1IB branes. In EXFT, we need to decompose the 11- or 10-dimensional spacetime into
the external space and the internal space, and our coordinates x' correspond to those of the
internal space. The reason we do not consider the external space is because we expect that n
can be extended to n = 11, where the external space vanishes.

We note that, after eliminating all of the auxiliary fields A, y, and P, the first term of the
action in Eq. (74), fz,,ﬂ [ - -], reproduces the kinetic term of the Nambu—Goto type. Then, SW#
exactly corresponds to the WZ term. Indeed, for a membrane, the M5-brane, and the (p, ¢)-
string, the WZ terms given in Eq. (73) are the standard ones. However, for the D3-brane, our
WZ term looks different from the standard one. Our WZ term rather corresponds to that of the
S-duality-covariant formulation of D3-brane worldvolume theory (see, for example, Ref. [49,
Eq. (6.20)]). The WZ term of the (p, ¢)-5-brane also seems different from the standard one, but
we expect that our theory is equivalent to the standard one. In our approach, for each potential
C, in supergravity there is the corresponding field strength F), of the worldvolume gauge fields.
This is because both the potentials and the field strengths are associated with certain generators
of the exceptional algebra e, (see Appendix B). In Sect. 4 we see that this U-duality covariance
helps us to construct the gauged actions.

B, Adx +} + SVZ, (74)

4. Gauged brane actions
In this section we construct gauged brane actions that describe the dynamics of branes on the
exceptional dressing cosets.

4.1. Exceptional dressing cosets
The brane sigma model reviewed in the previous section describes the dynamics of a certain
brane in a curved background with the supergravity fields M;(x'). When we discuss the gener-
alized U-duality, we construct M, by using the inverse of the generalized frame fields E 4/ (x")
associated with EDA and a constant matrix M p € Eyn) as [6,7]

My (x) o Ef*(x) E;P(x) M ys. (75)
Then the target space is a D-dimensional background M that is a U-dual version of the PL
T-dualizable background M = D/G. By construction, supergravity fields depend only on the
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coordinates x' on the Lie group G, and the target space M can be identified with G. To construct
the exceptional dressing cosets, we assume that this background M admits n generalized Killing
vector fields K,/ = K,AE (=1, ..., n, K, constants),
£, M =0, (76)
where K; are supposed to form an algebra f,
£, K" = —fi K. (77)
We also assume that f is isotropic (which ensures that f is a Lie algebra), and define the dressing
action as generalized diffeomorphisms along these isometry directions. An infinitesimal dress-
ing action on M is generated by ¢’ &, (€” constants). Then, in the sigma model we promote this
global symmetry into the local gauge symmetry, and the dressing action is gauged. As a result
of this gauging the target space is reduced to the coset F\ M ~ F\G, which is the exceptional
dressing coset.
Note that if we define T, = K, T then they form a Lie subalgebra f: [T}, T,] = f,,~ T). In

particular, if f is a subalgebra of g, the dressing action is generated by the right-invariant vector
fields " on M >~ G and the exceptional dressing coset reduces to the usual coset F\G.

4.2.  Our conventions

Before going into the details, let us explain our conventions on supergravity fields. In ExFT,
the generalized Lie derivative generates the usual Lie derivative and the gauge transformations
of various potential fields. In the M-theory section, if we parameterize the diffeomorphism
parameters as (V1) = (v, ¥, ¥, ...), the variation of supergravity fields are given by

8gi; = £,8ij 8Cy = £,C3 4 di, 8Cs = £,C + dis + % Gy A dy, - (78)

In the type IIB section, using a parameterization (V1) = (v, 3, ¥,

m’ m

s> -+ ), We have
89mn = £,9mn. Smgp = £,Mgp, 8BS = £,B5 +dvy,

8By = £,By+ dV3 + 5 €,5 BY AdW,

8B = £,B¢ +dv% + By Ad¥ + 5 €,5 BS A By AdF, (79)

where g,,,, 1s the Einstein-frame metric, and m, g contains the dilaton and the Ramond-Ramond
0-form potential. Then, for example in M-theory, if we parameterize the generalized Killing
vector fields as (K,7) = (k, ]NCII'Z, ]NCII'S, ...), the generalized Killing equations can be expressed
as

£i,8i; =0,  £,CG+dkP =0,  £,C+dk®+1iCndk® =0, .., (80)

where £ = lAcI,-p dxi.

For convenience, we define the untwisted vector fields K, as
K'=@", K’ (81)

In M-theory/type IIB theory, they are parameterized as

ki k;n
]}I {cgm

A Tl A

K=" K'=|kml. (82)
?15 kzm5
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In terms of these untwisted fields, the algebra £ K, = —f,,* K! can be simplified as
Eiky = —fi K Bk = £ KD, RS = — £,
By using the explicit form of the matrix L~' = (L~!)/; in M-theory,
8} 0 0
o —Ci,) 5 0

1 Joks3 Js ,
Cij— 5 Ci Gy 67 Gy 6,

and in type IIB theory,
am 0 0 0
B 855, 0 0
L_l = B’”S” - GJ/‘SB[szmI]n EffJ/B[mz(Sm 8’1? 0

msn

we can parameterize the generalized Killing vector fields in M-theory as

ki
e feyiy — Cpy i .
tT ins + C[isk\Illz + (Clsj 2 C[isclej)ké '
and in type IIB theory as
kﬂl
k‘IxI’H + Bf(’leVlk;l
KTI = kzm; eySB[m,kmml] + (Bmw - E}/(SB[,‘”2 m ]")kn

kng + Bg’nz kmmB] - B[”74kt\);|m|] ZGV‘SB([);WZ B’”Zk\z\ml] + ( msn B["MB;):ZI]H [m2

The gauge algebra f has been assumed to be isotropic, which can be expressed as

KIA KJB TIAB;I - Oa Tty

3 s
B, B[’"ABf:n]n - 2'6)’5BﬁmB Bml]n aﬁa[m B’774] + Gﬁy(s[ml anBr);h] B[amQ(Srnnzg] 82[5:!”5

— %€,sB%, B, B

(83)

(84)

(85)

(86)

(87)

(88)

where 7 4p.7 1s the so-called n-symbol that defines the section condition in EXFT, and the el-
lipses become important only when we consider exotic branes. In M-theory, this condition is

equivalent to

0= szc(;) RO A ,}(Jz) + kD), e
where t; = ,. In type 11B theory this is equivalent to

0 = k%W + 1, koD,
0 = 1,k + 1,kD) — eup k2D A KED),
0 = (k%O 4+ k2D N KD 4 k2D A KD 11, k2O),

14/33

(89)

(90)

(C)
92)

93)

220z 189000 Z| uo Jasn yjayjol|qiqienusz-AS3a Aq £890599/109€60/6/2202/ol01e/da)d/wod dno-olwapede//:sdyy Wwoij papeojumo(



PTEP 2022, 093B01 Y. Sakatani and S. Uehara

We note that these isotropy conditions are very important when we construct the gauge-
invariant WZ terms in our gauged brane actions.

4.3. Gauge transformations
To construct the gauged action, we define here the gauge transformation of various fields on
the worldvolume and construct several gauge-invariant combinations.
We suppose that the coordinates x' and the gauge fields A’ transform as

Sx' =€k, SAT = —de’ + [, 77 A" (94)
They are natural generalizations of Egs. (35) and (36). If we define Dx' = dx' + A” k!, we can
easily find that

8Dx' = " ik D, (95)

In addition, we need to assume transformations of the auxiliary fields P similar to the one
given in Eq. (38). In the M-theory case, we suppose

8P, = —€" 85 opkt Py + de” kay, (96)
8P, = —€" 8" k) Py, +de" ke, (97)
while in the type IIB case, we suppose

§P% = —€" 9,k" P* +de" k2, (98)
8By, = —€ 800 8,Kk" By, + de” kpp,, (99)
8Py, = —€" 80 8 k) Py, +de" k3, . (100)

In both cases, these can be neatly summarized as (see Appendix B for the definition of K ij)
SPl = — ik (K'))' ) P' + de" K. (101)

We assume that the scalar field A(o) and the intrinsic metric on the worldvolume, which defines
*,,, are invariant under the gauge transformation.
In the sigma model, we regard K,’(x(o)) as functions, which transform as

8K (x) = €7k 0K, (x). (102)
Then, we find that
P =P+ KA (103)
transforms as
5P = — okl (R, P (104)
where we have used
KR, + aikd (KYY R, = —f,,° K. (105)

The generalized metric M;; can be decomposed as Eq. (48), and the untwisted metric Gy
contains only the metric (or scalar fields) which are invariant under the gauge transformations
of p-form potentials. Namely, the generalized Killing equations give

K& 9Gry — ek, [(K*)T G + GKY ], =0. (106)
Using this, the variation of the untwisted metric under the gauge transformation becomes
Gy = € kS0 Gry = el [(K*)T G+ GKY ], (107)
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Combining this with Eq. (104), we can easily see that the combination
G P Aw P =My P Ax, P (Pl= Y, P =P KA (108)
is gauge invariant. We thus use M;(x) P! A %, P’ as the kinetic term of our gauged action.
In addition, Eq. (104) indicates that, if we contract the curved indices of an arbitrary com-

AT : . . D .
ponent of P with Dx', we can construct a gauge-invariant combination. For example, in M-
theory,

Pra=P, ADx,  Prs=P, ADxS, - (109)
are invariant. In type I1IB theory,
Pl=PLADY",  Pra=Pu, DY, Pls=PL ADY, ... (110)

are invariant. In Qypane, the auxiliary fields P always appear with a combination such as 131-2 A
dx", and thus, when we construct the gauged action, we replace these combinations with the
above gauge-invariant combinations.

To construct the gauge-invariant actions, we further need to find some gauge-invariant com-
binations that only involve the supergravity potentials, the worldvolume gauge fields, the gen-
eralized Killing vector fields K/, and the gauge fields .A?. Unfortunately, we cannot find a sys-
tematic way of finding such combinations, and we find these on a case-by-case basis. It turns
out that the gauge transformation rules for the worldvolume gauge fields can be determined
successively from lower-order ones.

4.4. Gauged membrane action
Let us begin by considering the membrane action. Before the gauging, the Lagrangian for the
membrane theory is given by

Loy = —2 My PP Ay Pl — 2 Py AdxX” + iy (G — B), (111)

where we have absorbed the scalar field A into the intrinsic metric y. The first two terms can be
replaced by the gauge-invariant combinations

Lo=—t MpuP Ax, P/ — 2P, (112)
The non-trivial part is the WZ term. Since C;, transforms as a function,
8Ci, = €' k] 9;Cy,, (113)
by using the generalized Killing equation in Eq. (78) and §dx' = €” 9,k dx/ + de” k', we find
5Cy = —" dik® + de* A 1,Cs. (114)
Then, by requiring
§Ay = —€" kD, (115)
the variation of the WZ term is simplified as
8(Cy — B) = de” A k. (116)

To compensate for this variation, we take an approach similar to Refs. [50,51]. We can show the
identities
§(A” A KD) = —de” A KD + A A de™ A1k

8(% AN A Lzzl}g)) — A" Ade™ A L[Izl%(z) + %AZ‘IZ AdeP A Lzﬂzl}g),

11]

— LA AR A g,k (117)

§(L AT A 1, RO)

312"V
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and by using Eq. (89), we find
S(A* AKD + L A2 A kD LA A kD) = —de? A KD (118)

73727y

Then, the gauge-invariant extension of the WZ term is

LG =12 (G = B+ AT NP + 5 A A1, kD + 4 A5 A1, kD). (119)
Considering the sum E(Mz) = Lo+ E(Mz), we obtain the gauged membrane action
Sovz) = — /2 (EMuP A, P+ 2 Po) + E(MZ) (120)
3

:—/;(éM]J’P[/\*y’PJ‘i_%'PiZ/\DXiZ)—M2L F
3 3

+ 12 fz (A7 AED + L A2 A kD 4 LA kD). (121)
3

4.5. Gauged M5-brane action
Before the gauging, the Lagrangian for an M5-brane is

Loms) = 15 Mg PP Ay PP — B [Py Adx® + Py A DX A (G — B)| + LG, (122)
where again we have absorbed X into y, and
E(Ms) =us(Co— 3G AFR — F). (123)
Except for the WZ terms, we can find the gauge-invariant extension as
Lo=5MyP AxP’
— B[ Prs+ProA (G =B+ A AP + LA A kD + 5 A5 A kD))
(124)
The variation of the WZ term becomes
us' LN = de" A KD +3(Cs = BY AP+ d(—e KD + § € kP A F) — 8F,, (125)

where we have used

8Cs = —* dk® — L € Cy A dk? + dé* A 1, (126)
Then, by requiring
845 = -k + 1€ kP A R, (127)

the variation in Eq. (125) is simplified as
us' SLNG = de” Ak +1(C— F) A k). (128)

Again, we find a non-trivial combination which compensates for this variation. To compen-
sate for the first term (i.e. de” A k), it is useful to introduce the Lagrangian

Ly =ps (A" AKD + LA A kD + o+ 5 AT A kD)) (129)
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and use the identities
S(A* AKD) = —de” ANKD + AT Ade™ A kD,

8(% A A1, kD) = — A" A de™ Ay kD) + 5 ATE A e A k),

]

s .
—1 5 AN A deB A t[mzk( ) .AI‘IZZ-‘ A de™ A Lmﬂzkg),

)
5(% ANDI /\tI3IZk(5)
)

)
)
)
V)

3(4l AT A L, Izk(s = —% AN A de™ A L[Z4I312k(5) + 5 L AT A dePs A L. Izk(?),
8(3 A A tygmk k) = — 5 AT A e A L[»_,S.szl%f]) + 5 A A de™ A Lzb...zzkg),
S(& A A k) = =& AT A dE Ay k). (130)
To compensate for the second term, it is useful to consider
Lr=—%(C— B)A (A AP + 5 A2 A kD L AT25 kD), (131)

whose variation is
u3 8Ly = —Lde" A(Cy — B) AP + L AT Ade™ ARD A KD
— YA A NRD A1 kD 4 S AP A de 1 kKD ED. (132)

We compute §(L; + £;) and find that the terms which are linear in A” are canceled out by
using
5 . .

AN A A (16, kD) + LD A KD) =0, (133)
which follows from the isotropy condition in Eq. (90). However, we find that terms that are
quadratic in A” are not canceled out. To compensate for the variation we add the term

Ly =~ A5 A KD AR, (134)
whose variation is
us' 8Ly =1 A Ade” A kD AR

+ 4 ATEE N AR A (=205, kP NP + 20, kP A D). (135)
Then, using the identity
ik — 1 RO — L ED A RO — L O AR = 0, (136)

which follows from Eq. (90) and gives
0= 4 A" A de™ A (17,,kS) —

I

o k) = k) AR — 0,k A k)

- %.AIIIZ Ade® A (Lzﬂzfé1 Lmlk(S)) }‘.AI‘IZ AdeB A lAcg) A LzzlAcg)
2
+ LA A A kD A KD, (137)
we find that the quadratic terms are canceled out.
We repeat this procedure. We introduce
Ly= 8 A5 A, kD A KD, (138)

whose variation is

s 8Ly = AN A de™ N kD KD + 5 AN de A kD 1 KD (139)
The identity
Llﬂzlzkg) + LI_%Izllkg)

kD KD — 1 kD KD 4 D A kD + 0 kA kS =0 (140)
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gives
0= 3 A" A de™
/\(Llﬂalvkz] + L1311y k( l1)13 kg) kg) - LIzl3kg) kg) + 2 LI3kg) A lekg))

1 2 5 1 ~) 12
_ IAIIIZIS Ade™ A (Lz4z3zzkzl + Lz;zzzlk;)) + ﬁAIIIZB Ade™ A Lz3zzk§])k§4)

+ 3 AN A deS A (=20, kD KD + 20,58 A kD)

1 2 2
+ g AP A€ 1y KD A KD, (141)
and then we find that the cubic terms are also canceled out. We further consider
£5 = MS AI] A L1574 k(z) AN Lzok(z) (142)

which satisfies
U3t oLs = — L A A de™ A kP 0 k) 4 L AT A den g kP 1, kD). (143)

Il] I6

Using the identities
0= L A" Ade™ A (t73.0,kY) — 17,0, kD)

+ %.AI""L‘ AdeB A Lszcg) A Llli(g) - %AI""I“ Ades A L[Isnl}g) A Lzzl}g]), (144)

0= & A Ade™ A (tzgeryk) + 170, kD)

+ 5 A A dE A g kD 1 B, (145)
we find that
LMs) = Lins) + L1+ -+ Ls, (146)
is gauge invariant. Then, the Lagrangian for the gauged MS5-brane theory is ﬁ(M5) = Lo+
EWZ
(M5)*

In summary, the gauged M5-brane action is given by

S(M5)=1—12/; M]J'PI/\*V'PJ—i-Ms/ (C6—%C3/\F3—Fé)
6

%6

+ MS/ (.AI/\IACgS)-f- %.AI]IZ /\Lzzfcg)‘f‘ .AII g A g, ka N %’ﬁlJrS)
%6

(G — F+ 1 Pi2)
%6
A(A" A k@ 4 %.AI‘IZ A Lzzfcf) AI‘IZI‘ Lz3tzzk11 1 'Pl +2)

5 [ A A D AR+ F A A R
6

— 2 AT 1 kP 0 kD). (147)

i

We note that we have repeatedly used the identities that follow from the isotropy condition
of the gauge algebra §. As long as the isotropy, which is a U-duality-invariant condition, is
assumed, we can construct the gauged action without requiring any further conditions on the
generalized Killing vector fields.

In M-theory, the next brane we can consider is the Kaluza—Klein monopole (KKM). The
ungauged action of a KKM was partially studied in Ref. [35]. We can also consider various
exotic branes in M-theory, such as the 53-brane or the 2°-brane. The worldvolume theories of
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these exotic branes are very involved and we do not consider them here. We only point out an
interesting open question associated with these exotic branes.

Exotic branes always require the existence of several isometry directions. For KKM a single
direction is required, and the 5°-brane and the 2°-brane require three and six isometry direc-
tions, respectively. Usually, these isometries are assumed to be Abelian, but here we have non-
Abelian isometries generated by K,’. If we could find the gauged action for an exotic brane
by gauging the non-Abelian isometries, we will find novel objects, which we call non-Abelian
exotic branes. We believe that this would be an interesting direction to explore in the future.

4.6. Gauged (p, q)-string action
Now we turn to the type IIB branes. The ungauged Lagrangian for a (p, ¢)-string is

Lipg1 = 5" My P'Asx, PP — B g, PYAdX" + py qo (B — FY). (148)
The first two terms can be extended to the gauge-invariant ones
Lo =1 My P As, P! — g, P (149)
Using
8B = —e* dk*" + de” A1, B, (150)
and assuming
§AY = — ke, (151)
we find
8(By — F) =de” n ke, (152)
Similar to the membrane case, by using the isotropy condition in Eq. (91), we can show that
S(A A KD 4 LA kD) = —de” A koD, (153)
We then obtain the gauge-invariant extension of the WZ term as
LY% = 1 qe (B — B+ A" A RSO 4 5 A7 4 D), (154)
Combining these two terms as ﬁ(p,q)_l = Lo+ 22%)_1, we obtain the gauged action for a (p,

q)-string:

1 K p ¢
S = —/ My P A, P — —1/ 9o P11y +/ ﬁgf/)-l
4 % 2 b )3

1
— i LM a0 (P
py}

by}
+ 4o /E (A7 A RO 4 L anm ke ), (155)
2
If we introduce two matrices,
0 qs (qu 0 T 2 qa Egn —qp 8;;11 0
Ga 8} 0 0 ) Ga 8))' 0
nry = 0 0 0 s wr; = 0 0 0 s (156)

we can express the gauged action as

A 1
St = Z/z My P Ax, P — %/Z o P AP % L ALA P (157)
2 2 2

20/33

220z 189000 Z| uo Jasn yjayjol|qiqienusz-AS3a Aq £890599/109€60/6/2202/ol01e/da)d/wod dno-olwapede//:sdyy Wwoij papeojumo(



PTEP 2022, 093B01 Y. Sakatani and S. Uehara

This is a natural uplift of the gauged string action in Eq. (44) to the U-duality setup. Further
details of this gauged sigma model are studied later, in Sect. 5.1.

4.7. Gauged D3-brane action
The Lagrangian for the ungauged D3-brane theory is given by

E(D3) = %M]JPI/\*VPJ— %[p,m Adx™ +ea,313,’j‘1/\dxm/\ (Bg3 )]+£(D3)’ (158)
where A is absorbed into y and
L) =13 (Bs — 3 €ap BS NEf — F). (159)

Similar to the case of the M5-brane, if we ignore the WZ term, this can be extended to a gauge-
invariant one as

Lo= My P Ax,P’
— L[ Prs+eap Pro A (By — E + A AKPO + L a7 kDY) (160)
By using
8By = —€ (dkD + L e, By A di2V) + de” A 1By, (161)
the variation of the WZ term can be found as

T OLNG) = de’ Ak — % eup (BS — F) AkPD)

—d[e" (K% — L e kW A Ff)] - 8. (162)
This suggests we should define the variation of A3 as
845 =€ (L s K2V A Ef — kW), (163)
and then we obtain
ust OLYE) = de’ A ks — Y eap (B — F) AKPD). (164)

Similar to the M5-brane case, to compensate for the first term we consider adding the combi-
nation

L1 =3 (_Az A ]‘€§3) + %Alllz A tzzféf) 4 %AIIth A LI4~~12]}2))’ (165)
and use the identities
(A" k(3)) k(3) A" A de A LIZiC(3),
8(3 AT A kD) = — AN A de™ Ak + 3 AT A A A 1y kD
§(5 AT A Lzﬂzkg)) =—2 A" Ade” A t[mZkG) 3 AP A de™ A Lmﬂzicg),
8(4 AT A Ly kD) = — 4 ATEE A A A 1y, k). (166)
To compensate for the second term, we add
Lr=—% eup (BS — ) A (A" AKPD + L An72 1 j D), (167)
whose variation is
13 8Ly = de” AL eap (BE — B AKPD] + A" Ade™ A (= eqp k2D A KED)
+ A A de A (=3 eap k4D 1, KED). (168)
Computing §(L; + £;), we find that terms that are linear in .A* are canceled out by using
AN A A (1, kD) = L eap k2D A KED) =0, (169)
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which follows from the isotropy condition in Eq. (92). To compensate for the quadratic term,
we need to add the term

Ly =45 AV A eqpi 8D I-ED, (170)

whose variation is

i 8Ls = —§ AT A de® A eqp s k2O KD
+ &5 AN A de™ €qp tz3k§‘2(1) tzlkg(l). (171)
The isotropy condition in Eq. (92) gives the identity
0= LmZk( — g, k( ) €ap Lz, IACZ(” l}fz(l) + €up /Ac‘;(l) lr, ]},132(1), (172)
and we then find that

0= %AIIIZ AdeB A (Lzﬂzkg) - lIzZlk:(fz) — €ap LIlkZ(l) ki(l) T Cap k;g(l) Lllkfz(l))
= %AZIIZ Ade® A (lzszzkg) — kg))

— LA A de™ A (ap k2D k2D + e i koD RED). (173)

73]

We can also show the identity
0=4 AT A de (Lmﬂzkz1 + Lmﬂlk( +2€upts, k"‘(l) Lzlkﬂ(l)) (174)

Using these, we can check that the quadratic and the cubic terms are also canceled out, and we
have shown the invariance of

LG = L + L1+ Lo + Ls. (175)

Thus, the Lagrangian for the gauged D3-brane theory is /J(D3) = Lo+ /J(D3)
In summary, the gauged D3-brane action is given by

Sy = My P! /\*VPJ+IL3/ (Bs— L eup BS NFf — F)

P P

+ “3/2 (AT ARD 4 L A7 A kD o LA A RS 1Py )
4

8 [ (B B Y P) A (AR 00— L)

IV
3y

+ i /E AP ey 1 kO BV, (176)
4

Here again, we have repeatedly used the isotropy conditions in Egs. (91) and (92). The structure
is very similar to the gauged M5-brane action, but due to the dimensionality this is slightly
simpler than the M5-brane action.

We hope that a similar analysis can be done for a (p, ¢)-5-brane, but this will be much more
involved and we shall leave it for future work.

5. Reduced background fields

In this section we study the supergravity fields on the exceptional dressing cosets.
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5.1.  Standard (p, q)-string action
In the previous section we obtained the gauged string action as

. 1 »
Spg1 = _/ My PIA *V’P‘] — ﬂ/ 9o P,, N DX"
4 E2 2 22
+ K1 / 4o (BS — B + A" A ke® 4 L AT Lzszﬁ‘l(”) (177)
P2}

By using the equations of motion for the auxiliary fields P,,,, P ..., this reduces to

ms> °

1 ~ ~ .
S = 1 / (¢"Gun DX A 5, DX" + " o5 ™" ’PZI A *V’Pf — 211 ¢ P A Dx™)
py)

+ w1 / o (B — B + A" A k2D + L oAnm o), (178)
Py}

The equations of motion for P, give
AU

P, = wiem*P qp 9mn *, DX". (179)

Eliminating ﬁf‘n, we obtain

1
S = 1 / (" + e ui gu m*® qg) G DX A %, DX
P

+ 1 fz o (BS — F + A" A k2D + LA o), (180)
2

The equations of motion for A become

¢ = luillgl = il /qa m*? gg, (181)

and then the action reduces to

I/’L1| o
S=T |Q|gmanm/\*nyn+/fL1 o (Bg_Fz)
Ez E2

+ @ fz G (A" A KED L AT o), (182)
2

If we consider the specific case g, = (1, 0), this reproduces the action in Ref. [50].

For a general ¢,, by eliminating the gauge fields .A” the gauged action reduces to the standard
action,
_ il
=5 /.
defined on an exceptional dressing coset with the background fields {Q,,, Bg‘ ngg}. Using the
result of Ref. [19], we can express {Qyun, Bg‘, Mg} In terms of the original background fields
{9y, BS, myp} and the generalized Killing vector fields K,!. For example, if a matrix

S 7 an dx" n *ydxn + w1 f 9o (Bg - an), (183)

py}

Ney = 1q1 K} G Ky + 1S g (184)
is invertible, by defining
Eyn =191 Qmn + 4o BS (185)
we can express the reduced background fields as
E) = Enn — (kon = 4a k,,) N (g + 45 K1), (186)

where kz, = |§| Oy k7. Even when N, is not invertible, we can still find an expression for Epm
by means of the original fields E,,, and the generalized Killing vector fields K,’ [19].
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5.2. Anissue
Here we note that the formula in Eq. (186) raises a puzzling issue: each gauged brane action
may give different background fields on the exceptional dressing coset.

For simplicity, let us consider the case where the original background fields {Q,,, BS, mqs},
which are constructed from the EDA, satisfy B% =0and m;; =0 (& Cy=C, =0) (i.e. only
the metric, the B-field, and the dilaton are non-vanishing). We also suppose that the generalized
Killing vector fields satisfy k2, = 0. Then, the situation studied in standard dressing coset (as-
sociated with a Drinfel’d double) is realized. In this case, if we consider an F-string ¢, = (1, 0),
the formula in Eq. (186) reproduces the result of Ref. [19], which determines the string-frame
metric g,,, = e%gmn and the B-field on the dressing coset. Explicitly, the string-frame metric on
the dressing coset becomes

gg};;'l()) = gmn - (kI(m| - ]%;(ml) NIJ (kj|n) + ]}‘17“1)) (kzm = gmn kz), (187)
where Ny; = k7' gpun K + LJ/AC;. Instead, if we consider a D-string ¢, = (0, 1) on the same origi-
nal background, after eliminating the gauge fields .4;, we obtain the D-string action on a back-

ground with the metric given by Eq. (186). Under our assumptions we have E,,, = e~ ® g,,,, and
Eq. (186) reduces to

P EN = € (G — g K K ggn) (g = K G KT). (188)
Namely, the reduced metric g:;l;,o) given in Eq. (187) that is observed by the F-string is different
from gf,‘j;}) given in Eq. (188) that is observed by the D-string.

By construction, each of the reduced metrics associated with the F-string or the D-string can
be regarded as a metric on an exceptional dressing coset. However, the non-uniqueness (or the
¢o-dependence) of the reduced background fields E'% makes it difficult to discuss the general-
ized U-duality as a symmetry of the supergravity equations of motion. For a given EDA, we
can decompose the EDA into a pair of algebras 0(e,)) = g ® § and construct the supergrav-
ity fields on the physical space G by following the standard procedure. We then consider the
gauged F-string action and obtain the metric and the B-field on the exceptional dressing coset
F\G. We then change the decomposition as d(e,n)) = ¢’ @ §' and similarly obtain the metric
and the B-field on another dressing coset F\ G . To discuss the generalized U-duality at the level
of supergravity equations of motion, we need to know all of the supergravity fields on these
dressing cosets, but as long as we are considering the bosonic action, the F-string couples only
to the metric and the B-field. To determine other fields, one may consider using other branes as
additional probes, but as we have observed above, each brane perceives different supergravity
fields and we cannot determine the set of supergravity fields on a single background. To dis-
cuss the generalized U-duality at the level of supergravity, it may be more useful to take the
following completely different approach.

5.3.  Generalized U-duality of exceptional dressing cosets
In the study of the PL 7-duality of dressing cosets, a useful procedure to determine the su-
pergravity fields was proposed by Sfetsos [5]. Recently, it was found in Refs. [19,45] that this
procedure always gives the same result as the approach based on the gauged sigma model. We
propose to apply this procedure here to the exceptional dressing cosets.

In the approach by Sfetsos, we assume that the gauge group F'is initially a subgroup of the Lie
group G, which corresponds to the physical space M. Namely, we start with a standard coset
F\G. After the generalized duality transformation, this may be mapped to a certain dressing
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coset F\G . The procedure to construct the supergravity fields is very simple, and we explain
the procedure by extending this to the U-duality setup.

As in the case of the usual generalized U-duality, we construct the generalized metric as
M o< EfAEB M yp by using the generalized frame fields E4/(x) and a constant matrix
Mg € E\(n). The difference from the usual procedure is that we introduce a real parameter
A into the matrix M 45 such that the metric on the group manifold G reduces to that of the
coset space F\ G. For simplicity, we consider here a purely gravitational configuration, and then
the metric is constructed as g,,, = €9, ef; Ou», Where @, is a constant matrix that constructs the
matrix M 4z. We decompose the generators T, of g into the generators 7} of f and the other
generators 7, (r =1, ..., D — n), and introduce the parameter A as

A grs 0 grs 0
g“”‘(o g) (0 x%)’ (189)

where we have assumed §,, = 0 just for simplicity. If we take the Sfetsos limit A — 0, the metric
becomes degenerate and we obtain the metric g,,, = ¢}, €} 9,5 on the coset space F\G. Before
taking the limit, we perform a generalized U-duality and obtain the supergravity fields on the
dual geometry. We then take the limit A — 0 and also make a certain gauge fixing, and then
obtain the supergravity fields on the exceptional dressing coset F\G .

To make it more explicit, let us use the familiar example of non-Abelian 7T-duality of the 2-
sphere S? >~ U(1)\SO(3) [52]. We begin with the type [IB EDA d(enm)) (5 < n < 8) (see Ref. [9,
Sect. 6] for the details) with the only non-vanishing structure constants of so(3) being

fil =1, fa' =1, fist=-1. (190)
Introducing the local coordinates as
XM=, ¢, ¥, ¥, 0, (191)

we parameterize the group element of G as

_ 1 n—4
g:eII/Taeeﬂe ¢T3 oy oty T (192)

Then we obtain the generalized frame fields of the form

e, 0 0

El=|0 &, 0], (193)
0 0
where
ol B B
sin .
e = Ow 5189 ‘afa o | (194)
0 0 0 ) P
We introduce a constant metric
Gup = diag(1, 1,1, 1, ..., 1), (195)
and the constant matrix M 45 as
Qab 0 0
~ab
Map =187 8 a“ﬁog gfgm | (196)
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The Sfetsos limit is defined by A — 0, but we do not take the limit at this stage. We construct
the generalized metric as M, o< E;* E;% M 45, where the overall factor is determined such
that M, has a unit determinant. Then, we can easily see that only the (Einstein-frame) metric
Qo = 1% rf; J.» 18 non-vanishing. The explicit form of the metric is

ds® = do* + sin® 0 d¢> + A (dy — cos 0 de) + (dy')’ + -+ + (dy™ ). (197)
This background admits the generalized Killing vector field
K=K,_1=E;=29y, (198)

and this U(1) isometry direction is gauged. This gauge symmetry can be fixed as ¢ = 0. In this
case, both of the formulas for the F-string, Eq. (187), and the D-string, Eq. (188), give the same
reduced metric on the 2-sphere (with Abelian directions) as

d§® = do® + sin® 0 dg? + (dy')? + - -+ + (dy™™). (199)
The same result can also be obtained by taking the Sfetsos limit A — 0 in Eq. (197).

We now perform the factorized 7-dualities along the T'-, T>-, T3-, and T4-directions, and
obtain a new type IIB EDA with the non-vanishing structure constants

112 123 113
=1, 1P =1, S =1. (200)
Using the coordinates (x) = (p, 6, z, y', ..., y"*), we parameterize the group element as
g= & T}ep sin 6 Tzep cosf Tj eyl Tyt Ay =4 Ty ] (201)

We can again systematically construct the generalized frame fields £,/ and construct the gen-
eralized metric as

M, o« EFAEB N . (202)
Here, M’A 5 can be obtained by acting the factorized 7T-dualities on the original Myp given in
Eq. (196). We rewrite this generalized metric into the standard form M;; = (LT éL) 17 (Where
we have removed the primes), and find that the matrix L’; contains the B-field

—rzpdpAdO —p*do nd

By = 2P0 rFone (203)
2+ A(l+2z%)

The block-diagonal matrix G can be parameterized as

Omn 0 0
. 0 mepg™ 0 -
G =lg | o g | (204)

—

1 —G\fe® 0 1 0

and we find the Einstein-frame metric and the dilaton as

+1 B
A 0 w0 0\
A
0 pry (e 107 0 0
z 4272
Omn = e_% p2+}‘p(1+22) 0 P2+x (1+22) 0 0 >

0 0 0 1 0

: 0

0 0 0 0 0 1
e—2<1> — ,02 +A (1 + ZZ). (206)
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In this duality frame, the generalized Killing vector field K;_; that generates the dressing action
becomes

K=FE} =0+ k%9" with k! dx"=dz, k%dx"=0, (207)

m o
and by using the gauge symmetry, we can impose the gauge-fixing condition as 6 = (. By taking
the Sfetsos limit A — 0, we obtain the supergravity fields as

2zdpdz 1+472°
3
o

ds* = dp* + dz> + (dy' )’ + -+ (dy" ),

e 2% = p?, B, =0, (208)
where the metric corresponds to the string-frame metric. This is exactly the same result as for
non-Abelian 7-duality, but the treatment of the dilaton is different. In non-Abelian 7-duality,
the metric and the B-field are determined from the gauged action, but the dilaton is determined
differently. However, in EXFT, all of the supergravity fields are contained in the generalized
metric M;; and can be determined in a uniform manner.

We note that the background in Eq. (206) can be reproduced from the gauged F1-action, but
the gauged D1-action gives a different metric for A # 0. Only if we take the Sfetsos limit A —
0 can a consistent result be obtained from the gauged D1-action, but in this case the gauge
fields A” completely disappear from the gauged D1-action and the consistency is trivial. At the
present stage, the consistency between the gauged action and the Sfetsos limit is still unclear
and needs to be clarified in future study.

At least when we discuss the supergravity equations of motion, the approach based on the
Sfetsos limit would be useful. Once we identify how to introduce A in the original duality frame,
the dualization procedure is the same as the usual generalized U-duality. After the dualization,
we only need to make a gauge fixing and take the Sfetsos limit A — 0. A possible subtlety is
that, in order to make Eq. (208) a 10-dimensional metric, we need to consider n = 12, which
goes beyond Ej;. Of course, this is not a problem. Rather than considering such an extension,
we can introduce the external space that is not considered in this paper.

Here we have only reproduced the known result, but it would not be difficult to find new
examples of the generalized U-duality of dressing cosets. We begin with a standard coset space
satisfying the supergravity equations of motion. After the dualization, the generalized Killing
vector fields K,/ are mapped to new generalized Killing vector fields that generate the dressing
action in the dual geometry. The Sfetsos limit will correspond to gauging the dressing action,
and we obtain the exceptional dressing coset. A natural question is whether the dual geometry
satisfies the supergravity equations of motion. This has not yet been answered completely even
at the level of the generalized U-duality of group manifolds. We hope to address this question
in the future by using the flux formulation of EXFT or a similar formulation.

6. Conclusions

We have proposed a definition of the dressing cosets associated with the EDA, which we have
called the exceptional dressing coset. The standard definition, as a double coset F\D/G, cannot
be applied to EDA because the correspondent of the Lie group D has not been defined for the
EDA. Instead of considering a double coset, we have defined the exceptional dressing coset
by gauging the dressing action on the physical space G. In the case of the Drinfel’d double,
the dressing action is generated by the generalized Lie derivative e’f k, iIn DFT along some
generalized Killing vector field €” K. As a natural extension, we have defined the U-duality
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version of the dressing action as the transformation that is generated by the generalized Lie
derivative e’£x, in EXFT.

To see if this makes sense, it will be important to construct the gauged sigma models for
various (single) branes in M-theory and type IIB theory. At least for the membrane, the M5-
brane, the (p, ¢)-string, and the D3-brane, we have found that the gauged sigma model can be
defined in an arbitrary curved D-dimensional background M admitting n generalized vector
fields K, that (i) satisfy the generalized Killing equation £ x, My =0, (i1) are orthogonal to
each other with respect to the bilinear forms which define the section condition of ExFT, and
(iii) form a closed algebra by utilizing the generalized Lie derivative £x, K,’ = —f,,* K./. In
particular, if we consider a D-dimensional group manifold M ~ G that is constructed from the
EDA, we can naturally construct the generalized vector fields K,/ which generate the dressing
action and satisfy the above conditions (i)—(iii). Then, eliminating the gauge fields A” (by using
the equations of motion), we can in principle obtain the standard brane actions whose target
space is a (D — n)-dimensional exceptional dressing coset.

For the gauged (p, ¢)-string action, we have eliminated the gauge fields .A* and obtained the
standard worldsheet action of a (p, ¢)-string on an exceptional dressing coset. However, from
this action we can determine only the supergravity fields that couple to the (p, ¢)-string. In ad-
dition, we have found that the supergravity fields computed from the F-string action and that
from the D-string action can generally be different. This makes it difficult to discuss the gener-
alized U-duality at the level of the supergravity equations of motion. To discuss the generalized
U-duality, we found it more reasonable to consider an extension of Sfetsos’s approach to the
U-duality setup. This allows us to compute all of the bosonic fields on the exceptional dressing
cosets, and we can, in principle, check whether a solution of EXFT is mapped to another solu-
tion under the generalized U-duality transformation. As a demonstration, we reproduced the
well-known results of non-Abelian 7-duality of the 2-sphere in the U-duality-covariant for-
malism. Unlike the case of the 7T-duality, we found that the dilaton field is also determined in
the same manner as the metric and the B-field.

We have made two proposals on the exceptional dressing cosets: one is based on the gauged
brane actions and the other is based on the Sfetsos limit. In the case of the PL 7-duality, these
two approaches give the same result, but in the U-duality case, they do not always give the
same results. This subtlety needs to be clarified. In future work, it will be interesting to inves-
tigate non-trivial examples of the generalized U-duality of exceptional dressing cosets. It is
also important to show whether the generalized U-duality of the exceptional dressing coset is
a solution generating transformation in ExFT.
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A. Notation

In this paper (after Sect. 2) we have used the multiple-index notation introduced in Ref. [36].
. . A iy - . . .
When we write 4;,, this corresponds to —= in the standard notation. The antisymmetrized

N/
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) o ) ) p’SJlJp oo iyl
Kronecker delta includes an additional factorial, and 8;’ reads ——L = 8:::” , where Sfllf’ =
P P P

NI
ﬁ (8{11 N 8:1’: + permutations). For curved indices i, which correspond to i (in M-theory) and m
(in type IIB theory), we define the square bracket as
k1,
Aip[iq Bj,-] = (quir Ai,,kq B|r. (Al)
Here, the right-hand side reads
Kyl ool U okl
(g + 8 i ok, By, B (Zﬂ)' 5,-]1...1-,”",_1 Ay ik k, By, (A2)
Valr (g + ! plglr! Vg +np! '
We also use condensed notation such as
. 1 . . . 1 . .
dx"? — ——dx" A ---dx", Dx'" — —— Dx" A ---Dx". (A3)

NG NG

Then, for example, 4;, dx'» reads 1% Aiy i, dx" A - -+ A dx" in the standard notation. In addition,
we define the metric g that corresponds to gk . .. gk Sf(lljﬁp

We do not apply the multiple-index notation to the group index Z, but we still use the con-
densed notation

AT = AT A A A, lIme((p) =0 tjfc(p)_ (A4)
i

The square bracket on the group indices, such as ¢y,..7, | )

is used in the usual sense (by
including the factorial %).

B. Generators of the exceptional group and twist matrices

By following the approach of Ref. [53], when we consider M-theory we decompose the gen-
erators of e,y into the gl(n) generators K';, the positive-level generators {R*, R, ...} with
upper indices, and the negative-level generators {R;,, R;, ...} with lower indices. The matrix
representations ()’ of these generators in the so-called R;-representation are given by [27]

—58% 0 0
i ] . 0 smsk 0 e
Kkl = Kk[ — 9 65{ 1, Kk[ = 0 : 0 ! 8{(”14 8j5 ’ (Bl)
—n I5 /Wl4
0 0 0 0 0 O
bl 0 0o - 0 0 0
Re=| " sk N .o (BY
15 Jis

If we consider the case n > 8 the rank of these matrices is infinite, but we can determine the
elements of these matrices successively from the low-level components. For our purpose, it is
not necessary to know the details of the omitted (high-level) components. By using the above
generators, we construct the matrix L = (L) as

L = eCnReCis RE (B3)
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We also construct the matrix G;; by exponentiating the generator K*; as

gij 0 0
A N 0 gizjz 0
Gy = |g| o=n 0 0 gisjs . (B4)

Then, the generalized metric M;;, which has unit determinant, is given by M;; = (LT G L).
When we study type I1B theory, we decompose the generators of ¢, () into the gl(n — 1) gen-
erators K?,, the s[(2) generators R, s, the positive-level generators {R}>, R™, Ry, ...} with

upper indices, and the negative-level generators {R}, , Ry, R}, , ...} with lower indices. Their
matrix representations (f,)’; in the Rj-representation are given by [54]
=3y sh 0 0 0
0 88 b, 8y 0 0 e
KPy =Ky —5—81, k= 0 0 Sins 873, ‘ ,(B5)
0 0 0 88 s 80,
( 0 0 0 0
0 5?;/65)'35:’” 0 0
R,;=1|0 0 0 0 ,
0 0 0 (38/65),3(33155
( 0 0 0 0
85 Sy 0 0 0o -
Re=| 0 gpar 00| (B6)
0 0 =858 0
\
0 0 0 O 0 0 0 O
0 0 0 0 0 0 0 O
R* = | S 0 0 0 , R = 0 0 0 0 (B7)
0 s 0 0 SO 00 0
The matrix L in type IIB theory is given by
L = B Re® oBuy R™ B3 RS , (B8)
and we construct the matrix Gy, by using K", and Rp as
gmn 0 0 0
0 mugg™ 0 0 4 (G —C
Gy =lgl>7| 0 0 gm® 0 > Map = e@( G 0 10>'
0 0 0 Mep gn15n5 —0
(B9)

Similar to the M-theory case, we then define the generalized metric as M;; = (LT GL)I J.
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The matrix £, introduced in the definition of wg),c in Eq. (51), is given by

L=em R R . (M-theory), (B10)

L = i R oin R o R (type TIB theory). (BI1)
This shows that in our approach, the field strengths F, | = d4, of the worldvolume gauge
fields are in one-to-one correspondence with the positive-level generators R7+! .
By using an invariant tensor 1y, known as the n-symbol, that connects a symmetric product
R;®sR; and the R,-representation, we can define the e,(,) generators in the R,-representation,
denoted by (#4)* 7, through

(ttx)LI nLrk + (Za)LJ niL;k = NiJ;c (ta)EIC- (B12)
In the M-theory parameterization, we find
0 =8 .. 0 0
(R s =0 0 . R, =10 0 .. (BI3)

and in the type IIB parameterization, we have

0 —ep, 8h: 0 0 0 &8sl
0 —ghm 0 O 0
R =10 0 LR =g g :
(B14)
0 0 O
g 0 0 O
(Ry') 7 = 0 0 0 ) (B15)
By using these, the matrix £ ;7 appearing in Eq. (51) can be defined as
( rz 7) = e Righs R ... (M-theory), (B16)
(»CIJ ) = ol Ra® by R™ Ei Ra® (type IIB theory). (B17)
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