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Abstract. The quark—gluon plasma fireball expansion, appearing in the collision of relativistic
heavy ions, can be accompanied by the wave anomalies associated with the quark—hadron phase
transition. Namely, the composite rarefaction wave, which includes the rarefaction shock, can
arise instead of a simple rarefaction wave. The emphasis of the given work is focused on
the special features of these wave processes induced by nonzero quark—gluon plasma velocity
at the beginning of the hydrodynamic stage of the fireball expansion. The simulation has
been conducted in the framework of relativistic hydrodynamics. The equation of state used is
based on the variant of the MIT-bag model. The initial conditions are formulated under the
assumption that the distributions of the energy density and the baryon number density are
uniform, while the radial velocity changes linearly from zero at the center to the assigned value
at the fireball border. The results of the calculations have shown the strong dependence of the
wave phenomena observed on the initial velocity distribution.

1. Introduction
The collision of relativistic heavy ions is the multi-stage process with the different dominant
physics at each stage (see, e.g., [1,2]). The model describing this process entirely must be multi-
module and is still missing [3]. It forces to consider the stages separately under models that
meet the current knowledge about their physics. The hydrodynamic approach is recognized to be
valid to describe the quark—gluon plasma (QGP) fireball expansion after the QGP thermalization
and up to the final kinetic freeze-out. The comprehensive review of works used this approach
in various model modifications and with different research goals is given, e.g., in [3,4]. In
a special way it should be note publications [5-8], in which the specific features of the fireball
expansion wave dynamics were considered. These features are connected with the quark—hadron
phase transition (QGPT). As it is known (see, e.g., [9]), the Poisson adiabat, passing through
the phase transition region, has kinks at the points of intersection with phase interfaces and
becomes not convex. The Riemann problem solution in relation to the present case gives the
rarefaction wave in the QGP, the rarefaction shock, and the rarefaction wave in the hadronic gas
(HG) instead of a simple rarefaction wave. The region of a constant solution (plateau) appears
between the rarefaction wave in the QGP and the rarefaction shock. The plateau parameters
correspond to pre-shock state. It should be note that the two-phase state is present within the
internal structure of the rarefaction shock only.

The hydrodynamic calculation makes it possible to estimate the energy density and
temperature in the HG phase formed in the approximation of the instantaneous kinetics of
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the phase transition, which potentially ensures the relation between the equation of state of
nuclear matter and the experimental data. The experimental detection of the elements of a
combined rarefaction wave (plateau and rarefaction shock) not only will be an unconditional
signal of the phase transition from the QGP to the HG but also could be used for quantitative
refinement of the equation of state.

The research presented is motivated by the following consideration. One of the main problems
of the hydrodynamic description of the fireball expansion stage is the choice of the initial
conditions. At the moment, the information on the parameter distributions at the end of
thermalization process remains quite uncertain and contradictory. Typically, this problem is
solved with the involvement of additional, often intuitive assumptions based, for instance, on
the classical scenarios of the collision process [10] or later model considerations (see, e.g., [3,11]).
Obviously, under these circumstances inexactness in initial conditions is possible and even
inevitable. In this context, the choice of the initial conditions is of particular importance for
the correct prediction of the wave dynamics of the QGP fireball expansion. The study of this
problem is the main goal of this work.

2. Preliminary consideration

As mentioned above, the hydrodynamic description used to model collective behavior of reaction
products has essentially limited time range of applicability. The initial stage of the nuclei collision
is suggested to be reaction, in which only separate partons are involved. It is assumed that after
some temporal interval an ensemble of particles produced by the reaction achieves the local
thermodynamic equilibrium predicted by the statistical theory. This interval is estimated as
(0.1-0.2)R/c [1,12], where R is the nucleus characteristic size, ¢ is the speed of light. With the
completion of the thermalization the hydrodynamic model is supposed to be applicable.

Several formulations of initial conditions needed for hydrodynamic simulation have been
developed (see, for example, reviews [3,4]). Mainly, these formulations suppose that the
expansion of the QGP fireball begins from the state of rest with zero velocity everywhere inside
fireball. It seems to be very strong assumption. To the moment of thermalization, the velocity of
particles has some distribution, because during the initial non-hydrodynamic stage the medium
is relatively transparent and the concentration of fast-moving particles with directed outward
velocity increases with the distance from the center; obviously, the average velocity directly in
the fireball center is zero from the symmetry condition.

Here we are comparing solutions with zero and linearly increasing initial velocities. The
calculations are carried out in the 141 and 2+1 formulations described below. For the sake of
simplicity the initial baryon number and energy densities inside the QGP fireball are suggested to
be uniform. Of course, the latter as well as the linear character of the initial velocity distribution
are only assumptions taken to facilitate the detection of the sensitivity of the solution wave
structure to such a change in the velocity initial condition.

3. Equations
The equations of relativistic fluid dynamics include the energy-momentum conservation equation

VT =0, (1)
Vg is covariant derivative in space-time; energy momentum tensor is given by
T = (e +p)uu” — g*p,

where e and p are the energy density and pressure defined in the rest coordinate system; the
metric tensor (for special theory of relativity) is g = diag(1, —1, -1, —1), u® = (I',oT")T is the
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4-velocity; T' = 1/(1 — v?)!/2 is the Lorentz factor (the units are used in which the speed of light
is 1) [13).
The system is complemented by the conservation low for the net baryon number

Va(nu®) =0. (2)

4. Numerical method
The set of equations (1)—(2) can be represented in the form of hyperbolic conservation laws in
the Cartesian coordinates (¢, x,y):

oUu  OFYU) 0F?*(U)
— + +
ot ox dy

=0, (3)

where U = (D, S',5%,7)7 is the vector of conservative variables, the fluxes of which have the
form F?* = (Dv', S'' + po'?, %0 + ps%, S* — Dv')T. The conservative variables D, S, S? and
7 are related to the baryon number density, 3-velocity components and relativistic enthalpy
h=1+(e+p)/n by the following relations

D=nl, S'=nhT'*' 1=nhl?—p—nl. (4)

The equations where solved iteratively for the primitive variables at each cell interface.
The equation system (2) is hyperbolic. The right eigenvectors for the Jacobian matrix
OF,/0U, F, = Fln, + F*n,, are as follows

T
k k
r! :< DV Sl s v =y ) )
r? = ( vy, 2hI 200, — hrny, 2hF21jtvy + hng, —v I + 2hv, 2 )

T
rd = < 1, (—nyvt+nx2—;1)hl“, (nxvt—i-nyi—:)hl“, -1+ 2—; ) ,

T
9

T
rt = < 1, (—nyv —|—nl«)‘—;’)hf, (ngvy —|—nyﬁ)hf, -1+ % )

a ap
The variations of the local characteristic variables are defined at the cell faces by the equations

ay =T(k —1)(hAD +T(v-AS — AD — A7),

(%7 1
= —% (v, AS, —AD — A —AS;,
(6 %) h(l—v%)(v S. T)+h St
am
a3 = +m[(vn — Ap)A = (ap + vpby) ASy + (bp + vnap) (AD + AT)], (6)
ay = —m[(vn — M)A = (@ + Vnbm) ASy, + (b + Vnam)(AD + AT)).
In (5) and (6) the following notations are used:
Up — N\ 1 —wv,N
A=T((k—=1)hAD+ (k+1)I'(v-AS — AD — A7), b = e A e

Here, | = m, p; vn,v:, Sy, St are normal and tangential components of the 3-velocity and

momentum density; Af denotes jump of the variable f at the interface. The eigenvalues of
the Jacobian matrix are

AL = A2 = up,
Ay = Ay = DAV 1) )
)\4 = )\p _ Un(1—02)+A\/(11—ji%[612_v262_U%(l_CQH,
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Figure 1. Phase diagram in p—T—n variables (n is baryon number density). The Poisson adiabat
passes through the initial state of the QGP fireball (point 1) and intersects the QGPT region
interfaces at points 2 and 3. Points 2 and 4 are the pre- and post-rarefaction-shock states.
Notice that the point 4 practically lies on the primary isentrope, i.e. the entropy change in the
rarefaction shock is rather small.

where the relativistic speed of sound is defined by

To calculate flow variables at cell interfaces, the third order accuracy essentially non-oscillatory
(ENO) scheme [14] has been used. The numerical flux vector at the Gaussian integration points
at the interfaces has been determined using HLLC approximate Riemann solver [15]. The high
resolution in time was provided using the third order accuracy Runge-Kutta TVD preserving
scheme [14].

5. Results

The EOS of subhadronic matter built on the basis of the variant of the MIT-bag model [16] has
been used. This EOS describes the QHPT clearly visible in the phase diagram (see figure 2). The
QGP fireball expansion with zero and linearly increasing initial velocities has been considered.
The simulation has been carried out in the 1+1 (the expansion of the plane layer and circular
cylinder) and the 241 (the expansion of elliptical cylinder) formulations. In all calculations
the initial distributions of thermodynamic parameters inside the QGP fireball are uniform:
p = 10° MeV*, T = 75 MeV, n = 0.561 fm~—3. These values correspond to point 1 in figure 2.
In the space, surrounding the QGP fireball, the baryon number density and the pressure are
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Figure 2. Spatial temperature distributions at successive instants: the QGP layer expansion
with zero (left panel) and linearly increasing (right panel) initial velocity. Here and in figures 4—
6 curve numbers denote dimensionless time; the dashed line shows the initial parameter
distribution.

Figure 3. Spatial pressure distributions at successive instants of time: the QGP layer expansion
with zero (left panel) and linearly increasing (right panel) initial velocity.

assumed to be 1073 of their values within the QGP fireball to model the vacuum in numerical
solutions.

Consider the results of numerical solutions. The evolution of the plane QGP layer expansion
(the 141 formulation) is presented in figures 2—4. In the case of the nonzero initial velocity inside
the QGP layer it has been assigned as u(x) = Upz/H, where H is the initial layer thickness,
Up = 0.3 is the velocity at the layer border referred to the speed of light.

The solution with the zero initial velocity is shown in the left panels of figures 2—4. Until the
reflection of the rarefaction wave in the QGP phase from the plane of symmetry, the solution
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Figure 4. Spatial baryon number density distributions at successive instants of time: the QGP
layer expansion with zero (left panel) and linearly increasing (right panel) initial velocity.
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Figure 5. Spatial pressure distributions at successive instants: the QGP circular cylinder
expansion with Vp = 0.05 (left panel) and Vj = 0.2 (right panel). The dashed line shows the
initial pressure distribution.

is self-similar and qualitatively corresponds to the example described above in the introduction.
After the formation of the reflected rarefaction wave the solution becomes more complicated.
The pressure distribution has minimum in the layer centre, which decreases with time. When
parameters of the expansion reach the point 2 in figure 1 (the two-phase region interface), the
rarefaction wave transforms into the composite rarefaction wave, also including the rarefaction
shock. The two-phase matter is presented within the internal structure of the rarefaction shocks
and a short time in the central part of the layer when parameters behind the reflected rarefaction
wave are between points 2 and 3 (figure 1). The pure QGP state in the expanding matter does
not exist after the merging of rarefaction shocks.
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Figure 6. Spatial pressure distributions at successive instants: the QGP elliptical cylinder
expansion without (upper row) and with (lower row) initial expansion velocity. Color reflects
approximately the phase state of matter: “red” is the QGP, “blue” is the HG, “yellow” is the
two-phase region.

The solution with non-zero initial velocity shown in the right panels of figures 2—4 is markedly
different from that considered above. The expansion begins immediately throughout the volume
of the layer; the self-similar stage is absent. The lifetime of a pure QGP state becomes much
less and at a chosen value of V| is approximately limited by the moment of the rarefaction wave
reflection from the plane of symmetry. The “plateau” between the rarefaction wave in the QGP
phase and the rarefaction shock is replaced by weakly-gradient region. The two-phase matter
can be presented in this region as well as within the internal structure of the rarefaction shocks.

Let us consider the QGP circular cylinder expansion (the 141 formulation). The initial radial
velocity is assigned as v,(r) = Vpr/R, where R is the initial cylinder radius. V{ is the initial
velocity at the cylinder border referred to the speed of light. Calculations with V5 = 0.05 and
Vo = 0.2 have been performed. The simulation results are presented in figure 5.

In the beginning of the expansion process the composite rarefaction wave is formed (curve
1 and 2). The rarefaction shock, being a wave of phase transition, separates the matter in the
QGP (high pressure region) and HG (low pressure region) states. The pressure on the left of
the rarefaction wave decreases with time due to adiabatic expansion caused by the presence
of the initial expansion velocity. The converging expansion wave is reflected from the axis of
symmetry. The reflected diverging expansion wave may be composite, if it passes through the
two-phase matter for a time sufficient for formation of the expansion shock. Otherwise, the
composite expansion wave is not formed (e.g., curves 4-6, the reflected wave passes through
the HG matter only). In this case, the lifetime of the QGP, being an important parameter of
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the diagnostics of the QGPT, is determined by the moment of the converging rarefaction wave
reflection from the axis of symmetry.

The solutions obtained differ from the case of the zero initial velocity by the faster QGP
expansion, which, in addition, begins immediately throughout the volume of the cylinder. The
distinctions become more pronounced with increasing V. In particular, at V5 = 0.05 the
rarefaction wave in the QGP is reflected from the axis of symmetry with formation of the
perceptible expansion shock (curve 3 in the left panel). At Vj = 0.2 the reflected shock has
a very short lifetime and poorly visible. It should be noted that the solution with V4 = 0.05
(left panel of figure 5) has much in common with the QGP layer expansion with non-zero initial
velocity (right panel of figure 4).

Finally consider the QGP elliptical cylinder expansion (the 2+1 formulation). The problem
has been solved in two formulation: with expansion from the state of rest and with initial velocity
assigned as v(z,y) = 0.1(z/a,y/b), where a and b are the ellipse axes, a/b = 2. The simulation
results are presented in figure 6.

As one can see in figure 6, the pressure distributions have plateau-like regions corresponding
to the matter two-phase state. The two-phase state lifetime is more than that for the QGP.
That is why the evolution of the shape of the two-phase region and the velocity distribution
within it are important. Taking into account this fact, the following feature of the solutions
should be noted. In the case of expansion with a nonzero initial velocity the two-phase region is
located in the vicinity of the fireball centre. In the case of zero initial velocity the fragmentation
of the two phase region takes place. The fragments are located on the fireball periphery and
therefore have a greater (close to the speed of light) velocities in the laboratory frame. The last
demonstrates strong dependence of anomalous wave phenomena caused by the presence of the
QGPT on the initial velocity condition.

6. Conclusion

The influence of the initial velocity on the wave structure of the fireball expansion has been
studied. The calculations have been performed using the equation of state for hot nuclear matter,
which describes the QGPT. The specific wave phenomena caused by the imposition of the initial
velocity of the QGP fireball expansion have been analyzed in different formulations. The wave
structure of the solution is shown to depend strongly on the presence of initial expansion. At the
same time it is found that in all formulations the pressure distribution has plateau-like region
corresponding to the matter two-phase state. This feature is preserved for a rather long time
and may be a signal of the QGPT together with the formation of the rarefaction shock.
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