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Abstract. Ultracold gases provide an excellent platform for the realization of quantum
interferometers. In the case of implementations based on Bose-Einstein condensates in double
well potentials, an effective two-mode model allows to study how the interactions among particles
affect the sensitivity of the interferometer. In this work we review the properties of such a
model and its application to interferometric protocols, focusing on the achievable sensitivity in
the presence of interactions turned on. In particular we study the full interferometric sequence
when the initial state is a Twin Fock state, which is perfectly number squeezed. We found
that in the presence of interactions and for certain values of the holding time in which a phase
difference between the two modes is accumulated, the same sensitivity as in the non interacting
case is recovered when using the population imbalance between the two wells as observable.
Finally, we characterize the behaviour of the sensitivity by looking at the J§-derivative and the
variance of the operator used for the measurement and studying the squeezing parameters.

1. Introduction

The aim of quantum interferometry is in general to resolve the phase shift ¢ between two sources
generated by the physical effect under investigation, taking advantage of quantum resources and
improve upon the performance of classical interferometers [1, 2]. The precise modelization of the
task depends on the particular physical system used to implement the quantum interferometer,
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but a first information can be obtained using simplified models to describe the sources entering
the interferometric scheme, such as effective two-mode (2M) models in the case of atomic
iterferometers based on a Bose-Einstein condensate in a double well. In this way one can
study the effect of interactions among particles on the sensitivity of the interferometer. This
is particularly important since from one side one can obtain an improvement of the sensitivity
taking advantage of interactions in the splitting process or to generate squeezed input states, but
from the other side the presence of interactions in specific steps of the interferometric scheme
may lead to a degradation of the sensitivity [2]. The effects of the presence of interactions and
the connection with entanglement have been intensively studied [3, 4, 5, 6, 7, 8, 9, 10, 11, 12],
see as well the reviews [2, 13, 14].

In general interferometric schemes as implemented in quantum optics contexts, a splitting
process between two sources, realised via a beam splitter, is needed in order to accumulate
a phase shift [2]. After a phase shift is accumulated, recombination of the two sources is
performed, thanks to a second beam splitter. This shows that a crucial role in any interferometric
scheme is provided by the beam splitter. Interaction affects the beam splitter giving non-linear
contributions to the scaling of the phase sensitivity [4, 15, 16, 17, 19, 20, 21], more references
being in [13].

Ultracold gases provide an ideal platform to implement quantum interferometric tasks [2].
The rationale is that in these systems interactions can be tuned directly, using Feshbach
resonances [22] or confining the system in lower dimensions [23, 24, 25|, but also indirectly,
modifying the ratio between the kinetic and the interaction terms [2]. This can be achieved in
double- and multi- well potentials [26, 27, 28, 29] by varying the energy barrier between the
wells, resulting in a tunable hopping coefficient J. In a double well, the effective dynamics is
described by a 2M model [26], which can be then used to model interferometric scheme in double
well potentials. The goal of this paper is to review the use and the properties of the 2M model
used in ultracold quantum interferometers, and focus on the interferometers sensitivity when
the interactions are turned on during all the different steps of the interferometric process.

The presentation is organized according to the following scheme. In Section 2 we introduce
the 2M model. We remind in Section 3 basic properties of quantum interferometery used in
the study of the performance of ultracold quantum interferometers. In Section 4 we provide
the details of the interferometric protocol and discuss how to characterize the behaviour of the
phase sensitivity. In Section 5, focusing on the Twin Fock state as initial state, we study the
behaviour of the interferometer sensitivity varying the holding time, the particle number, and the
interaction energy, commenting our results with known findings in literature. Our conclusions
are presented in Section 6.

2. The model
In this section we introduce the model we are going to use in the rest of the paper, the 2M
model, encoding the many-body description of N condensed bosons in a double well potential

in a 2M Bose-Hubbard Hamiltonian with the two modes, a and 5, well separated in energy from
the other ones [13, 26, 30, 31, 32]:

H=—J@a'b+bla)+ %(a*a*aa+ bTotob) + = (afa — bTb) . (1)

In (1) at and b create a particle in the left and right well, respectively. The parameters entering
(1) are: J the tunnelling strength, U the particle interaction in each mode, and ¢ the energy
shift between the two modes. Since during the interferometric process U, J and § can be varied,
they are time-dependent. Through this work we set h = 1. The system is well described in the
Fock space, the elements of which are denoted by |n) = |n, = n;n, = N — n). We additionally
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introduce the number operators i, = afa and 7y, = lA)Tl;, and the population imbalance between

the two wells z = %

Given a state |¢0) = SN cn(t)|n), the dynamics of the system can be described by the
time evolution of the coefficients ¢, (t) = (n|i(t)) obtained by solving the Schrédinger equation
zazg—l(et) = H1(t) with H given by (1).

By introducing the pseudo-spin operators .J, = %(dﬁ) + bta), J, = %(&Tf) — bta) and
J. = F(ata — b'b), the Hamiltonian (1) can be written as H = —2J.J, + %jf +6J.. In the
Bloch sphere representation the tunnelling term rotates a state around the x-axis, while the
interaction term twists its components above and below the equator respectively to the right
and to the left and the twist rate increases increasing the distance from the equator, offering
the possibility to create spin squeezed states [33].

3. Phase sensitivity of a quantum interferometer

Spin squeezed states can be used to perform interferometric tasks better than the shot noise
limit A¢ = 1/v/N and several criteria to determine if a state is squeezed have been introduced
[34]. The parameter £y is related to the variance of a spin component being smaller than the
shot-noise limit .J/2 for a coherent spin state so that the criterion reads 512\, = %(Aj J_7min)2 < 1.

(Ajllmin)

2
One can also defined the quantity fg =N Gz 80 that the criterion reads 5?9 < 1. In order

to measure the useful squeezing, the quantity g = v2J % has been also introduced.

To estimate the phase ¢ accumulated after an interferometric sequence, one can measure an
observable O having a ¢-dependent expectation values and, from error propagation, it follows
that )

AO ¢
a0)/00] VN

where AO = 1/(02) — (0)? is the variance of the operator O.

Ap = (2)

4. The interferometric protocol

In this section we introduce the complete interferometric sequence, consisting of a first beam
splitter, acting for a time Tgg, a phase accumulation stage, during an holding time Ty, and a
second beam splitter, acting again for a time Tg. In the following all quantities are expressed
in units of J.

The goal is to determine the sensitivity with which this interferometric sequence is able to
measure the parameter 6. An example of the protocol used is the following: the first beam splitter
is realized by allowing the particles to tunnel from one well to the other for an optimal time,
to be determined, afterwards the tunnelling coupling is suddenly switched off. Notice indeed
that the best splitting process is found for an abruptly turning off of the tunnelling coupling [4].
Asymmetry between the wells is introduced by setting § # 0. The system evolves with these
conditions for an arbitrary holding time T, in which a phase ¢ = [ ddt is accumulated. After
this process, the second beam splitter acts, by setting 6 = 0 and allowing the particles to tunnel
again for the same time, Tgg, used for the first beam splitter.

If interactions are present, they affect the whole process described above. A parametric scan
of the aforementioned protocol around the parameter § can be performed in order to find the
sensitivity at each holding time: once the behaviour of the operator used for the measurement
has been obtained as a function of J, the sensitivity is defined as

A(O)

= 10(0) /98] lin” ¥
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Finally, the whole interferometric procedure is repeated for different holding times.

Notice that in the following discussion decoherence phenomena are not taken into account
(atoms can be held up to ~ 100ms to 10s, according to the cases, without significant decoherence
effects [35]).

5. Initial state Twin Fock

The so-called Twin Fock state, %, %), is a perfectly number squeezed state in the sense of the
squeezing parameter £3; and can allow for interferometry beyond the classical limit, improving
the sensitivity near the Heisenberg limit [36]. If no energy shift is present between the wells, the
particles are equally distributed among them and a population imbalance measurement would
give no information about phase accumulation, so that other operators but z, such as J?2 or the
parity operator II, = ei™® [37], have to be used in order to make a meaningful measurement.
In the following we choose to investigate measurements performed using the parity operator as
observable, which behaviour, as a function of J, is described, in the non interacting case, by

Py (cos2¢), where Py are the Legendre polynomials of order N/2 and ¢ = [ ddt.
2 2

5.1. Results for U =0 and N = 2
In this paragraph we report the results of analytical calculations for the simplest case of N = 2
and without interactions.

We realized the beam splitters by letting the particles tunnelling for a time Tpg = 75 without
asymmetries between the wells (§ = 0), so that the system evolves according to the Hamiltonian
H = —J(a' + b'a). During the phase accumulation stage the state evolves according to the
Hamiltonian H = g(na —np) for a time Tpy. At the end of the full interferometric sequence, the
coefficients ¢, (t), are given by

sin(67Ty) sin(07Ty)
V2 V2o

The expectation value, the variance and the d-derivative of the parity operator are then

CQ(TBs) = ,Cl(TBs) = —COS((;TH) aCO(TBS) = — (4)

(IT) = > " (n|e"™|n) = — cos(26Ty) , AIl = sin(26Ty ) ,‘9&? = 2Ty sin(20Tw) . (5)

n

According to (3) the sensitivity is thus

1

(6)

and it scales as with &« = f =~ = 1 according to the Heisenberg limited sensitivity.

(6]
NAT

In the following we describe how the sensitivity is influenced by varying the holding time for
different values of the interaction energy and the particle number.

5.2. Non interacting case

As predicted by the analytical results presented in the previous paragraph, in the non interacting
case the sensitivity is near the Heisenberg limit, as shown in the following figures and tables.
The state evolution during the interferometric process is represented on the Bloch sphere in Fig.
1, the blue circle representing the variance along the J; axes, AJ;. If there are not interactions,
the initial and final states are perfectly number squeezed states with vanishing mean spin length.
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Figure 1. Variance along the J; axes represented on the Bloch sphere in case of a Twin Fock
as initial state. First: initial state; Second: after the first beam splitter; Third: after the
accumulation stage; Last: after the full interferometric sequence. U = 0 and N = 10.

In Fig. 2 the sensitivity Ad is plotted as a function of the holding time Ty for different values
of the particle number N (left panel) and as a function of N for different values of Ty (right
panel). In order to compare with the Heisenberg limited sensitivity, the behavior is fitted with
the function Ad = NBLTZI in the first case and with the function Aj = ﬁ in the second case.
The resulting coefficients are reported in Tables 1. We find that  remains constant and close
to unity for different values of the particle number and holding times, in agreement with the

Heisenberg limited sensitivity as expected from Eq. (6).
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Figure 2. Left: Sensitivity A as a function of the holding time Ty for different values of the
particle number N. Right: Sensitivity Ad as a function of the particle number N at different
holding times Tp. Dashed lines are fitting curves, see text.

5.8. Varying interactions
In this paragraph we analyse the behaviour of the system for different values of the interaction
energy U at fixed particle number N = 10.

The goal is to check whether some values of the holding time exist for which a good sensitivity,
hopefully better than the one for the non interacting case, could be reached. The joint effect of
interactions and asymmetry in the two wells leads to a measurable population imbalance z after
the full interferometric sequence, so that z becomes a measurable observable, in opposition to
what happens in the absence of interactions. In the following only repulsive interactions (U > 0)
are considered.
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N « ¥ I5)

2 | 0.999 £ 0.002 | 0.999 &+ 0.001 | 1.00 + 0.02 Ty « B8

10 1.28 £+ 0.01 0.997 & 0.004 | 1.00 £ 0.02 1 1.37 £ 0.04 | 0.99 £+ 0.04
20 1.35 4+ 0.03 1.007 £+ 0.008 | 1.00 £ 0.03 25 | 1.37 £0.04 | 0.99 + 0.04
30 1.37 + 0.04 1.005 £+ 0.006 | 1.00 £ 0.02 35 | 1.37 = 0.04 | 1.01 &+ 0.02
40 1.38 4+ 0.03 1.005 £+ 0.007 | 1.00 £+ 0.03

Table 1. Left: Fit coefficients for Ad vs Ty for different values of the particle number N

obtained by fitting the data in the left panel of Fig. 2 with the function Ad = 7. Right: Fit
H
coeflicients for Ad vs N for different values of the holding time T obtained by fitting the data

in the right panel of Fig. 2 with the function Ad = NBLTH'

In Fig. 3 the sensitivity Ad is plotted as a function of the holding time T at a fixed particle
number N = 10, for different values of the interaction energy U using either the parity operator
1T, (left panel) or the population imbalance z (right panel) as observables. We can see that with
the interactions always turned on there is no gain in sensitivity with respect to the non interacting
case, neither using parity nor population imbalance measurements. A more complete study with
time-dependent interactions would require the use of the Fisher information, as carried out in
[7]. In the case of z measurements two kind of minima in the sensitivity are identified: primary
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Figure 3. Sensitivity against holding time varying interaction energy at fixed N = 10, obtained

from parity measurement (left) and population imbalance measurements (right); the dashed line,
indicating the case U = 0, is obtained always from parity measurements.

ones, close to the non interacting results (dashed black line in the left panel), and secondary
ones, occurring, respectively, at times Ty such that: Ty, +Tps = mg , Tuy +Tps = (2m+1) 55
where m is a integer. After the holding time the coefficients ¢, (t) have evolved according to
cen(Ty) = e_i(%(2”(”_N)+N(N_1))+g(2”_N))Tch(TBS). We see that e VTutTss) — 41 for
times corresponding to primary minima, and e~ V(T +TBs) — 4 for times corresponding to
secondary minima. The period of the minima corresponding to the same class is 7/U. The

values of 0 that give the best sensitivity are those for which the term e~ ~ 1in en(ThH).
Even though the values of the sensitivity achieved for the primary minima are close to the ones
obtained in the non interacting case, no gain is reached.

Additionally, we have checked the effect of varying the particle number N at fixed interaction
energy values U = 0 and U = 0.1 on the achievable sensitivity Ad. We found that by increasing
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the particle number, the sensitivity worsen for finite interaction energy with respect to the non
interacting case.

5.4. Characterizing the behaviour of the sensitivity

We now characterize the behaviour of the sensitivity by looking at the d-derivative and the
variance of the operator used for the measurement and studying the squeezing parameters £
and &%, defined in Section 3.

As expressed in (3), the d-derivative and the variance of the operator chosen to perform the
measurement are important quantities in defining the sensitivity with which the interferometer
can determine the energy difference § between the two wells. In Fig 4 we present the results
of our simulation for the sensitivity as a function of the holding time, together with the results
obtained for the J-derivative and the variance of the parity operator II, (left panel) and the
population imbalance z (right panel) in the case of finite interaction energy U = 0.1 and N = 10
particles. In particular we notice that, when z is used to perform the measurement, the primary
and secondary minima identified in the right panel of Fig. 3 coincide with precise values of the
d-derivative and the variance. In the right panel of Fig 4 we show that primary minima of Ad
correspond to points for which the d-derivative of z has a local maximum and the variance of
z has a minimum, while secondary minima correspond to maxima of the d-derivative and local
minima of the variance. Maxima of A¢ are associated to maxima of the d-derivative and minima
of the variance.
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Figure 4. Sensitivity Ad, d-derivative %, and variance AO of the operator O as functions

of the holding time at fixed U = 0.1 and N = 10. Left: O = II,. Right: O = z. For better
readability, when needed, different quantities have been rescaled.

In order to understand the structure of maxima and minima of Ad as a function of the
holding time when z measurements are used, we calculated the squeezing parameters 512\, and 5%
at the end of the interferometric sequence. Primary minima of Ad are found at holding times
for which the final states result squeezed according to both the considered parameters. Both 512\[
and 5% are found to be smaller than unity where the J-derivative of J, has a maximum (note
that J, = %) Secondary minima of A¢ are found when the final states result squeezed only in
the sense of 512\[. Finally, maxima of A correspond to final states that are not squeezed at all.

6. Conclusions

Our results show the richness and the interest of studying and characterizing the performance
of an ultracold quantum interferometer. Our interferometric sequence is very simple: it is made
up of a first beam splitter, a phase accumulation stage, and a second beam splitter identical to
the first. In the chosen interferometer scheme, with the interaction turned on, during the beam
splitter process the energy offset § does not act and the tunnelling constant J is simply set equal
to zero. Dealing with the Twin Fock as initial state, we found that a value of the sensitivity
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close to the one for the non interacting case is found at specific phase accumulation times when
population imbalance measurements are performed.

As future works, motivated by the results presented in this paper, we mention the
interest in considering other initial states in optimized interferometric schemes and in studying
the Loschmidt echo [38], and the possibility of systematically study the interplay between
interactions always turned on and projective measurements performed during the phase
accumulation stage.
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