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Abstract In this work, we present the exact solution of
a static, spherically symmetric black hole embedded in a
Dehnen

(
1, 4, 1

2

)
dark matter halo. We explore both its optical

and thermodynamic properties. Using the principle of least
action, we derive the null geodesics to analyze and illustrate
the corresponding gravitational lensing and light ring phe-
nomena in the presence of the dark matter halo. We then
turn to the thermodynamics of the black hole–dark matter
system, examining the mass function, entropy, temperature,
heat capacity, and Gibbs free energy to assess both local and
global stability. Our results show that the surrounding dark
matter halo plays a crucial role: it not only enhances the ther-
modynamic stability of the black hole but also enables the
occurrence of phase transitions.

1 Introduction

Einstein’s General Relativity (GR) has been tested exten-
sively and confirmed in many regimes, yet it remains incom-
plete when addressing fundamental issues such as black hole
singularities, dark matter, and dark energy. Observations of
gravitational waves and black hole shadows by the Event
Horizon Telescope [1,2] provide compelling evidence for
the existence of black holes, consistent with GR predictions.
However, galactic-scale observations reveal discrepancies:
the rotation curves of large galaxies remain flat at large radii,
a phenomenon that cannot be explained solely by visible mat-
ter. This discrepancy gave rise to the dark matter hypothesis,
which postulates an invisible mass component that dominates
galactic dynamics.

Recent astronomical research continues to strengthen the
case for dark matter (DM), showing that the rotational motion
of stars in galaxies requires DM to account for up to 90%
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of the total galactic mass, with baryonic matter compris-
ing only a small fraction. Studies suggest that during the
early universe, DM accumulated near galactic centers, fos-
tering star formation, before gradually redistributing to form
extended halos as galaxies evolved. Furthermore, current evi-
dence indicates that most massive elliptical and spiral galax-
ies host central supermassive black holes enveloped by vast
DM halos [3]. These findings highlight the importance of
investigating black hole solutions embedded in dark mat-
ter environments, as they may provide new insights into the
interplay between gravity, galactic dynamics, and fundamen-
tal physics beyond GR.

Black hole solutions that incorporate realistic dark mat-
ter profiles have attracted growing attention in recent years.
Several notable works include studies of the Schwarzschild
black hole embedded in a Hernquist-type dark matter halo
[4], as well as black holes surrounded by different Dehnen
profiles such as (1, 4, 0) [5], (1, 4, 1) [6], (1, 4, 2) [7] and
1, 4, 5

2 [8,9] also Dehnen (1, 4, 1) in combination with non-
zero cosmological constant [10]. These configurations reveal
distinctive physical properties, ranging from thermodynamic
behavior to optical signatures such as shadows and gravita-
tional lensing.

On the other hand, thermodynamics and BHs are pro-
foundly intertwined, beginning with the earlier research of
Bekenstein and Hawking, when Bekenstein first established
a relationship between a black hole’s event horizon area
and entropy, observing that both rise irreversibly in classi-
cal black holes [11]. From a macroscopic perspective, these
are extremely basic objects that require only a few parame-
ters to fully characterize [12–16]. In addition to entropy and
Hawking temperature [11], the most general black hole is
described by a few parameters: mass M , charge Q, and angu-
lar momentum J . A black hole thermodynamic description
is completed by these variables yielding the establishment
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of the four laws of black hole thermodynamics in the 1970s.
This new paradigm is known as black hole chemistry [17,18].

Understanding the influence of dark matter halos on black
holes is of particular importance for astrophysics. Super-
massive black holes residing at galactic centers are naturally
embedded in extended dark matter distributions, and the halo
structure itself plays a central role in explaining galactic rota-
tion curves. Investigating such black hole–dark matter sys-
tems is therefore essential for probing the interplay between
compact objects and their environments, and may ultimately
shed light on the connection between black hole physics, dark
matter phenomenology, and galaxy formation.

In this work, we employ the method developed in [19]
to construct a new static, spherically symmetric black hole
solution embedded in a Dehnen-type

(
1, 4, 1

2

)
dark matter

halo. We analyze both the timelike geodesics of test particles
and the thermodynamic properties of the black hole–dark
matter system. This allows us to gain deeper insight into how
the Dehnen-type

(
1, 4, 1

2

)
density profile influences particle

motion as well as the stability and phase structure of the black
hole.

2 Black hole construction

In this work, we focus on the Dehnen-type dark matter halo
[20], characterized by the mass density profile,

ρ(r) = ρ0

(
r

r0

)−γ (
1 +

(
r

r0

)α) γ−β
α

, (1)

with (α, β, γ ) = (
1, 4, 1

2

)
, which leads to the explicit expres-

sion,

ρ(r) = ρ0

(
r

r0

)− 3
2
(

1 + r

r0

)− 7
2

, (2)

where ρ0 denotes the central density of the dark matter halo
and r0 is halo core radius [5]. For a spherically symmetric
spacetime, the corresponding mass distribution function is
given as [21],

MDM =
∫

d�2

∫ r

r ′=0
ρ(r ′)r ′2dr ′ = 8

5
πρ0r

3
0

(
1 + r0

r

)− 5
2
.

(3)

The Dehnen
(
1, 4, 1

2

)
profile is particularly significant

because it represents the minimum inner slope required to
establish a self-consistent dark matter distribution around
supermassive black holes [22]. Profiles with shallower inner
slopes fail to maintain dynamical equilibrium near the black
hole, leading to instabilities or mass deficits in the central
region. Recent numerical simulations and observational stud-
ies indicate that realistic galactic centers, especially in mas-

sive elliptical and spiral galaxies, exhibit steep inner density
profiles that are well approximated by the Dehnen-type dis-
tributions. Moreover, the Dehnen

(
1, 4, 1

2

)
profile captures

key features of both the central cusp and the outer halo, mak-
ing it suitable for investigating phenomena such as stellar
dynamics, black hole accretion, and gravitational lensing. Its
relevance extends to modeling the interplay between super-
massive black holes and surrounding dark matter, which is
crucial for understanding galactic rotation curves, black hole
growth, and the formation of high-density stellar cores.

We now proceed to construct a static, spherically symmet-
ric black hole solution embedded within a dark matter halo.
To achieve this, we adopt the following metric ansatz for a
static, spherically symmetric spacetime, where the mass dis-
tribution of the surrounding halo is described by the Dehnen(
1, 4, 1

2

)
density profile,

ds2 = −h(r)dt2 + dr2

h(r)
+ r2

(
dθ2 + sin2 θdφ2

)
, (4)

h(r) = −rs
r

+ f (r). (5)

Here rs = 2M denotes the Schwarzschild radius, with M
representing the black hole mass. In the absence of the black
hole (rs = 0), the spacetime reduces to a pure dark matter
background, and the geometry is entirely determined by the
halo distribution. In this case, the energy–momentum tensor
arises solely from the dark matter halo.

The Einstein field equations for the black hole + dark mat-
ter halo is written as,

Rμν − 1

2
Rgμν = 8πTμν, (6)

here, Tμν = diag [ρE , pr , p, p] represents the energy–
momentum tensor of the black hole + dark matter halo. The
independent components of the Einstein field equations for
the static, spherically symmetric spacetime are then given by,

8πTtt = − f

[
f − 1

r2 + ∂r f

r

]
, (7)

8πTrr = 1

f

[
f

[
∂r f

r f
+ 1

r2

]
− 1

r2

]
, (8)

8πTθθ = r2

2

[{

∂2
r f − (∂r f )2

2 f
+ ∂r f

r

}

+ ∂r f

{
∂r f

4 f
+ 1

2r

}]

.

(9)

In a spherically symmetric geometry, the tangential veloc-
ity is directly related to the metric function f (r) [19] as the
tangential velocity is determined by the enclosed dark matter
distribution (3),

v2
t (r) = MDM (r)

r
= 8

5
πρ0r

3
0

√
r3

(r + r0)5
= r

d

dr

(
ln

√
f (r)

)
. (10)
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Integrating the equation, we obtain f (r),

f (r) = e2
∫ v2

t (r)
r dr ,

= e
32
15 πρ0r2

0

√(
r

r+r0

)3

. (11)

Accordingly, the explicit form of the static, spherically
symmetric black hole metric with a Dehnen (1, 4, 1

2 ) dark
matter halo is given explicitly by,

ds2 = −
⎡

⎣e
32
15 πρ0r

2
0

√(
r

r+r0

)3

− rs
r

⎤

⎦ dt2 + dr2

e
32
15 πρ0r

2
0

√(
r

r+r0

)3

− rs
r

+ r2d�2
2. (12)

The explicit expression of Tμν = diag [ρE , pr , p, p] can
straightforwardly obtained by substituting the obtained met-
ric (12) into Eqs. (7) to (9), yielding,

ρE = 1

8πr2

⎡

⎣e
32
15 πρ0r

2
0

√(
r

r+r0

)3

− rs
r

⎤

⎦

×
⎡

⎣e
32
15 πρ0r

2
0

√(
r

r+r0

)3
⎛

⎝1 + 16

5
πρ0r

3
0

√
r3

(r + r0)5

⎞

⎠ − 1

⎤

⎦ ,

(13)

pr = 1

8πr2

×
⎡

⎣e
32
15 πρ0r

2
0

√(
r

r+r0

)3
⎛

⎝1 + 16

5
πρ0r

3
0

√
r3

(r + r0)5

⎞

⎠ − 1

⎤

⎦ ,

(14)

p = 1

1600πr(r + r0)5

⎛

⎝e
32
15 πρ0r

2
0

√(
r

r+r0

)3

r − rs

⎞

⎠

×
[
25(r + r0)5r2

s + 32πr7/2ρ0r
3
0

×
(

24πr3/2ρ0r
3
0 − 5(r − 4r0)

√
(r + r0)3

)

+2rrse
32
15 πρ0r

2
0

√(
r

r+r0

)3 (
400πρ0r

4
0

√
r3(r + r0)3

+25r(r4 + 5r3r0 + 10rr3
0 + 5r4

0

+2r2r7
0 (125 + 256π2r4

0 ρ2
0 ))

)]
, (15)

Note that ρE denotes the effective energy density appear-
ing in the Einstein field equations Gμν = Rμν − 1

2 Rgμν =
8πTμν . Hence, ρE �= ρ, although they are physically related.

3 Light dynamics

This section focuses on the motion of photons in the space-
time of a Schwarzschild black hole surrounded by a Dehnen(
1, 4, 1

2

)
dark matter halo described by the metric (12). We

first write down the Lagrangian for the massless particle as
follows,

L(xα, ẋα) = 1

2
gμν ẋ

μ ẋν = 1

2

[
−h(r)ṫ2 + ṙ2

h(r)
+ r2θ̇2

+r2 sin2 θφ̇2
]

= 0. (16)

Clearly, the Lagrangian (16) does not explicitly depend on
t and φ. The corresponding conserved quantities along these
directions are constants of motion, i.e. the photon’s energy
E and angular momentum L ,

pt = ∂L

∂ ṫ
= −h(r)ṫ = −E, (17)

pφ = ∂L

∂φ̇
= r2φ̇ sin2 θ = L. (18)

For a spherically symmetric spacetime, the motion of par-
ticles or photons can always be confined to a plane due to the
spherical symmetry of the metric. Without loss of general-
ity, we choose the equatorial plane θ = π

2 , which simplifies
the analysis while preserving the generality of the results. In
this plane, the Lagrangian (16) reduces to a simpler form, as
the θ -dependent terms vanish, allowing us to focus solely on
the radial and azimuthal dynamics of the photon. This sim-
plification is standard in studies of black hole geodesics and
facilitates the derivation of conserved quantities and effective
potentials.

In the equatorial plan, the Lagrangian (16) simplifies to,

L(r, ṫ, ṙ , φ̇) = 1

2

[
−h(r)ṫ2 + ṙ2

h(r)
+ r2φ̇2

]

= 1

2

[
− E2

h(r)
+ ṙ2

h(r)
+ L2

r2

]
= 0. (19)

and this reduction highlights that the dynamics of the photon
are fully described by its radial and azimuthal motion, with
the conserved energy E and angular momentum L governing
the trajectory.

We now proceed to derive the radial equation of motion,

ṙ2 + L2

r2 h(r) = E2, (20)

where the first term on the left-hand side represents the radial
kinetic energy of the photon, and the second term defines the
effective potential Vef f . Explicitly, the effective potential is
given by,

Vef f = L2

r2 h(r) = L2

r2

⎡

⎣e
32
15 πρ0r2

0

√(
r

r+r0

)3

− rs
r

⎤

⎦ . (21)

Figure 1 illustrates the behavior of the effective potential
Vef f for photons around a Schwarzschild black hole embed-
ded in a Dehnen

(
1, 4, 3

2

)
dark matter halo, for various com-

binations of black hole and halo parameters. Each curve cor-
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responds to different choices of the halo central density ρ0,
core radius r0 and angular momentum L . The plot shows
that the peak of the effective potential, which determines the
location of the photon sphere, increases with larger angular
momentum and larger halo parameters ρ0 and r0.

Next, we examine the equatorial circular orbits of photons
around a static, spherically symmetric black hole embedded
in the dark matter. On the equatorial plane, circular orbits,
where the condition ṙ = 0 is satisfied, occur at the maxima
of the effective potential V ′

e f f = 0, where the radial force on
the photon vanishes. Applying the equation of motion (20)
under the condition ṙ = 0 yields,

Vef f = L2

r2

⎡

⎣e
32
15 πρ0r2

0

√(
r

r+r0

)3

− rs
r

⎤

⎦ = E2. (22)

while at the maxima of the effective potential,

V ′
e f f = 15rs + 2e

32
15 πρ0r2

0

√(
r

r+r0

)3

r

×
⎛

⎝8πρ0r
3
0

√
r3

(r + r0)5
− 5

⎞

⎠ = 0. (23)

Eliminating the exponential term in (23) using (22), we
obtain the following simplified relation,

15rs + 2

(
E2r3

L2 + rs

)⎛

⎝8πρ0r
3
0

√
r3

(r + r0)5
− 5

⎞

⎠ = 0,

(24)

The above relation can be expressed as a series expan-
sion in the parameter r0, resulting in the following quartic
equation,

q(rc) ≡ −10

(
r4
c −

[
8

5
πρ0r

3
0

]
r3
c

[
rsb2

2

]
rc

−
[

8

5
πb2ρ0r

3
0

])
= 0, (25)

where rc denotes the radius of the photon circular orbit, and
the ratio b = L

E is the photon’s impact parameter.
Figure 2 shows the profile of the quartic equation ((25)).

We graphq(rc) for several combinations of black hole param-
eters and impact parameter values. Notice that q(rc) has a
single zero at rc > 0 for the given parameter combination.

In Fig. 3, we plot the function q(rc) for the parameters
ρ0 = 0.001, r0 = 0.5, rs = 1, and L = 1. The fig-
ure clearly demonstrates that each q(rc) curve intersects the
r -axis at exactly one point, indicating that every function
possesses a single zero. This intersection corresponds to the
radius of the circular photon orbit for the given energy and
angular momentum. Notably, for a fixed angular momen-
tum, decreasing the photon energy shifts the circular orbit to

larger radii. This behavior is consistent with analytical pre-
dictions, where photons with very low energy – correspond-
ing to extremely large impact parameters – fail to intersect the
r -axis entirely, implying the absence of a stable circular orbit.
Additionally, the figure highlights how the orbital radius
varies smoothly with photon energy, illustrating the continu-
ous dependence of the circular orbit on the impact parameter
and providing insight into photon dynamics around the black
hole.

3.1 The light ring

Let us now reconsider eq.(20). By making use of the relation,

ṙ = dr

dφ
φ̇, (26)

together with the definition of the impact parameter,

1

b
= E

L
= h(r)

r2 dφ
dt

. (27)

Substituting these expressions into (20) leads to,
(
dr

dφ

)2

= r4

L2

(
E2 − L2

r2 h(r)

)
= r4

b2 − r2h(r)

= r2h(r)

(
r2

b2h(r)
− 1

)
. (28)

Now, let us consider the following set of conditions that
define the photon sphere. In this case, the trajectory of light
is governed by the equations,

dr

dφ
= d2r

dφ2 = 0. (29)

Explicitly, these conditions lead to,

dr

dφ
= 0 → r2

b2h(r)
= 1, (30)

d2r

dφ2 = 0 → d

dr

(
r2

h(r)

)
= 0. (31)

Equations Eqs. (30) and (31) together ensure that the net
radial force acting on the photon vanishes, thereby allow-
ing the photon to remain stationary in a fixed circular orbit
at radius r . In particular, the condition (31) corresponds to
the requirement that the effective potential has an extremum
at this location. Explicitly, the zero-force equation can be
written as,

2rh(r) − r2h′(r) = 0. (32)

Substituting h(r) into the photon sphere conditions, we
obtain,

−3rs + 2

5
e

32
15 πρ0r

2
0

√(
r

r+r0

)3

r

⎡

⎣1 − 8πρ0r
3
0

√
r3

(r + r0)5

⎤

⎦ = 0, (33)
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Fig. 1 Profile of effective
potential for various black holes
in Dehnen

(
1, 4, 3

2

)
dark matter

halo

Fig. 2 Profile of q(rc) for
selected various dark matter
parameter

Fig. 3 Profile of q(rc) for
various energy with fixed ρ0 =
0.001, r0 = 0.5, rs = 1, L = 1

whose solution, r = rps , corresponds to the location of the
so-called photon sphere. This radius marks the critical circu-
lar null orbit and therefore determines the edge of the black
hole shadow as seen by a distant observer.

It is instructive to check the limiting case in which the
dark matter density vanishes, ρ0 = 0. In this limit, equation
(33) simplifies to,

− 3rs + 2r = 0, (34)

with the solution r = rps = 3
2rs which exactly repro-

duces the well-known Schwarzschild photon sphere. This
consistency confirms that the generalized condition smoothly
reduces to the standard vacuum result in the absence of dark
matter.

Using the condition (30), the critical impact parameter bc
is obtained as,

1

bc
=

√
h(rps)

r2
ps

. (35)

This parameter defines the threshold between photon tra-
jectories that are scattered back to infinity and those that are
captured by the black hole. Photons with an impact param-
eter b < bc inevitably cross the photon sphere and fall into
the black hole, while those with

b > bc
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will eventually escape to infinity. Thus, bc effectively charac-
terizes the “size” of the photon sphere as seen from infinity.

In turn, the black hole shadow radius can be defined in
terms of the critical impact parameter. Following [23], the
shadow radius observed at infinity is,

R = bc
√
h(r → ∞) ≈

√
r2
ps

h(rps)
e

32
15 πρ0r2

0 . (36)

Figure 4 illustrates the profiles of the shadow radius R for
different combinations of the dark matter halo parameters
{ρ0, r0} with a fixed Schwarzschild radius rs = 1. The left
panel shows the variation of the apparent photon rings as ρ0

increases for a fixed r0 = 2. It can be clearly seen that a larger
dark matter density shifts the photon ring outward, enlarging
the shadow. On the other hand, the right panel demonstrates
the effect of varying the scale radius r0 at a fixed ρ0 = 0.001.
In this case, increasing r0 causes the photon ring to expand.
So, in general, black holes with larger {ρ0, r0} will have larger
photon ring.

We may estimate the photon sphere radius by doing a
series expansion of equation (33) for the exceptional situation
when the dark matter contribution is tiny, i.e., when ρ0r3

0 �
1. This results in,

rps ≈ 9(5rs + 16πρ0r3
0 )

2(15 + 32πρ0r2
0 )

, (37)

yielding,

Rs ≈
√

3

10

[
15rs + 16πρ0r

3
0

(
3 + 7

rs
r0

)]
. (38)

In the limit where the dark matter contribution vanishes,
the above expression reduces to the familiar Schwarzschild
result,

Rs = 3
√

3

2
rs, (39)

which agrees with the standard photon sphere analysis given
in [24].

3.2 Weak gravitational lensing

This subsection is devoted to the study of the deflection angle
of particles in a static black hole spacetime surrounded by a
Dehnen-type dark matter halo characterized by the param-
eters

(
1, 4, 1

2

)
. To evaluate the weak-field deflection angle,

we employ the Gauss–Bonnet theorem applied to the cor-
responding optical metric, following the Gibbons–Werner
method [25,26]. This geometric approach provides an ele-
gant and powerful way to calculate the deflection angle by
relating it to the global topology of the spacetime, rather than
relying solely on solving geodesic equations. Other calcula-
tion method via the elliptic integral can be found in [27,28].

The deflection angle α can be computed using the Gauss–
Bonnet theorem in the weak-field limit, which gives the fol-
lowing integral expression [29],

α =
∫ π

φ=0

∫ ∞

r= b
sin φ

K
√
goptdrdφ, (40)

where K denotes the Gaussian curvature of the optical mani-
fold and gopt is the determinant of the two-dimensional opti-
cal metric. The optical metric associated with the line element
is given by,

dt2 = dr2

h2(r)
+ r2dφ2

h(r)
, (41)

from which we obtain,

gopt = r2

h3(r)
. (42)

The Gaussian curvature of this optical geometry is calcu-
lated as,

K = 1

2

[
1

2

(
dh(r)

dr

)2

− h(r)
d2h(r)

dr2

]

. (43)

Using (12), we can write the integrand explicitly as a series
up to O(ρr3

0 ) as follows,

K
√
gopt ≈ (4r − 3rs)rs

4
√

(r(r − rs))3
− 4πrsρ0r2

0 (rs − 4r)

15
√
r(r − rs)5

+2πρr3
0 (8r2 − 8rrs + 3r2

s )

5
√
r3(r − rs)5

, (44)

which leads to,

α ≈ 2

15b

[
(15 − 16πr2

0 )rs + 5ρ0πr
3
0 (16 + 3πb−1rs)

]
.

(45)

Observe that α = 2b−1rs , the deflection angle of the pure
Schwarzschild black hole, is obtained if ρ0 = r0 = 0 [26].

Figure 5 shows the deflection angle for various r0 val-
ues. This graphic depicts the gravitational deflection angle
as a function of the impact parameter for black holes sur-
rounded by Dehnen

(
1, 4, 1

2

)
dark matter, with black hole

mass rs = 1 and ρ0 = 0.001. The study found that at low
impact parameters b � 1, the deflection angle rises, suggest-
ing a substantial gravitational lensing effect. As the impact
parameter increases, b 
 1, the deflection angle decreases
and eventually approaches zero, as predicted.

4 Black hole thermodynamics

The thermodynamics of a Schwarzschild black hole sub-
merged in Dehnen

(
1, 4, 1

2

)
dark matter is explored in this
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Fig. 4 Profile of R for various combinations of {ρ0, r0} with rs = 1

Fig. 5 Profile of α for various
combinations of {ρ0 = 001, r0}
with rs = 1

section. We start by looking at the horizon position rH , which
can be found using gtt = 0, yielding,

M = rH
2
e

32
15 πρ0r2

0

√(
r

r+r0

)3

. (46)

In the framework of black hole thermodynamics, the ther-
modynamic enthalpy analogous to classical thermodynam-
ics corresponds precisely to the mass M , as defined by (46)
[30,31]. The Hawking temperature is determined by the sur-
face gravity at the event horizon, expressed mathematically
as,

T = f ′(rH )

4π

= e
32
15 πρ0r2

0

√(
r

r+r0

)3 [
1

4πrH
+ 4

5
ρ0r

3
0

√
rH

(r0 + rH )5

]
.

(47)

For different combinations of {ρ0, r0}, the black hole’s
temperature T with respect to rH is displayed in Fig. 6. The
behavior of T with fixed r0 = 2 (ρ0 = 0.01) is depicted in
the upper (lower) graph. For configurations with not zero
{ρ0, r0}, there are two distinct phases, i.e. positive slope
regions, with ∂T

∂rH
> 0, and negative slope regions, with

∂T
∂rH

< 0. The signature of their heat capacities must be inves-
tigated in order to assess the stability of each branch.

Moreover, according to [5], the horizon area law defines
the black hole’s entropy as follows,

S =
∫

1

T

dM

drH
drH = A

4
= πr2

H , (48)

which is positive and continuous for rH > 0.
A black hole’s heat capacity must be determined in order

to determine its thermal stability as a thermodynamic system.
Since the system absorbs energy as its temperature rises, a
positive heat capacity denotes thermodynamic stability and
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Fig. 6 Profile of T as function
of rH for various {ρ0, r0}

is consistent with standard thermodynamic behavior. A neg-
ative heat capacity, on the other hand, indicates an unstable
configuration in which the system paradoxically cools when
it absorbs heat [18,32].

The specific heat capacity of the static, spherically sym-
metric black hole embedded in a Dehnen

(
1, 4, 1

2

)
dark mat-

ter halo is derived as follows,

CH = ∂M

∂T
=

∂M
∂rH
∂T
∂rH

= −
10πr2

H (r0 + rH )2
{

5(r0 + rH )3 + 16πρ0r3
0

√
r3
H (r0 + rH )

}

25(r0 + rH )5 − 256π2ρ2
0r

6
0r

3
H − 40πρ0r3

0 (3r0 − 2rH )

√
r3
H (r0 + rH )3

. (49)

Figure 7 shows the black hole’s heat capacity CH in rela-
tion to rH for various combinations of {ρ0, r0}. The top
(lower) graph shows how T behaves with fixed r0 = 2
(ρ0 = 0.1). In fact, the instability of asymptotically flat black
holes in the classical ensemble is highlighted by the negative
heat capacity of a pure Schwarzschild black hole without
dark matter halo ρ = 0 [33]. The curves of CH , which have
positive values and are thermodynamically stable, show that

the Schwarzschild black hole is stabilized by the Dehnen(
1, 4, 1

2

)
dark matter halo. It should be mentioned that larger

ρ0 and r0 decrease the negative area of the heat capacity.
Additionally, it is crucial to stress that theCH curves break

at the minimum point of T (rH ), i.e. when ∂T
∂rH

= 0, and it
is simple to see that the stable (unstable) branch with CH >

0(< 0) corresponds to the portion of the temperature function

that has a positive (negative) slope. Black hole + dark matter
configurations without inflection point, i.e. with very small
ρ0, do not have thermodynamically stable branch.

To evaluate the overall stability of the black hole-dark
matter system, we investigate the Gibbs free energy G. A
positive G indicates global instability in the thermodynamic
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Fig. 7 Profile of CH as
function of rH for various
{ρ0, r0}

system, while a negative value indicates stability. The Gibbs
free energy is obtained as,

G = M − T S = e
32
15 πρ0r

2
0

√(
r

r+r0

)3

rH

⎡

⎣ 1

4
− 4

5
πρ0r

3
0

√
r3
H

(rH + r0)5

⎤

⎦ .

(50)

Figure 8 displays the black hole’s Gibbs free energy G
as a function of rH for different combinations of {ρ0, r0}.
The upper (lower) graph depicts how T behaves with a fixed
r0 = 2 (ρ0 = 0.04). Our results show that as core density
and halo radius rise, so does the negative area of Gibbs free
energy. Both plots show that the presence of a dark matter
halo boosts the black hole’s global stability.

Figure 9 depict the Gibbs free energy, entropy, and heat
capacity as functions of temperature with a fixed r0 = 2. We
observe that at critical points, where,

∂G(T )

∂T
= ∂2G(T )

∂T 2 = 0 (51)

there are these following important observations at the criti-

cal temperature: the curvature ∂2G(T )

∂T 2 is not continuous even

though the Gibbs function G(T ) and its slope ∂G(T )
∂T are con-

tinuous. The heat capacity at critical temperature is discon-

tinuous, although entropy is continuous for all temperature
levels. It is interesting to observe the behavior the the entropy.
The phase transition occurs at the inflection point, where
∂S
∂T = ∞. As a result, configurations without this inflection
point cannot undergo phase transition.

Although the Gibbs free energy curve may, at first glance,
suggest a possible discontinuity or swallow-tail-like behav-
ior for certain values of {ρ0, r0}, a closer examination reveals
that the entropy remains continuous across the transition and
no latent heat is released. The absence of any entropy discon-
tinuity excludes the possibility of a first-order phase transi-
tion. Instead, the heat capacity diverges at the critical point,
indicating an infinite response of the system to infinitesimal
temperature fluctuations. According to Ehrenfest’s criteria,
such behavior characterizes a second-order phase transition,
where the first derivatives of the Gibbs free energy are contin-
uous, but the second derivatives become singular. Therefore,
despite the apparent shape of the Gibbs free energy curve,
the transition in this black hole system is conclusively iden-
tified as second order. Also note that, only if ρ0 is zero does
phase transition not occur. A Schwarzschild black hole can-
not experience a phase transition.
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Fig. 8 Profile of G as function
of rH for various {ρ0, r0}

5 Conclusion

In this work, we present an exact static, spherically sym-
metric black hole solution embedded in a Dehnen

(
1, 4, 1

2

)

dark matter halo. Motivated by astrophysical evidence that
supermassive black holes reside within extended dark matter
distributions, we investigate how such halos influence both
the optical and thermodynamic properties of black holes. By
deriving null geodesics from the principle of least action, we
study photon motion, gravitational lensing, and the forma-
tion of light rings, which are central to understanding black
hole shadows. In parallel, we examine the thermodynamic
behavior of the system by analyzing quantities such as mass,
temperature, entropy, heat capacity, and Gibbs free energy.

Our analysis of photon dynamics reveals that the presence
of the halo significantly alters the effective potential and the
location of the photon sphere. The radius of the photon sphere
and the corresponding critical impact parameter increase
with larger halo parameters, leading to an enlarged shadow
size. Similarly, weak gravitational lensing is enhanced at
low impact parameters due to the halo contribution, while
asymptotic behavior reduces to the Schwarzschild case when
the halo density vanishes. These findings indicate that dark
matter imprints distinctive optical signatures on black holes,

potentially observable through astrophysical measurements
of shadows and lensing.

On the thermodynamic side, we find that the Dehnen
halo introduces remarkable differences compared to the pure
Schwarzschild case. While Schwarzschild black holes in
asymptotically flat space are thermodynamically unstable
due to their negative heat capacity, the halo contributes to
stabilizing the system. Depending on the values of the halo
parameters, the black hole can exhibit locally stable phases
with positive heat capacity, as well as globally stable config-
urations characterized by negative Gibbs free energy. More-
over, the presence of the halo enables phase transitions, a fea-
ture absent in the vacuum Schwarzschild black hole. These
results highlight the critical role of the dark matter environ-
ment in governing black hole thermodynamics.

In conclusion, this study demonstrates that embedding a
black hole in a Dehnen

(
1, 4, 1

2

)
dark matter halo signifi-

cantly modifies both its optical and thermodynamic proper-
ties. The halo not only alters the photon sphere and shadow
but also enhances thermal stability and allows for phase tran-
sitions. These findings strengthen the connection between
black hole physics and galactic dynamics, suggesting that
observational features such as black hole shadows and ther-
modynamic stability may encode valuable information about
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Fig. 9 Profile of G(T ), S(T )

and CH (T ) for various
{ρ0, r0 = 2}

the surrounding dark matter distribution. Future extensions
may include exploring rotating (Anti)-de Sitter version to
further deepen the link between dark matter and black hole
phenomenology.
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