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We investigate the evolution of complexity and entanglement following a quench in a one-dimensional
topological system, namely the Su-Schrieffer-Heeger model. We demonstrate that complexity can detect
quantum phase transitions and shows signatures of revivals; this observation provides a practical
advantage in information processing. We also show that the complexity saturates much faster than
the entanglement entropy in this system, and we provide a physical argument for this. Finally, we

demonstrate that complexity is a less sensitive probe of topological order, compared with measures of

entanglement.
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In recent years, concepts from quantum information (QI) have
helped to mold ideas in high-energy physics [1], namely anti de-
Sitter/conformal field theory (AdS/CFT) duality [2]. Recent progress
has made evident that the entanglement of a (boundary) CFT is re-
lated to the emergence of the bulk geometry [3]. This relationship
becomes even more puzzling in the context of black hole - entan-
glement is not sufficient to capture the dual geometric description;
certain bulk quantities continue to evolve even after the boundary
CFT has equilibrated [4]. As a way out of this conundrum, Susskind
proposed that the boundary quantity which continues to evolve af-
ter equilibration is the state’s complexity [4,5].

Central in QI are notions of distance and uncertainty [6]. Entan-
glement is quantified by measures of uncertainty. Complexity is a
concept from the theory of computation [7,6] - it is the short-
est distance between some reference state |yg) and a target state
|¥7); operationally, it quantifies the minimal number of operations
needed to manipulate |g) to 7). Entanglement in quantum field
theory has been well studied, leading to a variety of insights [9,8].
An understanding of complexity in quantum field theory (QFT) is
in its infancy - circuit complexity using Nielsen’s approach [10]
was studied for free scalar QFT in [11], for interacting scalar QFT
in [12], and for free fermionic theories in [14,15]; complexity using
the Fubini-Study distance was studied for free scalar QFT in [13],
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using a path-integral in [16]; [17] discussed thermofield-double
states, and [18-20] considered quantum quenches in bosonic QFTs.

In this work, we investigate the time evolution of complexity
and entanglement following a quantum quench — we compare
the evolution of the complexity (for both the circuit complexity
and Fubini-Study approaches) and fidelity with measures of entan-
glement. To begin with, we elucidate the physics governing the
evolution of these quantities, and in particular, their saturation.
In holography, complexity is expected to saturate later than the
entanglement entropy, but for the system considered here, the op-
posite occurs. This counterexample raises confusion regarding the
holographic description of complexity. Secondly, we investigate re-
vivals in the complexity and explore whether it can detect different
phase transitions. Finally, we demonstrate that the circuit complex-
ity is not sensitive to the system'’s topological order, but this is cap-
tured by the Fubini-Study approach and by measures of entangle-
ment. The circuit complexity is expected to be more sensitive than
the Fubini-Study approach [21,13]; here, the opposite occurs. Our
medium for these investigations is a one-dimensional topological
insulator (TI) [22], namely the Su-Schrieffer-Heeger (SSH) model
[23]. This is a tractable system exhibiting a nontrivial phase dia-
gram, for which these ideas can be scrutinized in detail. It should
be noted, so far complexity (and its comparison with entangle-
ment) has only been explored in the context of simple toy models;
this work takes steps toward bringing complexity closer to physi-
cal systems, and in particular, experiment. Indeed, the SSH model
was introduced to understand the electronic properties of poly-

0370-2693/© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.


https://doi.org/10.1016/j.physletb.2020.135919
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2020.135919&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:abhattacharyya@iitgn.ac.in
https://doi.org/10.1016/j.physletb.2020.135919
http://creativecommons.org/licenses/by/4.0/

T. Ali, A. Bhattacharyya, S. Shajidul Haque et al.

acetylene [23]. It has been realized experimentally in cold atom
systems [24-27].
The SSH model is described by the Hamiltonian

H= Z [q (ajbl +b,Ta,) +q (ale, +bfal+1)] , (1)
I

where q; (b;) destroys a fermion on site-l of sublattice-A (B), and
q (¢q') is the intracell (intercell) tunneling matrix element. The
topological properties are determined by (q, q’) - for |q| < |¢/|
(lq] > Iq’|), the system is a TI (non-TI); |q| = |q| is a quantum
critical point (QCP), described by a c=1 CFT. In what follows, we
work in the Neveu-Schwarz sector; the system is readily analyzed
in momentum space - expanding the fermion operators in Fourier
modes [k = (2w /N)(m 4+ 1/2) with 1 <m < N]

1 ; 1 e
a=— eMag andb = — elb, 2
=R Ek k =R Ek k (2)

one obtains

q+qe kY [
H= Z(ak’ (q +q eik 0 Bk . (3a)

(3a) is diagonalized by a Bogoliubov transformation, details of it
are given in the section (I) of supplementary material. Then we
have,

f=>"Ec(efo, - LA - (3b)
k

In Eq. (3b), Ex = /|Ak| + 2qq’ cosk with Ay = q+q’ exp(—ik); o =
@ + b Ar/|AKD/~2 and By = (—ax Af/|Ak| + by)/~/2 destroy
a fermion of momentum-k in the conduction and valence band,
respectively.

We are interested in the quench dynamics of the SSH model -

t<0;I:I:I:I<(q<,q’<), t>0:1:1:1:1>(q>,q’>). (4)

In what follows, we take |¥r) to be the ground state of A. and
|[Yr) = exp(—itI:I>)|1pR). More explicitly, let {o_k, Bk} denote the
destruction operators of 2] ~. The initial state has the valence band
of A_ completely filled

¥g) 1’[/3 (10} (5a)

where |0) is the Fock vacuum. It belongs to one of the three phases
described below equation (1), depending on the choice of the pa-
rameter (q<,q"). Then after doing a time evolution exp(—itH.)
one obtains

V) ( (A z) ol >|o> (5b)
l_[ 1+|zk(r)|2 <*

where

2() = AT IAFI(IA7 Im(AD)+HAF Im(A7)) sin(E} 6

Ay A,’f (|A,? [|Ag [ cos(Ey t)+iRe(A)Re(AS) sin(Ey t)) )

For more details please refer to the section (II) of supplementary
material.

It is common in the literature that, when one computes the
circuit complexity one typically chooses a direct product state (e.g.
[11]). But in our case, we were interested in detecting phase tran-
sitions by circuit complexity, caused by the time evolution of the
initial ground state of H.(q<, q"). Hence it is natural to compute
circuit complexity between the ground state of initial Hamiltonian
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H-(g<,q_) and the state after the time evolution, as it is provid-
ing us with a new notion of distance between these two states.

We will be computing the circuit complexity for the state (5b)
w.r.t. the state (5a). These states can be characterized by their cor-
relation matrix, Cy(t),

Ce® = WO 1y ©) (6)

where \l',f = (ak,Ek). Details are given in section (2) of Appendix
(D). To obtain the circuit complexity, we evolve the initial correla-
tion matrix Ci(t =0) by the unitary operator U(s) [15]

Ck(s) =

with Cp(s=1) = (Afk(t), and Ug(s) is parameterized as the path-
ordered exponential

U, )Ci(t = 0)U] (5) (7)

1
Ur(s) = Pexp —iZ/ds YisM; |, (8)
]

where the {M;} are group generators, the {Y,ﬁ} are control func-
tions, and s parameterizes the path. Then, we define a “cost func-
tional,” C[{Ug(s)}], on the space of unitaries via

Cl{U)N = / s (Lo, (9)

Eq. (9) is minimized w.r.t. the { /< as a function of “s”; this deter-
mines the optimal path, i.e. the geodesic on the space of unitaries.
The circuit complexity is the minimum value of C[{U(s)}] [28].

We will compare the results for the circuit complexity with
those obtained from the Fubini-Study line element. To this end,
the space of states in (5b) is given a Riemannian structure [29] —
we start with the Bures distance [30,31]

D}, =2[1 - F1] (10a)
where F7; is the fidelity
Fra=l1l¥2) 5 (10b)

considering two nearby states |¥ ({zx})) and |¢¥ ({zx + dzi})), we
obtain the Fubini-Study line element
dzy|?
ds? = #'2 , (11)
(1+12[2)

where ds? = limy,)—, y;)D?,. One recognizes each term in (11) to
be the line element for a two-sphere S in the CP! representation
- the state manifold is S x §2 x --- x S2; the distance is given by

[32,33],
= Zs,% (12a)
k
where
: 1 |d
Zk
=[dtl —|— 12b
Sk / T+ 122 | de (12b)
0

The complexity C is the length of the geodesic connecting |yg)
and [yrr).

In what follows, we consider the following quenches: (1) TI <
non-TI (2) non-TI <> QCP (3) TI <> QCP. Results are shown for the
following sets of parameters: (1) TI - (q=0.2, ¢’=1) (2) non-TI -
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Fig. 1. Evolution of EE for N=1000, N=1500, N=2000 and subsystem of [=100, I=150, [=200 respectively for quenching from (a) the critical point to a massive phase (b) a
massive phase to the critical point (c) between massive phases. Insets: EE vs time scaled by the partition size, S(t)/I vs t/I.
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Fig. 2. Evolution of entanglement spectrum N=1500 and subsystem of /=150 for quenching from (a) the non-topological to the topological phase (b) the topological to the

non-topological phase.

(g=1, ¢’=0.2) (3) QCP - (g=1, ¢’=1). To characterize the quenches,
we first consider the system’s entanglement. We partition the total
system into two subsystems, A and B. We consider the correla-
tion matrix restricted to subsystem-A, ¢ A(t), whose elements are
(m,neA)

. 1 , .
CA () = N ;‘exp[zk(m — )] Ci(t). (13)

The eigenvalues {A,} of CA(t) are referred to as the entanglement
spectrum; measures of entanglement are functions of the entan-
glement spectrum [34-36].

Fig. 1 shows results for the entanglement entropy (EE)

S==> [alniy+ (1= In(1 = 1p)] . (14)
The EE first grows linearly and then saturates. At later times,
one sees revivals due to the finite system size. Furthermore, we
see that the amplitude is larger when quenching between mas-
sive phases (compared to when quenching to/from the QCP). The
(pseudo-) period of the revivals is larger when quenching to a mas-
sive phase (compared to when quenching to the QCP). As shown
in the insets, by working with scaled variables, namely S/I vs. t/I,
the results collapse onto universal curves. While the results for the
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(a

Fig. 3. Motion on the Bloch sphere for transition from the non-TI to QCP phase (k= (27 /N)(m + 1/2)): (a) m = 470 (b) m = 505 (c) m = 870 for N=1000.
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Fig. 4. The circuit complexity for N=1500. Quenching (a) from a massive phase to the critical point (b) to a massive phase. Insets: Negative logarithm of the fidelity: — In Fy;.

quenches have similar features, there are quantitative differences
- the EE is (slightly) larger in the TI phase, as the TI has greater
entanglement.

To further elucidate the system’s properties, the entanglement
spectrum is shown in Fig. 2 - Fig. 2a (Fig. 2b) shows the entangle-
ment spectrum for a quench from the non-TI (TI) to the TI (non-TI)
phase. This shows very distinctly the differences in the quenches
- the TI has “zero-modes” in the entanglement spectrum, namely
states where A, >~ 1/2. These are due to the edge states that are
present only in the TI phase [37,36]. When one starts initially in
the TI phase, the zero-modes stay pinned. [Results for the other
quenches are qualitatively similar, namely quenches to/from the TI
are clearly seen in the evolution of zero-modes [38,39].]

We now discuss the system’s complexity. Fig. 3 shows the evo-
lution of the target state for a transition from the non-TI to the

QCP for several values of k. As discussed above, (5b) describes a
trajectory on S2 for each k. We see that Hamiltonian evolution
gives rise to a variety of behaviors - depending on the value of k,
the evolution can be close to the geodesic for some values (Figs. 3a
and b), while it can be rather distant for other values (Fig. 3c).
Hence, for some values of k the path from Hamiltonian evolution
gives the complexity, while for other values of k the contribution
to the complexity comes from a very different path. [Similar re-
sults are obtained for the other quenches.]

The evolution of the complexity is shown in Figs. 4 and 5 -
Fig. 4 shows results for the circuit complexity, while Fig. 5 shows
results from the Fubini-Study line element; in both figures, panel
(a) shows quenches from the massive phases to the QCP, while
panel (b) shows quenches to a massive phase. For all the differ-
ent quenches, the complexity grows extremely rapidly and then
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Fig. 5. The complexity from the Fubini-Study line element for N=1500. Quenching (a) from a massive phase to the critical point (b) to a massive phase.

saturates, with some oscillations about the saturation value. When
quenching to the QCP, distinct revivals appear in the complexity,
similar to what occurs in the EE. When quenching to a massive
phase, revivals also occur, but they are more pronounced when
quenching between massive phases. To better understand these re-
sults, the insets of Fig. 4 show results for the negative logarithm of
the fidelity: —In Fi,. This quantity behaves similarly to the com-
plexity; this gives insight into the behavior of the complexity and,
in particular, its rapid growth and then saturation - this occurs
because the target state becomes orthogonal to the reference state
rapidly. Note also that revivals appear in the fidelity when quench-
ing to the QCP [40-42]; however, the signature in the complexity
is more pronounced. We also note that the high-frequency oscilla-
tion observed in the complexity is an artifact of the finite system
size N. Increasing the system size means that the complexity oscil-
lates more slowly, as can be seen in Fig. 6 where we compare the
same complexity at multiple values of N. Although we have shown
for one particular case, this is true for all the cases.

In both the circuit complexity and Fubini-Study approaches,
the results are identical for the non-TI to TI and the TI to non-
TI quenches - the complexity is the shortest distance between
states; the direction of the quench does not change this distance.
However, the Fubini-Study approach can distinguish between the
non-Tl <> QCP and TI < QCP quenches, while the circuit com-
plexity cannot; the Fubini-Study can detect the topological order.
More generally, for this system the Fubini-Study approach provides
a more sensitive measure of complexity than the circuit complex-
ity; this is, in fact, contrary to what is expected [21,13].

We investigated the evolution of complexity and entanglement
following a quantum quench in the SSH model. Interestingly, for
our system, the complexity saturated much more rapidly than the
EE; this is contrary to what happens in the blackhole scenario,
where the complexity is expected to saturate exponentially slower
than the EE [5]. We observed that the mechanism for this rapid
saturation of the complexity is tied to the rapid decay of the fi-
delity, namely because the final state becomes orthogonal to the
initial state very rapidly. The magnitude of the fidelity’s decay
is set by the parameters of the Hamiltonian e.g. if one starts in
the topological phase with ¢ =0.2,q' =1 and one quenches to a
state still in the topological phase with, say q = 0.25,q' =1, the
magnitude of the fidelity’s decay will be small. While this is also
expected to influence the rate of the decay, we do not have a quan-
titative understanding as to how this occurs. In future work, we
intend to pursue the precise relationship between the decay of the
fidelity and the saturation of the complexity.

Another key observation was of revivals in the complexity. Note
that the complexity is (much) less demanding computationally
than measures of entanglement, yet the complexity, particularly
the Fubini-Study approach, captures similar information such as re-
vivals and information about different topological transitions. This
makes the complexity rather appealing as a probe of quantum
phase transitions.

Our investigations revealed a shortcoming of complexity in sys-
tems with topological order (TO). The TO of the SSH model derives
from the nontrivial topology of its Hilbert space [22]. TOs are read-
ily probed on a manifold with a boundary - gapless edge modes
arise due to the TO [37]. As an entanglement partition behaves as
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Fig. 6. The circuit complexity for different system sizes N.

a physical boundary [43], gapless modes arise in systems with TO,
with support along the partition. We saw how the TO shows itself
distinctly in the entanglement - the EE was always larger in the TI
phase (due to the edge modes); the entanglement spectrum pro-
vides a “smoking gun” for the TO, as the low-energy, universal part
of the entanglement spectrum is due to these edge modes [44].
The complexity, on the other hand, was not as sensitive a probe of
TO - the Fubini-Study approach could sense that the TI and non-TI
phases were different (as it could distinguish between the non-
Tl < QCP and TI < QCP quenches). The circuit complexity, on
the other hand, could not differentiate the two phases. Interest-
ingly, our results showed the Fubini-Study approach to be a more
sensitive measure of complexity for this system (than the circuit
complexity), contrary to what is expected [21,13].

Finally, this work takes steps toward bringing complexity closer
to physical systems and, in particular, experiment. Recently, mea-
suring entanglement has been an extremely active/exciting avenue
of research [45]. As entanglement has been measured in cold atom
systems [46-48] (where the SSH model has been realized), it is not
unreasonable to expect some of the ideas discussed here could be
probed experimentally.
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