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                          Abstract

     Lectures on  the generaL slow-roll,  6yV and  61V' f6rmalisms fbr calculating  the pertur-

   bations produced during inflation.

1 General slow-roll  in single  field inflation [1]
1.1 Perturbationequations

The  evolution  equation  fbr

                      w !  a (idi - SR)
is

                g'X: + k2, - [(i;:) ,:
't,

 (:lip)] ,-  o

where  6 is minus  the  conformal  time

                ci  -,  =-  l
eO

 f' -  iii.7 [i +o  (S,)]
Defining

                           2TaCip 2Tq5

                     f(lnC)=' H  
't
 H2

we  can  rearrange  the equation  as

                 {I21fg: + k2ep -  ;tg= (f" 
-f

 
3f') itp

where

                       ,.  di 1of

                      f 
==

 d]nc 
cv
 
-fiTt

1.2 General slow-roll  approximation

Our equation  is

                 :I'X8 + k2ep - i,g= (f" 
-f

 
3f') g,p

The  hemogeneous  equation

                     
dic920

 +  k2po -  ;t po =o

has solution

                     po =  th (i + il) eikc
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           which  gives the scale  invariant spectrum

                                       p-  f, bl (,".2,)
2

 (io)

           Thus we  see  that

                                 f
',1;"

 <{(i  H  scaleinvariance  (ii)

           However, unlike  in standard  slow-roll,  we  will  not  make  any  further assumptions

                                  fn                                       f' dn

                   . 
'T

 5eC7H  dl.k<n-1  (12)

           1.3 General slow-roll  formula

           Solving

                                
dd2

g℃
+k2q-  3,q- (f" 

-

f 
3f') t, ep (13)

          perturbativelM and  taking the late time  limit C -  O, we  get

                            lnp(k) -L

co

 
Eltt
 [-ke w'(kc)] (ln l, +:i

'

) (i4)

          where  g and  f(lnC) were  defined in Eqs. (3) and  (4), The window  function has thc window

          property

                                     yC
OO

 
EIi'
 [-. wt(.)] =1  (ls)

          and  is generated from

                                   3sin(2x) 3cos(2x) 3sin(2x)

                            W(X)=  2x3 
-
 

x2
 

-
 2. 

-1
 (16)

          which  has the asymptotic  behayior

                                    li.m, Mi (x)=Zx2+O(x`) (17)

          1.4 Inverse

          The  general slow-roll  fbrmula for the spectrum

                             inp-L
co

 {5t [-kc vv'(kc)] (in ?i, +;i
'

) (is)

          can  be inverted to  give

                                   ln Il÷,=Yf
oo

 !ilt m(kC)  lnP  (lg)

          where

                                      1 H  ll2
                                          E  ,ft.  (20)
                                    f(ln C)                                            2TaCdi                                                   2Tip
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Figure 1:
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Figure 2:Inverse
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Figure 3: Inverse
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           The  inverse 
'window

 function

                                 m(.)  =;  [;.COSi2M) 
-sin(2x)]

 (21)

          has the window  property

                                       yg
eo

 
El.t
 .(.)  =1  (22)

           and  the asymptotic  behavior

                                    li-m, m(x)=  gl.rx3+o(x5) (23)
           '

           2 6YV formalism  for multi-field  infiation [2]
           2.1 N

          The homogeneous baclcground inetric  is

                           , ds2=dt2-a(t)26i,･ dxidxj' (24)

          We  define the  e-folding  number  as

                                      N(tfi:i't)i.lll.Hdt (25)

          where  H  i  ala  and  tfi. is a  late time  when  all trajectories have converged,  i.e. a  time  after

          complete  reheating  when  the curvature  perturbation 7Z. has becorne constant.

           2.2 N

          We  write  the scalar  part of  the perturbed metric  as

                    ds2 ==  (1 +  2A)dt2 -  20iBdt  dxi -  a2  [(1 +  27Z)6ij +  2aL2aai  E] dxid vj (26)

          The perturbed e-fblding  number  is defined by

                                     N(tfi., t)iXi.  ge dr (27)

          where  T  is the proper time, dT =  (1 +  A) dt, and  e is the  volume  expansion  rate  of  the constant

          time hypersurfaces

                                 ge =H  (1+ f} 72 -A-  {il?÷s) (2s)

           q2 :=:  k21a2 is the physical wave  number  and

                                      8==  E-  2HE  -B  (29)

           is the shear  of  the unit  vector  normal  to the constant  time hypersurfaces. Therefore

                         YV'(tfi"'t) =  Y[l.H(1+Ii}72-A-{;?l÷S)(1+A)dt  (30)

                                 =  N(tfin,t)+R(t)-7Z(tfin)-gXI. q2Sdt (31)
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       2.3 6N

                          6YV'(tfin,t) i  YV(tfinit)HN(tfin,t) (32)

                                   =:  R(t)-R(tfin)-gY[l.q2Sdt (33)

       [[hking the initial hypersurface to be flat and  the final hypersurface to be comoving

                            6N(tfin,ti.i)=-n.(tfi.)-gXil
"iq2sdt

 (34)
          '

          The  Einstein equation  gives

                                  8+H8=A+71L+T  (35)
       Thus q28  decays rapidly  outside  the horizon, and  this decaying behavior is independent of  the

       choice  of  gauge. So, taking  the  initial time  ti.i suMciently  late, so  that scales  are  suMeient]y

       greater than  the horizon, we  get our  centra!  result

                       '
                                 Rc(tfin) cr -6L/V'(tfini tini) (36)

       This relation  is valid  irrespective of  whether  the backgreund universe  is dominated by scalar

       field or  not.

       3 A  new  6N  formalism  for multi-component  inflation [3]
       3.1 Scalar fields during inflation

       Wt) assume  that for t (  ti.i, i.e. while  modes  are  learving the horizon during inflation, we  can

       take the action  to be

                       s-fd`xvEg  [-SR+3h.bg,wa,ipaadib-v(ip)] (37)

       and  the scalar  field perturbations on  flat hypersurfaces satisfy

           6b? +  3H6ip? - Rab,ddibdic6dig + q26ipr + habrits.o.6ipF =:: zll, :Il (a3ttdib ) hb.6ip: (3s)

       We  do not  require  this effective  description to continue  to be valid  for t >  ti.i. Indeed, we

       expect  that in most  cases  it will  break down  some  time before tfi..

          For t S tini, we  represent  N  in phase spaee  (ip, ip) as

                                 N(tfi.i ip, di) iX  i
O'ip}Hdt

 (39)

       where  the  integral is perforrned along  the  trajectory that passes through (ip, ip).
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          3.2 6N

          We  define

                        6N =- Nip.6ipa+N6.6dia (40)

                           !  lvb. 6ipa +  lvb. (6 ipa - di"A) +  gq2 (a3 y[l. il;1) & (41)

          Note that we  mabr  interpret

                                     6dia-diaA =:  6(ddip.a) (42)

             Nipa and  Ndi. are  given explicitly  by

                                     Nipe--a3 :Ilt (N.ip!a) (43)

          and

                                Ndia =  ivba 
-g

 (a3 Y[l. il;1) h.b ilibl (44)

             Choosing fiat hypersurfaces, we  liave

                                        6Nf=6N-R  (45)

          3.3 Evolutionof61Vf

          [laking the  time  derivative ef  6iVi, we  find

                                       6jVf=-q2Ndi.dip7  (46)

          Thus 6Nf is constant  on  super-horizon  scales.

             In the special  case  that our  scalar  field description is still valid  at  t =:  tfi., i.e. if it is valid

          beyond the point  where  convergence  of  trajectories occurs,  we  can  evaluate  the constant  by

          inserting the super-horizon  adiabatic  growing mode  into the definition of  6N  to get
                                                                     '

                     6Nf(ti.i) =  6Nf(tfin) =  
H.diagipF

 =  mRc(tfin) =  6At'(tfin,tini) (47)
                                        ipbipb
                                              t=:tfin

             Returning to the general case,  and  taking the derivative again,  we  get the equation  of  motion

          for 6Nf .

                               6Nf+5HiNf+q26Nf=-2q2Nth.6di?  (48)

          3.4 6ipfi and  tiipft

          Our equations  are

                                      6iVf=-g2Ndi.iip? (49)
          and

                               6?'Vf+5ll'ijVf+g26Nf=-2q2Nth.6ip? (50)

          We  decompose 6ip7 into relevant  and  irrelevant eomponents

                                       6di?-6ipfi+6di1 (51)
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with  the relevant  direction defined by Ndi.

                    6ipfi=ll:l6ipP , 6ipa. 
-=
 Qa,6ipP (52)

                    '
where

                     m  haeNdi.Ndib

                   
lli}=hdeNdi,Ndi.

 i Qab 
'=
 
6e'Ilg

 (53)

so  that  6ipfi can  be expressed  entirely  in terms of  6Nf. Then

           67vf +  sH  6jvf +  q2iNf =2(
ii::Ng.INN

II.b) 6jvf - 2q2Nth.6ipa. (s4)

3.5 General slow-roll  equation

Our equation  is

           61ivf + sH  6)vf + q261vf =2  (hh
a,::ge

 :S. ,b ) 6jvf - 2q2Ndi.6ip1 (ss)

Changing time variable  to x  =- kC bl klaH, where  E =  
-fdt/a

 is minus  the conformal  time,

we  obtain

               
d2di.l)If

 -id6dN.f+  6Nf=2:'i  
d6dN.f"

 2Ndioidia± (s6)

where

            H2(lnC) ii (2..3,c2)
2habNipaNeb

 [t (32H.2)
2habN6.Ndib

 (s7)

and
                             dll ldll

                        H'idl.gN-fi
 Mt (58)

Neglecting the  right  hand side  of  Eq. (56) gives the scale  invariant spectrum

                             p..  n2 (59)

3.6 General  slow-roll  formula

The  gelleral slow-roll  solution  of

                 iNl' -g6N}+iNf  -il'  6N}-2N6.6ipa. (6o)

is

           1.p(k) ..  y[
OO

 EftL [.kc w'(kc)] (lnH2+Z:') (6i)

                    - # ?.ll}., ll÷/ y[
ee

 
E:tL
 z ±(ke) Ndi. (c) im [6ip:.(k, c)] (62)

                    +  .2in2  l.ll]=, y[
eO

 !llt z ±(kc) Nth.(c)6ip?.(k,g) 
2

 (63)

where  TV(x) was  given in Eq. (16), n  was  defined in Eq. (57), and

                          9sinx  9cosx 3sinx
                                     -  (64)                    

Z ±(X)= 
x3

 
"
 

x2
 x
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   3.7 Inverse

   If we  neglect  the 6ipa
±
 terms, the formula for the spectrum  reduces  to

                   ]n p(k) -  yC
co

 
E:t;
 [-k4 vv'(ke)j (ln n2 +g:' ) (6s)

  which  can  be inverted to give

                           ln n2= L
co

 {5t s(foc) lnp (66)
  where

               n2(1llC) ii (2.a3,c,)
2habNdi.Neb

 iy (32H.2)
2h"bNdi.N6.

 (67)

  The  inverse window  function

            s(x)  =. ll [I#,T 
-3CO.S,(2")

 
.6Si::2X)

 + ll +4CO;(2X)  +sin(2x)] (6s)

  has the window  property

                              L
"O

 Ei±
.

 ,(.)  =1  (6g)

  and  the asymptotic  behavior

                          y.m,s(x) ==  4s4..s 
+  (o(.7) (7o)

  Acknowledgments

  The  Summer  Institute 2006  is sponsored  by the  Asia Pacific Center for Theoretical Physics and

  the BK  21 program  of  the Department of  Physics, KAIST.  The  author  would  like to thank the

  organizers  of  Summer  Institute 2006.

  References

   [1] S. Dodelson, E. D. Stewart, Phys. Rev. D 65, 101301; E. D. Stewart, Phys. Rev. D  65,

     103508; J.Y. Choe, J.-O, Gong, E. D. Stewart, JCAP  0407012; M. Joy, E. D. Stewart,
     J.-O, Gong, H.C,  Lee, JCAP  0504012,

   [2] A. A. Starobinsky, JETP  Lett. 42, 152-155; M. Sasaki, E. D. Stewart,
     Prog. Theor. Phys. 95, 71-78.

   [3I H.-C. Lee, M. Sasaki, E. D. Stewart, T. [[bnalca, S, Ybkoyama, JCAP  0510004.

NII-Electronic  Mbrary  


