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Abstract The string and brane tensions do not have to be
put in by hand, they can be dynamically generated, as in the
case when we formulate string and brane theories in the modi-
fied measure formalism. Here we take the measure as a metric
independent lagrange multiplier that forces some lagrangian
density to be zero. Then string tension appears, but as an inte-
gration constant. It can be seen however that these string ten-
sions are not universal, but rather each string and each brane
generates its own tension. To make the string tension fully
dynamical, a bulk field (the tension field) is introduced. As
we have seen in previous publications, world sheet conformal
invariance in the case of two different species of strings with
different tension can produce braneworlds, Swampland con-
straints may be avoided. Here we introduce braneworld sce-
narios without singularities of the string tensions, although
they still can grow to very large values, this is done by
demanding a certain periodicity in one light like coordinate.
Now we add another crucial observation; Dark matter to us
may consist of matter made out of strings with different
tensions because of decoupling of standard string interac-
tions for strings with different tensions, although interactions
mediated by the tension field can exist between strings of dif-
ferent tensions.

1 Introduction

Strings are thought by many to be the microscopic description
of particles and gravity [1,2]. Even accepting this, there is
the question of whether string theory in its usual formulation
is the last word, or whether we should go beyond and modify
it, Theoretically, modifications may better describe nature.
Hopefully the theory improvements help the corresponding
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predictions of the theory to explain the universe, this is very
non trivial and has to be shown however.

We can start from the theoretical side; string theory has
a dimensionful parameter, the tension of the string, in its
standard formulation, the same is true for brane theories in
their better known formulations. This is in spite of the fact
that the string theory in a critical dimension enjoys world
sheet conformal invariance, but this is not a scale symmetry
that is realized in the embedding or target space time, that
involves the embbeding metric, etc..

To circumvent this, in the framework of a Modified Mea-
sure Theory, a formalism originally used for gravity theories,
see for example [3—10], the tension was derived as an addi-
tional degree of freedom [11-17]. See also the treatment by
Townsend and collaborators [18,19]. In the approach we will
follow in this paper the Measure will be just a Lagrange Mul-
tiplier, that fixes something to zero. This simplifies greatly the
theory, since no additional degrees of freedom are required
to define the measure.

A floating cosmological is a generic feature of the modi-
fied measure theories of gravity [3—10], including the covari-
ant formulation of the unimodular theory [20], which s in fact
a particular case of a modified measure theory, as reviewed
in [21].

The tension of the string plays a very similar role to the
cosmological constant in four dimensional gravity, but the
analogous situation and the role of the cosmological con-
stant is quite different to that of the string tension, because
while several world sheets of strings with different tensions
can exist in the same universe and in this way many strings
can probe at the same region of space time, but that is not the
case for the cosmological constant, where every cosmologi-
cal constant defines necessarily a different universe.

This paper is organized as follows. After this section, the
introduction, in Sect. 2 we introduce a new, simpler approach,
as compared to what we have done in previous publications,
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the lagrange multiplier measure approach for the dynami-
cal string tension theory. There is the need to also introduce
an internal gauge field in the strings world sheet. The equa-
tions of motion of this world sheet gauge field leads to, when
integrated to an arbitrary Tension for the string. In Sect. 3
we discuss the fact that this tension generation, an integra-
tion constant, could take place independently for each world
sheet separately and that strings with a different tension to
ours could be the origin of the Dark Matter. This means that
the string tension is not a fundamental coupling in nature and
itcould be different for different strings or branes and in addi-
tion to this, since conventional string theories are designed
only for strings with the same tension, this suggests the idea
that strings with a different tension to that of ours could
constitute the dark matter. In Sect. 4 we discuss, the pos-
sibility that nevertheless of interactions between strings with
different tensions might exist, although they cannot be the
conventional string interactions, to proceed in this direction
we introduce currents in the world sheet can be that change
locally the value of the tension of the string world sheet .
We present then the coupling of the world sheet gauge fields
to currents in the world sheet of the string that couple to
the world sheet gauge fields, and as a consequence this cou-
pling induces variations of the tension along the world sheet
of the extended object. Then in Sect. 5 we consider a bulk
scalar, the tension scalar, and see how this scalar naturally
can induce these world sheet current that couples to the inter-
nal gauge fields, the equation of motion of the internal gauge
field lead to the remarkably simple equation that the local
value of the tension along the string is givenby T = e¢p + T;
, where e is a coupling constant that defines the coupling of
the bulk scalar to the world sheet gauge fields and 7; is an
integration constant which can be different for each string in
the universe. In Sect. 6 we introduce the target space scale
invariance or space time scale symmetry of the theory, which
does not exist in the standard string theory . Then, in Sect. 7,
each string is considered as an independent system that can
be quantized. We take into account the string generation by
introducing the tension as a function of the scalar field as a
factor inside a Polyakov type action with such string tension,
then the metric and the factor e¢p + 7; enter together in this
effective action, so if there was just one string the factor could
be incorporated into the metric and the condition of confor-
mal invariance will not say very much about the scalar ¢ , but
if many strings are probing the same regions of space time,
then considering a background metric g, , for each string
the “string dependent metrics” (e¢ + T;)g,,» appears and in
the absence of other background fields, like dilaton and anti-
symmetric tensor fields, Einstein’s equations apply for each
of the metrics (e¢ + T;) g,.v, considering two types of strings
with T1T>. We call g, the universal metric, which in fact
does not necessarily satisfy Einstein’s equations. We find the
tension that the two metrics are related by by a conformal
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transformation and in the case of two species of strings, the
conformal transformation determines the tension field and
specifying the conformal transformation between the two
metrics determines the tensions of the two species of strings.
In Sect. 8 we give an example using the metric of flat space
in Minkowski coordinates and the same metric after special
conformal transformation, configurations determines string
tensions we call this effect we call this effect a correlation
string interaction for multi strings. In an previous example.
using cases where the individual string tension go to infin-
ity, we have argued that this effect to produce the result that
Swampland constraints may be avoided, now in Sect. 9 we
introduced braneworld scenarios without singularities of the
string tensions, although they still can grow to very large val-
ues, this is done by demanding a certain periodicity in one
light like coordinate. Now in Sects. 10 and 11 we go back to
our crucial observation discussed before in the paper before
we introduced the tension field; Dark matter to us may consist
of matter made out of strings with different tensions because
of decoupling of standard string interactions for strings with
different tensions, now even in the presence of interactions
mediated by the tension field that can exist between strings
of different tensions,

2 String theory with a metric independent lagrange
multiplier measure

The standard world sheet string sigma-model action using a
world sheet metric is [22-24]

1
Ssigma—model = —T / dchEJ—w“”aaX“abX"gw. (0

Here y?? is the intrinsic Riemannian metric on the 2-
dimensional string worldsheet and y = det(yap); guv
denotes the Riemannian metric on the embedding spacetime.
T is a string tension, a dimension full scale introduced into
the theory by hand.

From the variations of the action with respect to y*” and
X" we get the following equations of motion:

1
Top = (3 X" 0p X" — Eya,,ycdacxﬂadX“)gw =0, (2

JL__yaa<¢Tyy“babX*‘> +yP X 9X T, =0, (3)
where F"f , 18 the affine connection for the external metric.
There are no limitations on employing any other measure
of integration different than ./—y. The only restriction is
that it must be a density under arbitrary diffeomorphisms
(reparametrizations) on the underlying spacetime manifold.
The modified-measure theory is an example of such a theory.
In previous publications in the framework of this theory
we have considered two additional worldsheet scalar fields
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¢'(i = 1,2) are introduced. The new measure density was
then formulated first in [11] and latter discussed and gener-
alized also in [12] ,
1 ab i j

D(p) = Seije” dag' opp’. “4)

A simpler formulation that gives equivalent results classi-
cally but without the need to consider additional degrees of
freedom to define the measure @ consists of simply consid-
ering ® as an independent density, a Lagrange multiplier in
fact. Then the modified bosonic string action is

ab

€
= F(A),
3= Fab(A)

(5
where Fyy is the field-strength of an auxiliary Abelian gauge
field A,: Fup = 0,Ap — OpA,.

Itis important to notice that the action (5) is invariant under

conformal transformations of the intrinsic measure combined
with a diffeomorphism of the measure fields,

1
S = —/dZUCDEy“hauX“abX”g,w —

Yab — J Vab, (6)
and
d—>d =Jd @)

To check that the new action is consistent with the sigma-
model one, let us derive the equations of motion of the action
(5).

The variation with respect to ® leads to the following
equation :

cd
d " v —
Y. X"0;X g,y — ——F.q =0. 8)
c L «/__7/ c
The equations of motion with respect to 7 are
1 ed
Tap = aaxuabXVguv - zyab\/?cha' =0. (9)

We see that these equations are the same as in the sigma-
model formulation (2), (3). By solving - F F.4 from (8) we
obtain (2).

A most significant result is obtained by varying the action
with respect to A,:

()
€y, (—) =0. (10)
Vanyd
Then by integrating and comparing it with the standard
action it is seen that

P (p)
Va4
That is how the string tension 7 is derived as a world sheet

constant of integration opposite to the standard equation (1)
where the tension is put ad hoc.The variation with respect to

=T. (11)

X" leads to the second sigma-model-type equation (3). The
idea of modifying the measure of integration proved itself
effective and profitable. This can be generalized to incor-
porate super symmetry, see for example [12—15]. For other
mechanisms for dynamical string tension generation from
added string world sheet fields, see for example [18,19].

3 String tension generation as a world sheet effect

The fact that this string tension generation is a world sheet
effect and not a universal uniform string tension generation
effect for all strings has not been sufficiently emphasized
before and it is exactly this feature that leads us to contem-
plate the possibility that there could be other strings in the
universe that have a different string tension,

3.1 Dark matter from strings with different tensions

As discussed before, the process of string tension generation
takes place in a given string, we know however that string
interactions are defined only for strings with the same tension.

This does not mean exactly that each string has a different
tension as any other string, because strings can multiply from
a primordial string to many more strings with the same ten-
sion, but it could perfectly be the case that there are sets of sf
strings, each with its own tension. There will not be however
ordinary string interactions between two of these sets, each
of them having a different tension relative to the other.

This raises the idea that the strings that constitute the Dark
Matter are strings with a different tension to those from which
we are build up.

In the next sections we generalize the dynamical string
tension theories so that the tension can be truly dynamical
and vary locally along the world sheet of the string, we then
come back and ask again whether the notion of strings with
a different tension to those that we are build of survives this
generalization.

4 Making the string tension truly dynamical

As discussed by Polchinski for example in [25-27], gravity
can be introduced in two different ways in string theory. One
way is by recognizing the graviton as one of the fundamen-
tal excitations of the string, the other is by considering the
effective action of the embedding metric, by integrating out
the string degrees of freedom and then the embedding metric
and other originally external fields acquire dynamics which
is enforced by the requirement of a zero beta function. These
equations fortunately appear to be string tension independent
for the critical dimension D = 26 in the bosonic string for
example, so they will not be changed by introducing differ-
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ent strings with different string tensions, if these tensions are
constant along the the world sheet .

However, in addition to the traditional background fields
usually considered in conventional string theory, one may
consider as well an additional scalar field that induces cur-
rents in the string world sheet and since the current couples
to the world sheet gauge fields, this produces a dynamical
tension controlled by the external scalar field as shown at the
classical level in [28]. In the next two subsections we will
study how this comes about in two steps, first we introduce
world sheet currents that couple to the internal gauge fields
in Strings and Branes and second we define a coupling to an
external scalar field by defining a world sheet currents that
couple to the internal gauge fields in Strings and Branes that
is induced by such external scalar field. This is very much
in accordance to the philosophy of Schwinger [29] that pro-
posed long time ago that a field theory must be understood
by probing it with external sources.

As we will see however, there will be a fundamental dif-
ference between this background field and the more conven-
tional ones (the metric, the dilaton field and the two index
anti symmetric tensor field) which are identified with some
string excitations as well. Instead, here we will see that a sin-
gle string does not provide dynamics for this field, but rather
when the condition for world sheet conformal invariance is
implemented for two strings which sample the same region
of space time, so it represents a collective effect instead.

4.1 Introducing world sheet currents that couple to the
internal gauge fields of strings

If to the action we add a coupling to a world-sheet current
j%,i.e. aterm

Scurrent = /dzO'Aaz].az’ (12)

see [30-33] for different applications of this. Then the vari-
ation of the total action with respect to Ag,. q4,,, gives

o
€My (—) = jo. (13)
ai NE=7

We thus see indeed that, in this case, the dynamical character
of the brane is crucial here.

5 Coupling to a bulk scalar field, the tension field

Suppose that we have an external scalar field ¢ (x*) defined in
the bulk. From this field we can define the induced conserved
world-sheet current

axXH
do?

where e is some coupling constant.

JU = 0y e = e, (14)
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Then (13) can be integrated to obtain

T = =ep + 1T, 15)

®
vV
The constant of integration 7; may vary from one string to
the other.

6 Target space scale invariance and its spontaneous
breaking for the modified measure dynamical string
tension theory

Notice that the string theory, has world sheet conformal
invariance at the classical level, and this world sheet con-
formal invariance requires to be extended to the quantum
level.

At the classical level, the ordinary string theory does not
have target space scale invariance, which is very much related
to the fact that there is a definite scale in the theory, the string
tension.

Indeed, in the ordinary string theory, a scale transforma-
tion of the background metric

8uv — W8y

where w is a constant, is not a symmetry of the Polyakov
action, but in the dynamical tension string theory, this trans-
formation is a symmetry provided the world sheet gauge
fields and the measure transforms as [34],

Ay — WA,
D(p) - o ' D(p)

and the tension field transforms in a similar way,
¢—> o '¢

As we have seen, the integration of the equations of motions
leads to the spontaneous generation of the string tension and
at the same time, the spontaneous generation of the target
space global scale invariance, since for this case, (15) is sat-
isfied. or equivalently

@ = /=yled+T), (16)

Notice that the interaction is metric independent. Notice
that in the absence of these constants of integration, i.e. , if
T; = 0 there is no breaking of the Target space scale invari-
ance, since the measure and the tension field transform in
the same way, but the introduction of non zero constants of
integration introduces a spontaneous breaking of the Target
space scale invariance. The role of the constants of integra-
tions 7; is analogous to the role of the integrations M; that
we discussed in the context of the gravitational theories.

One may interpret (16) as the result of integrating out clas-
sically (through integration of equations of motion) or quan-
tum mechanically (by functional integration of the internal
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gauge field, respecting the boundary condition that charac-
terizes the constant of integration 7; for a given string). Then
replacing ® = \/—y (e¢ + T;) back into the remaining terms
in the action gives a correct effective action for each string.
Each string is going to be quantized with each one having
a different 7;. The consequences of an independent quanti-
zation of many strings with different 7; covering the same
region of space time will be studied in the next section.

A similar exercise can be considered for the target space
scale invariance and its spontaneous breaking for the modi-
fied measure dynamical brane tension theory.

The Target space scale invariance, when imposed in the
effective theory of the target space scale invariance string
theory, that in principle could be in any dimension D, implies
that D = 4 [35].

7 Constraints from quantum conformal invariance on
the tension field, when several strings share the same
region of space

If we have a scalar field coupled to a string or a brane in
the way described in the sub section above, i.e. through the
current induced by the scalar field in the extended object,
according to Eq. (16), so we have two sources for the vari-
ability of the tension when going from one string to the other:
one is the integration constant 7; which varies from string to
string and the other the local value of the scalar field, which
produces also variations of the tension even within the string
or brane world sheet.

As we discussed in the previous section, we can incor-
porate the result of the tension as a function of scalar field
¢, given as e¢ + T;, for a string with the constant of inte-
gration 7; by defining the action that produces the correct
equations of motion for such string, adding also other back-
ground fields, the anti symmetric two index field A, that
couples to €*?9, X" 3, X" and the dilaton field ¢ that couples
to the topological density ./—y R

1
Si=— / o (e + T 377 A X X g

+fdzaAW6“b8aX“8bX” +fd2m/_—y<pR. (17)

Notice that if we had just one string, or if all strings will have
the same constant of integration 7; = Tp.

In any case, it is not our purpose here to do a full generic
analysis of all possible background metrics, antisymmetric
two index tensor field and dilaton fields, instead, we will
take cases where the dilaton field is a constant or zero, and
the antisymmetric two index tensor field is pure gauge or
zero, then the demand of conformal invariance for D = 26

becomes the demand that all the metrics

gl = (e + TH)gu (18)

will satisfy simultaneously the vacuum Einstein’s equations,

7.1 The case where not all string tensions are the same, with
special emphasis of two types of strings with 77 # T»

The interesting case to consider is therefore many strings
with different 7;, let us consider the simplest case of two
strings, labeled 1 and 2 with 77 # T, , then we will have
two Einstein’s equations, for g}w = (e¢ + T1)guv and for

gk, = (e¢ + T2)guv-

Ry (gas) =0 (19)
and , at the same time,
Ry (ga5) =0 (20)

These two simultaneous conditions above impose a con-
straint on the tension field ¢, because the metrics g (}l 8 and ggl 5
are conformally related, but Einstein’s equations are not con-
formally invariant, so the condition that Einstein’s equations
hold for both g;; and g, is highly non trivial.

Notice however that if the two metrics say conformally
related and the conformal transformation factor is just a con-
stant scale, then if one of the Einstein’s equations above is
satisfied say (19) , then the other (20) will also be, that would
be relevant for the case of two species of strings with constant
although different string tensions.

For the general situations, we have,

ep + T = Q*(ep + ) @
which leads to a solution for e¢

_ Qsz — T

=TT 22

which leads to the tensions of the different strings to be

QT —Th)
ep+Ti=—"c (23)
and

(I —T)
ep+ 1T, = — (24)

Whether strings 1 or 2 are the ones with negative tensions
depends on the sign of 7, — T7. If we want the strings with
negative tension to exist only in the early universe, we must
take 75 — T} to be negative. At the same time there will
not be positive tension strings in the early universe, but in
the late universe approaches a constant value. The positive
string tension are the strings 1, with zero tension in the early
universe and the tension 77 — 7T, in the late universe. The
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negative string tension are the strings 2, with 77 — 75 tension
in the early universe and the tension zero tension in the late
universe.

8 A correlation string interaction for multi strings
configurations determines string tensions

We notice the quantum conformal invariance starts to give
useful information concerning the tension field for multi
string configurations only after at least two strings with dif-
ferent string tensions covering the same region of space are
considered. Then the tension of one string is correlated with
the other, this phenomenon can be characterized as a new type
of interaction between strings with different string tensions.
This correlation, achieved through quantum mechanics, can
legitimately called a new kind of string interaction of a very
different nature to those considered in the standard string
theory.

Notice that in the standard string theory two strings with
different tensions cannot interact, cannot split into two strings
with different tensions, etc. By contrast, in the dynamical
string tension theory, these interactions are only triggered
when the string tensions are different. Since conventional
string interactions cannot change the tension of the strings,
since splitting or joining strings does not change the tension,
these interaction do not play a role in the dynamics of the
tensions of the strings, as opposed to the new interactions
that arise at the multi string level considered here.

Branewolds from Flat space in Minkowski coordinates
and Flat space after a special conformal transformation can
appear if for example we consider two vacuum metrics,

The first being a flat spacetime in Minkowski coordinates
is,

ds? = ngpdx®dxP (25)

where 1qg is the standard Minkowski metric, with noo = 1,
noi = 0 and n;; = —§;;. This is of course a solution of the
vacuum Einstein’s equations.

and for the second we consider the conformally trans-
formed metric, [32,33],

ds3 = Q(x)*nepdx®dxP (26)

where conformal factor coincides with that obtained from the
special conformal transformation

o kata)

= 27
(1 +2a,x¥ + a2x?) @7

for a certain D vector a,. which gives Q~ = T2ar )

In summary, we have two solutions for the Einstein’s equa-
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tions, géﬂ = ngp and

1
2 2
=Q =
Sap Nap (14 2a,x* + a%x?)

_ (28)

We can then study the evolution of the tensions using Q2 =
W. We will consider the cases where a> # 0.

The result is a situation where two hypersufaces where the
string tension goes to infinity. The strings are then confined to
be inside these surfaces, giving rise to a braneworld scenario.
The very large string tensions are associated to a large Planck
mass, which in turn implies the weakening of the swampland

constraints [? ].

9 Non singular braneworlds with periodic
compactification

In previous research we have studied situations where there
are two surfaces where the string tensions approach infinity,
so we argue these situations represent the emergence of a
braneworld scenario. Here, by introducing a periodic com-
pactification of one dimension, instead of a segment com-
pactification we achieve still a very big growth of the string
tension up to a maximum value, which is not infinite how-
ever. This will help us also with our discussion of strings with
a different tension as dark matter.

. 2 1 .
For this purpose, let us take 2~ = TPa i Fax ) with
a* = (A, A,0,0,...)sothat a? =0, The string tensions of

the strings one and two are given by

(Tr — T)(1 + 2a,x* + a*x?)?
(14 2a,x* 4+ a%x?)? — 1
(=T 4 2a,x" + ax?)?
T Qayxt +a?x?)(2 + 2a,x" + a’x?)
(I - T)
(14 2aux* +a%x?)? — 1
(T, —T)

= 30
(ayx™ + a’x?)(2 + 2a,x* + a?x?) (30)

ep+ T =

(29)

ep+Tr =

using that a”* = (A, A,0,0,...), since a’? =0 we get that
the tensions are

(Tr — T1)(1 + 2a,x*)?
Qayx*)(2 + 2a,x*)
(T, — T))(1 — 2A(x —1))?

ep+ Ty =

= 3D
—4A(x — 1))+ A(x —1))
and in a similar fashion, we get,
T, —T
ep+ Ty = (2 — 1) (32)

—4A(x — )1+ A(x — 1))
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Defining the light like variable A = x — ¢, we see that if
A < 0 and for @ > (), these tensions are positive and
approach infinity at A =0and A = —-1/A > 0.

We could avoid the infinite tension strings by starting the
A interval not at zero, but at a small positive value and then
ending it at a value a bit smaller so the tensions recover their
initial value. This results in an interval which is a bit smaller,
and can be made periodic, since at the start of the interval
and at the end the tensions have the same values.

To see the length of the new, periodic interval, we see that
the tension of the second string depends only on A(1+ AA),
and let us start with a positive value of A = A; > 0, and at
a certain value A = A, the string tensions become of the
same as those at A = Aj, the relevant equation so that the
second string acquires again its initial value is,

A1+ AA) = Ax(1 + AAy)

which lead us to an equation that allow us to solve for A,
(A — A1+ A(A1 +A2) =0

so the solution for Ay # Aj is

Ary=—-1/A— A1 <—1/A

since by assumption A; > 0 so that means no tension sin-
gularities appear in the new, now periodic interval. Notice
that since the tension of the second string and that of the first
string differ by a constant, both string tensions share then
the same periodicity. A is now interpreted as the ultraviolet
regularization that avoids the infinite growth of the strings at
the borders of the now periodic interval.

10 Disappearance of standard string interactions
between strings with different tensions

We have see a new type of interactions between strings, in
fact between string with different tensions, mediated by the
tension field, but at the same time, the standard interactions of
strings disappear. This is because these standard interactions
have been formulated only for strings with the same tension,
so these kind of interactions, disappear now, since they con-
sist of splitting or joining, etc. of strings which only make
sense for strings with the same tension. For example for the
model of the non singular braneworlds with periodic com-
pactification, the difference between the tensions is always a
constant, so there will never be standard string interactions
between these two species of strings.

Even a simpler model that does not involve a tension
field, would show similar effect, the tension field should
be necessary to show some interaction between strings with
different tensions, although not the standard string interac-
tions. Also the cosmological emergence of different tension
strings should be explained. One should point out however

that strings with all types of tensions contribute to the struc-
ture of space time. The space time string tension metrics are
related by a conformal transformation, so , in this way the
effects of one string type affects the common metric and this
back reacts on the other space time metric. So both strings
species gravitate,

11 Emergence of a new model for dark matter

We then look at what we know about our universe. There
is indeed a big sector of our universe that does not share
standard model interactions with us, the dark sector. Butin the
context of our findings here, we see that Dark matter to us may
consist of matter made out of strings with different tensions
because of the decoupling of standard string interactions for
strings with different tensions.

The decoupling of the dark sector, or strings with different
string tensions to ours, could have interesting and unexpected
consequences, like for example a different reheating era for
the conventional matter and for the dark sector. Such sce-
nario was studied in [36] and the model of Dark Matter as
strings with a different tension exactly fits this scenario. As
pointed out in [36], the primordial nucleosynthesis (BBN)
provides strong evidence that the early Universe contained
a hot plasma of photons and baryons with a temperature
T>MeV. However, the earliest probes of dark matter orig-
inate from much later times around the epoch of structure
formation.
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