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1 Introduction

The inflationary paradigm has become the most widely accepted description of the early
universe [1-3]. It poses a period of accelerated expansion in the very early universe, responsible
not only for solving the ACDM puzzles of cosmology but also for providing the origin of
the seeds needed for structure formation in the universe. The simplest model of inflation
is characterized by a single scalar field with a potential possessing a sufficiently flat region,
see e.g. [4, 5.

Moreover, it has been found that the issue of quantum corrections affecting the flatness
of the potential must be addressed in order to build a compelling inflationary model [6-8].
In this regard, a typical approach to solving this problem is to consider a symmetry in
the model that suppresses higher-order interaction terms. Indeed, this idea leads to the
widely studied natural inflation model [9, 10] which utilizes a discrete shift symmetry to
protect the flatness of the potential.

In this paper, following the recent flourishing of modular cosmology [11-17] as an
active and promising research direction, we aim to continue the study of these types of



models characterized by the invariance under SL(2,Z) transformations, with the intention of
numerically confirming and extending previous results, with a specific focus on those in ref. [13].

The generic Lagrangian describing modular models builds on that of a-attractors [18-33]
and has the form

L(r,7) M3 _ 3a 9707

NE 2 4 (Im7)?2 Vi),

where R is the Ricci scalar, g is the determinant of the metric, 7 is a complex scalar field

(1.1)

living in the upper half-plane, i.e. Im7 > 0 and « is proportional to the inverse of the Kahler
curvature! of the SL(2,R)/U(1) coset space [23, 36, 37].

Due to the isometries of the hyperbolic space, the kinetic term is manifestly invariant
under the SL(2,R) transformation
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with ad—cb=1, (1.2)
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for any real constants a,b,c,d. Introducing hyperbolic coordinates 7 = 6 + ieV 3a¥, the
kinetic term is then written as
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In this form, it is apparent that the modular model field-space metric is non-trivial, which
leads to interesting multi-field dynamics. Indeed, this hyperbolic field metric has been
employed in diverse contexts such as the study of T and E-models. In ref. [38], it was found
that, for a wide range of initial conditions, these two exhibit identical multi-field dynamics
during inflation characterized by two approximately single-field stages connected by a sharp
turn in field space. Another interesting scenario is the one studied in ref. [39], where both the
dilaton and the inflaton field are light. In this reference, unlike the case of sharp turning in
field space [38], the model’s dynamics exhibits a constant turning, which makes the curvature
power spectrum coincide with the single-field estimate.

As we shall see, the turning in field space is a crucial quantity, as it controls the efficiency
of sourcing adiabatic information from entropic perturbations. In the present paper, we
will build upon the work in ref. [13], where this turning is found to be negligible during
inflation, but potentially significant immediately after the end of inflation. Our main point
here is to extend the investigation of perturbations beyond the end of inflation, where the
multi-field dynamics becomes important, and the sourcing of perturbations is an interesting
question to address.

The paper is structured as follows. In section 2 we present and discuss the features of the
two models considered in this work and solve for their background evolution. In doing so, we
adopt the adiabatic-entropic decomposition as the natural formalism for multi-field models
of inflation. In section 3, we move on to studying the multi-field system of perturbations
during inflation, focusing on the calculation of the power spectra and showing in particular
how adiabatic and entropic perturbations are coupled and source each other. Section 4

TLower bounds on the parameter a have been studied in [34, 35].



extends this analysis to the post-inflationary period, where we demonstrate how an efficient
sourcing of perturbations may occur after the end of inflation. In that section, we also check
whether the process of reheating may affect our analysis. Finally, section 5 includes our
concluding remarks. Appendix A includes details on a modular invariant model based on
a different SL(2,Z)-invariant, the j-function.

2 Inflation in modular cosmology

Along the modular invariant kinetic term eq. (1.3), we need to also introduce a modular
potential V(7,7) which breaks the continuous SL(2,R) symmetry down to SL(2,7Z), i.e.
(a,b,c,d) € Z. This is completely analogous to the case of natural inflation, where the
continuous shift symmetry in the kinetic term is broken to its discrete version whenever
the sinusoidal potential is included.

In order to explore the inflationary dynamics of the multi-field system, we shall consider
two models: the first respects the SL(2, Z) invariance of modular cosmology, while the second
is described by an ad-hoc potential, crafted to have similar features for it to serve as a
simpler toy model.

2.1 Modular potential

As mentioned, we are interested in a modular potential which breaks down the SL(2,R)
symmetry to SL(2,Z). In this work, we consider an explicit expression in terms of the
Dedekind eta function,? np, given by

Vmod(goﬂg) =W (1_90/9(90’9)> ) (21)

1+ g0/9(e,0)
where Vj is the scale of the potential, and the field dependence is given by the function
g(p,0) =log {e 5 ¥ s (ie f 9> s <ie 5P 4+ 0)} . (2.2)
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potential has a Minkowski minimum (note that gy < 0). The Dedekind eta function is defined,

The constant gg is simply this function evaluated at gy = g¢ (,/370‘ log [ where the

for any complex number 7 = x + iy with y > 0, as

np(T) = 'z ﬁ (1 - e2i7mT) , (2.3)

which is manifestly invariant under the modular transformation in eq. (1.2). Moreover, it
possesses the asymptotic limit

lim np(7) ~e 12e12 . (2.4)

Yy—00

Notice that the argument of the logarithm in g(y,0) is strictly real due to the property
() = np(=7).

2The previous works ref. [13] featured instead the j-function, whose fluctuation analysis, however, is
somewhat computationally heavier; see appendix A for the analogous results.



We are interested in the asymptotic behaviour of the potential for large ¢ as this is the
region where inflation takes place. Keeping the leading dependencies in both ¢ and 6 we obtain

golg{.lo Vinoa (s, 0) ~ Vo <1 + —90€ 3a¥ 4 390\ 3, ¥¢ 3a¥ + —290¢ 3a¥
(2.5)
72 = JE
- 7906_2 %“"e_%e Ba” COS(27T9)> )
T

We see that the construction of the SL(2,Z)-invariant model is such that the 6 direction is
double exponentially suppressed for large ¢ (as discussed in detail in ref. [13] for another
type of modular invariant), so that the dependence on 6 can be neglected and a single-field
a-attractor behaviour is recovered. Assuming that no significant dynamics in the 6 direction
develops until the end of inflation, it is then possible to derive an analytical solution for the
effectively single-field dynamics of ¢. As we will demonstrate, this is precisely what happens
when the full model is solved using numerical techniques.
Introducing the number of e-folds N as®

t @ 1%
N = Hdt ~ —/ —dyp, (2.6)
tend Pend V<P

where in the second step we used the fact that in the single-field slow-roll approximation
O = —\2eH ~ V,H/V. This integral can be computed explicitly considering the leading ¢
dependence in the asymptotic expansion shown in eq. (2.5). To leading order in ¢ and after
inverting we obtain (remember that both gy and N are negative)

P(N) ~ \/?bg <ﬁ)N> : (2.7)

where we neglected the contribution of @enq, which is a valid assumption early enough during
inflation. This result can be used to compute the predictions of the modular-invariant model
(eq. (2.1)) and check that it indeed belongs to the a-attractor family. Assuming single-field
dynamics, the amplitude of the primordial scalar power spectrum is given by
Vi VoNg

A, = ~
s 1272V2 ~ 18m2ar’

(2.8)

where Ny = In(k/H) is evaluated at the time of horizon-crossing of the relevant observable
scales; equivalently, Ny, can be seen as the absolute value of the time coordinate N at
the moment of horizon crossing: Ny = |N|n.. This scale is typically set at Np. = 60
for CMB measurements. The scalar spectral index ng and the tensor-to-scalar ratio r are
then obtained as

_ dlog As 2 12«

Ay
s 1= AL Vi) 9.
" ANy Moo’ T A, T NZ (2.9)
where
2V
Ay~ — 2.1
LT 3r2 (2.10)

is the amplitude of the primordial tensor power spectrum.

3Notice that we are defining N so that it remains negative during inflation. The end of inflation at N =0
is conventionally set to correspond to € = 1.



As expected, these results are the familiar predictions of the a-attractor class of models,
confirming the behaviour of the SL(2,7Z)-invariant model when the dynamics of 6 can be ne-
glected. This very same conclusion was already obtained in ref. [13] for a different model based
on the SL(2,Z)-invariant known as the Klein j-invariant, which we discuss in appendix A.
The scope of the present work is to check these estimates with full numerical calculations,
and moreover to extend these beyond the end of inflation — where the dynamics of 6§ may no
longer be negligible and multi-field dynamics may also alter the a-attractor predictions.

2.2 Hyperbolic potential

Before moving on to the study of the modular-invariant model, we will also introduce a
second model to facilitate comparison and contrast with our results. Moreover, this second
model will serve as an illustration that our results are more general and hold not only for
modular-invariant models.

Taking inspiration from the features of the modular potential eq. (2.1), we further
construct a simpler toy model in terms of the hyperbolic tangent as

Visper(2,0) = Vo [tanhQ <‘P) + BV EC 5 cos?(nh)] (2.11)
V6a

This potential should be regarded as a toy model whose quadratic minimum, in the ¢ direction,
is tailored such that it is qualitatively similar to the one found in the modular invariant
model eq. (2.1). Moreover, following the spirit of the toy model, we require the minimum of
the potential to be symmetric. This can be enforced by requiring the mass matrix, defined as
the Hessian evaluated at the minimum of the potential, to be proportional to the identity,
which sets the free parameter 8 ~ 0.2.

A second property of this potential is such that it is constructed in order to resemble the
suppression along the 6 direction of the modular potential, as can be seen by considering
the large ¢ limit of eq. (2.11)

: _JZ 9 /Z o JZ
Jggovhyper(w,Q) ~ Vo |1 —4e V3a? 4 8¢ 2V 3a¥ 4 272V 3a% cos?(nh) | (2.12)

which is similar yet not identical to the one in eq. (2.5).* Indeed, the leading ¢ dependence is
again of the a-attractor class, so that the predictions are precisely the same obtained for the
modular case, provided the 6 dynamics (which is not doubly exponentially suppressed, but
comes in at a subleading order in the exponential expansion) is negligible until the end of
inflation. We will verify this explicitly by also solving the background evolution numerically
for the hyperbolic potential, eq. (2.11).

For visual aid, we plot both the modular and hyperbolic potentials in figure 1.

2.3 The adiabatic-entropic decomposition

It is convenient to introduce a more natural basis to parametrize the multi-field background
trajectories. The idea is to define, at each point in field space, the tangential (adiabatic)

4Note that this difference can be resolved by a shift in ¢ and hence does not constitute a fundamental dis-
tinction.



Figure 1. Plot of the modular-invariant potential eq. (2.1) (left panel) and the hyperbolic potential
eq. (2.11) (right panel). Both potentials exhibit a similar flat region for large ¢, where inflation takes
place, together with a quadratic-shaped minimum. Here we can appreciate how the hyperbolic model
is a simplified version of the modular one, as the latter has a richer structure of vacua, mandated by

modular invariance [12].

and orthogonal (entropic) direction with respect to the trajectory, defining the so-called
adiabatic-entropic decomposition [40].
In general, the Lagrangian for a multi-field model of inflation is given by
L) 1, 1 Iy ,J

=_-R—--¢g"G 0,0 0,¢” =V 2.13
\/_—g 2 29 IJ(¢) N¢ V¢ (¢) I ( )
with G77(¢) the (internal) field-space metric of the set of n scalar fields ¢/. The equations of
motion, in a flat FLRW background, derived from this Lagrangian, read

1 . .
BH? = J6* +V(9), Dol +3HY! +G!

1OV _

567 = (2.14)

where dots represent derivatives with respect to the cosmic time t, and we introduced the
generalized kinetic energy and covariant time derivative as

6° = Grid' ¢’ Dyl = ¢ + T 7 oK . (2.15)
The slow-roll parameters in multi-field inflation are then computed as

H  o? ¢

Within this multi-field formalism, the adiabatic-entropic decomposition is introduced as
the basis for the tangent field space, in which the metric is locally flat at any point along
the background trajectory. This is achieved by introducing the adiabatic unit vector in
the tangential direction

T
I _ 9

r 2.17
€ =5 (2.17)



which, together with the entropic unit vector(s), form a complete set of n-beins of the field
space, such that

Gryele] =6ij. (2.18)

Notice that we adopt uppercase Latin letters I, .J, ... for curved indices, related to the original
field metric in terms of ¢ and 6, and lowercase Latin letters i, j, . .. for flat indices, related
to the flat metric defined by the n-beins.

In the two-field case under scrutiny, we have a set of zweibeins with a single orthogonal
direction, which we identify with the s index. In particular, the orthogonal unit vector
can be computed as

el = G712 G el (2.19)

where G is the field-metric determinant and €/ the totally antisymmetric Levi-Civita symbol.
Moreover, the tangential and orthogonal directions are dynamical and subject to change if
the background trajectory experiences a turning in field space, as described by the following
system of equations

Diel = Hnyel, Diel=—Hnel, (2.20)

where we introduced the turning rate n,, which quantifies the amount of bending the field-
space trajectory is subject to. Once the zweibeins are known, the turning rate is obtained
by inverting the previous relation

1 1
nL = ﬁeIsDte[I, = —EeIUDteg. (2.21)

For the hyperbolic geometry in eq. (1.3), we have the following explicit zweinbeins components

o1 (‘?) % (\/\; \/g%) (2.22)

so that the turning rate is given by

2
2 eVia¥ .3 /= .
1=V g g (Vo = g VEL) (229

We will explicitly evaluate this quantity after solving the background dynamics for both
models.

2.4 Background evolution

The general background equations of motion derived from the hyperbolic geometry eq. (1.3)

read
3 L1
BH = V(e,0) + o o2V 3Ee02 4 54, (2.24)
0 )
¢+ 3Hp + Wie.h) | \/3—‘1@*2\/%@92 =0, (2.25)
dy 2
9‘+3H9‘—\/30"+262 %wv(%e)—o (2.26)
3a % 3a 06 '
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Figure 2. Plots depicting the background trajectories for the modular model eq. (2.1) for 3a =1
and for two choices of initial angle, 8;, = 0.3 in blue and 6;, = 0.01 in yellow. In the upper panels, we
report the trajectories for both fields ¢ and 6 for our choices of initial conditions, explicitly showing
how different initial angles lead to different minima in the ¢ direction. In both these plots, we denote
the end of inflation with a black dashed vertical line at NV = 0. In the bottom panel, we show the
parametric trajectories in field space for both initial angles. Here, solid lines represent the inflationary
evolution while dashed lines correspond to the post-inflationary dynamics. These trajectories suggest
that the modular invariant model eq. (2.1) experiences geodesic motion during inflation as the 0 field
is fixed during this period, with a non-negligible turning afterwards.

This system of equations has been analytically studied in ref. [13] for the generic type of
potentials we are considering in this work (i.e. for potentials exhibiting a strong suppression
on the € direction). In this paper instead we numerically study the dynamics not only in the
SL(2,Z) class of models but also in the toy model with the hyperbolic potential, extending
the treatment beyond the end of inflation in order to fully capture the turning in field space
and estimate its effect on the inflationary predictions.

The background trajectories for both potentials are depicted in figures 2 and 3 respectively.
These numerical solutions confirm our hypothesis that, during inflation, 6 is fixed due to
the strong suppression and thus the motion in field space is along geodesics with constant
0. Then, soon after inflation, the field space trajectory turns, leading to potentially richer
multi-field dynamics.
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Figure 3. Plots showing the background trajectories for the hyperbolic model eq. (2.11) setting
B8=1/5,3a =1 and 6;, = 0.01. On the left panel, we plot the background evolution of both ¢ and
0, indicating the end of inflation (N = 0) with the vertical dotted line. On the right panel, instead,
we show the parametric evolution of both fields, where the solid line represents the evolution during
inflation, while the dotted one indicates the post-inflationary behavior of both fields. Both plots show
that, during inflation, the 6 field remains essentially constant; thus, during this period, the model
undergoes geodesic motion. However, shortly after the end of inflation, the trajectory in field space
starts to drastically turn.

For the hyperbolic potential eq. (2.11), the qualitative picture is similar to the modular-
invariant one. Even if this potential does not exhibit such a strong, double exponential,
suppression it is still flat enough so that 6 is fixed during inflation. After this, the turning
rate starts to increase as 6 looks for its minima (see figure 3), leading to an efficient sourcing
of perturbations.

In the slow-roll approximation, we can estimate the turning rate to be

V6 V. /2
TIL%f\/aV’Qe 307, (2.27)
P

Here we also neglected terms proportional to 0. We can further evaluate this expression

analytically by employing the large ¢ expansions of the potentials eq. (2.5) and eq. (2.12).
In this limit, we obtain

2 2
796 —2meV 3a® \/3%‘10 in(2mo 3 ’
VBa e : e sin(276) 7 nﬁyper ~ %526—% sin(270) , (2.28)
V6a (7‘(‘6 3a¥ — 3+ 690) +12¢

mod .
noo=

respectively. These are explicit functions of time once the approximate solutions 6 ~ const
and eq. (2.7) (or its analogous for the hyperbolic potential) are adopted. In doing so,
we find the leading behaviors of both turning rates that are valid at large and negative
N:

UTOd ~ eN, nil_yper ~ eflogz(fN) ) (2.29)
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Figure 4. Plots of the turning rate 7, for both the modular eq. (2.1) (left panel) and hyperbolic
eq. (2.11) (right panel) models. In these plots we are showing the exact numerical solution for the
turning rate in eq. (2.21) in blue and comparing it to the analytical ones (see eq. (2.28)), in dashed
yellow, obtained after assuming slow-roll dynamics on ¢ and neglecting contributions from 6. We
find that these two are in good agreement and that both depict an extremely small turning rate, up
to the end of inflation (N = 0). Note that for numerical accuracy, we only show the last 0.3 e-folds
of inflation in the case of the modular invariant model (left panel). However, we expect that the
analytical formula (first equation in eq. (2.21)) holds for the earlier parts of inflation as well.

In figure 4, we compare these estimates with the numerical results for the turning rate,
further confirming that the assumption of effective single-field dynamics remains valid
until the end of inflation, as the turning rate is extremely small throughout inflation in
both models.

Although it is true that both these potentials are such that, in principle, they lead to
the generic attractor behavior, this is subject to effects due to the multi-field dynamics,
where, in particular, the dynamics along the 6 direction may play a fundamental role. At
large ¢, the modular potential is double-exponentially suppressed in the 6 direction (see
eq. (2.5)), so that the field € is effectively massless. In turn, this leads to an initial ultra-

—3Ht - After losing any initial velocity it might have,

slow-roll evolution for 6, so that 6 e
this field will therefore remain constant during inflation. In the hyperbolic manifold, this
corresponds to geodesic motion; consequently, the background trajectory does not turn until
the very end of inflation, as shown in figure 2. Therefore, although entropic perturbations
are generated, these perturbations do not source the adiabatic ones, ensuring the universal
large N predictions eqgs. (2.8)—(2.9) hold. The inflationary predictions of the model hence
exactly match the ones from the cosmological attractors, as discussed earlier, up until the
end of inflation.

However, towards the end of inflation and especially after this moment, ¢ starts oscillating
around its minimum, which then makes the 6 direction to become apparent, so that eventually
this field has to start rolling until it finally settles in one of its minima. Consequently, as
the background trajectory needs to turn in order for 6 to find its minimum, we expect that
this turning may be responsible for sourcing the adiabatic perturbations from the entropic

ones suddenly after the end of inflation.

,10,



3 Inflationary evolutions of perturbations

Having discussed the background evolution, we will now focus on the dynamics of linear
perturbations by expanding the action up to the quadratic order in these quantities.

3.1 Curvature and isocurvature perturbations

Working in the spatially-flat gauge, where spatial scalar metric degrees of freedom are taken
to be vanishing, the second-order Lagrangian for the perturbations Q! = ¢! — ¢! (where
¢! denotes the background solution) is given by

ﬁ(QI) _ [(GIJDtQ[DtQJ o W) _ M?JQIQJ] . (31)

a3 a

The components of the effective mass are defined as
5 KL 1 a3 .o
Miy =Vis = Rigxp¢™ ¢7 — g Di | o100 | (3.2)

where the covariant (second) derivative of the potential Vi;; and the Riemann tensor Ryjxr,
are constructed with the internal metric Gr;. The corresponding equations of motion, in
Fourier space, read

k‘2
D:D;Q' +3HD,Q! + <a25§ + (M2)§> Q7 =0. (3.3)

To study the solutions of these equations, it is convenient to reparametrize the perturbations
Q! into adiabatic and entropic components using the n-beins basis introduced in the previous
section. Restricting to the two-field case, the adiabatic and entropic perturbations are
then defined as

Qo =GrielQ’, Qs=GrelQ’, (3.4)

which correspond to perturbations respectively along and orthogonal to the background
trajectory.
Within this decomposition, the comoving curvature perturbation R, which is the relevant
observable quantity, is then directly proportional to the adiabatic perturbation [41], as
_ ,Gue'Q’ _H 1

R:HG[JqﬁIqZBJ —;QaziQa' (3'5)

Analogously, we can define the isocurvature perturbation as

S

H 1
;Qs = EQS? (3'6)

so that we can study the evolution of scalar perturbations in terms of R and S. Note that

this is fully general for any two-field model of inflation, as we have not yet utilized the
explicit form of the zweibeins.

— 11 —



Applying the adiabatic-entropic decomposition to eq. (3.1), we end up with the following
equations of motion for R and S

R+ 3+ )H7'z+k—27z—ii(2 SHn.S) (3.7)
" Q2" GBear \T ) ’
; . k2 .

S+@+nu)HS + <a2 +m§> S=-2Hn,R, (3.8)

where we introduced the mass of the isocurvature perturbation

1d [a*s?
2 _ 2
mg = ‘/;SS — ‘/;0—0- + eH“R + g@ (H) s (39)

where R is the Ricci scalar of the field space metric, and the covariant derivative of the
potential in the adiabatic-entropic basis is given by

V;ij = el-le}]‘/;]J . (310)

Notice that the curvature perturbation R is exactly massless, so that it would go to a constant
on super-horizon scales (k < aH) in the absence of a source term on the right side of its
equation. In turn, the isocurvature perturbation S is, in general, massive and thus will
either be suppressed or enhanced (on super-horizon scales) depending on the sign of its
mass. Moreover, from egs. (3.7)—(3.8) it is apparent that there exists an intrinsic relationship
between these two types of perturbations. As they source each other, their evolution is
coupled. However, notice that both sources depend not only on R or § but also on the
turning rate. Therefore, in order to have an efficient sourcing of curvature perturbation, the
background trajectory must experience a non-negligible turning rate.

3.2 Super-horizon evolution

On super-horizon scales (k < aH), the dynamics of R and S can be further simplified. In
this limit, eq. (3.7) can be written as a total derivative [42, 43|

1 d : k?
Bt (a?’eR - 2ea3HnLS) =0 (a2> , (3.11)

which can be integrated directly as

R=2HnS+ Ck)

= (3.12)

where the term proportional to the k-dependent integration constant C'(k) becomes quickly
negligible as it is suppressed by a3. Substituting this result back in eq. (3.8) leads to

.. . k2
S + (3 + UH)HS + m?g’elcfs = O (a?> (313)
where we defined the effective isocurvature mass
mg g = mg +4Hn7 . (3.14)
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We have thus obtained that, on super-horizon scales, the isocurvature perturbation S decouples
from the curvature one and evolves independently.® On the other hand, it directly sources
R via eq. (3.12) in the presence of a non-zero turning rate n,, which is precisely the
phenomenon we want to investigate in this work.

We can gain a clearer understanding of the behavior of the isocurvature perturbations by
looking at their mass. Under the slow-roll approximation, the effective isocurvature mass reads

2\ (V)2 [2
m?&eff ~ (1 - 904) 3;12 - @Vgo — Vi s (3.15)

where we used the following relation during inflation
(Ve)?

9H? ~
We can further develop eq. (3.15) for each model under consideration by employing the large

2

62~ %~ (3.16)

¢ (large N) expansions in egs. (2.5) and (2.12), obtaining

3aVq 490N % 9a'V
2 0 90 0 0 .
M3 off ~ "2 lo [ o } ~In? + ToN? (modular potential) (3.17)
and
Mm% o ~ _ Y (hyperbolic potential) (3.18)
e 3N2’

respectively. These share the important feature that during the large part of inflation,
the effective entropic mass is suppressed as 1/N? — with all 1/N terms from eq. (3.15)
canceling out. This component is therefore also effectively massless during the largest part of
inflation, and only grows to significant values towards its end. This is illustrated in figure 5,
which displays both these analytical formulas and the numerical computation of the effective
isocurvature mass. As we will see, the signs of the remaining contributions to the effective
mass (which are positive for the modular and negative for the hyperbolic potential) are
directly related to the behaviour of the isocurvature mode on super-horizon scales.

Interestingly, no assumption on € is made in the previous derivation of the superhorizon
evolution in egs. (3.12) and (3.13), so that these are still valid for € > 1. Once the initial
conditions are properly set on super-horizon scales, this set of equations provides a better
understanding of the behavior of curvature and isocurvature perturbations, even beyond
the end of inflation.

3.3 Quantization and power spectra

In order to solve the equations of motion (3.7)—(3.8), initial conditions for the fields have
to be set in the infinite past, when all the relevant modes are deep on sub-horizon scales
with £ > aH. The proper way of doing so is by accounting for the quantum nature of
the perturbations, setting their non-vanishing initial amplitudes as dictated by the laws of
quantum field theory. The first step is to canonically normalize the fields in the following way

(R R\ _
A:<S>_M-<SC>:M-AC, (3.19)

®Ideally, one can solve egs. (3.12)-(3.13) by setting the initial condition for R and S at horizon crossing

(k = aH). In practice, the term proportional to k?/a? is not yet negligible at this moment, so that the initial
conditions should be set instead a few e-folds later.
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Figure 5. Plot of the effective isocurvature mass squared m?S,cff (in units of Vp) for the modular
(left panel) and hyperbolic (right panel) models. In both plots, we compare the analytical formulas
egs. (3.17) and (3.18) in blue together with the numerical evaluation of eq. (3.14), for each model, in
yellow. The main result from these plots is the difference in sign of the isocurvature effective mass for
both models, suggesting a different behavior of this perturbation.

where we label the doublets of physical and canonically-normalized fields as A and A,
respectively, which are related by the rotation matrix M. By construction, this is diagonal
and proportional to the identity as

M=y, (3.20)

ao

The quantization of the fields is then done by promoting A. to a quantum operator
Ac,i — Ac,i = Djja; + D:}&}L , (3.21)

which is a linear combination of two independent sets of creation/annihilation operators
satisfying the canonical commutation relations

(i), al (F)]] = 6(k — k)35 (3.22)

The n? = 4 mode-functions (with n number of fields) D;; satisfy the classical equations
of motion. The system of equations is then solved by setting the Bunch-Davies initial
conditions in the infinite past

—ikn 0

V2kDy, = e 0 V2k(0,D)iy = —ik | € 3.23
in — 0 ) ( n )ln =1 0 e—ikn ) ( : )
T1="in N="Nin

e—zkn

where 7, not to be confused with the Dedekind function 7p, is the conformal time and the
initial time 7y, is such that —kn;, — oo for each relevant mode. Once the solutions for the
mode-functions D are obtained, it is possible to compute correlators of A; as

— ~ — —

(A(R)A;(K)) = MM Ak (F)A (k)Y = 6(k — k") Re [MypM Dy il - (3.24)

In the last step, we used the canonical commutation relations. The dimensionless power
spectrum is then defined as

(Ai(k)Aj () = —5-6(k = K') Py (k). (3.25)
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Combining the previous results, we obtain

k:3
T on2

Pii(k) M MDDy, (3.26)
where in particular we have the self-correlations Pr = P11 and Ps = Pos, while the cross-
correlation between the two fields is given by the off-diagonal component Py = Pis = Pos.
Inserting the explicit expression of the matrix M in eq. (3.20) we finally find the power spectra

k3 H? . k3 H?
Pr(k) = Wwplm im» Ps(k)= ﬁ@DZTrLD;mv (3.27)
as well as the cross-correlation spectrum
k3 H? N

In what follows, we will focus on the information on the two power spectra.

3.4 Sourcing of curvature from isocurvature perturbations

As we have seen in the previous sections, in multi-field models of inflation, adiabatic and
entropic perturbations source each other. This suggests a natural decomposition of the
curvature and isocurvature power spectra as

Pr(k) =P% +Ps, Ps(k) =P+ P, (3.29)

where we identify the vacuum and sourced components with 0 and s, respectively. As
discussed, the sourcing depends linearly on the turning rate, which we found to be negligible
during inflation, as visible in figure 4. Because of this, we expect the dynamics of curvature
and isocurvature perturbations to remain decoupled during inflation and in particular, on
super-horizon scales, to be solely determined by the effective mass of these quantities (which
for R is vanishing and for S behaves as 1/N?).

The numerical solutions for the power spectra of curvature and isocurvature perturbations,
for both choices of the potential, are presented in figure 6 where we show the evolution of
a single CMB mode, crossing the horizon at Np. = |N|y. = 60. We confirm that in both
cases, the curvature mode exhibits no significant enhancement from the isocurvature one, as
expected due to the strong suppression of the turning rates. In contrast, one key difference
lies in the behavior of the isocurvature perturbation on super-horizon scales, which is a direct
consequence of the opposite sign of the effective mass squared (see figure 5).

In conclusion, during inflation, both models exhibit similar qualitative behaviors. As the
field trajectory remains geodesic, the 8 direction stays suppressed, and thus the turning during
inflation is negligible. Therefore, the sourcing of isocurvature into curvature perturbations
is not efficient, resulting in the total curvature spectrum coinciding with the one obtained
in the effective single-field approximation. This is in contrast to other two-field models in
the literature, where the turning takes place already during inflation, therefore leading to an
active sourcing of curvature perturbation from isocurvature ones [38, 43-49].
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Figure 6. Plot of the curvature and isocurvature power spectra (in units of V5) for the modular (left
panel) and the hyperbolic (right panel) potentials. In both cases, the curvature power spectrum follows
its own evolution on superhorizon scales and is thus mainly dominated by its vacuum component,
which remains constant after horizon crossing, while the isocurvature one feels the effect of its effective
mass squared (see egs. (3.17)—(3.18) and figure 5). Note that the different sign of the latter in both
cases leads to a small enhancement or suppression, thus explaining the small differences between the
two power spectra as inflation proceeds.

4 Post-inflationary evolution of perturbations

4.1 Enhancement of adiabatic perturbations

In the previous section, we confirmed numerically that, for the models under consideration,
the turning rate is suppressed during inflation, and thus the sourcing of curvature from
isocurvature perturbations is negligible.’ Notice, however, that no slow-roll assumptions have
been made in the derivation of equations for the perturbations egs. (3.7)—(3.8) and hence
we can, in principle, extend them beyond the end of inflation. Likewise, the super-horizon
limit in egs. (3.12)—(3.13) remains a valid approximation as we are interested in the evolution
of modes that crossed the horizon long before the end of inflation.

The motivation of going beyond ¢ = 1 is understood by looking at the background
evolution in figures 2 and 3, where, for both models under consideration, the turning in field
space always happens after the end of inflation. Indeed, the turning rate becomes O(10)
approximately one e-fold after the end of inflation, precisely at the moment the fields start to
oscillate, and later grows until reaching O(100) at N ~ 3. This suggests that at this stage,
the isocurvature perturbation S can be efficiently converted into curvature R due to the
turning rate being no longer negligible (see the superhorizon limit eq. (3.12)). This, along
with the fact that S remains at a comparable amplitude with respect to R (see figure 6),
leads to a net sourcing of R after the end of inflation.

Our strategy then boils down to evolve numerically the system of scalar perturbations
after the end of inflation until N ~ 3 (we discuss the implications and validity of this
analysis in subsection 4.3), which allows us to capture the sourcing of R due to its coupling
with §. We report the numerical results of this in figure 7. Notice that, even though
we are showing only the solutions around and after the end of inflation, these should be

5Notice that this is opposite to e.g. the case studied in [39], where the turning rate is small but non-negligible
already during inflation. By the end of inflation, all isocurvature modes have been converted to adiabatic ones
in that scenario — and no post-inflationary effects can occur.
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Figure 7. Plot of the post-inflationary curvature and isocurvature power spectra (in units of V;)
for the modular invariant eq. (2.1) (upper panels) and for the hyperbolic model eq. (2.11) (bottom
panel). For both models, we set 3 = 1, while the initial condition is given by 6;, = 0.3 (top left)
and 65, = 0.01 (top right and bottom). The dashed vertical line indicates the end of inflation. In
these plots, we clearly see how the sourcing of curvature from isocurvature perturbations becomes
non-negligible beyond the end of inflation. More interestingly, we find that, soon after the end of
inflation, the sourcing from isocurvature into curvature perturbations comes to a halt, reaching a new
amplitude for the curvature power spectrum. These plots also include the evolution of the sourced
component of the curvature power spectrum P% (dashed gray), which is negligible during inflation
but later becomes the dominant contribution after inflation ends.

interpreted as extensions of the plots reported in the previous section (see figure 6). In
particular, we emphasize that the initial conditions for the modes have been properly set
in the deep sub-horizon limit and evolved using the full system of equations, as detailed
in subsection 3.3.

As expected, after the end of inflation, we find a net enhancement of R as sourced
by & due to the large turning in field space. Interestingly, the sourced component of R,
which is the dominant one after the sourcing, approaches a constant value. Furthermore,
from figure 7 we also notice that the curvature power spectrum reaches its new enhanced
value in the span of O(1) e-folds after the end of inflation, justifying stopping the numerical
evaluation at N =~ 3.

The appearance of the new plateau can be understood in the following way. After
reaching its maximum, the source term 7, S in eq. (3.12) starts to oscillate periodically, which
effectively stops the sourcing of curvature perturbation (given by the integral of the source
term). Moreover, the isocurvature power is dropping during these oscillations, and hence
the amplitude of the sourcing is exponentially decaying.
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We shall now discuss the effects of this post-inflationary enhancement. We begin by
defining the enhancement of the scalar power spectrum as

(4.1)

which we evaluate after inflation at N ~ 3, when the plateau is fully developed. We would
like to emphasize that this quantity is heavily dependent on the initial condition 6;, and
must be calculated on a case-by-case basis; this is illustrated in figure 8 for both models.
However, a first naive expectation is as follows.

Towards the end of inflation, after being frozen at its initial value 6;,, the field 6 starts
to look for its minimum, which, for both models under consideration, is located at 8 = 0.5.
Therefore, the farther away 0 starts from its minimum, the longer it will take to reach it. The
background trajectory will then experience an increased turning compared to the scenario
when 6 starts very close to its minimum. Consequently, we expect the enhancement to be
decreasing with the distance between 6;, and 0.5, and in particular to be vanishing in the
limiting case where 6, = 0.5. This is confirmed in the case of the hyperbolic model (see
the right panel of figure 8) where we plot the dependence of the enhancement in eq. (4.1)
with respect to 6.

In the case of the modular model, we encounter a somewhat different situation. The
enhancement of curvature perturbations follows the naive expectation described above only
for 0;, = 0.4. We attribute the difference between the results in the modular and hyperbolic
models to the different and richer structure in the SL(2,Z) potential and on its minima. This
strong dependence on initial conditions may be pointing towards a large non-Gaussian signal
in CMB observables [49, 50] for 6i, < 0.4 in the case of the modular-invariant model eq. (2.1).
We leave an investigation of a possible non-Gaussianity for future work.”

4.2 Inflationary observables

Most inflationary observables follow from the curvature spectrum that sources structure
formation, and hence have to be evaluated taking into account the enhancement that occurs
after the end of inflation. This concerns firstly the amplitude of this power spectrum, with

APost — ¢ gend (4.2)

relating the amplitude at the end of inflation to the amplitude after the post-inflationary
enhancement (where the precise coefficient of this proportionality relation depends on 6,
and must be calculated case by case). Importantly, AP°' has to agree with the COBE
normalization by correspondingly fixing the potential scale Vj.

Secondly, the spectral index observed in the CMB is set by the scale dependence of
APt We show in figure 9 that, for both models, the amplitude of the curvature perturbation
after the enhancement AP still follows the same N}%C-scaling as the amplitude at the end of
inflation. This important result of our investigation is a direct consequence of the hyperbolic

"Note that one can suppress non-Gaussianity (and isocurvature perturbations) in the models with axion
stabilization, see [16] and appendix A.2.
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Figure 8. Plot of the post-inflationary enhancement eq. (4.1) of the curvature power spectrum

for several initial values 6;,. In the left panel, we show the dependence of the power spectrum
enhancement in the case of the modular-invariant model eq. (2.1). In the right panel, we show this
dependence for the hyperbolic one eq. (2.11). These plots show that the enhancement of the curvature
power is very sensitive to even small changes of the initial values of 6 in the case of the modular
potential (2.1), suggesting a possibility of large non-Gaussianity for 6;, < 0.4. In contrast, in the
hyperbolic model (2.11), we find a smooth, monotonously decreasing enhancement for increasing 6;,.
In both cases, the point 6, = 0.5 is special as this is the value for the minima of the 6 field. Therefore,
if the field starts with this particular value, no turning in field space happens, and thus no sourcing of

curvature power is present.

70
2
Nhe
60
50

40

0)/Vo

30

PrIN

20F -

I
-30

I
-50

r 2
60 Nie
50

40

0

=0)/V(

30

PrIN

20

I
-30

.
-40
Nhe

I
-50

I
-60

=3)/Vo

PRN

=3)/Vo

PrN

10000 [

8000

6000

4000

2000 [

70000
60000
50000
40000
30000
20000

10000

-30

-40 -50

2
th

-30

-40 -50
Nhe

-60

Figure 9. Plot of the scaling of the power spectrum of curvature perturbations (in arbitrary units)
for the model in eq. (2.1) (upper panels) and in eq. (2.11) (lower panels) as a function of the time of
horizon crossing, identified with Np.. In the left panels we show the scaling of the amplitude of the
power spectra evaluated at the end of inflation (N = 0), which is in agreement with the a-attractor
expression As ~ NZ.. On the right panel instead, we show this same scaling but evaluating the
amplitude of the power spectra three e-folds after the end of inflation (IV = 3). This figure shows that,
in both models, the N, ,fc scaling of the amplitude of the power spectrum remains a good description

even after the end of inflation.
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geometry, the structure of the a-attractor potentials of the field ¢, and the extreme flatness
of the axion potential during inflation [13].

To understand this result qualitatively, we note that the kinetic term of the field 6 in
eq. (1.3) differs from the familiar kinetic term of a canonically normalized field %8M98“0 by

the exponential coefficient 376“ exp (—2\ / B%go) In the theory of a-attractors, this coefficient

is directly related to the number of e-folds of inflation at ¢ > \/37“ (corresponding to large

o~ /X rog(V)), (4

up to a small and constant, model-dependent shift of ¢ (see e.g. (2.7)). This means that

and negative N):

the kinetic term of the field € can be represented as follows:

1 /3a)\ 1
— | =) 20,00"0. 4.4
v (5) 50 (1.4
Consider now the early stages of inflation where |[N| > 1. Then during a typical Hubble
time H~! the value of |[N| remains almost constant: AN = 1 < |N|. Therefore, one may
argue that in this limit, one may simply treat the coefficient in eq. (4.4) as a constant and
use it to rescale the variable 6 to make it canonically normalized:

~ 1 /3a\'/?

The amplitude of quantum fluctuations of the field 6 generated during the Hubble time should
then be given by the familiar expression H/(27). If this is the case, then eq. (4.5) implies that

1/2
o (2)" 0o
where Ny marks the horizon-crossing time of the perturbation mode d8. Therefore, as
explained in ref. [13], the amplitude of isocurvature perturbations both during and at the
end of inflation is proportional to (60)? oc NZ.. This large factor is the primary reason why
significant post-inflationary amplification of perturbations can occur in our scenario.

At the end of inflation, both the adiabatic and isocurvature modes therefore have the
same N}?C scaling. Regardless of the details of the post-inflationary evolution, which we

Post will therefore have the same scaling — it

studied in this paper, the resulting amplitude A
may have a complicated dependence on the initial value of the field 8, but the overall factor
Nﬁc is universal. From this result, one can immediately conclude that the spectral index

remains the same as in the single field a-attractor models,

2

post end
n =n ~1——.
s s
Nhe

(4.7)
One should note, however, that all general results in the theory of a-attractors are only valid

in the leading approximation in the 1/Ny. expansion. This may explain a slight deviation
of the results of our numerical investigation shown in the upper panel of figure 9 from the
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exact Nﬁc scaling and, similarly, may lead the two spectral indices in eq. (4.7) to differ
by small terms O(1/NZ.).

The enhancement of the scalar power spectrum then translates into a suppression of
the tensor-to-scalar ratio

pend 12¢

£ ENZ’

7,post —

(4.8)

as the tensor power spectrum remains unaffected. The post-inflationary power enhancement
thus leads to a suppression of the tensor-to-scalar ratio compared to the standard a-attractor
prediction.

4.3 Reheating considerations

Throughout this work, we have neglected effects related to post-inflationary reheating. After
inflation, the inflaton field ¢ oscillates with a frequency equal to its mass m. The basic,
perturbative mechanism of reheating involves an oscillating scalar field being represented
as a collection of particles that may decay into lighter ones. For example, a scalar field ¢
may interact with light fermions with a coupling gy, This leads to decay of the scalar
field to fermions with the decay rate I' = %m [51].

We can effectively take into account this decay by modifying the background equations
of motion eq. (2.25) and eq. (2.26) to include a dissipation term I:

0 .
¢+ (BH+T)p+ Vi) | M%%‘W 50962 =0,

0
2 ’ 262V35% 9V (i, 6) 4
. . . (& 3a (707
F — —_— frnd
0+ (3H +T)0 3a94p+ v 50 0

The most important part of the processes studied in this paper occurs during the first few
oscillations, with a frequency of O(m). At the end of inflation, H = O(m). Therefore

2

I' ~ £H.

This implies that if the fields ¢ and 6 are weakly coupled to other fields, g < 1, their
decay rate is small, and one can safely ignore I' as compared to H in these equations during
the first few post-inflationary oscillations.

To make this analysis more quantitative, we will make an order-of-magnitude estimate
of the properties a given perturbative reheating process must fulfill in order for us to safely
neglect it at N ~ 3. In order to do this, we first normalize the enhanced amplitude of
the curvature power to its measured value by fixing V. Note that this is initial-condition
dependent because of the same dependence on the enhancement of curvature perturbations.
We then numerically calculate H, = H(N = 3) with which we set an upper bound on the
decay rate I' < Hp/10 up until which we assume we can safely neglect it. Finally, we relate
the interaction rate to the reheating temperature as [52, 53]

Te =~ VT. (4.10)
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This process leads to the following estimates for the initial conditions considered in the
previous plots:

Modular model: 65, =0.3, Vo~107", H,~107%, T=~10"" T,.~10" GeV,
Modular model: 6, =0.01, Vp=~10"" H,~107'" T~10"", T,~10" GeV,
Hyperbolic model: 6, =0.01, Vo~10"' H,~107, T'~10"'% T,.~10" GeV.

(4.11)
We only have extremal bounds on the reheating temperature, where the lower one is set by
Big Bang Nuclesynthesis (BBN) around 1 MeV while upper one arises from the instantaneous
reheating scenario which, for the universal class of single field models [34], is of order
10" GeV. Then, for us to be able to neglect the reheating contribution to the post-inflationary
dynamics of our models, we find that the perturbative reheating process can occur, at most,
at ~ 10'2 — 10'3 GeV. For reference, the Starobinsky model [54] predicts a perturbative
reheating temperature, via the scalaron decay, of order 10° GeV [55].

The estimates in eq. (4.11) should be regarded as a constraint on the possible perturbative
reheating scenarios capable of being in agreement with the (post-)inflationary dynamics
presented in this paper. Nonetheless, as the reheating window is very broad, one can certainly
fit in a much wider class of reheating scenarios, which could be safely neglected three e-folds
after the end of inflation. We could, in principle, take these constraints further, as shown
in [56, 57], and study how considering reheating details can contribute to tighter bounds on
the inflationary observables, leading to more robust predictions.

In addition to the perturbative reheating, oscillations of the classical field may lose their
energy non-perturbatively, in the process of parametric resonance as described in [58, 59].
This process may occur much faster, within O(10) oscillations. It would be interesting to
check whether such a process may occur in the models under investigation. However, the
main part of the amplification of adiabatic perturbations, the formation of a plateau shown
in figures 7 and 10, happens very early, within the first one to three oscillations. We do not
expect any reheating-related effects at this early stage of the process.

However, we assume that eventually, after a long stage of oscillations, the fields ¢ and 6
will decay, and the products of their decay will thermalize. After that, initial isocurvature
perturbations disappear. The subject of our investigation was to check whether the isocurva-
ture perturbations may affect the amplitude of curvature perturbations at the early stages
of post-inflationary oscillations, and well before thermalization.

5 Conclusions

In this work, we have studied two-field inflationary models in hyperbolic field space, where
the inflaton field ¢ follows an a-attractor potential, and a nearly massless axion . Potentials
of this type appear, in particular, in the recently developed models with SL(2,Z)-invariant
potentials [11], but in this paper, we have extended our analysis to other models with
potentials having similar properties.

Following up on the analytical investigation in ref. [13], we have numerically verified
that, in such models, the field 6 does not move during inflation and thus, its fluctuations 66
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do not feed into curvature perturbations until inflation ends and the field trajectory bends,
i.e. when the fields begin to move towards one of the minima of the potential.

In the models under consideration, the amplitude of perturbations §0 at the moment
of their production is very large — as discussed in eq. (4.6) —, and it remains large during
the subsequent stages of inflation. That is why these perturbations may lead to a transfer
of power from isocurvature to adiabatic modes during the post-inflationary evolution. We
have shown that, in many cases, the sourcing of curvature perturbations saturates very soon,
within one to three oscillations after the end of inflation, resulting in a new plateau of the
curvature power spectrum with an enhanced amplitude.

This enhancement depends on the choice of the inflationary model and on the initial
value of the axion field 6y, which remains frozen during inflation. We found that in some
cases, the final results are highly sensitive to 6;,, suggesting the possibility of significant
non-Gaussianity. This issue is model-dependent; we leave a further investigation of this
possibility to future work.

Meanwhile, there are two general consequences of our results: the spectral index ng of
the adiabatic perturbations after their enhancement remains the same as in the single-field
a-attractors, whereas the tensor-to-scalar ratio r decreases by a factor inversely proportional
to the enhancement of the curvature power spectra eq. (4.8).

Finally, we should mention a somewhat different scenario, complementary to the one
studied in the main part of this paper: there is a large family of models with SL(2,7Z)-
invariant potentials based on j-functions where the axion field can be stabilized, which
either renders the field trajectory orthogonal to the axion perturbations, or suppresses axion
perturbations alltogether [16]. The cosmological consequences of such models coincide with
the predictions of the single-field a-attractors. As argued in the appendix A.2, by combining
such potentials with other SL(2,Z)-invariant potentials, one can achieve axion stabilization
in a more general set of theories.

While set in the specific context of hyperbolic models with specific scalar potentials, we
anticipate that the possibility of interesting post-inflationary evolution is more general, and
could also apply to other multi-field models. Key ingredients include a geodesic inflationary
phase with light isocurvature modes, such that all dynamics following the end of inflation
can lead to an interesting sourcing scenario, transitioning from isocurvature to adiabatic
modes. In such cases, including the post-inflationary evolution is not optional but mandatory,
in order to correctly extract inflationary predictions. It will be interesting to see how this
effect can be applied to other scenarios.
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Figure 10. Plots of the curvature and isocurvature power spectra for the j-function model eq. (A.1)
during inflation (left panel) and after inflation (right panel). During inflation, the main component of
the total curvature power comes from its vacuum contribution, while after the end of inflation — when
the sourcing of isocurvature into curvature perturbations is present — the main contribution to the
curvature power becomes its sourced component. We illustrate this for 6;, = 0.1 (upper panel), where
we do find a plateau within the first post-inflationary e-folds, and for i, = 0.3 (lower panel), where
the plateau is hidden behind the still growing isocurvature modes. This precise behavior may indicate
that the plateau we see in the bottom panel is not stable if we evolve for a longer amount of e-folds.

A Modular inflation with the j-function

A.1 Inflationary and post-inflationary evolution
Previous work [13] on modular cosmology has focused on a different SL(2, Z)-invariant model.

In this work, the potential reads

o
v =" (1 NG +/32>> ’

where the j-invariant is defined as

(A1)

jry=q¢ '+ Z cng"  where ¢ = e, (A.2)
n=0

and we set 3 = j(i) = 123. This potential is similar to the one in eq. (2.1), and exhibits

a double exponential suppression in the 6 direction.

Qualitatively, we thus expect to find similar results to those in the main text. Indeed, one
can verify that, during inflation, the turning rate is extremely small, leading to a negligible
sourcing of adiabatic perturbations from entropic perturbations, see the left upper panel
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of figure 10. This confirms the results in [13] where, analytically, it was estimated that
this sourcing would be suppressed due to the geodesic field space motion. Moreover, for
fin = 0.1, after the end of inflation, when the field space trajectory experiences significant
turns, we again find an efficient enhancement of adiabatic perturbations, as can be seen from
the upper right and lower panels of figure 10.

Unlike the Dedekind modular model, the j-function model exhibits a key difference: only
in the vicinity of 8;, = 0.1 is the sourcing such that we find a plateau in the curvature power
after a couple of e-folds after the end of inflation. Generally, we find that both the curvature
and isocurvature perturbations continue to grow up to N ~ 3 and beyond. We illustrate
this for 6;, = 0.3 in the lower panel of figure 10.

Both the j- and np-functions modular inflationary models therefore lead to qualitatively
similar results. Before the end of inflation, the # direction experiences a double exponential
suppression; thus, no turning in field space occurs. After the end of inflation we find that
both models experience a significant, initial condition dependent, enhancement of curvature
perturbations, where the main difference is that the Dedekind function always gives rise to a
plateau, while for the j for some initial values of #, the exponential amplification continues
much longer, taking us beyond the limits of applicability of our methods. We attribute this
to the nature of the Minkowski minima, which are of quartic nature for the potential in
eq. (A.1) while they are of quadratic nature for the two models studied in the main text.

A.2 A comment on the stabilization of modular models

The situation becomes very different if one considers a more general SL(2,Z)-invariant
potentials depending on the j function, leading to axion stabilization [16]. One of such
potentials is

Vsz(l In 32 - ) (A.3)
in [li( + ALi() — T2 + 2]

We will refer to the term with coefficient A (which we assume to be positive) as the stabilization
term, for reasons that will become apparent. This potential is SL(2,7Z) invariant because
§(r) and j(7) are SL(2,Z) invariants. This potential coincides with (A.1) for A = 0, but
also for any A along the directions # = n/2 where n is an integer.

At large ¢, this potential is given by

Vit = v (1 _ %e_\/%“" N ge*@w In(1 + 44 sin®(27)) + .. ) (A4
The last term in this expression leads to the axion stabilization along the axion valleys
with 6 = n/2.

The dynamical mechanism of stabilization consists of two parts, each of which plays
an important role. First of all, one may consider various initial conditions for the fields
@ and 0 and find the subsequent evolution of these fields. In the absence of stabilization,
the field 0, even if it was moving, loses its kinetic energy within a few e-folds and stops its
motion until the end of inflation. Meanwhile, stabilization forces the field to move towards
the axion valleys with § = n/2.
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In the slow-roll regime with A < 1, the relative speed of motion of the fields is given by [16]

b 4A,4/ 31 V5% sindnf. (A.5)
a

¥

This means that if inflation begins at a sufficiently large ¢, the fields always have enough time
to approach one of the axion valleys § = n/2, and they stay there until the end of inflation.

We emphasize that this conclusion is true even if the stabilizing factor A is extremely
small, because the exponentially large factor e 52 can overcome the smallness of A if
inflation begins at sufficiently large .

The resulting scenario is different from the one studied in the present paper. Suppose,
for example, that the field 6 initially was somewhere in the broad range 1/4 < 6 < 3/4.
Then, during the early stages of inflation, it moves extremely closely to # = 0.5. For 8 = 0.5,
the field continues moving along the same trajectory towards the minimum of the potential
at # = 0.5, even after inflation, and the only source of the curvature perturbations is the
perturbations of the field ¢. In that case, the cosmological predictions should coincide with
the standard predictions of the single-field a-attractors.

A stronger statement can be made for A 2 0.02. In that case, the axion field falls to
the axion valley even faster, and the axion mass in this valley is much greater than the
Hubble constant. In this case, isocurvature perturbations are not generated at all, and, just
as in the previous case, the cosmological predictions coincide with the standard predictions
of the single-field a-attractors [16].

Now we are ready to bring it all together. Consider a combination of the Dedekind
modular potential eq. (2.1) and the stabilized j-function potential

In 52
In [[j(r)[2 + Alj(r) = 5T + 62

1 —go0/9(,0)
1+ go0/9(,0)

Vpy=Vp < > +V;|1-— , (A.G)

where g(¢p,0) is defined in eq. (2.2). At A = 0, both of these potentials are extremely flat
in the axion direction, as shown in [13] and in our equation (2.5). For A > 0, the potential
Vps has the axion valleys at 6 = n/2.

Following the same analysis as in [16], one can show that even if the parameter A or the
potential V; is small, all inflationary trajectories beginning at sufficiently large ¢ but different
0 will rapidly converge at the axion valleys and effectively merge there into the trajectories
with § = n/2. As an example, consider the field trajectory along the valley with = 0.5. It
will not bend in the 6 direction, not only during inflation, but also after inflation, on its way
to the minimum of the potential at § = 0.5. This alone may already be sufficient to prevent
the isocurvature perturbations from affecting the curvature perturbations.

Moreover, if the parameters A and V; are sufficiently large, the axion mass along the axion
valleys will be greater than the Hubble constant. In that case, there will be no isocurvature
perturbations, and therefore the cosmological predictions of inflation along the axion valley
with 8 = 0.5 will coincide with the main predictions of the single field a-attractors.
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