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Abstract
Using standardQuantumElectrodynamics (QED), wehave calculated the anomaly in the electron
orbital g-factor, which is in reasonable agreementwith experimental data. For second-order corrections,
the anomaly in the orbital g-factor ( )-g 1L is of the orderα/3π, while for approximations to the same

order, thewell-known anomaly in the electron spin g-factor / /( ) a p- =g 2 2 2 ,S whereα= 1/137 is
the structure constant.Unlike the spin-g anomaly, the orbital-g anomaly is not intrinsic, but depends on
the atomic state, and onZ, the atomicmass. Thus, the orbital anomaly is actually (α/3π)D,whereD
includes the effect of themagneticfield and/or the atomic properties.Hence,wehave shown that
radiative interactions,which are the sources of the spin-g anomaly, also produce an orbital anomaly. It is
physically reasonable to expect that radiative interactions thatmodifymany physical properties of
electrons in electromagneticfieldswill alsomodify theorbitalmagneticmoment of the electron.

1. Introduction: the electron gyromagnetic factors in the search for newphysics

TheenergyWof a chargedparticle inamagneticfieldB is givenby the equation m= - ⋅ BW wherem is themagnetic
dipolemomentwhichdependson theangularmomentumvector K , such thatm mµ K 0 and /m = e mc20 is the
Bohrmagneton.Thegeneric angularmomentumK can take the specific form,L,Sor J,whereL corresponds to the
orbital,S the spinand J=L+S, the total angularmomentum.The ratio /m m=K gK 0 is observed tobe inmultiplesof
theBohrmagneton,where gK is the gyromagnetic factor.Alternatively, the ratio /m K is equal to gK in theunitsof m .0

The g-factor is physically significant because it describes the extent towhich themagnetic dipolemoment
contributes to the energy of a particle in amagneticfield. For example, the anomaly in the spin g-factor implies that
an energy of the order of /( )a p m B2 0 is contributed by the vacuum.The anomaly in the spin g-factormanifests
significantly inphysical situations such as the relativistic laser-assistedMott scattering [1]. For the spin angular
momentumS, the g-factorwas earlier given as =g 2,S whereas for the orbital angularmomentumL, =g 1.L
However, subsequent observations have shown that gS is corrected by the radiative interactions, namely the self-
energy, vertex correction and vacuumpolarization, such that ( )d= +g 2 1s where d = 0.001159783287,
measured to aprecisionof 1 part in 1012 [2] and calculated to comparable accuracy andprecision [3]. This is perhaps
the best result in all of physics, providing stringent tests ofQED,whichhopefullywill lead to the discovery ofnew
physics. Although the radiative interactions donot act selectively, influencing only the spin degree of freedom, their
effects on theorbital degree of freedomhave been ignored and the electronorbital g-factor is considered exactly
equal to 1, that is, =g 1,L prompting the question:Why are the radiative interactions that correct the spin g-factor
gS ineffective inmodifying the orbital g-factor gL?We shall show inwhat follows that the radiative interactions also
modify the orbital g-factor gL for an electron in amagneticfield, confined in a circular orbit.

2. Experimentalmeasurement of the spin and orbital g-factors and their anomalies

Themeasurement of the gyromagnetic factors (ormagneticmoments) of an electron has a very long history.
Einstein&deHaas, and Barnett, by variousmagneto-mechanical experiments attempted tomeasure the
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electron g-factor, on the assumption thatmaterialmagnetismwas due entirely to the orbitalmotion of charged
particles, characterized by the orbital angularmomentum L. The results obtained varied between
= g 1.02 0.10 and = g 2.02 0.02, andwith improved accuracy and precision, to a value
= g 1.919 0.002 [4]. The realization that the electron has, in addition to the orbital angularmomentum L, an

intrinsic spin angularmomentum S towhich an additionalmagneticmoment should be ascribed,made possible
a better interpretation of the results of these early experiments of Einstein, de-Haas, Barnett, Scott [5] and others.

An indication of the reality of the spin angularmomentum came from the Stern-Gerlach experiment which
showed that, in addition to the quantized orbital angularmomentum L, the intrinsic angularmomentum S is
also quantized, thus providing ameans ofmeasuring the electron orbital and spinmagneticmoments and their
corresponding g-factors using atoms.However, due to the relativity ofmotion, the angularmomenta L and S of
an electron in an atom, for example, are coupled.Hence, the corresponding gyromagnetic factor can only be
separatelymeasured in special cases where either L or S vanishes, therebymaking the spin-orbit coupling
⋅ =S L 0. For example, one of the earliestmeasurements of gS was by Phipps andTaylor [6], who used the

Stern-Gerlachmethod on the hydrogen atom in the ground state, where l= 0, to show that =g 2S towithin
10%precision. Atoms in the singlet state with S= 0 have also been used tomeasure the orbital g-factor gL using
the Stern-Gerlachmethod. Anothermeans ofmeasuring the electron g-factors is the use of the Zeeman effect in
selected atomic states. Normal Zeeman effect observed for Cd andZn show that =g 1.L These above-
mentioned results are consistent with those obtained fromoptical spectra [7]. Other techniques used in the
measurement of the electron g-factors (such as the Landé g-factor gJ ), fromwhich other g-factorsmay be
derived, include quantumbeat spectroscopy [8], lasermicrowave/rf double resonance spectroscopy [9], and
absorption saturation spectroscopy [10], etc. Before the introduction of newer techniques, the discrepancy in the
hyperfinemeasurements on hydrogen indicated that the spin g-factor of the electronmay be anomalous. This
observation promptedKusch et al [11] to performmore precise and accuratemeasurements of the electron spin
g-factor, using the atomic beammagnetic resonancemethod.

Questions concerning the possiblemodification of both g-factor gS and gL were first clearly posed and
addressed experimentally byKusch and Foleywhomeasured the ratio of the g-factors /g g ,J J1 2 fromwhich the
quantity d d- = a2S L SL may be extracted, where dS and dL are corrections to the spin and orbital g-factors
respectively [12].While attentionwas focused on d ,S thematter could not be conclusively decided regarding d ,L

because additional datawere required. Over the span of several decades, dS has been accurately and precisely
measured,making it possible to determine dL from the equation d d- = a2S L SL where aSL is known. Starting
with the experiments of Louisell et al [13], newmethods ofmeasuring the spin-g anomaly dS of the electron
without using atoms have provided results with increasing accuracy and precision. VanDyck et al used a
Penning Trap inwhichwas confined a single electron, to determine dS in a continuous Stern-Gerlach
experiment [14]. Odom et al used a one-electron quantum cyclotron tomeasure the spin-g anomaly to one part
per trillion [15]. Using thesemeasured, highly precise values of dS and the available data on d d- = a2 ,S L SL non-
vanishing values of dL have been determined from the ratios of gJ measured on atomic states in alkali atoms
having a single valence electron [16] and on some noble gases with closed shells [17].

Thus, it has been observed from reliable data, that there is a clear deviation from1 because, for the 3P2 state of
Ne, ( )d = -  -4.22 0.01 x 10L

4 to a very high precision, well above ten standard deviations [17]. Therefore, it
is reasonable to assume that radiative interactions that correct the spin g-factor gS may also correct the orbital g-
factor g .L Hence, deviations from =g 1,L that is, ( )-g 1L should be calculated fromQuantumField Theory,
just as /( )-g 2 2S was calculated fromQuantumElectrodynamics (QED).

It is worth noting that a nonvanishing deviation ( )-g 1L has already been calculated from the quantum
theory of the relativistic electron considered as a particle [18]. Using an extension of theDirac equation coupled
to an externalmagnetic fieldB, an extra termdependent on the orbital angularmomentum appears which
implies a correction to themagnetic energy and hence the g-factor.Moreover, from a semi-classical point of
view, it has been shown that the electron ‘zitterbewegung’ implies a correction to the orbital g-factor [19]. These
approaches are valuable and useful for the conceptual development and design of new experiments for
measuring ( )-g 1 .L It will nowbe shown inwhat follows that a deviation from the exact value 1 of the orbital g-
factor also follows fromQED. First, we shall review themethod of obtaining the spin-g anomaly and then follow
similar steps to derive the orbital anomaly.

3. Second-orderQED correction of the spin and orbital g-factor anomalies

In this section, we calculate the anomaly in the g-factor corresponding to the orbital angularmomentum Lusing
the formalismofQED, described byGreiner andReinhardt [20]. There is a preference for this formalismover
others because of its clarity, simplicity and elegance. For example, the derivation of the spin g-factor anomaly
described below, proceeds rigorously. The formalism is based on perturbation theory and the use of
propagators.
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The systemunder consideration is that of an electron interactingwith an electromagnetic field given as
( )=mA A A, ,k0 where A0 is the electric scalar potential and Ak is themagnetic vector potential, with k= 1, 2, 3;

in an atom, A0 is the Coulombpotential.When =A 00 and ¹A 0,k the systemdescribed is that of an electron
in amagnetic field,moving in a cyclotron orbit in free space.When ¹A 00 and ¹A 0,k the systemdescribed is
that of an electron in aCoulombfield in the presence of an externalmagnetic field. Infield theory, the
interaction of an electronwith an external electromagnetic field is described as a scattering process, where an
electronwithmomentump is scattered by the externalfield into a state withmomentum ¢p ,with the absorption
of a virtual photon ofmomentum q, such that = -¢q p p. In higher order perturbation, the vertex of the
Feynman diagram is also corrected by the emission of a virtual photon [21].

The goal of this calculation is to account for any observed anomaly in the orbital g-factor, whether obtained
using electrons confined in a cyclotron orbit or observedwith electrons bound in an atom in the presence of a
magnetic field.However, the currently available experimental data were obtained using atomic systems, hence
comparison between theory and experiment have beenmadewith the anomaly observed in atoms. The atoms
consideredwere similar or identical to those used byKusch et al. in their investigations. These consist of the
states of atomswith a single valence electron outside of closed shells, which are known to be LS coupled, and are
significantly free fromperturbations and configurationmixing. Noble gas atomswith closed shells are also
considered.

Below, we calculate the electron orbital g-factor anomaly by deducing the consequences of a term in the
energy equation.However, we present first, a brief review of the calculation fromQED, of the spin-g anomaly.
The review has been highly compressed into six equations, that is, equations (3.1)–(3.6), described below in
section 3.1. The starting point of the calculation of the spin-g anomaly is the second term in the expression for
the energyW, described byGreiner andReinhardt [20], and given below as equation (3.2). The anomaly in the
orbital g-factor is shown to follow from the first termof the same equation.

3.1. The electron spin g-factor
When an electron interacts with an external electromagnetic field, radiative effects such as the vertex correction

( )G ¢p p, , self-energy SF (p) and vacuumpolarization iD ,F modify its physical behavior [20]. The self-energy can
be omitted because, for a free particle, it contributes to charge andmass renormalization.

Putting the above into the equation describing the interaction of an electronwith an external
electromagnetic field mA ,ext the interaction energy is

⎛

⎝
⎜

⎞

⎠
⎟¯ ( ) ( )ò ò y g

p

p
y= = + G ¢ +m

m
m m

mn
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n m

¢W d x j A e dx p p
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iD A,
4

3.1em ext p
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R

F p ext
3 3

0

0

where mj is the current density, gm are the gammamatrices derived from theDiracmatrices in the Pauli

representation, ¢p pand are the initial andfinalmomenta of the scattered electron, respectively, e is the electron
charge, and m n =, 0, 1, 2, 3.

Inserting the respective terms Gm and DF as described byGreiner andReinhardt [20], equation (3.1) gives, in
the limit of smallmomentum transfer q 0,2
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where, in the above, q is themomentum transfer operator,m is the electronmass, mp is the ‘photonmass’, a is
thefine structure constant, y y¢ andp p areDirac wavefunctions, and smn are the spin operators.

Wemay, in the alternative write,
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where (3.3) is obtained from (3.2) by theGordon decomposition of theDirac current density ( ¯ )y g ym¢p p into
convective and polarization currents. It is usual to interpret the second term in the above equation (3.3) as a
correction to the electron spin g-factor =g 2,S where the above equations have beenwritten in natural units,
= = c 1, and  is the reduced Planck’s constant, c is the speed of light in vacuum. For a puremagneticfield,

we derive from (3.3) above,

 ⎛
⎝
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⎠

¯ ( ) ( ) ( )ò å ma
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y y
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e
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d x x x

4
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3

with Sá ñ = á ñs
1

2
,where á ñs is the expectation value of the spin, and Sá ñ is the expectation value of the four-

dimensional operatorS,which is defined as the analog of the Pauli spin operator. It follows that themagnetic
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moment is given by
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Thus, the correct spin g-factor, to second-order perturbation, is

⎛
⎝

⎞
⎠

( ) ( )a
p

= + +g 2 1
2

2 1 0.00116141 3.6s

whichwas in good agreementwith earlier experimentalmeasurements. Subsequentwork has givenmore precise
measurements which are also in excellent agreementwith calculations, perhaps representing themost precise
results in thewhole of physics. The current experimental [2] and theoretical results [3] compared are as follows:

Experiment: 1.001 159 652 180 73 (28) [0.28 ppt]; Hanneke et al [2].
Theory: 1.001 159 652 182 79 (7.71) [0.08 ppt]; Aoyama et al [3].

3.2. The electron orbital g-factor
Thefirst term in above equation (3.2)will be shown here to correspond to a correction in the orbital g-factor,

=g 1.L Let thefirst termbewritten as
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contains the unit operator  and themomentum transfer operator q, a four-vector operator mq .Assuming that

yp is an eigenfunction of q, then the operator Ĝ acts on yp to give the eigenvalue,
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where q2 is the eigenvalue of the operator q .2 This is possible because the operators ¢p pand commute, and thus
can have common eigenfunctions.

Following the above example in the calculation of the spin-g anomaly, we assume a small (butfinite)
momentum transfer, ¢= -q p p, such that y y» ¢.p p Dropping the indices, we have from the above and from
equation (3.7),

 ¯ ( )ò yg ym mW eG d x A 3.9orb
3

Now, consider the interactionwith an external electromagnetic field, ( )=mA A A, .o k TheDirac current density
in (3.9) can be expanded as

¯ ¯ ¯ ( )yg y yg y yg y= +m
mA A A 3.10k k0 0

The abovemay also be rewritten as follows, using theDirac-Pauli representation of the gammamatrices,
g b= ,0 g ba= =k, 1, 2, 3:k k

¯ ¯ ¯ ( ) ( )yg y yby y ba y= +m mA A A 3.11o k k

wherea and b are theDiracmatrices, and the Einstein summation convention is assumed. Substituting into
(3.7), we obtain

 { ¯ ¯ ( ) } ( )ò yby y ba y+W eG d x A A 3.12orb o k k
3

The abovemay be expressed as a sumof expectation values,

 { ( ) } ( )b baá ñ + á ñW eG A A 3.13orb o k k

Wecan obtain the expectation values if we recall theDiracHamiltonian H for an electron in amagnetic field,

( )a p b= ⋅ +H c mc 3.142

where /p = -p Ae c is themechanicalmomentum and p is the linearmomentum. From the above, we obtain
the following identities,

( )a a p b b+ = + =H H c H H mc2 ; 2 3.152
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Evaluating the expectation values using equation (3.15), we obtain the following: /bá ñ = mc E,2 /a pá ñ = c Ek k

and / /( )( )ba pá ñ = mc E c E ,k k
2 where E is the energy, and the properties of expectation values have been applied

in the latter;a and b are assumed to be independent. Thus,
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In the absence of an electric field orCoulomb potential, =A 0, the above reduces to
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2

for aweakmagnetic field, where the term in A2 has been neglected. For an electronmoving in a plane circular
orbit perpendicular to the fieldB, where the field is oriented in the z-direction, that is, ˆ=B zB , the vector

potential =A B r
1

2
x . SubstitutingA into (3.17) yields
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wherewe have put =L r px . Substituting for G, and noting that /m = e mc2 ,B equation (3.19) becomes,
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In the low energy limit, / /( ) = - »mc E v c1 1,2 2 2 thus from (3.20),
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This implies that the electron orbital g-factor is not 1. It is corrected by a termwhich depends on the fine
structure constant a, the transfermomentum q, themass of the electronm, and m ,p the photon ‘mass’.

An approximate value of the correction

⎛
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may be determined if we note that the rest energy of the electron dynamically fluctuates [22, 23], and in view of
thefluctuations m»m ; also » - =q E p m .2 2 2 2 Hence, from (3.20)we have

( )D = - ´ -4.45 10 3.23L
4

which has the correct sign and order ofmagnitude as indicated by the currently available experimental data on
selected atomic states, as shown in table 1 below.

Bywriting equation (3.22) as
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whereDdepends on the interaction of the electronwith photons, we can compare the correction to the electron
orbital and spin g-factors.

Thus, tofirst order

( )a
p

a
p

= + = +g g D2 while 1
3

3.25S L

The spin g-factor gS is corrected by a termof order / ~( )a p -2 10 ,3 while the orbital g-factor gL is corrected by
a termof order / ~( )a p ´ -D D3 8 10 ,4 where the numerical part of the termhas the correct order of
magnitudewhen comparedwith experimental data. The termDdescribes the part of the orbital anomaly that is
dependent on the transfer ofmomentumbetween the electron and the photon.

An extension of the above analysis to include the atomic potentials A ,o is described below in section 4, in
order to understand the differences in the orbital anomaly from atom to atom, and its variationwith the
principal quantumnumber n and the orbital angularmomentum l.
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3.3. The electron orbital anomaly
Anothermethod of deriving the electron orbital anomaly is to consider that (3.3) can bewritten in a different but
equivalent form.Using Fourier transform, the equation is changed to
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Laplacian. Again, focusing only on the first term in the above equation, we obtain
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For convenience, wewrite the above as,



⎜ ⎟
⎧
⎨⎩

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎫
⎬⎭

¯

( ) ( )

ò y

y
a
p m

y´ + ¢ - - -m
m m

¢



W
e

m
d x

p p A
m

m
A b

2

3

1
ln

3

8

1

5
3.27

em p

p ext p ext

3

2

where the d’Alembertian operator acts on the product y mA ,p ext such that
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Thus, substituting equation (3.28) into equation (3.27b), we have



⎜ ⎟
⎧
⎨⎩

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎫
⎬⎭

¯

( ) [ ] ( )

ò y

y
a
p m

y y´ + ¢ - - - +m
m m m

¢

 

W
e

m
d x

p p A
m

m
A A

2

3

1
ln

3

8

1

5
3.29

em p

p ext ext p p ext

3

2

Recalling that for smallmomentum transfer, ¢ »p p and therefore y y»¢ ,p p the above can bewritten as



⎜ ⎟
⎧
⎨⎩
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1
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3

8

1

5
3.30
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which reduces to

 ⎜ ⎟
⎧
⎨⎩

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
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⎫
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m m mW

e

m
d x p A

m

m
A q A

3

1
ln

3

8

1

5
3.31em p p ext ext p p ext

3
2

2

where-q2 is not an operator, but the eigenvalue of the d’Alembertian operator acting on the
eigenfunction y .p

Table 1.The electron’s orbital anomaly calculated for the
states 3P2 and

3D3 ofNe andArwith reference to the
3S1

state ofHe.

Term symbol of atomic states DL

Ne3P2/He3S1 (−4.22± 0.1)× 10−4

Ar 3P2/He3S1 (−2.77± 0.1)× 10−4

Ne3D3/He3S1 (−12.9± 3.8)× 10−4

Ar3D3/He3S1 (−7.62± 1.2)× 10−4
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Expanding the above equation (3.31) and re-arranging, we have



⎜ ⎟
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p A p A
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5
3.32

em p

p ext ext p ext p

3

2

2

Using the fact that the operators mp and commute, i.e., [ mp ,]= 0, the last term in (3.32) above vanishes
because for a uniform, time-independent field,

( ) ( )= = ⋅m
m

m
m   p Ap A p A 3.33ext ext ext

and the quantity /( )⋅ = p Ae m has the unit of energy; in uniformmagnetic field, the derivative of the energy
vanishes. Alternatively, we can use Ampere’s law =m mA J ,ext ext where mJext is the external current that produced
themagneticfield, towrite, from the above, = -  ⋅ =m

m p A i J 0,ext ext for a uniform, time-independent
current density; we have used the operator = - p i .

Therefore,

 ⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠
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m
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5
3.34em p ext p
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3

Noting again that = ⋅m
mp A p A,wehave

 ⎜ ⎟
⎡
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3
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5
3.35em p p

2

2
3

For a constantmagnetic field in the z-direction, wemay, for simplicity, use the vector potential described as

( )= ´A B r
1

2
3.36

Thus, equation (3.35), gives

 ⎜ ⎟
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3.37em p p

2

2
3

The above can be re-written as,

 ⎜ ⎟
⎡
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⎛
⎝

⎞
⎠

⎤
⎦⎥

( )a
p m

+ - - ⋅W
q
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m e

m
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3
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3
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5 2
3.38em

2

2

where L is the expectation value of the orbital angularmomentumoperator L. By inserting the constants  and c
in the above, andwriting the Bohrmagneton /m = e mc2 ,B we find that the above equation implies that

⎜ ⎟
⎛
⎝

⎞
⎠

( )a
p m

= + - -g
q

m

m
1

3
ln

3

8

1

5
3.39L

2

2

showing that the electron orbital g-factor gL has an anomalous part,

⎜ ⎟
⎛
⎝

⎞
⎠

( )a
p m

D = - -
q

m

m

3
ln

3

8

1

5
3.40L

2

2

The derivation of the orbital anomaly as described above in sections 3.2 and 3.3,meets expectations, because the
equations (3.2) and (3.26) fromwhich the correction is derived, are equivalent. The Fourier transformation of
equation (3.2) into equation (3.26)merely changed themomentumoperators to gradients in configuration
space.

The above remarks are further confirmed by again transforming themomenta to gradients, but instead of
putting = -¶ ¶ = -m

m q ,2 where is the d’Alembertian, we put the transfermomentum
˜= ⋅ =  - = ¢ -m

m q q q q q q p p, where and2 the operator ̃ is analogous to the d’Alembertian.

Replacingby ̃ in equation (3.26), and again noting that,

˜ y y= - qp p
2

where-q2 is the eigenvalue of ̃ (because themomenta ¢ = -m
¶
¶ ¢m
p i

x
and = -m

¶
¶ m
p i

x
commute and yp is

assumed to be their common eigenfunction), we note that the above procedure gives the same result
equation (3.40), that describes the orbital anomaly.
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3.4. Radiative correction to the orbital g-factor
There is yet anothermethod, which offers some interpretational advantage, of deriving the orbital anomaly
based on the formalism ofQEDdescribed byAkhiezer and Berestetskii [24], who showed that the effective
potential energy due to radiative interactions is,

⎛
⎝

⎞
⎠

( )
( )

( )

( )
( ) ( )

a

a

dj
p

b b

p l
j

S=
-

⋅ -

+ - - - ⋅ 

H E

A

e x
e

m
i

e

m
ln

m

4

4

4

3

3

8

1

5
3.41

2

2

3

2 2

wherea band are theDiracmatrices, E andH are the electric andmagnetic fields respectively, andj andA are
the scalar and vector potentials, respectively, and is the d’Alembertian operator. The quantitiesm and l are
the electronmass and the photon ‘mass’ respectively. Thefirst term in (3.41) is related to the spin anomaly, while
the second term is related to the orbital anomaly, as will be shown here.

Expectation values are themeasurable and empirically significant quantities in quantum theory. In the
absence of potentialj, the term j = 0, and the expectation value of the second term in the effective potential
energy becomes

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

( ) ¯
( )

( ) ( )ò adj y
p l

yá ñ =
-

- - ⋅ Ae x d x
e

m
ln

m

4

4

3

3

8

1

5
3.42p p

3
3

2 2

The d’Alembertian operator acts on the productAy ,p such that

( ) ( )y y y= +  A A A 3.43p p p

Thus,

( ) ( ) ( )a a ay y y⋅ = ⋅ + ⋅  A A A 3.44p p p

In general, for a time-independent potentialA, the second term vanishes, i.e,a ⋅ =A 0, because
( ) ( )( ) ( )( )a a a a a⋅ = ⋅  =  ⋅ = - ⋅ ⋅ = ⋅ ⋅ = A p A A pA A p p 0,2 2 wherewe have used the

momentumoperator = - ip , such that ⋅ = - ⋅  = -p p 2 and a ⋅ = 0.
Hence, equation (3.42) reduces to

⎡
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The d’Alembertian acts on the eigenfunction y ,p such that y y= - q .p p
2 Therefore,

⎡
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The above can be re-written as
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3

Itmay be observed that for amagnetic vector potentialA, given by (3.36), describing a constantmagnetic field,
we have

¯ ( ) ( )ò ay y⋅ =
⋅ á ñ

d x e
e

mc
A

B L

2
3.48p p

3

where, based on theDirac electron theory, we have put ac as the velocity v, = mp v asmomentum, andwritten
⋅ ´ = ⋅rp B B L.Thus,

⎡
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⎞
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2

2

which implies that the correction to the orbital g-factor g ,L is

⎡
⎣⎢

⎛
⎝

⎞
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⎤
⎦⎥

( )a
p l

D = - -
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ln
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3

3
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5
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Thus, we arrive at the same conclusion that the orbital g-factor is anomalous.
The physical interpretation of the second term in equation (3.41)may provide some insight into the physical

origin of the electron orbital anomaly. Akhiezer and Berestetskii [24] concluded that the term is of the order of
magnitude of the fluctuations of thefields, which causes electron displacement. Such vacuumfluctuations,
togetherwith the zitterbewegung [19] and thefluctuations of the rest energy [22, 23], are probable origins of the
energy thatmanifests as the anomalous part of the electron orbitalmagneticmoment. It should be noted that the
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zero-point fluctuations do not vanish [25], even for constant electromagnetic fields. Thus, the electron spin and
orbital anomalies appear to arise fromquantumfluctuations inherent in thefields.

4.Dependence of the orbital anomaly on the atomic potential and the orbital angular
momentum

The influence of atomic potentials on the energyWorb and the orbital anomalyDL may be considered by
evaluating the expectation values of theDiracmatrices,a and b, using theDiracHamiltonian in the presence of
bothmagnetic andCoulombpotentials. That is,

( ) ( )a p b= ⋅ + +H c mc eA . 4.1o
2

Analogous towhat was done in section (3.2), we form the expressions,

( ) ( )a a p b b+ = + = +H H c H H mc eA2 and 2 4.2o
2

Fromwhich follows the expectation values,

( )a
p

bá ñ =
á ñ

á ñ =
á ñ

+
á ñc

E

mc

E

eA

E
and 4.3o

2

Recall that the second term in (3.13) is amagnetic term, hence it is sufficient to consider it separately. If
= +W E E ,orb 1 2 then,

⎡
⎣⎢

⎤
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á ñE eG A ecG
mc

E

A

E
A 4.4k k
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k k2
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2 2

where G is the eigenvalue equation (3.8b). Substituting /( )p = -p Ae c into the above, and assuming normal
fields, thereby neglecting A2, we have,

⎡
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which, for = ´A B r
1

2
, reduces to,
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Hence,the orbital g-factor is,

⎡
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mc

E

A

mc
G1 4.7L

o
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In the above equation (4.7), wewill define /á ñ ºA mc A .o o
r2 Thus, by substituting for the eigenvalue G from

equation (3.8b), we observe that equation (4.7) can bewritten as,

/( )[ ][ ] ( )= + + Dg m c E A1 1 4.8L o
r

L
2 4 2

where,DL is expressed by equation (3.22).We note that in the low-energy limit /( ) »m c E 1,2 4 2 based on the
Sommerfeld-Dirac equation, and also A A .o

r
o
nr Thus, the orbital g-factor in the non- relativistic limit is

( ) ( )» + D + + Dg A A1 4.9 4.9L L o
nr

o
nr

L

It is observed that the correction in the presence of a potential is,

( )D¢ = D + + DA A 4.10L L o
nr

o
nr

L

where Ao
nr in (4.10) is proportional to the expectation value of the atomic potential A ,o in the low-energy limit.

According to Suslov [26], the expectation value /r1 for a relativistic electron in aCoulomb field, where r is
the radial operator, is

( )( ( ) ) ( )b
m u

e eu m eá ñ =
¢
¢ ¢

- ¢ + ¢ --r a1 1 4.111 2 2

where,

/ / / ( )e b= ¢ = = E mc mc a me b4.11o
2 2 2
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⎝

⎞
⎠

( )k u k m m a=  + ¢ = - ¢ ¢ = =j Z Ze hc c
1

2
, 4.112 2 2
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also, =n n ,r the radial quantumnumber and,

/( ) ( )
( )

a u
=

+ + ¢
=E

mc

Z n

mc

Q1
12n

2

2 2

2

is the Sommerfeld-Dirac equation, where /( ) ( )a u= + + ¢Q Z n1 .2 2

Substituting (4.11b), (4.11c) into (4.11a), we obtain
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The above expression shows that the quantity Ao
r is dependent on n and l, owing to the energy En and

k =  = -j l 1.1

2
In the non-relativistic limit,  ¥ c A Aand ,o

r
o
nr where

/( ) ( ) ( )a u u k m= = + + ¢ ¢ = -A
Q

Q Z n
1

; 1 where 4.14o
nr 2 2 2 2

Equation (4.14) also has a dependence on n and l.Thus, equations (4.10) and (4.14) together show that the
anomaly in the electron orbital g-factor is dependent on the principal quantumnumber n, atomic number Z,
and orbital angularmomentumquantumnumber l. This explains in a reasonable way, the differences in the
anomalies determined for atomic states which differ in orbital angularmomentum l, and for the anomalies
determined for different atomswhich are in the same states.

5.Discussion and experimental considerations

The results described above provide yet anothermethod for testingQED, as a quantum theory of the electron
and photons. QEDhas been very successful in accounting for the anomaly in the spin g-factor g ,S both for the
nearly free electron in aweakmagnetic field and for the bound electron in the strongCoulomb fields of highly
charged ions. Nevertheless, there has been a persistent need to test QED as a component part of the Standard
Model in the quest to discover newphysics. As shown above, QED is also in agreementwith the empirical
observation that there is a non-vanishing anomaly in the electron orbital g-factor. The calculated anomaly is of
the correct order ofmagnitude and sign. However, further theoretical and experimental work are needed
regarding the orbital anomaly (just as it was in the early days ofQED concerning the spin-g anomaly), in order to
bring closer together, the results of experiments and theory. High precisionmeasurement of the orbital anomaly
and its calculation from field theory provides yet another way to stringently test QED.A significant deviation
between the preciselymeasured and calculated values of the orbital anomalymay indicate the occurrence of new
physics.Well-developed experimental and theoretical techniques for bound stateQEDmay be required for
precise studies of the orbital anomalies in atoms [27, 28]. The discrepancy foundwith the spin-g anomaly of the
muon is an indication that close testing ofQEDholds promise for the discovery of new physics [29].
Investigations of orbital anomalies will complement, verywell, this search. The existence of an anomaly in the
orbital g-factor also has implications for the structure of the electron [17] and the observation of zitterbewegung,
the existence of which empirical evidence already suggests [19].

6. Conclusions

As a consequence ofQED, it has been shown that the electron orbital g-factor (similar to the spin g-factor) has an
anomalous part. The orbital g-factor gL deviates significantly from1,which is consistent with experimental
observations. The calculation follows the standardQEDprocedures with some physical interpretations adapted
from the quantum-relativistic dynamical fluctuation of the rest energy. Themagnitude of the calculatedDL is in
reasonable agreement with observation having the same sign and order ofmagnitude; it is satisfactory to note
that it has been adequately shown that radiative interactions correct both the spin g and orbital g-factors as
should, physically, be expected. It is hoped that furtherworkwill bring closer, agreement between refined
calculations and high-precision experimentalmeasurements.

The second-order radiative corrections described above have been simplified using some reasonable
approximations. Unlike the spin g-factor anomaly, the electron orbital g-factor anomaly is not an intrinsic
property but depends on the state of the electron in an atom. This was taken into considerations by including in
the external electromagnetic field ( )=m AA A , ,0 the screenedCoulomb potential A .0 Notably, using standard
QED, the anomaly in the orbital g-factor gL has been shown to also have a radiative origin.
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