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Abstract: Quantum illumination (QI) is an entanglement-based protocol for improving

LiDAR/radar detection of unresolved targets beyond what a classical LiDAR/radar of

the same average transmitted energy can do. Originally proposed by Seth Lloyd as a

discrete-variable quantum LiDAR, it was soon shown that his proposal offered no quantum

advantage over its best classical competitor. Continuous-variable, specifically Gaussian-

state, QI has been shown to offer a true quantum advantage, both in theory and in table-top

experiments. Moreover, despite its considerable drawbacks, the microwave version of

Gaussian-state QI continues to attract research attention. A recent QI study by Arman-

preet Pannu, Amr Helmy, and Hesham El Gamal (PHE), however, has: (i) combined

the entangled state from Lloyd’s QI with the channel models from Gaussian-state QI;

(ii) proposed a new positive operator-valued measurement for that composite setup; and

(iii) claimed that, unlike Gaussian-state QI, PHE QI achieves the Nair–Gu lower bound on

QI target-detection error probability at all noise brightnesses. PHE’s analysis was asymp-

totic, i.e., it presumed infinite-dimensional entanglement. The current paper works out

the finite-dimensional performance of PHE QI. It shows that there is a threshold value

for the entangled-state dimensionality below which there is no quantum advantage, and

above which the Nair–Gu bound is approached asymptotically. Moreover, with both

systems operating with error-probability exponents 1 dB lower than the Nair–Gu bound,

PHE QI requires enormously higher entangled-state dimensionality than does Gaussian-

state QI to achieve useful error probabilities in both high-brightness (100 photons/mode)

and moderate-brightness (1 photon/mode) noise. Furthermore, neither system has an

appreciable quantum advantage in low-brightness (much less than 1 photon/mode) noise.

Keywords: quantum radar; quantum illumination; two-mode squeezed-vacuum states

1. Introduction

LiDAR (at optical wavelengths) and radar (at microwave wavelengths) transmit

electromagnetic radiation into a region of interest to discern characteristics of objects, which

may or may not be present therein, based on the return radiation collected from that region

[1]. Despite electromagnetic radiation being fundamentally quantum mechanical [2], it

is only recently that the use of quantum resources, specifically entanglement, has been

considered for improving the performance of classical LiDARs or radars, i.e., those whose

performance can be correctly assessed without treating their radiation in quantum terms.

Of special note in regard to quantum LiDAR or radar is quantum illumination (QI), in

which entangled signal and idler beams are created, with the signal transmitted into the

region of interest, while the idler is retained for a joint measurement with the returned
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radiation, see Refs. [3–5] for reviews of QI. Inasmuch as QI target detection is the present

paper’s focus, it behooves us to briefly delve into some relevant history.

Seth Lloyd [6] coined the term “quantum illumination” for a LiDAR that transmitted

a sequence of M-mode single-photon states while retaining their maximally entangled

single-photon companions for a joint measurement with the returned radiation. Lloyd

assumed that the environment being probed never returned more than one photon in

response to each transmission and that the returned photon was either background noise

or a target reflection. Lloyd compared his QI performance with that of a single-photon

(SP) LiDAR that probed the environment with the same state as his QI LiDAR, but had no

stored idler. Lloyd argued that QI’s entanglement would prevent a background photon

from masquerading as the entangled companion of QI’s stored idler. Indeed, as compared

to SP target detection, Lloyd’s QI target detection afforded a factor-of-M improvement in

error-probability exponent in his high-noise regime, i.e., when it is highly probable that the

returned radiation from a single transmission is due to background as opposed to target

reflection. That said, Lloyd’s QI and SP LiDARs are both quantum LiDARs, as they employ

nonclassical transmitter states. Thus, when the author of this paper and Lloyd [7] compared

Lloyd’s QI with its best classical LiDAR counterpart, it turned out that the former could do

no better than the latter and could perform much worse. As a result, interest in Lloyd’s

discrete-variable QI languished and was supplanted by interest in a continuous-variable

version of QI, viz., Gaussian-state QI LiDAR by Si-Hui Tan and colleagues [8].

In Gaussian-state QI, M-mode pulses of quadrature-entangled signal and idler are

produced, with the former probing the region of interest and the latter stored for a joint

measurement with the returned radiation. For detecting the possible presence of a weakly

reflecting target embedded in high-brightness (much more than 1 photon/mode) back-

ground radiation, Ref. [8] showed that Gaussian-state QI offered a 6 dB advantage in

error-probability exponent over its best classical competitor of the same transmitted energy.

Remarkably, this 6 dB performance advantage is obtained only in high-brightness noise,

where the initial entanglement is destroyed, not in low-brightness (much less than 1 pho-

ton/mode) noise such as exists at optical wavelengths [9]. Consequently, intense interest in

Gaussian-state QI did not develop until Ref. [10] showed how it could be used at microwave

wavelengths, where weak target returns and high-brightness noise are the norm.

Initial table-top Gaussian-state QI experiments using sub-optimum receiver architec-

tures have been reported for the optical region (with artificially injected high-brightness

noise) [11], and for the microwave, [12]. Although these experiments only demonstrated

roughly 20% signal-to-noise ratio gains over their best classical competitors, they did verify

Gaussian-state QI’s unique capability of providing an entanglement-based quantum ad-

vantage in an entanglement-breaking target-detection scenario. As explained in Refs. [3–5],

Gaussian-state QI in the microwave faces enormous hurdles before its target-detection ad-

vantage can find a realistic use case. These include Gaussian-state QI’s need to interrogate

one resolution bin at a time; Gaussian-state QI’s need for a quantum memory to store its

high time–bandwidth product idler; Gaussian-state QI’s requiring radiation with likely-

to-be unattainably high time–bandwidth products; and Gaussian-state QI’s requiring an

interferometric measurement. The previous sentence emphasizes “Gaussian-state” because

PHE’s recently proposed discrete-variable QI [13] may avoid some of the problems that

plague Gaussian-state QI.

Reference [13] does not assume that at most one photon is returned per transmission

from the region being probed, hence avoiding the root cause of Lloyd’s QI not outper-

forming its best classical competitor. Its analysis is asymptotic in that it passes to the limit

M → ∞ for the discrete-variable entangled state introduced in Lloyd’s QI. Doing so drives

the receiver’s false-alarm probability to zero and makes it possible to prove that PHE QI
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realizes 6 dB quantum advantage in error-probability exponent in high-brightness noise,

matching both performance found by Tan and colleagues [8] in that regime and the Nair–Gu

bound [14] on the attainable error-probability exponent of all possible QI protocols. Indeed,

in this asymptotic regime, PHE QI matches the Nair–Gu bound at all noise brightnesses.

However, contrary to Ref. [13]’s claim that Gaussian-state QI does not achieve Nair–Gu

performance at low-noise brightness, it is easily shown that the system’s error-probability

exponent approaches the Nair–Gu bound, regardless of the noise brightness, as its signal

brightness, NS, is decreased. This demonstration can be accomplished either by evaluating

the Chernoff bound for Gaussian-state QI as in Ref. [8] with NS → 0, or by modifying

Ref. [15]’s binary phase-shift keying analysis for two-mode squeezed-vacuum (TMSV)

communication to apply to on-off keying.

Requiring infinite entangled-state dimensionality, i.e., M → ∞, puts PHE QI beyond

the realm of practicality because it entails a transmission with infinite time-bandwidth

product, and Ref. [13] presents no finite-M results for the error-probability exponent. The

current paper remedies the preceding problem. In particular, it introduces a new, more

explicit result for the joint density operator of the returned and retained radiation when the

target is present. Using this result, accurate approximations to the single-shot false-alarm

and detection probabilities are obtained for PHE QI. From those approximations, the finite-

M multi-shot likelihood-ratio test can be obtained. The Chernoff bound can then be used

to derive that test’s error-probability exponent, which shows that PHE QI has “good” and

“bad” regimes, analogous to those of Lloyd’s QI. Moreover, only in the good regime—which

requires M to exceed a threshold value—does PHE QI offer a quantum advantage for the

error-probability exponent.

The rest of the paper is organized as follows. Section 2 presents the setup assumed

in Ref. [13] and summarizes its key results. Section 3 derives the finite-M joint density

operators for the returned and retained radiation under target absence and presence, with

the latter being much more amenable to finite-M performance analysis than the form

presented in Ref. [13]. Section 4 gives accurate approximations to the false-alarm and

detection probabilities for a single finite-M transmission, which are then used in Section 5

to analyze multi-shot performance. Section 6 concludes the study with an appraisal of

the results obtained and a comparison with Gaussian-state QI. Appendix A then contains

derivation details for the target-present density operator, and Appendix B shows that the

first-order corrections to Section 4’s false-alarm and detection-probability approximations

lead to inconsequential changes in those results.

2. Pannu–Helmy–El Gamal Quantum Illumination

PHE QI is an amalgam of Lloyd’s QI and the Gaussian-state QI of Tan and col-

leagues. Thus, like Lloyd’s QI transmitter, PHE QI’s transmitter prepares a sequence of

M-dimensional, signal-idler (SI) high-dimensional Bell states,

|ψ⟩SI =
1√
M

M

∑
m=1

|em⟩S |em⟩I , (1)

where, for K = S, I, |em⟩K denotes an M-mode Fock state for modes with annihilation oper-

ators {âKm : 1 ≤ m ≤ M} containing 1 photon in mode m and no photons in the remaining

modes. Again, like Lloyd’s QI, PHE QI transmits the signal modes from Equation (1) into

the region of interest and retains the idler modes for a subsequent joint measurement with

the radiation returned therefrom. Using {âRm : 1 ≤ m ≤ M} to denote the annihilation

operators for those M returned modes, PHE QI’s channel models for target absence and
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presence are those of Gaussian-state QI. Specifically, under hypothesis H0 (target-absent),

Ref. [13] uses

âRm = âBm , (2)

where the {âBm : 1 ≤ m ≤ M} are annihilation operators for background-noise modes that

are in independent, identically distributed (iid) thermal states with average photon number

NB. On the other hand, under hypothesis H1 (target-present), Ref. [13] uses

âRm =
√

κ âSm
+
√

1 − κ âBm , (3)

where κ ≪ 1 is the roundtrip transmissivity to and from the weakly reflecting target, and the

iid background modes are now in thermal states with average photon number NB/(1 − κ)

to preclude the possibility of a passive signature of target presence. Strictly speaking,

Ref. [13] only needs the noise modes to be in iid states with average photon numbers NB

and NB/(1 − κ) for target absence and presence, respectively. It is assumed here that the

iid noise states are thermal, which is the case for naturally occurring background radiation.

Reference [13]’s insight—the paper’s principal novelty—lies in the PHE receiver’s

positive operator-valued measurement (POVM) for the returned and the retained-idler

radiation from a single transmission. On each transmission, Lloyd’s QI receiver uses

the POVM

Π̂k =

{

|ψ⟩RI RI⟨ψ|, for k = 1,

ÎRI − Π̂1, for k = 0,
(4)

to decide Hk was true, where

|ψ⟩RI =
1√
M

M

∑
m=1

|em⟩R |em⟩I , (5)

and ÎRI is the identity operator on the state space of the {âRm , âIm} modes. Instead, for each

transmission, the PHE receiver uses the POVM

Π̂k =

{

∑N |ψN⟩RI RI⟨ψN|, for k = 1,

ÎRI − Π̂1, for k = 0,
(6)

where N ≡ (N1, N2, . . . , NM), ∑N ≡ ∏
M
m=1 ∑

∞
Nm=0, and

|ψN⟩RI ≡
M

∑
m=1

√

Nm + 1

|N|+ M
|em + N⟩R |em⟩I , (7)

with |N| ≡ ∑
M
m=1 Nm and |em + N⟩R being the returned modes’ state containing Nm + 1

photons in the âRm mode and Nm′ photons in the {âRm′ : m′ ̸= m} modes.

Note that |ψ0⟩RI = |ψ⟩RI , making PHE QI’s POVM a natural generalization of

Lloyd’s POVM to the channel models of Gaussian-state QI, with their arbitrarily high

numbers of photons in each returned mode. So, with ρ̂
(0)
RI being the joint density oper-

ator for the {âRm , âIm} modes under hypothesis H0, Ref. [13] shows that the M-mode,

single-shot, false-alarm probability, pF ≡ Tr(Π̂1ρ̂
(0)
RI ), goes to zero as M → ∞. Simi-

larly, it shows that the M-mode, single-shot, detection probability, pD ≡ Tr(Π̂1ρ̂
(1)
RI ), obeys

limM→∞ pD ≥ κ/(NB + 1), where ρ̂
(1)
RI is the joint density operator for the {âRm , âIm} modes

under hypothesis H1. As the false-alarm probability vanishes in this limit, Ref. [13] finds

that after NT ≫ 1 transmissions, the multi-shot miss probability satisfies

lim
M→∞

PM ≤ [1 − κ/(NB + 1)]NT ≈ e−κNT/(NB+1), (8)
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where the approximation is valid because κ ≪ 1. For equally likely target absence or

presence, as assumed in this paper, the M → ∞ multi-shot error probability then obeys

Pr(e) ≤ [1 − κ/(NB + 1)]NT /2 ≈ e−κNT/(NB+1)/2. (9)

The Nair–Gu lower bound (LB) on QI error probability for equally likely target absence

or presence when NT signal photons are transmitted on average is [14]

Pr(e)LB ≥ [1 − κ/(NB + 1)]NT /4 ≈ e−κNT/(NB+1)/4, (10)

where the approximation uses κ ≪ 1. (The factors of 1/2 and 1/4 appearing in Equations (9)

and (10), respectively, are due to the former being, in essence, a Chernoff bound and the

latter coming from a Helstrom bound.)

The Nair-Gu lower bound applies to optimum quantum reception for an arbitrary

choice of the signal-idler state, subject only to the constraint on the average transmitted

photon number. Comparing Equations (9) and (10) then shows that the PHE receiver

achieves the ultimate error-probability exponent, in the limit M → ∞, for weakly reflecting

(κ ≪ 1) targets at all noise brightnesses. Compared to its best classical competitor [7], viz.,

a coherent-state (CS) system transmitting NT photons on average whose error-probability

Chernoff bound is [8]

Pr(e)CS ≤ e−κNT(
√

1+NB−
√

NB)
2
/2, (11)

PHE QI thus offers a 6 dB quantum advantage in error-probability exponent when NB ≫ 1,

no appreciable quantum advantage when NB ≪ 1, and 4.6 dB quantum advantage at

NB = 1. Gaussian-state QI matches those behaviors because, as noted earlier, its error-

probability exponent approaches the Nair–Gu bound in the limit of low signal brightness.

See Section 6 for a more detailed appraisal of PHE QI versus Gaussian-state QI.

3. Joint Density Operators

The principal drawback of Ref. [13]’s treatment of PHE QI is the absence of any

finite-M results for the error-probability exponent. This Section begins the task of obtaining

such results by deriving a more useful form for the joint density operator for the single-

shot returned and retained-idler radiation when the target is present. For completeness,

however, its target-absent counterpart is presented first, as that will be needed to evaluate

the finite-M, single-shot, false-alarm probability. From Equation (2) one immediately

finds that

ρ̂
(0)
RI = ρ̂

(0)
B ⊗ ρ̂I , (12)

where

ρ̂
(0)
B =

M
⊗

m=1

∞

∑
Nm=0

NNm
B

(NB + 1)Nm+1
|Nm⟩Rm Rm⟨Nm|, (13)

with |Nm⟩Rm being the Nm-photon state of the âRm mode, and

ρ̂I = TrS(|ψ⟩SI SI⟨ψ|) =
1

M

M

∑
m=1

|em⟩I I⟨em|. (14)

To find the target-present joint density operator, ρ̂
(1)
RI , a characteristic-function ap-

proach is used here to obtain its number–ket representation. The anti-normally ordered

characteristic function associated with ρ̂
(1)
RI is

χ
ρ
(1)
RI

A (ζR, ζ I) ≡ Tr
(

ρ̂
(1)
RI e−ζ∗R ·âR−ζ∗I ·âI eζR ·â†

R+ζ I ·â†
I

)

, (15)
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where, for K = R, I, ζK ≡ (ζK1
, ζK2

, . . . , ζKM
) with {ζKm} being complex valued, âK ≡

(âK1
, âK2

, . . . , âKM
), and â†

K ≡ (â†
K1

, â†
K2

, . . . , â†
KM

). Using Equation (3), one can show that

χ
ρ
(1)
RI

A (ζR, ζ I) = χ
ρSI
A (

√
κ ζR, ζ I)χ

ρ
(1)
B

A (
√

1 − κ ζR), (16)

where χ
ρ
(1)
B

A (ζB) ≡ Tr
(

ρ̂
(1)
B e−ζ∗B ·âB eζB ·â†

B

)

is the anti-normally ordered characteristic function

associated with ρ̂
(1)
B . It is straightforwardly verified, using the assumed multi-mode thermal

state for ρ̂
(1)
B , that

χ
ρ
(1)
B

A (
√

1 − κ ζR) = e−ζ∗R ·ζR(NB+1−κ). (17)

Next, to find χ
ρSI
A (

√
κ ζR, ζ I), the Baker–Campbell–Hausdorff theorem [16] is first used

to obtain

χ
ρSI
A (

√
κ ζR, ζ I) = e−κζ∗R ·ζR−ζ∗I ·ζ I χ

ρSI
N (

√
κ ζR, ζ I), (18)

where

χ
ρSI
N (ζS, ζ I) ≡ Tr

(

ρ̂SI eζS ·â†
S+ζ I ·â†

I e−ζ∗S ·âS−ζ∗I ·âI

)

(19)

is the normally ordered characteristic function associated with ρ̂SI . Expanding Equation (19)’s

exponential terms using their Taylor series and employing the result in Equation (18) makes

it straightforward to evaluate Equation (18). Substituting the formula so obtained plus

Equation (17) into Equation (16) gives us

χ
ρ
(1)
RI

A (ζR, ζ I) = e−ζ∗R ·ζR(NB+1)−ζ∗I ·ζ I

(

1 − κζ∗R · ζR

M
− ζ∗I · ζ I

M
+

κ|ζR · ζ I |2
M

)

. (20)

Now it only remains to obtain the number–ket expansion of ρ̂
(1)
SI from that density

operator’s anti-normally ordered characteristic function via the operator-valued inverse

Fourier transform,

ρ̂
(1)
RI =

∫

d2ζR

πM

∫

d2ζ I

πM
χ

ρ
(1)
RI

A (ζR, ζ I)e
−ζR ·â†

R−ζ I ·â†
I eζ∗R ·âR+ζ∗I ·âI , (21)

where
∫

d2ζK/πM ≡ ∏
M
m=1

∫

d2ζKm /π for K = R, I, and integrals without limits are from

−∞ to ∞ in all their dimensions.

The rest of the derivation is rather involved, so it has been relegated to Appendix A.

The final expression is

ρ̂
(1)
RI =

1

M

M

∑
m=1

∑
N

(

M

∏
ℓ=1

NNℓ
B

(NB + 1)Nℓ+1

)

(

1 − κ

NB + 1
+

κNm u(Nm − 1)

NB(NB + 1)

)

|N⟩R |em⟩I I⟨em| R⟨N|

+
κ

M ∑
N

∑
N′

M

∑
m=1

M

∑
m′=1
m′ ̸=m







M

∏
ℓ=1

ℓ ̸=m,m′

NNℓ
B δNℓN′

ℓ

(NB + 1)Nℓ+1







N
Nm′+N′

m

B

(NB + 1)Nm′+N′
m+4

√

(Nm′ + 1)(N′
m + 1)

×







M
⊗

ℓ=1
ℓ ̸=m,m′

|Nℓ⟩Rℓ






|N′

m + 1⟩Rm
|Nm′ ⟩Rm′ |em⟩I I⟨em′ | Rm′⟨Nm′ + 1| Rm

⟨N′
m|







M
⊗

ℓ=1
ℓ ̸=m,m′

Rℓ
⟨N′

ℓ|






, (22)

where u(·) is the unit-step function and δjk is the Kronecker delta function.
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4. Single-Shot False-Alarm and Detection Probabilities

The principal roadblock to obtaining finite-M results for the single-shot false-alarm

and detection probabilities is the 1/
√

|N|+ M factor in |ψN⟩RI . As M ≫ 1 is necessary

to achieve an acceptably low error probability for the assumed weakly reflecting target,

especially in the case of high-brightness background noise, |N|+ M will have high mean-

to-standard-deviation ratios for all noise brightnesses under both the target-absent and

target-present hypotheses. Thus, in this Section, |N|+ M is replaced with its conditional

means in evaluating pF and pD from Equation (6)’s POVM and Equations (12) and (22)’s

joint density operators for target absence and presence. Appendix B shows that the first-

order corrections to this Section’s false alarm and detection-probability approximations

are inconsequential.

To find the false-alarm probability approximation, let us first rewrite ρ̂
(0)
RI as

ρ̂
(0)
RI = ∑

Ñ

Pr(Ñ) |Ñ⟩R R⟨Ñ| ⊗ 1

M

M

∑
m̃=1

|em̃⟩I I⟨em̃|, (23)

where Pr(Ñ) ≡ ∏
M
m=1 NÑm

B /(NB + 1)Ñm+1 and |Ñ⟩R ≡ ⊗M
m=1 |Ñm⟩Rm . It then follows that

pF = ∑
N

RI⟨ψN|ρ̂(0)RI |ψN⟩RI =
1

M ∑
N

M

∑
m̃=1

Nm̃ + 1

|N|+ M ∑
Ñ

Pr(Ñ) |R⟨em̃ + N|Ñ⟩R|2. (24)

Now, because

|R⟨em̃ + N|Ñ⟩R|2 = δÑm̃(Nm̃+1)

M

∏
m′=1
m′ ̸=m

δÑm′ Nm′ , (25)

Equation (24) reduces to

pF =
1

M

M

∑
m̃=1

∑
Ñ

Pr(Ñ)
Ñm̃

|Ñ|+ M − 1
≈ NB

M(NB + 1)− 1
, (26)

where the approximation uses

1

|Ñ|+ M − 1
≈ 1

∑Ñ Pr(Ñ)(|Ñ|+ M − 1)
=

1

M(NB + 1)− 1
. (27)

Note that this pF approximation vanishes for M → ∞, as found in Ref. [13].

Turning to the single-shot detection probability, the starting point is

pD = ∑
Ñ

RI⟨ψÑ|ρ̂(1)RI |ψÑ⟩RI (28)

= ∑
Ñ

M

∑
m=1

M

∑
m′=1

√

(Ñm + 1)(Ñm′ + 1)

|Ñ|+ M
I⟨em| R⟨em + Ñ|ρ̂(1)RI | |em′ + Ñ⟩R |em′⟩I . (29)

To proceed further the m = m′ and m ̸= m′ components of Equation (29) are calculated

separately, using, respectively, the first line and second-plus-third lines of Equation (22).

For the m = m′ terms, one obtains
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p
(m=m′)
D =

1

M ∑
Ñ

M

∑
m=1

Ñm + 1

|Ñ|+ M







M

∏
ℓ=1
ℓ ̸=m

N
Ñℓ
B

(NB + 1)Ñℓ+1







NÑm+1
B

(NB + 1)Ñm+2

×
(

1 − κ

NB + 1
+

κ(Ñm + 1)

NB(NB + 1)

)

(30)

≈ 1

M

M

∑
m=1

∞

∑
Ñm=0

Ñm + 1

M(NB + 1)

NÑm+1
B

(NB + 1)Ñm+2

(

1 − κ

NB + 1
+

κ(Ñm + 1)

NB(NB + 1)

)

(31)

=
κ + NB

M(NB + 1)
, (32)

where the approximation uses

1

|Ñ|+ M
≈ 1

∑Ñ

(

∏
M
m=1

NÑm
B

(NB+1)Ñm+1

)

(|Ñ|+ M)

=
1

M(NB + 1)
. (33)

For the m ̸= m′ terms the result is

p
(m ̸=m′)
D =

κ

M

M

∑
m=1

M

∑
m′=1
m′ ̸=m

∞

∑
Ñm=0

∞

∑
Ñm′=0

N
Ñm+Ñm′
B

(NB + 1)Ñm+Ñm′+4

(Ñm + 1)(Ñm′ + 1)

|Ñ|+ M
(34)

≈ κ(M − 1)

M(NB + 1)
. (35)

where the approximation uses Equation (33).

Putting the m = m′ and m ̸= m′ results together gives the following approximation

for the single-shot detection probability:

pD ≈ κ

NB + 1
+

NB

M(NB + 1)
. (36)

5. Multi-Shot Likelihood Ratio and Error-Probability Exponent

In this Section, Equations (26) and (36) are first used to determine the multi-shot

likelihood-ratio test (LRT) for minimum error-probability choice between equally likely

target absence or presence based on the results of NT ≫ 1 PHE single-shot POVMs. From

that LRT, the Chernoff bound is used to obtain its finite-M error-probability exponent, from

which the dimensionality threshold that must be exceeded for there to be any quantum

advantage can be identified, and the minimum dimensionality required to be within 1 dB

of the Nair–Gu error-probability exponent can be obtained.

Let {dn : 1 ≤ n ≤ NT} denote single-shot POVM results, i.e., dn = 1 indicates a target-

present decision on the nth transmission and dn = 0 denotes a target-absent decision on

that transmission. Conditioned on the true hypothesis, the {dn} are iid Bernoulli random

variables with success probabilities pF for H0 and pD for H1. The LRT being sought here

is therefore

∏
NT
n=1 pdn

D [1 − pD]
1−dn

∏
NT
n=1 pdn

F [1 − pF]1−dn

decide H1

≥
<

decide H0

1, (37)
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which can be rewritten as

(

NT

DNT

)

p
DNT
D [1 − pD]

NT−DNT

(

NT

DNT

)

p
DNT
F [1 − pF]

NT−DNT

decide H1

≥
<

decide H0

1, (38)

with
(

NT

DNT

)

≡ NT !

DNT
!(NT − DNT

)!
(39)

being the binomial coefficient and DNT
≡ ∑

NT
n=1 dn.

Equation (38) shows that DNT
is a sufficient statistic for the minimum error-probability

test, and the DNT
-based LRT can be reduced to the quite simple threshold test,

DNT

decide H1

≥
<

decide H0

NT ln{[1 − pF]/[1 − pD]}
ln{pD[1 − pF]/pF[1 − pD]}

, (40)

where M is assumed to be large enough that pD > pF, i.e.,

M > M0 ≡ κ +
√

κ2 + 4κNB(NB + 1)

2κ(NB + 1)
. (41)

The Chernoff bound of interest is

Pr(e) ≤ Pr(e)CB ≡ min
0≤s≤1

NT

∑
n=0

Pr(DNT
= n | H1)

s Pr(DNT
= n | H0)

1−s/2. (42)

For M > M0, two straightforward calculations show that Equation (42) reduces to

Pr(e) ≤ Pr(e)CB = min
0≤s≤1

[ps
D p1−s

F + (1 − pD)
s(1 − pF)

1−s]NT /2, (43)

and so, the minimizing s value, is

so =
ln{[pF/(1 − pF)] ln[(pD/pF)]/ ln[(1 − pF)/(1 − pD)]}

ln[(1 − pD)pF/(1 − pF)pD]
. (44)

To quantify PHE QI’s approach to the Nair–Gu lower bound on QI’s error-probability

exponent, let us introduce the penalty function E(κ, NB, M) that satisfies

exp{−[κNT/(NB + 1)]E(κ, NB, M)} = [pso
D p1−so

F + (1 − pD)
so (1 − pF)

1−so ]NT , (45)

and focus attention on two special cases, κ = 0.001 with NB = 100 and κ = 0.001 with

NB = 1, as representatives of a weakly reflecting embedded in either high-brightness or

moderate-brightness noise. In the high-brightness case the Nair–Gu bound gives 6 dB

quantum advantage, and in the moderate-brightness case that bound gives 4.6 dB quan-

tum advantage. For NB = 0.01 low-brightness noise, the Nair–Gu bound gives 0.82 dB

quantum advantage. Thus, a system operating 1 dB away from that bound offers no

quantum advantage.



Physics 2025, 7, 7 10 of 18

One can verify that limM→∞ E(κ, NB, M) = 1, so that the error-probability exponent,

− log[2 Pr(e)CB], matches the Nair–Gu bound at infinite M, as shown in Ref. [13]. However,

how high must M be to approach that limit? Figure 1 shows E(κ, NB, M) versus log10(M)

for the representative cases, and Table 1 lists some key values therefrom. For the high-

brightness noise, one can see that: (i) below the M = 7.34× 105 threshold, PHE QI offers no

quantum advantage in error-probability exponent; and (ii) M = 2.27 × 1013 is necessary for

PHE QI’s error-probability exponent to be 1 dB lower than the Nair–Gu bound. Similarly, for

the moderate-brightness noise, one finds that: (i) below the M = 7.33 × 103 threshold, PHE

QI offers no quantum advantage in error-probability exponent; and (ii) M = 2.21 × 1011 is

necessary for PHE QI’s error-probability exponent to be 1 dB lower than the Nair–Gu bound.

log10(M)
<latexit sha1_base64="VC1GRj8jNY8QHlPDJjJPCHtBkuA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix4MWLUMF+QHcp2TTbhmaTJckKZenf8OJBEa/+GW/+G9N2D9r6YODx3gwz88KEM21c99spbGxube8Ud0t7+weHR+Xjk46WqSK0TSSXqhdiTTkTtG2Y4bSXKIrjkNNuOLmd+90nqjST4tFMExrEeCRYxAg2VvJ9LkeDzHNn1fvLQbni1twF0DrxclKBHK1B+csfSpLGVBjCsdZ9z01MkGFlGOF0VvJTTRNMJnhE+5YKHFMdZIubZ+jCKkMUSWVLGLRQf09kONZ6Goe2M8ZmrFe9ufif109NdBNkTCSpoYIsF0UpR0aieQBoyBQlhk8twUQxeysiY6wwMTamkg3BW315nXTqNa9Rqz9cVZr1PI4inME5VMGDa2jCHbSgDQQSeIZXeHNS58V5dz6WrQUnnzmFP3A+fwDZ2ZDa</latexit>

E(0.001, 100,M)
<latexit sha1_base64="6286+h1whhZpH6MDjXMs3YTRKCk=">AAACAXicbVDLSgMxFL3js9bXqBvBTbAIFUqZqYIuCyK4ESrYB7RDyaRpG5rJDElGKEPd+CtuXCji1r9w59+YaWehrQcCJ+fcy733+BFnSjvOt7W0vLK6tp7byG9ube/s2nv7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o6vUbz5QqVgo7vU4ol6AB4L1GcHaSF37sBNgPSSYJ9eTolN2HLfkOk7p9rRrF9JvCrRI3IwUIEOta391eiGJAyo04ViptutE2kuw1IxwOsl3YkUjTEZ4QNuGChxQ5SXTCyboxCg91A+leUKjqfq7I8GBUuPAN5XpvmreS8X/vHas+5dewkQUayrIbFA/5kiHKI0D9ZikRPOxIZhIZnZFZIglJtqEljchuPMnL5JGpeyelSt354VqJYsjB0dwDEVw4QKqcAM1qAOBR3iGV3iznqwX6936mJUuWVnPAfyB9fkD0B6UeA==</latexit>

E(0.001, 1,M)
<latexit sha1_base64="K4+O8JdQlnt/K9Sr6UsVQpZTlkI=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAIFUqZqYIuCyK4ESrYB7RDyaRpG5rJDElGKGMX/oobF4q49Tfc+Tdm2llo64HAyTn3kpPjR5wp7Tjf1tLyyuraem4jv7m1vbNr7+03VBhLQusk5KFs+VhRzgSta6Y5bUWS4sDntOmPrlK/+UClYqG41+OIegEeCNZnBGsjde3DToD1kGCeXE+KTtlx3JJbuj3t2oX0kgItEjcjBchQ69pfnV5I4oAKTThWqu06kfYSLDUjnE7ynVjRCJMRHtC2oQIHVHnJNP8EnRilh/qhNEdoNFV/byQ4UGoc+GYyTavmvVT8z2vHun/pJUxEsaaCzB7qxxzpEKVloB6TlGg+NgQTyUxWRIZYYqJNZXlTgjv/5UXSqJTds3Ll7rxQrWR15OAIjqEILlxAFW6gBnUg8AjP8Apv1pP1Yr1bH7PRJSvbOYA/sD5/AOcVlAQ=</latexit>

Figure 1. The penalty functions E(0.001, 1, M) (top curve) and E(0.001, 100, M) (bottom curve) versus

log10(M). Note that for both curves, the M values shown here exceed the penalty functions’ M0

thresholds for pD > pF, viz., 22.6 for the moderate-brightness noise, and 31.5 for the high-brightness

noise. See text for details.

Table 1. M values needed for representative values of E(0.001, 100, M) and E(0.001, 1, M). See text

for details.

M E(0.001, 100, M) Comment

2.27 × 1013 10−0.1 1 dB off Nair–Gu bound

7.34 × 105 0.25 no quantum advantage

M E(0.001, 1, M) Comment

2.21 × 1011 10−0.1 1 dB off Nair–Gu bound

7.33 × 103 0.25 no quantum advantage

6. Conclusions and Discussion

Reference [13] launched a new paradigm for discrete-variable QI target detection. First

it combined the M mode-pair signal-idler state from Lloyd’s QI with the low-transmissivity

channel models from Tan and colleagues’ Gaussian-state QI. Then it introduced a new

single-shot POVM that enables the Nair–Gu bound on QI’s error-probability exponent

to be achieved at all noise brightnesses in the limit M → ∞. The present paper has

established the finite-M performance of PHE QI, showing that it has good and bad regimes—

dictated by their entangled-state dimensionality—that are analogous to those of Lloyd’s QI.

Furthermore, for any combination of roundtrip target transmissivity and background-noise

brightness, the current paper’s finite-M results allow the entangled-state dimensionality

needed to approach the Nair–Gu bound on QI’s error-probability exponent to be quantified.
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At this juncture, a comparison between finite-M PHE QI and Gaussian-state QI is war-

ranted. Both systems can match the Nair–Gu bound on target-detection error-probability

exponent for a weakly reflecting (κ ≪ 1) target embedded in thermal noise. Moreover,

neither offers any appreciable quantum advantage for low-brightness (NB ≪ 1) back-

ground noise. That said, the conditions required for each of these protocols to realize their

respective quantum advantages are quite different.

Consider PHE QI and Gaussian-state QI for the κ = 0.001 with NB = 100 and

κ = 0.001 with NB = 1 examples considered here, with both systems operating at error-

probability exponents 1 dB lower than the Nair–Gu bound. In the high-brightness noise,

PHE QI requires M = 2.27 × 1013 to operate at 1 dB below the Nair–Gu error-probability

exponent, and achieves the Chernoff-bound performance shown in Figure 2, whereas in

the moderate-brightness noise M = 2.21 × 1011 suffices for those purposes. Gaussian-state

QI, on the other hand, requires the signal brightness to be NS = 0.01523 to operate at 1 dB

below the Nair–Gu bound in the high-brightness noise, whereas NS = 0.01421 suffices for

that purpose in the moderate-brightness noise. In both of those cases, it achieves Figure 2’s

Chernoff-bound performance, where NT = MNS is now the average number of transmitted

signal photons.

Figure 3 compares the entanglement dimensionalities of the two QI systems for the

parameters used in Figure 2. Here, one sees that PHE QI requires more than 105 times

the dimensionality that suffices for Gaussian-state QI in the high-brightness noise and

more than 104 times the dimensionality that Gaussian-state QI requires in the moderate-

brightness noise.

κ = 0.001
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log10(NT )
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<latexit sha1_base64="4RTkpxAqz6uhz6UYpt+COMcxcQU=">AAAB/HicbVDLSsNAFJ3UV62v2C7dDC2Cq5JUQTdCQUE3lkqf0IYwmU7boZNJmJkIIdRfcSOiiFt3/oErd/6N08dCWw9cOJxzL/fe44WMSmVZ30ZqZXVtfSO9mdna3tndM/ezTRlEApMGDlgg2h6ShFFOGooqRtqhIMj3GGl5o4uJ37ojQtKA11UcEsdHA077FCOlJdfMVdw6PIc3btIVPryqjStuzTULVtGaAi4Te04K5fTnR/byKV91za9uL8CRT7jCDEnZsa1QOQkSimJGxpluJEmI8AgNSEdTjnwinWR6/BgeaqUH+4HQxRWcqr8nEuRLGfue7vSRGspFbyL+53Ui1T9zEsrDSBGOZ4v6EYMqgJMkYI8KghWLNUFYUH0rxEMkEFY6r4wOwV58eZk0S0X7uFi61WmcgBnS4ADkwRGwwSkog2tQBQ2AQQwewDN4Me6NR+PVeJu1poz5TA78gfH+A6APlmE=</latexit>

PHE QI
<latexit sha1_base64="ts4qo3wuuk+xvWA/iZIAjt7hVX8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GVBhLprwT6gLWUyvWmHTiZhZiKWkF9x40IRt/6IO//GSZuFth4YOJxzD/fO8SLOlHacb6uwsbm1vVPcLe3tHxwe2cfljgpjSaFNQx7KnkcUcCagrZnm0IskkMDj0PVmt5nffQSpWCge9DyCYUAmgvmMEm2kkV0exGIMMosnzcYdbt2nI7viVJ0F8Dpxc1JBOZoj+2swDmkcgNCUE6X6rhPpYUKkZpRDWhrECiJCZ2QCfUMFCUANk8XtKT43yhj7oTRPaLxQfycSEig1DzwzGRA9VateJv7n9WPt3wwTJqJYg6DLRX7MsQ5xVgQeMwlU87khhEpmbsV0SiSh2tRVMiW4q19eJ51a1b2s1lq1Sv0qr6OITtEZukAuukZ11EBN1EYUPaFn9IrerNR6sd6tj+VowcozJ+gPrM8ferWUBA==</latexit>

MPHE = 2.21× 1011
<latexit sha1_base64="l5qdmeBMvD0qS/X5CIUey1dGQ+E=">AAACCnicbVC7SgNBFJ2NrxhfayxtxgTBatmJgjZCQIU0QgTzgGRdZieTZMjsg5lZISxb2/gddjYWioidpZWdf+PkUWjigQuHc+7l3nu8iDOpbPvbyCwsLi2vZFdza+sbm1vmdr4uw1gQWiMhD0XTw5JyFtCaYorTZiQo9j1OG97gbOQ3bqmQLAyu1TCijo97AesygpWWXHPv0k3awofVykUKT2HJKiHYVsynEiL7JkEodc2ibdljwHmCpqRYzn6+588fClXX/Gp3QhL7NFCEYylbyI6Uk2ChGOE0zbVjSSNMBrhHW5oGWC9zkvErKdzXSgd2Q6ErUHCs/p5IsC/l0Pd0p49VX856I/E/rxWr7omTsCCKFQ3IZFE35lCFcJQL7DBBieJDTTARTN8KSR8LTJROL6dDQLMvz5N6yUKHVulKp3EEJsiCXVAABwCBY1AGFVAFNUDAHXgEz+DFuDeejFfjbdKaMaYzO+APjI8f8AOayQ==</latexit>

PHE QI
<latexit sha1_base64="ts4qo3wuuk+xvWA/iZIAjt7hVX8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GVBhLprwT6gLWUyvWmHTiZhZiKWkF9x40IRt/6IO//GSZuFth4YOJxzD/fO8SLOlHacb6uwsbm1vVPcLe3tHxwe2cfljgpjSaFNQx7KnkcUcCagrZnm0IskkMDj0PVmt5nffQSpWCge9DyCYUAmgvmMEm2kkV0exGIMMosnzcYdbt2nI7viVJ0F8Dpxc1JBOZoj+2swDmkcgNCUE6X6rhPpYUKkZpRDWhrECiJCZ2QCfUMFCUANk8XtKT43yhj7oTRPaLxQfycSEig1DzwzGRA9VateJv7n9WPt3wwTJqJYg6DLRX7MsQ5xVgQeMwlU87khhEpmbsV0SiSh2tRVMiW4q19eJ51a1b2s1lq1Sv0qr6OITtEZukAuukZ11EBN1EYUPaFn9IrerNR6sd6tj+VowcozJ+gPrM8ferWUBA==</latexit>

MPHE = 2.27× 1013
<latexit sha1_base64="KdHiyufXJpIcHTDrvqe4CH5HDNg=">AAACCnicbVC7SgNBFJ2NrxhfayxtxgTBatlNhNgIARXSCBHMA5J1mZ3MJkNmH8zMCmHZ2sbvsLOxUETsLK3s/Bsnj0ITD1w4nHMv997jRowKaZrfWmZpeWV1Lbue29jc2t7Rd/NNEcYckwYOWcjbLhKE0YA0JJWMtCNOkO8y0nKHZ2O/dUu4oGFwLUcRsX3UD6hHMZJKcvSDSyfpch/WaxcpPIUlo1SBXUl9IqBl3iRWOXX0ommYE8BFYs1IsZr9fM+fPxTqjv7V7YU49kkgMUNCdCwzknaCuKSYkTTXjQWJEB6iPukoGiC1zE4mr6TwUCk96IVcVSDhRP09kSBfiJHvqk4fyYGY98bif14nlt6JndAgiiUJ8HSRFzMoQzjOBfYoJ1iykSIIc6puhXiAOMJSpZdTIVjzLy+SZsmwykbpSqVxDKbIgn1QAEfAAhVQBTVQBw2AwR14BM/gRbvXnrRX7W3amtFmM3vgD7SPH/x/mtE=</latexit>
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<latexit sha1_base64="A2toQA9+ZTFg12VFHM/gJeKr43k=">AAACA3icbVDLSsNAFJ3UV62v+FjpZrAIdVOSKuiy2I3LCvYBSQiT6aQdOpOEmYlQQsCNv+LGhSJu/Ql3/o3TtAttPXDhcM693HtPkDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyjgVmHRwzGLRD5AkjEako6hipJ8IgnjASC8Yt6Z+74EISePoXk0S4nE0jGhIMVJa8s1jl8VDP7Ot3HHbokbO/cwVHLZucs83q1bdKgCXiT0n1eZRWKDtm1/uIMYpJ5HCDEnp2FaivAwJRTEjecVNJUkQHqMhcTSNECfSy4ofcnimlQEMY6ErUrBQf09kiEs54YHu5EiN5KI3Ff/znFSF115GoyRVJMKzRWHKoIrhNBA4oIJgxSaaICyovhXiERIIKx1bRYdgL768TLqNun1Rb9zpNC7BDGVwAk5BDdjgCjTBLWiDDsDgETyDV/BmPBkvxrvxMWstGfOZQ/AHxucPKM6Zcg==</latexit>

Figure 2. The Chernoff bound, Pr(e)CB, versus NT for PHE QI and Gaussian-state (GS) QI, as labelled,

for κ = 0.001 with NB = 100 (top curve) and κ = 0.001 with NB = 1 (bottom curve), with both

systems are operating at 1 dB below the Nair–Gu error-probability exponent. In the high-brightness

noise, PHE QI requires M = 2.27 × 1013 to reach this operating point, whereas, in the moderate-

brightness noise, M = 2.21 × 1011 suffices for this purpose. In both brightnesses, NT is the number of

transmitted signal photons. For Gaussian-state QI, this operating point requires NS = 0.01523 in the

high-brightness noise and NS = 0.01421 in the moderate-brightness noise. In both of these cases, NT

is now the average number of transmitted signal photons. See text for details.
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κ = 0.001
<latexit sha1_base64="XadjCrLM/9Q9UUvm+5D69Z0ip4I=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgm6EghuXFewDOkPJpJk2NJMJSUYoQ3/DjQtF3Poz7vwbM+0stPXA5R7OuZfcnFBypo3rfjuljc2t7Z3ybmVv/+DwqHp80tVJqgjtkIQnqh9iTTkTtGOY4bQvFcVxyGkvnN7lfu+JKs0S8WhmkgYxHgsWMYKNlXx/iqXEt27ddb1htZb3HGideAWpQYH2sPrljxKSxlQYwrHWA8+VJsiwMoxwOq/4qaYSkyke04GlAsdUB9ni5jm6sMoIRYmyJQxaqL83MhxrPYtDOxljM9GrXi7+5w1SE90EGRMyNVSQ5UNRypFJUB4AGjFFieEzSzBRzN6KyAQrTIyNqWJD8Fa/vE66jbp3VW88NGutZhFHGc7gHC7Bg2towT20oQMEJDzDK7w5qfPivDsfy9GSU+ycwh84nz9JVJB9</latexit>

NB = 100
<latexit sha1_base64="qW1poImMp65/KEUyX4E1VgNbNRk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mthXoRil48SQX7Ie1Ssmm2DU2yS5IVytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UaVZJB/MJKa+wEPJQkawsdLjXf8aXSHPdfvFklt250CrxMtICTI0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmPDST5mME0MlWSwKE45MhGbfowFTlBg+sQQTxeytiIywwsTYjAo2BG/55VXSqpS9i3LlvlqqV7M48nACp3AOHtSgDrfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8AYZSOxw==</latexit>

κ = 0.001
<latexit sha1_base64="XadjCrLM/9Q9UUvm+5D69Z0ip4I=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgm6EghuXFewDOkPJpJk2NJMJSUYoQ3/DjQtF3Poz7vwbM+0stPXA5R7OuZfcnFBypo3rfjuljc2t7Z3ybmVv/+DwqHp80tVJqgjtkIQnqh9iTTkTtGOY4bQvFcVxyGkvnN7lfu+JKs0S8WhmkgYxHgsWMYKNlXx/iqXEt27ddb1htZb3HGideAWpQYH2sPrljxKSxlQYwrHWA8+VJsiwMoxwOq/4qaYSkyke04GlAsdUB9ni5jm6sMoIRYmyJQxaqL83MhxrPYtDOxljM9GrXi7+5w1SE90EGRMyNVSQ5UNRypFJUB4AGjFFieEzSzBRzN6KyAQrTIyNqWJD8Fa/vE66jbp3VW88NGutZhFHGc7gHC7Bg2towT20oQMEJDzDK7w5qfPivDsfy9GSU+ycwh84nz9JVJB9</latexit>

NB = 1
<latexit sha1_base64="dRrG7vH40Pggm3d6JT4p7z423AE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXiSCvYD2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrdTv/XEtRGxesRxwv2IDpQIBaNopcZ97+ba65XKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dkJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm089JX2jOUI4toUwLeythQ6opQ5tP0YbgLb68TJrVindeqT5clGvVPI4CHMMJnIEHl1CDO6hDAxgIeIZXeHOU8+K8Ox/z1hUnnzmCP3A+fwDUm439</latexit>

NS = 0.01421
<latexit sha1_base64="Bf3wJfTxBLi63bF8vXfcPuAjrIc=">AAAB9HicbZDNSsNAFIVv6l+tf1WXbgaL4KoksaAboeDGlVQ0baENZTKdtEMnkzgzKZTQ53DjQhG3Pow738Zpm4W2Hhj4OPde7p0TJJwpbdvfVmFtfWNzq7hd2tnd2z8oHx41VZxKQj0S81i2A6woZ4J6mmlO24mkOAo4bQWjm1m9NaZSsVg86klC/QgPBAsZwdpY/l3vAV0ju2o7NdfplSuG5kKr4ORQgVyNXvmr249JGlGhCcdKdRw70X6GpWaE02mpmyqaYDLCA9oxKHBElZ/Nj56iM+P0URhL84RGc/f3RIYjpSZRYDojrIdquTYz/6t1Uh1e+RkTSaqpIItFYcqRjtEsAdRnkhLNJwYwkczcisgQS0y0yalkQnCWv7wKTbfqXFTd+1ql7uZxFOEETuEcHLiEOtxCAzwg8ATP8Apv1th6sd6tj0VrwcpnjuGPrM8fQwePww==</latexit>

Gauss.-State QI
<latexit sha1_base64="FWuJdngswR1HEYb2tsL3dyH6l3Q=">AAACBHicbVC7SgNBFJ2NrxhfUcs0g0GwMexGQcuAhdolaB6QhDA7uUmGzM4uM3eFsKSw8VdsLBSx9SPs/Bsnj0ITDwwczrmHO/f4kRQGXffbSa2srq1vpDczW9s7u3vZ/YOaCWPNocpDGeqGzwxIoaCKAiU0Ig0s8CXU/eHVxK8/gDYiVPc4iqAdsL4SPcEZWqmTzbVi1QU9iSfXLDamcHqHDIFWbsedbN4tuFPQZeLNSZ7MUe5kv1rdkMcBKOSSGdP03AjbCdMouIRxphUbiBgfsj40LVUsANNOpkeM6bFVurQXavsU0qn6O5GwwJhR4NvJgOHALHoT8T+vGWPvsp0IFcUIis8W9WJJMaSTRmhXaOAoR5YwroX9K+UDphlH21vGluAtnrxMasWCd1YoVor50vm8jjTJkSNyQjxyQUrkhpRJlXDySJ7JK3lznpwX5935mI2mnHnmkPyB8/kDaOSX4A==</latexit>

NT = MGSNS
<latexit sha1_base64="4RTkpxAqz6uhz6UYpt+COMcxcQU=">AAAB/HicbVDLSsNAFJ3UV62v2C7dDC2Cq5JUQTdCQUE3lkqf0IYwmU7boZNJmJkIIdRfcSOiiFt3/oErd/6N08dCWw9cOJxzL/fe44WMSmVZ30ZqZXVtfSO9mdna3tndM/ezTRlEApMGDlgg2h6ShFFOGooqRtqhIMj3GGl5o4uJ37ojQtKA11UcEsdHA077FCOlJdfMVdw6PIc3btIVPryqjStuzTULVtGaAi4Te04K5fTnR/byKV91za9uL8CRT7jCDEnZsa1QOQkSimJGxpluJEmI8AgNSEdTjnwinWR6/BgeaqUH+4HQxRWcqr8nEuRLGfue7vSRGspFbyL+53Ui1T9zEsrDSBGOZ4v6EYMqgJMkYI8KghWLNUFYUH0rxEMkEFY6r4wOwV58eZk0S0X7uFi61WmcgBnS4ADkwRGwwSkog2tQBQ2AQQwewDN4Me6NR+PVeJu1poz5TA78gfH+A6APlmE=</latexit>

NS = 0.01523
<latexit sha1_base64="rVXr8vc85etn2H8ins7Ra+JfZgw=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJWtGNUHDjSiraC7ShTKaTduhkEmcmhRL6HG5cKOLWh3Hn2zhts9DWHwY+/nMO58zvx5wpbdvfVm5tfWNzK79d2Nnd2z8oHh41VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPbmb11phKxSLxqCcx9UI8ECxgBGtjeXe9B3SN7LLtXLiVXrFkaC60Ck4GJchU7xW/uv2IJCEVmnCsVMexY+2lWGpGOJ0WuomiMSYjPKAdgwKHVHnp/OgpOjNOHwWRNE9oNHd/T6Q4VGoS+qYzxHqolmsz879aJ9HBlZcyESeaCrJYFCQc6QjNEkB9JinRfGIAE8nMrYgMscREm5wKJgRn+cur0HTLTqXs3ldLNTeLIw8ncArn4MAl1OAW6tAAAk/wDK/wZo2tF+vd+li05qxs5hj+yPr8AUeVj8Y=</latexit>

Gauss.-State QI
<latexit sha1_base64="FWuJdngswR1HEYb2tsL3dyH6l3Q=">AAACBHicbVC7SgNBFJ2NrxhfUcs0g0GwMexGQcuAhdolaB6QhDA7uUmGzM4uM3eFsKSw8VdsLBSx9SPs/Bsnj0ITDwwczrmHO/f4kRQGXffbSa2srq1vpDczW9s7u3vZ/YOaCWPNocpDGeqGzwxIoaCKAiU0Ig0s8CXU/eHVxK8/gDYiVPc4iqAdsL4SPcEZWqmTzbVi1QU9iSfXLDamcHqHDIFWbsedbN4tuFPQZeLNSZ7MUe5kv1rdkMcBKOSSGdP03AjbCdMouIRxphUbiBgfsj40LVUsANNOpkeM6bFVurQXavsU0qn6O5GwwJhR4NvJgOHALHoT8T+vGWPvsp0IFcUIis8W9WJJMaSTRmhXaOAoR5YwroX9K+UDphlH21vGluAtnrxMasWCd1YoVor50vm8jjTJkSNyQjxyQUrkhpRJlXDySJ7JK3lznpwX5935mI2mnHnmkPyB8/kDaOSX4A==</latexit>

NT = MGSNS
<latexit sha1_base64="4RTkpxAqz6uhz6UYpt+COMcxcQU=">AAAB/HicbVDLSsNAFJ3UV62v2C7dDC2Cq5JUQTdCQUE3lkqf0IYwmU7boZNJmJkIIdRfcSOiiFt3/oErd/6N08dCWw9cOJxzL/fe44WMSmVZ30ZqZXVtfSO9mdna3tndM/ezTRlEApMGDlgg2h6ShFFOGooqRtqhIMj3GGl5o4uJ37ojQtKA11UcEsdHA077FCOlJdfMVdw6PIc3btIVPryqjStuzTULVtGaAi4Te04K5fTnR/byKV91za9uL8CRT7jCDEnZsa1QOQkSimJGxpluJEmI8AgNSEdTjnwinWR6/BgeaqUH+4HQxRWcqr8nEuRLGfue7vSRGspFbyL+53Ui1T9zEsrDSBGOZ4v6EYMqgJMkYI8KghWLNUFYUH0rxEMkEFY6r4wOwV58eZk0S0X7uFi61WmcgBnS4ADkwRGwwSkog2tQBQ2AQQwewDN4Me6NR+PVeJu1poz5TA78gfH+A6APlmE=</latexit>

PHE QI
<latexit sha1_base64="ts4qo3wuuk+xvWA/iZIAjt7hVX8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GVBhLprwT6gLWUyvWmHTiZhZiKWkF9x40IRt/6IO//GSZuFth4YOJxzD/fO8SLOlHacb6uwsbm1vVPcLe3tHxwe2cfljgpjSaFNQx7KnkcUcCagrZnm0IskkMDj0PVmt5nffQSpWCge9DyCYUAmgvmMEm2kkV0exGIMMosnzcYdbt2nI7viVJ0F8Dpxc1JBOZoj+2swDmkcgNCUE6X6rhPpYUKkZpRDWhrECiJCZ2QCfUMFCUANk8XtKT43yhj7oTRPaLxQfycSEig1DzwzGRA9VateJv7n9WPt3wwTJqJYg6DLRX7MsQ5xVgQeMwlU87khhEpmbsV0SiSh2tRVMiW4q19eJ51a1b2s1lq1Sv0qr6OITtEZukAuukZ11EBN1EYUPaFn9IrerNR6sd6tj+VowcozJ+gPrM8ferWUBA==</latexit>

MPHE = 2.27× 1013
<latexit sha1_base64="KdHiyufXJpIcHTDrvqe4CH5HDNg=">AAACCnicbVC7SgNBFJ2NrxhfayxtxgTBatlNhNgIARXSCBHMA5J1mZ3MJkNmH8zMCmHZ2sbvsLOxUETsLK3s/Bsnj0ITD1w4nHMv997jRowKaZrfWmZpeWV1Lbue29jc2t7Rd/NNEcYckwYOWcjbLhKE0YA0JJWMtCNOkO8y0nKHZ2O/dUu4oGFwLUcRsX3UD6hHMZJKcvSDSyfpch/WaxcpPIUlo1SBXUl9IqBl3iRWOXX0ommYE8BFYs1IsZr9fM+fPxTqjv7V7YU49kkgMUNCdCwzknaCuKSYkTTXjQWJEB6iPukoGiC1zE4mr6TwUCk96IVcVSDhRP09kSBfiJHvqk4fyYGY98bif14nlt6JndAgiiUJ8HSRFzMoQzjOBfYoJ1iykSIIc6puhXiAOMJSpZdTIVjzLy+SZsmwykbpSqVxDKbIgn1QAEfAAhVQBTVQBw2AwR14BM/gRbvXnrRX7W3amtFmM3vgD7SPH/x/mtE=</latexit>

PHE QI
<latexit sha1_base64="ts4qo3wuuk+xvWA/iZIAjt7hVX8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GVBhLprwT6gLWUyvWmHTiZhZiKWkF9x40IRt/6IO//GSZuFth4YOJxzD/fO8SLOlHacb6uwsbm1vVPcLe3tHxwe2cfljgpjSaFNQx7KnkcUcCagrZnm0IskkMDj0PVmt5nffQSpWCge9DyCYUAmgvmMEm2kkV0exGIMMosnzcYdbt2nI7viVJ0F8Dpxc1JBOZoj+2swDmkcgNCUE6X6rhPpYUKkZpRDWhrECiJCZ2QCfUMFCUANk8XtKT43yhj7oTRPaLxQfycSEig1DzwzGRA9VateJv7n9WPt3wwTJqJYg6DLRX7MsQ5xVgQeMwlU87khhEpmbsV0SiSh2tRVMiW4q19eJ51a1b2s1lq1Sv0qr6OITtEZukAuukZ11EBN1EYUPaFn9IrerNR6sd6tj+VowcozJ+gPrM8ferWUBA==</latexit>

MPHE = 2.21× 1011
<latexit sha1_base64="l5qdmeBMvD0qS/X5CIUey1dGQ+E=">AAACCnicbVC7SgNBFJ2NrxhfayxtxgTBatmJgjZCQIU0QgTzgGRdZieTZMjsg5lZISxb2/gddjYWioidpZWdf+PkUWjigQuHc+7l3nu8iDOpbPvbyCwsLi2vZFdza+sbm1vmdr4uw1gQWiMhD0XTw5JyFtCaYorTZiQo9j1OG97gbOQ3bqmQLAyu1TCijo97AesygpWWXHPv0k3awofVykUKT2HJKiHYVsynEiL7JkEodc2ibdljwHmCpqRYzn6+588fClXX/Gp3QhL7NFCEYylbyI6Uk2ChGOE0zbVjSSNMBrhHW5oGWC9zkvErKdzXSgd2Q6ErUHCs/p5IsC/l0Pd0p49VX856I/E/rxWr7omTsCCKFQ3IZFE35lCFcJQL7DBBieJDTTARTN8KSR8LTJROL6dDQLMvz5N6yUKHVulKp3EEJsiCXVAABwCBY1AGFVAFNUDAHXgEz+DFuDeejFfjbdKaMaYzO+APjI8f8AOayQ==</latexit>
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Figure 3. MPHE/MGS versus Pr(e)CB where MPHE and MGS are the entangled-state dimensionalities

associated with the Pr(e)CB versus NT curves from Figure 2.

As if PHE QI’s requiring 104-to-105 times the entangled-state dimensionality of

Gaussian-state QI to achieve the same error probability were not bad enough, it incurs

an even larger disadvantage when one looks at the time–bandwidth product. In the

scalar-wave, unresolved-target scenario that being considered here, only temporal de-

grees of freedom are available. Hence, a single pulse of dimensionality M must have

a time duration T and bandwidth W satisfying M = TW. Reference [3] explains that

Gaussian-state QI can carve T = M/W-s duration pulses from the signal and idler outputs

of a continuous-wave-pumped parametric downconverter with W-Hz phase-matching

bandwidth to obtain the M-dimensional entangled state it needs. It is not clear how to

generate the M-dimensional entangled-state pulses that PHE QI needs, but a sequence

of NT > 104 such pulses are needed for that QI system to realize the Chernoff-bound er-

ror probabilities < 10−3 from Figure 2 in the moderate-brightness noise, and NT > 105

pulses are required in the high-brightness noise. Thus, PHE QI’s total required time–

bandwidth product is at least 108-to-1010 times what suffices for Gaussian-state QI to reach

Pr(e) < 10−3 in Figure 2’s examples.

The final points of comparison between the two QI protocols considered concern

the four enormous hurdles, cited in Section 1, that currently preclude finding a realistic

target-detection use case for Gaussian-state QI: (i) its need to interrogate one resolution bin

at a time; (ii) its need for a quantum memory to store its high time–bandwidth product

idler; (iii) its need for extremely high time–bandwidth product radiation to obtain an

acceptably low error probability; and (iv) its need for an interferometric measurement.

How does PHE QI stack up against these hurdles? There is at least some encouragement

in this regard, but so far the overall prospects are pretty poor. In particular, PHE QI still

need to interrogate one resolution bin at a time, and it still needs a quantum memory

to store its high-dimensionality idler. However, assuming PHE QI’s single-pulse idler

dimensionality is the same as that of Gaussian-state QI’s, its discrete-variable memory may

be less complicated to implement than Gaussian-state QI’s continuous-variable memory. As

has been shown above, however, PHE QI’s required single-pulse idler dimensionality is apt

to be 104-to-105 times that of Gaussian-state QI’s. Worse, PHE QI’s total time–bandwidth

product may have to be a factor of 108-to-1010 times that of Gaussian-state QI, owing to its

need to transmit a long sequence of single-photon pulses. A final positive note for PHE

QI is that it does not require an interferometric measurement. This phase insensitivity

follows from ρ̂
(0)
RI being diagonal in the number-ket basis, and the anti-normally ordered
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characteristic function associated with the joint density operator for the {eiφ âR, âI} modes

under hypotheses H1 being given by Equation (20) for all phase shifts φ.
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Abbreviations

The following abbreviations are used in this manuscript:

CB Chernoff bound

GS Gaussian state

iid independent, identically distributed

jpdf joint probability density function

LiDAR light detection and ranging

LRT likelihood-ratio test

PHE Pannu–Helmy–El Gamal

POVM positive operator-valued measurement

QI quantum illumination

SP single-photon

TMSV two-mode squeezed vacuum

Appendix A. Obtaining ρ̂
(1)
RI from χ

ρ
(1)
RI

A (ζR, ζ I)

In this Appendix, the number-ket matrix elements of ρ̂
(1)
RI are derived from Equation (22).

Let us start by seeking the matrix elements for the first (m = m′) line of Equation (22),

beginning from

I⟨em|ρ̂(1)RI |em⟩I =
∫

d2ζR

πM

∫

d2ζ I

πM
χ

ρ
(1)
RI

A (ζR, ζ I)e
−ζR ·â†

R eζ∗R ·âR
I⟨em|e−ζ I ·â†

I eζ∗I ·âI |em⟩I (A1)

=
∫

d2ζR

πM

∫

d2ζ I

πM
χ

ρ
(1)
RI

A (ζR, ζ I)e
−ζR ·â†

R eζ∗R ·âR(1 − |ζ Im |2), (A2)

where Equation (A2) follows from the Taylor-series expansions of e−ζ Im â†
Im and eζ∗Im âIm . Now,

substituting from Equation (20) and recognizing that e−ζ∗I ·ζ I /πM is the joint probability

density function (jpdf) for the {ζ Im} to be a collection of M iid circulo-complex Gaussian

random variables with mean-squared magnitudes ⟨|ζ Im |2⟩Im = 1, one obtains

I⟨em|ρ̂(1)RI |em⟩I =
∫

d2ζR

πM
e−ζ∗R ·ζR(NB+1)e−ζR ·â†

R eζ∗R ·âR

×
〈[

1 − ζ∗I · ζ I

M
− κζ∗R · ζR

M
+

κ|ζR · ζ I |2
M

]

(1 − |ζ Im |2)
M

〉

I

, (A3)

where ⟨·⟩I denotes expected value over the jpdf e−ζ∗I ·ζ I /πM. Complex Gaussian moment

factoring then reduces this expression to

I⟨em|ρ̂(1)RI |em⟩I =
∫

d2ζR

πM
e−ζ∗R ·ζR(NB+1)e−ζR ·â†

R eζ∗R ·âR
(1 − κ|ζRm |2)

M
. (A4)
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Next, using the Taylor-series expansions for e−ζ·â†
R and eζ∗R ·âR , one finds that

R⟨N| m⟨em|ρ̂(1)RI |em⟩m |N′⟩R =
∫

d2ζR

πM
e−ζ∗R ·ζR(NB+1)

×
(

M
⊗

ℓ=1

Nℓ

∑
kℓ=0

√

Nℓ!

(Nℓ − kℓ)!

(−ζRℓ
)kℓ

kℓ!
Rℓ
⟨Nℓ − kℓ|

)

×







M
⊗

ℓ′=1

N′
ℓ′

∑
k′
ℓ′=0

√

N′
ℓ′ !

(N′
ℓ′ − k′ℓ′)!

ζ
∗k′

ℓ′
Rℓ′

k′ℓ′ !
|N′

ℓ′ − k′ℓ′⟩Rℓ′







(1 − κ|ζRm |2)
M

. (A5)

The bra-ket inner products in Equation (A5) vanish if ℓ ̸= ℓ′, and, because

e−ζ∗R·ζR(NB+1)/[π/(NB + 1)]M is the jpdf for the {ζRm} to be a collection of M iid circulo-

complex Gaussian random variables with mean-squared magnitudes ⟨|ζRm |2⟩Rm = 1/(NB + 1),

complex Gaussian moment factoring implies that only the kℓ = k′ℓ terms will survive in

Equation (A5). The inner products that remain after setting ℓ = ℓ′ and k′ℓ = kℓ, viz.,

Rℓ
⟨Nℓ − kℓ|N′

ℓ − kℓ⟩Rℓ′ , then vanish unless N′
ℓ = Nℓ, leading to

R⟨N| m⟨em|ρ̂(1)RI |em⟩m |N′⟩R =
∫

d2ζR

πM
e−ζ∗R ·ζR(NB+1)

×
(

M
⊗

ℓ=1

δNℓN′
ℓ

Nℓ

∑
kℓ=0

(

Nℓ

kℓ

)

(−|ζRℓ
|2)kℓ

kℓ!

)

(1 − κ|ζRm |2)
M

. (A6)

At this point, let us note that

∫ d2ζRℓ

π
e−|ζRℓ

|2(NB+1)
Nℓ

∑
kℓ=0

(

Nℓ

kℓ

)

(−|ζRℓ
|2)kℓ

kℓ!
=

N
Nℓ
B

(NB + 1)Nℓ+1
, (A7)

and

∫

d2ζRm

π
e−|ζRm |2(NB+1)

Nm

∑
km=0

(

Nm

km

)

(−|ζRm |2)km+1

km!
=

(Nm − NB)NNm−1
B

(NB + 1)Nm+2
, (A8)

because the former is the number-ket matrix element Bℓ
⟨Nℓ|ρ̂(0)Bℓ

|Nℓ⟩Bℓ
of the operator-

valued inverse Fourier transform of χ
ρ
(0)
Bℓ

A (ζBℓ
), and the latter is d(Bℓ

⟨Nℓ|ρ̂(0)Bℓ
|Nℓ⟩Bℓ

)/dNB.

Substituting Equations (A7) and (A8) into Equation (A6) then gives us the first line of

Equation (22).

Proceeding now to the m ̸= m′ case, with m ̸= m′ assumed in all that follows, the

starting point is

I⟨em|ρ̂(1)RI |em′⟩I =
∫

d2ζR

πM

∫

d2ζ I

πM
χ

ρ
(1)
RI

A (ζR, ζ I)e
−ζR ·â†

R eζ∗R ·âR
I⟨em|e−ζ I ·â†

I eζ∗I ·âI |em′⟩I (A9)

=
∫

d2ζR

πM

∫

d2ζ I

πM
χ

ρ
(1)
RI

A (ζR, ζ I)e
−ζR ·â†

R eζ∗R ·âR(−ζ Im ζ∗Im′ ). (A10)
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Substituting in from Equation (20) and using complex Gaussian moment factoring,

the preceding result reduces to

I⟨em|ρ̂(1)RI |em′⟩I =
κ

M

∫

d2ζR

πM
e−ζ∗R ·ζR(NB+1)e−ζR ·â†

R e−ζ∗R ·âR⟨−ζRm′ |ζ Im′ |2ζ∗Rm
|ζ Im |2⟩I (A11)

=
κ

M

∫

d2ζR

πM
e−ζ∗R ·ζR(NB+1)e−ζR ·â†

R e−ζ∗R ·âR(−ζRm′ ζ
∗
Rm

). (A12)

Using Taylor-series expansions of e−ζR ·â†
R and eζ∗R ·âR in Equation (A12), it follows that

R⟨N| I⟨em|ρ̂(1)RI |em′⟩I |N′⟩R =
κ

M

∫

d2ζR

πM
e−ζ∗R ·ζR(NB+1)

×
(

M
⊗

ℓ=1

Nℓ

∑
kℓ=0

√

Nℓ!

(Nℓ − kℓ)!

(−ζRℓ
)kℓ(−ζRm′ )

kℓ!
Rℓ
⟨Nℓ − kℓ|

)

×







M
⊗

ℓ′=1

N′
ℓ′

∑
k′
ℓ′=0

√

N′
ℓ′ !

(N′
ℓ′ − k′ℓ′)!

ζ
∗k′

ℓ′
Rℓ′

ζ∗Rm

k′ℓ′ !
|N′

ℓ′ − k′ℓ′⟩Rℓ′






. (A13)

Complex Gaussian moment factoring now implies that for ℓ, ℓ′ ̸= m, m′ only the ℓ = ℓ′,
kℓ = k′ℓ terms survive, in which case the bra-ket inner product shows that Nℓ = N′

ℓ also

holds, leaving us with

R⟨N| I⟨em|ρ̂(1)RI |em′⟩I |N′⟩R =
κ

M







M

∏
ℓ=1

ℓ ̸=m,m′

N
Nℓ
B δNℓNℓ′

(NB + 1)Nℓ+1







×
∫

d2ζRm

π

∫ d2ζRm′

π
e
−(|ζRm |2+|ζR

m′ |2)(NB+1)

×
(

Nm

∑
km=0

√

Nm!

(Nm − km)!

(−ζRm)
km

km! Rm⟨Nm − km|
)

×





Nm′

∑
km′=0

√

Nm′ !

(Nm′ − km′)!

(−ζRm′ )
km′+1

km′ !
Rm′ ⟨Nm′ − km′ |





×







N′
m′

∑
k′

m′=0

√

N′
m′ !

(N′
m′ − k′m′)!

ζ
∗k′

m′
Rm′

k′m′ !
|N′

m′ − k′m′⟩Rm′







×





N′
m

∑
k′m=0

√

N′
m!

(N′
m − k′m)!

ζ
∗(k′m+1)
Rm

k′m!
|N′

m − k′m⟩Rm



. (A14)

The only terms that survive the remaining complex Gaussian moment factoring are

those for which km = k′m + 1 and km′ + 1 = k′m′ , and these conditions imply that the only

terms that survive after evaluation of the remaining bra-ket inner products are those for

which Nm = N′
m + 1 and Nm′ + 1 = N′

m′ , giving us
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R⟨N| I⟨em|ρ̂(1)RI |em′⟩I |N′⟩R =
κ

M







M

∏
ℓ=1

ℓ ̸=m,m′

N
Nℓ
B δNℓNℓ′

(NB + 1)Nℓ+1







×
∫

d2ζRm

π

∫ d2ζRm′

π
e
−(|ζRm |2+|ζR

m′ |2)(NB+1)

×
(

N′
m

∑
k′m=0

(

N′
m

k′m

)

√

N′
m + 1 (−|ζRm |2)k′m+1

(k′m + 1)!

)

×





Nm′

∑
km′=0

(

Nm′

km′

)√
Nm′ + 1 (−|ζRm′ |2)km′+1

(km′ + 1)!



δNm(N′
m+1)δN′

m(Nm′+1). (A15)

To complete the derivation, the ζRm and ζRm′ integrations are performed, resulting in

R⟨N| I⟨em|ρ̂(1)RI |em′⟩I |N′⟩R =
κ

M







M

∏
ℓ=1

ℓ ̸=m,m′

N
Nℓ
B δNℓNℓ′

(NB + 1)Nℓ+1







(

N′
m

∑
k′m=0

(

N′
m

k′m

)

(−1)k′m+1

(NB + 1)k′m+2

)

×





Nm′

∑
km′=0

(

Nm′

km′

)

(−1)km′+1

(NB + 1)km′+2





√

(N′
m + 1)(Nm′ + 1) δNm(N′

m+1)δN′
m(Nm′+1), (A16)

after which the binomial sums are done to obtain the final result,

R⟨N| I⟨em|ρ̂(1)RI |em′⟩I |N′⟩R =
κ

M







M

∏
ℓ=1

ℓ ̸=m,m′

N
Nℓ
B δNℓNℓ′

(NB + 1)Nℓ+1







× N
N′

m+Nm′
B

√

(N′
m + 1)(Nm′ + 1)

(NB + 1)N′
m+Nm′+4

δNm(N′
m+1)δN′

m(Nm′+1), (A17)

which verifies the second and third lines of Equation (22).

Appendix B. First-Order Corrections to Section 4’s pF and
pD Approximations

This Appendix assesses the accuracies of the pF and pD approximations from

Equations (26) and (36). Those formulas relied on approximating 1/(|Ñ|+ M − δk0), for

k = 0 and 1, respectively, by the n = 0 term of

1

|Ñ|+ M − δk0
=

1

M(NB + 1)− δk0

[

∞

∑
n=0

( −|∆Ñ|
M(NB + 1)− δk0

)n
]

, (A18)

where ∆Ñ ≡ (∆Ñ1, ∆Ñ2, . . . , ∆ÑM), with ∆Ñm ≡ Ñm − NB, being the fluctuating part of

Ñ, and |∆Ñ| ≡ ∑
M
m=1 ∆Ñm.

The bracketed term in Equation (A18) is a stochastic Taylor series. Assuming M ≫ 1, as

is the case for PHE QI, the mean-to-standard-deviation ratio of x ≡ |Ñ|+ M − δk0 satisfies

E(x)
√

Var(x)
=

M(NB + 1)− δk0
√

MNB(NB + 1)
≫ 1. (A19)

for all NB in both the pF and pD calculations. Thus, the n = 1 terms from Equation (A18)

are included to see how much that changes the results from Section 4.
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Including the n = 1 term from Equation (A18) implies that the false-alarm probability

approximation becomes NB/[M(NB + 1)− 1]− ∆F where

∆F ≡ 1

M

M

∑
m=1

∑
Ñ

Pr(Ñ)
Ñm|∆Ñ|

[M(NB + 1)− 1]2
, (A20)

with Pr(Ñ) = ∏
M
m=1 NNm

B /(NB + 1)Nm+1. It is now a straightforward calculation to

show that

∆F =
NB(NB + 1)

[M(NB + 1)− 1]2
, (A21)

so that including the first-order correction gives us

pF ≈ NB

M(NB + 1)− 1

(

1 − NB + 1

M(NB + 1)− 1

)

. (A22)

This result shows that, for all NB, the first-order correction has virtually no effect on the

false-alarm probability approximation when M ≫ 1.

This paper’s last task is to obtain the detection-probability approximation when the

n = 1 term from Equation (A18) is included. Here the starting point is pD ≈ (Mκ + NB)/

M(NB + 1)− ∆D, where

∆D = ∑
Ñ

M

∑
m=1

M

∑
m′=1

|∆Ñ|
√

(Ñm + 1)(Ñm′ + 1)

[M(NB + 1)]2 R⟨em + Ñ|ρ̂(1)RI |em′ + Ñ⟩R. (A23)

As was done in Section 4 for the n = 0 detection-probability approximation, the

m = m′ and m ̸= m′ terms in ∆D are calculated separately. For ∆
(m=m′)
D :

∆
(m=m′)
D =

1

M ∑
Ñ

M

∑
m=1

|∆Ñ|(Ñm + 1)

[M(NB + 1)]2







M

∏
ℓ=1
ℓ ̸=m

N
Ñℓ
B

(NB + 1)Ñℓ+1







NÑm+1
B

(NB + 1)Ñm+2

×
(

1 − κ

NB + 1
+

κ(Ñm + 1)

NB(NB + 1)

)

(A24)

=
NB(3κ + NB)

[M(NB + 1)]2
≪ p

(m=m′)
D , (A25)

for M ≫ NB + 1, as will be the case in the quantum-advantage regime, cf. Figure 1. Finally,

for m ̸= m′, one has

∆
(m ̸=m′)
D =

κ

M

M

∑
m=1

M

∑
m′=1
m′ ̸=m

∞

∑
Ñm=0

∞

∑
Ñm′=0

N
Ñm+Ñm′
B

(NB + 1)Ñm+Ñm′+4

|∆Ñ|(Ñm + 1)(Ñm′ + 1)

[M(NB + 1)]2
(A26)

=
κ(M − 1)N2

B

[M(NB + 1)]2
≪ p

(m ̸=m′)
D , (A27)

for M ≫ NB + 1, as will be the case in the quantum-advantage regime, cf. Figure 1.

Putting together Equations (A25) and (A27) shows that the first-order correction to the pD

approximation from Section 4 has essentially no effect.
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