Article

Performance Analysis for High-

Dimensional Bell-State Quantum
lllumination

Jeffrey H. Shapiro



https://www.mdpi.com/journal/physics
https://www.scopus.com/sourceid/21101077091
https://www.mdpi.com/journal/physics/stats
https://www.mdpi.com
https://doi.org/10.3390/physics7010007

physics

Article

Performance Analysis for High-Dimensional Bell-State
Quantum Illumination

Jeffrey H. Shapiro

check for

updates
Received: 27 November 2024
Revised: 8 January 2025
Accepted: 5 February 2025
Published: 3 March 2025

Citation: Shapiro, J.H. Performance
Analysis for High-Dimensional
Bell-State Quantum Illumination.
Physics 2025,7,7. https://doi.org/
10.3390/ physics7010007

Copyright: © 2025 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ / creativecommons.org/
licenses /by /4.0/).

Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA;
jhs@mit.edu

Abstract: Quantum illumination (QI) is an entanglement-based protocol for improving
LiDAR/radar detection of unresolved targets beyond what a classical LIDAR /radar of
the same average transmitted energy can do. Originally proposed by Seth Lloyd as a
discrete-variable quantum LiDAR, it was soon shown that his proposal offered no quantum
advantage over its best classical competitor. Continuous-variable, specifically Gaussian-
state, QI has been shown to offer a true quantum advantage, both in theory and in table-top
experiments. Moreover, despite its considerable drawbacks, the microwave version of
Gaussian-state QI continues to attract research attention. A recent QI study by Arman-
preet Pannu, Amr Helmy, and Hesham El Gamal (PHE), however, has: (i) combined
the entangled state from Lloyd’s QI with the channel models from Gaussian-state QI;
(ii) proposed a new positive operator-valued measurement for that composite setup; and
(iii) claimed that, unlike Gaussian-state QI, PHE QI achieves the Nair-Gu lower bound on
QI target-detection error probability at all noise brightnesses. PHE’s analysis was asymp-
totic, i.e., it presumed infinite-dimensional entanglement. The current paper works out
the finite-dimensional performance of PHE QI. It shows that there is a threshold value
for the entangled-state dimensionality below which there is no quantum advantage, and
above which the Nair-Gu bound is approached asymptotically. Moreover, with both
systems operating with error-probability exponents 1 dB lower than the Nair-Gu bound,
PHE QI requires enormously higher entangled-state dimensionality than does Gaussian-
state QI to achieve useful error probabilities in both high-brightness (100 photons/mode)
and moderate-brightness (1 photon/mode) noise. Furthermore, neither system has an
appreciable quantum advantage in low-brightness (much less than 1 photon/mode) noise.

Keywords: quantum radar; quantum illumination; two-mode squeezed-vacuum states

1. Introduction

LiDAR (at optical wavelengths) and radar (at microwave wavelengths) transmit
electromagnetic radiation into a region of interest to discern characteristics of objects, which
may or may not be present therein, based on the return radiation collected from that region
[1]. Despite electromagnetic radiation being fundamentally quantum mechanical [2], it
is only recently that the use of quantum resources, specifically entanglement, has been
considered for improving the performance of classical LIDARs or radars, i.e., those whose
performance can be correctly assessed without treating their radiation in quantum terms.
Of special note in regard to quantum LiDAR or radar is quantum illumination (QI), in
which entangled signal and idler beams are created, with the signal transmitted into the
region of interest, while the idler is retained for a joint measurement with the returned
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radiation, see Refs. [3-5] for reviews of QI. Inasmuch as QI target detection is the present
paper’s focus, it behooves us to briefly delve into some relevant history.

Seth Lloyd [6] coined the term “quantum illumination” for a LIDAR that transmitted
a sequence of M-mode single-photon states while retaining their maximally entangled
single-photon companions for a joint measurement with the returned radiation. Lloyd
assumed that the environment being probed never returned more than one photon in
response to each transmission and that the returned photon was either background noise
or a target reflection. Lloyd compared his QI performance with that of a single-photon
(SP) LiDAR that probed the environment with the same state as his QI LiDAR, but had no
stored idler. Lloyd argued that QI's entanglement would prevent a background photon
from masquerading as the entangled companion of QI’s stored idler. Indeed, as compared
to SP target detection, Lloyd’s QI target detection afforded a factor-of-M improvement in
error-probability exponent in his high-noise regime, i.e., when it is highly probable that the
returned radiation from a single transmission is due to background as opposed to target
reflection. That said, Lloyd’s QI and SP LiDARs are both quantum LiDARSs, as they employ
nonclassical transmitter states. Thus, when the author of this paper and Lloyd [7] compared
Lloyd’s QI with its best classical LIDAR counterpart, it turned out that the former could do
no better than the latter and could perform much worse. As a result, interest in Lloyd’s
discrete-variable QI languished and was supplanted by interest in a continuous-variable
version of QI, viz., Gaussian-state QI LiDAR by Si-Hui Tan and colleagues [8].

In Gaussian-state QI, M-mode pulses of quadrature-entangled signal and idler are
produced, with the former probing the region of interest and the latter stored for a joint
measurement with the returned radiation. For detecting the possible presence of a weakly
reflecting target embedded in high-brightness (much more than 1 photon/mode) back-
ground radiation, Ref. [8] showed that Gaussian-state QI offered a 6 dB advantage in
error-probability exponent over its best classical competitor of the same transmitted energy.
Remarkably, this 6 dB performance advantage is obtained only in high-brightness noise,
where the initial entanglement is destroyed, not in low-brightness (much less than 1 pho-
ton/mode) noise such as exists at optical wavelengths [9]. Consequently, intense interest in
Gaussian-state QI did not develop until Ref. [10] showed how it could be used at microwave
wavelengths, where weak target returns and high-brightness noise are the norm.

Initial table-top Gaussian-state QI experiments using sub-optimum receiver architec-
tures have been reported for the optical region (with artificially injected high-brightness
noise) [11], and for the microwave, [12]. Although these experiments only demonstrated
roughly 20% signal-to-noise ratio gains over their best classical competitors, they did verify
Gaussian-state QI’s unique capability of providing an entanglement-based quantum ad-
vantage in an entanglement-breaking target-detection scenario. As explained in Refs. [3-5],
Gaussian-state QI in the microwave faces enormous hurdles before its target-detection ad-
vantage can find a realistic use case. These include Gaussian-state QI’s need to interrogate
one resolution bin at a time; Gaussian-state QI’s need for a quantum memory to store its
high time-bandwidth product idler; Gaussian-state QI’s requiring radiation with likely-
to-be unattainably high time-bandwidth products; and Gaussian-state QI’s requiring an
interferometric measurement. The previous sentence emphasizes “Gaussian-state” because
PHE’s recently proposed discrete-variable QI [13] may avoid some of the problems that
plague Gaussian-state QI

Reference [13] does not assume that at most one photon is returned per transmission
from the region being probed, hence avoiding the root cause of Lloyd’s QI not outper-
forming its best classical competitor. Its analysis is asymptotic in that it passes to the limit
M — oo for the discrete-variable entangled state introduced in Lloyd’s QI. Doing so drives
the receiver’s false-alarm probability to zero and makes it possible to prove that PHE QI
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realizes 6 dB quantum advantage in error-probability exponent in high-brightness noise,
matching both performance found by Tan and colleagues [8] in that regime and the Nair-Gu
bound [14] on the attainable error-probability exponent of all possible QI protocols. Indeed,
in this asymptotic regime, PHE QI matches the Nair—-Gu bound at all noise brightnesses.
However, contrary to Ref. [13]'s claim that Gaussian-state QI does not achieve Nair-Gu
performance at low-noise brightness, it is easily shown that the system’s error-probability
exponent approaches the Nair-Gu bound, regardless of the noise brightness, as its signal
brightness, Ng, is decreased. This demonstration can be accomplished either by evaluating
the Chernoff bound for Gaussian-state QI as in Ref. [8] with Ng — 0, or by modifying
Ref. [15]’s binary phase-shift keying analysis for two-mode squeezed-vacuum (TMSV)
communication to apply to on-off keying.

Requiring infinite entangled-state dimensionality, i.e., M — co, puts PHE QI beyond
the realm of practicality because it entails a transmission with infinite time-bandwidth
product, and Ref. [13] presents no finite-M results for the error-probability exponent. The
current paper remedies the preceding problem. In particular, it introduces a new, more
explicit result for the joint density operator of the returned and retained radiation when the
target is present. Using this result, accurate approximations to the single-shot false-alarm
and detection probabilities are obtained for PHE QI. From those approximations, the finite-
M multi-shot likelihood-ratio test can be obtained. The Chernoff bound can then be used
to derive that test’s error-probability exponent, which shows that PHE QI has “good” and
“bad” regimes, analogous to those of Lloyd’s QI. Moreover, only in the good regime—which
requires M to exceed a threshold value—does PHE QI offer a quantum advantage for the
error-probability exponent.

The rest of the paper is organized as follows. Section 2 presents the setup assumed
in Ref. [13] and summarizes its key results. Section 3 derives the finite-M joint density
operators for the returned and retained radiation under target absence and presence, with
the latter being much more amenable to finite-M performance analysis than the form
presented in Ref. [13]. Section 4 gives accurate approximations to the false-alarm and
detection probabilities for a single finite-M transmission, which are then used in Section 5
to analyze multi-shot performance. Section 6 concludes the study with an appraisal of
the results obtained and a comparison with Gaussian-state QI. Appendix A then contains
derivation details for the target-present density operator, and Appendix B shows that the
first-order corrections to Section 4’s false-alarm and detection-probability approximations
lead to inconsequential changes in those results.

2. Pannu-Helmy-El Gamal Quantum Illumination

PHE QI is an amalgam of Lloyd’s QI and the Gaussian-state QI of Tan and col-
leagues. Thus, like Lloyd’s QI transmitter, PHE QI’s transmitter prepares a sequence of
M-dimensional, signal-idler (SI) high-dimensional Bell states,

1 M
[¥)s1 = ﬁmglhmk\emh, 1)

where, for K = S, I, |ey, )k denotes an M-mode Fock state for modes with annihilation oper-
ators {dk, : 1 < m < M} containing 1 photon in mode m and no photons in the remaining
modes. Again, like Lloyd’s QI, PHE QI transmits the signal modes from Equation (1) into
the region of interest and retains the idler modes for a subsequent joint measurement with
the radiation returned therefrom. Using {dg, : 1 < m < M} to denote the annihilation
operators for those M returned modes, PHE QI's channel models for target absence and
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presence are those of Gaussian-state QL. Specifically, under hypothesis Hj (target-absent),
Ref. [13] uses

ﬁRm = ﬁer (2)

where the {dp,, : 1 < m < M} are annihilation operators for background-noise modes that
are in independent, identically distributed (iid) thermal states with average photon number
Np. On the other hand, under hypothesis H; (target-present), Ref. [13] uses

iR, = v/xds, +V1—xap,, (©)

where x < 1is the roundtrip transmissivity to and from the weakly reflecting target, and the
iid background modes are now in thermal states with average photon number N/ (1 — «)
to preclude the possibility of a passive signature of target presence. Strictly speaking,
Ref. [13] only needs the noise modes to be in iid states with average photon numbers Np
and Np/(1 — «) for target absence and presence, respectively. It is assumed here that the
iid noise states are thermal, which is the case for naturally occurring background radiation.

Reference [13]’s insight—the paper’s principal novelty—lies in the PHE receiver’s
positive operator-valued measurement (POVM) for the returned and the retained-idler

radiation from a single transmission. On each transmission, Lloyd’s QI receiver uses
the POVM

N , fork=1,
1, = |}P>R1RAI<¢| )
IRI_le fOI'k:O,
to decide Hj was true, where
1 M
lp)rr = W Z lem)R lem) 1, ®)
m=1

and Ig; is the identity operator on the state space of the {4g,, 4, } modes. Instead, for each
transmission, the PHE receiver uses the POVM

. YN [¥N)rIRI(PN], fork =1,
=4 . . (6)
IRI_HL fOI‘kZO,
where N = (N, Ny, ..., Npy), YN = ]—[n’\f:1 Zﬁmzo, and
M
Ny, +1
[yN)RI = ) = lem + N)r |em) 1, @)

=\ IN[+M
with |[N| = Y™ | N,, and |ey;, + N) being the returned modes’ state containing Ny, + 1
photons in the 4z, mode and N,,; photons in the {ag , : m’ # m} modes.

Note that |[o)r; = |¥)r;, making PHE QI's POVM a natural generalization of
Lloyd’s POVM to the channel models of Gaussian-state QI, with their arbitrarily high

numbers of photons in each returned mode. So, with ﬁ%ol) being the joint density oper-

ator for the {ag,, 4;,} modes under hypothesis Hy, Ref. [13] shows that the M-mode,

single-shot, false-alarm probability, pr = Tr(fhpgfl)), goes to zero as M — oo. Simi-

larly, it shows that the M-mode, single-shot, detection probability, pp = Tr(IT; ﬁgl) ), obeys
limpy;y00 pp > x/(Np + 1), where ‘65{1[) is the joint density operator for the {dg,,d;, } modes
under hypothesis H;. As the false-alarm probability vanishes in this limit, Ref. [13] finds

that after N7 >> 1 transmissions, the multi-shot miss probability satisfies

lim Py < [1 =/ (Np+1)|N1 e e/, )
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where the approximation is valid because ¥ < 1. For equally likely target absence or
presence, as assumed in this paper, the M — co multi-shot error probability then obeys

Pr(e) < [1 —«/(Ng + 1N /2 ~c ¢~ "Nt/ (Ns+1) /. )

The Nair—Gu lower bound (LB) on QI error probability for equally likely target absence
or presence when Nt signal photons are transmitted on average is [14]

Pr(e)ip > [1—x/(Np+1)|NT /4 m 7 N1/ (N1 /g, (10)

where the approximation uses x < 1. (The factors of 1/2 and 1/4 appearing in Equations (9)
and (10), respectively, are due to the former being, in essence, a Chernoff bound and the
latter coming from a Helstrom bound.)

The Nair-Gu lower bound applies to optimum quantum reception for an arbitrary
choice of the signal-idler state, subject only to the constraint on the average transmitted
photon number. Comparing Equations (9) and (10) then shows that the PHE receiver
achieves the ultimate error-probability exponent, in the limit M — oo, for weakly reflecting
(x < 1) targets at all noise brightnesses. Compared to its best classical competitor [7], viz.,
a coherent-state (CS) system transmitting Nt photons on average whose error-probability

Chernoff bound is [8]
Pr(e)cs < e Nr(VIFNs—VNs)* /o) (11)

PHE QI thus offers a 6 dB quantum advantage in error-probability exponent when N > 1,
no appreciable quantum advantage when Np < 1, and 4.6 dB quantum advantage at
Np = 1. Gaussian-state QI matches those behaviors because, as noted earlier, its error-
probability exponent approaches the Nair-Gu bound in the limit of low signal brightness.
See Section 6 for a more detailed appraisal of PHE QI versus Gaussian-state QI.

3. Joint Density Operators

The principal drawback of Ref. [13]’s treatment of PHE QI is the absence of any
finite-M results for the error-probability exponent. This Section begins the task of obtaining
such results by deriving a more useful form for the joint density operator for the single-
shot returned and retained-idler radiation when the target is present. For completeness,
however, its target-absent counterpart is presented first, as that will be needed to evaluate
the finite-M, single-shot, false-alarm probability. From Equation (2) one immediately
finds that

PRl = Py @1, (12)
where
M o NNm
= Z W' 1) Ryp Ry (Nim |, (13)

m=1N;

with |Ny,) g, being the Ny,-photon state of the dg, mode, and

M

o1 =Trs(|$)srs1(y]) = Z V1 1{em|. (14)

(1)

To find the target-present joint density operator, pr;, a characteristic-function ap-

proach is used here to obtain its number—ket representation. The anti-normally ordered

(1)

characteristic function associated with p; is

PRI (o 0;) = TI‘(,OR) e TR aR—LT a1 SOk ab+ip ul) (15)



Physics 2025, 7,7

6 of 18

where, for K = R, I, {x = (Ck,,Ck,,---, (k) With {{k,,} being complex valued, ax =

(ak,, 8Ky, - - -, Ak, ), and & = (a}f< ,a}z ,fzIJf(M). Using Equation (3), one can show that

qu (Cr/C1) = pSI(\f‘:R/Q)XA (Vl_KgR) (16)
where )( P (g B) = ( o) e~Th-as olp “B) is the anti-normally ordered characteristic function

)

associated with ﬁ% . It is straightforwardly verified, using the assumed multi-mode thermal

state for ﬁg), that
(1) *
X (VT=xgg) = e tRtrNst1n), (17)

Next, to find %' (v/x g, {1), the Baker-Campbell-Hausdorff theorem [16] is first used
to obtain

X5 (VK L, §p) = e SRR LR (i g, 7)), (18)

where
X (85, 81) = Tel py ebs 85400 o~Esrasti-ar) (19)

is the normally ordered characteristic function associated with ps;. Expanding Equation (19)’s
exponential terms using their Taylor series and employing the result in Equation (18) makes
it straightforward to evaluate Equation (18). Substituting the formula so obtained plus
Equation (17) into Equation (16) gives us

pg,)(gR/ 7)) = e CidrNe+1) - gl( Kﬁ}v'ICR _ GMQ i K|CRM§1|2>‘ (20)

Now it only remains to obtain the number—ket expansion of péll) from that density

operator’s anti-normally ordered characteristic function via the operator-valued inverse
Fourier transform,

2 2
PRI _/d Cr /d]\al ZRI gng ) {r-ak—gpal egR ag+i7- ﬂl (21)
s
where [y /mnM =TTM. | [d?k,, /7 for K = R, I, and integrals without limits are from
—o0 to oo in all their dimensions.
The rest of the derivation is rather involved, so it has been relegated to Appendix A.
The final expression is

N
1) 1 M M Np K %Ny (N — 1)
PRI = M Z ;(H (NB+1)N/+1 1 NB+1 + NB(NB+1) ‘N>R‘em>ll<em|R<N‘

M M [ M NNg. N N

K B “NN; /
v N, +1)(N, 1
+ M%: Z H (NB_~_1)N/;+1 (N +1) N, +Nj,+4 \/( m + )( m T )

N m=1 m=1 | =1
m! #£m \ tFmm

M M
x ( Q) INe)r, |INy + )R, INw)R,, lem)r1lem | R, (N + 1 g, (NwI[ & r NI |, (22)
(-

= =1
m,m! (#mm!

14
t#

where u(-) is the unit-step function and Jjk is the Kronecker delta function.
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4. Single-Shot False-Alarm and Detection Probabilities

The principal roadblock to obtaining finite-M results for the single-shot false-alarm
and detection probabilities is the 1/+/|N| 4+ M factor in [N)r;. As M > 1 is necessary
to achieve an acceptably low error probability for the assumed weakly reflecting target,
especially in the case of high-brightness background noise, |[N| + M will have high mean-
to-standard-deviation ratios for all noise brightnesses under both the target-absent and
target-present hypotheses. Thus, in this Section, [N| + M is replaced with its conditional
means in evaluating pr and pp from Equation (6)’s POVM and Equations (12) and (22)’s
joint density operators for target absence and presence. Appendix B shows that the first-
order corrections to this Section’s false alarm and detection-probability approximations
are inconsequential.

To find the false-alarm probability approximation, let us first rewrite ﬁg]l) as

M

PROI) IZPY ) IN) RR<N|®M Y. len) (e, (23)
=1

where Pr(N) = [TM_ Ng]’”/(NB +1)Nutl and [Nz = QM. |Nu)R,,- It then follows that

=Y &t ¢N|P |on) R Z - Nt 1 ZPr ) [r(em + N|N)g |2, (24)
N RI S = |N\+M
Now, because
[r(em +NIN)R|* =05, 1) T1 O v 0 (25)
m/=1
/#m

Equation (24) reduces to

Yy NN 26)
PE=M 2 & IN[+M—1 M(@Ng+1) -1
where the approximation uses
1 _ 1 . 1 27
IN[+M—-1  YgPr(N)(N|+M—-1) M(Np+1)—-1
Note that this pr approximation vanishes for M — oo, as found in Ref. [13].
Turning to the single-shot detection probability, the starting point is
A(1
P = L i (¥ I0R] ¥ ki (28)
N
MM (R4 )Ry +1) o i
= < r{em| r(em + Nlpg; | [ew +N)r[ew)r  (29)
%mglmgl |N|+M " " RI " "

To proceed further the m = m’ and m # m’ components of Equation (29) are calculated
separately, using, respectively, the first line and second-plus-third lines of Equation (22).
For the m = m’ terms, one obtains
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~ N N
pr=n) _ Lyt Nl gy Np Ny
b M & = N[+ M ) (Ng + )Nt | (N + 1)Nm+2
K k(N + 1) )
x[1— 30
NB+1+NB(NB+1) (30)
1 % i Ny +1 NS+ ( o k(N +1) > G31)
Mmlem:o M(Np +1) (Ng + 1)Nn+2 Ng+1 Np(Ng+1)
x+ Np
= TN v 32
M(Np +1) (32)
where the approximation uses
1 1 1
< ~ = = . (33)
N|+ M M N o M(Np+1)
NI )N (Hm_l MM)(M + M)
For the m # m’ terms the result is
[ee] [e'e] Nm"!‘Nm/ ~ ~.
(min') _ K $5 ¥ Ng (N + 1) (N, +1)
Pp =N 2 Z Z Z N+ N, +4 N (34)
M m=1 m'=1 §,=0N _,=0 (NB + 1) mt Ny + ‘N| + M
m! #m m
K(M—1)
35
M(N5 + 1) (35)

where the approximation uses Equation (33).
Putting the m = m’ and m # m' results together gives the following approximation
for the single-shot detection probability:

~ K + NB
PO~ Ng+1 " M(Np+1)°

(36)

5. Multi-Shot Likelihood Ratio and Error-Probability Exponent

In this Section, Equations (26) and (36) are first used to determine the multi-shot
likelihood-ratio test (LRT) for minimum error-probability choice between equally likely
target absence or presence based on the results of Nt >> 1 PHE single-shot POVMs. From
that LRT, the Chernoff bound is used to obtain its finite-M error-probability exponent, from
which the dimensionality threshold that must be exceeded for there to be any quantum
advantage can be identified, and the minimum dimensionality required to be within 1 dB
of the Nair-Gu error-probability exponent can be obtained.

Let {d, : 1 < n < Nr} denote single-shot POVM results, i.e., d, = 1 indicates a target-
present decision on the nth transmission and d,, = 0 denotes a target-absent decision on
that transmission. Conditioned on the true hypothesis, the {d, } are iid Bernoulli random
variables with success probabilities pr for Hy and pp for Hy. The LRT being sought here

is therefore
decide H,;

[T, pla - pp)=n >

5 [l —pel® <
decide Hy

1, (37)
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which can be rewritten as
Nt pgNT n- pD]NT—DNT decide Hy
Dn; >
- 1, (38)
Nt Dy Nr—Dy
( DNT )PP [1 a pF] ! decide Hyp
with
Nt Nr!
= (39)
( Dy, ) DNT!(NT — DNT)!

being the binomial coefficient and Dy, = ZL\]; dy.
Equation (38) shows that Dy, is a sufficient statistic for the minimum error-probability
test, and the Dy, -based LRT can be reduced to the quite simple threshold test,

decide H;
> NrIn{[1 - pf]/[1 - ppl}

D , 40
M < in{poll— prl/pel—pol] 4
decide Hy
where M is assumed to be large enough that pp > pr, ie.,
K + /x2 +4xNg(Np + 1)
= 41
M> Mo 2x(Np + 1) 41
The Chernoff bound of interest is
Nr )
Pr(e) <P = mi Pr(Dy,. =n | H)*Pr(Dn. =n | Hy) ~°/2. 42
r(e) < Pr(e)cp Ofgslgln;) r(Dny = n | H1)’Pr(Dn, =n | Ho) ™/ (42)
For M > M, two straightforward calculations show that Equation (42) reduces to
Pr(e) < Pr(e)cp = min [phpp *+ (1= pp)*(1-pp)' 177 /2, (43)
and s,, the minimizing s value, is
_ In{[pr/(1 = pr)|In[(pp/pF)]/ In[(1 — pr)/(1 = pp)]}
S = . (44)

In[(1 - pp)pr/(1 = pr)pp]

To quantify PHE QI’s approach to the Nair-Gu lower bound on QI’s error-probability
exponent, let us introduce the penalty function £(x, Np, M) that satisfies

exp{—[kNr/(Np +1)]€(x,Ng, M)} = [ppr * + (1— pp)* (1 — pp)t N7, (45)

and focus attention on two special cases, x = 0.001 with Np = 100 and x = 0.001 with
Np =1, as representatives of a weakly reflecting embedded in either high-brightness or
moderate-brightness noise. In the high-brightness case the Nair-Gu bound gives 6 dB
quantum advantage, and in the moderate-brightness case that bound gives 4.6 dB quan-
tum advantage. For N = 0.01 low-brightness noise, the Nair-Gu bound gives 0.82dB
quantum advantage. Thus, a system operating 1dB away from that bound offers no
quantum advantage.
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One can verify that lim;_,« £(x, Ng, M) = 1, so that the error-probability exponent,
—log[2 Pr(e)cp], matches the Nair-Gu bound at infinite M, as shown in Ref. [13]. However,
how high must M be to approach that limit? Figure 1 shows & (x, N, M) versus log;,(M)
for the representative cases, and Table 1 lists some key values therefrom. For the high-
brightness noise, one can see that: (i) below the M = 7.34 x 10° threshold, PHE QI offers no
quantum advantage in error-probability exponent; and (ii) M = 2.27 x 10'2 is necessary for
PHE QI’s error-probability exponent to be 1 dB lower than the Nair-Gu bound. Similarly, for
the moderate-brightness noise, one finds that: (i) below the M = 7.33 x 103 threshold, PHE
QI offers no quantum advantage in error-probability exponent; and (ii) M = 2.21 x 10! is
necessary for PHE QI’s error-probability exponent to be 1 dB lower than the Nair-Gu bound.

1.0 -
0.8}

£(0.001,100, M)

£(0.001,1, M)
061
04r
0.2}
0.0™ . : L . - -
0 20 40 60 80 100 120

logyo(M)

Figure 1. The penalty functions £(0.001, 1, M) (top curve) and £(0.001,100, M) (bottom curve) versus
log;o(M). Note that for both curves, the M values shown here exceed the penalty functions’ M
thresholds for pp > pr, viz., 22.6 for the moderate-brightness noise, and 31.5 for the high-brightness
noise. See text for details.

Table 1. M values needed for representative values of £(0.001,100, M) and £(0.001,1, M). See text
for details.

M £(0.001,100, M) Comment
2.27 x 1013 10701 1dB off Nair-Gu bound
7.34 x 10° 0.25 no quantum advantage
M £(0.001,1, M) Comment
2.21 x 101 10701 1dB off Nair-Gu bound
7.33 x 103 0.25 no quantum advantage

6. Conclusions and Discussion

Reference [13] launched a new paradigm for discrete-variable QI target detection. First
it combined the M mode-pair signal-idler state from Lloyd’s QI with the low-transmissivity
channel models from Tan and colleagues’ Gaussian-state QI. Then it introduced a new
single-shot POVM that enables the Nair—-Gu bound on QI’s error-probability exponent
to be achieved at all noise brightnesses in the limit M — co. The present paper has
established the finite-M performance of PHE QI, showing that it has good and bad regimes—
dictated by their entangled-state dimensionality—that are analogous to those of Lloyd’s QL
Furthermore, for any combination of roundtrip target transmissivity and background-noise
brightness, the current paper’s finite-M results allow the entangled-state dimensionality
needed to approach the Nair-Gu bound on QI’s error-probability exponent to be quantified.
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At this juncture, a comparison between finite-M PHE QI and Gaussian-state QI is war-
ranted. Both systems can match the Nair-Gu bound on target-detection error-probability
exponent for a weakly reflecting (x < 1) target embedded in thermal noise. Moreover,
neither offers any appreciable quantum advantage for low-brightness (Np < 1) back-
ground noise. That said, the conditions required for each of these protocols to realize their
respective quantum advantages are quite different.

Consider PHE QI and Gaussian-state QI for the x = 0.001 with N = 100 and
x = 0.001 with Np = 1 examples considered here, with both systems operating at error-
probability exponents 1 dB lower than the Nair-Gu bound. In the high-brightness noise,
PHE QI requires M = 2.27 x 102 to operate at 1dB below the Nair-Gu error-probability
exponent, and achieves the Chernoff-bound performance shown in Figure 2, whereas in
the moderate-brightness noise M = 2.21 x 10! suffices for those purposes. Gaussian-state
QI on the other hand, requires the signal brightness to be Ng = 0.01523 to operate at 1 dB
below the Nair-Gu bound in the high-brightness noise, whereas Ng = 0.01421 suffices for
that purpose in the moderate-brightness noise. In both of those cases, it achieves Figure 2’s
Chernoff-bound performance, where Nt = MNjg is now the average number of transmitted
signal photons.

Figure 3 compares the entanglement dimensionalities of the two QI systems for the
parameters used in Figure 2. Here, one sees that PHE QI requires more than 10° times
the dimensionality that suffices for Gaussian-state QI in the high-brightness noise and
more than 10* times the dimensionality that Gaussian-state QI requires in the moderate-
brightness noise.

Np =100

Gauss.-State QI

o

O P
= Ng = 0.01421 Gauss.-State QI
£ -4 Np = MasNs Ng = 0.01523

= Nt = MgsNs

g
- PHE QI

-6 Mpug = 2.21 x 101 PHE QI 1

Mpug = 2.27 x 10'3

k=0.001 Np=1

3i0 315 4i0 4i5 510 515 6i0
log,o(Nr)

Figure 2. The Chernoff bound, Pr(e)cg, versus N7 for PHE QI and Gaussian-state (GS) Q] as labelled,
for ¥ = 0.001 with Np = 100 (top curve) and « = 0.001 with Ny = 1 (bottom curve), with both
systems are operating at 1 dB below the Nair—Gu error-probability exponent. In the high-brightness
noise, PHE QI requires M = 2.27 x 10'3 to reach this operating point, whereas, in the moderate-
brightness noise, M = 2.21 x 10! suffices for this purpose. In both brightnesses, N is the number of
transmitted signal photons. For Gaussian-state QI, this operating point requires Ng = 0.01523 in the
high-brightness noise and Ng = 0.01421 in the moderate-brightness noise. In both of these cases, Nt
is now the average number of transmitted signal photons. See text for details.
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6.0~

Gauss.-State QI PHE QI x = 0.001
Ng = 0.01523 Mppg = 2.27 x 10'3
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§ 50}
=)
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— 45| Ns=0.01421 Mpyg = 2.21 x 10

Nr = MgsNsg
k=0.001 Ng=1
40 : . . : - -
-8 -7 -6 -5 -4 -3 -2

logyo[Pr(e)ce]

Figure 3. Mpyg/ Mgs versus Pr(e)cp where Mpyg and Mg are the entangled-state dimensionalities
associated with the Pr(e)cp versus Nt curves from Figure 2.

As if PHE QI’s requiring 10*-to-10° times the entangled-state dimensionality of
Gaussian-state QI to achieve the same error probability were not bad enough, it incurs
an even larger disadvantage when one looks at the time-bandwidth product. In the
scalar-wave, unresolved-target scenario that being considered here, only temporal de-
grees of freedom are available. Hence, a single pulse of dimensionality M must have
a time duration T and bandwidth W satisfying M = TW. Reference [3] explains that
Gaussian-state QI can carve T = M /W-s duration pulses from the signal and idler outputs
of a continuous-wave-pumped parametric downconverter with W-Hz phase-matching
bandwidth to obtain the M-dimensional entangled state it needs. It is not clear how to
generate the M-dimensional entangled-state pulses that PHE QI needs, but a sequence
of Nt > 10* such pulses are needed for that QI system to realize the Chernoff-bound er-
ror probabilities < 1073 from Figure 2 in the moderate-brightness noise, and Ny > 10°
pulses are required in the high-brightness noise. Thus, PHE QI’s total required time-
bandwidth product is at least 108-to-10'" times what suffices for Gaussian-state QI to reach
Pr(e) < 1073 in Figure 2’s examples.

The final points of comparison between the two QI protocols considered concern
the four enormous hurdles, cited in Section 1, that currently preclude finding a realistic
target-detection use case for Gaussian-state QI: (i) its need to interrogate one resolution bin
at a time; (ii) its need for a quantum memory to store its high time-bandwidth product
idler; (iii) its need for extremely high time-bandwidth product radiation to obtain an
acceptably low error probability; and (iv) its need for an interferometric measurement.
How does PHE QI stack up against these hurdles? There is at least some encouragement
in this regard, but so far the overall prospects are pretty poor. In particular, PHE QI still
need to interrogate one resolution bin at a time, and it still needs a quantum memory
to store its high-dimensionality idler. However, assuming PHE QI’s single-pulse idler
dimensionality is the same as that of Gaussian-state QI’s, its discrete-variable memory may
be less complicated to implement than Gaussian-state QI’s continuous-variable memory. As
has been shown above, however, PHE QI’s required single-pulse idler dimensionality is apt
to be 10%-to-10° times that of Gaussian-state QI's. Worse, PHE QI’s total time—bandwidth
product may have to be a factor of 103-to-10' times that of Gaussian-state QI, owing to its
need to transmit a long sequence of single-photon pulses. A final positive note for PHE
QI is that it does not require an interferometric measurement. This phase insensitivity

follows from pg’l) being diagonal in the number-ket basis, and the anti-normally ordered
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characteristic function associated with the joint density operator for the {e/?ag, @;} modes
under hypotheses H; being given by Equation (20) for all phase shifts ¢.
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Abbreviations

The following abbreviations are used in this manuscript:

CB Chernoff bound

GS Gaussian state

iid independent, identically distributed
jpdf joint probability density function

LiDAR  light detection and ranging

LRT likelihood-ratio test

PHE Pannu-Helmy-EI Gamal

POVM  positive operator-valued measurement
QI quantum illumination

SpP single-photon

TMSV  two-mode squeezed vacuum

Appendix A. Obtaining p%l) from XPRI (Cr/Cr)

In this Appendix, the number-ket matrix elements of p% I) are derived from Equation (22).

Let us start by seeking the matrix elements for the first (m = m’) line of Equation (22),
beginning from

d? d? gt 7 R
renlpk len)s = | gR/ e K (G Tr)e b hebion (e o800l e, (A1)
d2 d2 at * A
/ gR/n]\g/II ﬁ“ (Tr, Gy SRk SRR (1 — |7y, |2), (A2)

where Equation (A2) follows from the Taylor-series expansions of ¢~ imfhy and i in Now,
substituting from Equation (20) and recognizing that e~%1%1 /1M is the joint probability
density function (jpdf) for the {{;,} to be a collection of M iid circulo-complex Gaussian
random variables with mean-squared magnitudes (|{;, |%);, = 1, one obtains

2
<em|pR)|em>l = /% e SR CR(Np+1) p—Fg- Tk 1R
7T

001 xGr-Tr , *lGr-Ti1*] (1 — 18117
><<[1— IMI_ 1}\4R+ RMI} y >I’ (A3)

where (-); denotes expected value over the jpdf e %141 /7M. Complex Gaussian moment
factoring then reduces this expression to

* A 1—x 2
I<em|p1(§1 |em = / gR _gR ER(NB+1) —lr egR'aR( A|A€Rm| ) (A4)
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Next, using the Taylor-series expansions for e~$8k and efk°2%, one finds that
R d*Tr g
R<N|m<em|P1({1[)‘em>m |N/>R _ /va\*'fe R Cr(Ng+1)
M Ny _ k¢
(85w ,{ff) =)
1 k=0 C*
M N;/ N/ 1 é 2
't 5Ry (1 — x[Cr, |°)
| Q Y\ o |N(,/ — KRy | =Rl (A5)
o 1k2,*0 (Ng,/ _kZ/) M

The bra-ket inner products in Equation (A5) vanish if ¢ # ¢/, and, because
e~ T Tr(Ns+1) /[71/(Np 4-1)]M is the jpdf for the {{g, } to be a collection of M iid circulo-
complex Gaussian random variables with mean-squared magnitudes (|{r, |*)g, = 1/(Np + 1),
complex Gaussian moment factoring implies that only the k; = k terms will survive in
Equation (A5). The inner products that remain after setting ¢ = ¢’ and kj, = ky, viz.,
R, (N¢ — k¢|N} — k¢)r,,, then vanish unless N, = Ny, leading to

d? «
R<N| m<em‘pgl)|em>m |N,>R — /Tf/f{ e—gRlR(NB‘i‘l)

g [ Ne Y (IR P (1= xgr, )
x| Qdnn; 1 ( ' > ‘ e (A6)
(é—l L k=0 ky k! M
At this point, let us note that
: ‘ N
/dzgRg e_‘gRé‘z(NB'i'l) % NZ (_|€R[|2)kk _ NB[ (A7)
T K=o\ ke ko! (Np + 1)Net1”
and
m m — Ny —1
/ Pl ¢~ TR [F(Np+1) Ii Ni ) (12r, ) (N — No)Ny (A8)
T km:() km km' (NB + 1)Nm+2 ’

because the former is the number-ket matrix element p Z(Ngmg? IN¢)B, of the operator-
(0)
valued inverse Fourier transform of XZB‘ (B,), and the latter is d(p, (Ny| ﬁg;) IN;),)/dNp.
Substituting Equations (A7) and (A8) into Equation (A6) then gives us the first line of
Equation (22).
Proceeding now to the m # m’ case, with m # m’ assumed in all that follows, the
starting point is

. a2z, [d e T
I<em|P§zll)|em’ / gR/;-[I%/II i{u (Cr, §p)e bR ikeli R (e[~ Fral i Bife, ) (A9)

d*gp [d? R
/ Tr / nff :‘;‘Rl(nggl) “Gwakelin (g, 77 ). (A10)
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Substituting in from Equation (20) and using complex Gaussian moment factoring,
the preceding result reduces to

20k, 01,151 (A1D)

"

d _ at _rx.a
Henll] lew)r = 1 / CR o LictaNo 1)Ltk Ciin (g |7,
L G AR S g R
M M e e ke ( ngrng)' (Alz)
Using Taylor-series expansions of e~ 4Rk and bk R in Equation (A12), it follows that

d2 _
RN {en ) lew) 1INy = 1 [ S8R e ia(NoD)

M N Nt (=Cr)M(=Cr,,)
(@ Z —fkg)! i R, (Ne _k€>

0=1ky=0
M Ny g g
Ry SRy
X |N/.//_ g/>R/ . (A13)
Bk, (N(’g,—k’l). o «

Complex Gaussian moment factoring now implies that for ¢, ¢ # m,m’ only the £ = ¢/,
k; = k|, terms survive, in which case the bra-ket inner product shows that N, = N also
holds, leaving us with

M

(1) K ng\lgéNN
A / _ Ny
R<N|1<em|PR[|em’>I|N >R_M E W

(Fm,m!

y /dchm /d CRy ~(IZry P+IZR 12 (Np+1)

Tt s
S k
A Nip! (—gR ) m
m N — k
" (kmz_o (Nm_km)' km| Rm< m m|
Nm/ /' B km,+1
x Z N (—Cr,,) R, (Npyr — k|
k=0 (Nm/ - kml)! km/! m
N/
m! N/ /! gR ;
x k,Z;O (N7, iﬂk’m/)- o N —Ko)k
N; *(kjy+1)
m N/ ! g
| X (Np _mk;n) k;ﬂ; [Ny = ki) Ry |- (A14)
k/rn:O . '

The only terms that survive the remaining complex Gaussian moment factoring are
those for which k,, = kj, +1 and k,y + 1 = k! ,, and these conditions imply that the only
terms that survive after evaluation of the remaining bra-ket inner products are those for

which Ny, = N;, +1and N,y +1 = giving us

m//
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M N )
A(1) / K N¢Ny
R(N| 1(em|pg;|emw) 1IN )R = M H (Np + 1)Ni+1
C£mm!
X/¥@m/dﬁ ~(IRn P+ITr , P)(Np+1)
7T 7T
N/ /
(%[ N | VN Tk, 2yt
Vo K, (ky, +1)!
N,/ le /Nm’ | (_‘ng/ |2)km/+1 5 5 ALS
) k/ZZO km/ (km/ + 1)' Nm(N'anrl) N‘;”(N”’,Jrl)‘ ( )

To complete the derivation, the (g, and (g , integrations are performed, resulting in

M NN Ni, / )kt
(1) K B ON(N, N, (-1)
R<N‘ I<em|PRI |em/>l ‘N,>R - M g (NB + 1)Nj+l <k’ZO k;: (NB + 1)k£n+2
C#mm! m=
Nm’ k. s+1
Ny (_1) "
X _ NI +1)(Nyy +1)6 / N , (Al6)
(k§0< ko )(NB+1)"m'+2)\/( ) ) SN (N +1) ONGy (N, 41

after which the binomial sums are done to obtain the final result,

Mo NS
xn AL X
R<N‘ I<em|pRI ‘eml>1 ‘N >R - M g (NB + 1)N@+1
L#mm!

N;,,Jer/
NN N+ D (N 1)

- (NB + 1)N7,"+Nm’+4 N”’(N’l’l"’_l)&N{”(Nm/J'—l)’

(A17)

which verifies the second and third lines of Equation (22).

Appendix B. First-Order Corrections to Section 4’s pr and
pp Approximations

This Appendix assesses the accuracies of the pr and pp approximations from
Equations (26) and (36). Those formulas relied on approximating 1/ (|N| + M — &), for
k = 0 and 1, respectively, by the n = 0 term of

1 1 o |AN]| )”
_ = , A18
IN| +M—38g M(Np+1)—dyo L;)(M(NBJrl)—fsko (A19)

where AN = (ANy, AN, ..., ANy), with AN,, = N, — Np, being the fluctuating part of
N,and |AN| = YM AN,

The bracketed term in Equation (A18) is a stochastic Taylor series. Assuming M > 1, as
is the case for PHE QI, the mean-to-standard-deviation ratio of x = |N| + M — Jj satisfies

E(x) _ M(Np+1)—d
V/Var(x)  /MNg(Np +1)

> 1. (A19)

for all Np in both the pr and pp calculations. Thus, the n = 1 terms from Equation (A18)
are included to see how much that changes the results from Section 4.
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Including the n = 1 term from Equation (A18) implies that the false-alarm probability
approximation becomes Np/[M(Np + 1) — 1] — Ar where

_ < N |AN]
=1 2 e () 1) 1 (A20)

with Pr(N) = [T, NN'”/ (N + 1)Nwt1 Tt is now a straightforward calculation to
show that

Ng(Np +1)
Arp = , A21
T MNg+ 1)~ 112 2
so that including the first-order correction gives us
Ng Np+1
~ 1-— . A22
PE M(NB+1)1< M(NB+1)1> (A22)

This result shows that, for all Np, the first-order correction has virtually no effect on the
false-alarm probability approximation when M >> 1.

This paper’s last task is to obtain the detection-probability approximation when the
n =1 term from Equation (A18) is included. Here the starting point is pp ~ (Mx + Np)/
M(Ng + 1) — Ap, where

AN/ (R +1) (R +1)
[M(Np +1)]?

g (em + N|pW e + N)g. (A23)

AD—ZZ Z

N m=1m'=1

As was done in Section 4 for the n = 0 detection-probability approximation, the

")

m = m' and m % m’ terms in Ap are calculated separately. For Ag)m:m :

N Niy+1
A<m:m'>zizfll<¢ ﬁ Np' Ny
’ M =1 IM(Ng +1) (N +1)Net1 | (N + 1)Nm+2
k(N +1) )
(1= A24
NB+1 T Ns(Ns 1) (A24)
N N o

_ No@c+Np) =) (A25)

[M(Np +1)]?

for M >> Np + 1, as will be the case in the quantum-advantage regime, cf. Figure 1. Finally,
for m # m’, one has

Nuy+N,,

M M o N|(N \
(mpm') K Ng [AN|(Non + 1) (N +1)
X _x ] A26
D N NIV T T E2
k(M — 1)N3 (m#m')
_ K(M-1)N} , A27
M(Nz + )2 < PP 7

for M > Np + 1, as will be the case in the quantum-advantage regime, cf. Figure 1.
Putting together Equations (A25) and (A27) shows that the first-order correction to the pp
approximation from Section 4 has essentially no effect.
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