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ABSTRACT: Recently the notion that quantum gravity effects could manifest at scales much
lower than the Planck scale has seen an intense Swamplandish revival. Dozens of works have
explored how the so-called species scale — at which an effective description of gravity must
break down — relates to String Theory and the Swampland conjectures. In particular, the
interplay between this scale and the abundant towers of states becoming lighter in asymptotic
regions of moduli spaces has proved to be key in understanding the real scale of quantum
gravity. Nevertheless concerns have been raised regarding the validity of using infinite towers
of states when estimating this scale within Effective Field Theory and, more precisely, the
consistency of cutting the tower part way through in a framework that relies on a clear
separation of scales. In this work we take an EFT point-of-view and provide a detailed
perturbative derivation of the species scale by computing the 1-loop graviton propagator in
the presence of many fields. Not only do we clarify the setup, assumptions and regimes of
validity of the result, but more importantly apply the same methods to a particular infinite
tower of states, where the different scales can be computed and contrasted. We show how
each state in the tower contributes to the species scale and how the procedure of counting
only “light fields” can be compatible with not cutting the tower, thereby maintaining the
harmony between infinite towers and EFTs even in the context of the species scale.
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1 Introduction

Quantum gravity is often thought of as being observationally out of reach. Unlike the other

fundamental interactions that have been probed with high precision in particle accelerators,

gravity appears to hide its fundamental nature at energies that are far too high for us to probe

(not only now, but also in the reasonably near future). For this reason, proposals for quantum

gravity such as String Theory are extremely hard to test and their validity has been so far



restricted to internal self-consistency® and the ability to reproduce the observed low-energy
physics. Regrettably, while this might be enough to rule out some clearly unacceptable
possibilities, it still leaves us with an unfathomable number of new-physics scenarios to
consider, each presumably just as likely to be “true” as any other.

Perhaps one of the key questions regarding quantum gravity is precisely the scale at
which we should expect to see its effects. At low energies, gravity is very well described by
General Relativity (GR) and over more than a century we were able to use it to study many
gravitational phenomena, from cosmology to black holes and gravitational waves, to name a
few. We have also come to understand this intrinsically geometrical theory in the language of
Effective Field Theory (EFT), which gave us a deeper understanding of the regime of validity
of GR. As we will review in the next section, GR can be thought of as encoding the leading
gravitational interactions in a derivative expansion that should include higher-derivative terms
as corrections [1-5]. We also learn from GR that the gravitational coupling is dimensionful —
from the EFT point-of-view it gives a dimensionful parameter controlling an expansion and
suggests that the description is only valid up to energies E < Mp; ~ 2.1 x 10!? GeV. The
Planck scale is therefore our first guess for the scale of quantum gravity.

However it is not necessarily our last — what Mp really gives us is an upper bound on
the cutoff of our gravitational EFT, not the actual cutoff itself. It is conceivable that some
of those higher-derivative interactions come into play at scales much lower than Mp;, which
would then constitute a lower cutoff for the theory. One such scale was introduced in [6-12]
and is induced by the gravitational interaction of a large number of fields (or species) within
the EFT. The “species scale”, Agp, was motivated both perturbatively and non-perturbatively
(through black hole and entropy arguments), in both cases representing a scale beyond which
our effective description of gravity should break down.

In this work, we will focus our attention on the perturbative definition of Ay, [1, 7, 13-16].
From the perturbative point of view, the “species scale” arises as the scale at which the
perturbative expansion of gravitational interactions breaks down. It can be determined by
performing a 1-loop computation of the graviton propagator, with the light fields running
inside the loop and renormalising the gravitational coupling. From this computation, we
find a “strong coupling” scale rather than an EFT cutoff — we will clarify the relation
between the two in the next section.

The 1-loop graviton propagator in the context of N light fields of the same mass (with
“light” meaning much smaller than Mp;) was presented in [6-12], where the “species scale” is
derived. Moreover, the framework of gravitational EFTs was discussed in detail in [1, 3, 5] and
the quantum corrections to the gravitational coupling were also addressed in [13, 14]. Here we
will compute the 1-loop graviton propagator in the presence of infinite towers of states, which
to our knowledge has not yet been presented in full detail. We will also review the calculation
for N scalars of the same mass, adding new conclusions and clearer interpretations, to build
up to the infinite tower computation.

The upshot of the argument is that in the presence of a large number of light fields the
low-energy effective (and perturbative) description of gravity breaks down at a scale much

Tt is however impressive how much self-consistency can restrict a physical theory, something that is clearly
seen in String Theory.



lower than Mpj, thus suggesting a much lower quantum gravity scale. While this gives an
interesting twist to the usual discussion of quantum gravity scales, Ay, only differs significantly
from Mp; in the presence of an exponentially large number of light fields, which might require
some motivation in the first place. Within the context of the Swampland programme [17-23]
however, light fields seem to be the rule — according to the so-called Swampland Distance
Conjecture (SDC) [24], in a theory with a moduli space of possible scalar field expectation
values, any asymptotic limit taken in this moduli space is accompanied by an infinite tower
of fields whose masses are exponentially suppressed. In other words, as we move towards
the asymptotic boundaries, an infinite tower of states becomes light(er). From a top-down
String Theory point-of-view, this is an observed pattern; the conjecture is that the same
pattern will be true for any EFT compatible with quantum gravity. If anything, the Distance
Conjecture provided a clear motivation for the presence of light fields.

Many works have explored and developed this connection between the “species scale”
and the infinite towers of states that arise in String Theory over the past few years [25—
53]—comparing bottom-up counting predictions with the knowledge of the UV in several
concrete examples; looking at the consequences for scalar field potentials and cosmology; and
in connection with the Emergence Proposal.? We highly recommend [29] for an in-depth
discussion of the “species scale” and infinite towers in the context of String Theory.

However, one may worry that estimates involving infinite towers of states within an
EFT can never be controlled procedures. The scale separation that is required to properly
define an EFT with cutoff Agpr appears to be in tension with the idea of cutting an infinite
tower partway so that N fields remain in the theory, while all others are integrated out [57].3
Indeed such a cut would require my < Agpr < my41, which is not compatible with a
regular tower of states (e.g. Kaluza-Klein or string-oscillator towers). Yet there appears to
be a plethora of examples in String Theory where A, does in fact give the correct scale at
which an effective gravitational theory breaks down [25, 29].

Our goal here is to clarify the relation between these two observations. We shall argue
below that there is no contradiction as long as one is referring to the correct EFT, dealing
with the correct scales and considering convergent towers.? Firstly, to run the perturbative
argument for the “species scale” one must consider the EFT that includes the infinite tower
and not one with the massive tower integrated out — integrating it out would indeed generate
an EFT expansion controlled by the ratio E/myower that would break down at energies
E ~ myiower- We will also argue that keeping the infinite tower in the computation remains
consistent, even if ultimately the theory should not be valid above (at least) the scale Ag, —
since the tower states will only appear inside the loops, we are never actually considering
processes with energies above Ay, and the result should therefore not be in tension with
the effective description used to compute it.

2 According to the Emergence Proposal [18, 52, 54-56], the dynamics (kinetic terms) for all low-energy fields
emerges from integrating out towers of massive states down from an ultraviolet scale, below the Planck scale,
where quantum gravity takes over. The need to identify this ultraviolet scale accurately gives a theoretical
motivation to understand the “species scale”.

3Note that this view is not entirely consensual. A series of works [58—60] argues that such a separation of
scales is not required in the particular case of a Kaluza-Klein tower, since the Kaluza-Klein mass corresponds
in reality to the components of the momentum along the compact directions.

“We clarify what we mean by convergence in section 5.1.



We intend to clarify what is meant by “light” in deriving the “species scale” and study
how “heavy” states of the same tower contribute to this scale, thereby demystifying the
apparent cut of the infinite tower and justifying the procedure even from an EFT standpoint.
We also compare Ag, with a true EFT cutoff Agpr, emphasizing the idea that Ag, should
serve as an upper bound on the regime of validity of the effective description, rather than
giving the EFT cutoff itself. In order to make the discussion concrete, we compute the 1-loop
graviton propagator for a particular infinite tower of states, for which the different scales
can be computed and contrasted explicitly.

Nevertheless, by computing several corrections in a controlled string-theoretic setup one
finds many examples where the “species scale” does control higher-curvature corrections® [34,
35]. This top-down observation suggests a strong connection between the two scales, but it
requires the knowledge of a specific UV completion. Identifying this scale from a bottom-up
perspective instead requires assumptions about the UV theory and may provide a hint
towards the fundamental principles that underlie the top-down observations [16, 62—65].
While we want to emphasise that the strong coupling scale is not guaranteed to be the
scale suppressing higher-curvature corrections, this is mostly of no consequence for these
top-down studies. In contrast, it is rather crucial if we wish to use bottom-up arguments
to estimate the EFT scale.

In fact, recent work has discussed how three different manifestations of the “species
scale” in string theory settings relate to each other [66]: through the presence of towers
of exponentially light states that lower the strong-coupling scale (the case of interest in
this work); through the scale that suppresses higher-derivative corrections that arise from
integrating such towers; and as the size of the smallest possible black hole described by
the EFT due to higher derivative terms that modify the solution. Note that only the first
of these proposals in relevant for us. Our results will have no impact on the alternative
definitions of this scale.

The paper is structured as follows. In section 2 we review some of the necessary
background on EFTs; using well-known examples such as QED and the Fermi theory to work
our way towards a gravitational EFT in section 2.5. In section 3 we compute in detail the
1-loop correction to the graviton propagator due to a massive scalar field coupled to gravity,
leading in section 3.5 to the determination of the strong-coupling scale in the presence of
the scalar. In section 4, we apply these results to a theory with N identical scalar fields and
relate them to the original proposal for the “species scale”. We analyse different limits for the
mass of the scalars that will be useful when considering infinite towers of states, recovering
the well-known behaviour of Ay, in the small mass limit. In section 5 we finally consider
infinite towers of scalar fields. After briefly discussing the convergence of the results for
different types of towers in section 5.1, in section 5.2 we explicitly analyse the contribution of
different states in the tower. Finally, in section 6 we briefly summarise the key points of our
analysis and contextualise it within the existing literature. We also include in appendix A
some details of the 1-loop computation.

5See [61] for a more detailed characterisation of the structure of these higher-derivative corrections that
distinguishes between field-theoretic and quantum gravitational contributions, each associated with their own
expansions and suppression scales.



2 Effective Field Theories: from QED to gravity

Many phenomena of gravitational EFTs are commonly attributed to the idiosyncrasies of
gravity. Although some are due to the properties of gravity, we can find many in more
familiar effective theories. In this section we will introduce several relevant concepts related
to Effective Field Theories and perturbation theory, making use of theories where these ideas
are particularly clear. After giving a brief overview of the EFT framework itself, we consider
QED in turn as a UV theory and as a low-energy EFT, introducing and contrasting concepts
such as the strong coupling scale and the EFT cutoff. We also use them to introduce the idea
of an EFT with many “light” fields that will be key for the notion of species scale. It will also
be useful to consider a theory of photons and neutrinos, where the particular interactions of
neutrinos result in naively unexpected Wilson coefficients in the low-energy EFT. This is
an illustration of how effective interactions depend heavily on the UV theory, in ways that
might seem to go against EFT intuition. Finally, having all these concepts and examples
at hand, we end the section by giving a brief overview of gravitational EFTs, as well as the
setup that will be the basis of the remaining sections.

2.1 Effective Field Theories

Nowadays the average theoretical physicist’s toolbox includes the powerful machinery of
Effective Field Theory (EFT) [4], which is understood to various levels of depth to mean
the following: the low-energy physics of a system may often be described in terms of a
theory (the low-energy EFT) that is somewhat agnostic as to what lies at much higher energy
scales. This notion of decoupling between IR and UV physics turns out to be extremely
useful, and successful theories like the Standard Model (SM) of particle physics and General
Relativity (GR) have been progressively reframed in the context of EFTs.

From the point of view of an EFT, the low-energy physics is described by a finite set
of renormalisable interactions that dominate in the IR together with an infinite set of non-
renormalisable interactions suppressed by the ratio E/Ayy, for some high-energy scale Ayy,°

> @)
LepFT = Lren + Z i
Uv

n=»s

(2.1)

At energies E ~ Ayy contributions from this infinite series of terms can no longer be treated
perturbatively in powers of E/Ayy and the EFT no longer gives a good description of
the physics at these scales. One should include in the EFT all terms (renormalisable and
non-renormalisable) that can be built out of the field content and derivatives of these fields,
while respecting the symmetries one wants to preserve [4].

It is clear that the scale Ayy is a key feature of an EFT, telling us the range of validity
of this low-energy description — but what exactly is Ayy? The answer will depend crucially
on the amount of information one has either from the UV theory or the IR physics, in the
absence of which this scale remains unknown. In other words, one could fix it using either a
bottom-up or a top-down approach, which in practice correspond to an experimental and
theoretical determination, respectively.

5We consider the case d = 4, for concreteness, but this discussion could be generalised to higher dimensions.



From a bottom-up perspective, we can use the EFT to compute some observable (e.g.
the amplitude of a specific scattering process) that depends on Ayy and then measure it in a
laboratory. Comparing the measurement with the EFT prediction, one can deduce the value of
Ayy — this is, for example, how the scale related to the Fermi theory of weak interactions [67]
was determined to be Apermi ~ 360 GeV. Alternatively, from a top-down perspective, we
could derive the form of these non-renormalisable interactions from a known UV theory and
express the cutoff Ayy in terms of parameters of this parent theory — doing this we learn
that Apermi is related to the electroweak coupling g, and the W-boson mass My, as

2v/2 - My
Gw

AFerrni ~ (22)

Of course, an actual number would still require some measurement, now of the values of
gw ~ 0.63 and My ~ 80 GeV in the SM [68]. However, it gives new information because
it tells us that this interaction is due to the exchange of a massive state” (the W-boson)
and that new physics appears not exactly at the inferred scale of 360 GeV (where the EFT
description would certainly break down), but at a somewhat lower scale of My, ~ 80 GeV.
We understand the discrepancy between the two scales in terms of the weak coupling g,
with which the W-boson will couple to fermions.

But the appearance of the coupling g,, is not merely a precision factor that corrects the
UV scale and it is not a peculiarity of the Fermi theory or the weak interactions. It hints
at an even more important point of EFTs: the low-energy theory and, in particular, the
suppression of the non-renormalisable interactions is dictated by the way different particles
interact in the UV theory [4].

2.2 QED as the UV theory

Let us illustrate some key points using the simple case of QED and a low-energy EFT
describing photons at energies ' < m.. In this example, the UV theory is given by the
QED Lagrangian,

1 _ -
EQED = _TQQF;WFMV - lﬁ(@ + me)w - QMW ) (23)

e

where F,, = 0,A, — 0, A, and X = v*X,,, while the photon EFT is [4]

1 1 1 7 ~
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Since the photon kinetic term belongs to the renormalisable part of the EFT, it already
appears in the UV theory — the effect of integrating out electrons will be equivalent to the
usual quantum corrections due to electron loops in QED, apart from the fact that we are
now mainly interested in energies ¥ < m.. Using dimensional regularisation, the one-loop

"More precisely, one should also include Z-boson exchanges, whose mass is similar to the W-boson.



vacuum polarisation diagram contributing to this term gives®

1 [t 2 m? +p?z(l -z
H(pQ)l_loop = 277#/0 dzx x(1 —x) {5 + v+ log ( iw(z )> + O(s)} , (2.5)

where € = d — 4, p is an arbitrary scale introduced for dimensional consistency and  the
Euler-Mascheroni constant. As we should expect, there is a divergence as ¢ — 0, which tells
us that we must renormalise the theory by introducing the appropriate counterterm with
parameter 7, so that the renormalised (finite) result becomes

H(pQ)ren = H(p2)lfloop —0Z. (26)

Because we want it to contribute at tree-level, the counterterm in question should be of
the form 67 - F,,, F'*¥, so that in practice adding it corresponds to shifting the coefficient
of the photon kinetic term

1

1
——F, F" — —| — + 67 |F,,F* . 2.7
493 M (4 2+ ) 14 ( )

Je
But how do we fix §Z7 Note that the total contribution to the 1PI 2-point function is
2 1 2
p - ) + H(p )ren . (28>
Ge

2

Let’s say we know what the result should be at some scale p? = p2,

1
p2- {—2 + H(pz)ren} = measured value, (2.9)
e
where
I 2 mZ+p? 2(l1—z
II(p2)ren = 277r2/0 dzx z(1 — x) {5 + v+ log < € Z:Tﬂg AN 07 . (2.10)

We can thus express 07 in terms of this quantity

1 /1 2 m2+p2 z(l—x
5Z:—H(pz)ren+ﬁ/0 dx x(l—x){g+’y+log< 4*7w§ Al (2.11)

Plugging it back into the renormalised result (2.6), we find

m? +p? x(1 —z)
m2+p2ax(l—x))

1 1
(%) ren = (P2 )ren + 2—7@/0 dzr z(1 — x)log < (2.12)
This result is now finite and expressed in terms of some physical scale p2. However, writing
it in terms of II(p?)en still hides a crucial point — we did not really measure IT(p?)en,
but instead the combination [—é + II(p?)ren] and so there is a redundancy between g2 and

I1(p2)ren. Although we have been implicitly assuming that g2 is fixed and independent of

8Note that due to the non canonical normalisation we chose, the vertices do not carry any powers of the
coupling. Nevertheless the tree-level propagator will be enhanced by a factor fo g2 2 and therefore this 1-loop
result is relatively suppressed.



p2, if g2 = g2(p?) we can choose I1(p?);en = 0 and let the coupling carry the information
about our measurement, in which case (2.12) becomes

1t m?2 +p? x(1 — 1)
I 2rn:—/d 1—-x)1 = 2.13
)on =g | oottt (6 219
in terms of which (2.8) is
1

2 2
p .[_+np } | 214
2w T 219

Note that we could have chosen any scale p? (as long as we had a way to determine what
I1(p2)ren should be) and the outcome could not have depended on our choice of reference.
Therefore, p? is just as arbitrary as the parameter p, although it now has the clear physical
meaning of providing the scale at which we will match the result with something we know. It
also becomes clear that the quality of our perturbative expansion will not depend only on
how small the coupling g, is, but also on how small the log remains; and it is clear from (2.13)
that it will only remain small as long as p? is close enough to p?. Moreover, the fact that the
physics should be independent of our choice of p? while g.(p?) depends on this scale, leads
to the following equation for this coupling’s energy dependence,

diz (p2 ' {_1 + H(pQ)renD =0, (2.15)

92(p?)

which yields

2 4 1 2 .2 1— 2
2 dge =+ e / d by x ( iU) (216)
0

Px dp2 272 m2+p2x(l—x)
This equation allows us to track continuously the evolution of g.(p?) and quantifies exactly
how the coupling depends on the reference scale p?. Recalling that we are interested in the
low-energy EFT obtained from integrating out the electron, we take the limit p? < m2,

2 e | g PL (2.17)
dp? 6072 m?2
where we can see that already the leading term is suppressed in powers of p?/ mg < 1.
This is to be expected, since it signals the decoupling of the electron at energies p? < m2.
Therefore, at these energies the coupling is approximately constant, which fixes the effective
coupling in the low-energy EFT to be

2
P
Jeff = ge(pi = mg) + O<m2> ) (2.18)

€

2

e

essentially the QED coupling evaluated at mZ, the mass of the lightest particle to be

2
. . . .- 9og . 1
integrated out — it gives the familiar value 7T ~ 3.

This covers the renormalisable part of the EFT action, which simply gives the photon
kinetic term. Interactions between photons within the EFT are captured by the non-
renormalisable set of terms generated by integrating out the electron and for those the
effective coupling can be made explicit by canonically normalising the photon,

1 1 1 7 ~
E(photon) — R, FM 4 —(F, VFMI/)Z +—(F ,,F‘”’)Q ’ (2.19)
EFT 4 H Adgp L10 " 40"




in terms of the scale

V12 -
Aqep = Y= Me (2.20)
Jeff

The first thing to point out is that, just like for the Fermi theory, the scale that suppresses
these terms is not directly the mass of the integrated-out particle. Rather than simply
corresponding to the electron mass, me, this scale is enhanced by 1/ge, and so will be
somewhat bigger. Again this is reflecting the weak coupling of the UV theory, i.e. the fact
that electrons and photons interact weakly at the electron mass scale. On the other hand, the
scale Aqep ~ 10 MeV is what tells us about the validity of the EFT — the actual coupling
for these interactions will be p*/ AéED and so treating them perturbatively will no longer be
allowed once we reach an energy scale £ ~ Aqgp. Because the EFT intrinsically encodes the
effect of integrated-out electrons as a perturbative expansion of induced interactions, this
description simply breaks down at this scale. Fixing it requires us to go back to the UV
theory that contains the electrons mediating these photon interactions.

It is important to distinguish between this break-down scale Aqep and a “strong coupling”
scale corresponding to the physical scale at which photons (and electrons) interact strongly.
At E ~ Aqep the QED coupling is still small. We can deduce at which scale the interactions
become strong by taking the opposite limit p? > m?2 in (2.16),

dge ge
2 e e
R . 2.21

Choosing gesr as a reference scale (or initial condition), we can solve the equation and track
the evolution of g. as

2
9
207 = —— (222
1 — 5z log oz

Since the energy scale p? appears logarithmically, only at very high energies will the QED
coupling actually become strong — in fact it would become of O(1) at an energy scale’

192y

67r2-< )
V2= AL =mee \ % ) 1024, (2.23)

stron

This is indeed an absurdly high energy, much higher than our EFT cutoff Aqep ~ 10 - m.. If

we are handed an EFT such as (2.19), with no reference to electrons or electron loops, the
AQED

strong 18 out of reach. The scale at which loop expansions will break down will be Aqgep

scale
and what this signals is that the EFT expansion is no longer valid. It is only by bringing back

the electron and using QED as the UV completion of our EFT that one can compute the
QED
strong*

running of the QED coupling and find that the theory becomes strongly coupled at A

9Here we focus our attention on the scale at which the coupling becomes of O(1), where QED interactions
can no longer be treated perturbatively. It differs from the famous Landau pole, at which an extrapolation of
the relation (2.16) to arbitrarily high-energies would suggest the theory becomes infinitely strongly-coupled

QED 280 :
strong>’ at ALandau ~ 10 - Me. Since

(ie. ge(p?) — 00 as p? — A%, quu). This scale will be even higher than A
all we did was within perturbation theory, the conclusions should be trusted only while g. < 1, and one would
be hardly justified in trusting it all the way up to the Landau pole.



As a final comment, note that we can actually solve (2.15) exactly. To do this, rather
than considering it as a differential equation (which does have its benefits) we can just match
two choices of p, — one generic that we want to solve for, and a known one (e.g. p, = m, or
psx = 0). More specifically (2.15) implies (emphasising the dependence of IT(p?),en on py)

1
9 2 2 2
. +1I ren:| =p - { + IL(p”, pix ren] ~ 224
P |y T =2 | + 10 e 2
) 2
_gg(pz) 5.3 / dr (1 — x)log (1 +—= m2 z(1 - x))
:_# / dz z(1 — z)log +&ﬂf(1—ﬂf) (2.25)
Roz) o m; |

where in going to the second line we cancelled the common p? dependence on both sides
and added ﬁ logm? on both sides to make the argument of the logarithms dimensionless.

Choosing p?, = 0, which makes the logarithm on the r.h.s. vanish, and using the fact that

9% = g2(p? = 0) = £ we find

! / dr 21— 2)log [ 1+ 25 w1 — a) ! (2.26)
— x z(1 — x)log S z(l—2) | =——5- .
g2(p?)  2m? m? 9%
which we can solve to obtain
2/, 2 g2ff
ge (py) = € : (2.27)

2 2
1— £ i do 2(1 — ) log (14 Zya(1 - x))

This is the exact solution. This expression gives the same limits we found before, from
which we recover the freezing of the coupling at energies below m. and the running at

b

high-energies (2.22) when p? > m?2. From this we can then extract both the “strong coupling
AQED

strong and the Landau pole ALandau-

scale

With an eye on the species scales. Let us make a few comments that will be useful to
keep in mind when we discuss our main topic with gravity. First, one may wonder what
would happen if we tried to extract the scale at which perturbation theory breaks down by
simply comparing the 1-loop result (2.13) with a tree-level contribution. Choosing again the
reference scale to be p? = 0 and focusing our attention on the high-energy limit p? > m2,

L 9 ld (1= 2)og (14 2 (1 — )
=53 T T x) log mgx T

2 2
geﬁ' p
3 1 2.2
1272 Og<m6>+0<p )’ (2.28)

we would conclude that perturbation theory breaks down when

127r

\/> ~ Me eﬂ = ALandau , (229)

i.e. at the Landau pole that appears when we follow the running coupling all the way up to
AQED

strong

ge — 00. Since we know from the running that < ALandau, estimating the “strong

,10,



coupling” scale by immediately comparing the tree-level and the 1-loop terms provides a(n
exponentially) misleading result. In reality, the theory becomes strongly coupled much
earlier than our estimate predicts. In order to accurately estimate this scale, one should
find the solution to g2(p?) = 1 using (2.27), which will lead to (2.23) and the correct
“strong-coupling” scale.

A second question we might pose is what would happen if there were N copies of the
electron, rather than one. Assuming these are actual copies, with the same mass and couplings
to the photon, each of them would contribute the same amount to the photon self-energy
and the result (2.13) would simply come multiplied by N,

1t m?2 +p? x(1 — 1)
II ZrH:N-—/d 1—2)1 ¢ : 2.30
R = °g<mz+pzx<1—x> (2:30)

Estimating the “strong coupling” scale for this setup, we now find that the perturbative
expansion breaks down when

o 5 ()
on? (179
P2 =me-e RNV (2.31)

This tells us that having N copies of the electron would bring down the “strong coupling”
scale exponentially. Note that the effect of IV electrons with coupling constant g. is equivalent
to that of 1 electron with a rescaled coupling ge — VN - ge, which can be seen from (2.26).10
This leads to

strong strong

AQED AQED ¥
—>< ) . (2.32)

Mme Mme

QED

strong ™~ e 105 ~ 1 TeV, much lower than

For example, if there were N = 40 electrons, A
the absurdly high scale (2.23).

What about the theory at low-energies? Were we to integrate out these IV electrons,
the coefficients in front of the non-renormalisable interactions generated for the photon at

energies F < m, would also come multiplied by N. Our photon EFT would then read

hoton 1 N '94 1 7 ald
ﬁ]%)F’?‘ o — —ZF#,,F’“’ +—— TO(F#VFMV)Q T ZO(FAWFM 2| (2.33)
(Vizr-me)

for canonically normalised photons, resulting in a cutoff scale

V127w - me

<. 2.34
Nl/4geff ( )

Aqep =
suggesting that we should expect our EFT to break down at energies N'/4 lower that in the
case where 1 electron had been integrated out. We do not find the same v/N - gog dependence
as before, since the scaling suggested by the photon self-energy result does not scale all
terms in the QED Lagrangian equally. Instead, factors in front of the non-renormalisable
interactions depend on the details of the UV physics that generates them.

90One should be careful to perform this rescalling in both couplings appearing in (2.26), g. and ges-
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2.3 “QED” as a low-energy EFT

It is instructive to compare this with the scenario where this N-electron QED is itself an
EFT at energies £ < m,, that arises from integrating out the muon,

1 - _
EQED = —@FWFW—N‘T/J((?-i-me)w—N‘iﬁAw
1 [1 . 7 o
o |7 Fw ™)+ S (Fw )
( @W.mu)‘l 10 40
1

+ 5 F O™ (2.35)
(v m,)

There are two key differences in this setup. One is that the coupling g. is not effectively

frozen anymore, since we still have electrons that are allowed to run in the loop, and the

coupling will run at the (logarithmic) rate we have computed above. Hence we expect that

our EFT should break down at a scale that depends on this running coupling after we

canonically normalise the photon,

4 i
(12p>4 '93(172) =1. (2'36)
V12w -my,

Since this should happen at p? > m,, we have

Vlzﬂ"m# (1_N ggff IOg <A12nuon>> ~ Vlzﬂ.'mu'

Jeft 1272 m? Jeft

e
While it is true that the running coupling will affect the scale at which the EFT breaks
down, it will not by itself determine this scale. In fact, when this effect is strong enough

(2.37)

Amuon ~

to be important, we reach scales at which the full theory becomes strongly coupled rather
than one at which the low-energy description simply breaks down (i.e. the UV completion
that includes the muon is itself becoming strongly coupled). The extremely slow logarithmic
running allows the corrections to remain small even though the ratio of scales is large.
This example is instructive because there is a clear distinction between Agtrong and
Agpr, which can even be hierarchically well separated. Furthermore, we see explicitly that
computing Agtrong Within the N-electron EFT does not determine Agpr, although it provides
a scale beyond which the EFT would not be perturbatively well-defined regardless of Agpr.
The second key difference is that there is a new non-renormalisable term that did not
exist in our theory of photons. This is a redundant operator (quadratic in A,) which is better
expressed in terms of the current sourcing the photons. When there is no source left (as in
the photon EFT), this term vanishes. If the electrons remain in the EFT, they contribute to
the current and therefore this operator is effectively a contact 4-electron interaction [4],

e ) (Dyutd) - 2.38
(W‘mu)z(m V) (hyut) (2.38)

This term is not only less suppressed than the other two, but also appears suppressed by

a formally different scale,

N V1207 - my,

A/rnuon ~ 2 > Amuon . (239)

e
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The key point is that the precise dependence of Agpr on the coupling g. depends on the
details of the UV physics generating these interactions. Although it is still true that the
exact scale that suppresses each non-renormalisable operator will be bigger than the mass
of the particle whose integrating out generates the interaction, the explicit dependence on
the coupling depends on the UV process that generates it.

This effective theory is the closest analogue to the case we study in the main body of
the paper, where the graviton plays the role of the photon, the scalars play the role of the
electrons and the higher-curvature operators correspond to the photon effective couplings
suppressed by Amuon. The species scale we will introduce for gravity will correspond to
Agtrong in this theory of photons and N electrons, while the scale suppressing higher-curvature
corrections to GR, which constitutes Agpr in the gravitational EFT, will correspond to
Amuon- One may refer back to this example later on, when the distinction between these
two scales becomes less obvious.

2.4 A theory of photons and neutrinos

When the UV theory is as simple as QED, with only one heavy state to be integrated
out and one light state to remain in the EFT, tracking scales is relatively simple. Most
often, however, the UV theory is richer, with more states to integrate out and more states
in the low-energy EFT.

For example, consider the EFT of photons and neutrinos that arises after integrating out
all other massive states in the SM. What will be the scale suppressing non-renormalisable
neutrino interactions? One may naively say that Ayy should be close to the electron mass,
me, since the electron is the lightest particle to be integrated out and does indeed interact
with neutrinos. Unfortunately, one would be wrong. All neutrino interactions would in fact
be suppressed by at least one power of 1 /MI%V, which gives a much bigger suppression. This
is because in the Standard Model, neutrinos only have renormalisable couplings involving W
(and Z) bosons and thus all effective neutrino interactions will be suppressed by 1/M7, once
the massive bosons are integrated out. Of course, one will then integrate out lighter particles
(like quarks and electrons) and the electron will indeed provide the lowest suppression scale
out of these states — what we will find then are leading neutrino interactions at low-energies
that are at least suppressed by some power of MI%V [4].

The simplest way to understand this is by considering what happens when we integrate
out each of the relevant heavy states. Let us write schematically only the couplings of
interest for the argument, involving the light photons and neutrinos (A*,v), and the heavy
electrons and W-bosons (¢, W),

Lsm D —ge - VA — g2 (AWH) +igy - v W 1b. (2.40)

We will take this as a simple toy model. For the photons, we already know what happens.
All particles that couple to it like the electron will generate interactions analogous to the
ones in (2.4), which will be suppressed by a scale proportional to their mass. Since the
electron is the lightest out of these, it will provide the leading order terms as expected. For
neutrinos the situation is different because the neutrino never interacts with the electron
alone, without also interacting with a W-boson. One could make this explicit by taking an
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intermediate step and integrating out the W-boson,

ACFerml D ?MW + (ﬂ’y“qﬁ)(qj)yﬂy) . (241)

A (Fu )+

Fermi

The last term describing interactions between electrons and neutrinos is nothing but the kind
of interactions described by the Fermi theory and will be suppressed by Apermi ~ J\g—ww. The
photon self-coupling term will be suppressed by M{}V, but by now we already know not to
expect the coefficient ¢,, to be O(1). In fact, since the photon couples to the W-boson through
a coupling ge, we should expect ¢, ~ g*. Although the two terms arise from integrating out
the same massive particle, this gives a scale slightly higher that Apemi since ge < gu.

Now we take the next step and integrate out the electron to find the EFT of photons
and neutrinos,

4
L™ S~y — ( i e )(l%,,F“”)2 + (7 v)?. (2.42)
e

The photon interaction terms show clearly that the leading term is suppressed by m., so these
are indeed dominated by the lightest particle to be integrated out. But once again we should
ask what the coefficient ¢, should be — from the lessons above, rather than expecting it to be
O(1), it should depend on the coupling in the UV theory, which in this case is a dimensionful
coupling. What one finds is that ¢, ~ (gu-me/My)* ~ 10722, which is reflecting the fact that
the suppression by Apermi trickles down from EFT to EFT as we integrate out more particles.

The key lesson here is that, if our effective coupling arises from interactions that are
themselves non-renormalisable, then the naive expectation that the integrated out particle
should give the suppression of the generated coupling might fail. In fact, in such cases we
should instead expect the original coupling suppression to appear in the generated coupling,
in the way that M;;, appears in the low-energy neutrino coupling [4].

2.5 Effective Field Theories of gravity

We have so far kept gravity out of the picture, even though our main focus will be an EFT
with gravity. While all the phenomena described above are also present in these theories,
they tend to appear in more complicated and intermingled ways. Keeping in mind everything
we introduced previously in this section in the context of more familiar theories, we end it
by giving a brief overview of gravitational EFTs.

What should one expect of an EFT describing gravity? Classically, gravity is well
described by Einstein’s General Relativity,

RC Mp1 R. (2.43)

The Ricci scalar R is quadratic in the metric g,, and contains 2 derivatives, which looks
a lot like a field kinetic term. In order to use perturbation theory, we must rewrite this
action in terms of fluctuations around a given background, g,, = g, + Miplh;w- Choosing
the background to be Minkowski for simplicity, the R term becomes

M3, 1 8 o W72
NETE = R=—5h"E has + Z cn - (Oh) (2.44)

n=3
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where Sﬁf is the Lichnerowicz tensor defined as
& has = Ohyy — 2000, + 0u0,h =y (O — Badh*7 ) . (2.45)

The first term corresponds to the graviton kinetic term. When it comes to pure gravity,
this is the only term that is renormalisable. All graviton self-interactions correspond to
operators of order bigger than 4 and will therefore be non-renormalisable. This means that
higher-derivative interactions are not negotiable, they are generated even if one does not
include them in the original action. Therefore even in its simplest form, at least perturbatively
(see however [69-71] for a non-perturbative approach), gravity must be treated as an EFT
that includes all possible non-renormalisable interactions consistent with diffeomorphism

invariance [1-5],

ravi 1 Voo
E](EgFT v = _§hu Suf hap + Z

n

X (2.46)

OMm)
Uv
Higher-derivative interactions in (2.46) correspond to higher-curvature terms that can
be added to (2.43), but the scale Ayy need not be Mp; — as we saw in our quick review of
EFTs, the suppression of these non-renormalisable terms will depend on the details of the
UV theory. Since gravity couples to everything, we might even expect the opposite of what
we found for neutrinos: an EFT scale which is lower than expected rather than higher. Just
like integrating out the electron generated photon interactions that dominated over the ones
generated by the muon, the lightest states to be integrated out should provide the scale of
the dominant interaction terms, unless some symmetry prevents it (e.g. supersymmetry).
It is worth emphasising that from a bottom-up perspective, not knowing what states
(if any) were integrated out to generate higher-derivative interactions, we cannot determine
Ayvy in (2.46). However, at least in QED, the coupling appears in the interactions, and we
even argued that reaching a scale Agirong below Ayy would render the question ill-defined
(since we would reach strong coupling before the EFT expansion breaks down and require
a new description anyway). Thus one may try to use Agrong instead to bound the validity
of our effective description.
This is where the notion of species scale may help us extract some information from

the EFT itself. “Species scale” is just another name for gravitational strong coupling scale,

grav
Astrong ’

determining strong coupling [7—12]. It corresponds to the scale at which any quantum field

which emphasises the role of the number of different species coupling to gravity in

theory of gravitons (as massless spin-2 fields) becomes strongly coupled — it might still be
that a weakly coupled theory exists in terms of different degrees of freedom (e.g. strings in
string theory). This might be reminiscent of what happens in QCD below Aqcp, in which a
theory of quarks will be strongly coupled, but one can describe the physics using a theory of
weakly coupled hadrons (quark bound states) (cf. chapter 8 of [4]). In contrast with string
theory, this is still a quantum field theory.

In the following we will carefully study the simplest possible system — a scalar field
minimally coupled to gravity in 4d,

ravi 1 Voo 1 1
L™ = S € hap — 5(0,0)(9"9) — 5m’?

b BT Tﬂ”ﬂ"+zo(n)
2Mp M AME, e AL

(2.47)

n
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with T*" and TH#"P? the scalar energy-momentum tensor and its metric variation. We will
discuss in detail the computation of the graviton vacuum polarisation at leading (loop) order,
i.e. the 1-loop correction to the graviton propagator due to the presence of the scalar field.
This correction is of particular interest precisely because it is universal, in the sense that every
graviton exchange receives a correction from the vacuum polarization. As soon as this specific
correction becomes too large to be treated as a perturbation, no gravitational interaction can
be studied perturbatively. At the scale at which this happens, any perturbative expansion
of gravitational interactions necessarily breaks down.

Carefully going through this computation will allow us to illustrate and clarify several
of the concepts and statements made here, and analyse different regimes and the validity
of such computations. The results will then be generalised in two ways. First, we will
consider the effect of N identical scalar fields, which will lead us to recover the original species
scale [8, 9]. Finally we will consider a tower of scalar fields as has been done in the context of
the Swampland programme [25-35, 40-43, 45-53] and discuss in detail the interplay between
the infinite tower and the validity of the EFT.

3 The 1-loop computation

We begin by examining how a single scalar field contributes to the graviton propagator at
1-loop order. This will serve as the building block for the cases of interest — the contribution
to the species scale of N scalars of equal mass and a massive tower of states.

3.1 Setup and conventions

The action describing GR and a scalar field ¢ of mass m minimally coupled to gravity is
M3 1 1
S = /d4x V—g {;“R — ivﬂqbvuqﬁ — 2m2¢2} . (3.1)

There are two equivalent ways to interpret our calculations, from a path integral point-
of-view [4]. Although they yield the same answer in the end, it is useful to keep both in

mind in intermediate calculations.
1. The metric is non-dynamical: from this perspective we only integrate over ¢ in the
path integral, the metric is an external source and we are merely computing the term

in the partition function/effective action which is quadratic in the metric.

2. The metric is dynamical: from this perspective we are computing a two-point
function for the metric and zeroing in on the scalar contribution to that correlator.

In either case we must start by changing variables in the metric, defining

2 .
I = N + M—Pl P 5 N = diag(—1,4+1,+1,+1), (3.2)
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so that our calculations will be valid for a Minkowski background. We then expand the scalar
field action to quadratic order in hy, (or equivalently, to quadratic order in 1 /Mp)Ht

1 1 1 1
Sy = / d%{ = 50006 — GmG + [8“¢6”q§ - " (9,000 + m2¢2)}

n ]\;}glh‘wjhpo [;Pu,}pg (a)\(ba)\¢ + m2¢2) + 77#1/6/7¢80'¢ — 277“/78V¢80¢] }
1
<M1§1>

where we have raised and lowered the indices using the background Minkowski metric 7,
and define

1
PHPT = (10" 0T — ) (3-4)

From this action one can derive the Feynman rules needed to compute the 1-loop
correction to the graviton propagator due to the scalar field,

s

,/

e - 1
TEETTTTT = i, (W95 + w0 (=pr o)) (3:5)
. Pl
P'z \\\\
P, L
’ — pvpo (. 2
o~ MI%I {QP ( p1-p2+ ’m¢>
= 0" (PYp3 + pTph) — 0”7 (PP + pivh)
2NN
TN + 0" (p{p3 + pTps) + 1" (p{ps + Pips)
+ (P + pTps) + T Wi+ ppE)| . (36)

With these ingredients we can now compute the relevant Feynman diagrams and evaluate
the necessary integrals.
3.2 Integrals to compute

There are two diagrams contributing at 1-loop (figure 1). The one with 2 cubic couplings
contributes as

1 d*k Ao
(da3) oo = M2, / 2m)* (k2 +m? —ie)((k — q)> + m? — ic) ’ (37)

"One might worry about expanding in a parameter with non-zero mass dimension. To make it more
2
m

palatable one can think of this as an expansion in ;1> and My
P
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Figure 1. Feynman diagrams contributing to the graviton propagator involving only scalar field loops.

where

Aurpr = (kb = ) = (k= @)k + s (k - (k = ) + m?))

X (_kp(ka - QU) - (kp - Qp)ka + Wpa(k : (k - q) + mZ)) (38>
= (Zkuku - kqu/ - quV - nuu(kz —k-q+ m2))

X (2kpko = kipto — qpks — npo (K — k- g +m?)). (3.9)

The diagram with 1 quartic coupling contributes as

1 d*¢ B
da) uwpe = i , 3.10
( 4)# P M]EQ’I / (27{)4 k2 +m2 — e ( )
where

Buvpos = Puvpo (K +m?) + nukpke + o kuky — 20u(pko) kv = 21y (pko) by (3.11)

Here we can use rotational invariance to replace kY — %k%]’w under the integral and
obtain (after some algebra)

B (q) = [(1 — 3)1& + mﬂ Puvpo - (3.12)

From here onwards it is a matter of tedious and technical computations to perform the
above integrals. We have used dimensional regularisation to maintain gauge invariance and
have checked our work by verifying the Ward identity was preserved throughout. A summary
of these computations can be found in the appendix.

3.3 The result
It is convenient to write down the result in terms of the following index structures,
-1
MF2’1 ) Hiuggp(Q) = c1+ (MuoMvp + MupNve) + €2 MuwMpo

qvq Qg qu.4 qu4
+c3 - <77MP:720 + Nuo VQP + Mup MQU + Mo ,;2p>

q q
qp4c qp9v
+cyq - (nuu q2 + Npo q2 )
+os- ngzpq‘f , (3.13)
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for which the Ward identity can be written as

c3 = —C1, (3.14&)
Cq4 = —Cog, (3.14b)
cs =2c1+co. (3.14C)

As shown in appendix A, our 1-loop computation does obey the above relations and we
can therefore rewrite the result as

Mg, -T19%(q) = et (LupLvo + LuoLup — 2Ly Lps) + €5+ L Lo (3.15)
where we define
LMV = 9uv — q;(;;]y . (316)

Now it is evident that the first term has the exact index structure of the tree-level (gauge
invariant) graviton propagator.
Using dimensional regularisation, to leading order in € = 4 — d we find!?

m m2¢*>( 5 43 1 5 5 m?
- 1-F a2 L2 “Ra) = 2y — Llog [ 1
= 3ot TR+ o 16 Tos 17 T3 Tl e

4 2
< (1 23 1 1 L, (m
2 S P) -y — —log [ 3.17
T 152 <325 a0 3 W e 61 a2 ) ) (3.17a)
m? m2q® 3 1
- (1-F 24
%= ot ~Fe)+ 2( 373 (O‘)>
4 2
A (1 47 1 11 m
L CR(@) =2y —clog [ ) ). 1
5 < tom Tt @ gy glos <4m2>> (3.17b)
where we define the variable o = 4(1%2 and the function
1
Flz)=V1+uz- arctanh<m> , (3.18)
satisfying the following properties
A2 ¢ ¢ ¢ 3
Flx)=F|— | =1 - — 1
(@) ( q> ) * Tomz ~ 120m3 O\ @z ) (3.19)
1
F(m)~—§logm, as x — 0. (3.20)

We immediately identify in (3.17) the divergences as ¢ — 0 that need to be cancelled
by appropriate counterterms in order to render the result finite and physical.

3.4 Counterterms

In order to cancel these divergences, one must introduce counterterms in the original action
and choose their coefficients appropriately The counterterm action is

1
St —/d%\ﬁ{dA—I— l 57, R — faz¢-vﬂ¢v“¢—§5m%¢ &

+ a1 R + aQRWRW} . (3.21)

2Note that only writing c¢; and cs is sufficient as they uniquely determine the full result through (3.14).
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Figure 2. Plot of the function F(x) defined in (3.18). The argument of F'(z) is always a = 4:;;‘2, S0
that the limit ¢ — 0 corresponds to z — oo and g% = m?

corresponds to = = 4.

The first line corresponds to a renormalisation of all the parameters that appear in our
original action, while the second line introduces higher-derivative terms that are required !
to cancel the divergences at order ¢ in graviton momentum. This generation of additional
higher-order divergences is a consequence of the fact that GR contains irrelevant interactions,
i.e. that it is a non-renormalisable theory [4]. Since we are only interested in terms quadratic
in hy, with no other fields, the scalar counterterms (67, 5m§)) will not be relevant to our
discussion and will be discarded. They would of course be crucial were we discussing loop
corrections to the scalar field propagator instead.
Expanding the counterterm action to second order in A",

1 14 g
Se.t. :/d433\/ —9g Mi]?)l h** hf {—5A(gupgua+guogup_gﬂugpo)

52,

+Mlgl ) 7 'q2 { - (gupgua +guagup) +2guugpa

vqo qQvdp qu90 qudp 9p90 quqv
+(g#p q2 +gyo q2 +gyp 2 +9vo q2 >_2<g,ul/2+gpcr 2 >}

+q4{5a2 (gupgua Jrg;wgl/p) + (8-50,1 +2'6a2>guugpa

qvq qvq qp.4 quq
—5@2(gppl(j]2(7+gua;2l)+gup ;20 +guag2p>

— (8-0ay+2-0as) (g,w ‘-’;3” +0p0 q‘;?)

+(8-6ay +4-5a2)q/‘q’;3p%}}+0(hiy) : (3.22)

BWe have used the Gauss-Bonnet topological invariant G = Ruu,cR"?7 — 4R, R"" + R? to trade
Ryuvpo RMYP° with a linear combination of R? and R R*.
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we find their contribution to the coefficients ¢;,

02,

dep = —0N — M3, - -0 >+ day - ¢, (3.23a)
Z
Scg = 0A+2- M3 - % 2 4 (8day + 2-6az) - ¢*, (3.23b)
0Z,
dez = Mp, - N -q* —-bay - q*, (3.23¢)
6Zy o 4
Scy = —2- M, - - - (8-0ay + 2-daz) - ¢, (3.23d)
dcs = (8-0ay + 4-0az) - ¢*. (3.23e)

We can check that the de¢; satisfy the same identities as the 1-loop result (3.14) only when
0A = 0 — this tells us that §A is not required for this 1-loop computation. Additionally, were
we to take this contribution seriously we would obtain a tadpole term that gives a non-zero
vev to hy,. Consequently we should have expanded around a different background, i.e. around
a gy such that R| = A, which is of course inconsistent with expanding around Minkowski.
All in all, we must dlsregard the presence of a cosmological constant and therefore set A = 0.

3.5 Renormalisation and the strong coupling scale

Adding the counterterm contribution to our previous 1-loop results we find

_ 57, m
¢ =c1+0cp =— My - - -q? +day - ¢* +30 5(1—F(a))
m?¢ (5 43 1 5 5
e T&+%_1F(“)_3§7_3§ i
4
¢ (1 23 1
ol aos Ty " agl (@) — Y~ o 24
+ 157r2<325 T im0 ph @ 7 ( 2)) (3-24a)
= m* 3 1
C5 = ¢5 4 0cs = (8-0ay + 4-day) - TECAG 15772 g t3Fle)
4 2
¢ (1 41 1 1
o~ g (@) =2y - 71 24b
+ 15772< t o0 7@ gy T glos <4m )) (3:24b)

The counterterms must be chosen such that all divergences are cancelled. There is however
the usual freedom in how to fix the finite pieces — we must choose a renormalisation scheme.
Let us impose the following 3 conditions in order to fix the 3 counterterms.

dg? T 2d(¢?)?

?=q?

phys

1 des
= aB* -

h; h;
2 d(q)? = 8ay * +4ay™ . (3.25)

?=q?

?=q?

The first condition ensures that at some reference scale g2 the 1-loop contribution to
the ¢° term vanishes, which leaves the normalisation of the graviton fixed by the tree-level
contribution when ¢?> = ¢2. In other words, it defines the scale at which we are choosing
our graviton kinetic term normalisation.

Contrary to the ¢® term, there is no ¢* contribution at tree-level since we did not include
higher-derivative terms in the original action. Had we done so, their tree-level contribution
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would take exactly the same form as the counter-terms da;. The EFT expansion (necessary
to make sense of a non-renormalisable theory) puts the tree-level 4-derivative terms at
the same order as the 1-loop 2-derivative contribution [4]. Therefore, our remaining two
conditions are actually analogous to the first one — we are imposing that, at the scale ¢2, the
4-derivative contribution is purely tree-level. Nevertheless, having not directly measured these
contributions prevents us from assigning a value to the constants afhys at low-energies, the way
we do for the Planck scale. At most one can require that they remain negligible/subleading,
compatible with the fact that their effect has so far not been detected. The EFT suppression
then implies that the afhy ® coefficients themselves should not be much bigger than O(1).

Solving these 3 equations for the 3 counter-terms (67, dai, daz) and plugging them back
into the 1-loop result we obtain

m4
(1= F(a)
2.2

m“q 2m? 20m? q?
+ 1802 {1 — 8F(a) + 10F (o) (1 — 2 ) +— - x
4 2 4 2 4
q 3 2m 6m 3m 6m
- —F F 1-— —
* 18072 {4 () + (a*)< Z g ) ’
= 4 (8 phys + 4 phyS) + m4 (1 F( )) m2q2 <3 F( )>
cs=¢q" - (8a a —Fla)) - — (- —F(a
A 2 1072 3072 \ 4
¢t ( o )2 { 11 9m*  19m? 542 3¢

— hys
o =q*-ad™ +

(3.26a)

T\ 1+ an) 32 4gf 162 T 16m2  6am?

2 4 4 2 2 4
5% qx BF(Q*) 6m 8m g5 95
—F 1 1 = . .26b
(a)( +2m2+16m4>+ S - 4 +3q3 st e (3.26b)

This is clearly finite when € — 0, as it should, and it depends very explicitly on the reference
scale ¢2. A natural choice for this reference scale would be ¢ = 0, which would not only
correspond to the scale where the graviton propagator has a pole (therefore corresponding
to an on-shell condition) and one at which we can certainly perform an experiment, but
it would also simplify the result significantly,

=gt s (R + L (7 _ F(a)) Lo <23 F(a)> o (3.27a)

3072 6072 \ 6 480m2\15
4 2 2
_ hvs hvs m mq° (3
C5 = q4 ’ (80’11) i 4@5 v ) + 1072 (1 - F(a)) - 3072 (4 B F(a)>
4
q 47
_F . 3.27b
6072 (60 (O‘)> (3.27b)

The downside of making this choice is that we would lose track of the arbitrary reference scale
¢2. Keeping this scale and following the reasoning we developed for QED (cf. section 2.2),
we can consider the 1PI 2-point function

2 = 2
%- [—M§1+2- culg >] , (3.28)
q*=0

2
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Figure 3. Plot of (3.30), rescalled by the factor 96072. We can see that in the limit ¢? > 4m?
(i.e. @ € 1), Mgray decreases at a constant rate, while in the limit @ < 4m? (ie. a > 1), Megyav
is approximately constant. Physically, we can interpret this as the scale Mgy,y running (to smaller
values) at energies much higher than m? and not running at energies much smaller than m?, at which
the scalar could be integrated out and no longer run in the loops.

and demand that it does not depend on our choice of ¢?. Note that this means the parameter
Mp) that appears in (3.28) is not the usual Mp; ~ 10'® GeV, but instead a function of ¢?
— let us therefore rename it Mgrav(qf) and call it the gravitational mass scale. We then
deduce the following equation

dM2 d C
2 grav 2 1
a 2 %G5| 2 =0 3.29
Q* dqz + Q* dqz |:q2 q2_0:| 9 ( )
which gives
dM? 2 4 s 1502
2 grav (:I* O[* a* a*
- ' l=— === 1-F * . .
T Tdgz T 960n? (1 +a*> { o 2 5 (1= Flaw)) (3.30)

It is instructive to look at different limits for equation (3.30). When «, > 1, which

corresponds to scales below the mass of the scalar (i.e. ¢2 < 4m?), we find

2
AM2,, 11 O(l)j

dgZ 28072 a a?

(3.31)

which is suppressed by a, > 1. Therefore, Moy is constant at zeroth order in 1/a, and
determined by the measured Planck scale at low-energies Mgrav(qf = 0) = Mpy. This defines
the Planck scale and gives us an initial condition for Mgyay(q?).

In the high-energy limit a, < 1 (i.e. ¢ > 4m?), we find

2
q
M2ao(2) = My = 321+ O(a)) (3:32)

This tells us that at high enough energies ¢2, the gravitational mass scale Moy vanishes. The
equivalent of this phenomenon in QED was the infinite coupling scale, where g. — oo, which
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we identified as the Landau pole. For our present case, we can make this explicit by canonically
normalising the graviton h,, — W and looking at the gravitational coupling™

2 2
q q
= 3.33)
N2 2 2\ (
graV(q ) Mlgl’ <1 - 24(1)7r2 ) 1\31%1)

for ¢ > 4m?. The divergence of the coupling at ¢ = 24072 - M%l now becomes explicit.
Just like for QED, our interest is the “strong coupling” scale,

? 2
: ., pstong _ [ 2407
M3 ~(1 S N > - Mg =\ T g0z - M~ Mer. - (3:34)
Pl

2 M2
2407 Mg,

Note that the “strong coupling” scale is significantly smaller than the “divergent coupling”
scale. For gravity with a scalar field of mass m, we find that AZ&ra?,ng ~ Mp as long as
m < Mp and the approximation ¢? > 4m? is valid up to this scale.

In the opposite limit, 4m? > ¢ (o, > 1), the “strong coupling” scale is still approx-
imately given by the Planck scale, which is consistent if m > Mp;. All in all, for any
value of the scalar mass, as long as there is only a single scalar the strong coupling scale
is approximately given by the Planck scale.

As was the case for QED we can note that [61 (32)} , . is zero for q2 = 0 to solve (3.30)
q

q

more expediently,

=2
ci\q
M2, (62) = M3 +2| 2 )] (3.35)
/a P
2
a2 q; 5 5) 9 4
— My b (14 e (- Flan)) - Jad0-Fl)) (330
where we have used the boundary condition Mgrav( = 0) = Mpy. If we define the function
5 (5 5}
H(a) =1+ 2a<6 — F(a)) — Zozz(l —F(a)), (3.37)
we can write the result as
q*
Mg () = Mp) — mH(a) ; (3.38)

and recover the limits found above.
Since H(a) is bounded between 0 and 1 (figure 4), the correction to M2, due to a single

grav
scalar field is always smaller than 24%—2# ~4x107% ¢ < 4 x 107 Mp; at energies below
Mpy. Therefore the correction to the tree-level value of Mp is negligible for any scalar field
mass, even if it is slightly bigger for smaller masses.

1 An attentive reader might be confused with the passage from ¢, to q. The philosophy of RG-improvement
dictates that one should choose a g, as close as possible to our experimental scale ¢, which is why in this
analysis we make the choice g, = ¢q. Note however that we can only do this at the very end, since otherwise
we could not have derived the equation for Mgrav(q?).
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Figure 4. In terms of the function H(g?) we can clearly still see the behaviour from figure 3: at low
momenta this function approaches zero, which means Mg, will approach Mpi; for a, ~ 1 there is a

sharp derivative; for high momenta it approaches a constant, which means MgQrav — M3, x ¢

As we anticipated in section 2, there is a key difference with respect to QED. While
at tree level QED appears to be valid at all energy scales, only revealing its breakdown at
sufficiently high energies once we include loop contributions, gravity breaks down immediately
at tree-level. This is because gravity only has non-renormalisable interactions — it should
itself be treated as an EFT with an associated cutoff and it cannot be defined at arbitrarily
high-energies, not even at tree-level.

Although the above strong coupling scale is no longer exponentially high, it is still
conceptually different from the EFT scale one usually refers too in the context of gravitational
EFTs — the scale at which the a?hys terms become as important as the tree-level 2-derivative
terms. The details will depend on the precise measured value of these coefficients but we
can combine (3.26a) with (3.28) to find

Agrav Mgrav
EFT ™ [~ phys
2 * a/2

If aghys ~ O(1) this scale will coincide with the strong coupling scale — this is not

(3.39)

an accident, it follows directly from our definition of as. In fact, a; and ao are defined

to control the ratio between A%T . and Afpy, and therefore computing AZT,

Strong does not

tell us anything about Afpy unless we also know the values of a; and ap from the UV
theory.'® Note that the EFT we consider includes both the graviton and the scalar field,
which has not been integrated out.

Taking a1, as ~ O(1) would be the technically natural choice, but as we illustrated with
the neutrino example this is not necessarily the case. In the neutrino case this coupling

5The terms associated to a; are somewhat special in the sense that the dimension of the operators R? and
Ry, R" does not require a dimensionful parameter Agpr for consistency. It might therefore seem that these
operator do not have an associated scale either. Thinking of a; as the ratio between Agpr and Mp; makes it
more transparent that a scale is still involved.
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was “unnaturally” small due to the fact that it only couples to other particles via the weak
force; given that gravity couples to everything, we might not be surprised if these couplings
are “unnaturally” large.

As a final point you might be slightly concerned regarding the running of a5™*. There
are two points that can be made regarding this: firstly, its value can only be fixed from
knowledge of the UV theory or experimental measurements so at most we are adding a known
value on an unknown constant and the total result would still be unknown; secondly, the
running would appear at higher loop order and would be a subleading effect if the EFT
expansion is to be trusted.

4 The original species scale

The original species scale calculation concerned N identical scalars for very large N [8, 9].
In this case the strong coupling scale will change rather dramatically, potentially shifting
it away from a naive expectation near Mp;.

4.1 The strong coupling scale for IN identical scalars

Since the N scalars are identical, each of them will contribute as a scalar ¢ of mass m
as the one in section 3. Their effect is therefore captured by multiplying ¢; in (3.26a) by
N so that (3.30) becomes

q2dMg2faV:N. a ( o ) L4 sa. 1502
* dg? 96072 \ 1+ ay

With the simple rewriting

d (Mg % « 4 ba 1502

2 grav * * * *
= : l—— = — - 1-F 4.9
s dg? ( N ) 96072 <1 + a*> 0y 2 9 ( (@) ¢ s (4.2)

it seems that our previous analysis will hold for a rescaled mass parameter Mgray — Mgrav/V N.

This was the crux of the original reasoning behind the species scale [7—12]. However, since
we must still impose Mgrav(qf = 0) = Mp; as a boundary condition, the solution for N
scalars is given by

2
2 = Mo - N (1420, (2 00201 — )
M2, (q?) = Mp = N 2407r2(1+20‘*(6 F(a*)) (20 -F)),  (43)

which means that the well-known behaviour Mgray — Mgrav/V N is not an exact statement.
To find the scale at which the coupling becomes O(1), i.e.

2

W@ Y
we must solve the equation
2
¢ = M3 — N 1 H(a), (4.5)
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Figure 5. Strong coupling scale as a function of m/Mp; for different values of N.
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Figure 6. Strong coupling scale as a function of N for different values of m/Mp;.

with

2 \6

Writing it fully in terms of «, it becomes clear that the solution depends only on the

H(a) =1+ 5a<5 — F(a)) — 202(1 — F(a)). (4.6)

parameters m/Mp; and N,

« m2

(14 50 H@)  MB

(4.7)

Solving the equation numerically for different values of (N, Mlpl), we can see how the
strong coupling scale depends on these parameters (figure 5 and 6). When m > Mpy, the
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scalars do not affect the strong coupling scale, regardless of their number V. In contrast, when
m < Mpi the scalars bring down the strong coupling scale, more significantly for a larger

number N of scalars. This means that if we have scalars with different masses, we should

grav

expect the lightest ones to have the strongest effect on Ag g,

Moreover, exactly how light
these scalars need to be to behave as if they were massless depends on the their number N.
In the remainder of this section we will strive to make these statements more quantitative.

4.2 Massless limit

In the limit of zero mass we have H(a) — 1 and therefore

2
2 2y _ g2 q
Mgrav(Q*) - MPI - N- W*ﬂ_g(l + O(Oé* log a*)) ) (48)

from which we find the strong coupling scale

| 24072
grav  __
Astrong - N + 24072 ' MPI . (49)
Taking the limit when N > 2407% ~ 2369 we obtain

Ay 24072

1
strong ™ N - Mp1 + O <N3/2) (410)

which reproduces the scaling found in the literature. It is worth noting nevertheless that
this is only recovered for N quite large (cf. N ~ 1032 in [8]), and that the prefactor is not
exactly O(1) as V24072 ~ 49.

For us to trust the solution given by (4.9) not only do we need m < Mp; but also
m < Ao Even if m < Mpy, for N sufficiently large and non-zero masses, the strong

coupling scale may not obey (4.9).

4.3 Large mass limit

For larger masses, i.e. in the a, > 1 limit we obtain

2 3 1
Mg?rav(qz) - Ml%l -N e ’ ( + O( )) (411>

24072\ Ta, a2

The factor of N is common to all terms in the expansion in large ay, so the validity of
this expansion is unaffected. However, in this limit neglecting the leading order term in 1/cv,
in comparison with Mp; will be less accurate for sufficiently large N.

At leading order in a%, the strong coupling scale becomes

112072 m? N M}
A&, = M, — | —1+4/1 L. 4.12
strong = PL TN Mgl( TV 56072 2 (4.12)
Note that A%, is really a function of the combination
56072 m?
= — 4.13
€= N7 (4.13)

— 28 —



081

/\strong
Mg,

0.6

0.4

0.2

0.0

104 102 i 102 10*
¢
Figure 7. Strong coupling scale as a function of the parameter £ (4.13), which depends on both

the number of scalars N and their mass m/Mp;. The black line corresponds to the exact solution
from (4.14) and the dashed gray line to the first order approximation for small £ (4.17).

in terms of which we can write

Afirong = MPI\J 2¢ <—1 +y/1+ 2) : (4.14)

Since this solution was derived under the assumption that oy, > 1 = 4m? > ¢2, we

grav
Astrong

should only trust it if < 2m. Thus it is worth checking under which circumstances

grav
strong

this hierarchy holds. Being a function of ¢, which depends on the ratio m?/N, A
may satisfy this condition in different limits in N and m/Mp). Let us then examine these
different limits one by one.

N fixed, m? large. In this limit ¢ is large and we have asymptotically

r 1 1
Agtra(;]ng - MP] <1 - 875 + O<§2>> . (415)
As is to be expected, in the infinite mass limit the strong coupling scale freezes at
Mpy, a constant. If m > Mp; then (4.12) is valid. In fact, m — oo also corresponds
to @ — oo and therefore H(a) — 0. Since it is always true that H(a) > 0, it follows
directly from (4.5) that

H(a) >0 =

24072 [ M3,
N q2

) >0 = ¢* < Mp,. (4.16)

The strong coupling scale is always bounded above by the Planck scale and approaches
it as m — oo for any finite N.

m? fixed, N large. In this case £ — 0 and therefore

Afiong ~ Mpi (V264 4+ 0(6¥4)), (4.17)
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which is valid for ,

£<1 = N> 5607#% . (4.18)
Pl

In this case, the strong coupling scale approaches zero, which is not entirely surprising.

The hierarchy Afgfc‘)’ng < 2m is respected in this regime, not because m is arbitrarily

ASTaY

strong 18 very small at large V.

large, but because

This is the situation alluded to in the paragraph below (4.10). Even if the mass is
parametrically smaller than the Planck mass, as long as it is non-zero, there will be an
N sufficiently large to push us outside of the regime of validity of (4.9).
grav
N and m? large, £ fixed. In this case, the hierarchy is satisfied because % will be
some fixed number between 0 and 1, whereas m will be large.

We conclude that (4.12) is valid for any value of ¢ as long as either m? or N is large.

grav

strong << 2m, since this surely implies that the mass of

One may worry about having A
the scalars is above the EFT scale. Intuitively, one should not consider these states. This
intuition might not be justified for two reasons.

Firstly, as emphasised in the previous section we do not have access to the EFT scale
without first measuring or calculating the a;. It is therefore possible that despite the scalars
lying above the strong coupling scale they would still lie below the EFT scale.

Secondly, note that there is no specific mathematical inconsistency with including states
with masses above Agpr, as long as they do not appear in external legs to avoid considering
processes with energies at these scales. The only problem we might run into is that when we
calculate the effects of those states they would contribute at the same order as unknown UV
physics, and adding a known quantity to an unknown one does not give us more knowledge.
At its most basic level, an EFT is agnostic with respect to the physical states whose masses
lie above Agpr. Therefore, when we add a number of scalars with mass above Agpr we have
no way of knowing what other states could appear at the same scales. In fact, this is precisely
what happens in the & — oo limit, where the ¢? contribution vanishes. The only contribution
is a ¢* term, where the effect of these scalars appears intertwined with the unknown as
coefficient. There is therefore no physical significance in the scalar contribution in this case.

However, we find a different behaviour in the limit & — 0. When N is sufficiently large,

even for masses above the strong coupling scale, we cannot neglect the contribution from

the scalars. Despite a single scalar with mass above AS[7,, having a completely negligible
contribution, if there are a sufficient number of them, their combined behaviour will no longer
be subleading in the EFT expansion and we cannot neglect these states. This behaviour is
somewhat reminiscent of dangerously irrelevant contributions, when we believe we can fully

neglect a term in the IR, which ends up contributing towards certain observables.

4.4 Intermediate case

grav

strong ~ M and therefore,

It may happen that N and m are delicately balanced to produce A
neither of the above approximations holds. In this case the interesting question is not “what

is the cutoftf” because we know it: it is close to m. What is interesting is the relationship
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N 24072
Arong & Vot - Mp (4.9)
Afrong > 2m _
N > 2407> ASone ~ /25 - Mpy (4.10)
- 2 2 N M2

A rong & Mpl\/ll%VOﬂ . ]\%1 <_1 + 1+ z5- nﬁ,l) (4.12)

AR < om | m> AP ol AB e~ Mp (4.15)
56072 m? ABAY \[ 56072 m? 1/
N > \/i Milgl strong ™~ MP] 2- N Mi}%l (417)
~ 2402 [ M3

AEfing ~ 2m N3 (i -1) @)

Table 1. Summary of results for N identical scalars in different mass regimes.

between m and N required to make this happen. Setting a =1 in (4.7), we have

2 2 2
1 _m o, v 20 <MP; _ 1), (4.19)
4(1 + 240%H(l)) Mg, H(1) \4m

which tells us how many particles of mass m are needed to push the strong coupling scale

all the way down to m. Note that the r.h.s. is only positive for
M,
m < % : (4.20)

sy will always be below m.

so that for larger masses Agong
4.5 Summary of results

We summarise our results in the table below, including all the different regimes studied
in this section.

5 A tower of states

Having gone through the detailed analysis of the previous section, our main goal is to consider
an infinite tower of scalars with mass m,, = f(n) - m, rather than N scalars of equal mass.
Their contribution to Mgray(q?) is such that the coupling becomes strong when

oo 2
2 2 q
= Mg, — ——.d,-H 5.1
q Pl 712::1 24072 n (an) (5.1)
where o, = 4%% = f(n)? - @ and we allow for a degeneracy of states at each level d,,.

5.1 Convergence of the sum

Since we are now dealing with an infinite number of states, the first question one must ask
is whether this is a sensible mathematical procedure. There is in fact some hope that it
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might be sensible because states with masses greater than Mp) barely contribute to the
loop. Let us make this more precise.

If the solution to (5.1) is finite, there will be an ny such that all states with masses
my, > f(nmg) - m obey ay > 1. In this case, we an approximate (5.1) by (cf. (4.11))

ng—1

22 4 S dy - Hiow) + 3¢° i dy, (5.2)
T A = M Rm? 2 Fn)? [ '

The first sum is finite because ng is a finite number. Whether the latter sum converges will

of course depend on the specific f(n) we choose to analyse. For the famous example of a
simple Kaluza-Klein tower with f(n) = n and d,, = 2, the sum does indeed converge

oo 2
3 % = % . (5.3)
n=1
This tower arises from the compactification of a single extra dimension on a circle.
When more dimensions are compact, the structure of the tower can become more com-
plicated. If instead one compactifies p extra dimensions on an isotropic torus, a generic
tower corresponds in fact to a lattice of charges (ni,...,n,) such that a state has mass
My, np = N n% -m. Such lattice can be encoded in a single tower with f(n) ~n
and d,, ~ nP~! asymptotically (i.e. at large n). This is also the tower behaviour one would
find by compactifying p extra dimensions on the p-dimensional sphere (SP). Note that, more
generally, Weyl’s law implies that the degeneracy of eigenstates of the Laplace operator with a
given eigenvalue (i.e. for a given level n) is asymptotically d,, ~ f(n)P — f(n — 1)P [72], which
for f(n) = n does indeed reproduce d,, ~ nP~1 asymptotically. For this type of tower, one finds

9
> -
n=1

p—1 1
= > e (5.4)
n=1
which is divergent for p > 1. X

In the literature one often finds towers parameterised as f/(n) = nr and d], ~ const [30],

for which the sum becomes

S (5.5)

From the point of view of state counting, this tower is equivalent to a KK tower associated
with p extra dimensions. To see this, let us count the number of states with masses up to
Ag, ie. f/(nl.e) = As/m = f(Nmax) = Nmax, in both cases,

N = Z d, = Z Pt~ b
n=1 n=1
n! n!
= d, = 1=n-
n=1 n=1

=nk ., so that f'(nl..) = f(nf..) L Nmax — f'(n) = n'/P since
this must be true for any nma.x. While this nicely encodes the total number of states up to

It follows that n’

max

a certain level, it does carry all the information we need for our sum.
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For a string-like tower f(n) = /n and d,, ~ V™ '6 which makes the series exponentially

divergent,
[e’¢) e\/ﬁ
Z — = 00. (5.6)
n=1 n

Likewise, for a gonion-like tower [74, 75], which behaves as f(n) = y/n and d,, ~ O(1),
the series becomes

d

o0 o0
Dz
n=1 n n=1

since the harmonic series is divergent.

— 00, (5.7)

SRS

Let us clarify the way in which we use these towers as examples. When we refer to a
string-like tower, we only mean a tower whose masses and degeneracies behave as an actual
string tower would, but we do not consider the actual physics of a tower of string states
in a full string theory (e.g. not all of those would be scalars). Likewise, when we refer to
gonion-like towers, we do not mean to consider a tower of massive states that arise from open
strings stretched between intersecting D-branes in a chiral D-brane model [74, 75], but only
an EFT tower of scalar fields with masses and degeneracies like those of such towers. It is
important to keep this in mind, since considering the string theory and the D-brane models
will introduce subtleties that we are ignoring in our computations and results.'” Here we want
to assume that a tower of scalars with these properties appears and contributes to the graviton
self-energy, and that we know nothing more about this tower. This way we can analyse how
much can be inferred from a “tower state counting” procedure akin to the original proposal
of [9] compared to what can be deduced only by knowing the UV origin of such towers.

It is interesting to note that the only convergent tower in this series of examples is the
simplest KK tower associated with a circle compactification, while all stringy towers were
divergent. Even if an infinite tower of states can be compatible with an EFT computation,
it is probably pushing it too far to ask such a computation to be compatible with towers
whose origin we know to be stringy in nature. While for a KK tower, both the tower and its
UV origin can be described with appropriate EFTs, string oscillator towers originate from a
vibrating string whose full description cannot be captured by a field theory. Our conclusion
is that we cannot use a field theoretic description to study stringy towers.

These observations are consistent with results found in the literature. From a top-
down perspective, specific string theory examples identify the string scale itself, mg, as
the gravitational EFT cutoff'® in limits associated with string towers becoming light (e.g.
see [29] and references therein). This contradicts state counting arguments, which would

predict a species scale above mg. Conversely, if the string scale was actually the species

“11/2p4mV20 g Type 11

6)\More precisely, to leading order at large n the degeneracy behaves as d, ~ n
strings and d,, ~ n~11/22"(+V2DV7 fo1 Heterotic strings [73].

"For example, if one naively considers a string-like tower in QFT and computes its contribution to the
cosmological constant, one gets a divergent result. Nevertheless, computing this contribution in string
theory renders the result finite due to properties that are inherently stringy and not captured by the field
theory description.

18This is still often referred to as “species scale”. However, in our nomenclature it corresponds to the EFT

cutoff rather than the strong coupling scale.
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scale, there would be no states in the string tower below that scale to use in the counting
argument to begin with.

Wanting to remain as agnostic and general as possible, it suffices for our purposes to
identify one concrete example for which the sum converges and the procedure is well-defined.
This is enough to argue that infinite towers of states are not inherently inconsistent with an
EFT description, with the strong coupling scale lying partway along the tower. It is however
tempting to expect more general KK towers to also be amenable to a field theory computation
such as the one we are using here — while we cannot exclude this possibility, our current
approach does not apply to those cases. From this point onwards we will assume that f(n)
and d,, is such that the sum in (5.1) is convergent, so that the procedure is meaningful.

5.2 Computing the sum

Computing the relevant sum is more complicated for a tower of states than it was for N
identical scalars, in particular because different parts of the tower belong to different mass
regimes. Nevertheless some progress can be made by splitting the sum into different sectors,
in each of which we can use the approximations from the previous section.

5.2.1 Light states

Given that H(«) is a strictly decreasing function (cf. figure 4), the leading contribution should
come from the lightest states. To figure out how they contribute, imagine adding each state
one by one, starting with the lightest, rather than including the full tower at once.

If m1 = m < Mp, then the first state we add can be approximated as massless. Given
a <1 = H(a) =1, we can use (4.9) with N =1 to determine AZ7 .. If ma < A5,
can repeat the procedure, now using (4.9) with NV = 2, and so on and so forth for each state

we

in the tower. This procedure will be valid for the level n as long as «,, < 1 and therefore

[ 24072
2. - Mpyy| ——— 5.8
f(n)-m < Mp N T 24072 (5.8)

for N =3"7_, di.. We define nz, to be the highest level for which the above approximation is
still valid, so that N, = YL, d,, can be interpreted as the number of light states in our theory.
Our crudest approximation for the strong coupling scale will then be given by

[ 24072
Atower ~ M 59
strong P1 Ny + 24072 ) ( )

which for large enough Ny, recovers the well-known behaviour Ay, ~ yT%' Figure 9 exemplifies
this approximation for the KK tower case when d,, = 1 and f(n) = n.
Notice that there are two approximations in the above expression. Firstly, we assume

that the states above ny do not contribute at all. Secondly, we take all the modes below np,

tower

strong- 11 some sense the choice of ny, should strike a balance between

to have masses m,, < A
these two concerns — for ny, closer to saturating (5.8), the assumption that all modes above
ny, are heavy (and thus negligible) improves, but it means that there might be modes below
it that are not approximately massless; conversely if ny, is smaller, then the modes below ny,

could be reasonably approximated as massless, but we would be less justified in neglecting
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all modes above ny, since some might not be sufficiently heavy. The next two sections will
improve on this approximation by including the modes above ny, in the discussion as well.

It is worth remarking that the definition of ny is somewhat circular — we need to know
nr, to find AQYS, but, simultaneously, we need to know the solution to verify (5.8). This

circularity is present in most estimates of the species scale for a tower of states [30]. To some

extent, we can justify it by including the states one by one starting from the lightest state

tower

strong Simultaneously. The

until (5.8) stops being valid, thereby defining n;, and computing A
key assumptions are then that any heavier states will have negligible contributions and all
states up to level ny can be accurately approximated as massless. We shall revisit these

two assumptions in turn in the following sections.

5.2.2 Heavy states

In the previous section we argued that the modes above ny could be neglected. While it
is true that H(ar) — 0 as a — oo there is still an infinite number of them and even for a
convergent tower their contribution might be significant. In this subsection we include them
as very massive states by approximating a,, > 1, i.e. we take ny = nr + 1 using the notation

introduced at the beginning of this section. The equation that determines A%T . is then
2 2 0
2 2 q 3q dn,
¢~ ME — —— (NL + 2 ) . (5.10)
24072 28m? n:zn:H f(n)?
For ease of notation let us define
3 & dn
oy == : (5.11)
7 n;:H f(n)?

in terms of which the strong coupling scale is given by

. 24072 1
A;E:Z)%g ~ Mpi N, + 24072 J 28H (—1 +4/1+ fH) (5.12)

e, _ (Ve 210w 24072 m?
B 24072 og M}

with

(5.13)

This solution is very similar to what we found for IV identical scalars with masses above
the cutoff (4.14), except that the prefactor is Agovn, in the light-state-only approximation (5.9)
rather than Mp; and £ — £p as defined in (5.13) through a combination of the number of
light states and the sum over heavy states.

In this solution, since ng = ny, + 1, both Ny, and oy are functions of ny;. The number
of light states Ny, obviously increases as nj, increases and oy decreases as fewer modes are
included in the series (5.11). Therefore the parameter £y increases for larger ny — if we
choose to include more modes as light-states, the £x-dependent factor in (5.12) will approach

1, so that Ag?;’(vfi‘fg is approximately given by (5.9). Conversely, if we include fewer states as

tower

massless then nz, will be smaller, which implies that {z will be smaller. In this case A,

will approach 0 and the solution will significantly deviate from (5.9).
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Figure 8. Plot of the difference between AZ[7,, obtained from (5.12) including the correction from

the heavy states and the one obtained from the light-states-only estimate (5.9). Note that for m ~ Mpy,
the two result agree — this is simply reflecting the fact that A%> ~— Mp in this limit. In the

strong

opposite limit, for m < Mp, the difference saturates at ~ 20%.

To minimize the error in our approximations we should choose ny, such that all states
below it obey a;, < 1, i.e. lie far below A% = and such that all states above it obey a,, > 1,

strong>
tower
strong*

problem. By choosing ng = ny + 1 there will definitely be modes for which a,, =~ 1 and

i.e. lie far above the A This is of course not possible in the way we have set up our

therefore neither approximation holds. The best we can do is to demand

2
fmm-m<wmv;;fgmﬂ- %H<4+¢h+fz><me+n.m, (5.14)

to balance the error in the light and heavy states. Figure 9 exemplifies this method for the

KK tower with d, = 1 and f(n) = n, in comparison with the ligh-states-only approximation.
While the rough shape of the solution is similar, the contribution of the heavy states lowers

Agroms With respect to the light-states-only result. In the following section we will attempt to

improve on this approximation by treating the modes for which «a,, =~ 1 separately.
Before we do so, let us just note a curious result. Setting Ny, = 0 and ng = 1 corresponds

to a Agg;g%rg lying below the mass of the first state, m. The consistency of the approximation

Oy, = o1 > 1 then requires
m? 607>

> .
M3, o + 24072

(5.15)

Unless oy is comparable to 24072 the r.h.s. is approximately 1/4 and thus the strong coupling
scale can only lie below the whole tower if the first state is already close to Mp;, otherwise

A& ong Will always lie part way along the tower (e.g. for a KK tower with m < Mp) we have

o = ”—72 and therefore AZ . should be higher than the KK scale).
This might seem quite disturbing. Cutting the tower part way seems to leave very little

separation between the last mode included and the first not included in the computation
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Figure 9. Strong coupling scale as a function of the mass of the lightest scalar for a KK tower. The
solid curve includes both light and heavy states, corresponding to the solution (5.12). The dot-dashed
line only includes the light states and corresponds to the solution (5.9). Note how the effect of the
heavy states is to always lower the cutoff and that this effect becomes negligible for heavier towers.

tower

The dashed line represents the curve AT, = m to illustrate that the cutoff always lies part way

along the tower.

tower

of Afong- The key point is that we are not excluding the modes above Afver,

strong* — every

mode in the tower is included in the theory. The scale separation we require is between the
external graviton momenta and the EFT scale.!” As long as we do not include tower states
in external legs, there is no need for scale separation between the masses of the scalars above

and below A;?X)‘gg. Furthermore, let us reiterate that there is no mathematical inconsistency

tower

strong 11 internal lines. As we discussed at the end of section 4.3,

in including modes above A
one simply has to keep in mind the possibility that these only contribute to UV sensitive

observables and will therefore not provide us with useful information.

5.2.3 Intermediate states

Finally, let us try to account for those states in the tower that do not satisfy either of the
previous approximations, i.e. the modes for which «,, =~ 1. In this regime, we can approximate

H(a) = 1 — cpar (with ¢1 &~ 0.46, co ~ 0.18) and the equation that determines AS,, becomes
2 nyg—1 2 2
2 2 4q 2 4m q
~ M5 — ——- <N E dy - —ca- — — . 5.16
q Pl 24072 L+ e n (cl C2 f(n) q2 ) + Am2 OH ( )

Note that the first new term is simply a correction to the number of light states. If there are
Nr = 235;11 d,, intermediate states, then this correction can be interpreted as a correction
to the number of light states as N, — N5 = N + ¢1 - Ny, where each intermediate state

19And this could also differ from the strong coupling scale! Without knowledge of the a; we have no access
to the true EFT scale. In any case, the validity of the loop computation (i.e. the perturbative expansion)
requires the graviton momentum to at least be below this strong coupling scale.

— 37 —



counts as rougly half of a truly light state. The second new term involves the sum

TLH—l

dr= 3 du-f)?, (5.17)

n=nr+1
in terms of which the equation becomes
2

2
2 oas2 q 4dm q
q NMPI_W'{NL+I—C2‘QQ‘191"‘4m2'0H}- (5.18)

The solution can then be written as

rav 24072 1+¢&;
Agtfong = Mp) m 28H <—1 +4/14 £ , (5.19)

where we have defined, analogously to &,

Jr m?

. 5.20
6072 M2 (5:20)

§r=c2
Once again we can see the effects of the intermediate states as a correction to the previous
result. In contrast with the heavy-state correction, the intermediate states appear in two
different ways: as a correction to the number of light-states, Ny, and as a correction to
the contribution of the heavy states. This is not entirely surprising, since the intermediate
states define the split between light and heavy states, which makes it reasonable to expect
corrections to both contributions.

The first contribution is simply taking into account the presence of these states with

grav
strong

as possible to this scale while still counting as light “enough”.

masses near A in the counting of light states. We can understand it as getting as close

grav
Ast rong?

On the other hand, the more states we count as being close to the larger ¢; will
be and therefore the larger £; will become. Note that in the presence of the intermediate
states, the two limits we considered for &y are affected — for small £ (i.e. when we increase
ny), the square root contribution approaches v/2(1 + 51)1/45;1/4 (cf. (4.17)); for large &x (i-e.
when we decrease ny), this contribution approaches /1 +&; (cf. (4.15)).

While it is difficult to give a precise definition of which states count as intermediate, we
can build an intuition for when there can be a large number of them. There can only be
many states in a tower whose masses are near the scale A, if m/A%T < 1 or if the
degeneracy of a few levels with masses near this scale is very large. The key point we want
to make is that including these intermediate terms, to first approximation, only corrects
the contributions from light and heavy states, without qualitatively changing the results.
Ultimately, the best way to account for all modes is to solve the equation numerically, which

avoids the arbitrariness in our definitions of n; and ny (and consequently Ny).

5.3 Towers and EFTs

Let us close the analysis by focusing on the main goal of this work. We wanted to understand
whether a bottom-up determination of the “species scale” for an infinite tower of states
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was compatible with the regime of validity of the EFT. If it was, we wanted to learn how
much could be inferred from the bottom-up perspective alone, without any knowledge of
the UV origin of the tower.

As we already argued, the computation itself is compatible with the EFT framework as
long as one keeps the infinite tower in the theory and keeps the graviton external momenta
below the EFT cutoff. A key observation is that this cutoff should not be related to the mass
scale of the tower, since the tower was never integrated out to generate operators suppressed
by that scale. It is also not necessarily the strong coupling scale that we compute, which is a
logically independent scale (cf. discussion in section 2). Additionally, the tower must be a
convergent one, in the sense described in section 5.1, which appears to require at least an
EFT origin for the tower of states (in contrast, for example, with a tower of string oscillator
modes). One might try to use a simple regularisation technique (e.g. ¢-function regularisation)
to evaluate the divergent sums, but one must be careful to ensure our method still applies.
It would be interesting to extend our results to include these towers as well.

In fact, for a string oscillator tower, the scale obtained through a state counting argument
will not correspond to the top-down expectation that the effective description breaks down
at the string scale ms (or from an estimate using black hole arguments) [52, 53]. Indeed,
from the counting argument one obtains a scale above mg, enhanced by a logarithmic
factor log (Mp)/ms) commonly interpreted as a correction [29, 30]. Since this “correction” is
what counts the large number of species responsible for lowering the strong coupling scale
with respect to Mp; (at least from the bottom-up perspective), it would be inconsistent to
simultaneously disregard it in Agtrong (0r Agp). We would argue instead that the field theory
computation should simply not be trusted for the case of a string tower, in accordance with
our previous comments. While the top-down studies of the quantum gravity scale (e.g. as
the scale suppressing higher-curvature corrections computed within a specific string theory
setup) are in no way affected by this conclusion, one should not force a “match” between
these results and an EFT estimate based on counting arguments for string towers.

The original species scale proposal [8, 9] gives what we called the “light-states-only”
approximation (5.9) that essentially neglects the modes above the strong coupling scale. Even
though these heavy states contribute in a subleading way, a large number of them might give
a significant contribution. Including them in our analysis, together with the light modes,
slightly reduces the scale compared to the “light-states-only” estimate (5.12). However, for a
large enough number of light states, this correction will be small and the strong coupling scale
will still behave as Mp;/+/Nr. As an example of a convergent tower, we used a Kaluza-Klein
tower that arises from the compactification of an extra dimension to illustrate these results.
As expected, for mgk < Mpi, the result is very close to the light-state-only approximation.

6 Conclusion

The idea that quantum gravity effects lie far above the energy scales we might probe has for a
long time been used as an argument against the phenomenological interest of proposals such as
String Theory. Perhaps more importantly, it meant that we could not hope for experimental
clues at low enough energies that could tell us where to look for such a fundamental theory.
On the other hand, the huge Landscape of possible vacua turned a highly constrained
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fundamental theory into an unwieldy number of low-energy effective theories [76, 77], from
which one could hardly extract specific testable predictions. Amidst this state of affairs,
the Swampland programme [17] took off as an approach that studied not specific elements
of the Landscape, but rather universal patterns that could potentially hint at fundamental
principles of quantum gravity [18-23].

One such pattern is the appearance of towers of states that become exponentially lighter
in the asymptotic limits of the moduli space of the effective theories [24]. Together with the
observation that the scale at which an effective description of gravity breaks down can be
much smaller in the presence of a large number of fields [7-12], the conjectures led to a wave
of work on a key question: what is the real scale of quantum gravity?

However the interplay between EFT methods and infinite towers of massive states raised
concerns of validity and consistency [57]. At face value, there appears to be a tension between
the scale separation required for the validity of the EFT expansion and the very nature of
these infinite towers that seems to prevent such a clean separation of scales. In particular,
the perturbative derivation of the so-called “species scale” [1, 7, 13-16], Agp, in the presence
of towers, relies on the validity of this interplay and it is therefore important to understand
whether it can be trusted.

In this paper we have outlined in full detail the perturbative argument for Ag,, with
particular emphasis on the assumptions and regimes of validity of the result. Having
understood this in detail, we could then study in section 5 the full effect of an infinite tower
of states on this scale. We argue that the seeming tension between the use of towers and the
validity of the EFT arises only because the answer to the following question is not always clear:

e What is the EFT one must consider in the computation of the “species scale”?
o What is the “species scale” really and how does it relate to an EFT cutoff?

With regards to cutting infinite towers and the lack of scale separation necessary to define
the EFT, one often conflicts different effective theories when thinking about the towers. We
are so used to integrating out infinite towers of states in order to define a valid low-energy EFT
that we instinctively take the effective theory to be the one where the tower was integrated out.
The whole framework of EFTs then tells us (correctly) that this theory should break down at
energies above the mass of the first state to be integrated out [4]. Processes involving energies
above this cutoff would therefore not find a valid answer within this EF'T. On the other hand,
nor could we perform the 1-loop computation required to run the perturbative argument for
the “species scale” — once the tower has been integrated out, there is no tower to speak of.

Thus the EFT must be the one that includes the infinite tower, the one where the tower
was not integrated out and so no infinite series of higher-order operators is controlled by the
mass scale of the tower. While one may worry that an effective theory with infinitely many
massive states is not well defined, there is no reason to believe that it should break down at
the scale of the first state. With this in mind, we ensure the validity of the EFT by keeping the
external momenta involved in the process below the very scale one is interested in finding, the
scale at which the effective description of gravity breaks down due to the states within the EFT.

Furthermore, one must be careful with the physical interpretation of the “species scale”.
Due to the nature of gravitational interactions, the distinction between EFT cutoff and a
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strong coupling scale is murkier than it would have been in a theory like QED. From a
bottom-up perspective and based solely on the perturbative argument outlined in this work,
one can only take the “species scale” as an upper bound on the regime of validity of our
EFT. As we showed in section 3, from this point-of-view the strong coupling scale and the
EFT cutoff associated with higher-curvature corrections to GR are logically distinct, and
the latter cannot be determined from this argument alone. We must therefore keep in mind
the possibility that some other EFT cutoff appears at a different scale, possibly due to other
states (unrelated to the tower) having been integrated out.

What propelled the study of this scale within the Swampland programme was again the
observation of a pattern: even if the bottom-up argument does not guaranty a correspondence
between strong coupling and the EFT cutoff, many examples were found where the “species
scale” was indeed the scale controlling higher-curvature corrections. Observing this connection
requires a top-down perspective, through the computation of such corrections in a controlled
string-theoretic setup [34, 35, 61]—it constitutes the gathering of evidence within a specific
example of quantum gravity. Identifying this scale from a bottom-up perspective (which
typically leads one to make assumptions about fundamental properties of the UV theory)
would not only strengthen our confidence on a quantum gravity scale much lower than
Mpy, but also likely provide a hint towards the fundamental principles that underly the
top-down observations [16, 62-65].

Ultimately there is no fundamental conflict between infinite towers and the EFT frame-
work when it comes to the “species scale”. For certain towers, such as a simple KK tower from
a circle compactification, the perturbative argument can be used consistently to estimate the
strong coupling scale; for others, like the string tower, the argument fails and the perturbative
EFT estimate will not match the scale expected from top-down reasoning. Furthermore,
the “species scale” is not guaranteed, by the perturbative argument alone, to be the scale
suppressing higher-curvature corrections, but this is mostly of no consequence for all top-down
studies of this quantum gravity scale — it rather becomes important if one tries to push
the bottom-up argument too far.
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A Details of 1-loop computation

In this appendix we provide the explicit details of the 1-loop computation. As a consistency
check, we will confirm the validity of the Ward identity at each stage of the computation.
This verification was in fact crucial to ensure the absence of typos.

A.1 Initial check

We begin by testing if we had no typos in deriving an applying the Feynman rules by
contracting the propagator with ¢* to verify the Ward identity. Analising the first factor
in A,pe we find

0" (2kyky — kg — quky — (K% — k- ¢ +m?))
= 2(k- @)k, — (k- ) — kv — @ (K> — (k- @) + m?)
= k(¢ —2(k-q) — @ (B> + m?) + k, (E* + m?) — k, (k* + m?)
=~k ((k = @)” + m?) + (ky — q,) (K> +m?), (A1)

where in the penultimate line we added and subtracted k,(k? + m?).
All in all,

1 dk 4" Apvpo
qﬂ(d33),u1/po — / ( et

M3 (2m)* (k2 +m? —ie)((k — q)% + m? — ie)
1 / d*k —ky (2kpke — kpgo — qpke — Npo(k? — k + ¢ +m?))
- M (2m)* k? +m? — ie

L (A2)

where we have used the invariance under £ — ¢ — k to double up the two terms we got in
q" A, pe and then cancel one of the factors in the denominator. Since the denominator is
invariant under k — —k, terms with odd powers of £ do not contribute and we obtain

1 d*k kuk,qe + kuqoke — kunpe(k « q)
H(d =—" pRo — VIPTO TVIPY . A3
4" (d33) uvpo M3, / (2m)4 k2 +m? —ie (A.3)
Now we use rotational invariance to replace k*k¥ — ék‘QnW , and obtain
1 41 wq [ d% k>
qu(dSB)uupa = Mif%l : d ) 5(771/,0‘]0 + Mvolp — 77pa‘]zz) K / (27T)d K2+ m2 — ic
1 d?k k2
" P 4—d/ d . Ad
M3, & Spvpo 1 (2m)d k2 +m?2 — e (A4)
Adding the contribution from the second diagram (with the quartic coupling)
(@ = 37 [ oot (8] o (A5)
4)uvpo — Mlgliu (27-‘—)d k‘2 +m2 — e ) .

we find

1 A%k kK2+m? -
#(dss +d ”:—#P,,U.H/ =0. A.
q ( 33 + 4)# P Mlglq pvpo * M (27_‘_)d k2 + m2 — ie 0 ( 6)
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Let us evaluate that last integral in dim-reg. We have (now in Euclidean signature)

d
2

H/ Ak K2 +m? 4,2 /oo dk ki 2/00 Ak k!
a (27T)dk:2+m2_u F(d) 0o (2m)? k% 4+ m? )y (2m)4 k2 + m?

e

2

:M4—d(::;g(p(_‘2i) ;l_;ir(_;i>) =0 (A7)

Note how we didn’t need to take the d — 4 limit (or ¢> — anything for that matter)
to prove this identity. As long as the integral is computed correctly this identity should

hold before any limits are taken.

A.2 Feyman parametrisation

We use the following standard result,

(A.8)

AB / (zA+ (1 - x)B)2

which holds for A > 0, B > 0 (i.e. in Euclidean signature), or A = a —ie, B = b — ie (i.e.
Lorentzian signature). We can therefore write

1 /d4k Ao
M% 2m)* (k2 +m? —ie)((k — q)2 + m? — ie)

(d33);wpa =

/ d*k /1 A[Ll/pU
T M [2((k — q)% +m? —ie) + (1 — ) (k2 + m?2 — i¢))?

! d4k : Apwpo
=3z Gy ), @ o 2 (A.9)
Mg, J (2m)* Jo (k2 +m2 —ie + 2(—2k - ¢ + ¢?)]

we now change variables by defining

by =k, —xq, =k, =L, +xq, (A.10)
to obtain
1 dt¢ 1 A
d ,,U:—/—/d ad 2d A1l
sshwor =32 | @myt o @ T 4 21— o) i (A1

the numerator becomes
A;wpo = (2kuk’u - kuQu - Quku - npu(kz —k-q+ m2)>
: (2kpko - kaa - kaa - npa(k2 —k-q+ m2))
= (%ueu —2x(1 — 2)quqy — 2(1 — 22)0(,q,)

— N (EQ —z(1—2)¢* — (1 —2z2)(¢ - q) + m2)> (v <> po) (A.12)
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With these changes we have lost the explicit symmetry of the integrand under k, — ¢, —k,,
which is now realised as a symmetry under the combined transformation

by — Ly, x—1—2x. (A.13)

Apvpo = ((%ugv - 77uV€2) —z(1 —2)(2quqy — nuqu) - 77Wm2

— (1 —22)(26¢, f) _ nﬂynaﬁ)gaqﬂ) (v > po) (A.14)

A.2.1 Checking Ward identity

To ensure we have not made any mistakes let us double check that the Ward identity still
holds. Note how the quartic integral is unaffected by this trick. Once more focusing on
the first factor of A,,,, we find

¢ (204, — 20(1 = 2)gua0 — 201 = 22)(u00) — M (2 — 2(1 = 2)g* = (1 = 22)(C - @) +m?))
=0,(20g- 0~ (1= 20)¢*) = 0, (P + m? + 2(1 - 2)¢?). (A.15)
The first term is quadratic in ¢ so only terms which are even in ¢ coming from the other
factor will contribute. The second term is odd in ¢ so only terms which are odd in ¢ in the

second factor contribute. The remaining terms directly cancel a propagator so only terms
even in ¢ will contribute. Let us consider these three integrals separately.

For reference, the terms even in ¢ in the second factor are
(25,)&, —2x(1 — 2)qpGs — Npo (EQ —z(1—x2)¢® + m2)) (A.16)
and the terms odd in ¢ are
—(1—2x) (%(pqg) — Npo (L + q)) : (A.17)

Let us look at these integrals in turn (where d is kept unfixed and in Euclidean signature).
We will need the substitutions (valid under the integrals in /)

1

d
1

é,ugugpgo' — m‘€4(nuunpa + nupnua + nﬂanpu) . (A18b)

0, — =0, (A.18a)

First term

1=

At 20,(q-0)(20,0, — 22(1 — 2)q,qs — Ny (2 — (1 — 2)¢% + m?
/(d/o da (q-0)(24, ( oo — Moo ( )q° +m?)) (A.19)

2m) (2 +m? + 2(1 - 2)¢?)
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Let us split this even further by powers of ¢ (note that the 7,, term has the opposite
sign in the ¢® so it does not cancel with the denominator).

1= | - / ! 4 2000 D@Ll — 1)
' (2m) Jo (02 4+ m2? 4+ 2(1 — 2)¢?)?

die 1 Ll l\er
= 2¢" (26067 — C,”/ /d
q ( p-o NpaT] ) (27T)d 0 [€2+m2—|—x(1—x) ]2

1
A ST AT
— 2q” (260 50. — TIPUTI )m

die ! 4
/ 2 d/ de > 2 — 212
(2m)¢ Jo [02 +m? + (1 — x)¢?]

(77LW77>\7— + NpuAr + Uurﬁ)w)

2
= d(d T 2) (_dQVnpa + Qq,onua + 2(]anp1/)
die 1 4
/ (2m)d /0 (02 +m? + (1 — 2)¢%)? ( )

@) de 1 20,(q- 0)(—2x(1 — 2)qpqs — Npo (—x(1 — z)g® + m2))
h _/ / d [€2+m2p+:1;(1p— 2)q%)?

- /01 dz (—295(1 — Z)qpdo — Mpo (—g;(l — 1)+ mg))zqu

ddy 0,0
. / (2m)d [2+m?2+ (1 — x)qz]2
= /01 dx gqy(—%(l — Z)qpqo — npa(—x(l —x)¢* + mz))

dde Iz
' / (2m)d (2 + m2 + 2(1 — 2)¢?) (A.21)

Second term

/ dte / 0,1 = 22)q*(1 = 22) (2000 = 1o (£ - 1))
(02 +m? 4+ z(1 — z)¢?)

ddy 0,0
= [ dz(1-22)%¢*(6"¢s + 0"q, — U#/ i
/0 ( \a ( bl oo = lpod ) @m)a[2 +m2 + 2(1 — 2)¢?)?
1 2 ddz 62
= dx 1—2x2q— vQo + Novqp — o,V/ A.22
/0 ( ) d (lowor oo = o) 2m)d (2 4+ m? + 2(1 —:v)qQ]2 ( )
Third term
d _ _ _ 2 _ _ 2 2
/ dee / s @ (20,05 — 22(1 — 2)qpqo — Npe (07 — (1 — x)¢* + m?)) (A.23)
2 +m?+x(l—1x)¢?

We can also split this into powers of ¢ (again noting that the last term does not cancel
with the denominator due to the different sign in ¢?).
1 _ / de /1 de — (20,5 — 1pel?)
@2mdJo T 2+m?2+z(l—x)g?

1 dde 00
—_ d 5 _25)\57' - AT / AT
/0 T q ( P O’+77P n ) (27T)d 62 —|—m2+x(1 —QT)QZ
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/ dz & / dee e (A.24)
qynpa (2m)d 2 + m? + z(1 — x)q? )

0 _ Cﬂ U g (=22(1 = 2)gpts — Mo (—2(1 — 2)¢* + m?))
b= / (2m)d / 2 +m?2+x(l—1x)¢? (A.25)

Now we use the following results

dde o M d\ d d
/ SN S d<1+)-.r<—)7 (A.268)
@2m)[e2 + M2)* (4m)5 2) 2 2
dde 02 M2/ a4\ d d
2m)% (2 + M?)° (473
dde 0 M?* d d
/ (2m)d 2 + M2 (477)% D) 'F<—2) ’ (A.26¢)
dde 1 M2/ d d
— 2 .2 A2
/(27r)d€2+M2 (4@‘5( 2) ( 2)’ (4.264)
where M2 = m? + x(1 — x)¢?, to obtain
1 d 1
I£4) = d (—dQVnpa + 2o + QQUWpV)F(_> / dz M? (A'27a)
2(4m)2 2/ Jo
(2) d d ! 2 2 d—2
L7 = 2 )%F ~3 qy/o dz (2.%'(1 — Z)qpYo —i—npa(—x(l —x)¢“+m ))M (A.27D)
T
q2d d ! 23 rd—2
I = d F<_) (anQU + Novqp — npa(b/) / dz (1 —2z)°M (A.27¢)
Ca(am \ 2 0
1(2) = QVnpa;il)zdF(—>/ dx Me (A'27d)
)2
0 d o d
. / dz (23:(1 — Z)qpqs + npg(—:zr(l —x)¢* + m2>>Md72 (A.27e)
0
We can immediately see some cancellations. If) = —Iéo) and the first terms of I§2)

and I{4) also cancel. In total we get

1 2 d\ (1 d _
q"(d33) vpo = M—glmqﬂpwgr (—2> /0 dz (Md - q21(1 —22)2 M1 2) (A.28)

which is tantalisingly close to what we want.
Using the fact that

dM®  d _
= 5q?(l —2z) M2 (A.29)

we can integrate by parts to obtain

1 4 4 1
/ dz M3¥72(1 - 22)%¢* = ——m? + 7/ dz M? (A.30)
0 d d Jo
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Plugging that result in we find:

1 2 d
1 (d33) umoe = Lp o T(—=) . md A.31
q(33)ﬂp MI%I(ZLT()%Q Hyp ( 2> m ( 3)
1 2 d
) e = 2 g Pl (~0) A2
q ( 4)/»14 14 Ml%l (471_)%(] HVp ( 2) m-, ( 3 )

which does cancel, thereby confirming the Ward identity is satisfied.

A.3 Computing the integrals

Our job is now to compute the integrals without first contracting with ¢*. We start from

Apvpo = ((%ugv - 77uv€2) —2(1 —2)(2quq0 — qu2) - ThwmQ

— (1 - 22)(20¢,3)) - nu,,naﬂ)zaqﬁ) (v < po), (A.33)

where we note how the first line is even in ¢ and the second line is odd in ¢. The only non-zero
contributions will therefore be the product between the even terms or between the odd terms,

Alpe = ((%Mu — TIWEQ) —z(l —x) (2quqy — n,qu) - 77Wm2) (v + po), (A.34)
Aty = (—(1 = 20) (200,8)) — mun™ ) lags) - (v ¢ po). (A.35)

After this we can also consider different powers of ¢ separately. Let us do these integrals in turn.

Even-quartic

Fod) _ / dd¢ /1 1o (2l = 1) (20,80 = 10 ?)
(2m) Jo (02 4+ m2? 4+ 2(1 — 2)¢?]?

1
= [ o (46352638 — 20,um™ 5353 — 2p0 557 + ustipor )
0

/ dde eaﬁﬁ@&;
M) [2 + m? + 2(1 — x)¢?)?

- /01 dz (453555362 - 277MV77aﬁ5352 - 2779077765355 + nuunpanaﬁﬁ’yé)
de e
4[24+ m2 + 2(1 - 2)¢%)°
_d(d = 2)0uwpe + 8Puvps dd€ 4
= d(d + 2) / / €2+m2—|—aj(1—x) ]2

_ d(d = 2)munpo + 8Puvpo ‘F<_> / dz M4 (A.36)
A(4r)3 2/ Jo

1
' m(%ﬁ%& + Nay18s + NasThg) / B
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Even-quadratic

7e2) :/ d /1 (20,0, — 77/w€2) (—2(1 - 2)(2gp90 — 77,00(12) - npamQ)
(2m)4 (02 4+ m2 + 2(1 — 2)¢%)?
+ [ o ae /1 (—2(1 — 2) (20 — @) — M) (2plo — Mpol?)
(02 + m? 4+ 2(1 — 2)¢?)?

= / da ( (1 —z) (2qucr - npan) - npamQ) (25355 = Ny’ )

+ (—x(l —x) <2quq,, — nu,jq2) - nw,m2> (25365 — np,,na6>)

/ a4 lals
2m)4 2 +m?2 + 2(1 — 2)¢?)?

1 2
:/ dx < — 1> (—21‘(1 — 2)(QpGoNuw + GudNpo) + 22(1 — T)0peMuwq® — 21pem 77#!/)

/ dde Iz

2m)L[2 + m? + 2(1 — x)¢?)?
1

:/ dz Md_Q(—Z'n(l — 2)(Qp9oNuw + 4uvnpe) + 2x(1 — av)nm,npoq2 — 21 Mpe™m )

.(@ . p<_d> (A.37)

A(47)% 2

Even-constant

I(C’O) = Al dzx (—.T(l - fE) (QqMQV - ﬁqu) - nw/m2) (_x(l - fL‘) (Qqua - nPUqQ) = T )
(A.38)

/ d 1
2m)4 (62 + m2 + 2(1 — 2)¢2)°

The integral we need to compute is new. We need to use

/ (ddg 1 - Md—g (1 B ;l) (_;l)r(_;l) (A.39)

2m) 2+ M7 (4m)

to obtain
7(e0) — / da: M4 ( d) (_;Z>F<—;l) (—x(l - x)(2quqy _ qu2) _ mwmQ)
( (1 )(2%% npng) _ ﬁpamz)

-r(- ;l) e g/od”fM“

: (962(1 —z)? (4quqquqa — 20,08 Mpo — 20p90 9 Nuw + nuunp0q4)

+ 21'(1 - :L') (Q,uqynpomz + QpCIan/wmz - nuunpaq2m2) + nuunpam4> (A~4O>
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Odd

12) — / d’ / v (20— 20) (2078 — ™) ags) - (v > po)
(2m)? (2 +m? + 2(1 — 2)¢?)?

= /01 dz (1 — 22)* (5l‘fqy +0,q, — nm,qo‘> (53% +07q, — npgq"*)

/ dde I
2m) 2 + m2 + 2(1 — x)¢?)?
= (mpquqa + Mo @wlp + MvpQudo + Mvodudp — 2Mp09u9y — 2N 9p9e + mwnpoqQ)

1 d 2
1/ da:(l—2x)2/ dﬁd ¢ 5
d Jo (2m)4 12 + m2 + (1 — 2)q?]

= - (nupQVQU + Nuo@wlp + MvpQudo + Mvoulp — 2Mp09u9y — 2Muw9pqo + 77,uzﬂ7po‘]2>

4(47T (—> / dz (1 — 22)2M*2 (A.41)

Now we need to pair them together. Note how M depends on ¢ so we cannot just

naively count powers of ¢°>. We instead take the following split into index structures

MPI Hiylzgp(q) (n/wnup + n,upnlla) + €2+ N Mpo

qvq qvq qu.4 quq
+03'(nltﬂ ;U_'_nlta ;p_'_nl/p ZJ+77VU ZQp)

dp9q qudv
+C4'<77;w 20+77p0 22 )

qu49vqp4q
el (A.42)

+C5

We therefore write

e e,d
I( A = ( )<77,ua77up + nupnua) + Cé )nuunpa (A'43a>
e e,2 9p4c qpqv
G CO MG )<77;w 2 1o 22 ) (A.43b)
e e, e 4pqo ququ e,0) 4uqv9pqo
[E0) Z ey 0 () (W Z o /;2 ) b 0)% (A.43c)
° 0,2 0,2 qvqo QVq q QJ quq
I( 72) - Cg )T]MVTIPO' + Cg), ) (nup 2 + T]u L + T]l/p = + T]VO' MQp)
q q q q
+ () (mw A q“g”) (A.43d)
q? q
where
clet) = é r( ;l) / da M? (A.44a)
2
e d 4
cg 4 7((1 y <—> / dz M? (A.44b)
4(4m)2
e d(d—2 _
cg 2) —(d)F(—> / da M@ 2(m2 —z(1 - :U)qQ) (A.44c)
2(47)2 2/ Jo
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_ 1
64(1672) _ _d(d 3)F(_d> dz Md_Qw(l — x)q2 (A.44d)
2(4m)2 2/ Jo
2
Cée’o) — d(d2)r<_d) dx M4 (m2 — .1‘(1 - m)qz) (A'44e)
4(47r)2 0
9 1
CSLG,O) d(d d)r(_d) dzx Md_4$(1 .iU)qQ (m2 — .',U(l — x)qQ) (A44f)
2(4r)2 2/ Jo
_ 1
Céeuo) _ d(d dz)r<_d> da M3 422(1 — 2)2¢* (A.44g)
(4m)2 2/ Jo
(02) — _ d . r(—d) dz M*2(1 — 22)%¢? (A.44h)
4(4m)2 2/ Jo
1
Cgo,z) _ d _ F(_d) dx M? 211 295)2(]2 (A.441)
4(4m)2 2/ Jo
1
o2 _ d y I‘(—d> dx Md_2(1 2m)2q2 (A.44j)
2(4m)2 2/ Jo

Let us sum the individual contributions to each ¢;. Since there is a common factor of
%F(—%), let us not write it.

(4m) %
659’4) = /1 daz M@ (A.45a)
cge’4> = (d(d 2 _ 1) / dz M (A.45b)

= —f/ dz M972(1 — 22)*¢? (A.45¢)
656’2) = _ d2 2) /0 da M2 (m x(1— :U)qQ) (A.45d)
Cée,O) = d(d4_2) /01 da M4 (m4 —22(1 —x)¢* - m?* + 22(1 — x)2q4) (A.45¢)
c§0’2) = —g /01 dz M372(1 — 22)%¢? (A.45f)
026’2) = —d(d; 2) /01 de M9 22(1 — 2)¢° (A.45g)
N %Td /0 e M¥2(1 — 22)2¢? (A.45h)
cff’o) = d(d2_2) /01 da M4 (x(l —2)¢® -m? —23(1 — x)2q4) (A.45i)
cée’o) =d(d—-2)- /01 dz M4=42%(1 — z)2¢ (A.45))

Recall also the result for dy,

Mgy - (da) yrpo = = (Mpovp + MupTlve = Mo - @,F(—Z) -m4 (A.46)
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We once again use integration by parts to write

1 4 4 1
/ dzx Md*2(1—2x)2q2:—fmd+f/ dz M@
0 d d Jo

(A.47)

Using the definition of M we can trivially write (just put the last term to the Lh.s.)

Mdisz'(l . fL')qQ _ Md . mQMd72
Similarly for integrals with powers of M%* we can write
2
M (m2 + (1 — x)qz) = M

Md_4x2(1 —z)%¢* = M — mApd—t — 2x(1 — x)qugMd_4
— M om2 a2 ot prd—t

where in going to the last line we used (A.48).
We then find

1
056’4): dz M¢
0
e _2 1
cg’4):<d(d )—1>/ dz M¢
4 0
1
c§0’2):md—/ dx M?
0
o -9 1 1
cé’Q)ZLd )</ d:ch—sz/ d:EMd_2>
2 0 0
e d(d—2 1 1 1
& = ( )</ dde—4m2/ dchd*2+4m4/ da:Md4>
0 0

éoz) m —/ dx M¢

o = ( / dz M? —m / da M4 2)

04(102) —2m4 +2/ dx M?

c0) d(d—2) 1 1
¥ = (2 (—/ dde+3m2/ dde’2—2m4/ da:Md4)

A0 = q(d—2) (/ dz M? — 2m? / dz M9=2 4 m?* / dz M9~ 4)

which (together with (A.46)) leads to
1
c1 :—md—l—/ dz M?.

¢y = 2m® 4 (d(d - 2) —2/(1de—2 d(d—2)-m / da M2

/ dx M4
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(A.48)

(A.49)

(A.50a)
(A.50D)
(A.50c)
(A.50d)
(A.50¢)
(A.50f)
(A.50g)
(A.50M)
(A.50i)

(A.50j)

(A.51a)

(A.51b)



1
03:md—/ de M?.
0

(A.51c)

1 1
64:—2md—(d(d—2)—2)/ d:ch+2-d(d—2)-m2/ dz M2
0 0

1
—d(d—2)~m4/ dz M3,
0
1 1
05:d(d—2)/ dq:Md—Q-d(d—2)-m2/ daz M2
0 0
1
+d(d—2)-m4/ da M4,
0

A.3.1 Checking Ward identity
Contracting (A.42) with ¢/, we find that the coefficients must satisfy
c1+c3=0,

c2+c4 =0,

2cs+c4+c5=0.

(A.51d)

(A.5le)

(A.52a)
(A.52b)
(A.52c)

Using the results above, we can confirm that this is indeed satisfied.

A.4 The result

Due to the relations that the coefficients satisfy, only 3 are independent and need to be
computed, involving 3 different types of integrals,

1
/ dz M a=0,24. (A.53)
0

Expanding around d = 4 (with d = 4 — €) before integrating, introducing the function

Flz)=V1+uz- arctanh( (A.54)

)

and using the variable o = 4(1%2, we find the result quoted in the main body of the manuscript.

o= P+ B (4 5 - gt G- v (12
1;]; <3;e % — %F(a) — 6%17 - 6i4 log (4:?;)) , (A.55a)
s = o) + T (24 L ww)
+ 1;1; <416 + 24770 — iF(a) - é’y - %log (4:7:;2)> . (A.55D)
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