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Abstract In this work devoted to the investigation of the
Tsallis holographic dark energy (IR cut-off is Hubble radius)
in homogeneous and anisotropic Kantowski—Sachs Universe
within the frame-work of Saez—Ballester scalar tensor theory
of gravitation. We have constructed non-interacting and inter-
acting Tsallis holographic dark energy models by solving
the field equations using the relationship between the metric
potentials. This relation leads to a viable deceleration param-
eter model which exhibits a transition of the Universe from
deceleration to acceleration. In interacting case, we focus
on sign-changeable interaction between Tsallis holographic
dark energy and dark matter. The dynamical parameters like
equation of state parameter, energy densities of Tsallis holo-
graphic dark energy and dark matter, deceleration parame-
ter, and statefinder parameters of the models are explained
through graphical representation. And also, we discussed the
stability analysis of the our models.

1 Introduction

One the most important milestones for research in modern
Cosmology as well as gravitational physics is observed late
time acceleration of the Universe, Which is indicated by
observational data from the Cosmic microwave background
[1], observations of Type Ia Supernovae [2,3] and large scale
structure [4]. In Ref. [5,6] believed that dark energy (DE)
occupies 73% of the Universe, dark matter (DM) occupies
23%, and rest of the energy 4% is baryonic matter. In order
to the details of this late time acceleration, two different
approaches have been advocated: (i) to construct various
DE candidate and (ii) the modification of Einstein theory of
gravitation. Among the several modifications of the theories
Brans-Dicke (BD) [7] and Saez—Ballester (SB)[8] scalar-
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tensor theories play vital role. In literatures [9—15], there are
very interesting reviews on both dynamical DE models and
modified theories. Several dynamical DE models include a
family of scalar field such as quintessence [16—19], Phantom
[20-23], Quintom [24,25], Tachon [26,27], K-Essence [28],
Chaplygin gas and modified Chaplygin gas [29-44] models
have been developed.

Amongst various DE candidates, the holographic DE
(HDE) and new agegraphic DE, Tsallis holographic DE
(THDE), which contain some significant properties of the
quantum gravity have drawn considerable attention to solve
the DE puzzle. HDE is depends on principle of holographic
[45,46] that states that the no. of degrees of freedom of a
physical system scales with its bounding are rather than with
its volume. HDE model was conjectured with Benkenstein
entropy and Hubble horizon as IR cut-off which fails to pro-
duce suitable explanation for the history of a flat FRW Uni-
verse [47-49]. Li et al. [50] have performed a detailed inves-
tigation on the cosmological constraints on the holographic
dark energy (HDE) model by using the Plank data. Tavayef et
al. [51] have discussed about THDE model and found that the
identification of IR-cutoff with the Hubble radius provides
the late time accelerated Universe in the absence of inter-
action between two dark sectors of the Universe. Sharif et
al. [52] have reconstruction paradigm for THDE model with
dust fluid has been studied using generalized Tsallis entropy
conjecture with Hubble horizon in the background of (G, T)
gravity and the cosmological evolution through cosmic diag-
nostic parameters and phase planes discussed. According to
Ref. [53], Tsallis HDE in BD cosmology have been stud-
ied by considering the Hubble horizon as the IR cutoff and
studied the the stability analysis which shows that both the
interacting and non-interacting models are classically unsta-
ble.
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Abdollahi Zadeh et al. [54] has explained a short note on
THDE model. Gunjan et al. [55] has discussed Statefinder
diagnosis for interacting THDE models with a)t—a); pair.
Ghaffari et al. [53] have explained Tsallis holographic dark
energy in Fractal Universe. Sadri [56] has discussed obser-
vational constraints on interacting THDE model. Aditya et
al. [57] have studied observational constraint on interacting
THDE in logarithmic BD theory. Sharif and Saba [58] have
established a reconstruction scenario for THDE model in the
background of modified theory of gravity with the Hubble
horizon as well as the generalised Tsallis entropy conjecture
using the powerlaw solution of the scale factor.

The Bianchi type (BT) models are the nice and sim-
plest anisotropic models, which completely explain the
anisotropic effects. Mishra et al. [59] have investigated BT-
V string cosmological model with anisotropic distribution of
DE. Aditya and Reddy [60] have studied BT-I string mod-
els in modified theory of gravity. Sharif et al. [61] have
investigated BT-I new HDE model in the background of BD
theory of gravity. Aditya and Reddy [62] have investigated
anisotropic new HDE model in the framework of SB theory
of gravitation.

Chandra et al. [63] have studied THDE in BT-I Universe
using hybrid expansion law with k-essence. Korunur [64]
has studied THDE model in Bianchi type-III Universe with
scalar fields. Zadeh et al. [65] explained the cosmic evolution
of THDE in BT-I model filled by DE and DM interacting with
each other throughout a sign-changeable interaction with var-
ious IR cut-offs. Recently, Prasanthi and Aditya [66] have
investigated BT-VIp Renyi HDE models in the frame-work
of general relativity. Very recently, Santhi and Sobhanbabu
[67,68] have studied BT-III and BT-VIy THDE models in
Scalar tensor theories of gravitation.

In this work, inspired by the above investigations, we have
considered the Kantowski—Sachs Universe THDE model
with SB theory of gravitation. The organization of this work
is as follows: In the next section, we have derived SB field
equations with the help of kantowski—Sachs in the presence
of two interacting fields: DM and THDE components. Also,
devoted to the cosmological solution of the field equations.
In Sect. 3, we study the evolution of the Universe by con-
sidering an non-interaction and sign-changeable interaction
between DM and THDE whose IR cut-offs are the apparent
horizon. Finally, in last section, we presented the conclusions
of this work.

@ Springer

2 Metric and SB field equations

We consider a homogeneous and anisotropic Kantowski—
Sachs (KK) Universe described by the line-element

ds® = dt* — A2(t)dr® — B>(1)(d6* + sin*0d¢?), (1)

where A(t) and B(¢) are functions of cosmic time ¢ only. For
the Universe filled by a DM without pressure with energy
density (pur), and DE candidate with energy density (or),
The SB field equations are

1 -
Gij = we" (9.0 — 580u0") = — (T + T, @)
where T;; and T; ;j are energy momentum tensors (EMT) for
DM and DE respectively. Scalar field ¢ equation

26"¢'} +n¢" ' pip* = 0, 3)
and energy conservation equations are
Tij+Tij = 0. “)

The EMT for DM (7};) and anisotropic DE are given by
T;j = diag[1,0,0,0]py, and

T;; = diagll, —wr, —(or +v), —(0r + ¥)lpr, 3)

where wr = 5—; is equation of state (EoS) parameter, p;

represents pressure of THDE and « is skewness parameter is
in deviation from EoS parameter w7 on y and z axes respec-
tively.

The SB field Eq. (2), for KK line-element Eq. (1) with the
help of Eq. (5), can be written as

B B2 1 w

2E+?+ﬁ_5¢n¢2 = —or pr, (6)

242080 Yt - —(or+aor, )

A B AB 2

228 B LY E = outor ®)

AB B> B2 2 '

<25+<é+25>¢3+f¢—2:0. ©)
A"B 29

We can write the continuity Eq. (4) of the DM and DE as

M+ A+ZB + o7 + A+ZB 1+ wr)
PM A B Pm T PT 2 B wT)PT

+2ig =0 (10)
gorr =0,
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where overhead dot (.) represents ordinary differentiation
with respect to cosmic time ¢.

The SB field equations Eqs. (6)—(8) form a system of four
non-linear equations with seven (7) unknowns: A, B, py,
pr, o1, &, and ¢. Hence to find a deterministic solution of
the non linear equations we use the condition that the shear
scalar o2 is directly proportional to scalar expansion 6 which
leads to arelation between the metric potentials so that in Ref.
[69] we have

A = B, (11)

where k # 1 is positive constant. From Egs. (6), (7), and
(11), we get

B—i—(l—i—k)B— : + '8 (12)
B B k1 \""TT )y
To get the solution of the models we consider the ref [70,71]

ootk —1)BB — 1
o =

B2pr

where « is an arbitrary constant. Now from equations (12)
and (13), we obtain the metric potentials as

; (13)

k42 as)
Az[al( + )ea0t+a2(k+2)i|k+2’
o0

1
[2EE2 o oy 2], (14)

o

where o1 and o) is an constants of integrations. The line-
element Eq (1) can, be written as

k+2 &
dSZ — dlz _ I:(Xl( + )eotol +0[2(k+2)]k+2dr2
@0

_[a1(k + z)eﬂlol‘

2
sk + 2)] Y2 162 1 sin0de?).
o0

(15)

Equation (15) describes KK THDE cosmological model
in SB scalar tensor theory of gravitation.
The Hubble parameter H for our model can be obtain as

1 /A B o]
H=-(>42= )= ——— (16)
3\A "B (3—5 +azefa0z)

The THDE has been proposed by Tavayef et al., [72]. The
energy density of THDE is can be written as

o ]4728’ (17

— o g4 [
PT Y1 (gt[_(; +a2€—aol)
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Time (t) Gyr
Fig. 1 Plot of skewness parameter («) versus time (¢) for k = 1.9,

a; = 1.2, 00 = 0.52, w = 1000, ¢pp = 1, and y; = 101

where y; and § are constants.

3 Non-interacting THDE in the SB cosmology

In this case, we consider that there is no energy exchange
between the cosmos sectors (DM, THDE), and hence, the
energy conservation equations can be written in separately,
so that we have from Eq. (10),

om +3Hpy =0, (18)
and

. B
por +3H(1 + wr)pr + ZapTE =0 (19)

From Eq. (9), we get

¢@2=<”;2)m

-3
X/[weaof+a2(k+2)} dt + ¢1, (20)

(&00]

where ¢ and ¢; are constants of integration. Taking the
cosmic time derivative of Eq. (17), we have

or = yi1(4—20)H> 2 H. 21
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Fig. 2 Plotofenergy density (o7 ) of THDE versus time (¢) fork = 1.9,
a; =12, =0.52,and y; = 101

Now using Eqs. (14), (17), and (20) in Eq. (8), we get

2k + 1oz e?! 1

Fig. 3 Plot of energy density (o) of DM versus time (7) for k = 1.9,
a; = 1.2, =0.52, and y; = 101

M =

w ooraitk+2) 40, —6
+E¢o[—€ +012(k+2)] _V][W

(200]

2

o) (k+2) Lot k42 2 a1 (k42) oot 2+k
e ¢ Faak+2) [—ao e ~|—(x2(k~|—2)] 22)

]4—25

Using Eqs. (14), (17) in Eq. (13), we get skewness param-

eter o 1s

—k
con (k- l)eam[%ew + ok + 2)] B
:|4—26

o =
o]

2
oy (k+2) t
n[ehe +oat+2)] [yt

(23)

From Egs. (14), (16), (17) and (19), we get the EoS parameter

wr of THDE is

456—9
20t

wr = —1 4 2apaiaay) (8 — 2)e® H372 + 3
Y1

k+2 B
x [1 — gy (k — 1)e* [Me""’ +ark + 2)} o ]
oo

k+2 (5%
% [Me‘mﬂ—ag(k-id)] ) 505
@0

Taking the derivative of Eq. (24) with respect to x = Ilna,

we get
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o, =200 a2 y1 (6—2)e™ H1=2 ((3—26)H+a0H) H> Y

20170 ray (k +2 —(5%)
5 [L - )e“°’+az(k+2>] A
3n )

H  4+k rog(k+2) ., -1

X((S‘z‘”ﬁ‘(ﬂ)[iao e tark+2)] )]

ap(k+2) —

—_—e
@0

+aden (1 = e[| W bk +2)]
k1

- Mewm[wl(k 2 +ax(k + 2)]7(%{)]’
oo oo

(25)
agoorpe 90!
(z—g+aze‘°‘0’)2
The squared of sound speed vs2 is useful to study the sta-

bility of the model. If vs2 is positive, we obtain stable model
2

and v? is negative, we obtain unstable model. In this case v’

where H =

takes the form
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20[4879
0} = 1+ 2opmanyi (6 — Ve BT 4 =
4!

—k 44k
Fhrran k42 (g
ok + 2)] e ] [Meaof tan(k + 2)] 52 L dgoaiany (8 — 2)e® H172
ap

—[1 — ooy (k — 1)e“0’[

oot

ak+2)
o

. 3-2§ o) 4579[_]6728 k 2 _(ﬂ)
x ((3 —28)H + aOH) o4 2 : [“1( 2 oot ok + 2)] z
G—20H  3n@G-20HL a0 06
k+2 -0 H
x [(1 — apary (k — 1)e“°f[Me“0’ ok + 2)] H )((5 Y
o H

_ (;‘Ii)[al(l;:' z)eaot + asr(k + 2)]_1> +a(2)a1(1 - k)eaot[[
— O;—loke”‘o’[—al(l;: 2 e oy (k + 2)]_(%)“.

2+k

k+2 -
Meaot‘l'oQ(k‘l'z):l
@0

In order to understand the role of skewness parameter «
and in the evolution of cosmos, we analyze the dynamical
parameters through graphical representation for various val-
ues of g = 3.1, 3.3, 3.5. The graphical nature of skewness
parameter « versus cosmic time ¢ for THDE model with
Hubble horizon cut-off is shown in Fig. 1. It is observed that
skewness parameter « varies in the positive region and do
not vanish throughout its evolution for chosen values of .

Figure 2 represents the plot of energy density of THDE
with Hubble horizon cut-off against cosmic time ¢ for dif-
ferent values of «g. The trajectories of pr indicates that the
positive behavior for the values of og = 3.1, 3.3, 3.5. It can
be seen that p7 decreases with increases of ag. And also, we
observed that in the beginning suggest that the energy density
pr dominates the early Universe but for large cosmic time ¢
pr vanish (negligible).

According to Fig. 5, we have drawn wr — a),T plane. we
can see wr < 0 and w/T > 0 for different values og =
3.1, 3.3, 3.5. Hence, our model completely lies in the thawing
region.

The plot of energy density of DM versus cosmic time ¢
for different values of «( is shown in Fig. 3. It can be seen
that pjs is positive and increasing function of time ¢ for the
values of «g = 3.1, 3.3, 3.5. We can also, observed that the
energy density of DM pys increases with decreases of «y.
This behavior is opposite to the behavior energy density of
THDE pr.

The behavior of EoS parameter versus cosmic time ¢ for
the non-interacting THDE model is depicted in Fig. 4 for
different values of «g. It may be observe that the model starts
in matter dominated region and varies in quintessence region
and finally, its reached to LCDM model for the values of
ap =3.1,3.3,3.5.

According to Figs. 10, 11 and 12, we can observe that wr
is negative and a)/T is positive for different values of «p and
B. Hence, our model completely in the thawing region.

According to Fig. 6, we shown that vf versus cosmic time
t we can observed that vs2 is negative, which shows that our
model is unstable.

3.1 Sign-changeable interaction

In the KK anisotropic background, filled with DM and
THDE interacting with each other, The EM conservation law
Eq. (10) is separated into

om +3Hpy = 0, 27
and
. B
pr +3H( + wr)pr +205,0TE =-0, (28)
0
—_— ao=3.1
— -a0=3.3 |
0.2 @,=35
-0.4
1=
3
-0.6
0.8 !
-1 : : :
0 2 4 6 8 10
Time (t) Gyr

Fig. 4 Plot of EoS parameter (w7 ) versus time (¢) for k = 1.9, o) =
1.2, p = 0.52, and y; = 101
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Fig. 5 Plot of wr versus a)/T fork =19, a1 = 1.2, ap = 0.52, and
y1 = 101
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Fig. 6 Plot of vf versus time (¢) for k = 1.9, o) = 1.2, ap = 0.52,
and y; = 101

where Q represents the interaction term, and assume that
it has the Q = 38Hqgpr from the ref. [73-75]. Here B is a
coupling constant and this 8 should assumed to be negative
because if S is positive then the result in pr is negative.
Definitely, as the expansion of the Universe changes from
deceleration ¢ > 0 to acceleration g < 0. Q can be changing
from negative to positive.

@ Springer

Fig. 7 Plot of EoS parameter (w7 ) versus time (¢) for k = 1.9, o) =
1.2, p = 0.52, y; = 101, and g = —0.1

—a0=3.1 |
-—— -a0=3.3
a0=3.5 1

3,=-0.3

_1.4 1 1 1 1
0 2 4 6 8 10

Time (t) Gyr

Fig. 8 Plot of EoS parameter (w7) versus time (¢) for k = 1.9, ) =
1.2,0 =0.52, ¥ = 101,and B = —0.3

2049

or = —1 4 2apaiaay; (8 — 2)e® H3728 4 3y
1

—k

+ak+2)] 7]

X |:1 — oy (k — l)edofl:weant
oo

|:Ol](k +2)
X |———e

ot ~GD) s 2
e ak+2)] T HT — g
0

(29)

Taking the derivative of Eq. (29) with respect to x = Ina,
we get
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Fig. 9 Plot of EoS parameter (w7) versus time (7) for k = 1.9, o)
1.2,p =0.52, 1 = 101,and B = —0.5
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Fig. 10 Plot of wr versus w/T fork =19, a1 = 1.2, ap = 0.52,
y1 = 101, and B = —0.1
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Fig. 11 Plot of wy versus a)/T fork =19, a1 = 1.2, ap = 0.5
y1 = 101,and B = —0.3
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Fig. 12 Plot of wr versus w, for k = 1.9, a1 = 1.2, ap = 0.52,

y1 = 101,and g = —0.5
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where g = —

z"v>)
)]

(30)
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The squared sound speed vs2 is obtained as
20479 ar(k+2
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o
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H
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The behavior of EoS parameter wr versus cosmic time ¢
for interacting THDE model is depicted in Figs. 7, 8 and 9
for the different values of «g and . It can be that our model
starts in radiation region and passes through matter domi-
nated region and enters into the quintessence phase while
the model crosses the phantom divide line and finally, its
reached to the constant value in phantom region.

According to Fig. 13, we can say that vf is negative, which
shows that our model unstable. The rate of acceleration or
deceleration of the Universe can be described by a single
parameter (¢)isqg = —1— H2 amore sensitive discriminator
of the expansion rate and hence THDE can be constructed
by considering the general form for the expansion factor of
the Universe. for our model DP is
a2 oot

o

S (32)

According to Fig. 14, we can observed that our model
exhibits a smooth transition from decelerating to accelerating
region of the Universe.

The statefinder indicative (r, s) pair is taken for the geo-
metric idea of the models. We can find the difference in dif-
ferent THDE models by state-finder analysis.

2 —apt —opt
anone o] _ 3agane

r= —0—2[— + ao(l + 2e 0‘0')012] +—
al [04)) (03]

According to Fig. 15, we can observe that the trajectories
of (r,s) plane gives a correspondence with Chaplygin gas
model forr > 1 and s < 0.

4 Conclusions

We have investigated the THDE in the spatially homoge-
neous anisotropic KK Universe within the frame-work of SB
scalar-tensor theory of gravity filled with DM and THDE. To
obtainthe deterministic solution of the model of the Universe,
we consider some physically plausible conditions, these con-
ditions lead to a varying deceleration parameter which repre-
sents decelerating to accelerating expansion of the Universe.
We have summarized the conclusions as follows:

—aéaze_“ot [% +an(l + 2e_°‘°t)ot2] + 3agajope %0 oy — 60(%

—6, (33)

s=2[

31 agape =% — 3aq)

| (34)
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Fig. 13 Plot of vf versus time (¢) for k = 1.9, ) = 1.2, ap = 0.52,
y; = 101, and 8 = —0.1, —0.3, —0.5
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Fig. 14 Plot of vf versus time (7) fork = 1.9, a1 = 1.2, ap = 0.52,
and y; = 101

e For our models, we have observed that skewness param-
eter o varies in the positive region and do not van-
ish throughout its evolution for chosen values of g =
3.1, 3.3, 3.5. From the trajectories of pr indicates that
the positive behavior for the values of g = 3.1, 3.3, 3.5.
And energy density of THDE (pr) decreases with
increases of «g. And also, we observed that in the begin-
ing suggest that the energy density p7 dominates the early
Universe but for large cosmic time (¢) pr is negligible.

e The energy density of DM py, is positive and increas-
ing function of time ¢ for the various values of . We
can also, observed that the energy density of DM pys
increases with decreases of «g. This behavior is opposite
to the behavior energy density of THDE pr.

x101°

r x10"7

Fig. 15 Plot of vf versus time (7) fork = 1.9, a1 = 1.2, ap = 0.52,
and y; = 101

For our non-interacting THDE model, the behavior of
EoS parameter for different values of «g. It may be
observe that the model starts in matter dominated region
and varies in quintessence region and finally, its reached
to LCDM model.

‘We have drawn wr — a)/T plane (From the Fig. 5). We can
observed wr < 0 and a)/T > 0 for different values «y.
Our model completely lies in the thawing region. And
the squared sound speed vs2 versus cosmic time 7, we can
observed that vs2 is negative, which shows that our model
is unstable.

For our sign-changeable THDE model, the behavior of
EoS parameter wr for the different values of o and S.
It can be that our model starts in radiation region and
passes through matter dominated region and enters into
the quintessence phase while the model crosses the phan-
tom divide line and finally, its reached to the constant
value in phantom region.

According to Figs. 10, 11 and 12, we can observe that
or is negative and a)/T is positive for different values
of ag and B. Hence, our model completely in the thaw-
ing region. In both cases, our models completely in the
thawing region. And Fig. 13, we can say that vs2 is neg-
ative, which shows that our model unstable and also, we
observed that in both cases, our models unstable.

For both the models, DP parameter exhibits a smooth
transition from decelerating to accelerating region of the
Universe. The trajectories of (r, s) plane gives a cor-
respondence with Chaplygin gas model for » > 1 and
s < 0.
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We expect the above analysis will definitely help to have a
better understanding of THDE in SB scalar-tensor theory.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: All data analysed
during this study are presented in this published article.]
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