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Abstract. We present a model of three fermion generations with SU(3) x U(1) gauge
symmetry constructed from the complex Clifford algebra C£(8), within which the discrete
group Ss3 acts as a family symmetry. C£(8) corresponds to the algebra of complex linear
maps from the (complexification of the) Cayley-Dickson algebra of sedenions, S, to itself.
The automorphism group of S is Gy x S3. We interpret S3, suitably embedded into
C{(8), as a family symmetry. The gauge symmetry SU(3) x U(1) is invariant under Ss.
First-generation states are represented in terms of two even C{(8) semi-spinors, obtained
from two minimal left ideals, related to each other via the order-two S3 symmetry. The
remaining two generations are obtained by applying the S3 symmetry of order-three to
the first generation, resulting in three linearly independent generations.

1 Introduction

There have been many endeavours to link division algebras, and their left multiplication algebras, to the
mathematical structure of the Standard Model (SM), with a proliferation of recent research papers [1-18].
In many such approaches, the gauge groups, leptons, and quarks are contained within the multiplication
algebras, the algebras generated from the actions of division algebras on itself via its endomorphisms.

There are four normed division algebras; R, C, H (quaternions) and @ (octonions), of dimensions
one, two, four and eight, respectively. Shortly after the discovery of quarks, Giiynadin and Giirsey [19]
constructed a model of quark colour symmetry based on the algebra of the split octonions. Subsequently,
a series of papers by Barducci et al., and Casalbuoni and Gatto [20-22] explored a unified description of
leptons and quarks with internal degrees of freedom in terms of fermionic oscillators (corresponding to
a Witt basis of a Clifford algebra, see section 2.3). Three fermionic oscillators are associated with the
colour degrees of freedom, whereas the inclusion of electric charge requires a fourth fermionic oscillator.

The early association of the split octonions with quarks in [19] was expanded upon by Dixon [23-25]
who revealed that the mathematical characteristics of the SM, encompassing its gauge symmetries and
corresponding multiplets to which a single generation of fermions is subject, are inherent in T2, where
T=R®C®H® 0. Here, T? corresponds to a complexified (hyper) spinor in 1+9D spacetime.

In an approach closely related to these earlier works [19-25], Furey encompasses both bosons and
fermions within Clifford algebras, arising as the multiplication algebras of compositions of division alge-
bras. Two minimal left ideals of C£(6), the left multiplication algebra of C ® O, transform as a single
generation under SU(3)¢c X U(1)em, whereas two C€(4) minimal ideals transform as a single generation
of chiral fermions under weak SU(2) [26]. These findings integrate into a C¢(10) model [6, 7, 27, 28].

Most division-algebraic based constructions to date are limited to describing a single generation of
fermions. Despite various attempts [29-32], an algebraic foundation for the existence of three generations
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within the division algebraic framework remains elusive!. Furey endeavours to depict three generations
directly from the algebra C£(6) [29, 30]. A similar construction based on C£(6), which includes an SU(2)
gauge symmetry, is given by Gording and Schmidt-May [11]. Dixon, on the other hand, characterises
three generations using the algebra T6 = C @ H? ® Q2 [33]. In the unified theories of [22], an additional
m fermionic oscillators are included in order to represent 2™ generations (a necessarily even number).
However, these additional fermionic oscillators cannot be associated with the division algebras in an
obvious way, nor is there any algebraic guidance on what m should be. Other authors have sought to
encode three generations within the exceptional Jordan algebra [34-39].

The three-generation model proposed here (based on [1]), which builds on [2, 32], is fundamentally
different. We argue that going beyond the division algebras and considering the Cayley-Dickson algebra
of sedenions S, with automorphism group Aut(S) = Aut(Q) x Ss, provides algebraic structure suitable for
describing three generations. At the core of our construction is the idea that S3 serves as the algebraic
source for the existence of three generations. The left multiplication algebra that is generated from C® S
is the algebra C/¢(8), which will serve a central purpose in our construction.

We initially represent one generation of electrocolour states in terms of a single C¢(8) minimal left
ideal. We then embed the S3 automorphisms of S into C£(8), and subsequently interpret this as a family
symmetry. Two additional generations are then obtained by acting on the first with the S3 symmetry of
order three. Although the SU(3) gauge group is invariant under the action of Ss, the group U(1) is not.
To include an S5 invariant U(1) symmetry, each spinor is split into its even and odd-grade semi-spinors.
Applying the order-two S3 symmetry to the even semi-spinor results in a second even semi-spinor whereas
the order-three S3 symmetry generates two additional pairs of semi-spinors. An Sz-invariant U(1) gauge
symmetry then arises as the sum of three individual U(1) symmetries, and the three pairs of semi-spinors
transform as three generations of fermions under the SM unbroken gauge symmetry SU(3)c X U(1)em.
All three generations are linearly independent.

Coincidentally, several S; extensions to the SM have been considered in the literature, particularly
as a generation symmetry, and in relation to Higgs, neutrino, and flavour physics [40-49]. This makes
us hopeful that our model, once the weak interaction is included, will be able to describe additional SM
features such as neutrino oscillations and quark mixing, as well as make phenomenological predictions,
something that is mostly lacking in current division algebra based models.

2 C/(8) as the left multiplication algebra of C® S

2.1 Sedenions, and the left multiplication algebra of C® S

Starting with R, the Cayley-Dickson (CD) construction produces a sequence of algebras, A, (where
Ay = R), of dimension 2", the first three being the remaining three division algebras. Applying the CD
construction to O generates the 16-dimensional algebra of sedenions S. This algebra is non-commutative,
non-associative, non-alternative, and contains zero divisors. An orthonormal basis consists of 15 imagi-
nary units s; (i = 1,...,15), as well as the identity so. The imaginary units sq, ..., s7 correspond to the
octonion imaginary units w1, ..., u7. A general sedenion w may then be written as;

w = wpSg + w181 + ... + Wi5S15, Wo, ..., w15 € R. (1)

The product of two sedenions can be determined using the multiplication table in [1]. The involution of a
sedenion element w is given by W = wgsg—w1 81 —...—w15815. The norm |w| is defined by |w|? = ww = wWw
and the inverse of w (if it exists) is w™! = w/|w]|?.

It is known that the automorphism group of Ay = S is Aut(S) = Aut(0Q) x Sz [50]. The automorphisms
can be explicitly stated as follows;

¢: A+ Bsg — ¢(A) + ¢(B)ss, (2)
62A+BSg—)A—BSg, (3)
¢ : A+ Bsg — %[A +3A* +V3(B - B")| + i[B +3B* — V3(A — A)]ss, (4)

where A, B € Q. A* is an octonion involution of A such that (A*)* = A and (AB)* = B*A*, and ¢ is an
element of G5, the automorphism group of @. These result in the following identities; €2 = Id, ¥* = Id,
Yo = 1), ep = ¢e and e = 2e. It follows that e and 2 generate Ss.

IThe most popular GUTSs, such as those based on SU(5), SO(10), and the Pati-Salam model are also inherently single-
generation models, lacking a theoretical basis for three generations.
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Although § is both non-associative and non-alternative, it is still possible to define compositions of
left or right actions of S on itself as linear operators, thereby generating an associative algebra [51]. In
this paper, we restrict our attention to the left associative multiplication algebra.

Let L, denote the linear operator corresponding to left multiplication by an element a € C ® S onto
an element w € C® S, defined by;

L,[w] :=aw, Va,weC®S. (5)

Since L, corresponds to a linear operator, it can be represented as a 16 x 16 complex matrix (acting on
the vector space C ® S written as a 16 x 1 column vector). Due to the non-associativity of S, the left
multiplication algebra of C ® S contains new maps which are not captured by C ® S, because in general;

L,Ly[w] = a(bw) # Lep[w]= (ab)w, a,b,w € C®S. (6)

There are a total of 256 distinct left-acting complex-linear maps from C ® S to itself, and these provide
a faithful representation of C£(8). It can be shown that L, L, [w] = —Lg, L, [w] and L, L, [w] = —w,
i,j =1,...,8, i # j. As a result, the left multiplication actions Ls,, i = 0,1, ...,8, are a generating basis
for C¢(8). From now on, the left actions will be denoted simply by e; := Lg, and assumed to be acting on
arbitrary w € C®S. That is, instead of writing Lg, Ls,w, we simply write e;e;. The maps ey, k =9, ..., 15,
can then be expressed in terms of these e;, i = 1, ..., 8. For example?;

1
€9 = —5616263646568 + 5616263666768 + 5616465666768 - 56168. (7)

2.2 Constructing a minimal left ideal of CL(8)
A general construction for creating spinor spaces as minimal left ideals of Clifford algebras is reviewed in
[52]. Define a Witt basis for C¢(8) as;

. 1 ,
a; := 5(—¢j +1iejta), al = 5 (e Fiejia), (8)
where j = 1,2, 3,4.These are fermionic oscillators that generate two totally isotropic subspaces, spanned

by {a;} and {a;r-}7 and satisfy the fermionic anticommutation relations;

{ai,a;} = {af.af} =0, {ai,al} =3y, (9)
The nilpotents 21 = ajasazas and QI = a}la;a;ai can be combined into a primitive idempotent; vy :=
0 QJ{, physically representing the vacuum state. A minimal left ideal is then C£(8)v;. Explicitly, we can
write the 16 complex-dimensional ideal as follows;

Ty = (ro + rja} + rjka;r»az + rjkla;ala; + r1234a§a£a§a1)v1, (10)
where j, k,1 € {1,2,3,4}, j # k # L and ro,7;,7jk, Tk, T1234 are complex coefficients. Notably, 77 can be

expressed as (CL(6) & Cl(6)a))vy, where ay, and aL, k =1,2,3, constitutes a Witt basis for C£(6).

3 One fermion generation with SU(3)¢ x U(1)e,, gauge symmetry
We now consider the transformations of the minimal left ideal basis states. Although any transformation
of the form

e ei¢k9keie_i¢k9k7 oLER, g€ @g(g% (11)

will preserve the anticommutation relations in eqn. (9), not all such transformations preserve the Witt
basis or, equivalently, the isotropic subspaces generated by them. The transformations that preserve the
Witt basis generate U(4) = SU(4) x U(1), which corresponds to a maximal subgroup of Spin(8).

The SU(4) generators {Aq, ..., A5}, transform the 16 basis states of T} as 1 4 &6 & 4@ 1 under
commutation. SU(4) can be broken to SU(3) x U(1), where the SU(3) generators are {Ay, ..., Ag}*. The

2Expressions for all ex, k =9, ..., 15 as C£(8) elements can be found in [2].

3Explicitly defined in [1].

4SU(3) x U(1) corresponds to the subgroup of SU(4) that commutes with the quaternionic structure generated by e4
and eg, or equivalently, ag and ajl.
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SU(3) and U(1) generators are the generators that preserve both C£(6)v; and Cl(6)a}v; individually.
Under the action of SU(3), the basis elements of both C£(6)v; and C£(6)alv; transform as 1®3H 3G 1,
matching that of a single generation of fermions under SU(3)c¢.
The U(1) generator Ajs is proportional to the electric charge generator defined as;
N i f i

Q1 := g(%al +alas +alas — 3ayas) € su(4), (12)
assigning the correct electric charge to each state. The ideal basis states can be identified with the
fermions of a single generation based on how they transform under SU(3)c and U(1)em. The CL(6)vy

terms represent the isospin-up states whereas the (CE(G)alvl terms represent the isospin-down states.

4 S3 as a generation symmetry

We extend the representation of a single generation of fermions in terms of a single minimal left ideal of
CL(8), to three generations by embedding the S3 automorphisms of C ® S into C£(8), and subsequently
interpreting this discrete group as a generation symmetry.

4.1 Extending the Ss discrete symmetry to CL(8)
The automorphism ¢ defined in eqn. (2) has a natural extension to C¢(8); by letting the ¢ automorphisms
act on the left actions e; instead of sedenion elements s;. The e automorphism likewise has an obvious
embedding into C4(8): e; = e; for i € {0,1,...,7} and eg = —eg within C/(8)°.

We consider the following embedding of ¢ € Aut(S) into C¢(8)%;

N iei - ?61‘68 + §€i+8 - %ei.l,_geg i=1{0,...,7}, (13)
T Lo, — Beeg — Ve, g+ Be; (8 15
1% 2 ©i€8 1 61—8+ 461_868 2 —{ yaeny }
For example;
1 3 3
€1 i> —€1 — £6168 + £69 — —e€gesg. (14)

4 4 4

4
While the e; ;s terms can be rewritten as C£(8) elements as per eqn. (7), it is more convenient to leave
them as e;;g. It can then be checked” that 13(e;) = e;, and that both eg and eg are invariant under .
The C£(8) maps € and v can then be seen to generate Ss.
One can subsequently check that;

Y(e)(e) = p(e]) = -1, (15)
Y(ei)b(es) +v(ej)v(e;) =0, (16)

for 4,5 € {0,1,...,8}, i # j, and likewise for e. These maps therefore extend to C¢(8) homomorphisms
[53]. Unlike in our previous paper [2], e;, ¥(e;) and 1?(e;) are now linearly independent in C/(8).

4.2 Including two additional generations using the order-three symmetry 1
Applying ¢ (and +?) to a; and a;r generates two additional Witt bases;

bi = w(ai)a b:f = w(aI)a Ci = 1/)2(041')7 C;r = wz(aj)a 1= {17 23 354}3 (17)

satisfying the same fermionic anticommutation relations (equ. (9)) as our original Witt basis, with {a;, a;‘}
replaced with {b;, b;r} or {¢, cj} We can therefore construct two additional minimal left ideals;

Ty = (rg + 1,0 + 15 bIbL + 15 bIEB] + 7934b] bIBIDE s, (18)

T3 = (rg + 1, C’]T + rjkc;cL + rjklc;r-c;ic;r + r1234cic;c§cbv3, (19)

where vy = 1(v1), v3 = ¥2(v1), 4, k,1 € {1,2,3,4},j # k # l and T0s s Tikes Tikts T12345 T T ks Tkt T1234
are complex coefficients. Applying ¢ to T3 returns 77, and so ¥ permutes between three minimal ideals.

51t then follows (see eqn. (7)) that e; = —ej, for j € {9, ..., 15}.
6This map corresponds to a generalisation of the map we considered in our earlier work [2].

7Although many of the calculations that follow are straightforward, they are tedious to carry out by hand and the
authors have made extensive use of Mathematica to verify these calculations.
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4.3 Generation invariant gauge symmetries
We wish to identify 75 and T35 with the second and third generation. However, the SU(4) symmetry does
not transform the basis states of T, and 75 as 194 P 6 B 4 @ 1, as it does for T7.

In order to identify the gauge symmetries in our model, we require the gauge symmetries to preserve
the minimal left ideals under commutation and be invariant under the action of Ss3. It can be checked
that A; = ¥ (A;), @ = {1, ...,8}, and that T5 and T3 transform as one fermion generation under this SU(3).
The SU(3)¢ identified in the single-generation construction therefore extends to three generations.

On the other hand, the U(1) generator (); turns out not to be invariant under Ss. Nonetheless, it is
possible to construct an Ss-invariant U(1) generator as the sum of three individual U(1) generators;

Q = 5@ +6(Q1) +v*(@Q). (20)

This new U(1) commutes with SU(3). Although @ preserves the ideal 77 (and T», T3), it no longer
assigns the electric charge corresponding to both isospin-up and isospin-down states. Instead, () assigns
eigenvalues to the basis states of T} corresponding to two copies of isospin-down states (and likewise for T
and T3). We will address this issue shortly. The remaining SU (4) generators could likewise be generalised
to be S3-invariant, however, one finds that the minimal ideals are not preserved under commutation with
these generators. We therefore exclude them from being part of any viable gauge symmetries.

4.4 Including isospin-up states using the order-two symmetry e
To include the isospin-up states for the first generation, we utilise the order-two symmetry e. Its action
on the three Witt bases is as follows;

e(a;) = ai, elas) = —a}, ela))=al, e(a}) = —ay,
eby) =ci, elby) =—cl, €l =cl, b)) = —c, (21)

E(Ci) = b’ia 6(‘34) = *bl, E(CI) = b;f7 G(le) e 7b4’

with ¢ = 1,2,3. Applying € to 77 produces a second minimal left ideal, defined as Sy := ¢(7T}), built on
the primitive idempotent v} := €(vy). The symmetry generator @ then identifies the basis states of this
complementary ideal as (two copies of) isospin-up states.

The fact that each isospin-down state is represented twice in 77 indicates there is an additional degree
of freedom that can be included, most likely chirality. Since this is not the focus of the present paper, we
will reduce Ty (and Sy) to its even semi-spinor via the projector p; = 1(14€), where e := e1ezezeseseseres
is the C/(8) pseudoscalar. Explicitly, the even semi-spinors T;" := p, T} and S;" := p,S; are given by;

Ve
T+ _( —|—d”aJ{a£ + dgaj{ag + dba£a§ )
1 — 1,

Ve

gt _ —|—u’"a{a£ + ugaJ{a;g + ubagag ,

Jruba]iajl + Wa;al + Fagal L= +dba]£a4 + ﬁagm + Wa;azl U1
+e~alalalal +etalalalay

where the coeflicients indicate how the states transform. ) now assigns the correct electric charge to all

states, with T, (S;) containing the isospin-down (isospin-up) states.

Acting with the order-three symmetry v then permutes between the even semi-spinors of the remaining
two generations. Three generations with SU(3)¢ X U(1)em gauge symmetry can therefore be represented
in terms of three pairs of C/(8) semi-spinors, related via the S3 order-two symmetry e. Whereas €
interchanges isospin-down and isospin-up states, 1) permutes between generations. In contrast to [2], all

three generations of states are linearly independent in this construction, a desirable feature.

5 Discussion

In this paper (based on [1]) we have represented three linearly independent generations with SU(3)¢ x
U(1)em gauge symmetry within C£(8). Central to our construction is the idea that an S3 discrete
symmetry, arising from the automorphism group of S, Aut(S) = G2 X S3, is the algebraic source for
the existence of three generations. C/(8) corresponds to the left multiplication algebra of C ® S. Our
generation symmetry then corresponds to an embedding of the S3 automorphisms of S into C£(8).

One generation is represented in terms of two semi-spinors, obtained from two minimal left ideals
of C¢(8), related via the order-two symmetry of Ss3. One semi-spinor contains the isospin-down states,
whereas the other the isospin-up states. Applying the order-three S3 symmetry then produces two addi-
tional pairs of semi-spinors, linearly independent to the first, to represent the remaining two generations.
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The gauge symmetries are identified as the unitary symmetries that both preserve the semi-spinors
under commutation and are invariant under S3. Whereas the SU(3)¢ symmetry constructed for the
first generation is inherently invariant under Ss, an Ss-invariant U(1).,, consists of three separate U(1)
symmetries, one associated with each generation, which individually are not Ss-invariant.

The next step to develop this model is to include the symmetry SU(2), x U(1)y. This will then allow
us to relate our model with S3 family symmetry to S5 extensions of the SM considered in the literature
(see for example [40-49], and references therein), and make phenomenological predictions as a result. In
[48, 49] it is found that a S5 family symmetry strongly constrains the number of free parameters in the
fermionic mass matrices and allows one to obtain exact mathematical relations among fermion masses
and mixing angles. Furthermore, the extension of family and flavour symmetry to the Higgs sector
introduces two additional Higgs doublets, thereby generalising the S3 invariance of the SM gauge group
to include the Yukawa sector. The recent work [54] establishes a connection between S3 and triality,
deriving Yukawa couplings through the trialities associated with division algebras.

In all these proposals however, the appearance of S is put in by hand. In our model this discrete group
arises naturally in the context of sedenion automorphisms. This makes us hopeful that our model, once
the weak interaction is included, will be able to describe additional features such as neutrino oscillations
and quark mixing, as well as make phenomenological predictions, something that is lacking in current
division algebra based models. One feature to consider incorporating into the model is the mass hier-
archies observed among the three generations of fermions, which currently lack theoretical explanation.
Extending our model to include weak interactions may allow for the calculation of mass ratios, perhaps
via a similar method to that outlined in [55], where the exceptional Jordan algebra offers insights into
fermionic mass ratios.

Other discrete groups (such as A4, Sy, and Dy) have likewise been proposed as extensions to the SM.
Our model based on sedenions is incompatible with such proposed extensions to the SM, as it is uniquely
S3 that arises as a discrete automorphism group of S, and in fact larger CD algebras.

References
[1] Gourlay, L and Gresnigt, N 2024 Algebraic realisation of three fermion generations with S3 family
and unbroken gauge symmetry from C¢(8) ArXiv arXiv: 2407.01580.

[2] Gresnigt, N, Gourlay, L, and Varma, A 2023 Three generations of colored fermions with S3 family
symmetry from Cayley-Dickson sedenions Fur. Phys. J. C 83 8: pp. 1-13 DOI: 10.1140/epjc/
510052-023-11923-y.

[3] Gresnigt, N 2020 A topological model of composite preons from the minimal ideals of two Clifford
algebras Phys. Lett. B 808 135687 DOI: 10.1016/j.physletb.2020.135687.

[4] Gresnigt, N 2021 Topological preons from algebraic spinors Fur. Phys. J. C 81 506 DOIL: 10.1140/
epjc/s10052-021-09288-1.

[6] Gresnigt, N 2018 Braids, normed division algebras, and standard model symmetries Phys. Lett. B
783: pp. 212-221 DOL: 10.1016/j.physletb.2018.06.057.

[6] Furey, N 2023 An algebraic roadmap of particle theories, part I: general construction ArXiv arXiv:
2312.12377.

[7] Furey, N 2023 An algebraic roadmap of particle theories, part II: theoretical checkpoints ArXiv
arXiv: 2312.12799.

[8] Todorov, T 2023 Octonion internal space algebra for the standard model Universe 2023 9 222 DOTI:
10.3390/universe9050222.

[9] Furey, N and Hughes, MJ 2022 One generation of standard model Weyl representations as a single
copy of R®@ C® H® O Phys. Lett. B 827 136959 DOI: 10.1016/j.physletb.2022.136959.

[10] Furey, N and Hughes, MJ 2022 Division algebraic symmetry breaking Phys. Lett. B 831 137186
DOI: 10.48550/arXiv.2210.10126.

[11] Gording, B and Schmidt-May, A 2020 The unified standard model Adv. Appl. Clifford Algebr. 30 55
DOI: 10.1007/s00006-020-01082-8.

[12] Krasnov, K 2024 Geometry of Spin(10) symmetry breaking J. Math. Phys. 65 082302 DOI: 10.
1063/5.0210073.



1SQS28 10P Publishing

Journal of Physics: Conference Series 2912 (2024) 012019 doi:10.1088/1742-6596/2912/1/012019

[13] Lu, W 2024 Clifford algebra C1(0,6) approach to beyond the standard model and naturalness
problems Int. J. Geom. Methods in Mod. Phys. 21 2450089 DOTI: 10.1142/S0219887824500890.

[14] Masi, N 2021 An exceptional G(2) extension of the standard model from the correspondence with
Cayley-Dickson algebras automorphism groups Sci. Rep. 11 22528 DOI: 10.1038/s41598-021~
01814-1.

[15] Stoica, OC 2018 The standard model algebra - leptons, quarks, and gauge from the complex Clifford
algebra Cl(6) Adv. Appl. Clifford Algebr. 28 52 DOI: 10.1007/s00006-018-0869-4.

[16] Furey, C 2016 Standard model physics from an algebra? PhD thesis University of Waterloo.

[17] Singh, TP 2021 Quantum theory without classical time: octonions, and a theoretical derivation of
the fine structure constant 1/137 Int. J. Mod. Phys. D 30 2142010 pOI: 10.1142/S0218271821420104.

[18] Finster, F et al. 2024 Causal fermion systems and octonions ArXiv arXiv: 2403.00360.

[19] Giinaydin, M and Giirsey, F 1973 Quark structure and octonions J. Math. Phys. 14: pp. 1651-1667
DOI: 10.1063/1.1666240.

[20] Barducci, A et al. 1977 Quantized Grassmann variables and unified theories Phys. Lett. B 67:
pp- 344-346 DOI: 10.1016/0370-2693(77)90389-6.

[21] Casalbuoni, R and Gatto, R 1979 Unified description of quarks and leptons Phys. Lett. B 88:
pp. 306-310 DOI: 10.1016/0370-2693(79)90474-x.

[22] Casalbuoni, R and Gatto, R 1980 Unified theories for quarks and leptons based on Clifford algebras
Phys. Lett. B 90: pp. 81-86 DOI: 10.1016/0370-2693(80)90056-8.

[23] Dixon, G 1990 Derivation of the standard model Nuovo Cim. B 105: pp. 349-364 DOI: 10.1007/
BF02726106.

[24] Dixon, GM 1994 Division algebras Kluwer Academic Publishers Dordrecht.

[25] Dixon, GM 2010 Division algebras; spinors; idempotents; the algebraic structure of reality ArXiv
arXiv: 1012.1304.

[26] Furey, C 2018 A demonstration that electroweak theory can violate parity automatically (leptonic
case) Int. J. Mod. Phys. A 33 1830005 DOI: 10.1142/50217751X18300053.

[27] Gresnigt, N 2020 The standard model particle content with complete gauge symmetries from the
minimal ideals of two Clifford algebras Fur. Phys. J. C 80 583 DOI: 10.1140/epjc/s10052-020-
8141-1.

[28] Todorov, I 2021 Superselection of the weak hypercharge and the algebra of the standard model J.
High Energy Phys. 2021 164 DOI: 10.1007/JHEP04(2021) 164.

[29] Furey, N 2018 Three generations, two unbroken gauge symmetries, and one eight-dimensional alge-
bra Phys. Lett. B 785: pp. 84-89 DOI: 10.1016/j.physletb.2018.08.032.

[30] Furey, C 2014 Generations: three prints, in colour J. High Energy Phys. 2014 46 pOI: 10.1007/
JHEP10(2014) 046.

[31] Dixon, G 2014 Seeable matter; unseeable antimatter Comment. Math. Univ. Carolin. 55: pp. 381—
386.

[32] Gillard, A and Gresnigt, N 2019 Three fermion generations with two unbroken gauge symmetries
from the complex sedenions Fur. Phys. J. C 79 446 DOI: 10.1140/epjc/s10052-019-6967-1.

[33] Dixon, G 2004 Division algebras: family replication. J. Math. Phys. 45: pp. 3878-3882 DOI: 10.
1063/1.1786682.

[34] Dubois-Violette, M 2016 Exceptional quantum geometry and particle physics Nucl. Phys. B 912:
pp. 426-449 pOI: 10.1016/j .nuclphysb.2016.04.018.

[35] Dubois-Violette, M and Todorov, I 2019 Exceptional quantum geometry and particle physics ii
Nucl. Phys. B 938: pp. 751-761 DOI: 10.1016/j .nuclphysb.2018.12.012.

[36] Todorov, I and Drenska, S 2018 Octonions, exceptional Jordan algebra and the role of the group

Fy in particle physics Adv. Appl. Clifford Algebr. 28 82 DOT: 10.1007/s00006-018-0899-y.

7



1SQS28 IOP Publishing
Journal of Physics: Conference Series 2912 (2024) 012019 doi:10.1088/1742-6596/2912/1/012019

[37] Todorov, I and Dubois-Violette, M 2018 Deducing the symmetry of the standard model from
the automorphism and structure groups of the exceptional Jordan algebra Int. J. Mod. Phys. A
33 1850118 por: 10.1142/80217751X1850118X.

[38] Boyle, L 2020 The standard model, the exceptional Jordan algebra, and triality ArXiv arXiv:
2006.16265.

[39] Boyle, L and Farnsworth, S 2020 The standard model, the pati-salam model, and ‘Jordan geometry’
New J. Phys. 22 073023 pDOI: 10.1088/1367-2630/2ab9709.

[40] Cércamo Herndndez, AE et al. 2024 Phenomenology of an extended 1+ 2 Higgs doublet model with
Ss family symmetry ArXiv arXiv: 2408.01497.

[41] Hernandez, AEC et al. 2021 Fermion spectrum and g — 2 anomalies in a low scale 3-3-1 model Fur.
Phys. J. C 81 191 por: 10.1140/epjc/s10052-021-08974-4.

[42] Babu, KS, Wu, Y, and Xu, S 2023 Fermion masses, neutrino mixing and Higgs-mediated flavor
violation in 3HDM with S35 permutation symmetry ArXiv arXiv: 2312.15828.

[43] Kubo, J, Okada, H, and Sakamaki, F 2004 Higgs potential in minimal S5 invariant extension of the
standard model Phys. Rev. D 70 036007 DOI: 10.1103/PhysRevD.70.036007.

[44] Kubo, J 2003 Majorana phase in minimal S invariant extension of the standard model Phys. Lett.
B 578: pp. 156-164 DOI: 10.1016/j.physletb.2003.10.048.

[45] Kubo, J et al. 2005 The flavor symmetry Pro. of Theor. Phys. 109: pp. 795-807 DOI: 10.1143/
PTP.109.795.

[46] Dong, PV et al. 2012 The S3 flavor symmetry in 3-3-1 models Phys. Rev. D 85: p. 053001 DOI:
10.1103/PhysRevD.85.053001.

[47] Vien, VV and Long, HN 2014 Neutrino mass and mixing in the 3-3-1 model and S5 flavor symmetry
with minimal Higgs content J. Fzp. Theor. Phys. 118: pp. 869-890 DOI: 10.1134/S1063776114050173.

[48] Gonzélez Canales, F, Mondragén, A, and Mondragén, M 2013 The S3 flavour symmetry: neutrino
masses and mixings Fortschritte der Phys. 61: pp. 546-570 DOIL: 10.1002/prop.201200121.

[49] Mondragén, A, Mondragén, M, and Peinado, E 2007 Lepton masses, mixings, and flavor-changing
neutral currents in a minimal Ss-invariant extension of the standard model Phys. Rev. D 76 076003
DOI: 10.1103/PhysRevD.76.076003.

[50] Brown, RB 1967 On generalized Cayley-Dickson algebras Pac. J. of Math. 20 3: pp. 415-422 por:
10.2140/PJM.1967.20.415.

[61] Lohmus, J, Paal, E, and Sorgsepp, L 1994 Nonassociative algebras in physics Hadronic Press Palm
Harbour.

[52] Ablamowicz, R and Lounesto, P 1995 Clifford algebras and spinor structures: a Special volume
dedicated to the memory of Albert Crumeyrolle (1919-1992) Hadronic Press Palm Harbour.

3] Harvey, FR 1990 Spinors and calibrations Academic Press Boston.
4] Furey, N and Hughes, MJ 2024 Three generations and a trio of trialities ArXiv arXiv: 2409.17948.

5] Singh, TP 2022 Quantum gravity effects in the infrared: a theoretical derivation of the low-energy
fine structure constant and mass ratios of elementary particles Fur. Phys. J. Plus 137 664 DOI:
10.1140/epjp/s13360-022-02868-4.



