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Abstract. We discuss the concepts of open Lie superalgebras and their closure, and
describe the procedure of embedding the closure into affine twisted and untwisted Kac-Moody
superalgebras. We apply the formalism to an open algebra of a relativistic model obtained by
Cot#escu and Visinescu [J. Phys. A 40 (2007) 11987]. This yields an intuitive explanation of why
the hydrogen algebras, studied by Daboul and Slodowy, must be ‘twisted-like’ KM subalgebras.

1. Introduction

Recently, we examined the concepts of open Lie superalgebras and their closure, and some
applications [1]. In order to introduce these concepts, consider the dynamical symmetry algebra
of the 3-dimensional non-relativistic hydrogen atom, which is spanned by the conserved angular
momentum L and the Runge-Lenz vector A. The components of L and A satisfy the following
commutation relations (or Poisson brackets, in the classical treatment) [2, 3, 4]:

[L’LvLj] :lgl]kLlﬁ 27]7k: 172737 (18‘)
[Li, Aj] = ieijp Ak, (1b)
[A;, Aj] =iegjjrh Ly, where h:=—-2mH, (1c)

where m is the reduced mass, and H is the Hamiltonian. It is the appearance of H which leads
to an open algebra and its closure through embedding into an infinite-dimensional algebra.

The appearance of the factor H in (1c), which can be either an operator (or a function), but
not a constant, together with the commutation relations (1), makes the following set

-

Hs = {L, A;h} = {Li,Ai ; h|i=1,2,3}, (2)

a Lie algebra which is not closed. For this reason, we shall call such algebras open Lie (super)
algebras. The usual way to deal with this dilemma is to replace the Hamiltonian H by its energy
eigenvalues F, and then to rescale the Runge-Lenz vector. This procedure yields three closed
(real) Lie algebras, s0(4),50(3,1) and ¢(3), depending on the sign of the energy: £ < 0, E > 0
and E = 0, respectively (see references in [1]-[4]).
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Instead, if we iterate the commutation relations of {E, [f; h}, we generate the following closed
infinite-dimensional Lie algebra, which we call the closure of {L, A; h}:

H :={L, A;h} = (B"Li, h"A; | n > O)g. (3)

Daboul and Slodowy identified Hj as the positive part of a twisted Kac-Moody algebra (KMA)
DéQH [4]. Later Daboul and Daboul noted that Dé2)+ is isomorphic to A§1)+ [5, 1]. In other
words,

HY ~ Hy := (L2, A2 | n > 0)p ~ D§2)+ o~ Ang , (4)

where the notation s(™) will be defined in (11), and
L?" = x(h"L;) and A" .=y (h"A;),

where x is a homomorphism, which we shall explain in (22) below.

The dynamical algebras for the N-dimensional hydrogen atoms were later identified in [5]:
they were denoted as Hy and called hydrogen algebras. We review this identification in Sec. 4.3
below.

The purpose of this paper is to show how the above procedure can be generalized to
embeddings of open superalgebras into loop superalgebras. The proofs of the relevant theorems
can be found in our article [1].

2. Affine Lie superalgebras
In this section, we briefly review the concepts associated with affine Lie superalgebras that
pertain to our discussion.

2.1. Lie superalgebras
A Lie superalgebra (over a field K either R or C), s = s5 @ s7, is a superalgebra if its product
[-,-], called supercommutator, satisfies the following three conditions among its homogeneous
elements:
(1) algebraic grading: o

[[5;,53]] Cﬁm, (i,jGZQ),
(2) super skew-symmetry:

IILU, y]] = _(_1)|€E\|y\ [[y7 ‘T]] )

(3) super Jacobi-identity:

(=) 2, [y, 2] T+ (=DM y, [z,2] T+ (1)l [z, [, y] T =0 .

where to an element x € s;, one assigns a parity, by |z| =i € Zy [6, §1.5]. The elements with
|z| = 0 and |z| = 1 are called even and odd, respectively.

Example: An interesting example of simple finite-dimensional superalgebras, which also
illustrates the even-odd grading, is given by the (m + n) square matrices over C:

attmpo) =ty o il = { (6 5 ) e {(0 )} )

where the matrices a and d are m and n square matrices, respectively.
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The matrices in (5) become a Lie superalgebra, called the general linear Lie superalgebra, if
we define its supercommutator by

[X,Y] := XY — ()X IWly x| for X € gl(m|n)x.
Hence, the supercommutator is related to the ordinary commutator, [X,Y] := XY — Y X, as
follows:
bac 0 a; b
[X1, Xo] = [ X1, Xo] +2< 201 eoby >, where X; = < C; dz > : (6)

In particular, Eq. (6) shows that supercommutators and commutators become equal, if both
X1 and Xs have diagonal form, i.e. either by = by =0 or ¢; = co = 0.

2.2. Affine untwisted Kac-Moody superalgebras
A loop superalgebra L(s) can be defined from any finite-dimensional Lie superalgebra s as follows:

L(s)=K[t,t ' |@xs~ (a" |z €s,n€L, (7)

where K[t,t~!] denotes the algebra of Laurent polynomials in the variable ¢, and 2™ := t"x. The
generators of L(s) satisfy the supercommutation relations

[« y"] = [, 9] ™" (8)

Note that, hereafter, we only deal with loop superalgebras, not with genuine affine Kac-Moody
algebras (which have central terms). Nevertheless, we shall use the terminology and notations
of Kac-Moody-algebras to describe these algebras. In particular, we will use the notation s

for L(s).

2.8. Affine twisted Kac-Moody superalgebras
Definition 1. Let s be a finite-dimensional Lie superalgebra with a Z,,-grading that commutes
with the parity grading on s,

5= Sk, m>2, 9)

such that
[[si75jﬂ Csi-i—j) Zv]vl+] (I'IlOd m)
and such that

sk = (58)5 D (5k)1, (Sk)p =5k NSy, Kk € L, € Zo. (10)
Then a Lie super subalgebra s(™ of s(1) | is defined as follows:
m—1
e @ s = o, o
neZ,k=0
where .
51(3m) _ @ gnmtk ® (5k)ﬁ ]
n€Z,k=0

Note that sém) is a normal (not super) subalgebra of s(™).

Any s(™) of the form (11) will be called twisted-like KMA, since it may still be isomorphic
to an untwisted KMA. Only when this is not the case, we will refer to it as a twisted KMA or
“genuinely twisted KMA”. We shall also call such ("™ twisted KM subalgebra, if its connection
to s() is relevant.
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2.4. Level-grading and positive subalgebras of KM superalgebras
Eq. (8) yields the natural grading for the (twisted or untwisted) loop superalgebras (™)

[[5[m},5[n]]] C glmtnl (12)
where the homogeneous subspaces
s = (™) N (27|z € §)k (13)

will be called levels. To their elements, we assign a grade, which we call level-grade (or I-grade),
and denote it by
2" = [t"z| =n. (14)

We define the positive subalgebra s(™* as the subalgebra of a (twisted or untwisted) KMA
s(™) which is the sum of all its non-negative levels,

g(m+ .— (z" € 5(m) |n >0k = @s[n] ) (15)

n=0

3. Open algebras and their closures
Equipped with the previous definitions, we now turn to the concepts of open algebras, their
closures and their embedding.

We shall also show in this section that by simply solving the system of linear equations (23)
(which depends only on the integer coefficients rfj in the definition (18) of open algebras), we
can determine in general whether an open algebra leads to a twisted-like or to an untwisted
KMA. We apply this formalism first to the hydrogen algebras, Hy, which were mentioned in
the introduction, and then to the dynamical symmetry algebra of the Dirac-Taub-NUT (DTN)
model [7]. It turns out that the hydrogen algebras lead to twisted-like KM algebras while the
DTN model leads to an untwisted KM algebra. Furthermore we will see how both systems are
closely connected.

3.1. Definitions and notation
Consider a finite-dimensional Lie superalgebra,

N
s:=(x1,...,TN)Kk, Wwith [[:ci,mj]]:Zcfjwk, i,7=1,...,N, (16)
k=1

over the field K, with z; homogeneous with respect to the inherent Zs-grading of the
superalgebra.

Definition 2. Let
§={Xy1,..., Xn;v} (17)

be a set of generators X; and v a variable or an operator of infinite order (analogous to h in Eq.
(2)) that commutes with all the X;, and such that

N
[X0 X1 =Y e v Xy, forij=1,...,N, (18)
k=1

where the powers rfj € Ny are such that the supercommutators in (18) satisfy the super-grading,
the super-skew-symmetry and the super-Jacobi identity, and with the parity of the generators
defined by

0" X;| = |- (19)
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We call § an open algebra if at least one of the rfj in (18) is greater than zero, and the finite-
dimensional Lie superalgebra s in (16) is its underlying algebra.

By commuting the generators on the r.h.s. of Eq. (18) with each other and with the original
X;, we generate higher powers of v, such as

k ! k l P
[0 X, 0" X =Y et
P
We refer to this procedure as repeated iterations.

Definition 3. The closure of § is defined as the smallest Lie superalgebra which can be generated
from § by repeated iterations of its commutation relations. It is denoted by § or, more explicitly,

by {s;v}.

Note that we do not include the operator v itself as a generator. Therefore the closure {5; v}
of an open algebra does not have to include all the powers v"X; with n > 0,i=1,..., N. Note
that if the underlying finite-dimensional algebra s is nilpotent, then {§;v} is finite dimensional.
See another counter-example in Eq.(31). Thus,

{8;v} C L(5) := (V" Xj,ne€Z,i=1,...,N). (20)
Lemma 1. The following mapping
p(vX;) = p(X;) =z, VX;€S, (21)

of {§;v} onto the superalgebra s in (16), is a homomorphism [1, Lemma 2].

3.2. Embedding and identification of open algebras into affine Kac-Moody algebras
An embedding is an injective and structure-preserving map, denoted by f : A — B. This map
defines an isomorphism between a Lie algebra A and its image f(A) C B. Thus, we shall say
that A can be identified with B if f(A) ~ B.

In this section, we study the embedding of the closure of an open algebra 5 into the loop
algebra s(1) = £(s) in (7), which is generated by the s of (16).

Theorem 1. The closure § of an open algebra § of the form (18) can be embedded into the
affine KM algebra sV, § < s(1) by the following homomorphism:

(WP X;) = P+ Xl gy — mfwﬂxd , i=1,...,N, X; €5, (22)
if and only if the homogeneous system of linear equations
| Xi] + | X;] = [ X5] =) [v] =0, Ve #0 i,jk=1,...,N, (23)
has a solution, which can always be chosen such that |X;| € Z, |v] € N and such that the
greatest common divisor (GCD) of the | X} | and |v] is 1.
Asin (14) we call the integers | X; | and |v] level grades or l-grades of the X; and v respectively.

Theorem 2. Let g be an ordinary (i.e. not super) Lie algebra, with all its structure constants
totally antisymmetric, cfj = ¢;j5. Then all the generators X; € g must have non-negative I-
grades, i.e. | X;] > 0.
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An example: Let us apply the above theorem to the open algebra of the 3-dimensional hydrogen
atom, discussed in the introduction. From Eq. (la), we obtain |L| + |L] = |L], so that
|L| = 0. Eq. (1b) leads to | L] + |A] = | A], which yields no conditions. From Eq. (1c), we
find 2| A| = |h] 4+ | L]. Under the restrictions of the theorem this has the unique solution

L] =0,|A] =1,|h] =2. (24)

3.83. Twisted and untwisted open Lie algebras

Our motivation to undertake the work presented in Ref. [1] was the observation that, despite
the claim in Ref. [7] that the open superalgebra obtained therein was of twisted type, that
superalgebra is actually untwisted (More in Section 4).

Hereafter, we derive more results which will enable us to distinguish between the two types of
open algebras.

Lemma 2. If an open Lie algebra § has a solution with [v| = m, then the underlying finite-
dimensional Lie algebra

5= <$1,...,$N>K = gp(g)

admits a Z,,-grading, defined by the subspaces
sp=(zi=@(X;) | | Xi]=k(m) )k. where 0<k<m-—-1, (25)

where the map ¢ is defined in Eq. (21) [1, Lemma 5.
This result is important, because it enables us to define a twisted-like KMSA s(1))according
to the definition 1. This in turn allows us to embed § into twisted-like KMSA:

Theorem 3. The embedding y in (22) maps the closure § into the KMA s(lv]).

Corollary 1 If g satisfies the conditions of theorem 4, then g can be embedded into a positive
twisted-like subalgebras, as defined in (15):

§ o gD+

Since s(l)) for v > 2 is a subalgebra of the untwisted KMA s(1), the embedding y can be
extended naturally to an embedding of the loop algebra L($) of the open algebra §

L(s):=(W"X;,neZ,i=1,...,N)

into s(1) by
(0" X;) = "l (X). (26)

Corollary 2: The loop algebra £(§) is isomorphic to s(l")) by the following natural extension
of the embedding x in (26):
X(£() =51,
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3.4. Identification of Hy

As in (24) for Hs, the linear system of equations (23) yields unique solutions with |h| = 2
also for the hydrogen algebras Hy. Thus, according to the above corollary, the closure Hj, of
Hy, which is the dynamical algebra of the N-dimensional hydrogen atom, has a characteristic
embedding which extends to an isomorphism of its loop algebra with the twisted-like subalgebra
s0(N + 1)@ of so(N 4 1)(1). This enabled us to identify H¥, with the twisted-like so(N 4 1)(2)
[5]. These are real KMA, which are isomorphic to the following real affine KMA:

H5_, =~ Hyq =~ Dl(2)+7 1>2, 27)
H; ~ Hy ~ BPTcBYY  1>2,

where

N = {Lij, Ail1 <i,j < N} = (h"Lij, h" Ai|n € No)r ,
Hpy := <ﬁ?]n712112n+1|1 <iji<N;ne€ N0>R.

For a more details see eqn. (36) in [5].

Note also that Dl(Q) for [ > 3 are genuinely twisted. In contrast, BZ(Z) are not genuine; they

can be untwisted, i.e. BI(Q) ~ Bl(l).
An interesting exception is the algebra ng, since DéQ) ~ Agl), as we proved in the appendix

of [1]. This is because Dj is not a simple Lie algebra.

4. Open superalgebra of DTN model

In Ref. [7], Cotaescu and Visinescu examined a relativistic Dirac theory on manifolds carrying
the Gross-Perry-Sorkin monopole defined on the Euclidean Taub-NUT space. This ‘Dirac-Taub-
NUT’ (DTN) model has the following dynamical algebra,

So={Ji, Ki, [, M,Q,Qisb}, =123, (28)
where, by definition, all the generators in (28) commute with the relativistic operator b, where
b? is defined by

v =PI - H?, (29)
where Hp in Eq. (29) is a Dirac Hamiltonian and Py := —i 8%4 [7]. Moreover, the operators T
and M in Eq. (28) are Casimir-type bosonic operators, which commute with all the operators

in So.
The generators in (28) satisfy the following supercommutation relations:

(i, Jj] = i€ijudk, (30a)
[Ju Kj] = ifiijka (30b)
(K, K] = iei5 b J, (30c)
[Ji, Qj] = i€ynQr, (30d)
(K, Qj] = i€jxbQr, (30e)
{Qi,Q;} = 26,1, (30f)
[, Q] = [Ji, Q] = 0, (30g)
{Q,Q;} = 2(bJ; + Ky), (30h)
{Q,Q} = 2v*M, (30i)
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so that according to our definition the Sy is an open superalgebra.
According to our definition in Sec. 3.2, the closure Sy is the subalgebra of £(Sy) generated
by Sp. Hence, B
So = (b T3, b K, b T, 0"Q; | n > 0)k + (Q, M, b*M )k, (31)

is a genuine subalgebra of £(Sy)™, since instead of ("Q,b"M|n > 0)k we can only generate the
three elements Q, M and b2M.

4.1. Embedding of Sy
The linear system (23) in Theorem 1 has a unique solution with integer values, positive level
grade of b and GCD(| X;], [b]) = 1:

K| = Q| =] =1, i=1,2,3, and
|Ji) = Qi) =[] = [M] =0. (32)

As in [7] let Wp := ¢(So) denote the underlying finite dimensional super algebra of the open
algebra Sy. Since |b] = 1 in (32), the associated embedding y maps the closure Sy into the

affine untwisted KM algebra Wél), but not into a twisted-like subalgebra Wo(m) ,m > 1.

5. Summary and insight
We showed that Sy cannot be embedded into a twisted KMSA, in contradiction to the conclusion
of CV in Ref [7].

The relativistic DTN provides us with an intuitive explanation of why |h| = 2, and
consequently explains why Hpy must be twisted-like. We argue as follows: Egs. (30a)-(30c)
are similar to Eqs. (1a)-(1c). Hence, the operator b% in (30c) corresponds to the non-relativistic
Hamiltonian operator h in Eq. (1c). But since the variable b also appears linearly (in Eqgs. (30e)
and (30h)), a |h] = [b*] = 1 would yield |b] = 1/2, which contradicts the condition [b| € N.

We can summarize the embedding procedure by the following algorithm:

(i) Map the open algebra {$,v} onto s by the map ¢ in (21).
(ii) Find |v] by solving the system of linear equation in (23).
(iii) Determine the associated Z,-grading of s.

(iv) Construct the twisted-like KMSA s(lv]),
(v) Finally, map {3, v} into s(l*)) by using the map y in (26).

The above algorithm is illustrated in the following diagram:

(" X5) =ty (15 ) = gl X o
m m
F=(0"Xy,... "Xk S s0) s = (1nay Ltk
{} (iteration) f# (looping)
5§ ={X1,...,Xn;v} 5= (x1,...,ZN)K
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