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Abstract
In this workwe solve the time-independent Schrödinger equation of a particle restricted tomove on
the surface of a circular cone offinite height. The energy eigenvalues, as well as the corresponding
wave functions, are obtained analytically as a function of, r and f, the radial distance to the apex,
 r r0 ,0 and the angular variable around the axis of the cone.We compute the Shannon entropy of

this system in both configuration andmomentum space as a function of r0 and q ,0 the angular semi-
aperture of the cone. In configuration space, the Shannon entropy decreases, signalling amore
pronounced localization, as either r0 or q0 diminish; inmomentum space, an opposite behaviour
happens, i.e., the Shannon entropy increases when either, r0 or q ,0 decrease.We also compute the
radial standard deviation; wefind that the Shannon entropy better describes the localization-
delocalization phenomena. The present results agree with those previously published for a particle
confined to a circle of radius r ,0 which corresponds to q p= /20 in the present case.

1. Introduction

Spatially confined quantum systems have gainedmuch interest in recent years since one can effectively design
their electronic properties bymodifying the energy quantization, something that is achived by changing their
size, shape and dimensionality, as well as by using differentmaterials and applying external fields. Recently,
different experimental techniques have been developed for the elaboration of a variety of confined quantum
systems that comprehends quantumwells, wires and dots, electronic structure of atoms andmolecules subjected
to external high pressures, specific heat ofmonocrystals under high pressures, atoms trapped in cavities, and
nanopores, [1–18], amongmany others. Recent progress on the field of confined atoms andmolecules can be
reviewed in [19].

In recent years, a great deal of work has been devoted to the experimental and theoretical study of quantum
dots of different shapes that include spherical, ellipsoidal, cylindrical, conical, pyramidal and lenticule
geometries, [20–25], since theses systems have awide range of applications in electronic and optoelectronic
technology, [26, 27].

Quantummechanics of particles inside cones has also been shown to be a fruitfulmodel for studying the
effects of spatial quantization, [28–30], andGravesen et al studied states of a particle on a surface of revolution
forming a truncated cone [31].

Informationmeasures such as Shannon entropy, Fisher information, disequilibrium, Tsallis andRenyi
entropies, among others, have been successfully used in different works that include the derivation of
fundamental equations of physics, image retrieval and indexing,machine learning, seismology, biological
imaging, cryptography, noise theory, black holes and atoms [32–59]. Particular emphasis has been placed in the
study of Shannon entropy in free atoms andmolecules [41–45]. Recently, it has been used in the study of
hydrogen and helium atoms aswell as inmany electron atoms confined in penetrable and impenetrable cavities
[48–58].

A commonly usedmeasure of the uncertainty of the position of a particle in one dimension is the standard
deviation.When the standard deviation is small the particle will be localized, while when the standard deviation
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is large the particle will be delocalized. In the theoretic information there are fewmeasures that can be used as
measures of localization-delocalization, some of them are Shannon entropy [46–57], Fisher information
[47, 49, 54, 56, 57] and disequilibrium [54]. Shannon entropy is a globalmeasure of the spread of the probability
density r ( )r .The Fisher information is ameasure of the narrowness or concentration of electron density r ( )r , it
is localmeasure. The disequilibrium gives ameasure of the probability density r ( )r respect to the
equiprobability.

In this work, we study a particular quantumdotmodel: a single free electron thatmoves on the surface of a
circular conewhose semi-angular aperture, q ,0 can be varied at will; please see figure 1. Then, when q p= /20 we
have aflat system, and as q0 is decreasedwe obtain a needel like structure, but always having two-dimensional
system that leads to analytical expressions for the proper energies and eigenfunctions, a symplifying feature that
allows the study of quantum information properties in an accuratemanner.

Our particular proposal is part ofmore general onewhich includes the study of so-called atoms a lamode,
artificial atoms, where one can design its properties by varying size and shape, effectivemass, as well as the use of
applied external fields inways that enhance energy quantization to obtain systemwith novel properties.

This work is organized as follows: in section 2we obtain and solve the Schrödinger equation for a particle
confined on the surface cone in curvilinear coordinates. In section 3we give the theoretical framework for the
Shannon entropy in configuration andmomentum space. The radial standard deviation is presented in
section 4. In section 5we discuss our results. Finally, in section 6we give our conclusions.

2. Schrödinger equation in curvilinear coordinates

Consider a particle ofmass m0 ismoving on the surface of a circular cone, the geometry is shown infigure 1. The
origin of the coordinate system is placed at the apex of the cone, the cone symmetry axis is the z axis and, q0 is the
semi-angular aperture of the cone. Themotion of the particle is restricted to the cone surface, hence its position
is completely described by twodegrees of freedom.Weuse the following curvilinear coordinates

f= = ( )u r u, , 11 2

where r is the distant from the origin to a point on the cone surface, and f is the azimuthal angle.
In this coordinates, the position vector is given by

= ( ) r rr, 2

where r̂ is the radial unit vector

q f q f q= + +ˆ ˆ ˆ ˆ ( )r x y zsin cos sin sin cos , 30 0 0

and, therefore

q ff= +ˆ ˆ ( )

dr drr r dsin . 40

In general, the square of the differential element of arc on the surface, using the Einstein sum convention, is
given by [60, 61]

= ⋅ = ( )
 

ds dr dr g du du , 5ij
i j2

Figure 1.Aparticle on the cone surface.
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where gij are the components of themetric tensor, and = -( ) ( )g g .ij
ij

1 Let = ( )g det g ,ij which in our case is then

q= ( )g r sin . 62 2
0

The kinetic energy operator is as follows
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The differential element of area is given by

q f= = ( )dA g du du r dr dsin . 81 2
0

Weare interested in themotion of an electron =( )m me0 on an impenetrable cone offinite size. Then, the
Hamiltonian in atomic units = = =( )m e 1e is given by
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The Schrödinger equation in the region <r r0 is given by
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for >r r ,0 thewave function is zero. The problem is symmetric around the z axis, henceforth the solution of the
Schrödinger equation canwriten as follows:

y f
p

= = ¼
f

( ) ( ) ∣ ∣ ( )r R r
e

m,
2

, 0, 1, 2, 3, 12
im

Substituting equation (12) in equation (11)we obtain the following differential equation for ( )R r , the radial
wave function:

m
+ - = - ( )d R

dr r

dR

dr r
R ER

1
2 , 13

2

2

2

2

where

m
q

qº ¹
∣ ∣ ( )m

sin
, 0. 14

0
0

In order to solve (13)wemake a change of variable,

º ( )z kr, 15

with

= ( )k E2 . 16

Substituting equation (15) in equation (13)we get

m+ + - =( ) ( )z
d R

dz
z

dR

dz
z R 0, 172

2

2
2 2

which is the Bessel differential equation, whose general solution is

= +m m-( ) ( ) ( ) ( )R z AJ z BJ z . 18

Applying the boundary condition = =( )R z z 0,0 and considering that ( )R z must befinite at the origin, it
follows that =B 0, and, therefore

⎜ ⎟
⎛
⎝

⎞
⎠

c= m m( ) ( )R r AJ
r

r
, 19n m n, ,

0

where mJ is the Bessel function offirst kind [62] and order m, and c mn, is the nth zero of mJ .The normalization
constant is given by:
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Therefore, the normalized eigenfunctions of equation (11) are given by
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being their respective energy eigenvalues:
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For ¹m 0, =-E E ,n m n m, , since m has the same value for m and-m, according to equation (14).
Thewave functions inmomentum space are obtained by the Fourier transformof y f( )r, ,n m, as follows:
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3. Shannon entropy

In this sectionwe compute the Shannon entropy for different states as a function of r0 and q .0 It is worth noticing
that Shannon entropy is a functional of the probability density that ameasures the dispersion of this quantity.

In configuration space the probability density r is given by

r f y f=( ) ∣ ( )∣ ( )r r, , . 24n m n m, ,
2

Whereas inmomentum space

g J J= F( ) ∣ ( )∣ ( )p p, , . 25n m n m, ,
2

3.1. Shannon entropy in configuration space
The Shannon entropy Sr in configuration space is given by

ò ò r f r f q f= -
f

p

= =
( ) ( ) ( ( )) ( )S n m r ln r r dr d, , , sin . 26r

r

r

n m n m
0 0

2

, , 0
0

We should note that the probability density r f( )r,n m, is normalized to unity.

3.2. Shannon entropy inmomentum space
The Shannon entropy inmomentum space is given by

ò ò g J g J
q

J= -
q

p

=

¥

=
( ) ( ) ( ( )) ( )S n m p ln p

p
dp d, , ,

sin
, 27p

p
n m n m

0 0

2

, ,
0

where g J( )p,n m, is given by equation (25), and is also normalized to unity. The interpretation of Sp and Sr are
similar to each other in their respective spaces.

3.3. Entropic sum
Balinicki-Birula andMycielski (BBM) [63] showed that the total Shannon entropy St satisfies the following
uncertainty principle

p= + +( ) ( )S S S D 1 ln , 28t r p

whereD is the dimensionality of the system.
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4. The radial standard deviation

The radial standard deviation has been used as ameasure of localization in the quantum corral [51] and in the
problemof themotion of a particle in a circle in the presence of a constantmagneticfield [53].

The radial density is defined by integrating the probability density with respect to angle f as follows:

òr y f f=
p

( ) ∣ ( )∣ ( )r r d, . 29r n m
0

2

,
2

The radial probability distribution r ( )r rdrr represent the probability offinding the particle between the
radial distances r and +r dr.The radial standard deviation sr is given in therms of the radial density

Figure 2. Shannon entropy as a function of the confining radius for q p p p= / / /2, 3, 90 .
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The radial standard deviation is associatedwith the dispersion of the radial density. This quantity is used as a
measure of particle localization-delocalization sincewhen sr is very small, the probability density is sparsely
scattered and the particle ismore localized, while when sr is very large, the probability density is highly scattered
and the particle is delocalized.

5. Results

5.1. Shannon entropy in configuration space
Infigure 2we show the Shannon entropy values for few states as a function of the confining radius r ,0 for selected
values of the apex angle, q p p= / /2, 30 and p/9; the states are labeled as (n m, )where n is the radial quantum
number and m is the angular quantumnumber.

The Shannon entropy for all the states diminishes (localization increases) as the confining radius r0

decreases, since the surface available for themotion of the electron gets reducedwith r .0 The Shannon entropy
curves for q p p= / /2, 30 are almost identical to each other.Noticed that for afixed value of r0 the Shannon
entropy decreases (localization increases) as the apex angle is reduced. For q p p= / /2, 3,0 the decrease in
Shannon entropy values is very slight but for q p= /90 it ismore pronounced. The present results for

q p= /20 are in full agreementwith those previously published in the literature [51–53].When the spatial
confinement increases, the area inwhich the electronmoves is reduced, the Shannon entropy decreases
(localization) and even its value can becomenegative, this is a typical behavior of the Shannon entropy in
confined systems [46–57].

Infigure 3we show the Shannon entropy as a function of quantumnumber n for two different values of the
confining radius =r 10 and 5, and q p= /9.0

Figure 3. Shannon entropy as a function of n for two different values of confining radius =r 10 and 5 for afixed value of the apex
angle q p= /9,0 and angular quantumnumber =m 0, 1, 4, 5 and 7 as noted.
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Figure 4.The Shannon entropy as a function of the radial quantumnumber n for four different apex angles q p p p= / / /2, 3, 90 and
p/18; =r 1,0 and angular quantumnumber =m 0, 1, 4, 5 and 7 as noted.
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The Shannon entropy curves for both confining radii are identical in shape, except for a translation in the
direction of the vertical axis. For this reason, we can use any value of r0 to study the behavior of the Shannon
entropy in configuration space; hereafter wewill use =r 1.0

Figure 5.Probability density Rn m,
2 for different states (n,m) for q p= /30 .
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Infigure 4we show the Shannon entropy as a function of the quantumnumber n for afixed radius =r 10

and four different values of the apex angle q p p p= / / /2, 3, 90 and p/18 and several quantum angular
numbers.

Figure 6.Probability density Rn m,
2 for different states (n,m) for q p= /180 .

9
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Figure 7. Shannon entropy as a function of the angular quantumnumberm for four different apex angles
q p p p p= / / / /2, 3, 9 and 180 and for a value of r0 = 1.
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For q p= /2,0 our results are in complete agreementwith thefigure 2 obtained by [51], as expected. The
Shannon entropy curves for =m 0–4 diminish (localization) as the radial quantumnumber n grows, while for

>m 4, Sr increases (delocalization) until it reaches amaximumvalue and then decreases, this behavior in the
Shannon entropywas explained byCorzo et al [42] by using the plot of the ( )R r .n m,

2

Also notice that the results for Shannon entropy shown infigure 4 for q p= /20 and q p= /30 are very
similar among them. The lower Shannon entropy values (localization) for q p= /20 are obtained for the states
(10,0) and (10,1), as can be seen from figure 4. The same conclusion applies for q p= /3.0

The behavior of the Shannon entropy is understood using figure 5, where ( )R rn m,
2 is shown for few states.

The Sr for states with =m 5 and =m 7 first increases (delocalize), reach amaximumvalue and begins to

Figure 8. Shannon entropy as a function of the confining radius r0 for q p p p= / / /2, 3, 90 .
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decrease as n increases. Fromfigure 5 it can be seen that state (1, 5) ismore localized than (2, 5) and the latter is
less localized than (3, 5), so <( ) ( )S S1, 5 2, 5r r and <( ) ( )S S2, 5 3, 5 .r r The explanation for the Shannon
entropy for the curvewith =m 7, is analogous.

Figure 9. Shannon entropy inmomentum space as a function of the quantumnumber n for a fixed value r0.
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From the results q p= /90 and p/18 it is observed that as the q0 decreases, the Shannon entropy also
decreases, indicating an increased localization. The difference in entropies -( ) ( )S n S n, 1 , 0r r becomes
smaller as n increases. The Shannon entropy for states with >m 4 starts to grow as n increases in the range

Figure 10. Shannon entropy inmomentum space as a function of the quantumnumberm for =r 10 .
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 n1 10.The behavior of Sr as a function of n can be understood by analyzingfigure 6, where ( )R rn m,
2 is

shown for several (n,m) states.
Figure 7 shows the behavior of Shannon entropy as a function of quantumnumberm for four different angle

q p p p= / / /2, 3, 90 and p/18 and r0 = 1.
Our results are in full agreement with those of [53] for q p= /2,0 and is completely analogous tofigure 4 of

[51]. Notice that the results for q p= /20 and q p= /30 are very similar. Each curves corresponds to a fixed
radial quantumnumber n. For q p= /20 and q p= /30 and n = 1, 2 and 3 the Shannon entropy increases with
the angularmomentumquantumnumber m until it reaches amaximumvalue, to then decrease in the region
< <m0 5. States with >n 3 reach amaximum for >m 5.The shift of the position of themaximumbecomes

more evident as the angular aperture of the cone is dereceased as shown for q p= /90 and q p= /18.0

In all the graphs infigure 7, the Shannon entropy Sr decreases as angularmomentum m increases. Corzo
et al [51] gave the explanation of this behavior for q p= /2.0 The explanation for the other angles q0 follows
immediately by looking at figures 5 and 6.

5.2.Momentum space
Infigure 8we show the Shannon entropy inmomentum space Sp as a function of the confining radius for the
following values of the apex angle q p p p= / / /2, 3, 9.0

Figure 11. (a)Entropic sumas a function of r0 for the state (1,0), for different values of the apex angle q .0 The dotted line corresponds
to the value of the bound of the BBMuncertainty principle; p= + + =( )S S S 2 1 ln 4.2896,t r p as expected. (b). Entropic sum as
a function of r0 for the state (2,1), for different values of the apex angle q .0 The dotted line corresponds to the value of the bound of the
BBMuncertainty principle; p= + + =( )S S S 2 1 ln 4.2896,t r p as expected.
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As r0 diminish the Shannon entropy grows (delocalization) for all the states. The Sp curves for q p= /20 and
q p= /30 are very similar. For a fixed value of r0 the value of Sp increases (delocalization) as the apex angle
diminishes, for any state. The Shannon entropy Sp curves for the states (1, 1) and (2, 0) approach as q0 decreases.

Infigure 9we show the behavior of the Shannon entropy Sp as a function of the radial quantumnumber n
for =r 1.0

The Shannon entropy Sp diminishes (localization) as n decreases, two groups of states are formed, one for
states =m 0 and 1 and the other for states with = –m 4 7, for afixed value of n the Shannon entropy Sp

increases withm. The separation between the Sp curves, for the states withm= 0 and 1, becomesmore evident
as the angle q0 decreases.

Infigure 10we show the Shannon entropy Sp as a function ofm for q p p p= / / /2, 3, 90 and p/18.
Shannon entropy Sp grows (delocalization) asm increases.

Figure 12.Radial standard deviation as a function of the radial quantumnumber n for three different apex angles q p p= / /2, 90 and
p/18 and for a value of r0 = 1.
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5.3. Shannon entropic sum
The BBMuncertainty principle equation (28) for the present two-dimensional (D= 2) problem is reduced to

p= + + =( ) ( )S S S 2 1 ln 4.2896. 31t r p

Infigures 11(a) and (b), we show the Shannon entropy in configuration andmomentum spaces and the total
Shannon entropy, the BBMuncertainty principle [63] is satisfied in all cases and the value of the total entropy
remains constant. It should be noted that the position of the crossings between Shannon entropy Sr and Sp

increases as the apex angle q0 decreases. It is also interesting to note that the Sr and Sp curves are symmetrical
with respect to each other.

Figure 13.Radial standard deviation as a function of the angular quantumnumberm for three different apex angles
q p p p= / / /and2, 9 180 and for a value of r0 = 1.
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5.4. The radial standard deviation
Infigure 12we show the radial standard deviation as a function of the radial quantumnumber n for different
values of the angularmomentum m, for q p p= / /2, 90 and p/18.The curves corresponding to q p= /20 are
in complete agreement withfigure 2 of [51]. The curve of sr corresponding tom= 0 grows (delocalization)with
n and reaches its asymptotic value quickly for the three angles. The curves of sr form= 1,K,7 also grow
(delocalization) as a function of n, for the three studied angles. This behavior does not agreewithwhat was found
in section 5.1, inwhich it was found that the states (n, 0) and (n, 1) aremore localized as n increases (figure 4).

Infigure 13we show the behavior of the radial standard deviation sr as a function of m for different values of
n. sr diminished (localization) as m grows, for the three studied angles. This behavior is also inconsistent with
whatwas found in section 5.1, inwhich it was found that the Shannon entropy curves as a function ofm first
increase and reach amaximumvalue (delocalization) and then decrease (localization), as can be seen infigure 7.

6. Conclusions

In this workwe use curvilinear coordinates f( )r, to obtain the Schrödinger equation for an electron on the cone
surface, we found the exact energies andwave functions for all states.We also studied the Shannon entropies in
configuration andmomentum space, and the entropic sum, as a function of the confinement radius r0 and the
apex angle q .0

The Shannon entropy for the case q p= /20 is reduced to that of a particle inside a circular box of radius r ,0

the results found in this work are in full agreementwith those previously published [51–53].
The Shannon entropy in configuration space, for all states, decreases (localization) as the confining radius r0

decreases. This behavior can be explained by the fact that as the confinement radius r0 decreases, the surface on
which the electronmoves also decreases, and therefore the electron ismore localized. On the other hand, as r0

decreases the value of the Shannon entropy in themomentum space Sp increases, so that the BBMuncertainty
relation (equation (28)) is satisfied for all states and for all values of the apex angle q .0

The for afixed value of r0 the Shannon entropy diminishes as the apex angle q0 decreases, this decrease in Sr

ismost evident for small angles.When the spatial confinement increases, the area inwhich the electronmoves is
reduced, the Shannon entropy decreases (localization) and even its value can become negative, this is a typical
behavior of the Shannon entropy in confined systems [46–57]. In themomentum space the opposite happens,
for afixed r ,0 the Shannon entropy Sp increases as the apex angle decreases.

The behavior of the Shannon entropy in configuration space as a function of the quantumnumber n
depends on the state (n,m). The Sr curve for states (n, 0) for the apex angle q p p p= / / /2, 3, 90 and p/18, are
decreasing functions of n. Sr for the states (n, 1) is a decreasing function of n for the angles q p p p= / / /2, 3, 90

and for p/18 has amaximum. For other higher excited states, the entropy increases, reach amaximumand then
diminish as a function of n for q p p= / /2, 3,0 for smaller values of q0 the Sr curves are increasing function of n,
as can see fromfigure 4.Whereas inmomentum space, the curves of Sp are increasing functions of n for all
studied states (n,m) and for q p p p= / / /2, 3, 90 and p/18.

The behavior of Shannon entropy in configuration space as a function of the quantumnumberm depends
on the state (n,m). The Sr curves as a function ofm ha amaximum for states (n,m), and for q p p p= / / /2, 3, 90

and p/18.As the apex angle q0 diminishes the position of themaximumof each curvemove toward the
maximun of the curve for =m 1 (figure 7). The behavior of Shannon entropy inmomentum space Sp is simpler,
they are increasing functions ofm for all studied states for q p p p= / / /2, 3, 90 and p/18.

Wecomputed the radial standar deviation as a function of the quantumnumber n for different values of
angularmomentumm, for q p p= / /2, 3,0 and p/18 (figure 12).Wefind that the radial standard deviation
predicts different behavior to the Shannon entropy.

We also computed the radial estandar deviation as a function of the angularmomentumm for different
values of the radial quantumnumber, for q p p= / /2, 3,0 and p/18 (figure 13). The radial estandar deviation
show localization as the quantumnumberm increases. However, Shannon entropy (figure 7) shows first a
delocalization, and asm increases, a localization, this behavior is in agreement with the probability distribution
plots infigures 5 and 6.

The Shannon entropy ismore appropriate than the radial standard deviation to describe the localization-
delocalization of a particlemoving on the surface of a cone.
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