OPEN ACCESS

10P Publishing Reports on Progress in Physics

Rep. Prog. Phys. 88 (2025) 067601 (51pp) https://doi.org/10.1088/1361-6633/adcd28

Extendibility limits quantum-secured
communication and key distillation

Vishal Singh'*® and Mark M Wilde’

!'School of Applied and Engineering Physics, Cornell University, Ithaca, NY 14850, United States of
America

2 School of Electrical and Computer Engineering, Cornell University, Ithaca, NY 14850, United States of
America

E-mail: vishalsph04 @ gmail.com

Received 29 December 2024, revised 24 March 2025
Accepted for publication 15 April 2025

Published 3 June 2025

Corresponding editor: Dr Lorna Brigham @
CrossMark

Abstract

Secret-key distillation from quantum states and channels is a central task of interest in quantum
information theory, as it facilitates private communication over a quantum network. Here, we
study the task of secret-key distillation from bipartite states and point-to-point quantum
channels using local operations and one-way classical communication (one-way LOCC). We
employ the resource theory of unextendible entanglement to study the transformation of a
bipartite state under one-way LOCC, and we obtain several efficiently computable upper
bounds on the number of secret bits that can be distilled from a bipartite state using one-way
LOCC channels; these findings apply not only in the one-shot setting but also in some restricted
asymptotic settings. We extend our formalism to private communication over a quantum
channel assisted by forward classical communication. We obtain efficiently computable upper
bounds on the one-shot forward-assisted private capacity of a channel, thus addressing a
question in the theory of quantum-secured communication that has been open for some time
now. Our formalism also provides upper bounds on the rate of private communication when
using a large number of channels in such a way that the error in the transmitted private data
decreases exponentially with the number of channel uses. Moreover, our bounds can be
computed using semidefinite programs, thus providing a computationally feasible method to
understand the limits of private communication over a quantum network.
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1. Introduction

1.1. Motivation

The existence of a quantum network facilitates the distribu-
tion of secret keys between distant parties [BB84, Eke91],
which ensures secure communication by means of the one-
time pad protocol. However, realizing an ideal quantum net-
work can be very expensive. This motivates an in-depth
study of the number of secret bits that can be established
with the available resources, which, in the context of the
quantum internet, are partially entangled states and quantum
channels.

Our ability to distill secret keys from a bipartite state
or a quantum channel depends on the operations that we
can perform. The three most common settings studied in
any non-local resource distillation task are as follows: local
operations, local operations with one-way classical com-
munication, and local operations with two-way classical
communication. Here we consider the task of secret-key
distillation from bipartite states and point-to-point chan-
nels in the presence of local operations and one-way clas-
sical communication. In what follows, we first discuss our
contributions on understanding secret-key distillation from
states, and thereafter we discuss our related contributions for
channels.

1.2. Secret-key distillation from states

The task of distilling secret keys from a bipartite state using
local operations and one-way classical communication, abbre-
viated as one-way LOCC, has been studied extensively in
the past [DWO05, RR12, KKGW21]. From an information-
theoretic perspective, the main quantities of interest are the
one-shot, one-way distillable key of a state and the asymptotic
one-way distillable key of the state. The one-shot, one-way
distillable key of a state is roughly defined as the maximum
number of ‘approximate’ secret bits that can be distilled from
a state using a one-way LOCC channel with respect to a fixed
error parameter, and the asymptotic one-way distillable key
of the state is the maximum rate at which secret bits can be
distilled from an arbitrarily large number of independent and
identically distributed copies of the state when using one-way
LOCC channels.

Computing the one-shot, one-way distillable key and the
asymptotic one-way distillable key is a challenging task.
Lower bounds on the one-way distillable key in the one-shot
regime, as well as the asymptotic regime, have been found
in previous works [DWO05, RR12, KKGW21]. Upper bounds
on the one-shot distillable key of a state when using two-
way LOCC have been found in terms of the smooth-min rel-
ative entropy of entanglement [WTB17] and the squashed
entanglement [Chr06, CEH+07, CSW12, Will6]. Naturally,
these quantities also bound the one-shot, one-way distillable
key from above. However, computing the smooth-min relative
entropy of entanglement of a state is related to the NP-hard
problem of optimizing over the set of separable states [Gur(3,
GhalO], and the squashed entanglement is not even known
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to be computable in the Turing sense, due to it involving an
optimization over a state having a system of unbounded size.
Moreover, the aforementioned quantities bound the one-shot
distillable key of a state, which is expected to be larger than
the one-shot, one-way distillable key of the state in general,
leaving room for significant improvement in the estimation of
the latter quantity.

In this work, we invoke the framework of unextendibility to
obtain upper bounds on the one-shot, one-way distillable key
of a state, which can be computed by means of a semidefinite
program. As such, to the best of our knowledge, ours is the
first general upper bound on this quantity that is efficiently
computable, in contrast to the smooth-min relative entropy of
entanglement and the squashed entanglement. We also give an
upper bound on the maximum rate at which secret bits can be
distilled from an arbitrarily large number of i.i.d. copies of a
state when using one-way LOCC channels, provided that the
error in distillation decreases exponentially with the number
of copies of the resource state.

1.3. Private communication over channels

The one-shot setting of private communication has been the
subject of several studies [RR11, WTB17, Will7, RSW17,
KKGW?21]. In the context of private communication, we are
interested in the maximum number of private bits that can be
sent through a quantum channel when using some freely avail-
able operations, which can be local operations and classical
communication, local operations with only forward-classical
communication, or local operations only. The corresponding
quantities are called the one-shot two-way-assisted private
capacity, the one-shot forward-assisted private capacity, and
the one-shot unassisted private capacity, respectively. In the
presence of forward-classical assistance, the task of secret-
key distillation is equivalent to the task of private commu-
nication, which allows us to immediately extend our under-
standing of secret-key distillation from channels to private
communication.

Finding efficiently computable upper bounds on the one-
shot private capacity of a channel has remained an unsolved
problem since early works on private capacity [CWYO04,
DWO5]. Several upper bounds on the one-shot, two-way-
assisted private capacity have been obtained [TGW14,
WTB17, QSW18]. However, none of them are known to be
efficiently computable. Even in the asymptotic regime, com-
putable upper bounds on the unassisted private capacity and
two-way-assisted private capacity are known only for qubit
channels [FF21].

Here we contribute to this growing body of knowledge by
giving upper bounds on the one-shot forward-assisted private
capacity of a channel, which can be computed efficiently using
a semidefinite program. We also give a semidefinite comput-
able upper bound on the maximum rate at which private bits
can be transmitted through a quantum channel when the error

in transmission is required to decay exponentially with the
number of channel uses.

1.4. Methods used in this work

The resource theory of unextendible entanglement developed
in [WWW24] serves as the primary mathematical framework
in our investigation. The set of free states in the resource theory
of unextendible entanglement is a state-dependent set com-
prising of all symmetric extensions of the state in question.
The set of two-extendible channels serves as the set of free
operations, which was defined in [KDWW19, KDWW21]. All
one-way LOCC channels are two-extendible channels, which
makes the resource theory of unextendible entanglement use-
ful for the analysis of private communication with one-way
LOCC.

The unextendible entanglement of quantum channels was
defined in [SW24b], which is the primary mathematical
framework that we use to investigate private communication
through a quantum channel assisted by one-way LOCC. In this
resource theory, the set of free channels is a channel-dependent
set, which consists of channels that are symmetrically-
compatible with the channel in question, where compatible
channels were defined in [HMZ16]. The set of free operations
are two-extendible superchannels, which form a semidefinite
relaxation of the set of one-way LOCC superchannels origin-
ally considered in [LM15, RBL18].

In the past, the unextendible entanglement of states has
been used to study the exact and probabilistic distillation
of secret keys from states using one-way LOCC channels
in [WWW24, SW24a], and the unextendible entanglement of
channels has been used to study zero-error private commu-
nication through channels in [SW24b]. By using the resource
theory of unextendible entanglement to study ‘approximate’
secret-key distillation from states and channels, we demon-
strate that this resource theory can be used to study more prac-
tical settings in which an arbitrarily small error is allowed in
resource distillation.

1.5. Summary of results and organization of the paper

The main contributions of our paper are as follows: We
give upper bounds on the one-shot, one-way distillable key
of a bipartite state and on the one-shot, forward-assisted
private capacity of point-to-point quantum channels. As men-
tioned previously, to the best of our knowledge, these are the
first efficiently computable upper bounds on these quantities.
Extending our results to the asymptotic setting, we give upper
bounds on the maximum rate of distilling secret keys from
i.i.d. copies of a bipartite state or channel when using one-
way LOCC, albeit in a particular setting in which the error in
distillation is required to decay exponentially with the number
of copies of the resource. Several of our bounds can be com-
puted using semidefinite programs, adding to their practical
relevance. Finally, with this work, we demonstrate the power
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Table 1. A list of our results for secret-key distillation from a bipartite state when using one-way LOCC channels, in the one-shot and

asymptotic settings.

Setting Divergence used for upper bound Reference
One-shot setting Smooth-min relative entropy Theorem 2
Simplified bounds for 1-shot setting ~ Smooth-min relative entropy Corollaries 1 and 2
n-Shot setting Sandwiched Rényi relative entropy ~ Corollary 3
Asymptotic setting Umegaki relative entropy Theorem 3

Table 2. A list of our results for forward-assisted private communication from point-to-point quantum channels in the one-shot and

asymptotic settings.

Setting Divergence used for upper bound Reference

One-shot setting Smooth-min relative entropy Theorem 4
Simplified bounds for 1-shot setting Smooth-min relative entropy Corollary 4
n-shot setting Geometric Rényi relative entropy Corollary 5
Asymptotic setting Belavkin—Staszewski relative entropy Theorem 5

of the resource theory of unextendible entanglement in study-
ing resource distillation. Prior to our work here, it was unclear
how to apply this concept to the setting of approximate key
distillation and left as an open question since [WWW24].

In table 1, we present a brief summary of our results on one-
way secret-key distillation from bipartite states, and in table 2,
we give a brief summary of our results on forward-assisted
private communication over channels. We note here that the
Python codes used for calculating the semidefinite programs
and producing the plots in this paper are available with the
arXiv posting.

An outline of our paper is as follows:

e Section 2: definitions and notations used in the paper,
along with basic facts about quantum states, channels, and
superchannels.

e Section 3: Discussion on secret-key distillation from bipart-
ite states using one-way LOCC channels, and definition of
the one-shot, one-way distillable key of a state, which is the
primary quantity of interest.

e Section 4: Review of the concepts of two-extendibility and
the unextendible entanglement of states. Discussion on the
unextendible entanglement of states induced by smooth-min
relative entropy and «-sandwiched Rényi relative entropy,
which are the primary ingredients in the main result obtained
for one-way secret-key distillation from bipartite states.

e Section 5: Main results on one-way secret-key distillation
from an arbitrary bipartite state. Numerical demonstration
of the upper bounds on the one-shot, one-way distillable key
of isotropic states using semidefinite programs.

e Section 6: Discussion of private communication over
quantum channels using one-way LOCC superchannels.
Review of the unextendible entanglement of channels
induced by smooth-min relative entropy and «-geometric
Rényi relative entropy. Main results on one-way private
communication over an arbitrary channel. Demonstrating

the upper bound on the one-shot, forward-assisted private
capacity of the erasure channel using analytical expressions.

2. Notation and preliminaries

In this section, we review background material on the three
major elements that we use in the rest of the work: quantum
states, channels, and superchannels.

2.1. Quantum states and channels

A quantum state p, is a positive semidefinite, unit-trace oper-
ator acting on a Hilbert space H4. We denote the set of all
linear operators acting on the Hilbert space H, by £(A) and
the set of all quantum states acting on this Hilbert space by
S(A). A bipartite quantum state p4p acting on the Hilbert space
Ha ® Hp is called separable if it can be written as

pas =Y _p(x) ok @75, (1
xeX

where {p(x)}rcx is a probability distribution and {0} }.cx
and {73 }.cx are sets of states. Any quantum state that is not
separable is said to be entangled. The maximally entangled
state vector in the Hilbert space Hs ® Hp is denoted as
follows:

1 d—1
|09 4 1= ﬁmeB, )
i=0

where {|i)}¢—, is an orthonormal basis and d is the Schmidt
rank of the state. We denote the correponding density operator
as 4, = |09) (D 4p.

A quantum channel NV, _,  is a completely positive (CP) and
trace-preserving (TP) linear map that takes an operator acting
on the Hilbert space H,4 as input and outputs an operator acting
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(a) One-way LOCC channel

(b) One-way LOCC superchannel

Figure 1. (a) Schematic diagram of a one-way LOCC channel £}, , 45/, as defined in (5), acting on a bipartite state psg. (b) Schematic
diagram of a one-way LOCC superchannel © (4, ), (c—p), defined in (6) with M being a classical system, acting on a channel N, .

on the Hilbert space Hp. We denote the Choi operator of a
channel N 5 by F%, which is defined as follows:

i = Nass (dPka) , 3)

where ®%, is the maximally entangled state of Schmidt rank d
and system R is isomorphic to system A. The normalized Choi
operator is called the Choi state of the channel, and it is defined
as follows:

D7 = Nasp (D) - )

An important class of channels that is central to our work
consists of one-way LOCC channels. We use the symbol £~
for a one-way LOCC channel.

A one-way LOCC channel is a quantum channel that acts
on a bipartite state, and it can be physically described by
the following sequence of operations: Say Alice and Bob
share a bipartite state p4p. Alice applies a quantum instrument
{€X 4} Onher system, where x is a classical label corres-
ponding to the outcome of the instrument. She sends the clas-
sical label x to Bob through an ideal classical channel. Bob
then applies a quantum channel Dj_, 5, based on the label x
that he received from Alice (see figure 1(a)). A one-way LOCC
channel can be mathematically described as follows:

Lipng = Dig®Ei a0, 5)

xeX

where {€X _, 1/} . » isaquantum instrument and {D5_, 5, }
is a set of quantum channels.

xeX

2.2. Quantum superchannels

A quantum superchannel © 4_, ), (c—p) is a linear map that
transforms a quantum channel to another quantum channel.
Since quantum channels are CP and TP maps, a superchan-
nel is a completely CPTP-preserving map (see definition 1
for a formal definition). It can be perceived as a mathemat-
ical model for any physical transformation a quantum channel
can undergo, as long as the resulting map is also a quantum
channel. Quantum superchannels were introduced in [CDP08]
and further investigated in [Goul9], both of which provide

a detailed discussion. Here, we include a brief discussion on
superchannels relevant to this work.

Definition 1 (superchannel). Let 74,5 : L(A) — L(B) be a
linear map. Let the space of all such maps be denoted by A2,
A linear map O (4_,p)_(c—p) : L*# — L is a superchannel
if

1. It is completely CP preserving; i.e.
(id(g) ) ®Oa—8)—(c—0)) (Tea—ep) is a CP map if
Tea—g+p is a CP map, for all possible dimensions of system
E.

2. Itis TP preserving; i.e. © 45y (c—p)(Ta—p) isa TP map
if Ta_p is a TP map.

According to the fundamental theorem of superchan-
nels [CDPOS], every superchannel can be decomposed into a
pre-processing channel £c_,y4 and a post-processing channel
Dup—p connected by a memory system M. That is, for every
superchannel © 4,5, (c—p). there exist Ec,ya and Dyp—p
such that

O (4—8)—(c—p) Nasp) = Dup—p o NaspoEcomu-  (6)

Quantum superchannels are a powerful tool in analyzing com-
munication tasks over a quantum channel, as any communic-
ation protocol can be modeled as a superchannel.

A special class of superchannels that is relevant to this work
is the class of one-way LOCC superchannels. This is the set
of superchannels that can be simulated by local operations and
forward classical communication (see figure 1(b)). In particu-
lar, if system M in (6) is set to be a classical system, then every
superchannel © (4, 5)_.(c—p) that has the form given in (6) is
a one-way LOCC superchannel.

3. One-way secret-key distillation

In principle, the existence of a quantum network ensures
unconditional secret key distribution [BB84, Eke91]. Alice
and Bob can often manipulate a shared entangled state by
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means of local operations to obtain a maximally classically-
correlated state that is completely independent of the sys-
tem of any eavesdropper. The maximally-classically correl-
ated state can then be used as a key to encrypt some clas-
sical data that Alice intends to send to Bob using the one-
time-pad scheme. Since the eavesdropper is independent of
the key shared between Alice and Bob, it is impossible for
them to decode the encrypted data irrespective of their compu-
tational power. The state thus established between Alice, Bob,
and an eavesdropper is called a tripartite key state, and it can
be expressed in the following form:

k—1
1 o N/
TABE = EZO [iYi]a ® |i)i|p ® oF, @)

where o is an arbitrary quantum state.

In general, the task of secret-key distillation is a three party
problem due to the involvement of the eavesdropper. However,
a crucial discovery was made in [HHHOO0S5, HHHOOQ9], estab-
lishing an equivalence between the tripartite scenario and a
bipartite scenario involving the concept of a private state. In
the next section, we briefly review the structure of bipartite
private states, which plays an important role in this work.

3.1 Bipartite private states

A bipartite private state 7%, is the most general form of
a quantum state that furnishes a secret key of log, k bits upon
local measurements of systems A and B. Therefore, to establish
a secret key whose secrecy is ensured by the laws of quantum
mechanics, one needs to establish a bipartite private state.

It was shown in [HHHOO05, HHHOOQ9] that a private state
YK 515+ holding log, k secret key bits can always be written in
the following form:

Vipars = Vasars: (@55 @ 7a50) Vigag, ®)

where X, is a maximally entangled state of Schmidt rank «,
the operator 745 is an arbitrary bipartite state, and Vapasp- is
called a twisting unitary, defined as follows:

k—1
VABA’B’ :E|l><l|A ®IB®U‘Z'4/B/, (9)
i=0
with U, ,, being some unitary operator. The private state in (8)
can then be written more explicitly as follows:
k—1

. . T
YVhaws = Y 001 @ 1)1 ® Usgrran (Ui, ) -

ij=0

(10)

Systems A and B are said to be the key systems, and systems
A’ and B’ are said to be the shield systems.

Figure 2. Schematic diagram of approximate distillation of a
bipartite private state yﬁ, g4 from a state psp using a one-way
LOCC channel L35, 4/5/4/15, Where the error in distillation,
denoted by ¢, is defined in (11).

3.2. One-shot, one-way distillable key of a state

Let us now consider the task of distilling secret keys from a
bipartite state shared between two parties using local opera-
tions and one-way classical communication. Since the distilla-
tion of a secret key is equivalent to the distillation of a bipartite
private state, we consider the task of distilling a private state
from bipartite resource state using one-way LOCC channels.
However, distilling private states exactly, or even probabilist-
ically, is a very restrictive task [SW24a], and one must relax
this setting to allow for any practical distillation of secret keys.
The task of distilling approximate secret keys using one-
way LOCC channels has been a subject of significant interest
in several prior works [DWO05, RR12, KKGW21] (see figure 2
for a schematic diagram). The error in distillation of secret
keys from a state psp using a one-way LOCC channel
Lih aparpr is measured by the infidelity, defined as
Y

Pe(L75pag) i = inf (1=F(¥",£7 (pan))),

Yargratigtr

where the infimum is over all bipartite private states holding
log, k secret bits and F(-,-) denotes the fidelity between two
states, which is defined as follows:

F(p,0) = (T[ \/Ep\/EDZ. (12)

The reason for choosing infidelity to be the metric of error is
motivated from the ‘y*-privacy test’ [HHH+08b, HHH-08a]
(see [KW24, section 15.1.3] for a detailed discussion. The
yk-privacy test is a POVM {11}z, 5/ Lapars’ — I g }s
where

My pspr = Vasars/ (@ﬁg ®IA/B/) VI‘BA,B/. (13)

The one-shot, one-way distillable key of a state is the quant-
ity that describes the number of bits of secret key that can
be established between two parties holding a resource state
pag, With some error tolerance €, when using one-way LOCC
channels.
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Definition 2 (one-shot, one-way distillable key). For
e € [0,1], the one-shot, one-way distillable key of a state pap
is defined as follows:

K5 (pas)
log, k }
= sup { , (14
keNa'Y/];/BIANsHy F(EH (,DAB) 7’Yk) 2 1 -€
L7 €lWL

where 1 WL stands for the set of all one-way LOCC channels.

In the above definition, the supremum is over every positive
integer k, every private state 'yﬁ, gangn holding log, k secret
key bits, and every one-way LOCC channel £}, /g/a /-

4. Two-extendibility

In this section we review the concepts of two-extendibility
for states and channels. The resource theory of k-extendibility
was developed in [KDWW19, KDWW21] as a semidefinite
relaxation of the resource theory of entanglement, and the
resource theory of two-extendibility is a special case when
k=2. A state-dependent resource theory of extendibility was
developed in [WWW24], which is the framework that we
employ to study the task of secret-key distillation with one-
way LOCC channels.

4.1. Two-extendible states and channels

Let us first discuss two-extendible states [DPS04], also known
as symmetrically extendible states [Wer89], two-shareable
states [Yan06], and anti-degradable states [LDS18].

Definition 3 (two-extendible state). A bipartite state psp is
said to be two-extendible if there exists a state wypgg such that
the following conditions hold:

Tre|wase) = pas, (15)
and
War (wape) Whe = wape, (16)
where the unitary swap operator W is defined as follows:
d—1
Wie:= Y [K)(K' |5 |K')(K]E. (17)
Kok’ =0

Note that the system E should be isomorphic to the system
B for (15) and (16) to hold. The state wapg is said to be a two-
extension of the state pyp if the conditions in (15) and (16) are
met.

Remark 1. All bipartite separable states are two-
extendible. Consider an arbitrary bipartite separable state
pAB =Y P(X)0} ® 5, where {p(x)}.cx is a probability
distribution and {0} } ., and {73} ., are sets of quantum

states. One can always construct the following two-extension
of PAB:

WABE 1= ZP(X) op @ T ® T, (18)

xXEX

which shows that all bipartite separable states are two-
extendible. However, all two-extendible states are not
separable. A simple example is the following isotropic
state [HH99]:

5 1 1 1
Cap = =Pap + = (Iap — Pap) = = Pap + < Ius, 19)

8 8 2 8

where A and B are two-dimensional systems, @45 is a two-
qubit maximally entangled state, and 145 is the identity oper-
ator. This state is two-extendible with the following two-
extension:

1 1
wape = = Pap QI + ~Ppp ® I, (20)

4 4

but (4 has non-zero distillable entanglement [HH99], and
hence, it is not a separable state.

A family of semidefinite relaxations of one-way LOCC
channels was developed in [KDWW19, KDWW21], called -
extendible channels. The set of k-extendible channels serves
as the set of free channels in [KDWW19, KDWW?21]. Setting
k=72, we obtain the set of two-extendible channels, which
serves as the set of free operations in the state-dependent
resource theory of unextendibility developed in [WWW24].
Here we briefly discuss the idea of two-extendible channels.

Definition 4 (two-extendible channel). A bipartite channel
Nag_sap’ is said to be two-extendible if there exists a channel
Pape—sa g g such that the following conditions hold:

Tre oPage—a''e’ = Nap—a'p' @ Trg, (21)

and

Whigr © Pae—a'B'E’ = Pape—a'e’ © Wae, (22)
where Wgg 1= WBE(-)WLE with Wgg defined in (17). The con-
ditions in (21) and (22) are known as the channel exten-
sion condition and the permutation covariance condition,
respectively.

The channel Pagg_.4/p g/ is said to be a two-extension of
Nup_sasps if the channel extension and permutation covari-
ance conditions, mentioned in (21) and (22) respectively, hold.

If a channel NVyp_,4/5’ is two-extendible, then it is non-
signaling from B to A [HSW23, appendix A]; that is,

Trg oNpp—arg: = Tt oNag—a18' 0 R, (23)
where R is a channel that traces out the input and replaces it
with a maximally mixed state. Moreover, all one-way LOCC
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channels are two-extendible, as can be seen from a simple con-
struction. An arbitrary one-way LOCC channel can be written
in the following form:

X X
Nag—arp = E Ernr @ Fp_pr,s
xeEX

(24)

where {Ef 4/}, isaquantum instrument and {F3 5 } o
is a set of quantum channels. A two-extension of this channel
can be constructed as follows:

PaBE—sa'B'EN = Zgjfwy ®Fp_p @ Fp_pr- (25)
xeX

Hence, every one-way LOCC channel is two-extendible.

On the contrary, all two-extendible channels cannot be sim-
ulated by local operations and one-way classical communica-
tion. Consider the example of a bipartite channel that traces
out the input and replaces it with the state mentioned in (20),
which can be mathematically represented as follows:

1 11
Nap—arp(-) = Tr[] (2‘I’AB + AB) : (26)

24
Since this channel is capable of taking a separable state as
input and establishing an entangled state, it is not a one-way
LOCC channel. However, one can construct the following two-
extension of the channel:

1 1
Pape—sarpe (-) = Tr[] <4‘I3A/B/ ®Ip + Z(I)A’E/ ®IB'> ~
27

Therefore, the channel defined in (26) is an example of a two-
extendible channel that is not a one-way LOCC channel.

4.2. Unextendible entanglement of states

Let R denote the field of real numbers. A generalized diver-
gence [PV10] is a functional D: S(A) x S(A) = RU{+o0},
such that, for arbitrary states ps,04 € S(A) and an arbitrary
channel N, _, p, the data-processing inequality holds
D(palloa) =2 D(Nap (pa) INass(0a)).  (28)
Some examples of divergences that commonly appear
in quantum information theory are the quantum relative
entropy [Ume62], Petz—Rényi relative entropies [Pet86], sand-
wiched Rényi relative entropies [MLDS+13, WWY 14], and
geometric Rényi relative entropies [Mat13, FF21].
The generalized unextendible entanglement of a bipartite
state has been defined in [WWW24]. We include a short dis-
cussion on the topic for necessary development.

Definition 5 ([WWW24]). The generalized unextendible
entanglement of a bipartite state psp, induced by a generalized
divergence D between states, is defined as

D(pap|| Trg[wape]) -

B (pan) = Tre[wase] = pas

} (29
where the optimization is over every state ppg that is an exten-
sion of the state psp. We also adopt the following alternative
notations sometimes because they can be helpful to make the
bipartition A|B clear:

1
n Z
waBr€S(ABE) 2 {

E“(A;B), =E" (pa:s) =E" (pag) - (30)

Let us define the following set of extensions of a bipartite
state pap:

Ext(pap) := {wagk : Tre(wase] = pap}, (31)

where E is isomorphic to B. This allows us to write the gener-

alized unextendible entanglement of p4p, induced by the gen-
eralized divergence D, as

1
E“ (pAB) = inf *D(pABH TI'E[OJABE]) . (32)

wape €EXt(pag) 2

Alternatively, one can define the set of state-dependent free
states as follows:
]:(pAB) = {TI'B [(JJABE] P WABE € EXt(pAB)} . (33)

The generalized unextendible entanglement of the state psp
can then be written as follows:

E“ (,OAB) = inf

(34)
oABEF (pas)

1
ED(PAB |oaB) -

Theorem 1 ([WWW24]). The generalized unextendible entan-
glement of bipartite state does not increase under the action
of a two-extendible channel. That is,

E"(pag) = E*(Nap—a'5'(pag)), (35)
where Nyp_sp'p' is a two-extendible channel.
Proof. See theorem 2 in [WWW24]. O

A direct consequence of theorem 1 is that the general-
ized unextendible entanglement of a bipartite state does not
increase under the action of one-way LOCC channels.

The generalized unextendible entanglement provides a
framework for quantifying the unextendibility of a bipartite
state pap With respect to the system B. A different measure for
unextendibility was considered in [KDWW19, KDWW21],
where the divergence was measured from the fixed set of two-
extendible states. However, in definition 5, the divergence is
measured by means of a set of states that depend on the input
state itself. Although both measures are equal to the minimal
possible value of D when p4p is two-extendible, they are not
equal in general.

The unextendible entanglement is a measure of entangle-
ment between two systems, and as such, it is expected to obtain
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its maximum value for the maximally entangled state. This is
indeed the case, as is evident from the following argument.
An arbitrary bipartite state psp can be established between
Alice and Bob with the help of a maximally entangled state
®4 , of sufficiently large Schmidt rank and a one-way LOCC
channel, where dim(Aq) = dim(By) = min{dim(A),dim(B)}.
A simple protocol to perform this transformation is as fol-
lows: Alice prepares the state psas locally. We can assume
dim(A’) < dim(A) without loss of generality. She uses the
maximally entangled state Cfo‘O p, to implement the teleport-
ation protocol and send the state on system A’ to Bob, thus
establishing the state psp between Alice and Bob. The afore-
mentioned protocol can be mathematically represented as the
following one-way LOCC channel [KW24, chapter 5]:

, d
Eﬁo;())—)AB (QAOBQ) =
d—1
X T 2\
> Trar [0 Wit (oan @ @am) (W3], G6)

x,z=0

where {W**}, , is the set of Heisenberg—Weyl operators and
Oy = Wi @4 4 (Wih)T. Since the generalized unextend-
ible entanglement of a bipartite state does not increase under
the action of a one-way LOCC channel, the following inequal-
ity holds for every state psp:

B () = B (L35, ap(¥n,)) <E* (@) G7)
where L)' 5 is the channel defined in (36) and
d := min{dim(A),dim(B)}.

4.2.1. Smooth-min unextendible entanglement. The
unextendible entanglement of states was studied in detail
in [WWW24] for several different underlying divergences,
with applications in finding efficiently computable upper
bounds on the probabilistic and exact one-way distillable
entanglement and key of a state. A stronger no-go theorem for
probabilistic key distillation was obtained in [SW24a] using
the min-relative entropy as the underlying divergence for the
unextendible entanglement. In this work, we are specifically
interested in the unextendible entanglement of a state induced
by the smooth-min relative entropy to understand the limits of
one-shot approximate distillable key of a bipartite state using
one-way LOCC channels. As a special case of (29), we define
the smooth min-unextendible entanglement as follows:

u . 1
Eyi(pag) == inf Drin(paslloas) , (38)

oapEF (pan) 2
where the set F(pap) was defined in (33) and

84 = - i N 2 —
Diin(pllo) := —log, inf {Tr[Ao]:Tr[Ap] > 1—c} (39)

is the smooth-min relative entropy [BD10, BD11], also known
as the hypothesis testing relative entropy [WR12].

We will often use the following quantity in our discussions:

Trin(pag) = 27w, (40)
which we will abbreviate as J;;, when the state it acts upon is
obvious from the context. The quantity J5. (pag) can altern-

min
atively be written as follows:

inf {Tr[Ao]:Tr[Ap] = 1—¢}.

€ i
Jmm(pAB) - 0<AKT

sup
oaBEF (pas)

(4D

The set F(pap) is a convex set of quantum states, and the
set {A:0<A<I:Tr[Ap] > 1—¢€} is a convex set of meas-
urement operators for a fixed state p. Therefore, using Sion’s
minimax theorem [Si058], we can interchange the supremum
and infimum to arrive at the following equality:

Jrin(pap) = inf {Tr[Ao] : Tr[Ap] > 1 —€}.

su
0<AKI p

oaBE€EF (pas)
(42)

The above equality gives an interpretation for the quantity
J5in (pag) in the hypothesis testing setting. Given a quantum
state pap and an arbitrary state oap € F(pag), the quantity
J%in (pag) denotes the minimum type-II error probability in the
worst case when the type-I error probability is guaranteed to
be less than €. Note that the quantity J;; decreases mono-
tonically with increasing smooth-min unextendible entangle-
ment. As such, J5, is smaller for highly entangled states and
larger for weakly entangled states, and the minimum value is

achieved for the maximally entangled state due to (37).

Proposition 1. The unextendible entanglement of a maximally
entangled state with Schmidt rank d is equal to the following:

1
Epin(®hp) = logyd — S log, (1 - ¢). (43)

Proof. See appendix A. O

Proposition 2. The smooth-min unextendible entanglement of
a state pap is bounded as follows:

| , 1
) log, (1 —¢) < Eyf, (pag) <logyd — EIng (I—¢),

(44)

where d :=min{dim(A),dim(B)} with dim(A) and dim(B)

being the dimensions of system A and B, respectively.
Consequently,

1—¢

&2
Proof. See appendix B. O

<J(pag) < 1—e. (45)

The smooth-min unextendible entanglement of a bipart-
ite state can be computed using a semidefinite program (see
appendix H).
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4.2.2. a-sandwiched unextendible entanglement. ~ Another
quantity that is relevant to this work is the a-sandwiched unex-
tendible entanglement [WWW24], which is defined as fol-
lows:

E“(pag) := aAkeigf(pAB) EDa(pABHUAB) Va € (1,00),
(46)
where
~ 1 o
Dy (pllo) :== - longr[(a(l_“)/zapo(l_“)/2a> ] 47)

is the a-sandwiched Rényi relative entropy [MLDS+13,
WWY 14]. The a-sandwiched unextendible entanglement was
defined for all o€ (0,1)U(1,00) in [WWW24], but we
restrict our development here to « € (1,00), due to technical
reasons that will become apparent in section 5.

Consider the special case when a — oo. It was shown
in [MLDS+13, theorem 5] that the a-sandwiched relative
entropy is equal to the max-relative entropy [Dat09] when
o — 00 ; that is,

Duax(pllo) = lim Dy (pllo). (48)
a— 00
Corresponding to the max-relative entropy, the max-
unextendible entanglement is defined as follows:
Eoolow) =5 inf  Dulpullos).  (49)
. ‘== in max OAB) -
max \PAB 2 ouse Floss) PAB||0AB

Besides monotonicity under two-extendible channels, the
a-sandwiched unextendible entanglement has several other
properties desirable in a resource monotone. We state some
of the relevant properties below.

o Subadditivity: The «-sandwiched unextendible entan-
glement obeys the following subadditivity inequal-
ity [WWW24, proposition 13] for all a € [§,1) U (1,00):

<

Et(pas ® 0a8,) <E4(pas) + Ei(oam,).  (50)
Additivity of max-unextendible entanglement: The max-
unextendible entanglement is additive under tensor product
of states [WWW24, proposition 14]; that is,

= EM

U
E max

max

(pA]Bl ®UA232) (pAlBl) +Eumax(UAsz) . (8D
Monotonicity in a:: The a-sandwiched unextendible entan-
glement of a state increases monotonically with increasing
a, which follows from the fact that the a-sandwiched Rényi
relative entropy between two states increases monotonically
with o [MLDS+13, theorem 7].

Semidefinite representation: The max-unextendible entan-
glement can be computed using a semidefinite pro-
gram [WWW24] (see appendix H for a review).

The max-unextendible entanglement of a state can be written
as a limiting case of the a-sandwiched unextendible entangle-
ment as follows:

- ) N
lim E“ = sup = inf D, o, 52
Jim E(pas) ae(}?@@) 2 o (paglloas)  (52)
=5 inf su ba o 53
2 oas€F(pas) ae(l,poo) (paglloas)  (53)
1
=z inf  Dpax o 54
2 o€ F(pan) & (pAB” AB) (54)
= Eﬁwx(pAB), (55)

where the first equality follows from the monotonicity of
the a-sandwiched unextendible entanglement in «. The
a-sandwiched Rényi relative entropy D, (p||o) is lower-
semicontinuous with respect to o [MO21, lemma IV.8] (see
also [DKQ+23, remark 38]), and it increases monotonically
with « € (1,00). Therefore, we can use the Mosonyi—Hiai
minimax theorem from [MH11, corollary A.2] to arrive at the
second equality above. The last two equalities follow from the
equality in (48) and the definition of the max-unextendible
entanglement, respectively.

The subadditivity of a-sandwiched unextendible entangle-
ment is useful in the analysis of one-shot, one-way secret-
key distillation from independent and identically distributed
(i.1.d.) copies of a bipartite state, as we shall see in section 5.2.

5. Limits on secret-key distillation from bipartite
states

In this section we use the framework of unextendible entan-
glement discussed in section 4 to obtain upper bounds on the
one-shot, one-way distillable key of a state defined in (14).

Consider a quantum state 1/JXB /5 g» Which is an extension
of a private state 7%, 5, with system E held by an eavesdrop-
per. The reduced state of ¢}, . On systems AE is a product
state, with the reduced state on system A being the maxim-
ally mixed state. This is evident from the equivalence between
a bipartite private state and a tripartite secret-key state. It was
further shown in [WWW24, appendix K] that applying a twist-
ing unitary on the joint systems of Alice and the eavesdrop-
per is also insufficient to establish any correlations between
Alice’s key system, A, and the eavesdropper’s system, E. We
state this formally in lemma 1, which we later use to establish
the main results of this work.

Lemma 1 ((WWW24)). Let ¢} p1 5/ 5pr be a purification of a
bipartite private state ’yﬁ gar g~ For every purification for which
system E is isomorphic to B and system E' is isomorphic to B,
the following equality holds:

TrappER WLEA/E/¢7WAEA’E’ =ma®og,  (56)
where T is a quantum state, T4 is the maximally mixed state,
and Wagarg/ is a twisting unitary of the form given in (9).
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Proof. See [WWW24, appendix K]. U

The fact that Alice’s system is in a product state with the
eavesdropper ensures that the state shared by Alice and the
eavesdropper does not pass the privacy test with a probability
greater than % We generalize this statement to approximate
private states in lemma 2 below.

Lemma 2. Fix k€N and ¢ € [0,1 — ;]. Let oapap’ be a
quantum state such that
k

F(oaga’,Yaparp:) = 1 —¢, (57

where 'yﬁBA, g+ 18 a bipartite private state holding log, k secret

key bits. Let Vaparp' be the twisting unitary corresponding to
the private state; that is, there exists a state Ty such that

ksag =V, ok Vi 58

YABA'B" = ABA’B’( AB & TA’B’) ABA'B’ - (58)

The probability of an arbitrary state wapag' € F(0agarp’)

passing the ~*-privacy test is bounded from above by the fol-
lowing quantity:

Tr[I gy prwarae] < s (e,k), (59)
where
12 2J/(@—1e(1=
S(ek)i=e+ k2€+ ( kz)e( 6), (60)

17,15/ is the privacy test, system B is isomorphic to E, and
system B' is isomorphic to E'. The set F(oaparp+) was defined
in (33).

Proof. Let ¢9,, 5 r g De an arbitrary purification of o4ga/p-,
such that system E is isomorphic to B and system E’ is iso-
morphic to B'. Then the quantum state Trpp [¢7] is in the set
F(caparg’). Let ¢} psipppip be a purification of 'yf;BA,B,. An
arbitrary purification of the private state 7%, 5/ is of the fol-
lowing form:

QpXBA’B/X = Vapa'p’ ((I)/];B ® wZ/B’X) VjABA'BH (61)
where 1}, 5/ 1 a pure state and X is a purifying system.

As a consequence of Uhlmann’s theorem, consider that

F(0asars’ s Yaparpr) = Iﬁ%ﬂwv\d’oﬂz (62)

= HJ%XF(wZBA’B/EE’R’¢ZBA’B’EE'R) (63)

= max F(VABA,B/ (@*@y7) VLBA,B,,qﬁ")- (64)
wA/B/EE/R

The maximizations in the first and second equalities are over
every purification ¢” of A ., ,, on the systems ABA’B’EE'R.
Since every purification of the state 7%, ;. can be written
in the form mentioned in (61), the maximization over every
purification ¢}, 5/ pp/x i €quivalent to a maximization over
every purification v}, g, gz g Of the state 74/5,. Therefore, there

exists a pure state 17,z zp/r and a corresponding purification
Y pappp g SUCh that the following equality holds:

F(oasasYaparp:) = (07 [¢7) P =F(47,¢7).  (65)

Using the data-processing inequality for fidelity of states,
consider that

F(7,¢%) < F(TrA’BB’E/R [VLEA/EMWVAEA’E/} ,

Trapp/E'R {VLEA/E/QSU VAEA'E'} ) (66)

= F(7TA Q 7g, Trarg: {VI\EA/E/WAEA’E’VAEA/E’}> )
(67)

where we have used lemma 1 to arrive at the final equality and
waear g 18 defined in the statement of the lemma.
Now consider the twirling channel, defined as follows:

Tas(-) = /dU(UA ®Ug) (+) (Ua ®U3)T, (68)

where the integral is with respect to the Haar measure. The
action of this channel on an arbitrary quantum state pap,
with dim(A) = dim(B) = d, results in the following isotropic
state [HH99, Wat18]:

I — o
Tas(pap) = Tr[®4ppap] 45 + (1 — Tr[®45pa5)) %
(69)
Consider that
1
Tr[®4p (ma @ 7)] = z Tr[ @4 (Is @ 7%)] (70)
1
= 5 Tl (71
1
=2 (72)
Therefore,
1, L\ e—®%,  Lg
Tap(ma @ 7E) = ﬁ(I’AEJr <1 - k2> V-l e (73)

The action of the twirling channel 74z on the state
Trag: [VfwAEA/E/V] is given by the following expression:

I — @4
Tae (Teare: [Viwapae: V) = q @4+ (1 —q) %a
(74)
where
q:= Tr [CI)/];E (TI‘A/E/ [VTL«JAEA/E/ V] )] . (75)
The above expression can be rewritten as follows:
_ k il
q="Tr|Vagarg: (Phe @ Iue') Vipa g waearer
= Tr[HXEA/E/WAEA/E’} , (76)
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where IT} ., . is the y-privacy test defined in (13). Therefore,
g can be interpreted as the probability of the state wapa/g/
passing the ~y-privacy test.

Going back to (67) and using the data-processing inequality
for fidelity, we arrive at the following inequality:

(ﬁE(TfA & TE) ,7ZE (TI‘A/E/ [VT(,UV] ))
(mags Tag (Trare: [ViwV])) .

F(y7,¢7) (a1

<F
=F (78)
Since the above inequality holds for all oapsa/ps such that
F(oaparp’,YXparg:) = 1 — € for some private state 7%, 5, and
every wagags that is in the set F(oapaps), We can com-
bine (65), (67), and (78) to arrive at the following inequality:

1 —e < F(oapan’, Vaparn) (79
< F(7ag, Tag (Trare: [ViwV])) (80)
Inp — DX
:F<m,q B+ (1-q) H) (81)
2
q 1
:<\/k2+\/(l_q)<l_k2>> ; (82)

where the first equality follows from (74) and the last equality
follows by evaluating the fidelity between the two isotropic
states.

The inequality in (82) is satisfied for all ¢ € [0,1] if
ezl-— kiz Ifee [0, 1-— kflz} then ¢ must lie in the following
range for (82) to hold:

2

1—2e
+

@ —1e(l—2)
k2 '

0 2

g<et (83)
See appendix C for a detailed proof of the aforementioned
statement. Since we have identified ¢ to be the probability of
the state wapa g passing the y-privacy test, we conclude the

statement of the lemma. O

Lemma 2 plays a central role in obtaining lower bounds on
the unextendible entanglement of an approximate private state
oapap’ Such that F(oaparp-, 7’/§BA,B,) > 1 — ¢ for some private
state YK oo

Remark 2. Note that F(mag, ®4 ;) = &, where 745 is the max-
imally mixed state. Therefore, if ¢ > 1 — kiz for some k€ N,
then the following inequality holds for the one-shot, one-way
distillable key of an arbitrary bipartite state p4p:
As such, choosing € > 1 — kiz allows the one-shot, one-way

distillable key of a separable state to be non-zero, which makes
this regime uninteresting from a practical perspective.

5.1. Smooth-min unextendible entanglement upper bound on
one-shot distillable secret key of bipartite states

The ~-privacy test is a special POVM that can be used
to distinguish a bipartite state ospspr from any state

wapa'g’ € F(oaparpr). Recall that the smooth-min unex-
tendible entanglement quantifies the ability to distinguish
between a state pap from an arbitrary state oap € F(pag).
Therefore, lemma 2 allows us to obtain a bound on the
unextendible entanglement of a state oaps/ps satisfying
F(oaparp’,Yigarg) =1 —e. This is stated as proposition 3
below.

Proposition 3. Fix k€N and ¢ € [O,l — 137] Consider a
quantum state oaparg: such that F(UABA/B/,'yﬁBA/B,) >1-—c¢
where wﬁ pap 1S a bipartite private state. The smooth-min unex-
tendible entanglement of the state oapap’ is bounded from

below by the following quantity:

U 1
Epin(0aBarpr) > —5 logy(<(e.k)), (85)
where ¢(g,k) is defined in (60).
Proof. Let o4papr be a quantum state such that

F(JABAIB/,’yf\BA,B,) > 1 —¢ for some bipartite private state
YK parg: and some € € [O, 1- k%] The following inequality
holds for every such state g4par5- [WTB17, lemma 9]:

Tr[HZBA/B/UABA’B'] 2 1 — &, (86)

where the projector I}, is the v*-privacy test defined

in (13).
Now consider the hypothesis testing relative
entropy between the state oupsaps, for  which

F(O’ABA/B/ ”y/];BAIB/> 2 1— g fOr some pl‘ivate state rYﬁBA’B/’
and an arbitrary state wags g which lies in the set F(caparp+):

D5 in(0aparp||wakare’)
—log, {Tr[Aw] : Tr[Ac] > 1 —¢€}.

87)

sup
0<AKI

It is understood here that system E is isomorphic to B and sys-
tem E’ is isomorphic to B’.

Since II /5, is a specific measurement operator that sat-
isfies the constraints in (87), the following inequality holds:

D;jn(UABA’B' ||WAEA’E') 2 —10g2 Tr[HXEA/E/wAEA’E/] 9 (88)

which leads to the following inequality after applying
lemma 2:

D5 in(0aarp||waeaer) = —log, (s (g,k)). (89)

Since (89) holds for all waga g in the set F(oaparp), we con-
clude that the smooth-min unextendible entanglement of the
state gapa/p’ is bounded from below by the following quant-

1ty:

1
EM’F pr) = — 1 f D6~ R 1 90
o (CaBarB’) zwé;l_(a) min(OaBarg’ ||wagare’) — (90)
1
2 _EIOgZ(C(Eak))v (91)
thus completing the proof. O
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Remark 3. For a fixed e€0,2], if
Eue (0aarp) < —110g,(c(e,2)), then there does not exist
a private state YAy, 5 such that F(oagarg/, Yigarg/) =1 —c.

The unextendible entanglement of a state does not increase
under the action of a one-way LOCC channel. Therefore, for
any one-way LOCC channel L3}, . 4,545 thatis used to dis-
till an e-approximate private state o4/p/4 g~ from a bipartite
resource state pap, the unextendible entanglement of p4p must
be larger than the unextendible entanglement of o4/5/4//5/,
which in turn is bounded from below by —1log,(s(¢,k)) as
stated in proposition 3. That is,

1
Ein(pag) = Ei (0arprangr) = —5log (s(e,k).  (92)

Rewriting the above inequality as an upper bound on log, k,
which is the maximum number of secret bits that can be dis-
tilled from p4 using a two-extendible channel, yields an upper
bound on the one-shot, one-way distillable key of the state p4p.

Theorem 2 (unextendibility bound on one-shot distillable
key). Fixe € (0,1). Let pap be a quantum state such that the
following inequality holds:

1 3¢(1—¢)

€
<J =4+ ++07——, 93
€ mm(pAB) 4 + > + ) 93)
where J5., (pag) is defined in (40). Then the one-shot, one-way

distillable key of a bipartite state pap is bounded from above
by the following quantity:

Ky (pas)
2
1 Vain(pa) (1 =I5 (pag)) + /e (1 =€)
<2log2[( = (par) —< +1].
%94)
If Join(pag) > 3+ 5+ 7%1_6) then the one-shot, one-way

distillable key of the state is equal to zero.

Proof. See appendix D. U

When € =0, the upper bound from theorem 2 simplifies to
the min-unextendible entanglement bound on the exact one-
way distillable key of a state obtained in [WWW24, the-
orem 24].

The one-shot, one-way distillable key of a state does not
increase under the action of one-way LOCC channels, and we
expect the same from any reasonable bound on the quantity.
Similarly, we expect that the bound does not increase with
decreasing € because demanding a higher fidelity between the
distilled state and the target state should only lead to a lower
yield from the distillation process. To examine if the upper
bound on the one-shot, one-way distillable key of a state given
in theorem 2 satisfies the aforementioned criteria, we invoke
lemma 3 stated below.

Lemma 3. For all J € (e,1 —¢] and € € [0, 1], the following
function

f(J,s):z%logz <\/J(1_J§+;/€(1_5)> +1] 95

decreases monotonically with J and increases monotonically
with €.

Proof. See appendix E. O

Recall that the quantity JS . (pap) increases under the action
of one-way LOCC channels. Therefore, lemma 3 implies that
the upper bound on the one-shot, one-way distillable key of
a state given in theorem 2 decreases monotonically under the
action of one-way LOCC channels, and it increases monoton-
ically with .

The smooth-min unextendible entanglement of a state can
be written as a semidefinite program (see appendix H), which
allows us to compute the upper bound on the one-shot, one-
way distillable key given in theorem 2 using a semidefin-
ite program. In figure 3, we demonstrate some numerical
results for the smooth-min unextendible entanglement upper
bound on the one-shot, one-way distillable key of an isotropic
state [HH99], which is parameterized as follows:

ILip — ¥y

G (96)
where F is a parameter in the interval [0, 1] and d = dy = dj.

In figure 3(c), we compare the upper bounds on
®2
Ky~ (gfgl) and KZ’_)(( jéd> ) for £=0.01 obtained

using theorem 2. The time complexity of computing the upper
bound on the one-shot, one-way distillable key of n copies of
a state using the SDP bound in theorem 2 is exponential in n.
We address this problem later in section 5.2 by obtaining an
efficiently computable upper bound on the n-shot, one-way
distillable key of a state.

5.1.1. Comparison with smooth-min relative entropy of entan-
glement bound. The one-shot distillable key of a state,
roughly defined as the number of approximate secret bits that
can be distilled from the state using an LOCC channel, is
known to be bounded from above by the smooth-min relat-
ive entropy of entanglement of the state [WTB17], which is
defined as follows:

inf

L)
G'ABGSEP(A:B)

Ex(pas) == Dy (paslloas) ,

where SEP(A : B) denotes the set of all separable states in
S(AB). Naturally, the smooth-min relative entropy of entan-
glement is also an upper bound on the one-shot, one-way dis-
tillable key of a state since every one-way LOCC channel lies
in the set of LOCC channels. As such,

K5 (pas) < Ex(pas) - (98)
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Figure 3. Upper bounds on the one-shot one-way distillable key of an isotropic state, described in (96), using (94). (a) Upper bounds for a
two-dimensional isotropic state for different values of € plotted against the parameter F. (b) Upper bounds for a three-dimensional isotropic
state for different values of € plotted against the parameter F'. (c) For € = 0.01, comparison between the upper bounds obtained for a single
copy of a two-dimensional isotropic state with the upper bound obtained for two copies of a two-dimensional isotropic state, plotted against

the parameter F.

In general, it is not practical to compute the smooth-min
relative entropy of entanglement as it involves an optimiza-
tion over the set of separable states, which is known to be an
NP-hard problem [Gur03, Ghal0]. However, one can evalu-
ate this quantity for some highly symmetric states, such as the
isotropic state defined in (96). It is known from [HH99] that
a d-dimensional isotropic state C:l’;d is separable if and only if
F < 1. As such,

E;( L’;’) =0 VFe¢ [O,H :

In proposition 4, we state the smooth-min relative entropy of
entanglement of a d-dimensional entangled isotropic state.

99)

Proposition 4. The smooth-min relative entropy of entangle-

ment of an isotropic state dl;d, with F > %, is equal to the
following:
. “logy (115 (1-4)) if 1-2>F
Ex (CAB) =

log, d +log, &) otherwise

(100)

Proof. See appendix I. O

The analytical expression for the smooth-min relative
entropy of entanglement of isotropic states allows us to com-
pare our bound from theorem 2 with the bound from [WTB17]
for isotropic states. We must note that this is not a direct
comparison of results since the smooth-min relative entropy
of entanglement is an upper bound on the one-shot distil-
lable key of a state, which is expected to be strictly lar-
ger than the one-shot, one-way distillable key of the state in
general.

In figure 4, we plot the upper bound on the one-shot, one-
way distillable key of an isotropic state given in theorem 2
and the smooth-min relative entropy of entanglement of the
isotropic state against the parameter F for different values of €
and dimension d. For arange of parameters F, the bound in the-
orem 2 performs better than the smooth-min relative entropy
of entanglement bound, demonstrating the advantage of the
bound in theorem 2 over previously known bounds numeric-
ally. Moreover, the smooth-min relative entropy of entangle-
ment is not efficiently computable for arbitrary states while
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Figure 4. Comparison between the upper bounds on the one-shot, one-way distillable key of two-dimensional and three-dimensional
isotropic states, parameterized as given in (96), obtained using theorem 2 and proposition 4.

the bound in theorem 2 is efficiently computable for arbitrary ~ Corollary 1. Fix € € (0,1). Let pap be a quantum state such

quantum states.

5.1.2. Simplified upper bounds. The upper bound on the
one-shot, one-way distillable key of a bipartite state obtained
in theorem 2 is difficult to analyze, due to its complicated
form. Weaker but simpler bounds can be obtained by using
the smooth-min unextendible entanglement of states.

Relaxation 1: We first consider a relaxation of the upper
bound in (94) by finding an algebraic inequality for the func-
tion (e, k) defined in (60):

1-2: 2/ —1)e(i=
ek =c+ — Al kz)g( 9 o

1 2 ke

<gre(1-5)+2% (102)
1 Ve

<= pet2V¥E 1
z et (103)

1 2
= (k +\/E) 7 (104)

where the first inequality follows from the fact that
(k* —1)(1 —¢) < k*forallk € Nand e € [0, 1] and the second
inequality follows from the fact that 1 — k% < 1forallkeN.

We can now use this upper bound on ¢(g,k) along with
the statement of proposition 3 to obtain a lower bound on the
smooth-min unextendible entanglement of a state o445+ such
that F(oapa/p ,'yf‘BA,B,) > 1 — e for some private state 'yﬁBA,B,.
In particular,

2
we 1 1 1
E i (0aarpr) > -3 log, (k + ﬁ) = —log, (k + \/g> .
(105)
This leads to the following simplified but weaker upper bound
on the one-shot, one-way distillable key of a bipartite state:

that the following inequality holds:

1 € 3e(l—e¢
] + 3 + # > Join (pag) > ¢, (106)
where J¢ . is defined in (40). Then the one-shot, one-way dis-

tillable key of a bipartite state pap is bounded from above as
Sfollows:

K57 (pas) < —10g2< Jrsin (PaB) — \/5) : (107)

Proof. The proof is similar to the proof of theorem 2 and fol-
lows directly from (105). O

Relaxation 2: Another way to obtain a simpler bound on
the one-shot, one-way distillable key of a state is by con-
sidering the trace norm. First we will find a simpler but
weaker statement of lemma 2. Consider a state oapa/g’ such
that F('yﬁBA,B, ,0aga’g’) = 1 — € for some private state vﬁBA,B,.
Combining (74) and (80), we find that the following inequality
holds for any state wagag: € F(0aparp’):

Iig — Oy

1_5<F<7TAE7‘]®,{(1E+(1_Q> 21

) ,  (108)

where ¢ =Tr[II} ., zwaeag’] as stated in (76). Using
the Fuchs-van de Graaf inequality [FvdG99] (specific-
ally, F(p,0) <1—1|p—ol}), we arrive at the following
inequality:

k IAE*(I)/]XE
1—€<F WAan(I)AE‘F(l_Q)ﬁ
1 L — |17
<1— 5 ||map — g Php+ (1 —q) 25—2E| . (109)
4 k-1

The above inequality can be rewritten as follows:
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\[>1 _ g ®F 1— M 110
€25 |maE—4q ae+(1—q) 21 (110)
1
1)1 1\ Ly — ®*
=3 o (1) M e
Lyg — X
+(1-q) =5 —fE (111)
B 1
1 1 Ing — %,
G e B
1 Lyg — K,
k2 H‘ Q*‘E+27k2—1 1 (113)
1
=z 4| (114)

where the first equality follows by writing the maximally

mixed state as an isotropic state and the last equality follows

by realizing that § @, + 1 IAiz <1>1M is a quantum state for which

the trace norm is equal to 1. The inequality in (114) is satisfied
if and only if g lies in the following range:

—Ve<

2 (115)

Since g =Tr[II} ;. 5 Wapa'B"]s
inequality:

we have the following

1
Tr[IL} g4 waparp’] < 2 ++e. (116)

Using the inequality in (116) and the arguments used in the
proof of proposition 3, we can bound the smooth-min unex-
tendible entanglement of the state o4p4/p5- as follows:

1
Eye(oapapr) > 1og2 (k2 + ﬁ) : (117)
A relaxed upper bound on the one-shot, one-way distillable
key of a bipartite state can be found by using the inequality

mentioned above, which we state as corollary 2.

Corollary 2. Fix ¢ € (0,1). Let pap be a quantum state such
that the following inequality holds:

3e(l—e¢)

1 e
YRIE I > Join (paB) > Ve, (118)
where J; ;. is defined in (40). Then the one-shot, one-way dis-

tillable key of a bipartite state pap is bounded from above by
the following quantity:

1
K5 (pan) < =5 102, (Jain (pa) = V/E) - (119)
Proof. The proof is similar to the proof of theorem 2 and fol-

lows directly from (117). O

Remark 4. The upper bound on the one-shot, one-way distil-
lable key given in corollary 1 is tighter than the upper bound

given in corollary 2 for highly entangled states, but the order
is reversed for weakly entangled states. To be precise,

K; (IOAB _IOgZ(\/‘E \/>) 5 10g2( min \/g) )
(120)

forall /5, € [/, 1(1+¢e+2y/€)], and

K5 (pan) < — 5108 (s — VE) < —log3 (1750 — V2).
(121)

forall /5, € [1(1+e+2E),1—¢].

The bounds obtained in corollaries 1 and 2 can be computed
using a semidefinite program. In figure 5 we plot the three dif-
ferent upper bounds on the one-shot, one-way distillable key
of isotropic states, defined in (96), obtained from theorem 2,
corollaries 1 and 2. Notice that the bound from corollary 1 is
tighter than the bound from corollary 2 when the resource state
is highly entangled.

5.2. One-way secret-key distillation from i.i.d. copies of a
state

Resource distillation from independent and identically distrib-
uted (i.i.d.) copies of a state is often considered a physically
relevant setting. As such, the rate at which secret bits can
be distilled from » i.i.d. copies of a state, which is equal to
LK5 7 (p5y). is an important quantity from both information-
theoretic and practical perspectives.

In principle, the bounds obtained for the one-shot, one-way
distillable key of a state can be used to obtain an upper bound
on the one-way distillable key rate from n copies of p4p, with €
error tolerance, by simply calculating the upper bounds for the
state pj?g However, the complexity of computing these bounds
scales exponentially with the number of copies n, rendering
the computation of these bounds intractable for large enough
n. The smooth-min relative entropy is not subadditive; that is,
there exists a choice of states p', p?, 2, and ¢, such that the
following inequality does not hold:

Dy, (o'l

min

< DE,

min

+ Dy

min

(Pllo?),
(122)

(@ lo' @)

which makes it difficult to obtain a single-letter bound on the
one-way distillable key rate with our approach. We turn to the
a-sandwiched unextendible entanglement of bipartite states to
address this problem.

The smooth-min relative entropy is related to the a-
sandwiched Rényi relative entropy by the following inequal-

ity [CMW 16, lemma 5]:
+ 1 1 (123)
o8\

for all e € [0,1) and « € (1,00). By taking an infimum over
all states o € F(p), we arrive at an inequality relating the
smooth-min unextendible entanglement of a state and the a-
sandwiched unextendible entanglement of the state, which we
state in proposition 5 below.

Dgin(pllo) < Da(pllo)
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Figure 5. Comparison between the upper bounds on the one-shot, one-way distillable key of two-dimensional isotropic states,
parameterized as given in (96), obtained using theorem 2, corollaries 1 and 2.

Proposition 5. Let o € (1,00) and ¢ € [0,1). Then the fol-
lowing inequality holds between the smooth-min unextendible
entanglement of a state and the o-sandwiched unextendible

entanglement of the state:
o ) 1
-——log, [ —— | .
a—1 82 1- €
JE

As a counterpart of J, (pagp), we define the following
quantity for mathematical simplicity:

1

E'E
2

e (p) <ES(p) + (124)

Te(pag) =2 2Ealow) (1 — )35 Wae (1,00). (125)

It is straightforward to verify from proposition 5 that

Jain(pap) > T (pap) Vo€ (L00).  (126)
One can simply use theorem 2 and lemma 3 to obtain an
upper bound on the one-shot, one-way distillable key of a state
in terms of the a-sandwiched unextendible entanglement, as
follows:

K5y~ (pan) <fUnin(pan) 2) </ (Talpan) €) Vo€ (1,00),
(127)

where the function f is defined in lemma 3. The first inequal-
ity follows from theorem 2, and the second inequality follows
from (126) and lemma 3.

While the a-sandwiched unextendible entanglement bound
is clearly worse than the smooth-min unextendible entangle-
ment bound, it gives a single-letter upper bound on the one-
shot, one-way distillable key from n i.i.d. copies of a state psp.
The subadditivity of the a-sandwiched unextendible entangle-
ment implies the following for all « € (1, 00):

T (o) =275 (0) (1 - ) 357 5 2 2B (o) (1 — )35,
(128)

Let us define the following quantity:
TS (pas) = 272 Ealom) (1 — )=, (129)

Then the fact that J<, (p55) = J=" (pap), combined with
lemma 3 and (127), leads to a single-letter upper bound on the
one-shot, one-way distillable key of n i.i.d. copies of a state,
which we state formally in corollary 3.

Corollary 3. Fix € € (0,1) and a € (1,00). Let pap be a
quantum state such that the following inequality holds:

1
4

c<T (o <4+ S+ EUZD  s)

| ™

where J5" (pag) is defined in (129). Then the n-shot, one-way
distillable key of a state pap is bounded from above by the fol-
lowing quantity:

K57 (o)
2
V75 o) (1= (o)) + VET=2)
< zlog, = +1
2 T (o) — ¢
(131)

V3e(l—¢)

Ifjg’”(pAB) > % +5+ >—— then the n-shot, one-way dis-
tillable key of the state is equal to zero.

A special case of the bound stated above arises when o« —
oo. Let us define the following quantity:

Jrnax(pap) := 1im T (pap) (132)
— ( 1im 2—2E“(pas) : A
= (Jim 27250 (Jim (1=77) - (139
=2 2B (Pan) (1 —¢) (134)

where the second equality follows from the definition of
JE (pap) and the last equality follows from (55). The max-
unextendible entanglement of a state can be computed using
an SDP, which implies that J%,,, (pap) can be computed using
an SDP. Thus, setting &« — oo in corollary 3 leads to a single-
letter, computable bound on the n-shot, one-way distillable key

of a state.



Rep. Prog. Phys. 88 (2025) 067601

V Singh and M M Wilde

—— F=0.8 A
0.6+ F=0.85
--a-- F=0.9 «
205 e
° A A
§ B A= 7 Sl T
$ 041
<
©
203
=4
0.2

—— = A
12 F=0.8
F=0.85
-+ F=0.9
2104
el ‘/
> A"
208 " .
=]
o
z
0.6
\
0.4+ —

Number of copies (n)

(a) Two-dimensional isotropic state

T T

10 15 20 25 30 35 40 45 50
Number of copies (n)

(b) Three-dimensional isotropic state

Figure 6. Upper bounds on the n-shot, one-way distillable-key rate of isotropic states using corollary 3 and setting a — oo. The upper
bounds are plotted for different values of the parameter F of the isotropic state, with respect to the parameterization given in (96), against

the number of copies of the isotropic state, and ¢ is set equal to 0.01.

In figure 6, we plot the upper bounds on the n-shot, one-
way distillable key of isotropic states calculated using corol-
lary 3 with o — oo. In figure 6(a), we plot the upper bounds
for two-dimensional isotropic states, and in figure 6(b), we plot
the upper bounds for three-dimensional isotropic states, with
€ =0.01 in all the cases.

Remark 5. The techniques used to arrive at corollaries 1 and 2
can be used to find simpler bounds on the one-shot, one-
way distillable key of 7 i.i.d. copies of a state psp by using
the a-sandwiched unextendible entanglement. As such, for all
e€(0,1),a € (1,00), n € N, and a state pag, if J" (pap) > €,
then

K57 (pi5) < _Ing( T3 (pan) — \/E> . (135
and ifjg”(pAB) > /€, then
1 -
K5~ (pi5) < —5log, (JZ’"(pAB) - \/E) . (136)

5.3. One-way secret-key distillation in the asymptotic setting

Now let us study the asymptotic setting of one-way secret-key
distillation by using the framework of unextendibility.

In the asymptotic setting, we are interested in the max-
imum rate at which an arbitrarily large number of i.i.d. cop-
ies of a state psp can be transformed into a state that is arbit-
rarily close to an ideal secret key. In this setting, a one-way
secret-key distillation protocol is given by a sequence of one-
way LOCC channels {EZ;,;GA,B,A,,B,,}%N, a sequence of

bipartite private states {’yﬁ’} B A,,B,,} , and a sequence of
neN

real numbers {e,},cn corresponding to the error in distilla-
tion. The joint system A" refers to n systems, each of which
are identical to the system A. The nth element of this sequence
acts on n copies of the resource state p4p such that the infidel-
ity between the output state and 'y];'} 514 18 less than or equal

to €,. That is,

n,—

Aan*)A/B/A//BH(p?l’;)) 2 1_5” Vn e N.
(137)

kn
F(,YA’B’A”B’”

To achieve arbitrary precision in distilling secret keys, we
demand that £,, — 0 as n — oo. The maximum achievable rate
of distilling secret keys is then given by the one-way distillable
key of the state, which can be mathematically defined in terms
of the one-shot, one-way distillable key as follows [KW24,
chapter 15]:

o )
Ky (pas) = _inf liminf “K5™ (o).

(138)

The upper bounds on the one-shot, one-way distillable key,
obtained in sections 5.1 and 5.2, do not provide any new insight
into the one-way distillable key of the state. This is because,
for most states of interest, there exists an n € N such that

cin(055) < e forany e € (0,1], rendering the bound useless.

However, consider a further restricted setting where the
sequence {&, }qen is required to decrease exponentially fast.
The maximum rate of key distillation from an arbitrarily large
number of copies of a resource state, for a fixed error exponent
a, which we call the a-exponential one-way distillable key of a
state, can be mathematically defined in the following manner.

Definition 6. Fix a > 0. We define the a-exponential one-way
distillable key of a state psp as follows:

Kp'o(pag) = sup
{k’l}nEN7{’YA”XB’A 4: 4 }neN

{Lrl,%

ARBN s ATBIAIB!!

liminf{ logskn

n—oo n

neN

F(igangn (055)) 21-27,
(139)
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where the supremum is over all sequences of bipartite states
{'y];'} BIA B,,} . and all sequences of one-way LOCC chan-
ne

nels {Lyp 45 ey The bipartite state vyig, g,
holds log, k, secret bits.
We define the converse of a-exponential one-way distillable

key of pap as follows:
{ log, k,

Kpo(pag) == .

sup
{kn}neNa{'Y:';B/AuBu }nEN
{Ln,ﬂ

ANBn A'B/ATB! S heN

F(ohpansn £7 (55)) = 1-27"} . (140)

limsup
n—oQo

Theorem 3. Consider an arbitrary bipartite state pap. Let
d := min{dim(A),dim(B)} with dim(A) and dim(B) being
the dimensions of systems A and B, respectively. Fix
a € (2log,d,0). Then the following bound holds:

I~(Eja(ﬂAB) < E“(pas) (141)

where E"(pap) is the relative-entropy-induced unextendible
entanglement of the state pap (i.e. defined as in (29) with
D replaced by the quantum relative entropy D).

Proof. Let psp be an arbitrary bipartite state from which
we wish to distill secret keys, and let dim(A) and dim(B)
be the dimensions of systems A and B, respectively. Let
{L4pr 151415 } e DE @ sequence of one-way LOCC chan-
nels, and let {7’}53%,/3,,} N be a sequence of bipartite
ne
private states such that the following condition holds for all
a>2log,dand n € N:
F(w/ﬁ';B/A,/B,,,ﬁ”’*(pf’g)) >1-27"  (142)
where d := min{dim(A),dim(B)}.
Let us define ¢, := %"”’ for convenience. Let us also define
Je" (pag) := 2~ Ewn" (P4 From proposition 2 we know that
J*" is bounded from below as follows:

1—¢,

JEM B >
(p) 2 —5

(143)

Corollary 1 implies that the following inequality holds for
all one-way LOCC channels £}, 5. . 45/45 and all private

states "YIIZ;B TAV B! .
log, k, < — log, (\/F")”(p) - \E) (144)

:—10g2< JE'lv"(p)<l—\/7(p>)> (145)

1 En
= ——log,(J*"(p)) — log (1 — )
2 2( ( )) 2 ngn(p)
(146)

Dividing both sides by n and taking the limit superior as
n — oo leads to the following inequality:

log, k,,
limsup 182K
n—o0o
1 1 n
< limsup{ —=—log, J*"(p) — —log, | 1 — c .
n—o00 2n n Js,l,n(p)

(147)

Using the lower bound on J5"(p) from (143), we arrive at
the following inequality:

€n dZn
o <G T2 (148)
n
ZfandZn
T (149)
dZn
= S (150)
22nlog,d
= S (151)
2—11(a—210g2d)
B T (152)

where the second inequality follows from the fact that the func-
tion €, /(1 — €,) increases monotonically with €, € [0,1) and
the fact that ¢, < 27%". Thus, for sufficiently large n, since

a > 2log, d by assumption, it follows that 21:& < 1and
thus that 2% < 1.
Then we find that
limsup—1lo (l — E”)
e F(p)
. En
=-1 1-1 153
og2< imsup [ 725 (p)) (153)
) 2—n(a—2log,d)
< —log, | 1 —limsup g (154)
n—oo -
= —log,(1-0)=0. (155)

Now let us go back to (147). Substituting (155) in (147) leads
to the following inequality:

log, k 1
limsup &% < limsup — — log, J*""*(p) (156)
n— o0 n n—oo 2n
1
= limsup —Eye (p55) (157
n—oo N
1
= limsup — inf D (pSplloans ),
n—oo <N aAanG}'(pg") ( AB )

(158)

where we have used the definition of J*»"(p) to arrive at the
first equality and the definition of E’C to arrive at the second

min
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equality. Note that if oap € F(pap) then a®" cF (pf’l;’).
Therefore,

Ds»t

min
5)

Dt

min o El.r;{p (pAél ||UAB )

(159)

inf D, (o lowen) <

O anpn e]-'(pAB

Substituting the above inequality in (158), we arrive at the fol-
lowing inequality:

log, ky, 1
limsu < limsup — inf En n o8
n—>oop n—>oop 1 oaseF(pus) mm(pA H )
(160)
< inf limsu D Qn
oaBEF (pag) n—>oop2 mm(pABH )
(161)

where the second inequality follows from an asymptotic ver-
sion of the max-min inequality.

Note that D5, (p||o) increases monotonically with increas-
ing e. Since &, <27, for every £* € (0, 1), there exists an
N € N such that €, < €* for all n > N. Consequently,

®n|| . ®
5) < (pis lois)
Substituting the above inequality in (161), we arrive at the fol-
lowing inequality:

E n
mln

lDE

(pig llos Vn=N. (162)

inf
0aBEF (pas)

10g2 kn <
n ~

5)-

(163)

1
By hmsup Dmm (pA ’ZH

n—oo

limsup
n—oQo

For all £ € (0, 1), the following inequality holds [NOOO]:

1
limsup- D, (0" 0°") < D(pllo)

n— o0

(164)

where D(-||-) is the Umegaki relative entropy [Ume62].
Therefore, we conclude the following:

10g2 kn

E"(pag) -
n

(165)

. 1
inf *D(,OABHO'AB) =

<
oA EF (pag) 2

lim sup
n—oo

Since the above inequality holds for all sequences of
one-way LOCC channels {L}.z _4ipiangi}pey and all

sequences of private states {'ylj"/B, A,,B,,} such that
neN

ki
F ('YA/B/A ;22 Eq (pf?él)) 2
conclude the statement of the theorem.

1 —27 for all a > 2log,d, we
O

Remark 6. The relative-entropy-induced unextendible entan-
glement of a state can be computed using a semidefinite pro-
gram. See [KS24] for a semidefinite representation of the rel-
ative entropy between two states that can be used directly to
estimate the relative-entropy-induced unextendible entangle-
ment of a state to arbitrary precision.
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6. Forward-assisted private communication from
channels

In this section we extend the results obtained in section 5
to understand the limitations of private communication over
channels. We begin with a brief discussion on secret-key distil-
lation from a channel with local operations and forward clas-
sical communication in the one-shot setting. In this setting,
where forward classical communication can be performed
with no cost, the task of secret-key distillation from a chan-
nel is equivalent to the task of private communication from
the channel.

6.1. One-shot, one-way distillable key of a channel

To distill a secret key from a channel using one-way LOCC,
Alice locally prepares a state v, , ,, 1, and encodes one share of

this state using a quantum instrument {5" } . She then
xeXx

A=A
sends the system A to Bob through the quantum channel Ny _, 3
along with the classical label x. Bob then decodes the received
state by applying a quantum channel Dj_, g, /,, which he can
choose based on the classical label x that he received from
Alice. The state established at the end of the protocol can be
mathematically described as follows:

&

. X
OA'B'AB! +— E (DB—)B/B” ONA—}BO AA

XeX

) (Yarani) -
(166)

For the secret-key distillation task to be successful in distilling
log, k secret bits with an error tolerance €, we require the fol-
lowing inequality to hold:

F(UA/B’A”B”a’yf\/B’A”B”) 2 1 — & (167)

for some private state 755,45 holding log, k secret bits.
Figure 7 depicts a schematic diagram of the task of one-way
secret-key distillation from a channel.

The task of secret-key distillation from a quantum channel
can be expressed more concisely using the language of super-
channels [CDPO08, Goul9]. To distill log, k secret bits from a
channel AV, _, with an error tolerance ¢ and only using one-
way LOCC, Alice and Bob apply a one-way LOCC superchan-
nel ®(A—)B)~>(A~>B’B”) on the channel AV4_, g such that the fol-
lowing inequality holds:

F(OW))(Yyrpni) s Varprampn) =1 -6, (168)

for some locally prepared state 1/, ,,,; and some private state
Ak 31415 holding log, k secret bits. The ability to distill secret
keys from a channel in the one-shot setting can then be quan-
tified by the one-shot, one-way distillable key of the channel,
which we define below.
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Figure 7 Schematic diagram of secret-key distillation from a channel AV3_,p using a one-way LOCC superchannel ©. The error in the
distillation process, denoted by ¢, is given by the infidelity between the state o454/ established at the end of the protocol and a private

state Y/ /4115, that holds log, k secret bits.

Definition 7. The one-shot, one-way distillable key of a chan-
nel MVy_,p is defined as follows:

Ky~ (Nasp)

sup
kGN,'Yj;/B/A 1R
’L/JA/A//AES(A /A”A)7
OelWL

{logyk: F((OW)(¥),4) > 1<},

(169)

where the supremum is over every natural number k, every
quantum state ¢, , ,, ;, every private state v, 5., and every
one-way LOCC superchannel G(A —B)—(A—B/B")"

The one-shot, one-way distillable key of a channel can be
written in terms of the one-shot, one-way distillable key of a
state as follows:

Ky~ (Nap)

K5~ ((@<A_,B)_>(A_>B’B”)(-/V’A%B))(w)) :

sup
1PA/A//AES(A "A //A)i
©cl1WL

(170)

Establishing a secret key and using the one-time-pad
scheme for private communication is not the only way
to transmit private bits over a channel, and there may
exist alternate protocols to realize private communication
over a quantum channel [DLL0O3]. The notion of one-shot
private capacity of channels is used to quantify the abil-
ity of a quantum channel to communicate data privately
using local operations without making assumptions on the
protocol.

Suppose that Alice wants to send private data to Bob by
using a channel A_,p. To do this, Alice and Bob apply a
superchannel © ,_, 5, v, %) on the channel Na_p, where X
and X are classical systems. Let U3, 5 be an isometric exten-
sion of the channel NV 5, where the eavesdropper has access
to the system E. The error in private communication through
this protocol is defined as follows:

21

perr(GaN)
— infmay (1 F(10(xl5 © 0%, (O 0, ) ()(x1))
(171)

where the infimum is over all quantum states oz and the max-
imum is over all messages x in the set X'. In figure 8, we show
a schematic diagram of a protocol for private communication
over a channel NV _, p. The one-shot private capacity of a chan-
nel MV4_,p is then defined as follows:

PE(-/V:A—>B) = Ssup {Ing |X| :perr(@’N) < 6}3 (172)
X,0€L0

where LO refers to the set of all superchannels that can be
realized by local operations only and | X| refers to the number
of elements in the set X'. As such, the supremum is over all
sets of messages X and all superchannels 6( A—sB) > (X—X) that
can be realized by only local operations.

In the one-way LOCC setting considered throughout this
work, Alice is allowed to send arbitrary amounts of classical
data to Bob, which is publicly available to any eavesdropper
as well. In this setting, the quantity of interest is the one-
shot forward-assisted private capacity of a channel, which is
defined as follows:

Po7 (Nawp) = sup  {log, [X]: pen(©,N) < e},

X,0€1WL
(173)

where 1 WL refers to the set of all one-way LOCC superchan-
nels. Since LO C 1WL, the following inequality holds for all
quantum channels N;_,p:

PE’H(NAAB) = PE(JV;\—>B) . (174)
In the remainder of this paper, we will derive several upper
bounds on the one-shot forward-assisted private capacity of
channels, which, as a consequence of (174), also serve as upper

bounds on the one-shot private capacity of the channel due to
the inequality mentioned above.
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Figure 8. Schematic diagram of private communication over a channel A4, 5, with an isometric extension L{ﬂ pE» using a one-way LOCC
superchannel ©. The objective of this protocol is to send an arbitrary classical label x from Alice to Bob such that the state of an
eavesdropper, who holds the system E, is independent of the state Bob receives. The error in private communication, denoted by ¢, is

defined in (171).

In the presence of forward-classical assistance, the task of
secret-key distillation is equivalent to the task of private com-
munication. Suppose that a forward-assisted protocol allows
Alice to send 7 private bits to Bob through a channel N _.p
with some error €. Alice can send a secret key itself through
this channel, hence, transforming the one-shot private commu-
nication protocol to a one-shot secret-key distillation protocol.
Moreover, in the forward-classical assistance setting, a secret-
key distillation protocol can be transformed into a private com-
munication protocol by using the one-time-pad scheme, thus
demonstrating the equivalence between the two tasks.

Due to the equivalence between the tasks of private commu-
nication and secret-key distillation in the presence of forward-
classical assistance, the one-shot forward-assisted private
capacity of a channel P (N,_,5) is equal to the one-shot,
one-way distillable key of the channel. That is,

P> (Nassg) = K5 (Nasss). (175)

The techniques used in section 5 for obtaining upper bounds
on the one-shot, one-way distillable key of a state can be exten-
ded to obtain upper bounds on the one-shot, one-way distil-
lable key of a channel, using the unextendible entanglement
of channels. Furthermore, the equality in (175) allows us to
obtain upper bounds on the one-shot forward-assisted private
capacity, which are also upper bounds on the one-shot private
capacity by definition.

6.2. Unextendible entanglement of channels

The generalized unextendible entanglement of channels was
defined in [SW24b]. We briefly present the relevant properties
of the quantity here.

Let us define the following set of channels with respect to
a given channel NVj_.p:

F(Nasp) :={TrgoPa_pg : TrgoPapr = Nasg}, (176)

where systems B and E are isomorphic. The general-
ized unextendible entanglement of a channel Aj_p is
defined with respect to a generalized channel divergence D

22

[CMW16, LKDW18] as follows:

E“(Na_p) := - (177)

= D(N, M ,
ZMEF(N) ( A—>B|| A—>E)

where the generalized divergence between channels is defined
as

DNy Mass) = sup  D(Nasp(pra) [[Mass(pra)) -

PraE€S(RA)
(178)

The generalized unextendible entanglement of a channel
does not increase under the action of one-way LOCC super-
channels, the latter defined in section 2.2.

Lemma 4 ([SW24b]). The generalized unextendible entangle-
ment of a channel does not increase under the action of one-
way LOCC superchannels. That is,

E‘(O(Nasp)) <E'(NMasp) VO EIWL,  (179)

where 1WL represents the set of all one-way LOCC
superchannels.

A more general statement of lemma 4 was presented
in [SW24b], where it was shown that the generalized unex-
tendible entanglement of a channel does not increase under the
action of two-extendible superchannels, which is a semidefin-
ite relaxation of the set of one-way LOCC superchannels, and
hence, contains the set of one-way LOCC superchannels. In
this work we will only consider one-way LOCC superchannels
and not two-extendible superchannels. We point the interested
reader to [SW24b] for a more detailed discussion.

A direct consequence of lemma 4 is that the max-
imum value of the generalized unextendible entanglement
of a channel N,_,p is not larger than the generalized
unextendible entanglement of the identity channel ids/_p-,
where dim(A”) = dim(B’) = min{dim(A),dim(B)}. This can
be seen from the following argument: Consider an arbitrary
channel N, p. If dim(A) > dim(B), then construct a super-
channel ©_,¢)_,(u—p) that acts on an arbitrary channel
Mp_,c as follows:

O (5—0)=(A—p)(Mpc) =idespoMpco Ny (180)
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Lemma 4 implies the following inequality:

E“(idg_,c) > E"(O(idg_()) (181)
=E"(idc—poidg,coNs—p) (182)
— E'(Nyss). (183)

Similarly, if dim(B) > dim(A), then we can construct a super-
channel Y (p_a)—(c—p) that acts on an arbitrary channel
Mp_4 as follows:

Y (p—a)—(c—B) (Mpsa) =NaspoMp_soidep.
(184)
Once again, applying lemma 4 leads to the following inequal-

1ty:

E"(idp_a) = E"(Y(idp—a)) = E*(Nass) - (185)
The inequalities in (183) and (185) can be written together as
the following inequality:

E“(Na—p) < min{E“(ids—¢),E“(idz-p)}, (186)
where dim(A) = dim(C) and dim(B) = dim(D).

Another important property of generalized unextendible
entanglement of channels, which is relevant to our discussion,
is its relation with the generalized unextendible entanglement
of states. In particular, the generalized unextendible entangle-
ment of a bipartite state that can be established between two
distant parties using a quantum channel N,_,3 and one-way
LOCC superchannels cannot be larger than the generalized
unextendible entanglement of the channel N}, 5. We state this
formally in lemma 5 below.

Lemma 5 ([SW24b]). The unextendible entanglement of a
quantum state ogc p, with respect to the partition RC’ : D, that
can be established between two parties using a point-to-point
quantum channel Ny _,p and a one-way LOCC superchannel
O (a—B)—(c—c'p) is no greater than the unextendible entan-
glement of the quantum channel N _.p; i.e.

supE"(orc.p) <E“(Nass),
PRC

(187)

where

orep = (O—p)—(c—cp)(Nass)) (pre) (188)
and pgc is a quantum state. The symbol B (ogcr.p) denotes
that the unextendible entanglement of the state ogrcip is calcu-
lated with respect to the bipartition RC’ : D.

Lemmas 5, 3, and (170) provide us with all the necessary
tools to obtain an upper bound on the one-shot, one-way dis-
tillable key of a channel using unextendible entanglement of
channels.

The two important quantities that we will use in this section
are the smooth-min unextendible entanglement of a chan-
nel and the a-geometric unextendible entanglement of the
channel.

23

The smooth-min unextendible entanglement of a channel is
defined in terms of the smooth-min relative entropy of chan-
nels as follows:

Eni(Nasp)

=5 ™ P 189
2./\/1612(./\/') m1n(M—>B||MA—>E) ( )
1

5 inf su Dfnin N M R
2 MEFWN) o (NMass(pra) [Ma—e(pra))

(190)

where the smooth-min relative entropy of states was defined
in (39). The smooth-min relative entropy of channels can be
written as a semidefinite program [WW19b, appendix B-3],
and the set F(N) can also be described by semidefinite con-
straints. This allows us to write the smooth-min unextend-
ible entanglement of a channel as a semidefinite program (see
appendix H).

Proposition 6. The smooth-min unextendible entanglement of
a channel is bounded as follows:

1 1
—5log (1-¢)< Epi(Nassp) < logyd — 5log (1-¢),
(191)
where d := min{dim(A),dim(B)}.
Proof. See appendix F. O

The a-geometric unextendible entanglement of channels
was explored in [SW24b] in the context of zero-error private
communication. It is defined for a parameter o € (0,1) U (1,2]
as follows:

~ ) 1~
E{(Nasp) = inf  =Dq(Naspl|Mass)

192
MeF(N) 2 (192)

= inf

= sup
MEFN) pp,

€S(RA)

%BQ(NM (o) IMuasss (pra))s  (193)

where the a-geometric Rényi relative entropy of states is
defined for all o € (0,1) U (1,00) as follows [Mat13]:
~ 1 1 @
Dalpllo) = —— log, Tr [a (a : po z) } L (194)
o —
We list some properties of the a-geometric unextendible
entanglement of channels that are relevant to this work. We

refer the interested reader to [SW24b] for a more detailed dis-
cussion of these properties:

1. Monotonicity in ac: The a-geometric unextendible entan-
glement of channels increases monotonically with increas-
ing . That is,

Eﬁ; (-/\/A%B) > AIZ? (NA%B)

Va,B€(0,)U(1,2), a>p.

(195)

2. Subadditivity: The a-geometric unextendible entangle-
ment of channels is subadditive under tensor products of
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channels. That is, the following inequality holds for all
a€ (0,1)U(1,2]:

E?X (Nasp @ Ma,p) < EZ (Nassg) + Ef; (Mass),
(196)
where N, and M, _, 3 are quantum channels.

. Limiting case when o« — 1: The a-geometric unextend-
ible entanglement converges to the unextendible entangle-
ment induced by the Belavkin—Staszewski relative entropy
as o« — 1. That is,

. 1~
inf  =D(Nasp||Mass),

E'(Nawn) = clvlgll Ea(Nawp) = MEFN) 2
(197)

where the Belavkin—Staszewski relative entropy of states
is defined as follows [BS82]:

if supp(p) C supp (o)
otherwise,

(198)

Tr[plog; (/o' 7))

B(pllo) = { wr

and where o~ is taken on the support of ¢ and the log-
arithm is evaluated on the support of p. The rightmost
equality in (197) follows directly from [DKQ-23, propos-
ition 36].

. Semidefinite program: The «-geometric unextendible
entanglement of a channel can be computed using a semi-
definite program for rational values of a € (1,2] (see
appendix H).

The a-geometric unextendible entanglement of a channel
can be related with the smooth-min unextendible entangle-
ment using the inequality in (123). The a-geometric Rényi rel-
ative entropy of states is known to be larger than or equal to
the a-sandwiched Rényi relative entropy of states for all a €
(0,1)U(1,00) [Toml15, WWW24]. The inequality in (123)
then implies the following inequality, which holds for all

a € (l,00)ande € [0,1):
1
1 -
0g2<1_5>

1
log, (1_€> .

We will restrict our discussion to a € (1,2], as this is the inter-
val for which the a-geometric Rényi relative entropy obeys the
data-processing inequality. Setting p — (idg @) (pra) and
o — (idg @M )(pra), where N and M are quantum channels,
leads to the following inequality:

«

a—1
a

a—1

(3
min

(pllo) < Dalpllo) + (199)

< Da(pllo) + (200)

Dy ((idr @A) (pra) || (idr @ M) (pra))
< Do ((idr @N) (pra) || (idg ®M) (pra))

+a101
a—1 253 .

— (201)

24

Since the above inequality holds for every state p, we can
take a supremum over all states and conclude the following

inequality:
log, (

Now taking an infimum over all M € F(N'), we arrive at
the following inequality, which holds for all « € (1,2] and
e€0,1):

g
min

Dia (N[ M) —

! ) (202)
— &

Epin(Nassp)
1

= inf =D¢%. 203

Melg(N)Z mm(M—>B||MA—>B) ( )
< inf ABaWIM) LY tog, (1) 204
S MeFn) 2 2 a—1 £ 1—¢

~ 1 « 1
=E¢,(Nasp) + AP log, <1_€) : (205)

6.3. Upper bounds on the one-shot private capacity of a
channel

In this section, we discuss the application of the smooth-min
unextendible entanglement and the max-unextendible entan-
glement of channels to obtaining upper bounds on the one-
shot, one-way distillable key of a channel.

6.3.1. Smooth-min unextendible entanglement upper bound.
Consider the following quantity:

anin(NAﬁB) = 2B (Nasp) (206)
Lemma 5 implies the following inequality:
Tain(Na5) < sup Tain(ONa=5))(0))
Pa’a ///QGS(A /A”A),
©cIWL
(207)
where JZ, () for states was defined in (40). The supremum

in the above inequality is over every state p,,,,,; and one-
way LOCC superchannel @( AB)—(A—B/B)- The inequality
in (207), along with theorem 2 and lemma 3, yields an upper
bound on the one-shot forward-assisted private capacity of a
channel, which we state in theorem 4 below.

Theorem 4 (unextendibility bound on one-shot private
capacity). Consider a quantum channel N_,p and a para-
meter € € [0, 1] such that

Jain(Na—p) > ¢, (208)
where JS. (Na_g) is defined in (206). Then the one-shot, one-

way distillable key of the channel, which is equal to the one-
shot private capacity of the channel according to (175), is
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bounded from above by the following quantity: Proof. Let A,_,5 be a quantum channel, and let ¢ € [0,1] be
a parameter such that
P77 (Nasp) = K™ (Nasss) T (Nasp) > €. (210)
2
Je 1—Je, 1— . . . ..
< %log2 [( Vi V) € a "E‘/“v) _));_ Vel 8)> + 1} . Using the equality relating the one-shot, one-way distillable
min key of a channel and the one-shot, one-way distillable key of

(209)  a state from (170), we arrive at the following:

K57 (Nasp) = sup K57 (OWass) (Vyinni)) @11)
OEIWL, /11 €S(A’ATA)
2
l mm(1 ‘/rim) 6(175) .
< sup 2108 ( e st 212)
Para11; €S A'A"A s
RS Fain = T2 (ON)) (Y00

where J5. (-) for states is defined in (40). The inequality three-dimensional erasure channel for different erasure prob-

in (212) follows from theorem 2. Note that the above inequal-  abilities and different values of €. The erasure channel is math-

ity holds only if J;; > ¢, but since we have assumed that ematically defined as follows:

Join(N) > e, the quantity J5, is guaranteed to be strictly

greater than ¢ due to (207). Exp(pra) = (1—p) prs +pTralpra] @ le)e]s,  (216)
Let us define
5 . - ) where |e)p is the erasure symbol, which is orthogonal to every
Tmin(Nacsp) 1= v A:;EX,A”A) T (OND) (Vaara)) state in the span of {|i >(]\}w _o» and d is the dimension of the
o ”A@elWL ’ system A. The parameter p € [0, 1] is the erasure probability of
(213)  the channel.

Then the inequality in (212) can be written as follows: The simplified upper bounds obtained in corollaries 1 and 2
can be used to obtain simplified upper bounds on the one-shot
Ky~ (Na—sp) forward-assisted private capacity of a channel. The inequal-
— — 2 ity in (207), the equality in (170), and the application of
5 log2 [( Vi e {?Rf(')l\i))s—'— ve(l=o) ) + 1] lemma 3 together lead to simplified upper bounds on the one-
min shot forward-assisted private capacity of a channel, stated in

(214)  the corollary below.

The inequality in (207) states that J5. (A) <J5 (A). Corollary 4. Fix ¢ € [0,1]. Let N4_,p be a channel such that

Therefore, by applying lemma 3, we arrive at the following the following inequality holds:

inequality:
JrninNasp) > €, (217)
KEH(NA%B)

JE NI TV + /2T =5) 2 where J<,, (N) is deﬁn?d in (206). Therf the one-shot forward-
Z 10g2 Y +1]. assisted private capacity of a channel is bounded from above

2 min(N) — € as follows:

(215)

Finally, using the fact that the one-shot forward-assisted T (Nasp) < _Ing( in(Nas) — ﬁ) - (@218)

private capacity of a channel is equal to the one-shot one-way
distillable key of the channel, we conclude the statement of the

theorem. - If IS, (N) > \/€ then the following inequality also holds:

In figure 9, we plot the upper bounds on the one-shot P (Nasp) <
forward-assisted private capacity of a two-dimensional and a A—EB

1
— 510, (Join(Wasp) = VE) . (219)

25
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Figure 9. Upper bound on the number of private bits that can be transmitted over a single use of an erasure channel assisted by local
operations and forward-classical communication. The upper bound given in theorem 4 is plotted against the erasure probability of an erasure

channel for different values of .

6.3.2. a-geometric  unextendible entanglement upper
bound. The subadditivity of the a-geometric unextendible
entanglement of channels, as given in (196), can be used to
obtain an upper bound on the n-shot, forward-assisted private
capacity of a channel.

Consider an arbitrary quantum channel NV,_,p. Recall the
definition of J%; (N4_p) from (206). The inequality in (205)

implies that the following inequality holds for all « € (1,2]
ande € [0,1):

JminNasp) 2 272 (W)= 5% logy (%) (220)
=(1 _5)% 7 —2E4(N) 221)

Now consider the following quantity:
Trin(NZ ) = (1 g)at 2 2EL (N®) (222)
>(1—g)m127 B0 (223)

where the second inequality follows from the subadditivity
of the a-geometric unextendible entanglement of channels
(see (196)).

Let us define the following quantity:

T (Nasp) i= (1 —e)a-1 27 2B (224)
which, according to (223), is a lower bound on J&,;, | (Na—p). If
o is a rational number in the interval (1,2], then J5"(N4_5)
can be computed using a semidefinite program, by employing
the algorithms given in [FS17] (see appendix H for a special
case). The application of lemma 3 to theorem 4, along with the
inequality in (223), directly leads to a single-letter, semidef-
inite computable upper bound on the n-shot forward-assisted
private capacity of a channel, which we state formally in corol-
lary 5 below.

Corollary 5. Fix e € (0,1). Let Ny_,p be a quantum channel
such that the following inequality holds for some o € (1,2]:

TN (Nasg) > ¢ (225)
where .72;” (NMa_sp) is defined in (224). Then the n-shot
forward-assisted private capacity of a channel Nj_p is
bounded from above by the following quantity:

2

\/ﬁ’"m%) (132" o)) + VET=2)

1
PO (NE) < EIng

We turn to the erasure channel once again to demonstrate
our results stated in corollary 5. An erasure channel with eras-
ure probability greater than or equal to % (see (216)) is a two-
extendible channel, and hence, its a-geometric unextendible

+1 (226)

T3 (Nasg) —€

entanglement is equal to zero for all a € (0,1) U (1,2]. If the
erasure probability is less than % then the explicit form of the
a-geometric unextendible entanglement can be derived, which
we state in proposition 7 below.

26
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Proposition 7. For all a € (0,1)U(1,2], the a-geometric
unextendible entanglement of a d-dimensional erasure chan-
nel, with erasure probability p, evaluates to the following:

1 b l—«
PR ( <p+ °’”> (1-p)°

d?
+(1 _p_bopt)lapa> (227)

1

2

Eg (85\7%3) =

forallp € (0, ﬁ} where

P ((1=p) = pPl*)

(228)

opt += pd2/a+(1 _p)dZ
Forallp € (W, %}
~u 1 —a o —a_«
E(E)_p) = 5 ﬁlogz(l’l (1-p)*+1-p)p ) .
(229)
Proof. See appendix G. O

In figure 10, we plot the upper bound on the n-shot,
forward-assisted private capacity of erasure channels com-
puted using corollary 5. The a-geometric unextendible entan-
glement of the erasure channel is computed using proposi-
tion 7. The n-shot, forward-assisted private capacity of a chan-
nel is expected to increase with the number of channel uses. In
figure 10, however, the computed value of the upper bound on
the n-shot forward-assisted private capacity decreases with the
number of channel uses, which indicates that the upper bound
improves with an increasing number of channel uses.

6.3.3. Private communication over a channel in the asymptotic
setting.  Inthis section we study private communication over
quantum channels using one-way LOCC superchannels in the
asymptotic setting.

First, let us consider the task of secret-key distillation from
quantum channels in a setting similar to the one discussed in
section 5.3. In the asymptotic setting, a one-way LOCC pro-
tocol to distill secret keys from a channel N _,p is described
by a sequence of positive integers {k,},cn, a sequence

, a sequence of

} b
neN

a sequence of states {pfv " A}neN’ and a sequence
A

of bipartite private states ’yf‘",A,,B,BN
neN

QWL

one-way LOCC superchannels { (Ar>Br) > (A—sB/B"")

of error parameters {e,}

k. .~k Q" IWL "
”77A’A”B'B”’ (A"—>B")—>(A%B/B”)’pA'A”A7 n nEN,
describes a one-way LOCC secret-key distillation protocol
for a channel A_,p if the following inequality holds for all

neN:

neN- sequence of tuples,

F(yb, (0 YE(VE) (01) 2 1—en, (230)

27

and ¢, — 0 as n — oo. We are interested in the maximum rate
at which secret bits can be distilled from a channel A/, _, 3 using
any such one-way LOCC secret-key distillation protocol.

Similar to the discussion in section 5.3, we impose an addi-
tional constraint on the sequence of error parameters ¢,, that
en < 279 for some fixed error exponent a > (. We define the
quantity ‘a-exponential one-way distillable key of a channel’
as the maximum rate at which secret bits can be distilled from
a channel using a one-way LOCC secret-key distillation pro-
tocol, with a being the error exponent.

log, ky, _

KEQ(NA%B) = n

liminf
n— 00

Definition 8. Fix a > 0. The a-exponential one-way distillable
sup
{k”}”GN’{’YiI;B Al }ne]\'

key of a channel A4_,p is defined as follows:
{@n7]WL}n€N’{pZ’A 1A }ngN

F(,yk,,7@n,1WL (N@n) (pn)) 2 1— 2[111}7
(231)
where the supremum is over all sequences of integers
{kn}nen, all sequences of bipartite states {vﬁ’; B4 B,,}

all of LOCC
} . and all sequences of states
ne

b
neN

sequences superchannels
WL

@ﬂ
(A"%B")*)A’B’A”B”

one-way

{pA,A,,A }neN' The bipartite state 7§7B,A g~ holds log,k,
secret bits.

We define the converse of a-exponential one-way distillable
key of the channel N_,p as follows:

IN(BTa(NAHB) = lim sup

n—oo

0g, k
sup o0,
ki
{kn}”eN’{’YA’B/A”H”}ngN

{1
{@n,le}neN,{P:;/A //A}neN

F<7k,,7@n,1WL(N®n) (pn)) 2 1— 2—an}.

(232)

n

We can also consider the task of private communication
over channels in this setting. We define the a-exponential
forward-assisted private capacity of a channel as follows:

Definition 9. Fix a > 0. The a-exponential forward-assisted
private capacity of a channel N _,p is defined as follows:

{

Perr (N(X)n, @n,lWL) g zfan } , (233)

log, | X,
liming J 102214l
n— o0

P (Nasp) == sup

{Xn}nel\“{@’h]WL}neN n

where the supremum is over all sequences of message sets
{ X }nen and all sequences of one-way LOCC superchannels

{@n,WL

(A"—=B") > (X—X) [ pen
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Figure 10. Upper bound on the n-shot private capacity of an erasure channel with the error parameter e = 10~". The bounds are computed
for different values of « using corollary 5, where the a-geometric unextendible entanglement of the erasure channel is computed using

proposition 7.

We define the converse of a-exponential forward-assisted
private capacity of the channel N _,p as follows:

{

Pere (NE",©1WL) L 2an } (234)

log, |Xn| .

Py (Nasp) i= sup limsup

{X"}neN’{GMWL}nGN n—o0 n

Using the arguments mentioned before (175), we can see
that the following equalities hold:

K/:?,a(N;\%B) = P(? (A/A—>B)
I}[Ya(-/\/AaB)

(235)
(236)

Therefore, any bounds obtained on the a-exponential distil-
lable key of a channel hold for the a-exponential private capa-
city of the channel as well.

Theorem 5. Consider an arbitrary quantum channel N_,p.
Let d:=min{dim(A),dim(B)} with dim(A) and dim(B)
being the dimensions of systems A and B, respectively. Fix
a € (2log, d,0). Then the following bound holds:

;)? (Nasp) = I?Ea(NAﬁB) < E"(NA—>B)7 (237)
where E”(J\/'AHB) is the unextendible entanglement of the

channel Ny_.p induced by the Belavkin—Staszewski relative
entropy defined in (197).

Proof. The proof is similar to the proof of theorem 3. We
sketch out the main arguments here.

Let N;_p be an arbitrary quantum channel, with
input and output dimensions dim(A) and dim(B) respect-
ively, from which we wish to distill secret keys. Let

{

@mIWL

(A1 Br) (A B/B ") }neN be a sequence of one-way LOCC

28

superchannels, let {Wf,”, BIAY B,,} be a sequence of bipart-
neN

ite private states, and let { be a sequence of

7
P A’AA neN
quantum states such that the following condition holds for

all a > 2log,d and n € N:

F(fiponrgrs (0" NEL)) (i) ) =1 -2
(238)
where d := min{dim(A),dim(B)}.
Let us set €, := 27" for convenience. Corollary 4 implies
that the following inequality holds for all one-way LOCC
secret-key distillation protocols such that (238) is satisfied:

log, k, < —log, ( Jon (V@) — \/57,> (239)

1 " En
= _510g2(‘]rar:in('/\/’® )) —log, (1 - Jrsr;zin(j\/@n)) :
(240)
The quantity J:. (N®") is bounded from below by the follow-

ing quantity:

1—¢,

C{Zn

T (N2 5) = (241)

)

which is evident from proposition 6. The inequalities in (240)
and (241) allow us to use the mathematical arguments presen-
ted in (148)—(155) in order to conclude the following:

(i)

Therefore, taking limsup,_, ., in (240) leads to the following
inequality:

€n

JEn‘ (N@n)

1
limsup — p log,
min

n— o0

(242)
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log, k,
sy 222K
n— o0 n

< limsup { _L logz (Jrin (NE))

n—oQo

1 En
L 1— 24
. 0g, ( Jrsr;?]n(N@n)) } ( 3)
1
= limsup — — log, (J5;, (N®"))
n— 00 Zn
© limsu _l o 1 En (244)
Hf RO
= limsup — — 10%2 (J i (N ®n) ) (245)
n— 00
1
= limsup — E'fnfn (N ®n) (246)
n— 00

where the second equality follows from (242).

Recall the relation between the smooth-min unextendible
entanglement of a channel and the a-geometric unextend-
ible entanglement of the channel from (205). The inequality
in (205) combined with (246) leads to the following inequal-

ity:

limsup 225 < Jim sup (E (V®") — % : %mgz(l fsn))
o o (247)
- hnrisolip E (NE) + ll;isolip 21 ——log,(1—ea),
(248)
which holds for all « € (1,2]. Since £, — 0 as n — oo,
limsup— o - — log,(1 —&,) = 0. (249)
n—oo 2N O — a—1

Now using the subadditivity of the a-geometric unextend-
ible entanglement of channels, we arrive at the following
inequality:

log, k,,
98t limsup IE” (V") <E“(N).
n

n—oo N

limsup —=— (250)

n— o0

The above inequality holds for every sequence {k,}
for which there exists a sequence of private

kn
YArBIA //}
{ A'B'A"B nEN’

nels § @™k
(A"—=B")—~(A—B'B") | N

{ o A} . such that (238) holds for all a > 2log,d and
ne
n € N. Therefore,

neN
states

a sequence of one-way LOCC superchan-

and a sequence of states

KpuNasp) SE4WNasss)  Yae(1,2],  (251)
which follows from the definition of IN(H,I (Na—p)- Since the a-
geometric unextendible entanglement of a channel increases

monotonically with «, we can take lim,_,;+ to obtain the

tightest upper bound, which is the unextendible entanglement
of the channel N;_, 3 induced by the Belavkin—Staszewski rel-
ative entropy. Finally, using (236) leads to the statement of the
theorem. U

7. Conclusion

In this paper we studied the task of secret-key distillation from
bipartite states and point-to-point quantum channels using
local operations and one-way classical communication. Using
the resource theory of unextendible entanglement, which is a
semidefinite relaxation of the resource theory of entanglement,
we obtained efficiently computable upper bounds on several
quantities of interest in the theory of private communication
over a quantum network.

We derived efficiently computable upper bounds on the
one-shot, one-way distillable key of a bipartite state using
the resource theory of unextendible entanglement. We also
derived upper bounds on the one-shot forward-assisted private
capacity of a channel that can be computed using a semidefin-
ite program. In both cases, these are the first instances of effi-
ciently computable upper bounds on these quantities, to the
best of our knowledge.

We extended our results to the i.i.d. setting and obtained
single-letter efficiently computable upper bounds on the n-shot
one-way distillable key of bipartite states and n-shot forward-
assisted private capacity of point-to-point channels. Finally,
we obtained efficiently computable upper bounds on the rate
at which secret keys can be distilled from a bipartite state or
a quantum channel using one-way LOCC when the error is
required to decay exponentially with an error exponent larger
than a fixed threshold.

The majority of bounds obtained in this work can be com-
puted using semidefinite programs. We numerically computed
the upper bounds on the one-shot, one-way distillable key
and the n-shot, one-way distillable key for isotropic states to
demonstrate our results. We also found analytical expressions
for the upper bounds on the n-shot, forward-assisted private
capacity of erasure channels.

We obtained a family of upper bounds on the n-shot, one-
way distillable key of a bipartite state in this work using the
a-sandwiched Rényi relative entropy. However, a semidefinite
representation of the a-sandwiched Rényi relative entropy is
only known when o — co. As such, only one member from
the family of upper bounds on the n-shot, one-way distillable
key of a state is known to be efficiently computable.

Going forward from here, there are some open problems
left for future investigation. The bounds obtained in this
work are based on the resource theory of unextendible entan-
glement. It may be possible to obtain stronger bounds by
studying entanglement measures that combine the concepts
of unextendibility and the positive partial transpose criterion.
Furthermore, it can give insights into the asymptotic setting
of private communication where there are no assumptions
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on the rate at which error decays. As another open prob-
lem of interest, finding semidefinite representations of the
a-sandwiched Rényi relative entropies would improve our
numerical findings here, as they can lead to tighter efficiently
computable bounds on the n-shot, one-way distillable key of a
state.
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Appendix A. Proof of proposition 1

In this section, we calculate the smooth-min unextendible entanglement of the maximally entangled state <I>f§ B

‘We first note that all extensions of the state fbi p are of the form @i 5 ® T since fbﬁ g 1s a pure state. Therefore, all states in
the set F (@XB) are of the form 74 ® 7, where 74 is the maximally mixed state and E = B. The unextendible entanglement of
<I>j  induced by the hypothesis testing relative entropy can be calculated as follows:

1
Evin(®p) = inf 5 D (Pisl|ma © 75) (A1)
o] . d
= 1gf—§10g20<11/1\f<1{Tr[AA3 (ma @ 78)] : Tr[App®iip] > 1—¢}. (A2)

Choosing Ayp = (1 — )P4, we find that

Ens (®45) > 1nf = log2 (1 =) Tr[@45 (ma @ 75)]) (A3)
1nf—flog2 (1 y Tr CDAB Iy ®7'B)]) (A4

l—e¢
1nf7710g2 ( 7 Tr[npTs] ) (A.5)

. 1—e¢
= 1gf—510g2 < 7z Tr[m]) (A.6)

1 1—¢

— e (1) (A7)

The hypothesis testing relative entropy can also be computed using the following SDP:

Diin(pag) = —log, sup {u(l—e)=Tr[Z]: pp<o+Z7}. (A.8)
$>0220

The unextendible entanglement of the maximally entangled state induced by the hypothesis testing relative entropy can then be
computed as follows:

. 1
Eyo (@AB) inf _EIng sup {p(1—¢)—"Tr[Z]: pd®dy <y @73 +Zap} - (A.9)
TBGS(B) 0n=0,2>20

Choosing 75 to be the maximally mixed state, we arrive at the following inequality:

mm(q)AB) 10g2 sup {ﬂ (1—¢) = Tr[Z) : p®4y < 7TAB+ZAB} (A.10)
u>o Z>0
- #>10n£>0—710g2 {n(l—¢)=Tr[Z] : p®%y < map+Zag} - (A.11)

Note that the pair (u =1/d*7Z= O) lies in the feasible set of the aforementioned SDP. Therefore, setting 1 = 1/d* and Z=0
leads to the following inequality:

1 1—¢ 1
Evs (945) < —5 log, (dz) = log,d — S log, (1—¢). (A.12)
Combining (A.7) and (A.12) concludes the proof.

Appendix B. Proof of proposition 2

In this section we find the range of values that the smooth-min unextendible entanglement of a state can take.
The smooth-min relative entropy between two states is never smaller than —log, (1 — €), which can be seen from the data-
processing inequality of the smooth-min relative entropy as follows:
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Din(pllo) = Dyin(R™(p) [R™(0)) (B.1)
= Dy (7 7) (B.2)

= —log, 0<ir/1\f<I{Tr[A7r] (Tr[An] > 1—¢} (B.3)

~ log, (1 -2). (B.4)

where R™ is a channel that traces out the state it acts on and replaces it with the maximally mixed state 7. This leads to the
following bound on the smooth-min unextendible entanglement of a bipartite state pap:

" 1 1
Ein(pag) = ol mf )EDmm(pABHO'AB) 210g2(1 —€). (B.5)

To find an upper bound on E’% (pag), we invoke (37). Since the hypothesis testing relative entropy is an example of gener-
alized divergence, (37) implies the following inequality:

i 1
Eimsn(pAB) SE ﬁ‘un ((PAOBO) 10g2 d— E 10g2 (1 - 6) ’ (B.6)
where d := min{dim(A),dim(B)}. The equality in (B.6) follows from proposition 1.

Appendix C. Proof of equation (83)

In this appendix, we show that (82) implies (83).
Let us analyze the expression on the right-hand side of (82) in the interval g € [0, 1] and for k € N. In what follows, we find
the inflection points of the expression by setting the derivative equal to zero:

4 (/F 0 )
SN [ A

Solving the above equation for ¢, we find that
1 1 / 1
= 1-— C3
2k\/q 2\1—¢q K2 (3

— /1—g=1/q(k*—1) (C4

= l—g=q(K-1) (C.5)
1
— 4= (C.6)

It is easy to verify that the function of ¢ given on the right-hand side of (82) achieves its maximum value at this inflection
point. Therefore, the function is monotonically increasing for ¢ € [0, k2] and it is monotonically decreasing for ¢ € [, 1].
Equivalently, the derivative in (C.2) is non-negative for ¢ € [0, 5], and it is non-positive for g € [5,1].

Now let us find the values of ¢ that satisfy (82). We can rewrite the inequality in (82) as follows:

kz’

1—5<k (1—q)<1—k12>+2\/m ,;(1—,:2) (C.7)

Rearranging the terms, we arrive at the following inequality:

2 1 1 1
q(l—kz)—wrkzél\/m kz<]_kz>' €3
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The right-hand side of the above equation is always non-negative for all ¢ € [0, 1] and k € N. If the left-hand side of the above
inequality is negative, then the above inequality is satisfied. As such, the above inequality is satisfied if the following condition
holds:

2 1 -
q(1k2>€ + <0 = g< Tk wiz2 (€9)

k2

If =~ > 0 then the inequality in (C.8) is satisfied for all ¢ € [0, £55= | and k > 2.

Now let us consider the case where the left-hand side of (C.8) is non-negative, which is true for k > 2 if € < kl—z or
q=> (5 ) / (1 — 7) We can square both sides to get the following inequality:

<q <1 - k22) —et kZ) (2\/T -z ) (C.10)

=2 (1 k2) (1—g9) (C.1D)
Setting

di=1-2, (C.12)
e:=c¢ %, (C.13)
fi= % (1 - klz) , (C.14)

we can rewrite the above inequality as follows:
(d-g—e)’<fq(l—q) (C.15)
= d*¢* + ¢* — 2deq < fq—fq* (C.16)
— (I +/)¢* — (2de+f) g+ > <0. (C.17)

The above inequality is in the standard form of a quadratic inequality. Let us first find each of the coefficients. The coefficient
of ¢? evaluates to the following:

2\* 4 1
&d4f= <1—k2) +k2<1_k2> (C.18)
4 4 4 4
=1+F—kj+ﬁ—g (C.19)
=1. (C.20)

The coefficient of g evaluates to the following:

2 1 4 1
—2de—f:—2(1—k2> (E_k2>_k2(1_k2) (C.21)
1 2 2 4 4
=2le—-5—-—+5 -5+ C.22
(E 12 k2+k4) 2te (€22)
1—-2¢
=-2 (5+ 2 ) . (C.23)
Finally, the term independent of ¢ is equal to the following:
1\2
e = <£ - k2> (C.24)
1 2
)
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The quadratic inequality in (C.11) can now be written as follows:

1—-2¢ 1 2e
q2—2q<€+kz>+52+k4—kz<0. (C.26)

The discriminant of the above quadratic expression can be evaluated as follows:

(—2de —f)* — 4 (P +f) &

= <a+1;22€>2—4<52+;4—§> (C.27)
—4<52+<1;22€)2+25(1;f5)—52—;4+i§> (C.28)
_ <1+45 e k]ﬁii(z_zg)) ©29)
_ ( ele-1) 46(11&6)> (C.30)
ek )k4(1—€) (€31)

We can now factor the quadratic expression in (C.26) as follows:

(q—0ag+)(g—ay4-) <0, (C.32)

1 - 1602 —1)e(1—
g =5 <2 (z—:+ > ) LV k2 €)> (C.33)

_ 7_ _
+1 25i2 (¥ —1)e(1 6).

where

= 2 2 (C.34)
Now we are in a position to identify the range of values that ¢ can take for all € € [0, 1] and k > 2.
o Ifece [ ,ko} then
og— < q < oy, (C.35)
where «,_ and o,y are defined in (C.34).
o Ifc €[5, 1], then
=
€ |0,min T 1o | Uloyg—,ag4]. (C.36)
k2

We can identify the values of ¢ such that the two intervals in (C.36) overlap. Let us first find the values of ¢ that satisfy the
following inequality:

&1; ;z<%+_5+1;22€+2 (kz—klz)e(l—f)_ (C.37)
We can rearrange the terms of the above inequality to get the following inequality:
Reol_ (R=2etl 2y/®-T)e(1=¢) (C.38)
) 2 k2
2
L
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4(k—1)e+2(1-&)

— 5y <24/ (R —1)e(l1—¢) (C.40)
K1) (e -1
%g (- 1)e(l—e). (C.41)

The above inequality is satisfied for all ¢ € [0,1/2] and k > 2. Now assuming that € > 1/2 and k > 2, we can square both sides
of the above inequality to get the following inequality:

(K —1)(2c - 1)
(k> —2)*

e(l1—¢g). (C.42)

Setting a := (k* — 1) /(k* — 2)?, we can rewrite the above inequality as follows:

a(2e—1)°
= (da+ 1)~ (da+1)e+a

(1—¢) (C.43)

<e
<0. (C44)

Note that a is a positive number, which implies that 4a + 1 is also a positive number. Therefore, the above quadratic inequality
can be factored as follows:

1 1 1 1
e—z |14+ ——= e—z|1l-— <0. C.45
( 2< \/4a+1)>< 2( \/4a+1)> (€4
Substituting the value of a, the quantity v/4a + 1 evaluates to the following:
k2
VAT = 5. (C.46)

Therefore, the inequality in (C.45) can be written as follows:

1 ) ) 1 ) )
(-2 (+5) (-3 (1-57) ) =0 40
= (g—(l—é)) (s klz><o (C.48)

The above inequality is satisfied only when e € [1/k*,1 — 1/k?]. To get the above inequality we assumed that a > 1/2. Since
1-— k2 Z 5 L for all k> 2 and every ¢ € [0,1/2] satisfies the inequality in (C.37), we conclude that the inequality in (C.37) is
satisfied if and only if £ € [0,1 — 5].

Now let us find the values of € for which the following inequality is satisfied:

_ L 2
E— g B 1-2¢ 2y/(K*—-1)e(l1—¢)
=z S%-=et—F—— 2 : (C.49)

k2
Following the same steps as above, we arrive at the following inequality:

(1) (2e—1)

— 2 _ —
2, STy®-De(l-e), (C.50)

which is similar to (C.41). This inequality is not satisfied by any value of € > 1/2. Under the assumption that ¢ < 1/2, we can
square both sides of the above inequality to get the following inequality:

(K —1)(2c - 1)
(k2 —2)°

e(l—e). (C.51)

From the solution of (C.42), we know that the opposite of this quadratic inequality is satisfied when € € [ 1= ] Therefore,
the inequality in (C.51) is satisfied when ¢ € [0, 5] U [1 — £, 1]. Recall that we assumed ¢ € [0,1/2] to arrive at (C.51)
from (C.50). Therefore, for every k > 2, we conclude that (C.49) is satisfied for all € € [ , kz]
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Now we know the values of g that satisfy (82) for some fixed value of € € [0, 1] and integer k > 2, which are given as follows:

o] it e e [0.4]
e J0.aq] if e€[g,1- 5] (C.52)

k
1
. Je—% . 1
{O,mln{]_g,l}] if e€[1—4,1]

€

_ 1
—4 > 1foralle e [1— %, 1]. Therefore, we can rewrite the above
2

where o4 and «,_ are defined in (C.34). Observe that

condition as follows:

g€ [0,a04] ifece[f1-3%]. (C.53)
[0,1] if e€[l—4,1]

Assuch,ife <1 — k%, then ¢ is bounded from above by the following quantity:

1—25+2 (2-1)e(1—¢)

o o , (C.54)

qg<e+

1

and otherwise, whene > 1 — = we only have the trivial bound g < 1.

Appendix D. Proof of theorem 2

First let us note that the condition € < J5,;,(pap) is only satisfied if ¢ < 1. This is because J5,,
position 2. So we restrict to € < % for the remainder of the proof.
Let Ly; ,ppiavgr be a one-way LOCC channel that acts on psp to give a state oapavp~ such that

F(oaiarp, YK giangn) = 1 — ¢ for some bipartite private state V%, ., /.. That is,

(pag) < 1—e¢, as stated in pro-

Lyp—arparpr (PAB) = Oarprarp:. (D.1)

The smooth-min unextendible entanglement of a bipartite state does not increase under the action of a one-way LOCC chan-
nel [WWW24, theorem 2]. Therefore,

Epi(pag) = Egi (L7 (pas)) (D.2)
:EEEI(O'A/BIANBN), (D3)

Consequently,
Jrin(Pag) < Join(0ararpr). (D.4)

Since ¢ < %, we can use remark 3 to state that one cannot distill any secret bits from a state psp with an error tolerance of ¢ if
Jin (paB) > s(e,2), where ¢ is defined in (60).

Let us now consider the case when one-shot, one-way secret-key distillation is possible. Proposition 3 implies that the
following inequality holds for all £ € [0,1):

1—25+2 (—1)e(l—¢)

I K? K2

min(0aB) < s(8,k) =¢ +

(D.5)

if F(Lihargrangr(paB) Vagrangn) =1—¢ for some one-way LOCC channel L3} 4,545 and some private state
YK, g1 angn With k > 2. We will use JS, as a shorthand for J,; (pap) in the remainder of the proof for convenience. Rearranging
the terms in (D.5), we arrive at the following inequality:

K (o, —e) <1—2e4+24/(2—1)e(1—¢) (D.6)
= (B—1)(Jn—e)+Jam—e<1—2e42y/(—1)e(1—¢) (D.7)
= (—1) (o, —¢) o +e—1<2y/(—1)e(l—e). (D.8)
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The above inequality is always satisfied if the left-hand side is non-positive, that is, if
(K —1) (Joy — &) +Joi +e— 1 <0. (D.9)

Note that J;; + ¢ — 1 is always non-positive due to (45). Therefore, if Ji;

min

If J5 ., > ¢, then (D.9) is satisfied when the following condition holds:

< ¢, then the above inequality holds for all £ € N.

n

1—e—J,
K-1< Fimm (D.10)
Consequently, if the inequality in (D.10) holds, then the inequality in (D.8) also holds for all J5,, € [0,1 —&].
Now let us assume that (k> — 1)(J5,;, — ) +J5,, +& — 1 > 0. Then we can square both sides of (D.8) to get the following
inequality:
(R =1) (Jogn — &) + e —1)° <4 (R —1)e(1—¢). (D.11)
We write the above inequality as follows:
(d-x+e) <f-x, (D.12)
where we have made the following assignments:
x=k -1, (D.13)
d:=J5, — (D.14)
ECZJminﬁ’E* 1, (D.15)
fi=4de(l—e). (D.16)
We can write the inequality in (D.12) as the following quadratic inequality in x:
dx*+e*+2de-x <f-x (D.17)
— &x* + (2de —f)x +¢* <0. (D.18)
The coefficient of x* evaluates to the following:
&= (F,—¢c). (D.19)
The coefficient of x evaluates to the following:
2de f 2( min )(‘]rsmn 1) 746(1 76) (D20)
2 (1 =J5) — 25(1 —e). (D.21)
In what follows, we compute the discriminant of the above quadratic expression:
(2de — f)* — 4d>e* = 4dPe? + > — Adef — Ad* (D.22)
=f* — ddef (D.23)
=162 (1—¢)* —16(J5, —¢) (S +e—1)e(1—¢) (D.24)
=162 (1-2) [£ (1= 2) = (Uiia) + i —= (1 —2) (D.25)
=16e(l—e)Jo, (1 =T - (D.26)
Note that the coefficient of x?, that is (JS,, —£)?, is always positive since we have assumed that J<,, > &, which allows us to
factor the quadratic expression in (D.11) as follows:
(x = Br—) (x = By ) <0, (D.27)

where

Bxi — 2Jrsmn (1 B Jrsnm) + 26(1 —€ :t4\/2€(1 —€ Jrsmn (1 Jramn) (D28)
2(J. —¢)

min
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<\/mm Jerin) jE\/€ 16) . (D.29)

JE

min

The inequality in (D.27) is satisfied if and only if 8, < x < ;4. Combining (D.10) and (D.27), we conclude that (D.8) is
satisfied if and only if

l Jﬁ]ll’l
K—-1e [O,JE} U [Bee, Bt ] - (D.30)
min
Recall that we had assumed K> —1> 1 = J;‘““ to arrive at (D.11), and the inequality in (D.8) holds for all
0<kK¥—-1< 1;771 In what follows, we shall show that 8, < ng f‘“‘“ < Bug foralle <J5, < 1-—e.
First, let us consider the following inequality:
) < (D.3D)
z Jramn(l Jrsmn) < 6(1 _5) (D32)
(Jﬁm) —J,te(l—e)>0. (D.33)
The above inequality can be factored as follows:
(Jrsnm ) (‘Irsnm (1 - 8)) 2 0. (D34)
Therefore, the inequality in (D.31) is satisfied if and only if J;;, <eor J;; > 1—¢, w1th the inequality being saturated if
Join=corJo. = 1—¢. Thus, we conclude that the following 1nequa11ty holds for all J5, € (e,1 —¢]:
Jain (1= Ji) = V(L —¢). (D.35)
Now we prove that §,_ < 1;5‘ _"“", provided that J5,, € (g, 1 — ¢]. Consider that
1—e—J,
Pr— < 715 uin (D.36)

—c = JE
mln mln

1— 1- e
mm mln \/6 € > < Jmm (D37)

— ( Jmm mm VE 1 —€ ) mm )(1 —&— anm) (D38)
( Jmm mm VE 1_5 ) <men ‘Ifmn) _€+€2 (D.39)

<
2
— mm mm) -V 6(1 - 5)) < Jmm (1 JrEnm) 6(1 - 5) (D.40)
mm 1 - ‘Iranm - E mm 1 - ‘Iranm V 5(1 - E)' (D41)

—=0< 2@. (D.42)

To arrive at the penultimate inequality, we have used the fact that
Jﬁnn(l Jﬁnn) (1_5)

(1) VT8 (0~ V5. o)

Since the last inequality 0 < 2+/2(1 — ) holds trivially for £ € [0, 1], we conclude that 8,_ < ng f‘“‘“ forall /5, € (e,1 —¢].
To show that 5,1 > jf f““" we consider the following inequality:
VIO +Ve(=9\ _ 1-c—F,
Prs = < min Y — ) > JE — (D.44)
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Following the same steps as before, the above inequality can be transformed into the following inequality:

2
( ‘Ifmn(l_‘lrim)—"_ 5(1_8)> >Jmm(1 ‘Iramn)_g(l_5> (D45)
JEmm mm + VE 1 - 5 mm mm V€ 1 - 5 (D.46)

which holds for all J5,, € (¢,1 — ] and ¢ € [0, 1]. Hence, we conclude the following:

min
2
(\/ mm 1 _Jrinn \/8(1 — E)) < 1 - JIEmn (D.47)

Je. = JE —€

mm min

2
(\/ min 1_‘,mm +\/E(1 _E)> . (D.48)

JE

min

Recall from (D.30) that (D.8) is satisfied for all J< .

min

€ (e,1—¢] if and only if &> —1 € {o, Lo _f} U[Bs—, Ber]. The
inequalities in (D.47) and (D.48) further reveal that the inequality in (D.8) is satisfied for all J5, € (¢,1 —¢] if and only if

min
the following condition holds:

JE

min

0<k21<<\/mm mm +\/€1_6> ) (D.49)

The quantity log, k is interpreted as the number of secret bits that can be distilled from the state p4p using the one-way LOCC
channel £ ., 545, Therefore, we rewrite the condition in (D.49) as the following upper bound on log, k:

1 =
log k < 5 log, <\/mm Tmin) +\/5 5) 1. (D.50)

JE

mm

Since the inequality in (D.50) holds for every integer k > 2, every private state vﬁ, gangn» and every one-way LOCC channels
Lip saigiangr» We conclude (94).

Appendix E. Proof of lemma 3

In this section we show that the following function:

1
5 log,

FUe) -1 <\/J(1_

J)+\/s(1—5)>2le ED)
€

J—

decreases monotonically with increasing J and increases monotonically with increasing € for all e € [0,1] and J € (g,1 —¢].
First, let us analyze the monotonicity of f{J, ) in J. The logarithm function is monotonic in its argument. Therefore, we only
need to check the monotonicity of the following function:

(Ue) im <\/J(1—J)+\/5(1—s)> | 2

J—¢

Note that the quantity w is non-negative for all e < J < 1 and 0 < ¢ < 1. Therefore, g(J,¢) is monotonic in J if

v/ &(J,€) is monotonic in J in the given domain.
Let us compute the derivative of /g(J, ) with respect to J.

d 1 1 1-2J
VU = T ((J—s) (2 : > - (\/1(1 —D)+/20 —g))> . (E.3)

T —J)

39



Rep. Prog. Phys. 88 (2025) 067601 V Singh and M M Wilde

Set h:=J— ¢ so that h € (0,1 — 2¢]. The first term of the above expression can then be expressed as follows:

1 1-2J h(l —2h—2¢)

J— = = E4
( €)<2 J(1-J)> 2 /i) (1 _h—o) EH
_ h(2-2h—-2¢) h ES5)

2{/(h+e)(I1—h—e) 2¢/(h+e)(1—h—c¢)
_hl-h—e h E6)
- Vhte  2/(h+e)(—h—¢) '

h
<V/(h l—h—¢)— E.7
V(i+e)( R e (E7)
J—e¢
J1-J) - —F——— E.8
=75 (E.3)
where we have used the fact that 2 < & + ¢ to arrive at the inequality. Substituting the above inequality in (E.3),
d 1 J—¢
— J.e) L —— J1-J)— —F——=—-/J(1-J) - 1-— E.9
VeUe) (J_€)2< (10 = 5 = VI =0 = VA s>> €9)
1 J—¢

=— 1— E.10
(J—e)’ (2 T ° 5)>’ 10

which is negative for all J € (¢,1 —¢] and ¢ € [0, 1]. Therefore, 1/g(J,€) decreases monotonically with J in the given domain,
and consequently, f(J,¢) decreases monotonically with J in the same domain.
Now let us analyze the monotonicity of f(J/,¢) in €. Once again, we only need to determine the monotonicity of \/g(J,¢) in

¢ to determine the monotonicity of f{J,¢) in €. Taking the derivative of \/g(J, ), we arrive at the following equality:

7\/7 (\/JI—J +\/51—g> E1D)

( 1(1_5 >+¢J +¢e(1—s)> (E.12)

2\/5 1—5) C Je(l—¢
J— (1—5)—5(] €)

2y/e(1—¢) \/6(1—6

B € —J)
e (2\/5 — +\/ T +VI( ) (E.15)

The above expression is strictly positive for all € € [0,1] and all J € (e, 1 — ]. Therefore, 1/g(J,) is monotonically increasing
in € in the given domain, and consequently, f{J, ) is monotonically increasing in ¢ in the same domain.

( /- U +\/J -l—\/s(l—z-:)) (E.13)

+/7(01 —J)> (E.14)

Appendix F. Proof of proposition 6

In this section, we show that the smooth-min unextendible entanglement of a channel lies in the following range:

1 1
2(1—5) Eye (Nasp) < log2d—§(1—5). (F.1)

The lower bound on the smooth-min unextendible entanglement can be obtained from proposition 2 and lemma 5. For every
quantum state pra,

EinWNasg) = Epi (Nassp(pra)) (F2)

1
> filogz(l —£), (E3)
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where the first inequality follows from lemma 5 and the second inequality follows from proposition 2.

To obtain an upper bound on the smooth-min unextendible entanglement of a channel, consider the smooth-min unextendible
entanglement of the identity channel. Recall the inequality in (123). Setting p — ida—p(pra), 0 = Ma—£(pra), and o — o0,
we arrive at the following inequality:

Diyin (ida—5(pra) [|Ma—E(PRA)) < Dinax(ida—s5(pra) | Ma—£(pra)) —log, (1 —¢), (E4)
where M, _, g is an arbitrary quantum channel and systems B and E are isomorphic. Since the above inequality holds for every

state pgra, We can take a supremum over all states and arrive at the following inequality between the smooth-min relative entropy
of channels and the max-relative entropy of channels:

Diyin(ida— 5 [|Ma—E) < Dinax(ida—p | Ma—g) —log, (1 —¢). (ES5)
In [DFW+18, WBHK20], it was shown that the following equality holds for the max-relative entropy of channels:
Dinax (N5 Ma—5) = Dmax (Nas (P4 [|Masp (h4)) , (F.6)

where d is the dimension of the input system of the channel and ®¢, is the maximally entangled state with Schmidt rank d.
Therefore, we can rewrite (E.5) as follows:

Dpyin(ida— 5 [|Ma—E) < Diax ((I);j?B HMA—>E((I)7?A)> —log, (1—¢). (E7)
Any channel that lies in the set F(ids— g) is a trace and replace channel; that is, it is of the following form:
Mase() =Trl] ox, (F8)

where o is a quantum state. Therefore, the inequality in (F.7) leads to the following inequality:

Meigf(J\/) Diin(idap [ Ma—k) < Meigf(N) Dinax (‘I);ieBHMA%E (‘P%A)) —log, (1 —¢) (F9)
= UEiEI}Sf(E)DmaX(q>§3||nR®aE) —log, (1 —¢), (F.10)

where 7 is the maximally mixed state. Moreover, an arbitrary extension of the maximally entangled state is of the following
form (I)j 5 ® Te because the maximally entangled state is a pure state. As such, every state in the set F (<I>}‘$B) can be written as
7g & 7 for some 7 € S(E). Therefore, the max-unextendible entanglement of the maximally entangled state can be written as
follows:

. 1
Eﬁlax ((I)ZB) = ng‘lsf(E) EDmax (CI)%B ||7TR & TE) (F11)
1 . 1
2 5 Din(idassp [| Ma—g) + 5 logy (1 —¢) (F.12)
e - 1
= Epip(ida) + 5 logy (1 —¢), (F.13)

where the first inequality follows from (F.10) and the last equality follows from the definition of smooth-min unextendible
entanglement of channels.

The max-unextendible entanglement of a maximally entangled state with Schmidt rank d is equal to log,d as shown
in [WWW24, proposition 11]. Therefore,

min

1
Ey- (ida—p) <log,d — > log, (1—¢). (F.14)

The converse of the above inequality is also true as lemma 5 implies the following inequality:

Egin(idassp) = Eqjin (ida—5(®45)) (E.15)
= Eqgin (945) (F.16)

1
zlogzd—ilogz(l—s), (F.17)
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where the final equality follows from proposition 1. Therefore,

e e 1
Epin(idas5) = logy d — S log, (1 —¢). (E.18)

Since
Eys (Nassp) < min{Eiys (ida—sc) , Ep (idgp) } (F.19)

where dim(A) = dim(C) and dim(B) = dim(D), we conclude the second inequality in the statement of the proposition.

Appendix G. Proof of proposition 7

In this section we derive an expression for the a-geometric unextendible entanglement of the d-dimensional erasure channel,
for a € (0,1) U(1,2]. An upper bound on the a-geometric unextendible entanglement of the d-dimensional erasure channel
was obtained in [SW24b, appendix J]. Here we show that the inequality stated in [SW24b] is, in fact, an equality.

Lemma 5 implies the following inequality:

)
(€1 (040)) =B (1) 0 4975 0 een ) <E'ELL0). @)

where ®4, is the maximally entangled state of Schmidt rank d € N, |e) is the erasure symbol, and £ _, ; is a d-dimensional
erasure channel with erasure probability p € [0, 1]. The bipartite state obtained after sending one share of a maximally entangled
state through an erasure channel is called an erased state, which we denote as follows:

I
s = (1-p) ¥y +p~ @ le)els. (G2)

In what follows, we will obtain an analytical expression for the a-geometric unextendible entanglement of a d-dimensional
erased state 17, , and show that it matches the upper bound on the a-geometric unextendible entanglement of the erasure chan-
nel £, , obtained in [SW24b, appendix J]. The inequality in (G.1) then simply implies that the a-geometric unextendible
entanglement of the erasure channel £ _, ; is equal to the a-geometric unextendible entanglement of the erased state 1, ;, thus
establishing the equality stated in proposition 7.

Let us analyze the generalized unextendible entanglement of an erased state. We will restrict our discussion to p < % since

E4(n5) =0 forallp > 1.

Lemma 6. For p € [0,1/2), let 1), be the erased state defined in (G.2). The generalized unextendible entanglement of the
erased state is equal to the following:

E(f) =, inf (sl ) (G3)
where
i =p ¥yt b PO (1 p ) B @ el (G4)
and
IT := (00| + -+ + |d — 1)(d — 1]. (G.5)

Proof. Let 1] := (1 —p) @4, +p% @ |e)(e|s be an erased state. Consider the following purification of n/,:

") ae = /1= p|®)ap @ |e)r + /PO ar ® |€)s, (G.6)
where systems B and E are isomorphic to each other. For clarity, we define the following projector:
IT:=[0X0| +---+ |d— 1){d — 1], (G.7)

which is the projector onto the subspace orthogonal to |e¢)(e|. The maximally mixed state of a d-dimensional system is defined

as T = %. Since system A does not have any component of the erasure symbol, 7, = II,4.
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Using the correspondence between a purification and an extension of a state established in [CW04], we can write an arbitrary
extension of the erased state as Np_ - (1/)XBE). Therefore, any state o5 € F (nﬁ B) can be written as follows:

oarr = TrpNee (V)pe)] (G.8)
= Ne—e (Tra[1pE]) (G.9)
= Neog ((1=p)ma @ eele+p P4g) (G.10)
= (1—p)ma @ Ne—pr (le)e|e) +p Np—pr (Phe) (G.11)

where systems B, E, and E’ are all isomorphic to each other.
Let us consider the following partially dephasing channel:

Ap () =g () e + le)e|e () le)e|e (G.12)
Applying this dephasing channel on o4 leads to a state of the following form:
AE/(O'AE/) = (l—x)pAE/ +X7TA®|€><€|E/, (G13)

where x € [0, 1] and pap is a quantum state such that pspr|e)p = 0.
Let U, be an arbitrary unitary operator acting on the Hilbert space of system A. The corresponding operator acting on the
Hilbert space of system E’ has the following property:

UL Up = Up UL, =Tl (G.14)

We can promote Ug to a unitary operator on the Hilbert space of system E’ as follows:

VY = Ug + |e)e|e . (G.15)
Note that
VY par (V8)" = Up par UL, (G.16)
and
Ve leNele (V)" = le)eli- (G.17)
Now consider the following twirling channel:
Toe = [ QU (T V) () (T V), (@.18)

which can be implemented by local operations and common randomness (LOCR). The action of this twirling channel on the
dephased state in (G.13) results in the following state:

ﬁEl OAE/ (UAE’) = (1 —x) ﬂE’(pAE/) +X/dUUA7TAUZ ® |€><€|E/ (G.19)
= (1 —x)/dU(ﬁA ®UEI) (PAE’) + x4 Q |e><e|E/ (G.20)
Iy @ g — &4

=qP4p +(1—g—x) AL 4 xma @ |e)elgr, (G.21)

> -1

where ¢ := (1 —x) Tr [pA E (I)j E,] . In the above, the second equality follows from (G.16), and the final equality is a consequence
of the following equality [HH99]:

— Iy @y — &4,
/ AU (Ua @Upr) (Tar) = Tt [1ap @4 ] ®4p + Tr[rap (I @ Ty — 04 5)] %, (G.22)
which holds for every quantum state 745 . We can rewrite (G.21) as follows:
wjf/ :=Tap o Ap (oap) =a CD;{E, +bmap + (1 —a—b)ms @ |e)e|g, (G.23)

o 2
where a = g — l;q:]x and b = (1;7_){)‘1
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The generalized unextendible entanglement of the erased state can now be written as follows:

u e ]
E'(iip) = nf o D(igllone) (G24)
. 1
> inf *D(ﬁB o AB(’I]SB) ||72E’ o AE’ (O’AE/)) (GZS)
cEF(nr) 2
. 1
= Jeljlg(fnp) 3Pl Tar 0 Ap (0ar)) (G.26)

where the inequality follows from the data-processing inequality of the generalized divergence and the final equality follows
from the fact that the erased state is invariant under the action of the dephasing channel AB as well as the twirling channel Typ.
The inequality in (G.26) implies that for every state o4z € F(1);5) there exists a state w} E,, defined in (G.23), such that

1 1
SD(hsllone) > 5D (sl ). (G.27)

Therefore, it suffices to restrict the infimum in (G.24) to the following optimization:

E'0f) =il oD(ullst). (G.28)

where sets A and B correspond to the sets of parameters a and b such that wjf/ € F(rhp)-
Now let us find the range of values that a and b can take such that wz]é’,, defined in (G.23), lies in the set F (1], 5). Note that

wip = Taw 0 Ap o Npopr (p D4z + (1= p) ma @ [e)elr) - (G.29)

For every Ng_,/, the channel Tag 0 Apr o Ng_, g/ acts on m4 ® |e){e|r and @4, as follows:

Tar 0 Ap o Npsp/(ma @ |e)e|r) = ymap + (1 —y) ma @ |e)el e, (G.30)
Tae 0 Ap o Nepr (B45) =y ®hpr + 3" map + (1—y' —y") ma @ [e)ele, (G.31)

where y € [0,1], " € [0,1] and y” € [0,1 — y’]. The state w7, can hence be written as follows:
wap =py g+ (1 =p)+py" ) map + (1=3) (L=p)+p (L =y =) 74 ® le){elr, (G.32)

for some y € [0,1], " € [0,1] and y” € [0,1 — y']. Comparing with (G.23), it is clear that a < p. Therefore, if Wiz, € F(1f,,),
then a must be less than or equal to p.
Now we will show that w%?, € F(1]2,) forall a € [0,p] and b € [0,1 — a]. Consider the following extension of the state w7, :

wWigs = (a @4 +c map) @ le)els + (8 Dip +fmas) @ le)ele + (b— ) P4y @ e, (G.33)

where g+f=1—a—b and a,b > 0 follow from (G 23) and ¢, g,f > 0 and ¢ < b ensure that wABE, is positive semi-definite.

It can be easily verified that Trg {wﬁé’; ] = wib. Moreover, if a+c=p and f=0, then Trg {wjé’Ef 8} =1}, (and also

g+b—c=1—pas a consequence). Therefore, for all a € [0, p], there exists b € [0, 1 — a] such that wAE, € F(nfip)- As such,

wib € F(nfh,) if and only if a € [0,p] and b € [0,1 — a]. Invoking (G.28), we can write the generalized unextendible entangle-
ment of an erased state 77, , as follows:

E“(fly) = inf fD(nf;BHwAE,) . (G.34)
be(0,1—d]
Consider the following channel:
Riap (-) = le)ele (-) [e)eler + (1= 5) Tr[Mg: () ] D + s idapr (T (-) i) (G.35)

where s € [0,1]. The channel R}, can be realized by applying the POVM {1l |e)(e|r } on the state of system E’. If the
outcome corresponding to the POVM element Iz occurs, then the state is replaced by the maximally entangled state ®¢,, with
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probability 1 — s and otherwise, with probability s, the identity channel is applied. The erased state 77, , is invariant under the
action of the channel R, for all s € [0, 1]. The channel R}, acts on wj E, as follows:

o (wj;Eb,) — (1 =5)b+a) D%y + b map + (1 —a—b)ma @ |e)el (G.36)
= W7o, (G.37)

Fix s = (a+ b — p)/b. The data-processing inequality of the generalized divergence yields the following inequality:

D(allsit ) > D(Ras(rfin) IR (i) (G.38)
=D (i i) (G39)
=D (il ). (G40)

If Wil € F(1h ), then wli% 77 also lies in set F (1) ). Therefore, the bivariate infimum in (G.34) can be restricted to a single
variable infimum as follows:

1
E“(1}y) = _inf ]ED(nﬁ;BMg’,) . (G4l

This concludes the proof. O

Lemma 6 allows us to obtain an analytical expression for the a-geometric unextendible entanglement of the erased state,
which we present in proposition 8 stated below.

Proposition 8. For all o€ (0,1)U(1,2], the a-geometric unextendible entanglement of a d-dimensional erased state 1, p,
defined in lemma 6, evaluates to the following:

- 11 bop \ ' o o a
Eé(nﬁg)z'a_llogz<<l7+ d?) (1-p) +(1*P*bopt)1 P) (G42)

forallp e (O, d'/++l}’ where

P ((1=p) = el

bopt = G.43
Forallp € (d'/++1’ ﬂ,
T 1 -« « -«
EZ(WZB)=5-Q_110g2(p1 (1=p)*+(1-p)p ) (G.44)
Proof. The a-geometric unextendible entanglement of the erased state can be computed using lemma 6 as follows:
Tu . 1~ ,b
Biihy) =, _inf 3 Da (sl ). (G45)

where wﬁ}f is defined in (G.4) and « € (0,1) U (1,2]. Recall the definition of the a-geometric Rényi relative entropy given
in (194). The a-geometric Rényi relative entropy of 7} ; with respect to wf‘g’ can be computed as follows:

b l—« N o
(ﬂf{BIIW%’) 10g2<<p+ d2> (1-p)*+(1—=p=b)""p ) (G.46)
The above expression is minimized for

dz((l -p)’ —pzdz/“)

b= bop:= pd2/* + (1 —p)d?

(G.47)
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Let us now find the range of p such that by, € [0,1 — p]. Consider the following expression:

pd** (1—p+pd®)
pd**+(1—p)d

1 —p—bop = (G.48)
The above expression is greater than or equal to zero for all p € [0, 1]. Therefore, boy < 1 —p for all p € [0, 1]. Moreover,
bopt = 0 if and only if 0 < (1 —p)? — p?d*/®, which holds for all p € |0, ﬁ) If by < 0, the value of b € 0,1 — p] that

minimizes the expression in (G.46) is b = 0. Therefore, for all a € (0,1) U (1,2], the a-geometric unextendible entanglement
of a d-dimensional erased state 7]}, evaluates to the following:

1—a
E; (hy) = % - ﬁlogz ( (p + b;;") (I=p)" +(1-p— bopt>““p°“> (G.49)
forall p € (O, d'/++1] , where by is defined in (G.47). For all p € (dl/++1’ %} ,
E! (1) = % : ai  log, (P =p)* 4 (1 =)' p). (G.50)
This concludes the proof. O

Proof of proposition 7. The a-geometric unextendible entanglement of the erased state serves as a lower bound on the a-
geometric unextendible entanglement of the erasure channel, as is evident from (G.1). The expression for the a-geometric
unextendible entanglement of the erased state 77}, derived in proposition 8 was found to be an upper bound on the a-geometric
unextendible entanglement of a d-dimensional erasure channel with erasure probability p. We give a brief outline of the proof
here.

Consider a quantum channel P4, ;- with the following Choi operator:

s =pd B @ |e)els + (1 —p —b*)d ¥y ©e)els +b"d By © . (G.51)
The two relevant marginals of this Choi operator are as follows:
s =d((1-p) @l +p ma®le)els) (G52)
which is the Choi operator of a d-dimensional erasure channel with erasure probability p, and
Daa? =d(p ®4p+ (1—p—b*)7a ® |e)e|p + b mar) - (G.53)

The Choi operator Fﬁg’b* corresponds to a channel MY, - that lies in the set F(E; ,,) if b* € (0,1 — p], where £, is a
d-dimensional erasure channel with erasure probability p. By definition,

~ 1~ x
E4(E58) < 3D (Ehpll ML) (G.54)
for all b* € [0,1 — p]. Choosing b* = min{O,bopl}, where by, is defined in (G.47), the a-geometric Rényi relative entropy
of £}, with respect to M4, . evaluates to the expression which is equal to the a-geometric unextendible entanglement of
the erased state 7, , derived in proposition 8. Since the a-geometric unextendible entanglement of the erasure channel £y,
cannot be less than the a-geometric unextendible entanglement of the erased state 1) 5, we conclude that the two quantities are
equal. O

Appendix H. Semidefinite programs
In this section we present all the semidefinite programs that were used in this work.

1. Smooth-min unextendible entanglement of a state:

w(l —g) —Tr[Zsp] :
1=0,Zsp > 0,wape >0,
ppas < Trglwape] + Zas,

Trewase] = pas

1
Eyi (pap) = — 5 log, max (H.1)

2
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2. Max-unextendible entanglement of a state: The semidefinite program for the max-unextendible entanglement of a state
was given in [WWW24]. We include it here for completeness.

A
Apap < Trglwage]
wage 2 0,
Tre(wage] = pas

1
Eax(Pap) = —5 log, max (H.2)

3. Smooth-min unextendible entanglement of a channel: The smooth-min relative entropy of a channel A/ with respect to
a channel M has a semidefinite program, which was given in [WW19b, proposition 2]. We use it to write the semidefinite
program for smooth-min unextendible entanglement of a channel as follows:

p(l—e)—A:
1 )‘207N>O,YAB>O,FZ;DBE>O;
Eye (Nasp) = ) log, max pra < Trg [T%s] + Yas , (H.3)

Trp[Yap] < A,
Trg [FZXDBE] =T4%

where Fﬁg is the Choi operator of the channel N 5 defined in (3).
4. a-geometric unextendible entanglement of a channel: Fix ¢ € N. The a-geometric unextendible entanglement of a chan-
nel NV for a = 1+27¢ can be computed using the following semidefinite program:

E' (Na_p) =2° min log, y, (H.4)
yeR,I'T.>0

MAE,{NZE}:;O,EHerm

subject to the constraints,

Tre [Thge) = T3, (H.5)

Trg [Mag] < yla, (H.6)
Trp [[hge] = Nags (H.7)
My rﬁg]

>0, (H.8)

e

T N'/;E] .

: AE | >0 Vie{l,2,...,0}, (H.9)
|:]\7114E ]\IAEl { }

where Fﬁg is the Choi operator of the channel A;_,3 and the system E is isomorphic to the system B. To compute the
a-geometric unextendible entanglement of the channel for other rational values of « see [FS17, table 4].

Appendix I. Proof of proposition 4

In this section, we evaluate the smooth-min relative entropy of entanglement of isotropic states.

Consider an arbitrary d-dimensional isotropic state lel’gd. Let Tap be the twirling channel defined in (68). Recall from (69)
that this twirling channel transforms an arbitrary quantum state into an isotropic state. Also, an isotropic state is invariant under
the action of T4p. Let o4p be an arbitrary quantum state. Then the following inequality holds:

Diin (Gl ) > D (Tan (i) 1 Tan(00)) (L)

= D5 (GG (12)

for some F’ € [0, 1], where we have used the data-processing inequality for smooth-min relative entropy to arrive at the inequal-
ity in (I.1) and we have used (69) to arrive at the equality in (1.2).
The channel 745 can be implemented using local operations and common randomness, and hence, 745 transforms an arbitrary

separable state o4p into a separable isotropic state (Zg’d. It is known from [HH99, section V] that an isotropic state C/fl;’d is
separable if and only if F/ < %. Therefore, for every separable state o5, the following inequality holds:

i (G lloan) > Di (CH311CHE) (13)
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for some F’ € [O, %z] Since the above inequality holds for every separable state o453, we can evaluate the smooth-min relative
entropy of entanglement of an isotropic state by optimizing over separable isotropic states only. That is,

E(Gi') = int Do (C511%°). (1.4)

Using the definition of D, from (39), we can write the smooth-min relative entropy of entanglement of an isotropic state
as follows:

e ~Fd\ _ . . Fd| . F.d .
Ey (CAB) 7F/ér[10f,l,] logzogl\l,f};fgIA,;{Tr[AABCAB ] :Tr |:AABCABi| >1 5}. (1.5)

If 1 —e < F, we can choose Ayp = I%ECDZB to arrive at the following inequality:

1—¢
E5(¢h?) > inf —lo (F') (1.6)
R (CAE ) F’E[O,%] &2 F
1—¢ ,
= —10g2(> — sup log, F @37
F ) pepy
1—
= —log, (F€> +log, d, (1.8)

where the final equality follows from the monotonicity of the logarithm function.
If 1 — e > F, we can choose A to be the following:

l—e—F

AAB Z@ﬁ3+ﬁ

(Ins — ®45) » (L9)

which is a valid measurement operator with Tr {AABC:;éd} =1 —e. This choice of A yields the following lower bound on the
smooth-min relative entropy of entanglement of an isotropic state:

E;(gjg’)/ mf —1og2(F’+ (l—F’)) (1.10)
l—e—-F l—e—F

:—]og2 su {F’(l >—|— } (I.11)
pe| 71 _F 1—F

:—log2 sup { ( gF)+1} (1.12)

1og2<(d1)(1f >+1> L13)
~ log, (1 - (1 - ;) 1fF). (114)

Combining (I1.8) and (I.14), we arrive at the following lower bound on the smooth-min relative entropy of entanglement of an
isotropic state:

ey flom (1= (1= 1) 15) it 1—e>F
E (CA,; ) > i , (1.15)
log,d +log, (E) otherwise
Let us now find an upper bound on the smooth-min relative entropy of entanglement of an isotropic state. Using the SDP
formulation of the smooth-min relative entropy from [WW19a, equation (B2)], we can write the smooth-min relative entropy
of entanglement of isotropic states as follows:

E,i( féd) = inf —log, sup {,u(l — &) = Tr[Xag) : puCh < ¢Chg? +XAB} (I1.16)
F'efo,}] 120,Xa5>0
Fd _ +F.d
=—log, sup {M(l —&) = Tr[Xap] : pCup < Gy "‘XAB} ) (L.17)
F’efo,1],

120,X,5 >0
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where the last equality follows from the monotonicity of the logarithm function. The following choice constitutes a feasible
point of the SDP in (I.17):

1 d—1 Fd—1

Sai-R e aam o

Clearly 1 > 0 for every d > 1, and Xsp > 0 since we have assumed F > . Also, MCAB = CA;’d + X4p as we see below:

d—1 d—1 g — @4
Fd d AB 'AB
y=———F® — (1 -F)————== .19
d—1 1 1 d—11— Pl
=|———=F ol —— L2 4B 1.20
<d(1F) taT d> R 120
1 1\ Iyp— @4 Fd—1
= -0 1— - AB P4 121
d AB+< d> 2—-1 "di1-F) @21
td o Fd—
ip T 75[(1 )(I)AB 1.22)
Therefore, we can write the following upper bound on the smooth-min relative entropy of entanglement:
d—1 Fd—1
EE(F’d)\ 1 —(l-e)— —— 1.23
k{Cas 0\ zazp ' 9 an=h (1:23)
e(l1=d)+d(1—F)
=1 1.24

€ 1
__10g2(1_1_F(1_d)>. (1.25)

The argument of logarithm in the above function expression is always positive if 1 — ¢ > F, and it matches with the lower bound
on the smooth-min relative entropy of entanglement of an isotropic state obtained in (I.14).
If 1 — e < F, then we can choose the following feasible point of the SDP in (I.17):

1 1
Fl—_ —  Xur=0 1.26
dv 2 dFa AB 9 ( )
which leads to the following inequality:
c F.d 1-— I3 .
E (CA,; ) < —logy( —— ifloc<F (1.27)
F .

We can combine the inequalities in (I.25) and (I1.28) to write the following inequality:

£ (CF,d) < —log, (1_(1_5) IEF> ifl—e>F 129)
AR log,d +log, %) otherwise ' '

Since the upper bound on the smooth-min relative entropy of entanglement of an isotropic state matches with the lower bound
in (I.15), we conclude the statement of proposition 4.
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