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Abstract: We propose a new approach to studying hyperbolic Kac—Moody algebras,
focussing on the rank-3 algebra § first investigated by Feingold and Frenkel. Our ap-
proach is based on the concrete realization of this Lie algebra in terms of a Hilbert space
of transverse and longitudinal physical string states, which are expressed in a basis using

DDF operators. When decomposed under its affine subalgebra Ail), the algebra § de-

composes into an infinite sum of affine representation spaces of Agl) for all levels £ € Z.
For |£| > 1 there appear in addition coset Virasoro representations for all minimal mod-
els of central charge ¢ < 1, but the different level-¢ sectors of § do not form proper
representations of these because they are incompletely realized in §. To get around this
problem we propose to nevertheless exploit the coset Virasoro algebra for each level by
identifying for each level a (for |£| > 3 infinite) set of ‘Virasoro ground states’ that are
not necessarily elements of § (in which case we refer to them as ‘virtual’), but from
which the level-£ sectors of § can be fully generated by the joint action of affine and
coset Virasoro raising operators. We conjecture (and present partial evidence) that the
Virasoro ground states for |£| > 3 in turn can be generated from a finite set of ‘maximal
ground states’ by the additional action of the ‘spectator’ coset Virasoro raising operators
present for all levels |£] > 2. Our results hint at an intriguing but so far elusive secret
behind Einstein’s theory of gravity, with possibly important implications for quantum
cosmology.
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1. Introduction

Our central object of interest in this paper is the hyperbolic Kac—-Moody algebra (KMA)
§ = g(A) associated with the indefinite Cartan matrix of rank three

2 -1 0
Aajp=[-1 2 2|, (1.1)
0 -2 2

whose study was pioneered by Feingold and Frenkel [1] (see [2] for a general introduction
to the theory of KMAs). The associated Dynkin diagram with our labelling of roots is
shown in Fig. 1. The associated generators {e;, f;, h;} for i € {—1,0, 1} obey the
commutation relations (‘Chevalley-Serre presentation’)

[hi,hj] =0, lei, fi] = dijhi
[hi.ej] = Aijej, [hi, fj] = —Aij fj, (1.2)
ad(en) '~V (ey) = ad(f)' "M (f) = 0.
With the s[(2) building blocks consisting of the triples {e;, f;, h;} the Lie algebra g(A)
is then defined to be the Cartan subalgebra (CSA) spanned by the h; plus the two free

Lie algebras over the generators e; and f;, respectively, modulo the above relations [2].
The KMA based on the Cartan matrix (1.1), which is interchangeably designated as §

or H Agl), or AE3 or AT (the latter two designations being preferred in the physics liter-
ature), is the simplest hyperbolic KMA with a null root, and thus admits a distinguished

A

-1 0 1
Fig. 1. Dynkin diagram of § with labelling of nodes
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affine subalgebra Aﬁl) = A7. Although not much is known about §, the following facts
have been established [1]. The ‘germ’ of the algebra § resides in the beginnings of its
graded decomposition w.r.t. its distinguished affine subalgebra for levels |£| < 1

Ve 3% e v, (1.3)

where at the center we have the affine subalgebra 5O = A(I]) C §. At level one,
V = D = L(Ag + 29) is the basic representation, while V = 1 is the conjugate
representation (see the following section for our definitions, conventions, and nomen-
clature). The algebra § can then be generated by multiply commuting V and V. This
task is, however, complicated enormously by the need to divide out ideals generated by
the Serre relations (i.e. the last line in (1.2)). At level 2, this is still relatively simple, and
we have [1]

P =vVvaV/h =5VAgV/ 5, (1.4)

where 7> is the ideal generated by the Serre relation involving the over-extended root with
index —1 and 7> carries an action of the affine algebra F©).! The above formula (1.3)
is only the beginning of an infinite string of vector subspaces F© extending in both
directions with £ € Z, see (2.11) below, where each subspace 5§ consists of an infinite
sum of affine representation spaces for |£| > 1. Consequently, the main obstacle towards
a more ‘global’ understanding of § is that the procedure of dividing out Serre relations
gets more and more cumbersome with higher levels already for levels £ = 3 and £ = 4
[4,5]. For those levels, the complications are also evident from the formulas in [6] and
our explicit results for £ = 3 and £ = 4.
As for products of affine representations, it has long been known that [7]

L(Ag+28) A L(Ag+28) = Vir(3, 1) ® L(2A| +38), (1.5)

where Vir(%, %) is the minimal representation of the coset Virasoro algebra with central
chargec = % andh = % ; werecall that such a coset Virasoro algebra always accompanies

the product of affine representations [8].> However, in the algebra § the nice product
structure of the r.h.s. is lost because one has to remove the top state associated with the
Serre relation, and thus one whole affine representation L(2A 1 + 38), so that by (1.4)
the level-2 sector of § has the vector space structure [1]

52 = (Virh ) O Rwp) ® L(2A1 +38), (1.6)

where vg is the vacuum state of the Vir(%, %) representation. Taking out the subspace

Rug leaves a ‘hole’ in the coset Virasoro representation space Vir(%, %), as a result of
which the level-2 sector of the KMA is not a representation of the coset Virasoro algebra
anymore. Indeed, as we will show explicitly, the Virasoro algebra is no longer obeyed
on the truncated representation space, a statement which extends to all levels of the Lie
algebra §§. We will exhibit a structure similar to (1.6) also for higher levels, where similar
‘holes’ will appear in the relevant coset Virasoro representations.

As a consequence, there is no ‘easy’ way to construct the algebra by simply mul-
tiplying affine representations as in (1.5), and to obtain the Lie algebra elements of a

1 An analogous decomposition for the maximal rank hyperbolic KMA E{g is given in [3].

2 Qur conventions for tensor products of this type and the treatment of shifts by the null root § are explained
below in section 4.2.
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given level-£ sector by application of the affine and coset Virasoro raising generators
to a given set of ground states that belong to §. In order to circumvent this difficulty,
one main new tool employed in this work is to fill the ‘holes’ by introducing ‘virtual
states’ which belong to the relevant tensor products (corresponding to the L.h.s. of (1.5)),
but vanish as elements of the Lie algebra, in this way restoring the full coset Virasoro
representation.

At least for levels |£| < 2 this trick enables us to generate the whole level-£ sector
by acting with the coset Virasoro algebra and the affine algebra on a finite set of states
that we will refer to as ‘maximal ground states’. For levels £ > 2 we encounter a vector
space structure similar to (1.6) but with a ‘pile-up’ of coset Virasoro representations
stemming from calculations similar to (1.5) (and more generally, (4.9)). This pile-up
generates infinitely many copies of the finitely many maximal ground states. We call
these copies ‘Virasoro ground states’. The application of only affine and coset Virasoro
raising generators does not allow us to generate these additional Virasoro ground states
from the maximal ground states. Hence for level £ = 3 we propose yet another set of
operators that does exactly this. We conjecture that there exists a generalization of this
operator for all £ > 3. Together with the affine and coset Virasoro raising operators
these operators would allow us to generate any level-£ sector §© of § from the finite set
of maximal ground states (which are essentially in one-to-one correspondence with the
allowable weights at level £ (2.17)). An interactive visualization of the associated root
systems is presented in [9].

A second new tool we rely on is the vertex operator formalism in the specific version
developedin [10, 11], which builds on the seminal work of [ 12—14]. In this formalism, the
Lie algebra is realized as a subspace of a certain Hilbert space of physical string states,
such that the elements of the Lie algebra are explicitly given in terms of DDF states built
on certain tachyonic ground states, rather than in terms of multi-commutators (the Del
Giudice, Di Vecchia, Fubini (DDF) formalism [15] is a well known and convenient tool
to generate physical states in string theory). A key feature first pointed out in [10] is that
for all levels |¢] > 1, there also appear longitudinal DDF states in the algebra, in addition
to the transversal DDF states familiar from the critical string. One main advantage of the
vertex operator algebra formalism is that we do not have to worry about Jacobi identities
and the Serre relations as these are automatically taken care of with the definition (3.4).
That is, unlike in [1,3,6] there is no need to take out affine representations ‘by hand’,
subtracting sub-representations and compensating for over-subtractions. Here, we will
give explicit expressions for the maximal ground states for £ < 4 in terms of the DDF
basis. In this way, we seek to develop a perspective on hyperbolic KMAs different from
the one usually taken in the mathematics literature, with the aim of gaining a more
‘global’ understanding of its structure, as well as a more concrete realization of the
algebra itself (as opposed to merely counting root multiplicities).

The Virasoro ground states are here determined by imposing the conditions (4.8)
on a given ansatz in terms of DDF states. With increasing level this method becomes
more and more unwieldy (for instance, at level £ = 4 the ‘deepest’ such state is so far
inaccessible by our methods). Therefore it would be desirable to determine the maximal
ground states by independent and more efficient means. If this can be done, we would
have an efficient tool to explore higher levels. On top of unbounded pile-up of coset
Virasoro representations described above, there is the added difficulty that in the final
product for general level £ certain subspaces of affine representations must be taken out,
in analogy with (1.6). The real complication is therefore not so much with products of
affine representations but with the ‘holes’ in the coset Virasoro representations, which
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become more and more difficult to deal with as the level is increased. This proliferation
of complications is reminiscent of the fractal structure of a Mandelbrot set, although we
know of no Lie algebra analog of the self-similarity features.

To conclude this introduction we wish to underline the potential relevance of the
KMA g for physics. We claim that this algebra hides a deeply buried secret about
Einstein’s theory! To explain this point, observe that from the Cartan matrix (1.1) we
see that § possesses two distinguished rank-two subalgebras, both of which appear in
the dimensional reduction of Einstein’s theory to lower dimensions. Namely, the upper
2-by-2 submatrix corresponding to a s[(3) subalgebra is associated with the Matzner-
Misner SL(3) (actually GL(3)) group obtained by reducing Einstein gravity from four to

one dimension. On the other hand, the lower 2-by-2 submatrix is associated with an A(ll)
affine symmetry, which is just the Lie algebra underlying the Geroch group of general
relativity, obtained by reducing Einstein’s theory to two dimensions [16, 17]. The lower-
most diagonal entry corresponds to the Ehlers s[(2) symmetry obtained by dualizing the
Kaluza-Klein vector in three dimensions. The Geroch algebra and the Matzner-Misner
s[(3) intersect in the middle entry corresponding to the Matzner-Misner SL(2), which
likewise has been known for a long time in general relativity.

All this suggests that one might try to find a concrete physical realization of § by
simply combining the Matzner-Misner SL(3) and the Geroch symmetry [18]. However,
it turns out that a simple dimensional reduction to one dimension cannot accomplish
this because to realize the Geroch group, we need two coordinates for the duality trans-
formations ([18] tried to circumvent this problem by means of a null reduction, but
again finds that the bulk of § is realized only trivially; see also [19] for a recent related
investigation). The conclusion is that we cannot find a non-trivial realization of § by
sticking with Einstein’s theory and standard notions of space-time based field theory, but
need an extension from which standard general relativity ‘emerges’ only in a specific
limit. Hints of such a theory have emerged from the study of cosmological billiards
[20]. In particular, the celebrated BKL analysis [21] of cosmological singularities can
be rephrased in terms of a cosmological billiard that takes place in the Weyl chamber of
the Weyl group of § (it is a main result of [1] that the even part of the Weyl group for §
is the modular group PSL,(Z)).

In view of the compelling links with Einstein gravity on the one hand [20] and the
horrendous complexity of § on the other, one may also ask about possible implications
for Big Bang cosmology. From a physics perspective, the pile-up of truncated Virasoro
modules with increasing level may indicate that more and more degrees of freedom
‘open up’ in the approach towards the cosmological singularity. It is for this reason
that [22] conjectured the emergence of a mathematically well-defined notion of non-
computability towards the singularity which may thwart attempts at mathematically
understanding the beginning of time, unless a more ‘global’ description of § can be
found. At the very least this shows that the restriction to finitely many degrees of freedom
that underlies most investigations in quantum cosmology (e.g. by means of a mini-
superspace approximation, where keeping only diagonal metric degrees of freedom
would correspond to restricting § to its CSA) may be far too naive to understand the
quantum origin of our universe.

2. Basic Facts About §
For (1.1) we denote the simple roots by {r_1, ro, r1}, such that their inner products yield

Aij =TI rj (21)
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Fig. 2. The action of the Chevalley-Serre generators ¢; and f; depicted in the affine root sublattice Q'

with the over-extended root r_;. The affine null rootis § = ro+r;,sothatr_;-§ = —1.
The one-dimensional Ehlers s[(2) root sublattice of the § root lattice is simply Zrj,
consisting of the elements £nr; of length 2n2. There are two important regular rank-

two subalgebras, namely A, = s[(3) with simple roots {r_p, ro}, and the affine Ail)
with simple roots {rop, r1}.

The three simple roots of § are associated with the generators {e;, f;, h;} for i €
{—1,0, 1} which satisfy (1.2). With the root lattice Q = Z_1r_; @ Zoro ® Z1r; we
write the roots as

(a_1,a9,a1) =r = a_jr_| +aprg +airy . 2.2)
We can alternatively parametrize them in terms of the null root as
r =a_r_y1+k_18§+airy = (a_1,k_1,a1 +k_1). (2.3)
For this combination to be a root we must have
r? = 2a_1(a_j —k_1)+2d> <2. (2.4)
The level £ of a root r is defined by
£:=r-8 = —a_, (2.5)

and thus counts the number of occurrences of e_; or f_1 in a multi-commutator. Here
we adopt the conventions of [3,11], so positive level is associated with negative roots.
The affine algebra Agl) C § identified above will play a central role in the remainder,
as we will focus exclusively on the decomposition of § w.r.t. this affine subalgebra, as
in [1]. On the affine root sublattice Q' = Zoro @ Z;r}, the Chevalley-Serre generators
induce the transformations shown in Fig. 2.
The generators h and /1 do not induce transformations in the root lattice but give

rise to eigenvalue equations. A more explicit description of Ail) is afforded by

Ail) = SpanR{Em, Fu, Hy, K,0 |m € Z}, (26)
with the standard commutation relations
[Hm9 En] = 2Em+n s [Hm9 Fn] = _2Fm+n s
[En, Ful = Hpsn + mK6m+n,0 , [Hpm, Hy] = 2mI{me+n,O s 2.7)

[Em’ En] = [Fm, Fn] =0
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and where
Eog=er, Fy = s Hy=h,
0o=e 0=/ 0 1 28)
Fi=e, E_1=/fo, K-—Hy=ho.
Furthermore, we define
K = ho+hy , 0=h_1+2ho+2h;, (2.9)

where K commutes with all affine generators; its eigenvalue on an arbitrary element of
§ is the level £ associated to that element and for this reason we will call K the ‘level
counting operator’. 0 is the ‘depth counting operator’ with

[0, Tn] = —mT,, forall T,, € {En, Fyu, Hu) (2.10)

and records the coefficient of —§ for any given root (2.3) of §. Thus the depth increases
by one, if the root is shifted by —8 in our conventions.® Together with 1, the operators
K and 0 span the CSA of §.

After these preparations the algebra can be decomposed into eigenspaces of K

5= 3. 2.11)

LeZ

We will refer to this decomposition as the ‘level decomposition’ of §. The level-£

subspace %O on which K = ¢, is thus the linear span of all multi-commutators
[fir,- -, [fi,_i» fi,]...]with £ generators f_i. Negative levels are similarly associated
with multi-commutators [e;,, ..., [e;,_,,e;,]...] with || generators e_; in the multi-

commutator. Hence, each subspace §* decomposes into (generally infinitely many)
irreducible representations of AEI). K is the central charge which commutes with all
elements of A(ll), but not of §. Furthermore, the subspace % is conjugate to §© and
thus does not need to be studied separately. Below, we will therefore restrict attention
to positive levels, i.e. highest weight representations of Ail), hence multi-commutators

of {fi}.
The following theorem is of central importance (for readers’ convenience we include
a short proof of this Theorem in Appendix A, see also Theorem 1 in [10]).

Theorem 1 (Feingold-Frenkel [1]).
Any level-£ element of § can be obtained as a linear combination of commutators of
level-one and level-(£ — 1) elements, that is

3O = [ga)’ g(e—n] ‘ (2.12)
Thus, one can proceed to explore the algebra level by level, moving up in level by
one step at a time. The commutator of two elements thus provides a map from the tensor

product D @ F¢D to F© which we denote by 7 ® 5o that

70 g0 @FD 5 O | IO @v) =[] (ueFD, veFtD).
(2.13)

3 The Cartan generator 0 is related to the standard derivationd = h_1 +hg+h1 byd =d + K.
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The map Z® is surjective by Theorem 1, but has a non-trivial kernel, as a result of which
we have the vector space isomorphism

§9 = 3V o5 V) /Kerz®. (2.14)

While the tensor product of affine representations in the numerator can be evaluated by
standard techniques, at least in principle, the main difficulty is in determining the kernels
for all Z©, which in particular include affine representations associated with the Serre
relations. A main novelty of the present approach is that, once we have F and §*¢~1 in
terms of DDF states, the commutator of any given pair of states can be directly evaluated
by means of the universal formula (3.4), which at least in principle gives all elements of
3 (OX again in terms of DDF states, and in this way also furnishes information about the
‘structure constants’ of §. Let us stress that the quotient in (2.14) must be distinguished
from the division of the free Lie algebra by the ‘Serre ideal’ @¢>27; that is employed
in more standard approaches, cf. [6] and section 3 in [3]. Note also that our 7 ® is not
the same as Iy in [6], the latter being defined for the free Lie algebra.

We will also need the (hyperbolic) fundamental weights {A ;}, which are defined by

r;- A.,' = 5,']' . (2.15)

For the algebra § they are given by
1
A1 =-6, Aog=-r1_1—-28, A = —-r_ —23+§l‘1 . (2.16)

From (2.16) it follows immediately that the highest affine weights which can appear at
level £ are

A = poMo+2p1A1+p_1A—y with po+2py = € and po, p1 € Zzo, p-1 € C
(2.17)
(2p1 because ry can only appear with integer coefficients as A must be an element of the
root lattice of §). For given £, the number p_; will always be an integer; in fact, for level
|| > 2 representations L(A) with infinitely many different values p_; will occur for
given pg and pj. In the analysis of § we will encounter almost all irreducible highest-
weight representations of the affine algebra for A of the form (2.17). They are uniquely
characterized by providing the highest weight from (2.17) and denoted by L(A). The
coefficients po and p; are constrained to be non-negative integers, but the coefficient
p—1 of A_; = —4 is arbitrary and the corresponding representation spaces differ only
by the d eigenvalues of the highest weight vectors.
For each level, there is an associated Sugawara realization of the Virasoro algebra,
with generators [C1£,¢ (m € Z)

. 1 1
[€]sug . x| 1 *
Lo = —2(5 ) ]}EZ M |:2Hkak +EpFyg + FkEmki| . (2.18)

The normal ordering for the affine generators in (2.18) is defined by (with a sum A over
the s[(2) generators paired by the Killing form)

TATA m <0,

2.19
TATA m>0. (19

ApAx,
i |
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On each §© we have
¢
[[ ]E;;lg’ Tn] = —nTpn (2.20)

for any affine generator 7,, € {E,, F,, H,} acting on the level-£ representations in FO.
The corresponding (Sugawara) central charge at level-£ is [23]

s 3¢
¢ £+2°

Even more important for us is the fact that for each level there is a coset Virasoro
algebra with generators [Z]ﬂf,fset which commutes with the affine generators [8]. The
action of )€t does not affect the affine representation but shifts the associated affine
weight diagrams by mé. The key point here is that the action [Z]Sf,fset is defined only on
the tensor product § @ 3~ but not directly on F* where its implementation would
lead to inconsistencies, for which we will give some examples below. Equivalently, there
is no consistent action of the coset Virasoro algebra on the kernel Ker Z©). In general,
we therefore do not have a proper representation of the level-£ coset Virasoro algebras
on the level-¢ sectors of the Lie algebra.

More specifically, consider a level-one element # € V) and a level-(¢ — 1) element
v e D (for £ > 1) and their tensor product w = u ® v. The action of the affine
generators T, € {E,,, Fyu, Hy,} on w obeys the usual distributive law

2.21)

Thw =T, u®v) = (Thu) Qv+u (T,,v) (2.22)

and remains valid in this form if the tensor product is replaced by a commutator. The ac-
tion of the coset Virasoro element on tensor products is defined in terms of the Sugawara
generators (2.18) by

[fggosety, = [Ageost(y g v) .= (“J,cf,;'gu) @v+ue (o) — M.
(2.23)
In general, level-£ elements are sums of such tensor products, in which case this formula
applies summand by summand. When one replaces the tensor product by a Lie algebra
commutator [u, v] inconsistencies arise whenever this commutator vanishes although
the tensor product does not. For this reason formula (2.23) must not be used with Lie
algebra commutators, as this will lead to inconsistencies but only to elements of the
tensor product V' @ F¢~1. Likewise applying this formula to a Lie algebra element
that can be reached in two different ways by lower level commutators will lead to
contradictory results. Below we will exhibit explicit examples of this phenomenon, and
show how the coset Virasoro operator on the commutator fails already on level 2.
From the above theorem, it follows that the coset Virasoro central charge [8] associ-
ated with 0 ® F¢—D, and hence also with O, is

+3(£—1) 313_1 6
2+1 0+2 C+1DE+2)

cgoset =1

(2.24)

Consequently, all minimal Virasoro representations will occur in the analysis of §. Each
level §© will thus decompose into sums of products of certain level-£ representations
of the affine algebra and the associated truncated representations of the level-£ coset
Virasoro algebra, furthermore adorned by an increasing tail of products of lower level
coset Virasoro characters. The fact that the central charge (2.24) is bounded from above
by 1 is not generally true, and in fact violated for higher rank hyperbolic algebras such as
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E 1. For the minimal series the allowed [e]ﬁg"set eigenvalues at level ¢ are then contained
in the following list [8] (see also [24])

M@_[w+mr—@+nn2—1
ns 4+ DL +2)

r=1,....0;s=1,...,r) (2.25)

These are the values that can be assumed by the virtual ground states, but are shifted
by integers in the coset Virasoro descendant states. There is no such restriction on the
eigenvalues A to a discrete set for ¢ > 1 [24]. In fact, in the ultimate analysis of § there
will appear such representations galore once one tries to simplify the ‘porous’ coset
Virasoro representations by reducing products.

3. DDF Construction

Following [10,11] our main tool to analyze the algebra is to represent it in terms of
a certain subspace of a Hilbert space of physical string states. More specifically, we
will be dealing with a subcritical compactified bosonic string whose target space-time
dimension is d = 3, equal to the rank of §, and whose momenta lie on the Lorentzian
root lattice Q which is the Z-linear span of the three simple roots {r_1, ro, r;}. Because
d = 3 < 26 there will also appear longitudinal states in addition to the transversal states
[10], and these will show up for all levels [£| > 2. For the details of this construction we
refer to [10], and here only summarize some salient points.

3.1. Lie algebra of physical states. As usual, the string Fock space that we will associate
to the Lie algebra comes equipped with elementary Virasoro operators

1
Ly := 3 Z o Oy (3.1

nez

with the usual string oscillators ol for uw=0,1,2and m € Z. We define the space ‘L3,
by
pePr & Lup=0 m>1) and (Lo—n)p =0 (3.2)

and physical states belong to I3, for n = 1. As shown in the theory of vertex operator
algebras [12,14] (see also [10] for an introduction) the following quotient space is then
a Lie algebra

5 :=P1/L1Po, (3.3)

where, as explained at length in these references, the commutator between any two
elements ¢, ¥ € 9 is defined via the state-operator correspondence through the formula

d
o, ¥]:= f L Yy (3.4)

2mi
and where V(gp; z) is the vertex operator associated to the state ¢. As shown in [12,14]
this definition satisfies all the requisite properties of a Lie bracket, to wit, antisymmetry
and the Jacobi identity, modulo elements of L_;B¢. This is the reason for restricting
P to the quotient (3.3). The actual evaluation of (3.4) becomes more laborious with

the excitation level, since for each state ¢ one first has to work out the associated vertex
operator by use of standard formulas, and then re-express the result of the calculation
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Fig. 3. The action of the affine generators Ej,, Fy; and Hy, on the level-€ root sublattice Q'. Hy gives rise to
an eigenvalue equation. The positive Chevalley generators are identified as e; = Eg and e¢g = F

in terms of DDF operators of the appropriate level. For more detailed explanations and
simple examples see [10].

The affine subalgebra F© is a (tiny!) subspace of §). Adopting physicists’ bra and
ket notation, its Chevalley-Serre generators are associated with the following states in
Bi

eji=Ir;), fir=—|-r), hi=r,a"00) (=01 (3.5)

so e¢; and f; correspond to tachyonic states, while #; correspond to photon states [10].
Using (3.4) it can be easily checked that the definitions (3.5) are such that (1.2) is satisfied.
More generally, for the affine raising and lowering operators we have the operator-state
correspondence

En=Iri+mé), Fu= —|-ri+md), Hy,=ria" |ms). (3.6)

With r; = § — rp we can equivalently write these states in a Matzner-Misner type basis
with rj replaced by rg. The affine raising and lowering operators are thus all associated
with tachyonic or photonic states. The simple formulas (3.5) and (3.6) contain all that
is required for the description of A(ll) as a subspace of ) .

The affine generators induce the motions on the affine root sublattice (affine ladder
diagram) Q' shown in Fig. 3.

Atlevels |£| > 1 there will be many more states, in particular those corresponding to
higher excited string states. We will furthermore have many more tachyonic states. To
describe them, we introduce for any root r its DDF decomposition by

r=a—-nk with a*?=2, kX =0 and a-k = 1. (3.7)

We refer to a as the tachyonic momentum associated to the root r. In addition, we will
need polarization vectors & = & (a) obeying

@-a=¢-k=0 (3.8)

and that we will normalize to 1. For a level-£ root r = —{r_; + - - -, the null vector
k = k(¢) = k¢ depends on the level, and we have

1
ke = 75. (3.9)
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Importantly, for £ > 1, Ky does not belong to the root lattice, but is nevertheless a
necessary ingredient in the DDF construction. For level one we will usually drop the
subscript, i.e. write k = k; = §. At level £ the relevant tachyonic momenta are

n?—1

al = —r; — (Z + )8 +nry, (neZ) (3.10)

with associated tachyon states |a,(,£)). For ¢ = 1 all these momenta belong to the root
lattice, while only for selected values of n if |£| > 1. The fact that they generally do not
for |£| > 1 is an important feature of our construction of higher level states in §. On the
space of tachyonic states we have the positive definite scalar product®

(@f |al")) = 88", (3.11)

which eventually can be extended to the full Hilbert space by means of the DDF alge-
bra (3.18). Denoting the ‘spin’ of a state by half its & eigenvalue, the spin range of the
(2n+1)-dimensonal (Ehlers) s[(2) multiplet generated from |a,(le)) is —n < s < n. The
depth of a,(f) is0=4¢+ "zg—_l

Furthermore, denoting the elementary Weyl reflections associated with rg and ry,
respectively, by wg and wj, we have the following action of the affine Weyl group on
al fork e Z

14
wiwp) @) = af,,,

(9]

o (3.12)
wo(wiwe) (@) = A ke

We recall that the affine Weyl group is the semi-direct product of an abelian translation
group with a finite Weyl group [2]; in the present case Z x Z; and we take the translation
group to be generated by t = wjwg. From (3.12), we see that the level-£ tachyonic
momenta group into [%] + 1 distinct Weyl orbits. This is also the number of possible
choices for Ag and A at level £ in (2.17). Hence for each admissible level-¢ weight
there is an appropriate tachyonic vacuum on which to build a DDF tower of string states,
as explained below.

Physical states are built by acting on these tachyonic vacua with DDF operators [15].
Unlike in uncompactified string theory, for § this is a discrete construction, in the sense
that for any given level only a discrete subset of the momentum space continuum is
admitted, of which the root lattice is a subset. This discrete set fills the continuum more
and more densely as £ — oo.

Because the string is subcritical, the DDF operators come in two varieties.

1) The transversal level-£ DDF operators [t]4,, (with m € Z) are defined by

(€14, .= 55 A2 g pr(eme X = ?ﬁd—z.sMPl‘(@e(m/““'X(” (3.13)
2mi 2mi
in terms of the usual string coordinate fields
1 d
X = ' —iptinz+i ) —ahz ", PRQ) = o XD, (G4
m#0 m dz

4 1t is the fundamental discreteness of our construction that allows such a discrete scalar product, whereas
in the continuum we would have (a|a’) = §(a — a’).
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where again u = 0, 1, 2. By construction, the DDF operators are physical, to wit,
[L.1M4,] = 0. (3.15)

The operator [€14,, shifts the momentum of the state on which it acts by mky = (m/£)é.
The transversal polarization vector §* appearing in (3.13) is given by

£(al?) = %(rl — 2nky). (3.16)

Because for the non-zero modes in (3.13) a shift of the polarization vector by a multiple
of § drops out as it is a total derivative according to

it d

S Puem/lﬁx - _
’ mdz

"X forallm # 0. (3.17)
For simplicity, we will therefore set n = 0 in (3.16) for all A,, including the zero mode
Ap. Unlike for higher rank (d > 3) algebras there is only one transversal polariza-
tion, whence the DDF oscillators carry no transverse indices for Agl). Because of the
orthogonality properties and 82 = 0 no normal ordering is required in (3.13).

On the level-£ subspace the DDF transversal operators obey the standard commutation

relations
[[E]Am , [K]An] = M&p4n,0 (3.18)

because m is the eigenvalue of the operator (m/£)K on g'©. On the tachyonic vacua
they obey

4,120y =0  form>1. (3.19)

The key property of the DDF operators is that their application to any physical state
creates another physical state by (3.15). The same is true for all the ‘composite operators’
(affine generators and Sugawara operators) that we will construct from the transversal
DDF operators.

2) The longitudinal level-¢ DDF operators 1B, (with m € Z) are defined by [25]

dz m d k :

1B, (a) := f i : [—aMP”(z) + E(a . kg)& log <a le; P“(z))} Mk X@),
(3.20)
where we use [“IB,, rather than the more common notation /A  for easier notational
distinguishability between transversal and longitudinal DDF operators. Note also that
we do not include the usual contribution quadratic in transversal DDF operators in this
definition (this modification is often included to make transversal and longitudinal DDF
operators commute, unlike (3.21)). The argument a is the tachyonic momentum of the

state on which the longitudinal DDF operator [“IB,, acts. The definition implies [10]

n
[Y¥B(a), Y4, ] = —n194,., + T, @ T1) Smen,0 Sty - (3.21)

The longitudinal DDF operators are likewise physical, viz.
[L.."B,] = 0. (3.22)
Finally, the longitudinal DDF operators obey a Virasoro algebra of their own [10]

[“'Byn . ¥IB,] = (m —n) 1By + 20m° — m)Spran0 (3.23)
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with central charge 24. Let us emphasize that these operators are only well-defined on
a subset of the full Hilbert space ), and only on states for which a - k # 0.
In summary, the space of physical states at level £ is the linear span of states

M N
[T, [TB-s, 12 for M1 = =M = L and MUN>o0.
i=1 j=1 -
(3.24)
The restriction 2 < n; is due to the fact that [e1B _; creates null physical states because

(...)"B_j1al") = (...)Lqlal? —ke) = L_q(...)[al? — k), (3.25)

where (...) stands for any combination of DDF operators (which all commute with
L_1). These states must be omitted. The total momentum of the state (3.24) is a,(le) +

(Zf‘i | mi+ Z?]:l n j)kg, which in order to be an element of the root lattice Q must thus
satisfy the condition

M N
domi+Y nj=tP-1. (PeN) (3.26)
i=1 j=1

Importantly, our Lie algebra formulas make sense only for states obeying this condition,
in the sense that all elements of § are associated with momenta subject to (3.26). While
the ‘in-between’ states with momenta not on the root lattice do exist as physical states,
various operations, and in particular the definition of the commutator, fail for them, be-
cause appropriate cocycle factors cannot be consistently defined for fractional momenta
(see Appendix C).

However, even restricting to admissible DDF states with momenta on the root lat-
tice, we will see that the Lie algebra §§ contains only a subset of these states. § C 9
is thus a proper subspace of §). This can already be seen from the fact that the num-
ber of physical states (3.24) for a given root r is py(1 — r2/2) — pa(—r?/2), where
> o0 Pa(Mq" = [Ti=o(1 — ¢¥)~¢ is the generating series of partitions of n in d di-
mensions. The known root multiplicities of § are empirically bounded above by the
smaller pi(1 — r2 /2) in accord with Frenkel’s conjecture [13]. Our results shed no new
light on this conjecture (which is known to be violated for E¢ [3]). The main challenge
is therefore to characterize how precisely § is embedded in ). Below we will exhibit
several examples where one can see which DDF states appear in §.

3.2. Level 1. As a ‘warm-up’ let us look at the level-one subspace ! where the longi-
tudinal DDF operators do not yet appear, and where we have a fully explicit description
of the so-called basic representation of Agl) in terms of the well-known Frenkel-Kac
construction [26] (see also [27] and the introductory reviews [23,28]). We here rephrase
these results in DDF language, as explained in [10]. By (3.18) the level-one transversal

DDF operators are

dz
Ay =4, = f g Pr()em X (3.27)
2mi

with the tachyonic ground states |a,) whose momenta are of the form

a, = aﬁll) = —r_| —n’*8+nry. (nelZ (3.28)
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They belong to a single Weyl orbit in the root lattice of §. With these definitions it is
straightforward to write down the first few levels of the basic representation, and thus
T M for depths 0 < 4 in terms of transversal DDF states

= O . |a()>
: A_qlag), |aty

1 )
2 A_slag), A2 lag), A_ilaLy)
=3: A_zlag), AxA_jlag), A% lag), Aslayy), A% lay)
4 A_slag), A_3A_jlag), AaA_slag), A_oA% lag), A% lag),

A_slagr), A2A_ilax), Al lag)), law)
(3.29)

o o o <o <o

(recall that the depth 0 is the coefficient of (—§) for the root corresponding to the given
DDF state in the form (2.3)). Note that with our choice of polarization we have

Ao lay) = V2n |ay,) . (3.30)

We refer to the uppermost state |ag) = |—r—_;) = |Ag + 28) (corresponding to the
Chevalley-Serre generator f_1) as the ‘ground state’ of F1. It is easily seen that the
states (3.29) correspond to the s[(2) representations

1023103010303 (10103B3IB5)s. (3.31)

This list can be easily continued. As a special case of (3.11) we have the scalar product
of the tachyonic states
(@mlap) = dmn (3.32)

which can be extended to the full basic representation because we can evaluate all scalar
products of DDF states by means of the commutation relations (3.18).

For a graphical representation of the level-one subspace ) see Fig. 6 in Appendix E.
The level-one sector is a single affine representation, hence all its states can be reached
by acting on the ground state with affine raising operators. The DDF states at different
depths can also be connected via the level-one Sugawara generators [10]

1
e = 23 tanst = ML AL = —ndp, (3.33)

nez

where the normal ordering is defined as in (2.19). This simple quadratic formula works
only for the basic representation, whereas at higher levels we encounter non-polynomial
expressions in the DDF operators, see next section. With our choice of polarization the
operator

1
pse = §A3+A_1A1+A_2A2+... (3.34)

counts the depth of a given DDF state in (3.29), and can thus be identified with the
operator 0. The Sugawara operators provide a convenient tool, since [12;,® while moving
up in depth, does not change the s[(2) representation content of a given state. Hence
one can directly build infinite ‘strings’ of s[(2) singlets, triplets, efc. by straightforward
application of Sugawara operators [Z]Es_uig, [Z]ES_uég, ... To move between the different
s[(2) representations contents we must use the affine generators defined below. It is also
straightforward to re-express the list (3.29) in terms of multi-commutators, see e.g. [10].
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We can also rephrase these results in terms of characters. Recall that ) = L(A+28)
and so Ch §1 = g2 Ch L(Ao) with ¢ = ¢, for which we have [1]

q—l

Chg = L —0,
oq)

. O =q7" Zexp (t"(A0)) - (3.35)

nez

where t:=wjwy for the elementary affine translation. See Appendix B for a definition
of the Euler function ¢ and the generalized theta function.

4. General Results for Higher Levels

4.1. Affine and Sugawara generators at arbitrary level. In order to implement the action
of the affine and the Sugawara generators for arbitrary levels, we here specialize the
formulas of [29] and [11] to the case of § giving the affine step operators and the
Sugawara operators explicitly in terms of transversal DDF operators for each level-¢
subspace. In particular, these formulas generalize the well-known formula (3.33) at level-
one to arbitrary levels. The essential new feature here (in comparison with the standard
vertex operator construction) is that the exponents appearing in these expressions are
expressed not in terms of standard string oscillators, but rather in terms of transversal
DDF operators [10, 11]; in the form given they are thus different for each level, and valid
only on the respective level-¢ subspace. The use of transversal DDF operators implies
that both the affine and the Sugawara operators map physical states to physical states
without changing the level, hence map elements of §® to other elements of F©. This

statement follows from the fact that F© is a representation of the affine subalgebra Ail)
of fixed level, thus preserved by affine Lie algebra elements, and since the Sugawara
generators (at that level) are bilinears in affine generators. We stress that ) is nor a
representation of any (coset) Virasoro algebra that commutes with the affine algebra.

We first give the formulas for the affine generators. The generators of the Heisen-
berg subalgebra are identified with a (for £ > 1 proper) subset of the transversal DDF
operators

dz
Uy, = % —r, P¥ (2)e"X@ = 2y, . 4.1)

2mi
So it is only at level one that we have a one-to-one correspondence between the Heisen-
berg generators and the transversal DDF operators. This is the basic reason for the

simplicity of formula (3.33) and its equivalence to a free field energy momentum tensor.
For the affine raising and lowering operators we have the formulas

dz V2
ey = e o (+Z W [“A‘”Z")

n>0

1 P \/E 4 —
% ezr1QZr1 exp (_Z 7 [ ]AnZ n) Cry s

n>0

dz \/5 .
gy . _ tm B (€] n) —irQ, —rP
F = ?g_Zm' z exp( E - A_,z )e Iz 1

n>0

2
X exp <+ Z % [[]Anz_”) C_ry s

n>0

4.2)
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where c4y, denotes the cocycle factor (see Appendix C), and where we have written out
the normal ordering. The extra label on the affine generators is meant to indicate that
these formulas are only valid on the corresponding level-¢ subspace F© (as always we
drop the label £ whenever statements are valid for all levels). As explained in [11] the
zero mode contribution o ry - Q is not a shift in momentum space, but rather a Lorentz
boost which rotates the tachyonic momenta (3.10) belonging to different depths into one
another, as appropriate. One can now check that the operators (4.1) and (4.2) do satisfy
the commutation relations (2.7) on the level-£ subspace.

All affine generators act on DDF states (3.24). The result of such an action can then be
properly re-ordered by moving all annihilation operators to the right by means of (3.18)
and (3.21), until they annihilate the tachyonic ground state by virtue of (3.19), to obtain
a new DDF state. [!JAy commutes with all other (transversal and longitudinal) DDF
operators.

In the sequel we will refer to the Ehlers s[(2) multiplet belonging to an affine highest
weight state as an affine ground state or affine ground state multiplet. The members
¥ of this s[(2) multiplet obey

Tny = 0 forall T, € {Em, Fy, Hy | m > 1}. 4.3)

For level one, there is only one affine ground state, the s[(2) singlet |—r_1). By con-
trast, for |[£| > 2 there will be infinitely many such affine ground states for all levels,
of increasing depths. In all cases the action of the affine generators on such states is
straightforward to evaluate by means of formulas (4.1) and (4.2), with the result again
being a DDF state.

In addition to the affine generators, the Sugawara generators can also be represented
in DDF form for arbitrary levels by plugging (4.1) and (4.2) into (2.18) [11,29]. This has
been done explicitly in [11] for general hyperbolic Kac—-Moody algebras. We specialize
the result given in (3.15) of [11] to F by setting d = 3 and h¥ = 2 to arrive at

. 1
[e][f:rlzlg (@ = ﬁ Z : [e]Aln[e]A[(m—n):
n

1
0L +2)

+

>0 14,4, )k + go(rr - @)dm o
n#0 mod ¢
-1 ri-a
_ ! S g
20 +2) & 1eP =1 J 2w

5 (4.4)
x i | exp Zi[“]Anz—"a—c‘f’”) -1
n#0 n
-1
1 —pri-a dZ
_ » ¢ jg_ m1
20(0+2) S I7 — 12 ) 27i

2
x ¥ | exp _Z\/T—[E]Anz_n(l_f_[m) —1]*,
n#0

where again a is the tachyonic momentum of the state on which the Sugawara operator
acts, and ¢ is a primitive £-th root of unity. Furthermore, we have introduced the periodic
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function )
G B /105
8 =t r2) e+ .5)
with [29]
-1 k 2
_ S S 1 ~
fz(k)._ZW_1|2 = 5 for 0<k<€—1. (46)

p=1

This definition of fy (k) can be extended to all integer values of k by means of the relation
(which actually follows from the definition (4.6)

felk) = fe(k+nb) = fo(=k), (4.7)

thus ensuring symmetry and periodicity of g¢(k). As before, the operator (4.4) is to
be used and valid only on the level-£ subspace 5O, As we can see, (4.4), being non-
polynomial, is no longer equivalent to a free field construction. Nevertheless, the action
of the Sugawara generators is again straightforward to evaluate on any DDF state by
means of (4.4).

4.2. Ground states. As we explained in section 2, the crucial ingredients in analyzing
the higher level sectors of § are the affine representation theory and the level-£ coset
Virasoro algebra. Their combination motivates the following definition valid for all levels
€] = 2.

Definition 1. A Virasoro ground state (multiplet) ¥'© ¢ F(U @ ¢~ atlevel ¢ > 2
is an affine ground state multiplet, which in addition to (4.3) obeys the conditions

[gcoset y© — 0 forall m > 1. (4.8)

These product states are non-vanishing elements of the tensor product, but may vanish
as elements of the Lie algebra, that is, after the conversion of the tensor product into a
Lie algebra commutator by means of the prescription (3.4). In that case we refer to W (©)
as a virtual ground state. By definition virtual ground states thus belong to the kernel of
7O defined in (2.13).

We can distinguish two level-£ Virasoro ground state multiplets of the same type by
their depth and [[],88"56‘ eigenvalue. On level 2 there are finitely many Virasoro ground
states and on levels £ > 3 there are infinitely many. This motivates the additional
definition.

Definition 2. Let ¥® ¢ § ® ¢~V be a Virasoro ground state at level £ > 2 and
depth 0 with [£1gcoset eigenvalue k). Then W(® is said to be a maximal (Virasoro)
ground state (multiplet) if there is no level-£ Virasoro ground state with the same
[Elgeoset ejgenvalue and depth < 0.

The number of maximal ground states on any level £ > 2 is finite, and essentially in
one-to-one correspondence with the admissible level-£ weights (2.17). At level 2 all
Virasoro ground states are maximal. Moreover, all maximal ground states at levels 2 and
3 are virtual. On level £ = 4 not all maximal ground states are virtual.

The main observation is now that one can generate from the collection of all Virasoro
ground states from Defintion 1 all states in 5D gD by the combined action of the
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affine and coset Virasoro generators. Because Z¥) is surjective, we obtain in this way
all elements of §© as DDF states after conversion of the tensor product to a Lie algebra
commutator by means of (3.4), that is under the map Z(©. The main open problem is
then the determination of Ker Z(). In section 6.2 we show at £ = 3 that we can obtain
all Virasoro ground states from the finite set of maximal ground states with yet another
operator. We furthermore argue that there exists a generalization of this operator to all
higher levels. Thus, it would be enough to know the finite set of maximal ground states.

In practical terms the evaluation of the tensor product F @ F*~1 boils down to
the evaluation of a finite number of affine tensor products, with the previously generated
Virasoro representations for §¢~1 as ‘spectators’. Schematically, the general structure
of such a tensor product is

L(Ag+28) ® LA™Y = @ Vir(ce, h?) @ L(AL +n,8) (4.9)
a

where A¢~D is any admissible level-(€ — 1) weight from (2.17), that is with po+2p; =
¢ — 1. Likewise, Ay) is an admissible level-¢ weight from (2.17), while the parameter

hP is from the list (2.25) of allowed level-€ eigenvalues of (1 geoset, Tn this schematic
form, not all values of héé) = hﬁ‘? from (2.25) are meant to occur, and which ones
do depends on the specific weights on the left-hand side. The formula (4.9) illustrates
the infinite reducibility of such tensor products, with the coset Virasoro algebra as an
additional ingredient to handle and distinguish an infinite number of identical copies
of the same affine representation, with appropriately shifted (integer) coefficients p_
in (2.17). This feature characterizes all tensor products for higher levels.

The coset Virasoro module Vir(cy, h((f)) associated with the tensor product decompo-
sition thus records the infinitely many isomorphic repetitions of the same affine module
with highest weight A, that occur shifted by multiples of 8. Our convention here is
that the coefficient n,, is such that A,(f) + 1,446 is the first (highest) instance of the infinite
repetition of affine highest weight states. In particular, there is always the case with
h((f) = 0 (corresponding tor = s = 1 in (2.25) and A((f) +1g8 = Ag+28+A“D cor-
responding to the tensor product of the two affine highest weight states on the left-hand
side of (4.9). In Figs. 7, 8 and 9, we show the root diagrams of 5O for2 < £ < 4andin
those diagrams this highest weight vector corresponds to the right-most red diamond.

When we pass to the characters corresponding to the above product the notation is
further refined by writing the character of a term on the r.h.s. of (4.9) as

Ch Vir(c, hP)(q) - Ch L(Aq + (nq + hD)S) . (4.10)

Thatis, we assign a fractional multiple of —hgf)é' of the null root to the Virasoro character,
in accord with the fact that we define the (minimal) Virasoro characters by Tr(g%0) =
g" + .-, see appendix B, and recall that ¢ = ¢~%. This shift has to be compensated
for in the affine character, which explains the extra shift shown in the formula. Matters
are further complicated by the fact that each affine representation L(A¢~D) in F¢—D
comes with its own baggage of factors of ‘porous’ coset Virasoro representations from
previous representation products, whose §-shifts must also be taken into account in the
final formulas. This accounts for increasingly more complicated patterns of fractional
powers of ¢ in the final character formulas.
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5. Level 2

Generally speaking, the level-2 sector is spanned by all commutators of all level-one
elements. It is thus contained in the antisymmetric product of two basic representations
[1], which results in (1.5). The crucial point is that not all elements of this tensor product
belong to the Lie algebra because some of them vanish on account of the Serre relations
(and at higher levels also the Jacobi identities) once the tensor product is converted to a
Lie algebra commutator. More precisely, we have [1]

KerZ@ = 5 = L(2A1 +38). (5.1)

5.1. Maximal ground states for £ = 2. From (1.6) we can read off that the dominant state
of the virtual maximal ground state multiplet has momentum 2A {+38 = —2r_ —§+r]y.
So it belongs to a triplet and sits at depth 1, as can also be seen from the position of the
right-most red diamond in Fig. 7. This triplet belongs to a coset Virasoro representation
with eigenvalue h = % We shall see below that this is enough information to uniquely
characterize them. Specifically, for level 2 there are no Virasoro ground state multiplets
besides the maximal ground state multiplet. The multiplet is an s[(2) triplet in § P A D
which consists of the three product states built out of level-one DDF states

1
2 1 1 2 1 1
\Ilf_,), | = |a( 1)) A |a(() )) and llll(go = ——\/_ [”A,1|a(() )) A |ao( )). 5.2)

The labeling on W is as follows:

o the first subscript gives the depth,

o the second the s[(2) representation through its dimension,

o and the third entry is half the &; weight of the corresponding state in the given s[(2)
representation,

e while the superscript indicates the level.

These elements are perfectly well-defined (up to normalization) and non-vanishing as
elements of the tensor product ' A 1, but when we convert the wedge products to
actual commutators with (3.4) they vanish

[1al)), [a)")] = [MA_ijal"), 1al™)] = 0 (5.3)

because the associated momenta obey (—2r_; —8 +r1)> = 6 > 2 and (—2r_; —§)> =
4 > 2. In terms of multi-commutators of Chevalley-Serre generators, the first of these
states corresponds to [ f_1, [ f—1, fo]] which vanishes by the Serre relation. However,
here this vanishing does not need to be imposed ‘by hand’ but rather follows directly
from the formula (3.4). The [Z]E(c)oset eigenvalue of any of the triplet states (5.2) is % in
agreement with (2.25).

Acting with [2lgeoset

3D AFD

on the virtual triplet states we obtain three descendant states in

2 1 1
Rlgeosety ) | = V2Jal}) AMA_[a")

2 1 1 1
Rlgeorety ) = —— WAjal") Alal”) . (5:4)

V2
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which now carry momenta2A 142§ = —2r_; —28§+r|,2A1+26—2r; = —2r_;—28—r
and 2Ag + 26 = —2r_; — 2§ which square to 2, 2, and 0, respectively. Hence, the
commutators no longer vanish but give honest non-vanishing elements of § . Explicitly,
we obtain the following s[(2) triplet states after the evaluation of the commutators by
means of (3.4) (with the root labels in the left column)

~(2.2.3): v = V2 [l Masiag)] = 21a%),
~2,2,2): vho = —[RU A ]+ o) = —v2Pa_ ),
22,1 v, = —v2[a"), M| =21,

(5.5)

These three states form an affine ground state triplet at depth 2, hence we denote them
by . In the following, descendant states which are not affine ground states will
be denoted by ¢© with appropriate indices, as in (5.5). In this way we distinguish the
elements of §© from the (virtual) ground states WO thatlive in P @F¢D. In general,
there will always be L_j(...) contributions to the DDF commutators, which must be
dropped by (3.25) [10]. Notice that there are no cocycle factors appearing anywhere in
this section with our conventions in Appendix C.

Let us also note that an analogous triplet exists for all levels with the three level-£
states

2]a]) and —v2¥A_[a") (5.6)

at depth ¢, and a virtual triplet analogous to (5.2) at depth (£ — 1). For the computation
we evaluate the action of any coset Virasoro generator on a tensor product state by means
of formula (2.23), where we use the standard expression for the Sugawara generators
on the separate factors, and the original expression (2.18) on the third term in (2.23), a
procedure that will also work at all higher levels. As we will see we can generate the full
level-2 sector by repeated application of the affine and coset Virasoro raising operators
to the virtual ground state multiplet.

Atlevel £ = 2 and depth 3 we have a total of seven DDF states that form two triplets
and a singlet. These states are (without the commutators that generate them)

—(2,3,4): v@ = [[21,4 oA+ 3pp. ]|a<2>>,

—(2,3,3): 0 = [_6\& 214 +2\/_ 2y 1[2],4_1[2]14_1_% 24 Bp_,| a@),
—-(2,3,2): 1/’:(52:11 = [ 14_, 4 1-%-3 Pp_ 2] laj 2)>,

-(2,3,3): ¢80 = —4 PA_,%4_1 12l

-(2,3,4): $3 1 = v2 P, ja?),

-233): ¢ = [—? BlA_g - ‘/75 [ﬂA_lPJA_J?]A_l} lag”)

—(232):  ¢3,= V2P, 5.7)
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Table 1. Specific information about the s[(2) multiplets at level-2 of § @ up to depth 7

Level Depth —(a—1, ap, ay) dim s[(2) rep. Outer multiplicity
2 (2,2,3) (2,2,2) (2,2,1) 3 1
2 3 (2,3.4) (2,3,3) (2,3,2) 3 2
2 3 (2,3,3) 1 1
2 4 (2,4,6) ...(2,4,2) 5 1
2 4 (2,4,5) (2,4,4) (2,4,3) 3 4
2 4 2,44) 1 2
2 5 (2,5,7) ...(2,5,3) 5 3
2 5 (2,5,6) (2,5,5) (2,5.4) 3 8
2 5 (2,5,5) 1 4
2 6 (2,6,9) ...(2,6,3) 7 1
2 6 (2,6,8) ...(2,6,4) 5 6
2 6 (2,6,7) (2,6,6) (2,6,5) 3 15
2 6 (2,6,6) 1 8
2 7 (2,7,10) ...(2,7,4) 7 2
2 7 2,79) ...(2,1,5) 5 13
2 7 (2,7,8) (2,7,7) (2,7,6) 3 27
2 7 2,7,7) 1 14

The blue states form an affine ground state triplet. The red state is the singlet, and the
green states form the remaining triplet. The latter two are affine descendants of (5.5), as
can also be recognized from the fact that there appear no longitudinal states. By contrast,
the blue states are the result of the action of the coset Virasoro raising operators; the
longitudinal states result from the evaluation of the commutators.

Continuing in this way, and starting from the dominant root of the maximal ground
state triplet, we construct the level-2 part of the root lattice shown in Fig. 7. Expressing
the first seven rows of Fig. 7 in a table, we obtain Table 1.

In Appendix D, we rewrite the states above in terms of multi-commutators of Chevalley-
Serre generators.

5.2. Coset Virasoro action. As we already pointed out, there is no proper coset Virasoro
representation on level-2 of §, because the Virasoro ground state triplet is absent from
F®. Acting with the coset Virasoro operators on the virtual triplet yields

[2] set g, (2) _
Siose \Ijl,3,w - O’

Rlacosety, @ _ L, @
Egose LI11,3,w - E\Ijl‘S,w’
(5.8)
2) ( 2] t, (2) _ (2
I< ( ‘Q(i()lse q’l,S,w) - 1/12,3,w’
) ( 2] ty, (2) _ 3 2)
7 ( EC—()Zse \Ill,?a,w) - Zw3,3,w

The coset Virasoro eigenvalue of the virtual Virasoro ground states \Dl(zg » 18 exactly the

one we expect from (1.6) and also ¢; = % We see from the results above that we always

obtain affine ground states when acting with [21£59%¢ for m < 0 on \111(23 w- 10 show

this we first use (2.20) which implies that the coset Virasoro operator commutes with
the affine generators

[Vﬂs;fset, Tn] ® =0 (5.9)
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for any state & € S(l) ® S(Z_l). Taking ® = \P{Z; > it is straightforward with the
formulas (4.2) to check that

2 2 2 2 2 2
El\yl(,?z,—l = Hl\yl(,fz,—l = El‘y() = qu’f,.’)’,o = Fl\pl(,fz,l = Hl\pf,;,l =0

1,30 —
(5.10)
and 2 2 2 1 1
FYE = v, = BV = [a)) @ la)) . (5.11)
Moreover,
1 1 1 1 1 1
[2lgcoset (|a(() ') ® [a >>> = 1252120y & (D) + a0y @ r5e|all)
1 1

=L_1(..)

because the argument is symmetric. Hence, the virtual triplet generates all affine ground
states on level-2 of §.

There are two ways to reach the affine ground states W3(2§,w at depth 3 by applying

2
either [Z]EC_O;et or ( Dk)“_"f“) to W 3., and they must be related. This is expressed by
the relation

3 2
[[212?;“ -2 (P ]wf?;ﬂw 0 (5.13)

in agreement with the first null vector from Vir(% , %) [24]. For the next two coset Virasoro
operators we find the relations

3 ‘ ‘ , )3
|:Z(4n1 +3ny) PIgeet — py Plgeopet Rlgeoget —n1< [Z]Qif’;et) ]\yfg’w =

(5.14)
and
4 2
[(24m1 +18m2+8m3) PIEO — 2 (12my +9ma + ama) ( Pleeg)
2 4
ey Pl Ll (Ll gt (Pl o, — o
(5.15)

from which all null vectors can be read off by choosing the coefficients m;, n; € C
appropriately. Let us stress once more that the Virasoro null vectors are actually zero
in our formalism. Altogether, the action of the coset Virasoro operator on the virtual
maximal ground states thus yields two new multiplets at depth 5, in agreement with the
general theory [24]. The dominant states in these multiplets are

2) [ [2lacosetyy, (2)
7O (Pl )

51 1 11
2Ly ey ey ey Moy ey ey ey
80 144 36

23

= PUC FUNC PN TN TN T
360 1 1 1 1 1 1
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N g 24,24, 2p 4 % 24,2 2p_,20p

1 11
g Ry 2y Ry Rlp 3 [213_2[213_2[213_2}|a§2)) (5.16)

16
and
72 ([2]£c_o§et [2]£c_oiﬂetqj 52§1>
73 11
By ey Loy ey
[80 S TR
1 17
_ Loy ey e e ey ey ey ey ey ey
B 3 1 1 750 1 1 1 1 1 1
1 3
oy 2y g 2 Ry Ry Rip Rl
8 32
1 13
_ l2]A_ [ZIA_ IZIA_ IZIA_ [2]B_ +— [2]B_ IZIB_ [2]B_ a(z)
T 1 1 1 1 AT 2 2 2 |lay™)

sy |2 e ey e ey ey
12 24

1 15
tg 2y, ,PIp 5+ o [2132[2132] la®). (5.17)

Notice that the result of the second calculation is not a pure affine ground state. This is
no contradiction to (5.9)—(5.12).

We have already mentioned that § does not decompose into proper representations
of the coset Virasoro algebra, as we will now make more explicit for 3(2). Hence, we
shall work on the tensor product space and exchange tensor products for commutators
only after acting with the coset Virasoro operators. The tensor product space forms a
representation of the coset Virasoro algebra

Ccoset
[[“25;’“‘, [‘f]sffse‘] = (m—m) st S n® =m0 (5.18)
with central charge (2.24). The important point now is that on § this algebra is not
satisfied because we do not have a complete Virasoro representation. This can be seen
if one tries to apply formula (2.23) in the form

~OQ 9 S
[Elgeosety, = Legeoset 1y y]) = [“]ﬁf,;‘gu, v] - [u V—”,c;*,;‘gv] — Wty

(5.19)
Indeed, this erroneous application of the formula (2.23) leads to contradictions whenever
the third term on the r.h.s. of (5.19) vanishes on account of the Serre relations. For
example, we find for the dominant state of the maximal ground state triplets
[Plogoer, Rleeset] y 3 = Clogoset <y 4 ) = R0 = 4y
(5.20)
By contrast, direct application of the result of the Virasoro commutator leads to a different
answer:

2 2
2 [elsgose[wz(’;l — 31#2(,3)’1 (521)
in contradiction with the Virasoro algebra.
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5.3. Affine characters at £ = 2. Of course, our findings can be rephrased using charac-
ters, the tool mostly employed in the mathematical literature. Recall that level 2 of § is
formally given by (1.4) [1]. In terms of characters this translates into the formula

ch§? = g7 (7@ —q"?) - Ch LAY, (5.22)
where we use the notation

Ch Vir(e?? 2 Y q) = x5 (@) ="+ (5.23)

for the Virasoro characters. The character of L(2A1) is given by [1]

_ 0@
Ch LQ2A)) = 13 20

~

v e ) Q20 (p(;@ v ) O] - _
X[( v w(lm) oA +( P )@ ] (5.24)

If we combine these equations with the definitions of ¢(g), ® and Xi’f (g) given in

Appendix B, we obtain an expansion for Ch 5@ similar to (3.35).

At arbitrary level £ the character of F© can be computed recursively from the Weyl-
Kac denominator formula [2] for §, or alternatively with the program SimpLie [30]
which offers an implementation of the Peterson recursion formula.

6. Level 3

Ref. [6] gives the following formula in eqn.(24) for the isomorphism as affine modules
for the level-3 sector of the algebra

FV = 3V eF?/ AFY, (6.1)
which is equivalent to the statement that
KerZ® = A3 (6.2)

and where A3 denotes the third exterior product of a representation. Indeed, this sub-
traction eliminates the terms which vanish on account of the Jacobi identity. In terms of
characters this implies’

Ch §® = ch 3V .Ch 3@ — Ch(A35D). (6.3)

We have verified this equation up to depth 30 in an explicit calculation. In [6] the authors
also give an expression for the character of (6.1), for which, however, we find a slightly
different result, see below. To determine § D 3(2) we first compute (for any s)

L(Ag+28) ® LA +58) = Vir({, 15) ® L(Ag+2A1 + (s +2)8)

6.4
@ Vir(45, 3) ® LBAg + (s + 1)§) . (©4)

5 At higher level such a simple subtraction no longer works. For higher rank algebras such as E(, an extra
subtraction is required already at level £ = 3.



270 Page 26 of 49 S. Capolongo, A. Kleinschmidt, H. Malcha, H. Nicolai

As the prefactor in (1.6) encodes the infinite repetitions of representations of this type
according to

@ = @anL(ZAl +2+n)d), (6.5)

n>0

the (outer) multiplicities a,, are the coefficients of the g-series

X1@) =" =g ang". (6.6)

n>0

From this we deduce that, as a product of coset Virasoro and affine representations, we
get

§V @5 = @an(Viry, 4 © Lo+ 241 + @G+ m)8)
n=0 6.7)
® Vir(, 3) @ LB3Ag+ (3+ n)8)) .

This is the level-3 analogue of (1.5). Because there are now two affine representations
in this decomposition, we expect two kinds of Virasoro ground state multiplets on level
3. Namely, singlets and triplets.

In view of (6.6) we can write the character of this tensor product also as

ChFV @) = (x37@ —q'?)

(6.8)
(61_21/10)(35:;‘(61) Ch L(A() +2A1) +q_5/2X35”f(q) Ch L(3A())) .

Even though tempting, we do not write the vector space as a tensor product of truncated
Virasoro modules.

Moreover, compared to (1.5), the equation (6.8) exhibits a pile-up of Virasoro char-
acters which will give rise to infinitely many Virasoro ground states. Recall that level 1
of § is simply given by the affine module L(Ag + 2§). Hence, there is one affine ground
state (namely |a(()l))) from which we obtain all DDF states on level 1 by the action of the
affine generators (4.1) and (4.2). Then level 2 of § is given by the tensor product of an
affine module and a (truncated) coset Virasoro representation (cf. (1.6)). Hence, there are
now infinitely many affine ground states that arise from the action of the coset Virasoro
raising operator on the Virasoro ground state multiplet (5.2). In particular, there is only
one Virasoro ground state multiplet.

Similarly on level 3 there are now infinitely many Virasoro ground states which are
generated from the action of the (truncated) coset Virasoro representation Vir(%, %) o
Ruvp on the two Virasoro ground states of

Vir({5., 15) ® L(Ag +2A1 +58) @ Vir(75, 3) ® L(3Ag +49). (6.9)

In the following, we disentangle this structure by first identifying the maximal ground
states of @ and subsequently investigating how the action of Vir(%, %) © Ruyg on these
maximal ground states yields their infinite duplication.

The discussion of the different kinds of ground states is summarized in the Table 2.
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Table 2. Number of each kind of ground state for the levels 1-3. The number of maximal ground states is
finite for any level £

Affine Virasoro Maximal
Level 1 1 0 0
Level 2 00 1 1
Level 3 o0 o0 2

6.1. Maximal ground states for £ = 3. Equation (6.7) together with (6.31) below tells
us that we have two virtual maximal ground state multiplets on level 3 of §. The first of
which has dominant momentum Ag + 2A; + 48 = —3r_; — 28 + r;.% Hence, this first
multiplet is a triplet at depth 2. From the coset Virasoro prefactor we can read off its
eigenvalue %. Similarly, we can determine that the other multiplet is a singlet at depth
3 with coset Virasoro eigenvalue % The explicit expressions of the dominant states in

these multiplets in terms of DDF operators as elements of V) ® §@ are
v, = 2)) ® a?), (6.10)
3 2 1 2 1 2
vy =2lal) @ la?) —2MAjag”) @ P jag”) + 21a)") @ 1a%)

(6.11)
+1a)y @ P,y 1al?y,

with associated squared momenta (—3r_; — 2§ + r))2 =8> 2and (=3r_; —2§)? =
6 > 2 for the triplet and (—3r_; — 38)?> = 0 for the singlet. While the triplet thus
vanishes by the Serre relation after conversion of the tensor product into a commutator,
the singlet state has allowed momentum. Hence, it must vanish for a different reason
when replacing the tensor product with the commutator

2[1a"), ™) ] -2 [Ma_lag”), P _yja) ]
+2[1a"), %] + [1a). 4 o2 )]
V2 [1a®y. [, 1A )] = VE [ a. [, ]
+v2[1af"), [l Ma_yjal) [ +[1ad"). [ oA 11ag"). 1al")]]

The first three terms on the right-hand side vanish with the Jacobi identity. The last term
vanishes by itself, as it can be shown to be a null state. Thus, we see that the states (6.11)
and (6.11) are both in the kernel of 7). It is straightforward to check the affine and
coset Virasoro vacuum conditions. We can summarise the action of the coset Virasoro
on the virtual states as follows.

6.12)

[3]£iosetqj§?;’w —0. 3]£coset\y(3) -0,
[3]£Boset‘1’§,3§,w = ILO\I’S;w [B]E(C)mt‘l’é,?,o = ;‘Ijgo
o (e, ) = v, 7(Pemegl,) = vk
70 (Beew ) = v, IO Pl ) = v, ©13)

6 There is a difference of +18 here compared to the argument of L(Aq +2A +58) because the g-series of
Vir( ) O Ruy is truncated and starts with q3/2
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We use the notational convention explained below (5.5) for distinguishing Virasoro
ground states from affine ground states. In particular, we see that the coset Virasoro
eigenvalues agree with the general prediction, and without shifts in §. The first descendant
states, which are now elements of 3(3), are given by

S = —21ad) . v, = V2B el (6.14)
and
G _[_%Biy B Bl Bl Bl Bl L EPENE NG
Yo = [ 5 WAMAs+ 304 A A Bla, - = Bla Blg Bp
Lo g, T 515y ]jaf?). (6.15)
18 18

The states resulting from the application of [3]£‘i‘)§et on the maximal ground states and
subsequent evaluation of the commutator are

(3) — [3] [3]
lﬂ = B + A_ A_
4,3,—1 |: 5 4 3 36 2 1 6.16)

N SfB]A_1[3]B_2 _ 4;?[31,4_1[31/1_1[3% }a@))

and

@) 385 131 1508931, 131 385 31, 3] 871 131, 131, 131
= | =22 Bl 2Bl By, 22 Bl Blg 2Bl ,Bly Blp
V510 [ 5832 9720 275832 ST 77

115 427 385
_p, By Bl Bl Bl Bl Bl Bl Blg
486 2 2P g A2 AT Bt gy PR

379 95

114,814 Bla_,Bla Bly Bl Bl By
648 -1 -1 -1+ 108 -2 -2 -2 —1
427 196
_ BT, By Bl Bl _190p1, B, Bl Bl
206 A2 A-17B2TB o~ 2 ATA B 3B

197 169
Blg_,Bl4_ Bl Bly_ Blp Blg_ Blg_,Bly_,Bly_ Blp
+216 -2 A1 —1A-1 72+324 —1 -1 -1 7A-1 -3
3
+ 10[31A_2[31A_1[31A_1[31A_][31A_1[31A }a(?)) (6.17)

All these states are affine ground states.

6.2. Virasoro ground states for £ = 3. The characters of the two terms in

Vir(. %) ® L(Ag+2A1 +58) @ Vir(, 3) ® LBAg+48)  (6.18)

are given by ¢ —21/10 (q) ch L(Ag +2A) and ¢ /2 X3 h (q) ch L(3Ap) (see Ap-
pendix B for the relevant deﬁmtlons) We can represent these characters by root systems
shown in Figure 4.

We can obtain all (DDF) states in these two diagrams from the action of the affine
generators E,,, F,,, H, and the coset Virasoro operator [3]£f,?set on the two maximal
ground state multiplets (6.10) and (6.11). We illustrate this with the triplet (i.e. the left)
character. Recall that (up to an at the moment unimportant § shift) its dominant maximal
ground state (i.e. the top right state) is given by
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o]l o1 o1

o1l o3 4 3 o1 e 1
o3 3 10 e83 @ 3 el 2 o1
o1 o3 019 24 @19 @8 o1 o1 3 o6 03 o1

Fig. 4. Partial visualization of ¢ ~2!/1033(¢) ch L(Ag +2A1) (left) and ¢ ~5/2 43! (¢) ch L(3A¢) (right).
The top right root of the left character is (—3, —4, —3) (depth 4) and the top root of the right character is
(=3, =5, —5) (depth 5). The numbers in the figure indicate the multiplicities

3 1 2
v = 2laf”) @ af?). (6.19)

Acting with the affine generators and the coset Virasoro operator we obtain the three
states right below this state

3 1 1 2 1 2
o) = (H_l + 5FOE_I> v =v2la_jal") @ @) +2v21al") © Ph )

-2y ® Ph_ ).

3 1 3 1 2 1 2
of) | = EFOE_l\Il;;,l = —v21a_1al") ® 1a?) - v21a") @ P _y1a?) (6.20)
NE 3 2V2 1 ). V2 2
b5y, = ety = == Uasiiag)) @ a?) + lag”) © Phsla?)
22 q 2
+ ?lai ol al?).

It can be checked that these three states are linearly independent and that any other action
of the affine generators on \Ilg | yields a state in the linear span of these three states.
To go from the characters described by Fig. 4 to the character of 1 ® §® we can

use (6.8), according to which we must multiply the character of (6.18) by the g-series
(cf. (5.22))

_ 43
q 2 (X2,1 (@) — q1/2>

(6.21)

=q7? (1+q+q2+2q3+2q4+3q5+4q6+5q7+6q8+...> .
In terms of Fig. 4, the multiplication with m¢g” amounts to making m copies of Fig. 4
and shifting them by n rows into the —y direction. After the multiplication with (6.21)
the two root systems in Fig. 4 become those shown in Figure 5.

Once again we study the left diagram. Below the maximal ground state \11533)1 (sitting
in the top right position) there are now four instead of the three states that we had before.
The fourth state is a Virasoro ground state. It cannot be reached by the action of E,,;, Fy;,,
H,, or Blﬁf,j’set on \Ilfg |- Instead it arises from the prefactor associated with Vir(%, %)
in front of Vir(%, %) ® L(Ap+2A1 +58). Because (6.21) never terminates, there are

infinitely many such states. The action of E,,, Fy,, Hy and BIECet on each of these
Virasoro ground states generates one Virasoro and infinitely many affine multiplets.
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o]l o1 o1

o1l o4 5 04 o1 e 1
o4 012 @15 @12 @ 4 el 3 o]
o1 o012 32 40 32 @12 @1 el o4 09 04 @1

Fig. 5. Partial visualization of ¢ 28/5()(2 (q) — ql/z) X35 ?(q) ch L(Ag +2A1) (left) and q*6(xg ?(q)

1/ 2) X3 (q) ch L(3A¢) (right). The top right root of the left character is (—3, —2, —1) and the top root of
the right character is (—3, —3, —3). The numbers in the figure indicate the multiplicities

In the following, we explain how to derive all Virasoro ground states for £ = 3 from
the maximal ground states (6.10) and (6.11). Starting from the maximal ground state

\1153; | we introduce the triple tensor product state

1
VP = —lal") @ (Maijag”) A laf") + VA ja") Ala")) . 622)

232

This state is such that

1Ty = v, (6.23)
and that \112® 3(31) is the affine ground state of a triplet multiplet. This uniquely fixes \112 31
Subsequently, we obtain the fourth state at (—3, —3, —2) in the left root lattice of Fig. 5
via

e

3 1 2 1 2
B = (1870 Plee)u 2D = 2ja) o2k 24 ja(?)+30a") 225 5jaf?).

(6.24)
Besides being a Virasoro ground state, \Il§ 3.1 is distinguished from <I>3 3,1 by the fact

that it has coset Virasoro elgenvalue 15» While \I/§ ; | has coset Virasoro eigenvalue

% +1= % Moreover, let us note that under the action of Z® both &)3,3,1 and ¥3 3|
get mapped to the same DDF state, namely

A 1
70 (€321) = g7 (¥a31) = ~2a}”). (6.25)

However, we do not expect this to happen for all Virasoro ground states and their de-
scendants.

Repeating this analysis for the singlet multiplet we find the following uniquely de-
termined affine singlet ground state (again a triple tensor product)

1
w®® _ a(1)) ® ([1 B |a(1)) A |a(1))+ 1|a(1)) A |a(1))>
3,1,0 2\/5 -1
1
——_Ha_ a(l) ® (ﬁ (A _ 23(1) A a(l) +2 a(l) A a(l) )
e 1lag ) lag ") Alag ") +2]a”j) Ala)
1

1 1 1 1 1
— —lai") @ (Ma_1a’}) A lal") + 1Ay jal") A a))
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1 a 1 1
+o 5 ® (V21 2la”) A 1A 1ag”)
+v/2MA A jalt) A2 (6.26)
—2Ua_ja") A2 +2 M4 a") A la"))

which satisfies ©0) 3
ATy = vy . (6.27)

Again, we find the additional state below the top state in the singlet root system of Fig. 5
compared to Fig. 4.

Since the g series of the prefactor can be generated using the coset Virasoro generators
describing level £ = 2 we obtain that the infinite set of Virasoro ground states in
FD ® @ is given by

(1®I<2>o Rlgeoset .. [2120_0,2;‘) with n;>...>ny and N>0. (6.28)

We conjecture that a construction similar to (6.28) exists for all levels £ > 3 and that for
every level £ > 3 the infinite set of Virasoro ground states can be obtained by the action
of similar operators on the finite set of maximal ground states. For this conjecture we
rely on Theorem 1 and first write everything potential state as a tensor product state and
then place coset Virasoro generators followed by the maps Z*) successively. We leave
the derivation of this operator and the further discussion of our conjecture for future
work.

6.3. Affine characters at £ = 3. To get the character of equation (6.7), we need the
character of the level-3 modules

ChL(Ao+2jA1) =q° > CI5" Opagrana, (6.29)

(m,n)e{Z>o,2}
m+2n=3

with the string functions [6]

1,2 5,2 a7 45
Cir=C, " = x353@),
b2 o(q) "33
—-2/5
q 6
cly = @ (Xz,’f @) +x57 (q)) ,
vl | (6.30)
Gy =Clo’ = — =13
3,0 3,0 (q) 43
1
= — (T @+ 17 @) .
307 0 ( 1,149)* X419

where the Virasoro characters X,{’ P / (g) are defined in (B.14). Equation (6.29) follows
immediately from (B.7) and (B.8). The fact that the string functions can be expressed
in terms of (coset) Virasoro characters for the central charges shown follows from the
general property [2, Prop. 12.12] that they stem from a coset construction of s[(2)/gl(1)
at level £, where the gl(1) is due to the Cartan subalgebra. The corresponding central
charge is in general ¢ = 153+_€2 — 1, which for £ = 3 yields ¢ = % = 6,
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For the character of the last term in (6.1) we find

Cn (35 M) = £ (©n5 D) —3@ngM)eng )2 +2cng "))

= qT [ T @@ + 23T @5 (@) + g7 %x;?i(q)]crm LBAo) (6.31)
—28/5

3

q —1/15 @) 65

X
p(g3 ™43

where the (Adams) operation (Ch )*” on a formal character Ch = )", m setis (Ch)*™ =

ni
Z amye .
One important step in the derivation of (6.31) is to write ®3,, in terms of affine and
Virasoro characters in the spirit of §2 of [6], leading to

+

4 4 4 4
[— B @X @ +2x35 @)X @) — g (q)]Ch L(Ag+2A7),

O30y = 0@ [a7/9 4§37 @ Ch LGAY — 4" x{3(@) Ch Lo +2A1)] . (6.32)

This together with the identity

q
@(q?)

leads to (6.31). Combining these equations with formula (6.3) and the known formulas
for Ch 1 and Ch §@® gives the character of 18)

(Ch g = O34, (6.33)

6| 1 1
Ch§® =4 6[—xf;i‘(q>xf;f(q> +X371(@) <§x;‘;f<q> - qm)

3
—1/15
q (@) 65 }
- X33 (q) [Ch L(3A0) (6.34)
3 (@)
_ 1 1
+q 28/5[§X35,'§(q)xf’13(61) + x35j§‘(q) <§x§,’13(q) - qm)
—1/15
q (@) 65 }
I T 5%2(g) |Ch L(Ag +2A1).
3 (@)™

As a further confirmation of these formulae, we have checked that the root multiplicities
between the lLh.s. and the r.h.s. of (6.1) match up to depth 30. From (6.34) we can
now in principle derive a closed form expression for the level-3 root multiplicities by
substituting the formulas (6.30) for the affine characters. We refrain from writing out the
final result, as it is “explicit, but ugly” [6], and as such not very illuminating. A further
check would be to compare these results with those of [4,5], a test which we leave to
future work.

7. Level 4
At level four our formula (2.14) reads
§9 = FVeFY) /Kerz®. (7.1)

and we thus need to determine Ker 7. From Ref. [6] and their equations (10), (13) and
(22) we extract the following formula:

KerZ® = 2@ — (5P ® 73) n w@ (7.2)
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where
B =5Ven =500 @Y Ag0 -5?) (7.3)
and
WO = Weyl (O A FD)? :=sym(FO A FD)* — At5D (7.4)
projects out the Weyl tensor tableau. In principle, we should be able to find expressions
for the characters associated with Young-tableau-type expressions or products of such
Young-tableau-type expressions, but that is not so easy for the intersection term on the
r.h.s. of (7.2), as would be required for the derivation of an explicit formula for the level-4
root multiplicities [6]. Whereas the determination of such intersections is straightforward
for finite dimensional Lie groups and their representations, this is not the case here, as
one also needs to match the Virasoro eigenvalues. We therefore leave the verification of
(7.2) to future work. A more general conjecture would be that for all £, the kernel of Z(©)
can be expressed by such Young-tableau-like combinations of lower §©, in analogy
with (6.1), but in addition we expect there to be intersection terms which hamper more
explicit calculations, because it is not clear how the permutation group acts on them [6].
For the product §V ® §, the other ingredient of (2.14), we can find an explicit
expression for the character by multiplication of the level 1 and level 3 modules. In view
of (6.34), there are two products to be considered, namely

L(Ag+28) @ L(3A¢ +38)
= Vir(2,0) ® L(4Ag +58) ® Vir(3, 3) ® L(2A¢ +2A1 +49) (7.5)
@ Vir(2,3) ® L(4A; +9)
and
L(Ag+28) ® L(Ag+2A1+49)
= Vir(2, 1) ® L(4Ag +58) @ Vir(2, &) ® L(2A¢ +2A1 +68) (7.6)
@ Vir($, 2) @ LEA| +58),

where again the § shifts are in accord with our convention stated in section 4.2. Combining
this with the level 3 Virasoro prefactors from (6.34)
. 1 1 —1/15 ( )
singlet _ —6| 1 54 4,3 5.4 143 SV AN ) 6,5
v q |:3X1’1(7)X1’1(q)+X3’1(Q) <3X2’1(CI) q ) 3 (p(q3)X3’3(Q)
(7.7)

and

i - l 54, 43 5.4 1 43 q
Vtrlplet =4q 28/ |:§X3:2 (Q)XL’] (@) + X3:3 (q) 5)(2:1 (q) — ql/2 +

—1/15

w(q) 65 (1)
3 pgd) 3
(7.8)
we obtain the character
Ch FV ®§?) =Vt Ch (V(Ag+28) ® V(3A0 +38))
+ VPt Ch (V(Ag+28) ® V(Ao + A +48)).

Closed form expressions for the characters of the level 4 modules L(4Ag), L(2Ao+2A1)
and L(4A) can be deduced for example from the results in [31,32] for the string
functions in terms of coset Virasoro modules (of central charge % —1).

From the tensor products, we can read off the ground state structure at level 4. To
each summand on the r.h.s. of (7.5) and (7.6) there is a maximal ground state, thus

(7.9)
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e There are two singlets that both sit at depth 4. They have £§°*' eigenvalues 0 and
7 , respectively;

. There are two triplets that sit at depths 5 and 3 with eigenvalues % and %, respec-
tively;

e There are two fiveplets that sit at depths 4 and 8 with elgenvalues 5 and 3, respec-
tively.

We next investigate what they look like as tensor products of DDF states and investigate
whether they are virtual or not. The tensor product form is obtained by making a general
ansatz in terms of DDF states and then imposing the conditions (4.8). This we have
succeeded in doing for all ground states but the final fiveplet at depth 7 which is a deeply
nested commutator of DDF states.

The dominant state of the triplet at depth 3 is given by

4 1 3
vl = —2a)) ® |af”). (7.10)

The two singlets at depth 4 are

v o =laf") @ [14P94 5PA_y 4390 5004 5 2814 Bl Bla_ Bla_ Jjal)
+42") @al) 42814 12"y @ Bla_ 12y + 421"y @ 12C))  (7.11)
and
5, =) e [_ %1313_4 _ gmA_z'S'A_z N %[313_21313_2 -
_ g[3]A_1[31A_1[3]B_2+[3]A_1[3]A_1[3]A_1[ W i)

Moreover, the dominant state of the fiveplet at depth 4 is
4 1 3 1 3
v, = 241a8") ® af") + 241a") ® 2. (7.13)

All these states are virtual, i.e. they are in the kernel of the map Z®. For the triplet and
the fiveplet this is easy to see as their dominant states have momentum squared > 2.
The two singlets have allowed momenta but their associated DDF states still vanish due
to the Serre relations and the Jacobi identity.

Subsequently, we investigate the triplet at depth 5. Its dominant state is given by

@ _ a0
Ys3.1 = 1a")
22 55 77
_ Bly [Blg 4 Bly Blg ,_ Bly Bl
®[ 9 -5 1+ 3¢ 4 18f 4 2
T Bl Bl Bl Bl Bl
18v2 182
7 77
By ,Bl4 0] By ,Bly 03]
b Bla Bl ,B14_, - LBy ,B14_,Blp_
36x/§ 2 2 2 36 2 2 2
7
Blg_,Blp_, 03] B4 By 3]
+—_Bly_,Blp_,Blp_,_ ~Bly_ By Blp_
ISI 2 2 18 1 1 4

73 35
(3] [31 (3] [31 (3] [31 (31 (3]
36 2 2 1 1 9\/§ 2 1 1 2
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7 23
By By Bl B Blg By Bl Bly Bl
+—Bla_ Bly_Blg ,Blp_, A_oBlA_ Pla_ Bl Bls
13 1 1 2 2~ R3A 2 1 1 1 1
- —]78 Bla_ Bla_Bla_Blg Blp_, (7.14)
_ 1% Bly_ Bla_ Bla_,Bla_ Bla_ Bls_ ]la‘”)

1
+ |a§ ))
7 7
® |:6 [3]374 +4[3]A,2[3]A,2 — [3]372[3]372 + 14[3]1471[3]1471[3]372
3
_9 [3]A71[31A71[3]A7][3]A7]}|a(<) .

This is the first maximal ground state which is not virtual. Instead we find

@ (v ) = [_ Bag Oy iy % HIA_,HIA_,

2 T3 B
_ 78y g, W iy i, P g g
3272 82 256
Ty g g~ oy ey wp )
1672 64
915 14y

64
(7.15)

The sixth missing maximal fiveplet at depth 8 is currently out of reach for our compu-
tational machinery.

The action of the coset Virasoro operator on the (virtual) maximal ground states
confirms the expected eigenvalues and gives rise to the descendant DDF states. For the
triplet at depth 3 we have

[4]qcosetyj,(4)
£ "1,3,3,111 =0,

1
[4]}3805&\1,52’1” _ E\yéf;’w, (7.16)
(14 @) “
7( )( [ 12(?1set\p3,3,w> = ¢4’3’w

with the affine ground states (as a special case of (5.6))

4 4 4 4
wi,.’)’,:l:l = | U) ¢2,§’0 = \/_[4 () (7.17)

Similarly, we obtain for the singlet maximal ground states at depth 4

[4] N [4] g4
gcosety ) =0, L0 = 0,
4 . ) 7 4) 4 setJ, (4)
Wggosety ) | = sVa10 HCE 0 = 0. (T18)

1(4)( [4]£ciofet\pfi!0) _ ‘/fs(ftl),o’ I(4)< 4]£cosetqj() ) =0,
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where

189 189
& [_ R P 1 ) VYN O PR PR

51,0 40 40
189 189
- = (41,1414 141p , _ - 4141414, [41p 4 (7.19)

336 s
£ 32 141A_2[41A_1|41A_1[41A_1]|a(<) .

We observe that for the second singlet we actually have [4],8‘:_‘);6“11‘&4; » Without the

application of Z since this state is actually a null state in the Virasoro module Vir(%‘ ,0).
For the fiveplet we have

[4] ty@
£?ose qj4,5,w =0
, 2
[4]28036t\p(4) — _\y(4) (7.20)

4,5 w 5 4,5 w°

@ ( 1Ml ty 4) _
7@ (Meew® ) = 0.

Finally, we also confirm the eigenvalue of the triplet at depth 5 via

[4]E(iosetw5(f13)’w =0, a1
2 .

4 4) 4)

[ ]E(c)oset\p = 2y

53w — 3 53w

8. Isotropy and Anisotropy of Root Multiplicities

It has been observed from the available data for root multiplicities that they can be
anisotropic. By isotropy we mean the the root multiplicities depend only on the norm
r? of the root, and not on its orientation. From [1] it follows that isotropy is respected at
level-2.

In this section, we explain why the character of § is isotropic only up to level 3
and give a general criterion for determining whether a level is isotropic or not. This
criterion is based on the fact that roots at a given level belong to affine representations
whose characters in turn are expressed in terms of generalized theta functions and string
functions. The generalized theta functions relate elements that are related by (even) Weyl
transformations and therefore all roots appearing in one theta function have the same
multiplicity and norm.

The string functions correspond to adding multiples of § to the elements from the
®-function. These elements all have the same multiplicity. Let a be one of these elements
on level ¢, meaning that a = —¢r_; — d§ + nry, where d is the depth of the root. The
roots generated by the string function are of the form a+m4 and have norm (a+mé)? =
a% — 2m¢ and so get more and more imaginary as one descends the string. Since § is
invariant under the affine Weyl group, the roots that are obtained by descending m steps
from one top element have the same multiplicities as those obtained from another top
element of the same ®-function and that is why the string functions and the ®-function
factorize in the character.
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In general, the character of § at a given level is a sum of ®-functions multiplied
by their string functions.” The question of isotropy or not of a given level can thus
be determined, as a sufficient condition, if the individual ® functions appearing in the
character of that level generate disjoint sets of norms of roots. If they do, anisotropy is
ruled out. We do not know whether the converse is also true, but believe so based on
available data.

Let us go through this analysis for the lowest levels. At level 1, we can express the
character schematically as

Ch 3V = fi(q) Oa,, (8.1)

with a g-series f1(g). Hence, all root strings are connected to each other through Weyl
reflections. Since a Weyl reflection preserves the norm, the roots of § on level one are
isotropic.

On levels £ = 2 and £ = 3 we can express the character schematically as

Ch §9 = f.1(q) Ou1 + f12(q) Or2, (8.2)

with some g-series f;; and @21 = Ozp,, ©22 = Oz, and O31 = Op 0, +
Os5A0—2A0> ©3,2 = O34,. The norms of the roots in the g-series fy 1(g) are {2 — 2m -
£ | m € Zs>o}. The norms of the roots in the g-series fy 2(q) are {—2m - £ | m € Z>o}.
These two sets of norms are disjoint and thus two roots of the same norm belong to the
same Weyl orbit and hence must have the same multiplicity. Thus the roots of § on level
2 and 3 are isotropic.

On level 4 we do not have isotropy anymore. We can express the character schemat-
ically as

Ch Y = f4.1(q) Osn, + f22(q) (O2ags24, + O6ae—24,)
+ f4,3(Q) (®4A1 + ®8A0—4A1) . (83)

The roots in the corresponding g-series f4 ;(g) have norms
{(=2-4m|m e Zso}, {2—2-4m|m e Z=o} and {—2-4m|m € Z=o}. (8.4)

Thus the roots in the singlet and 5-plet g-series have the same norms. However, the g-
series themselves do not agree. We find the first mismatch for the roots (—4, —12, —12)
and (—4, —13, —11) which both have norm —64 but multiplicity 10107 respectively
10108.

For the general case we make the following conjecture. The roots on a given level
¢ are isotropic if and only if £ is prime or £ = 2p with p > 2 and p prime. Since
multiplicities are Weyl-invariant, we only need to consider level-¢ highest weights and
their associated norms. The set of highest weights at level £, up to possible shifts by m4,
is given by

{(€ —2n)Ao+2nA1} with (£ —2n)>0 and ne€Zsy. (8.9)

For each element in the set with n > 0 there is one g-series. The roots in these g-series
have norms
(=206 +2n> = 2tm | m € Z} . (8.6)

7 We here use the term string function more generally to mean the full g-series that is produced from the
affine character together with the Virasoro characters.
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For two norms —2¢2 +2n3 — 2¢my and —2€2 + 2n3 — 2¢m; from two of these sets (i.e.
with n1 # ny) to agree, we would need

ni—n3
mi =m2+T. (8.7)
Clearly this equation has no solution in Z if £ is prime or £ = 2p with p > 2 and p
prime. Hence the condition is sufficient. We checked that the condition is also necessary

by testing it up to level 100 and roots of height < 300 explicitly.

9. Outlook

In this paper we have initiated a new approach to studying the hyperbolic KMA F.
This approach relies on the methods developed in [10, 11], and we have shown that these
methods have the potential to reach beyond the low level sectors of § studied so far. At the
very least, they offer a much more concrete realization of §. In contradistinction to more
conventional approaches relying on the division by ‘Serre ideals’ here the main open
problem, besides working out products of affine representations, is in determining and
understanding the kernel of the map Z® introduced in (2.13). A further complication
as one moves up in level ¢, is that each lower level factor comes with its own coset
Virasoro representations, so that the products of such representations increase without
bound as £ — oco. We have presented partial evidence that, beyond the affine and coset
Virasoro operators, there exist operators also for the ‘spectator Virasoro representations’.
These should eventually enable us to generate the full level-£ sectors from a finite set of
maximal ground states for each level. Importantly, our approach is not so much aimed at
obtaining multiplicity formulas (a main focus in the mathematical literature), but rather
at understanding the Lie algebra structure itself. Since § is a subalgebra of the vertex
operator algebra which is realized here with DDF operators, we also have a very concrete
realization of the Lie bracket of § with (3.4) that can be used for calculation.

It remains to be see whether or not our approach can give insight into all-level proper-
ties of §§. Nevertheless, implications for fundamental physics (which we mentioned only
briefly in the introduction) are of considerable interest, especially with regard to quan-
tum cosmology and the physics of the Big Bang. Their exploration will be a fascinating
topic for further study.
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A. Proof of Theorem 1

In this appendix we provide a proof of Theorem 1. We start by noting the standard fact
that § has a basis of in terms of standard multicommutators, i.e.

&(Z) = span{f;,. i, | with £ generators f_j and n > £}, (A.1)

which implies that the inclusion [FD, 5¢D] < F© is obvious. We use the notation
of appendix D for multi-commutators and the set { f;,. ;,} whose span is taken is not a
basis.

For the reverse inclusion §© < [, ¢ D] let fiin € FO. We proceed by
induction on the first place k for which iy = —1. Therefore assume that iy = —1 and
—1 & {i1, ..., ix—1} and we will show that we can write f;, _; as alinear combination
of commutators of level 1 and level £ — 1 elements.

Base Case: k = 1. For k = 1 we simply have
Sivein = [[=1+ firoin] - (A2)

Clearly f_| € D and fir.in € F¢=D because fir...i, contains £ — 1 elements f_j.

Induction Step: k — k + 1. Consider the multi-commutator

Jirin = Jiroiio—Viarin = [fivs Fiorito= ka1 odn] - (A3)

Since f;, # f—1 we canwrite fi, . i, —1.i,,...i, DY the induction hypothesis as a linear
combination of multi-commutators of level 1 and level £ — 1. Schematically we have a

finite sum
Fireeiio—Vitstoin = D [xé“,x,ﬁ“”] , (A4)
a
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where xél) e &1 and xéeil) € 1. We then use the Jacobi identity to get

1 -1
ﬁl,i2,...,ik,—1,ik+1,...in = |:fi13 Z I:-x‘g >7 xy ):|:|

a
([t} o 2 [ ]
a a

which, since f;, # f—1 does not change the level, is clearly a linear combination of
commutators in [3(1), S(Z_l)] as claimed. m]

(A.5)

B. Character Formulas

Here, we collect all our conventions and important formulae for computing the character
of .

Let P =CA_1 ®ZAoD7ZA be the weight lattice. Moreover let P(A) be the set of
all weights in the integrable highest-weight module L(A) and P* the set of all weights
of level £. Then the formal character of L(A) is given by

Ch L(A) = ) multd)e*, (B.1)
AeP(A)

where mult(1) is the multiplicity of A € P(A). The formal characters Ch §© are
defined analogously, except that they are (in general infinite) sums of affine characters
of type (B.1). The characters (B.1) are functions of three variables in general, and we will
make particular use of the variable ¢ = e*~1 = ¢~%. All characters can be determined
from the Weyl-Kac character formula [2]

Ch L(A) = R™' )~ eWrhr, (B.2)
weW

where the sum is over the Weyl group W = Z x Z, = ¥ x Z,, with the Weyl vector
1
p = A_1+Ag+ A = —21'_1—55+§l‘1 s (B.3)

and the denominator for affine sl; is
R=[[(—em™ ) J[(1-e)[[(1—eT). (B.4)
n>0 n>0 n>0

The abelian translation subgroup of the Weyl group is ¥ = {t* | n € Z} where t = wjwy
in terms of simple reflections and t" acts on a weight A = p_{A_1+ poAo+ p1A; € P
by

t"(A) = A+ [pon® + pin(n — D]A_y +2n(po + p) Ao — 2n(po + pA1. (B.5)

In particular, the coefficient p_; of A_; = —4§ does not enter in the orbit under transla-
tions. The so-called generalized theta function of a weight A € P is defined by

2 2
®, = e_%a Zet()‘) = e_%‘s Zet”().)_ (B.6)
te¥ nez
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We note that the definition is invariant under shifts of A by multiples of §, i.e. Oy, =
®, for any s € C. The full Weyl group is given by the semi-direct product W =
{1, w1} x T, where

wi(p—1A—1+poho+p1A1) = p—1A_1+(po+2p1)Ao — p1A; (B.7)

and wit = t_lwl.

Since any Weyl transformation preserves the multiplicity of a root, we may organize
the character along orbits of the translation group using the generalized theta func-
tion (B.6). Since the orbits for weights shifted by A look similar, we additionally need
to keep track of the multiplicities of weights along a string of weights shifted by A. To
this end we define the set of maximal weights max(A) associated with a highest weight
representation L(A) to be the set of A such that A +§ ¢ P(A). Then we can write the
character of L(A) for A a highest weight of level £ as

ChL(A) = Y  Cj0y. (B.8)

Aemax(A)
A mod ¥

where Cf{ is a so-called string function. It describes the multiplicities of a string of
weights extending in the —§ direction. Note that with the definition (B.6), the string
function

1A% 5 a2

Ch =ed4 =g 4. (B.9)
We also make use of the inverse of the generating series of partitions with ¢(g) =

o0
IT(1 —g™), such that

n>1

—— =) pyg" (B.10)

with p(n) the classical number of partitions of n into positive integers (with repetitions).
As an example, we give the character of the basic representation on level £ = 1 in
this form:

1—n
= —0
v(q)

since there is only one maximal weight up to the action by ¥ and the multiplicities in
the basic module are simply given by the classical integer partitions [2].

In the main text, we have already introduced the Sugawara central charge and al-
lowed eigenvalues of unitary minimal models. They are a special case of the (p, p)
minimal model with central charge and allowed eigenvalues (with p > p’ without loss
of generality)

Ch L(Ag+n8) = ¢~"Ch L(Ag) = ¢ " C’04, Ao (B.11)

Y R el O
pr'
hp,p’ _ (pr _p/S)Z —(p— P/)z
r,s - 4 / 9
pp

(B.12)
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withl <r <p'—1landl <s < p—1aswellas p’s < pr. These are only unitary for
|p — p’| = 1 and then give the same formulas as (2.24) and (2.25), but with a different
parametrization where

_lp+p
C2p—p

> B.13
- (B.13)

Finally, we define the Virasoro character of the minimal model Vir(c? "’/, hf, P /) by [24]

/ 1 P p.p
@) = —— "+ 3D (MO g P) | = g B4
¢(q) P
with
p.p _ pp
M) = h o cipsa--nopne O =R Ckramcmpp s B

C. Cocycle Factors

In this appendix, we discuss the so-called cocycle factors and fix the related conven-
tion used throughout this paper. Cocycle factors were first introduced in [26,27,33] to
ensure the anti-symmetry of the commutator (3.4). For this work we adopt the cocycle
conventions of [2]. We begin by repeating some important notation.

Recall that any DDF state is of the form

M
ZH[Z]A H[Z]B |a(l) M,N >0 (C.1)

with total momentum
M N
r=al+ Zmi+2nj K. (C.2)
i=1 j=I
If the DDF state ¢, is an element of the Lie algebra § then the total momentum r is an
element of the root lattice Q, i.e.
r =a_ir—j+k_j6+ar; with a_1,k_1,a1 €Z. (C.3)

In [10] it is explained in detail how the commutator of any two DDF states is defined via
the state-operator correspondence. However, it is well known that this definition does not
make the commutator anti-symmetric for all DDF states. Hence [26,27,33] introduced
the cocycle factors ¢, which commute with all DDF states ¢ (r, s € Q) and satisfy

crcs = €(I, S)Crqs (C4

where € : Q x Q +— {£1}is a 2-cocycle. We then define ¢:=¢@,c, and :=ygcs such
that the commutator (3.4) becomes

d d
o ¥] = f A s ) s = 7§ & Y D) s

2mi 2mi

d
e, s)f T V(e ) Yscrs. (C5)
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where f % V(¢r; z) s is anew DDF state with total momentum r +s. This commutator
is now anti-symmetric for all DDF states [26,27,33].
For the 2-cocycle € we impose the following conditions [2]

e(r+r',s) = e(r,s)e(,s),

e(r,s+s) = e(r,s)e(r,s) (C6)
and 1
e(r,r) = (=1)2*" (C.7)
for all r, s € Q. Moreover, we normalize the cocycle factor to
€0,0) = 1. (C.8)
By replacing r with r + s in (C.7) we obtain
e(r,s)e(s,r) = (—=1)"S. (C.9)
The bi-multiplicativity (C.6) and the normalization (C.8) imply
e(mr,nr) = e(Xr,n)™ = (=)™ (n,n e ) (C.10)
These conditions are sufficient to specify
e(r_y,r—)) = —1,
€@6,8) =1, (C.11)
e(ry,ry) = —1

and

e(r_1,5) = _E(avr—l)v
e(r_i,ry) = €(ry,r-p), (C.12)
€(d,ry) = €(ry,9).

Subsequently, we choose
€(r_1,8) = —1 and e(r_i,r;) =€, r) =1 (C.13)

in agreement with the conventions given in [2]. Fixing also these last three cocycle factors
explicitly has the advantage that now the cocycle factor of any two momentar,s € Q
is completely determined which considerably simplifies the results of all computations
in the main text involving commutators and affine generators.

The affine generators WE,, and YF,, defined in (4.2) also come with a cocycle
factor because they change the total momentum of the state on which they act. Let

Wg,, = [E]Emcrl and F, = [Z]ﬁnlc_rl, so we find
W]Emﬁo = mEAmCrl @scs = €(ry, S) mEAm(psCsHl ,

o « (C.14)
[E]mep = [Z]chfnfpscs = €(—r1,9) [Z]Fm(/’scsfrl-

Finally, we remark that the cocycle factors do not commute with the affine generators
IE,, and WF,, since cpe'sQ = €(r, s)e'* Q..
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D. Translation of DDF States to Multi-commutators at Level 2

For completeness we spell out the relation between these DDF states (5.7) and multi-
commutators of the Chevalley-Serre generators more explicitly. To this end we introduce
the shorthand notation for words w = [w’ where [ is a letter in the non-commutative
alphabet {—1, 0, 1} recursively by

Jfw = frw =011, fuwl (D.1)
with f,, = fi,y = f; for words w of length one (i.e. w’ = @).

For low depths and level 2 the translation from DDF states to multi-commutators can
be done relatively easily. For the above three ground states at depth 2, we find

2 1
wZ(,g,—l = = f-1.-1.0.1.0,

2
1
2
%(,g,o =~ f=1,-1,0,1,0,1, (D.2)
1
2
Wé,;,l =2 f-1,-1,1,0,1,0,1 -

with the notation (D.1). At depth 3 the relation between the seven states and the seven lin-
early independent multi-commutators is a little more complicated. The multi-commutators
are

. (2) )
—(2.3,49: X356 = f-1,-1,1,01,0,1,0,1  X37 = f-1,1,0,-1,1,0,1,0,1

. (2) (2)
—(2,3,3) X33 = f-1,-1,01,01,01 X34 = f-1,0,-1,1,0,1,0,1

(D.3)
2
Xa(s) = f-1,1,0,-1,0,1,0,1
2 2
—@23.2: 61 = S0 X33 = f-10-1.01.01-
Then we find that
() )
w3§3—1 1 -1 0 0 0 0 0 x3(,21)
%(,2:;,0 o o Lt o -1 o o X%’zz)
V331 0 0 O 0 O % _% X33
S l=lo o o0 1 -1 0 o0 o DA
¢(%,)1,0 11 0 0 0 0 0 X»’&‘% (D4
$33 _ 4 2 | ; X3 o
@) 0 0 -3 0 5 0 0 )
?330 11 ]| X3
0 0 0 0 0
¢(2) 8 1 )
3,3,1 5

It is not hard to see that this transformation is invertible. Similar relations exist for higher
depths.
E. Root Systems

We provide figures of the root system of § at levels £ = 1, 2, 3, 4. For an interactive 2D
and 3D version of these root systems see [9].
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o]l o011
o2 @15
o3 o322
o5 30
o7 042
o1l @56

el e15 e77

Fig. 6. The partial level-1 root system associated to § (' The numbers specify the number of DDF states at
each point and coincide with the multiplicities of the associated roots. They are in one-to-one correspondence
with (3.35) and (3.31). The uppermost root is (—1, 0, 0) the triplet below is (—1, —1, —=2), (=1, —1, —1) and
(—1, —1,0) from the left to right. The corresponding DDF states are |ag) and |a_1), A_1lag), |as1). As
explained in the main text the first number indicates the level, the second number indicates the depth and the
third number is the sum of the depth and the weight. Thus, the states in the center column are (—1, —9, —0).
A state n points left of the center column is (—1, —0, —0 — n). This correspondence holds at all levels
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Fig. 7. The partial level-2 root system associated to 5@ The numbers specify the number of states at each
point, and are equal to the multiplicities of the associated roots. The red diamonds denote the virtual triplet (5.2)
at depth one that is not part of {75'(2> but only 5(1) A {75'(1). The top left root is (—2, —1, —2). Not drawn in
this picture (nor included in the multiplicities) is the affine tower erected over the red diamonds as none of its
states belong to § @
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Fig. 8. The partial level-3 root system associated to 3. The numbers specify the number of states at
each point, and are equal to the multiplicities of the associated roots. The red diamonds denote the virtual
singlet (6.11) at depth three and virtual triplet (6.10) at depth two that are not part of F3. At depth 3 the
virtual singlet sits among the regular states. Again we have not depicted the affine towers built on the virtual
red diamond states
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Fig. 9. The partial level-4 root system associated to the level-4 part F“ indicated in black, again with root
multiplicities indicated. The highest root on this level is (—4, —4, —3) and is the top right black dot. The red
diamonds indicate the virtual maximal ground states described in (7.5) and (7.6) and on which affine and coset
Virasoro modules can be built that contain all level-4 elements of the hyperbolic algebra. Similarly the green
diamonds denote the maximal ground states which also belong to § 4. For the fiveplet at depth 8 we do not
yet have an expression in terms of DDF states. Hence we cannot yet tell whether it is virtual or not
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