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For an accelerator with core.stant phase velocity acceleration 
sections, it is not possible to definlS a synchronous particle. One can 
however define a reference particle such that the motion of all partides 
might be related to this ref<srec.ce particle 0), 

1 - Motion in one acceleration seciioE 

The equations of the motion in one acceleration section are: 

d.p 
~, ---, 

ds e e sin 4' 

'eNher,,, S is thE direction of motion,.E the energy" ( the electric 
field, q; the phase with respi?ct to the accelerG!.ting field, A the walle" 
18Egth, /3 the relative ar.d f3 the phase velocity of the yo 

accdera.ting field in the sectioe. 

By wr:iting E - Er ... II 
1Alritterl 

the h:?-miHm,jan of the motion may be 

H 
e ! cos cp 

Eo is the rest energy of the partidIP. 

":" This work was st;irted 2.t the CERN .. 
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.A new variable energy may be defined by: 

e 
with Ao 3 J 1/2 

lr 

W ::: 

The trajectories in the (W, cp ) space win be the curves having for 
equation 

+ 
o ') ..n 

SH1~ .~- ct 
2 

The length of an acceleration section is 

L _ ± 1 

sin 
with n 

o 
::: ],:2 ._ (JV

2 
) 2 + ,c;. n_ Sln~ 

.sf!. 
d? ,sino<.. = ___ 2_ 
2 k 

This equation may be solved by introducing the F( at, k) elliptic integral of first 
kind. If f/J =no L, one gets 

0- + [F (c!e.' k) .. F (°0 , k) ] 

2 - The reference particle 

The reference particle has for velocity the phase velocity in the 
middle of the se ction. A t the be ginning of the se CtlOD, the initial conditions 
for this reference particle are ( <:(J r' - W r) J the final conditions wEI be 
( CPr) + Wr ). W will then increase by 2 W r' From W, cP di2..gram, 
two points may have this property, one of them w HI be sta.ble, the other one 
unstable. 
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The phase of the reference particle is variable an the way through 
the section; in the middle of the section, the phase win have its maximum 
value f> m , 

with sin 4>m [ sin4 CPr ( Wr )2 ] 1/2 
--- ;:; + 

2 2 2 

One can compute the length of the acceleration section corrE;spondir~g 
to the motion of the reference particle. 

(/) .:: 2 

Figure No. 1 gives the curve (/)::: et in the ( W, 41 ) space. If the 18ngtb 
of the section is small, the phase does not vary much, and the motion 
be the same as in an accelerator vlith a synchronous particle, CPr hL' 

3·" Effici~ 

For the reference particle, the energy incre2.sed in a section '\Nil: 
be 

2 l1E 
e 

If L is the length of the section, and e' the e::'ectric field, the 
efficiency of the se chon may be wr itten as 

2 l1E 

U sing reduced va.riable s 
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Figure No. 2 gives the Cl.lrVeS 7J c.-, ct ~n the (W, ~ ) space. 
For each value of f/J, a maximum value of efficiency may be found 
such that 

r; m2.X 
-

for smaller values of C/J , 'Il'J max := 1, for C/J - 2, 1fJ max .. O. 99 
but TJ max decreases rapidly for C/J » 2 . 

4 .~ Mo::ion of a partic~_e around the refereIice£arti£l~ 

Let us now consider a particle with ircitial conditions ( 0/ 1,W 1)' 
Sirc'C_:-=: this particle will travel the same length irc the linac, one may compute 
the conditions at the end of the sectior. 

F (oe 2, k) - 2 F (~ , k) - F ( OZ 1 J k) - C/J 

2 

<P. 
I 

with sin cti sin 2 
k 2 

+ 2 

This expressior_ gives 4P2 cd W;, -:r'at is the position of the p8.rticJ(-~ 
at fhe end of~he section. \Vhf,n e'··rtGri.ng Le:d 2.ccei.eration Sf: 

the particle has the same phaSA, b.lt the pb;-:se -velocity of the EE'W' 

is different, so that 

(<<PI) j + 1 -. (GP2) j and (Wl) j + 1 

The j indices are for thf:: conditions 
consideration has bf.~f';r: gbl(,':!n to the evolutIon. 

In 8:.1 of this, DO 

If one computes the position of one par .• f:; at the end of each se 
by 11.sing the relati.on :in Section 4, om~ can find that the conSBCU 
POS} of the particle are p,:oti:rl':d on a curv-<e the (W, cp ) spacfo. 
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For a small 0, one finds the curve of limit stability iha t is well 
known for an accelerator with synchronous par ticle. For greater 0, but 
o still smaller than two, the curves have the same shape, the limit 
stability curves still go through the llnstable point . Figure No. 1 shows 
the stability area for two values of 0. 

For 0 .grea.ter than two, .that is for a number of synchrotron 
oscillations per section II = 0/2 1r of the order of O. 3 the m otion 
is more complicated. For small amplitudes, the consecutive p ositions 
of the particle do not shape an ellipse centere d on the stable point anymore. 
For large r amplitudes, the particle m ay be come unsta.ble after a few runs 
around the stable point. This ca se has not been thoroughly studied, since 
it is out of the limits of application. 

The curves in Figure No. 3 give the sur face of the limit sta.bility 
curves verSUS 0 for different value s of cP r ' For 0 smaller than two, 
it can be seen that the surface is the same as in a ccele r a t or with a 
synchronous particl.e the phase of which being such that 'YJ = sin cp. s' 
For 0 greater than two, the surfaces a r e s maller tha n it could be found 
from this approximation. 

6 - Application 

We shall now study a 200 MeV beam in a pr oton linac. For parameters 
defined in reference (2) that is e: ~ 21\106 V im, )\. ~ 0 . 75 m and a n 
acceleration s e ction length of 6 m , one finds I/J ~ 1. 4. Oile s t ill has to 
make choice of a r eference phase such tha t all t.ne particl es might be 
contained inside the s tability a r ea. The 200 Me V beam has, in the 
( ~E, cP ) pha s e space,an area of 75. 6)g103 V . rrl. In order t o get a 
simpler image , one m i.ght a dmit that the a.dapted beam is a circle in 
the (W, CP) space, in tha t case 

!J,c(J ~ 0.1 rd. 

The Elgure No. 1 give s the cross sectio!) of the beam. For c{) r = 600 , 

the stability limit area is still 10 Hmes grell,t" r than the beam a r ea. This 
might be n e ce s sary to take care of pb .. ase and a mplitude errors of e l e ctric 
field. '1'he value of 0 de creases for increasing energie s , it i s then possible 
.eithe r to ke ep constant the l ength of the section a,nd t o increase the 
effiCiency or to increase the section len gth by incr easing the number of 
identical sections; for example. The following table gives the length L and 
its corre sponding value of 0, as a function of energy. 
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Energy 
BeV 

0.2 
0.4 
0.4 
1.0 
1.0 
2.0 
2.0 
3.0 

L 
m 

6 1. 42 
6 0.80 

12 1. 60 
12 0.66 
24 1. 32 
24 0.63 
48 1. 25 
48 0078 

The se lengths still fit the quadrupole doublet radial focusing requl,r(c'~ 
ments. One might think of starting with a 50 Me V beam and 3 m long 
sections, e being 2 106 V 1m and e C'C 1. 5 m, 0 would then still be 
= 1. 5. 

7 - Conclusion 

It is possible to use constant phase velocity accelE:ration sectIons in 
a linac if the number of synchrotron oscillations per section is smaller than 
O. 3. With this condition, it is possible to obtain a large enough area of 
stability and an efficiency of about O. 9 for a proton linac of energy between 
200 MeV and 3 BeV. 
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