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Abstract
Title of the thesis: A W ?-algebraic formalism for parametric models in Classical
and Quantum Information Geometry
Author: Fabio Di Nocera

The aim of this work is to lay down a formalism for parametric models that encapsu-
lates both Classical and Quantum Information Geometry.

This will be done introducing parametric models on spaces of normal positive
linear functionals on W ?-algebras and providing a way of defining a Riemannian
structure on this models that comes from the Jordan product of the W ?-algebra.
This Riemannian structure will have some features that are appealing from the
viewpoint of Information Geometry.

After introducing this W ?-algebraic framework, we will move to Estimation
Theory. We will see how and to what extent it is possible to formulate in this
framework two well-known statistical bounds: the Cramér-Rao bound and the
Helstrom bound.

Finally, we will explicitly construct some examples that show how it is possible
to reduce this general framework to obtain well-known structures in Classical and
Quantum Information Geometry.
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Chapter 1

Introduction

In this work, we will introduce a formalism for parametric models on W ?-algebras
with the aim to give a unified framework for Classical and Quantum Information
Geometry.

Roughly speaking, Information Geometry may be understood as the application of
(differential) geometric methods to the investigation of Information Theory, Statistics,
Machine Learning, and related branches. As such, it is an interdisciplinary field of
research in which different mathematical tools may find new life both in terms of
applications and of theoretical development.

A crucial cornerstone of Classical Information Theory is the work of Claude E.
Shannon [163], where he developed, based on the previous work of Harry Nyquist
[142] and Ralph Hartley [101], a mathematical theory to describe transmission of
information over a possibly noisy channel.

Quantum Information Theory, in a nutshell, is the branch of Information Theory
that investigates what happens if one chooses not to encode information in a classical
physical system, but rather in a quantum system. This gives rise to the opportunity
of exploiting all the typical phenomena of Quantum Mechanics, such as quantum
interference, entanglement and quantum teleportation for typical tasks of Information
Theory, like signal processing, information encoding and error correction [139]. The
field was initiated, among others, by Gordon in [93] and Helstrom in [105]. It was
then Holevo who systematically tackled the problem of transmission, already tackled
by Shannon in the classical case, for a quantum channel [107, 108].

The foundation of Classical Information Geometry can be traced back to the
work of Rao [156], who first recognized, building on previous works by Fisher [78]
and Mahalanobis [130], the possibility of endowing spaces of probability vectors with
a Riemannian structure. In [34], Čencov proved that this Riemannian structure is
actually the only one, up to rescaling of the metric tensor, that is invariant under
sufficient statistics. It was then with the work of Amari [5, 6, 7, 8] that it became
common to refer to this field as Information Geometry. Among the contributions of
Amari there is the study of a dually flat structure arising in Classical Information
Geometry and that is given in terms of a structure now known as Amari-Čencov
structure.
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Regarding Quantum Information Geometry, the first attempts to categorize the
metric structures that can be used is made by Čencov and Morozova in [133]. This
problem was then fully solved, in the finite-dimensional case, by Petz in [149] and
Petz and Sudar in [151].

The idea of building a framework that encapsulates Classical and Quantum
Information Geometry comes mainly from one reason: if both theories are written in
the same language it becomes easier to compare classical and quantum structures.
In particular, we will see that choosing to work with the classical case amounts to
choose to work with an Abelian W ?-algebra, thus giving strength to the idea that the
typical phenomena of the quantum case arise somehow from the non-commutativity
of the underlying W ?-algebra structure. Then one can try to investigate what is the
role of the non-commutativity of the product in the structures that one introduces
and this would hopefully give an insight on the differences and analogies between
the classical and quantum case.

Now we will describe some aspects of both Classical and Quantum Information
Geometry and formulate some questions, with the idea that an approach that claims
to encapsulate both theories should be able to answer these questions. Of course, this
work has to be intended as the first steps in the construction of such a framework.

In order to make any kind of geometrical analysis, we need in the first place a
topological space that serves as background space for any additional structure we
are going to introduce on it.

Let us first introduce such a background space for what we will refer in the
following as the classical, finite-dimensional case. This means that we are consid-
ering probability distributions over a space of events X of finite cardinality n, i.e.
probability vectors with n components. These objects can be put in a one-to-one
correspondence with the point of the (n − 1)-dimensional simplex, as it can be
easily seen by choosing the so-called barycentric coordinates on such space [61].
Hence we can conclude that the appropriate background space for this case is the
(n− 1)-simplex, see Figure 1.1.

If the space of events X is not a finite set, we are in what we refer to the classical,
infinite-dimensional case. Here, we have that the object of our analysis are sets of
probability distributions over X. This case has been formulated in a general and
elegant way in [12, 13], where the analysis of parametric models is carried out without
referring to any reference measure. In this same work, an alternative approach due
to Giovanni Pistone and Carlo Sempi [152, 153], is also discussed. We will say more
about this last approach in the following.

As mentioned before, in Quantum Information Theory, one wants to encode
information in a quantum system S, the description of a quantum system is usually
given in terms of a Hilbert space H, and observables are described as elements of
the space B(H)sa of self-adjoint operators acting on H. Then the idea behind the
description (or, better said, one of the possible descriptions) of quantum states is
to see them as some map that associate to the observable A the expected value
of A with respect to the state of the system. One then usually assumes that these
maps are linear, i.e. they have to be elements of the dual of B(H). Then, for reasons
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(a) 1-simplex. (b) 2-simplex.

(c) 3-simplex.

Figure 1.1: Pictorial representations of the 1,2 and 3-simplex.

that are related to the so-called Copenhagen interpretation of Quantum Mechanics
and in particular to Born’s rule for obtaining the probabilities of the outcomes of
measurements [25], these maps have to satisfy two requirements that are analogous
to the fact that probability distributions are non-negative and sum to 1.

Let us start from considering a finite-dimensional Hilbert space H and let us
denote the complex dimension of H with n, thus introducing the quantum, finite-
dimensional case. Because of the finite-dimensional setting, operators and functionals
on the space of operators can be identified and quantum states are described as semi-
positive definite operators of trace 1, so the appropriate background space for this
case is the intersection of the cone P(H) of semi-positive definite operators with the
hyperplane Π1 given by the constraint on the trace. The space S (H) = P(H) ∩ Π1
is called the space of quantum states of the quantum system S [19].

The case n = 2 is usually referred to as the qubit and has been extensively
studied for its applications to Quantum Information Theory and Quantum Computing
[139, 150, 172]. The reason for this is that, in analogy with classical bits, qubits are
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two level quantum systems and can be efficiently used to encode information. In this
case the space of quantum states can be represented as a sphere, usually referred to
as the Bloch sphere.

Going from the quantum, finite-dimensional case to the quantum, infinite-
dimensional case means allowing the Hilbert space to be infinite-dimensional, or
more generally considering any infinite-dimensional non-commutative C?-algebra or
W ?-algebra.

We are now ready to formulate our first question.

Question 1. Does the proposed approach allow to reconstruct the appropriate back-
ground spaces of Classical and Quantum Information Geometry in both the finite and
infinite-dimensional case?

No theory of information can disregard the idea of mapping information from one
system to another, and for this reason, some particular kinds of maps are considered
in each of the cases. The idea behind all of this maps is that they have to preserve the
nature of the object they act on, i.e. sending probability distributions in probability
distributions and sending quantum states in quantum states.

In the classical, finite-dimensional case, one can easily see that a matrix whose
entries are non-negative and whose rows and columns sum to 1 sends probability
vectors in probability vectors, a matrix with these properties is called a Markov
matrix (or stochastic matrix). These are used extensively in the study of Markov
processes, i.e. processes that don’t exhibit memory, meaning that the way the system
changes from one step to another only depends on the state of the system at that
given step [86].

The extension of this concept in the case that the space of events is continuous is
called a Markov kernel (or stochastic kernel) [121].

Definition 1 (Markov kernel). Let X and Y be sets, ΣX and ΣY be σ-algebras
respectively on X and Y , so that (X,ΣX) and (Y,ΣY ) are measurable spaces. Then
a map k from ΣY ×X to [0, 1] such that

• For any fixed B ∈ ΣY and for all x ∈ X the map x 7→ k(B, x) is measurable
on (X,ΣX),

• For any fixed x ∈ X and for all B ∈ ΣY the map B 7→ k(B, x) defines a
probability measure on (Y,ΣY ),

is called a Markov kernel with source (X,ΣX) and target (Y,ΣY ).

This is the relevant class of maps in the classical, infinite-dimensional case, and
it can be easily seen that if X and Y are space of events of finite cardinality and the
measures used are the counting measures on X and Y this definition reduces to the
one of stochastic matrix.

When we want to refer to classical maps without specifying whether the underlying
setting is that of a finite-dimensional sample space, an infinite-dimensional discrete
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sample space, or a continuum sample space, we will just use the name Markov
maps. An elegant wat of introducing these maps, making use of a category-theoretical
framework, can be found in [81, 82, 83].

In the context of Quantum Information Theory, the appropriate class of maps are
completely positive, trace-preserving (CPTP) maps, sometimes also called
quantum channels. The trace-preserving requirement is an analogue of the preser-
vation of normalization of probabilities in the classical case. A positive map in
this context is a map that sends positive operators in positive operators, complete
positivity is a stronger requirement. It is used for ensuring the positivity of the
map even when the quantum system is coupled with an ancilla. Let us denote this
map with Φ, not only the map Φ has to be positive, but also every map of the kind
IA ⊗ Φ, where IA is the identity of the ancillary system has to be positive, whatever
the dimension of the ancillary system [139, 183]. Also these class of maps can be
introduced with the aid of category theory, this has been done in [144].

Question 2. In the proposed approach, can a class of maps that encapsulates both
Markov maps and quantum channels be defined?

Central objects in both Classical and Quantum Information Geometry are the
metric tensors that can be defined on the background spaces referred to in Question
1.

Let us start as usual from probability vectors. In his seminal work [78], Ronald
Fisher introduced the Fisher information matrix as the variance of the score of a
random variable. Then Rao, in [156], came to realize that this matrix actually defines
a Riemannian structure on spaces of probability vectors. This goes under the name
of Fisher-Rao metric and its expression on the interior of the (n− 1)-simplex is
given by

GFR
p =

n∑
j=1

pjd log pj ⊗ d log pj =
n∑
j=1

1
pj
dpj ⊗ dpj, (1.1)

so that its action on two vectors A and B tangent to the open interior of the
(n− 1)-simplex is given by

GFR
p (A,B) =

n∑
j=1

1
pj
AjBj. (1.2)

This same metric can be extended to the classical, infinite-dimensional case, let
(X,Σ, µ) be a measure space, S(X) be the space of signed measures on (X,Σ), and
ν ∈ S(X). Let also σ1 and σ2 be two measures that are absolutely continuous with
respect to ν, one can then define

GFR
ν (σ1, σ2) =

∫
X

dσ1

dν

dσ2

dν
dν, (1.3)

where we denoted with dσ1/dν the Radon-Nikodym derivative of σ1 with respect to
ν. Of course then we have to be able to perform the integral and this puts more
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constraints on the measures one can use, see [13, Chapter 3] for a detailed discussion
on how can this metric be defined in a more precise and organic way with the use of
parametric measure models.

As already mentioned, in the classical case we have a crucial theorem, proved by
Čencov in [34], that singles out Fisher-Rao metric as the only Riemannian metric
on a statistical manifold that is invariant under sufficient statistics, which are a
particular class of stochastic maps in the classical, finite-dimensional case. This
is the reason why the Fisher-Rao metric is the only one that is used in Classical
Information Geometry. Moreover, classical information satisfies a property called
Data processing inequality, whose meaning, in a nutshell, is that one can not
gain information via stochastic maps [16, 29, 59].

In the quantum case, there is no analogous of Čencov’s theorem. A plethora of
metric tensors can be defined on the space of quantum states, and many of them are
used by the community of Quantum Information Theory. Without claiming to be
exhaustive, let us just mention the Wigner-Yanase metric tensor [91, 92, 102],
the Bogolubov-Kubo-Mori metric tensor [138, 148] and the quantum Tsallis
metric tensors [132]. Nonetheless, a principle analogous to the data processing
inequality can be stated [128].

In fact Dénes Petz, following what done by Morozowa and Čencov in [133],
characterized all metric tensors on the space of quantum states obeying monotonicity
under completely positive, trace-preserving maps [149, 151]. For this reason, we
will sometimes refer to the metrics used in Quantum Information Geometry as
monotone metrics. In particular, he showed that for every operator monotone
function [20] f , one can define a superoperator depending on the state ρ as

Kf
ρ = f(LρRρ−1)Rρ, (1.4)

where Lρ and Rρ are respectively the left and right multiplications by means of ρ,
namely

Lρ(B) = ρB, Rρ(B) = Bρ. (1.5)

Then the action of any monotone metric on two vectors A,B ∈ TρS (H) can be
written as

Gf |ρ(A,B) = Tr
(
A
(
Kf
ρ

)−1
(B)

)
(1.6)

for some operator monotone function f . Moreover, monotone metrics are in a
one-to-one correspondence with operator monotone functions such that

f(x) = xf(x−1),
f(1) = 1.

(1.7)

Question 3. Does the proposed approach allow to reconstruct the metric tensors
that are used in Classical and Quantum Information Geometry in both the finite and
infinite-dimensional case?

6



We introduced a relevant class of maps and the relevant metrics for both Classical
and Quantum Information Geometry. Also, we saw that they are related, meaning
that the relevant metrics are selected in both theories precisely because of some
property that they satisfy with respect to the relevant class of maps in the respective
theory. Meaning that the data processing inequality transfers into a monotonicity
property of the Riemannian structures of Information Geometry.

Question 4. Is there an equivalent of the data processing inequality in this frame-
work? More specifically, do the metric tensors obtained in this framework (see
Question 3) satisfy some monotonicity property with respect to the maps considered
in Questions 2?

The study of the geometric structures underlying space of probabilities has
brought to formulate a result that is crucial in Estimation Theory and goes under
the name of Cramér-Rao bound.

The Cramér-Rao bound is a lower bound in the attainable precision of an unbiased
estimator in terms of the Fisher-Rao metric. Even if it is named after Harald Cramér
and Calyampudi Radhakrishna Rao [62, 156], it has been noted in [164] that the
idea was already present in the work [3] by Alexander Aitken and Harold Silverstone.
Other authors that have stated the inequality independently are Maurice Fréchet
[79] and Georges Darmois [64].

It is possible to formulate a bound on accuracy of estimators that can be seen
as the quantum counterpart of the Cramér-Rao bound and that goes under the
name of Helstrom bound [15, 103, 104, 105, 109, 110, 143]. On a quantum system
one can perform different measurements to obtain different classical shadows of the
considered quantum system, and while the Cramér-Rao bound is a lower bound for
the accuracy of any unbiased estimator of these single measurements, the Helstrom
bound is universal in the sense that it is related to the quantum system and does
not depend on the particular measurement one chooses to perform on such system.

Question 5. Can some result related to Estimation Theory, such as the Cramér-Rao
bound and the Helstrom bound, be obtained in this framework?

Another essential element of our framework, apart from the use of W ?-algebras,
is the use of parametric models.

First, let us stress that what are usually referred to as non-parametric approaches
still put some constraints on the probability distributions or quantum states consid-
ered. In the finite-dimensional classical case it is typical to restrict to the interior
of the simplex, so that the Fisher-Rao metric, see Equation (1.1), is always well
defined, something analogous happens in the quantum finite-dimensional case, where
one restricts to faithful states. Another example of this instance is the approach for
infinite-dimensional Classical Information Geometry introduced in [153], where they
use measures that are compatible with a fixed measure µ0, which means that they
have the same null sets. In Section 5.3 a more detailed discussion of this aspect will
be given, and this will bring us to define as singular models those models that do
not satisfy this kind of regularity.
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Our notion of parametric model is based on the possibility of describing the class
of probability distributions or quantum states as parametrized by a possibly infinite
dimensional Banach manifold. The idea is then that some of the non-parametric
approaches could still be recovered, if the Banach manifold considered encodes the
constraints we mentioned before.
Question 6. Can we produce meaningful examples of parametric models? Does
this approach allow to describe models that can not be described in non-parametric
approaches? Are we able to reconstruct non-parametric approaches as some particular
models?

Now we give the structure of this work, indicating how the various parts of the
work give an answer to the questions we formulated.

• In Chapter 2, the mathematical background for our discussion is settled. In
particular, we will see that simplices, space of probability distributions, and
spaces of positive and normalized functionals on the space of bounded operators
can all be seen as space of states of a W ?-algebra. This represents a positive
answer to Question 1. Also, we will introduce maps that have the property
of being the dual of a completely positive, unital map between W ?-algebras,
and we will see that this class of maps encapsulates both the Markov maps of
Classical Information Theory and the CPTP maps of Quantum Information
Theory, answering in a positive way also to Question 2. In Section 2.3, we will
tackle, in the finite-dimensional case, Question 3. We will see how it is possible,
following what done in [53], to follow some sort of symmetric analogous of the
Kirillov-Kostant-Souriau construction [119, 120, 123, 165] to obtain a metric
tensor defined on some orbits of some group actions on the space of states of a
finite-dimensional C?-algebra. This will allow us to reconstruct the Fisher-Rao
metric tensor on the interior of the simplex, the Fubini-Study metric on the
space of pure states of a quantum system and the Bures-Helstrom metric on
the space of faithful states of a quantum system.

• In Chapter 3, the central idea of this work is introduced, i.e. parametric
models of normal positive linear functionals on a W ?-algebra, and we
will see how, and to what extent, we can reproduce what presented in Section
2.3 for the infinite-dimensional case, this is done in Section 3.2. Of course,
whether this answers positively to Question 3, depends on whether these metrics
are the appropriate ones, more on this will be said in Chapter 5. In Section 3.3
the behaviour of parametric models and of the Riemannian structures defined
on them as in Section 3.2 is investigated. In particular, we prove a monotonicity
result for these Riemannian structures under the maps that have the property
of being the dual of a ultra-weakly continuous, completely positive, unital map
between W ?-algebras, recall that these were pointed as the appropriate answer
to Question 2. This result gives a positive answer to Question 4.

• In Chapter 4, with the intent to give an answer to Question 5, some concepts
of Estimation Theory are introduced in our framework. This will allow us
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to formulate what will be called a Pre-Cramér-Rao bound and a Pre-
Helstrom bound, which represent preliminary results hinting to a positive
answer to question 5.

• In Chapter 5 an answer to Question 6 is given, and different examples of
models are presented. We will explicitly see how our approach enables to
reproduce the approach described in [13], hence showing that this framework
succeeds in restricting to Classical Information Geometry, both in the finite
and infinite dimensional case, when the W ?-algebra considered is Abelian. We
will then move to describe some quantum models and will be able to obtain
some well-known monotone metrics for both the finite dimensional and the
infinite-dimensional case.
In Section 5.3, the concept of singular model is introduced and some examples
of singular models are presented.

• Finally, we will draw the conclusions of this work, to see to what extend, and
how, the body of this work answers the questions presented in this Introduction,
and outline the possible outlooks for future investigation.

Acknowledgements
First of all, I would like to thank my supervisor, Prof. Jürgen Jost, for the stimulating
scientific discussions, the immense support and the precious advices, both academic
and human. None of this would have been possible without you, and I am glad and
honoured that I had the opportunity of working with you.

Another big thank you goes to Florio Ciaglia, bigger academic brother, scientific
sparring partner, precious collaborator, and just a genuinely great human being.

Also I would like to thank my fellow colleagues at MPI MiS, my coauthors, all
the scientists I had the chance to discuss with in these years, and the administrative
staff of MPI MiS.

Apart from the academic aspects, these years have also been an extraordinary
human experience. While going through this huge rollercoaster, I always had
somebody to share it with, somebody to help and support me, somebody to listen
to me. This is just unvaluable, and my gratitude goes to all of you: my family, the
old friends, the new ones, the ones that stayed and the ones that left. Caminante
no hay camino, sino estelas en la mar, our estelas crossed at some point, and that
makes me feel blessed.

9



10



Chapter 2

Mathematical preliminaries

The purpose of this chapter is to review some well-known mathematical structures
and results, together with some less-known ones, that are needed for the development
of the unified formalism for classical and quantum information geometry alluded to
in the introduction. The mathematical background that we will assume to be known
to the reader are basic concepts of functional analysis, theory of linear operators on
Hilbert space, differential geometry and group theory. This chapter is also enriched
with some examples that will hopefully help the reader in familiarizing with the
concept introduced.

Let us now describe the content of each Section.

• Our take on Information Geometry is based on the use of parametric models
of normal positive linear functionals on W ?-algebras. For this reason, we
will devote Section 2.1 to introduce basic definitions and results about C?-
algebras and W ?-algebras. First, C?-algebras will be introduced, particular
focus will be given to properties of positive functionals, then we will move
to maps between C?-algebras, in particular, a concept of maps from a C?-
algebra to another that encapsulates both the concept of stochastic maps (or
Markov maps) of Classical Information Theory and of quantum channels
(or quantum operations) of Quantum Information Theory will be defined.
After all of this, we will also discuss how C?-algebras can be represented on
the space of bounded operators of an Hilbert space, following what is called
the GNS construction (see [38] and [65, Theorem I.9.6]).
After this, W ?-algebras will be introduced, particular attention will be given
to the properties of normal functionals, thus giving us the tools necessary
to introduce parametric models of normal linear functionals on W ?-algebras
in Chapter 3. Questions about the representability of W ?-algebras on the
space of bounded operators of some Hilbert space will also be tackled here.
General references for this section are standard textbooks on the subject, such
as [9, 23, 26, 65, 74, 116, 117, 159, 170].

• In Quantum Information Geometry and in Geometric Quantum Mechanics, it
is a useful approach to look at the geometric structure of the space of quantum
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C?-algebras and W ?-algebras

states by studying the orbits of some group actions [37, 40, 96]. In particular,
the groups GL(H) of invertible linear operators on a Hilbert space H and
U(H) of unitary linear operators on H can act on the space of quantum states
associated to H, and the orbits of such actions have relevant properties with
respect to the rank and the spectrum of the states involved. With this idea
in mind, in Section 2.2 we will introduce the concept of Banach-Lie group,
which looks to us as the natural generalization of the concept of Lie group to
use in this context. In fact, roughly speaking, Banach-Lie groups are Lie groups
that can be modelled over a (possibly infinite-dimensional) Banach space.

After having introduced basic concepts and notion about Banach-Lie groups,
the Banach-Lie groups that are the natural generalization in this context of
GL(H) and U(H) will be introduced. We will then proceed to define actions
of these groups on C?-algebras that are the generalization of the ones used in
Quantum Information Geometry. As we will see, some of the properties of the
actions of GL(H) and U(H) usually used in the finite-dimensional context are
transported to the infinite-dimensional case.

General references for this section are the recent work [50] and textbooks on
the subject, such as [17, 39, 178].

• Finally, in section 2.3, a Riemannian structure on finite-dimensional C?-algebras
that stems from the Jordan product that can be canonically defined on C?-
algebras will be introduced. The content of this section can be, to some
extent, regarded as the finite-dimensional version of what is done in the central
part of this work. In fact also the Riemannian structure that we introduce
in Chapter 3 will be linked to the anti-commutator product on our possibly
infinite-dimensional W ?-algebras. Having introduced the main character of
this discussion, i.e. the Riemannian structure coming from the Jordan product,
the rest of the section will be devoted to see how this can be used to reproduce
some examples in both Classical and Quantum Information Geometry.

The main reference for this section is the recent work [53].

2.1 C?-algebras and W ?-algebras
The study of algebras of operators was motivated by understanding formal aspects
of the theory of Quantum Mechanics. In [179] and in the celebrated series of works
[135, 136, 137, 180], Murray and Von Neumann began to study what they called rings
of operators, i.e. †-closed subalgebras of B(H) that are closed with respect to the weak
operator topology. Now these structure are called Von Neumann algebras. More or
less in the same period, in [112] and [113], Jordan, Von Neumann and Wigner started
considering as relevant structure for the formal description of Quantum Mechanics
what are now called Jordan algebras. A Jordan algebra is a nonassociative algebra

12
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with a multiplication {·, ·} that is commutative and satisfies the Jordan identity, i.e.

{{a, b}, {a, a}} = {a, {b, {a, a}}}, (2.1)

for all a and b in the algebra.
Then in [89], Gelfand and Naimark began to study a different kind of algebras

of operators, i.e. norm-closed and †-closed subspaces of the space B(H) of bounded
operator over an Hilbert space H. These structures are now called C?-algebras since
the weak operator topology is weaker then the topology induced by the norm, it is
clear that every Von Neumann algebra is also a C?-algebra. A strong push in the
interest towards C?-algebras and their use for Quantum Mechanics was the work of
Segal in [161], where he laid a precise axiomatic formulation of Quantum Mechanics
in terms of C?-algebras.

In [179], the double commutant theorem is proved, this theorem on one hand gives
a characterization of Von Neumann algebras, on the other hand is also a powerful
tool for understanding whether an operator O belongs to a given Von Neumann
algebra A ⊆ B(H). Let us quickly recall the content of the theorem here.

Let X be a subset of B(H), the null set of X is the subspace of vectors φ ∈ H
such that X(φ) = 0 for all X ∈ X . The commutant of X is the set

X ′ = {T ∈ B(H) : TX = XT ∀X ∈ X}, (2.2)

the commutant (X ′)′ of X ′ is called bicommutant of X and is denoted by X ′′. Also,
X is said to be self-adjoint when it is closed under the action of the adjoint.
Theorem 1 (Double Commutant Theorem). Let A be a self-adjoint subalgebra of
operators which has trivial null space. Then A is dense in its bicommutant A′′ in the
strong and in the weak operator topologies.
Proof. See [9, Th. 1.2.1]

In [89], the authors also give an algebraic characterization of C?-algebras that
does not refer to any underlying Hilbert space. The same can be done also for
Von Neumann algebras. In fact, one can define a W ?-algebra as a C?-algebra that
admits a predual, i.e. a space whose dual is our algebra, and then show that every
W ?-algebra can be represented as a †-closed, weakly closed subalgebra of B(H), i.e.
a Von Neumann algebra. This was proved by Shoichiro Sakai in [157].

Our approach will be to give as definitions what historically came as algebraic
characterizations of functional-analytic objects, but it is still useful to keep in mind
that there exists this alternative approach. In fact many times in our examples the
relevant algebras will be exactly algebras of operators on an Hilbert space, since
these are the objects that are most fit to describe Information Geometry.

2.1.1 C?-algebras and positive linear functionals
Having given some historical background and settled some nomenclature, we are now
ready to give a brief account on C?-algebras and W ?-algebras. Let us start from the
definition of a Banach algebra.
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Definition 2 (Banach algebra). Let A be a Banach space over the field C of complex
numbers, with norm given by ‖ · ‖. Let A be also an associative algebra over C.

If the product and the norm satisfy

‖ab‖ ≤ ‖a‖‖b‖ ∀a, b ∈ A, (2.3)

then A is said to be a Banach algebra.

Remark 1. The validity of (2.3) ensures that the multiplication operation is contin-
uous in the topology on A induced by the norm.

An involution on an algebra is a map ∗ from A into itself such that, for all a and
b in A and for all λ in C,

(a∗)∗ = a,

(a+ b)∗ = a∗ + b∗,

(λa)∗ = λa∗,

(ab)∗ = b∗a∗.

(2.4)

Typical examples of involutions are complex conjugation, transposition of a square
matrix or taking the adjoint of an operator. C?-algebras are Banach algebras that
admit an involution satisfying particular requirements.

Definition 3 (Involutive Banach algebras and C?-algebras). Let A be a Banach
algebra, and let ∗ be an involution on A such that

‖a∗‖ = ‖a‖, (2.5)

then A is said to be an involutive Banach algebra. If also holds

‖a∗a‖ = ‖aa∗‖, (2.6)

then A is said to be a C?-algebra.

Remark 2. A C?-algebra may not contain an identity, a C?-algebra that contains
an identity is called unital. Since we are interested in introducing W ?-algebras and,
as we will see, all W ?-algebras contain the identity, we will always assume that our
C?-algebras are unital and will denote the identity by I.

Definition 4. An element a of a C?-algebra A is said to be self-adjoint (or hermitian)
if a∗ = a, normal if a∗a = aa∗, a projection if it is self-adjoint and h2 = h.

The space of self-adjoint elements of A will be denoted by Asa, it is a Banach
space over the field R of real numbers, and there is a direct sum decomposition

A = Asa ⊕ iAsa, (2.7)

where clearly i is the imaginary unit. So that for every element a of A exists a unique
decomposition given by

a = h+ ik, (2.8)
with h and k in Asa. Said differently, A is the complexification [168, p. 75] of Asa.
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Example 1. Typical examples of C?-algebras are:

• Complex numbers endowed with the usual sum, product, modulus and complex
conjugation. The self-adjoint elements are given by real numbers.

• Complex n× n matrices endowed with the usual sum, the row-column product,
the operator norm and the adjoint.

• Continuous, complex-valued functions on a compact space endowed with the
pointwise sum and product, the sup-norm, and complex conjugation.

• Essentially bounded, complex valued functions on some measure space, endowed
with the pointwise sum and product, the sup-norm, and complex conjugation.

• Bounded operators on a Hilbert space endowed with the usual sum, product,
operator norm and the adjoint.

An element g in A is said to be invertible if there exists g′ in A such that
gg′ = g′g = I, g′ is said to be the inverse of g, is denoted with g−1 and, if it exists, is
unique. The set of all invertible elements of A is denoted with GL(A).

If u ∈ A is such that u−1 = u∗, then u is called a unitary element of A, the set
of all unitary elements of A is denoted with U(A). Both GL(A) and U(A) have a
group structure, this will be discussed in more detail in Section 2.2.

As already said, C?-algebras were introduced for describing algebras of observables
in the context of Quantum Mechanics. The conceptual idea behind this approach is
that observables are described in terms of self-adjoint operators on an Hilbert space,
and the information on the possible outcomes of measurements on an observables
is contained in its spectrum. This notion allows, among other things, to compute
expectation value of observables. Regarding the classical case, on the other hand, we
have that observables are described in terms of bounded functions, with the possible
outcomes of measurements given by the image of such function. In this regard, it
should be mentioned that in [122] Koopman has applied successfully this framework
to Hamiltonian mechanics.

There exist a notion of spectrum for an element of a C?-algebra that allows to
recover both notions.

Definition 5 (Spectrum of an element of a C?-algebra). Let a ∈ A, the set

SpA(a) = {λ ∈ C : a− λI is not invertible} (2.9)

is called the spectrum of a in A.

The spectra of self-adjoint and unitary elements of an algebra satisfy particular
conditions.

Proposition 1. Let h ∈ Asa and u ∈ U(A), then

• SpA(h) ⊆ R;
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• λ ∈ SpA(u) implies ‖λ‖ = 1.

Proof. See [74, Prop. 1.3.9].

An element p ∈ A is said to be positive if there exists a ∈ A such that p = a∗a.
Clearly, every positive element is self-adjoint.

Theorem 2. The following statements are equivalent:

• p is positive;

• The spectrum of p is contained in the interval [0,∞);

• There exist a self-adjoint element h in A such that p = h2.

Proof. See [170, Theorem 6.1].

It is possible to prove (see [26, Theorem 2.2.10]) that h in the third statement of
Theorem 2 can be chosen to be positive, and in that case it is unique; it is called
the square root of p. Self-adjoint elements of A admit a decomposition in terms
ofpositive elements.

Proposition 2 (Orthogonal decomposition). Let a ∈ Asa and let

a± = |a| ± a2 , (2.10)

with |a| being the absolute value of a self-adjoint a, defined as |a| :=
√
a2, this is

well defined, since a2 is positive. Then we have that a = a+ + a− and a+a− = 0.
This decomposition is called orthogonal decomposition, a+ (resp. a−) is called
the positive (resp. negative) part of a.

Proof. See [26, Proposition 2.2.11].

Remark 3. To quickly give intuition about this last proposition, consider as a C?-
algebra the space C(X) of continuous functions on a compact space X, it is clear that
in this setting the positive and negative parts coincide with the usual definition of
positive and negative part of a function and Proposition 2 holds trivially.

Since A is a Banach space, we can consider the Banach dual A∗ of A, i.e. the
space of norm-continuous linear functionals η on A. Let η ∈ A∗, we can define a
norm on A∗ given by

‖η‖ = sup
‖a‖≤1
{|η(a)|}. (2.11)

When equipped with this norm, A∗ is also a Banach space [28]. Notice that from the
definition of this norm we can immediately see that

|η(a)| ≤ ‖η‖‖a‖. (2.12)
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Let us define the adjoint functional η∗ of η as that element of A∗ such that

η∗(a) = η(a∗) ∀a ∈ A, (2.13)

this allows to define self-adjoint functionals, i.e. functionals such that η∗ = η. The
set of self-adjoint linear functionals is a real Banach space and will be denoted by
A∗sa.

Definition 6. A functional ω on A is called positive if

ω(a∗a) ≥ 0 ∀a ∈ A. (2.14)

Remark 4. The definition of a positive functional allows to define a partial order
on the space of linear self-adjoint functionals as follows: given two self-adjoint
functionals η1 and η2, we say that η1 ≥ η2 if η1 − η2 is a positive functional.

Positive functionals satisfy the general Cauchy-Schwarz inequality.

Lemma 1 (Cauchy-Schwarz inequality). Let ω be a positive linear functional over
A. We have that

ω(a∗b) = ω(b∗a)
ω(a∗b) = ω(b∗a)|ω(a∗b)| ≤ ω(a∗a)ω(b∗b)

(2.15)

for all a, b ∈ A.

Proof. See [26, Lemma 2.3.10]

This result allows to prove several properties regarding the relations between
positivity, continuity and normalization of functionals.

Proposition 3. Let ω be a positive linear functional over A. We have that:

1. ω is norm-continuous;

2. If A is unital, we have ‖ω‖ = ω(I);

3. |ω(a)|2 ≤ ω(aa∗)‖ω‖ ∀a ∈ A.

4. |ω(a∗ba)|2 ≤ ω(a∗a)‖b‖ ∀a, b ∈ A.

Proof. For a proof of points 1 and 2 see [170, Lemma 9.9], while a proof of points 3
and 4 can be found in [26, Prop. 2.3.11].

Let a be an element of the C?-algebra A, it is possible to define the action of a
holomorphic function f defined on a neighbourhood Uf of the spectrum SpA(a) of a
on the element a of A. We set

f(a) := 1
2πi

∫
C
f(λ)(λ− a)−1dλ, (2.16)
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where C is a smooth simple closed curve in Uf enclosing SpA(a), notice that, with
an abuse of notation, we keep denoting with f the function acting on A. Notice also
that this definition does not depend on C because of Cauchy’s theorem for contour
integrals, for more details on this construction see [170, p. 9] or [23, p.18].

The relevance of the map defined in (2.16) is given by the following theorem.

Theorem 3 (Spectral mapping theorem). Let a be an element of a C?-algebra A, f
be an holomorphic function defined on a neighbourhood of SpA(a) and f(a) defined
as in (2.16). We have

SpA(f(a)) = f(SpA(a)). (2.17)
Moreover, if g is a function defined on a neighbourhood of SpA(f(a)), we have

(g ◦ f)(a) = g(f(a)). (2.18)

Proof. See [170, Prop. 2.8].

We will denote the space of positive linear functionals by P(A), from the geomet-
rical point of view, this is a convex cone. A positive linear functional is said to be
faithful if ω(aa∗) = 0 implies a = 0. The space of faithful positive linear functionals
is denoted by P+(A).

A trace f on a C?-algebra is a positive linear functional acting on A such that

f(ab) = f(ba) ∀a, b ∈ A. (2.19)

A trace is said to be finite if f(a) <∞ for all a ∈ A.
In Quantum Mechanics, states are described in terms of positive operators whose

norm is 1. The natural generalization of these objects to the C?-algebraic setting are
positive functionals whose norm (as defined in (2.11)) is 1. These are called states of
the C?-algebra A. We will denote the space of states of the algebra A by S(A), and
the space of faithful states of A by S+(A).

If ω1 and ω2 are two states, we clearly have that a convex combination of the two
is a state itself,

ω = λω1 + (1− λ)ω2 ∈ S(A) with 0 ≤ λ ≤ 1. (2.20)

Also, we have that

ω ≥ λω1,

ω ≥ (1− λ)ω2,
(2.21)

with respect to the partial order on functionals introduced in Remark 4.

Definition 7 (Pure states). A state is said to be pure if it cannot be written as a
convex combination of other states. Or, taking advantage of the previous remark on
majorization, a state ω is pure if the only positive linear functionals majorized by ω
are of the form λω with 0 < λ < 1.
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Let us conclude this subsection with some topological remarks.
There are two topologies that can be introduced on the dual A∗ of a C?-algebra

A, one is the already mentioned norm (or uniform) topology, meaning that the
open neighbourhood are given by the open balls in the norm. Another is the weak∗
topology, recall here that the weak∗ topology is the initial topology with respect to
the family of maps

φa : A∗ 3 η 7→ φa(η) = η(a) ∈ C. (2.22)
I.e. it is the weakest topology that makes this family of maps continuous.

We now state a theorem that establishes some topological properties of the space
of states and of pure states.

Theorem 4. The space of states of a C?-algebra A is convex. Moreover it is weakly∗
compact if and only if the C?-algebra A is unital. In the case that A is unital, then it
also holds that the extremal points of the space of states coincide with the pure states.

Proof. See [26, Th. 2.3.15]

We now end this Subsection with two simple examples, we will show how the
space of probability distributions for a space of events with finite cardinality and
the space of quantum states of a finite-dimensional quantum system can be seen as
the space of states of some C?-algebra. These examples do not show the full power
of the formalism, since we are dealing with a finite-dimensional setting, but will
hopefully convince the reader that the notions given so far can be used in Classical
and Quantum Information Geometry. To treat the infinite-dimensional case more
care is needed, due to the technical difficulties of the case, hence such examples will
be discussed in detail in Chapter 5.

Example 2 (Probability distributions for a space of events of finite cardinality). Let
us consider the space Cn with the usual vector space structure and norm. Let us also
equip this space with the Hadamard (component-wise) product and component-wise
conjugation, with this structures this space is a C?-algebra, let us denote it with
Anc , where the superscript n denotes the complex dimension of the algebra, while
the subscript c stands for classical. In fact, as we will see, this is the appropriate
setting for describing classical probability distributions for a space of events of finite
cardinality. The choice of the product may seem quite odd, but it is actually quite
natural if one looks at this algebra as an algebra of diagonal matrices, so that the
Hadamard product coincides with the usual row-column product. More specifically,
the algebra Anc can always be immersed as a subalgebra of Mn(C) as follows

i : Anc 3 v = (v1, v2, . . . , vn) 7→


v1 0 . . . 0
0 v2 . . . 0
... ... . . . ...
0 0 . . . vn

 ∈Mn(C). (2.23)

This will be used in Subsection 5.2.1 to build models starting from an unfolding of
the space of quantum states [42, 46, 132].
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The space of self.adjoint elements of this algebra is given by vectors with real
components, and the cone of positive elements is given by vectors with real and non-
negative components. Since Anc is a finite-dimensional C?-algebra, it is isomorphic
to its dual.

Considering states means considering norm-1 positive functionals, taking into
account Point 2 of Proposition 3, amounts to considering vectors with non-negative
components that sum to 1. A brief moment of reflection is enough to see that these can
be seen as the barycentric coordinates on the (n−1)-simplex, which is the appropriate
background for Classical Information Geometry in the case of a finite sample space.

Example 3 (Space of Quantum States of a finite-dimensional quantum system).
Let us consider the C?-algebra B(H) of bounded operators on the finite dimensional
Hilbert space H, let also dimCH = n. We will assume that H = Cn and thus B(H)
will be given just by the space Mn(C) of n× n matrices with complex entries. This
can be done without loss of generality since every n-dimensional complex Hilbert space
is isomorphic and isometric to Cn. Actually an even stronger result holds, i.e. that
if H is infinite-dimensional but separable, then it is isomorphic and isometric to the
Hilbert space l2(C) [28, p.144, Remark 10]. The space Asa of self-adjoint elements
of A is clearly given just by self-adjoint operators.

Again because of the finite-dimensional setting, B(H) is isomorphic to its dual.
Thus functionals on B(H) can be seen again just as matrices and positive functionals
acting on B(H) are just positive matrices. The norm of a positive functional ω is
then just given by the trace of the matrix associated to it, see Point 2 of Proposition
3. This means that the space of states of the C?-algebra B(H) is given the space of
positive matrices with trace 1, this is usually referred to as the space of quantum
states of an n-levels quantum system and denoted with Sn. In [95], the authors
show that the space S k

n of states with rank k is a smooth and connected manifold
of (real) dimension 2nk − k2 − 1, in particular the space S n

n of maximal rank (i.e.
faithful) states is (n2 − 1)-dimensional and coincides with the open interior of Sn.
The spaces S k

n are often referred to as the strata of the space of quantum states
Sn. As a consequence, the boundary of Sn is given by the disjoint union of all
the strata of rank k with 1 ≤ k < n. The space S 1

n of pure (i.e. rank 1) states is
contained in this boundary and represent the extremal points of the space of quantum
states, in agreement with Theorem 4. In general, the boundary of Sn can not be a
manifold, since it is the union of manifolds of different dimensions. Of course an
exception to this is the case n = 2, usually referred to as the qubit and has been
extensively studied for its applications to Quantum Information Theory and Quantum
Computing [139, 150, 172]. Here the boundary needs to coincide with the space S 1

2 of
pure states. More specifically the space of quantum states is a closed sphere, usually
referred to as Bloch sphere, and the pure states of the qubit lie on the spherical
surface that is the boundary of the Bloch sphere.

The space of pure states of the C?-algebra B(H) can be represented as complex
rays on the Hilbert space H, which in turn can be identified with rank-one projectors.
This means that every pure state ρ on B(H) can be written, using the bra-ket notation,
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as
ρ = |ψ〉 〈ψ|

〈ψ|ψ〉
. (2.24)

More details on this construction can be found, for example, in [1, 10, 38]. Consid-
ering Theorem 4, then any state can be then written as a convex combination of at
most n pure states.

2.1.2 Maps between C?-algebras and the GNS construction
Until now we always worked with a single C?-algebra, of course, in order to develop
a framework in which these concepts are used in Information Geometry, we need to
define maps that let us move from a C?-algebra to another.

As we already mentioned in the introduction of this chapter, we want to introduce a
notion of positivity of maps between C?-algebras that reproduces both the stochastic
maps of Classical Information Theory and the quantum channels of Quantum
Information Theory, this will then be used in Section 3.3 to prove a result on the
monotonicity of our metric tensors that can be related to both Čencov theorem and
Petz characterization.

Let now A and B be two unitals C?-algebras, a map φ : A → B is said to be
unital if it maps the identity of A in the identity of B.

A map φ : A→ B is said to be positive if it maps positive elements in positive
elements. As an example, a positive functional on the C?-algebra A is a positive
map from A to C.

Proposition 4. Let φ : A→ B, with A and B two C?-algebras, be a positive map,
then its dual map φ∗ sends positive functionals to positive functionals and preserves
the norm of positive functionals.

Proof. First, let a be a positive element of A, and η a positive functional on B, we
have

η(φ(a)) ≥ 0 ∀a ∈ A+, (2.25)
since φ is a positive map. Then, using the definition of dual map,

η(φ(a)) = (φ∗η)(a). (2.26)

Implying that (φ∗η)(a) is non-negative for all a ∈ A+, meaning that φ∗η is a positive
functional on A.

Let now IA and IB denote respectively the identity of the C?-algebras A and B,
we have

‖φ∗(η)‖ = φ∗(η)(IA) = η(φ(IA)) = η(IB) = ‖η‖. (2.27)
Where we used the definition of dual map, point 2 of Proposition 3 and the fact that
φ∗ is positive.

We will now show a small example that clarifies the fact a map φ∗ which is the
dual of a positive, unital map φ reproduces Markov matrices and Markov kernels
between probability spaces.
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Example 4. Let us consider again Example 2, we have that the dual φ∗ of a positive,
unital map φ from Amc to Anc has to send positive functionals in positive functionals
and preserve the norm of functionals, it is clear, recalling Example 2, that it can be
represented as a matrix with non-negative entries and whose rows and columns sum
to 1.

Consider now a less trivial example, let (Ω1,Σ1, µ1) and (Ω2,Σ2, µ2) be two σ-
finite measure spaces. Consider then the spaces L∞(C,Ω1, µ1) and L∞(C,Ω2, µ2)
of complex-valued functions, respectively from Ω1 and from Ω2 that are respectively
µ1-essentially bounded and µ2-essentially bounded. As already pointed out in Example
1, these are C?-algebras when equipped with the pointwise sum, product, and complex
conjugation and with the sup-norm. The duals of these spaces are given by the
spaces of all finitely additive, finite signed measures that are absolutely continuous
with respect to respectively µ1 and µ2, equipped with the total variation norm [75,
Theorem IV.8.16]. A map φ∗ that associates positive functionals to positive functionals
while preserving the norm of positive functionals in this case has to take a positive
normalized measure on Ω2 and send it into a positive normalized measure on Ω1. A
comparison between this and Definition 1 allows to immediately see that in this case
φ∗ defines a Markov kernel.

As already mentioned in the Introduction of this work, even if the concept of
positive map in the C?-algebraic setting is enough to recover the stochastic maps of
the classical case, the CPTP maps used in Quantum Information Theory, the notion
of positivity introduced now is not enough to reproduce the behaviour with respect
to ancillary systems of quantum channels, in order to reproduce this property of
these maps we need a stronger requirement, i.e. complete positivity.

Given a C?-algebra A, we can construct the space Mn(A) of n× n matrices with
entries in A. It is quite immediate to check that this space can be given the structure
of an involutive algebra, the product being the usual matrix product and the ∗
operation being given by the transpose on the matrix together with the involution of
A, i.e.

a∗ =


a∗11 a∗21 . . . a∗n1
a∗12 a∗22 . . . a∗n2
... ... . . . ...
a∗1n a∗2n . . . a∗nn

 (2.28)

with a ∈Mn(A). The involutive algebra Mn(A) is also a C?-algebra, this can be seen
by extending a faithful representation of A and extending it to Mn(A) and showing
that its image is a uniformly closed subalgebra of the space of bounded operators on
some Hilbert space. For the details of this construction see [170, p. 192].

Definition 8 (n-positive and completely positive (CP) maps). Let A and B be two
C?-algebras and φ be a linear map from A to B. We can construct the linear map
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φn from Mn(A) to Mn(B) defined by

φn(a) =


φn(a11) φn(a12) . . . φn(a1n)
φn(a21) φn(a22) . . . φn(a2n)

... ... . . . ...
φn(an1) φn(an2) . . . φn(ann)

 . (2.29)

The map φ is then said to be n-positive if φn is positive, and completely positive
(CP) if it is n-positive for all n.

We refer the reader to [166], where the notion of completely positive map is
introduced and the fundamental result known as Stinespring’s dilation theorem (or
Stinespring factorization theorem) is proved, and to [36] where the notion is further
investigated and Choi’s theorem on completely positive maps is proved.

The next proposition clarifies what we mean when we say that the notion of
complete-positivity is only relevant in the quantum case and not in the classical case.

Proposition 5. A positive linear map from the C?-algebra A to the C?-algebra B
is completely positive if either A or B is Abelian. In particular, any positive linear
functional is a CP map.

Proof. See [26, Corollary 3.5]

This in turn implies that the notion of completely positive map we introduced
not only is the appropriate kind of map to use in the quantum setting, but also
reduces to positive maps (i.e. stochastic maps, see Example 4) in the classical case.

Remark 5. In the following, and in particular when proving Proposition 30, we will
use maps such that they are the dual of a completely positive, unital map. Notice
here, that because of Propositions 4 and 5, and taking into account Example 4, these
are the analogue of both the Markov mappings of Classical Information Geometry
and of CPTP maps (or quantum channels) of Quantum Information Geometry.

Finally, completely positive maps satisfy an important inequality.

Proposition 6. Let A and B be two unital C?-algebras, let also φ : A → B be a
unital completely positive map. Then

(φ(a))2 ≤ φ(a2) (2.30)

for all a ∈ Asa.

Proof. The original proof in the context of operator algebras was given by Richard
Kadison in [115]. While a stronger result, namely that the same inequality holds
already for 2-positive maps, was obtained by Man-Duen Choi in [35].

We now want to move to the issue of representations of C?-algebras, this will
bring us to discuss also what is usually referred to as GNS construction. The
first requirement that a representation should have is for sure the fact of behaving
nicely with respect to the involution.
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Definition 9 (∗-homomorphisms). If a homomorphism of an involutive Banach
algebra into another preserves the ∗ operation, then it is called a ∗-homomorphism.

Proposition 7. The following statements hold.

• A ∗-isomorphism of a C?-algebra into another C?-algebra is an isometry.

• An isomorphism (not necessarily ∗-preserving) of C?-algebras is continuous.

Proof. This statements follow directly from Propositions 5.2, 5.3 and 5.5 of [170].

We are now ready to give the definition of a ∗-representation.

Definition 10 (∗-representation of a C?-algebra). A ∗-homomorphism π of A into
the space B(H) of bounded linear operator on some Hilbert space H is called a
∗-representation and is denoted by {π,H}. The Hilbert space H is called the
representation space of π. A representation is said to be faithful if π(a) = 0 is
equivalent to a = 0.

Let ω be a positive linear functional on A and let us define the set

Nω := {I ∈ A : ω(I∗I) = 0}. (2.31)

This is a left ideal, to see this, let a ∈ A and I ∈ Nω, we have that

0 ≤ ω ((aI)∗aI) = ω(I∗a∗aI) ≤ ‖a‖2ω(I∗I) = 0, (2.32)

where we used point 4 of Proposition 3, showing that Nω is closed under left-
multiplication of elements of the algebra, the other requirements for a left ideal are
immediately checked. It is called the Gelfand ideal of the functional ω. It is then
possible to define a quotient space A/Nω, the equivalence classes in this quotient are
defined by

aω = {ã ∈ A : ã = a+ I, I ∈ Nω}. (2.33)
The set of equivalence classes has a complex vector spaces structure if one equips it
with the addition and scalar multiplication they inherit from A,

aω + bω = (a+ b)ω,
λaω = (λa)ω.

(2.34)

It is also possible to define a bilinear functional on the quotient space A/Nω as

(aω, bω) := ω(b∗a), (2.35)

with a ∈ aω and b ∈ bω. This product is well defined on the quotient space, i.e. it
does not depend on the choice of the elements in the equivalence classes. In fact, let
I1 and I2 be in Nω, we have that

ω((a+ I1)∗(b+ I2)) = ω(a∗b) + ω(I∗1b) + ω(a∗I2) + ω(I∗1I2). (2.36)
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But all terms containing either I1 or I2 can be shown to be zero using Lemma 1,
then we have

ω((a+ I1)∗(b+ I2)) = ω(a∗b), (2.37)
thus showing that the product does not depend on the choice of the elements in the
equivalence class and giving to A/Nω the structure of a pre-Hilbert space. We can
then complete this space with respect to the scalar product and obtain a Hilbert space,
that will be denoted by Hω and called the GNS Hilbert space of the C?-algebra
A associated to the positive functional ω.

We can then define a ∗-representation of A on Hω, that will be denoted with
{πω,Hω}, as

πω(a)bω = (ab)ω, (2.38)
where (ab)ω is the equivalence class containing ab. First notice that this definition is
again independent on the representative chosen for the class bω. Notice also that, for
all a, b, c ∈ A and for all λ ∈ C,

πω(a)(λbω + cω) = πω(a)(λb+ c)ω = (λab+ ac)ω
= λ(ab)ω + (ac)ω = λπω(a)bω + πω(a)cω,

(2.39)

hence πω(a) is a linear operator. Then we can use again point 4 of Proposition 3 to
see that

‖πω(a)bω‖2 = ((ab)ω, (abω)) = ω(b∗a∗ab)
≤ ‖a‖2ω(b∗b) = ‖a‖2(bω, bω)
= ‖a‖2‖bω‖2,

(2.40)

showing that πω(a) is a bounded operator on A/Nω. This means that πω(a) so it
can be uniquely extended to the completion Hω of A/Nω, it can be easily checked
that this is indeed a ∗-representation of A with representation space Hω.
Definition 11 (Universal ∗-representation). Let S (A) denote the space of states
of the C?-algebra A, and let ρ ∈ S (A). We can then construct the ∗-representation
{πρ,Hρ} associated to ρ and then consider the direct sum of the representation spaces
for all ρ, i.e.

K =
∑

ρ∈S (A)
Hρ. (2.41)

This is a Hilbert space with respect to the product

(ξ, η) =
∑

ρ∈S (A)
(ξρ, ηρ), (2.42)

where the product on the left hand side is the product on K, while the one on the
right is performed on each Hρ. Define then the map

U(a) =
∑

ρ∈S (A)
πρ(a). (2.43)

This can be shown to be a ∗-representation of A on K, {U,K} is called universal
∗-representation of A.

25



C?-algebras and W ?-algebras

The relevance of the universal ∗-representation of a C?-algebra is given by the
Gelfand-Naimark theorem [89].

Theorem 5 (Gelfand-Naimark). The universal ∗-representation of A is an isometric
isomorphism.

Proof. See [170, Th. 9.18]

This means that every C?-algebra is ∗-isomorphic to a uniformly closed self-adjoint
(†-closed) subalgebra of B(H) for some Hilbert space H. This connects the algebraic
approach taken here with the early approach to C?-algebras as uniformly closed
self-adjoint subalgebras of B(H).

Let us conclude this subsection with a result about the GNS construction for the
C?-algebra B(H) with H finite-dimensional.

Proposition 8. Let ρ be a pure state of the C?-algebra B(H) withH finite-dimensional
and let {|e1〉 , |e2〉 , . . . , |en〉} be a basis of H. This means, as we saw in Example 3,
that exists a vector |ψ〉 in H such that

ρ = |ψ〉 〈ψ|
〈ψ|ψ〉

. (2.44)

Then:

• The Gel’fand ideal is given by all linear operator of the form

a =
∑
k 6=1

ajk |ej〉 〈ek| . (2.45)

• The GNS Hilbert space associated with ρ can be identified with H itself, and the
and the universal ∗-representation of B(H) on H sends B(H) to B(H) itself.

• The universal ∗-representation is irreducible [173, pp. 32-33] and its commutant,
i.e. the commutant of its image (see Equation (2.2)), is given by the operators
of the form λI with λ ∈ C and I the identity operator on H.

Proof. See [53].

2.1.3 W ?-algebras
In chapter 3, we will introduce a framework for parametric models in Information
Geometry that relies on the use of normal functionals in W ?-algebras. For this
reason, we will now introduce W ?-algebras in this subsection and focus in particular
on properties of normal functionals.

Definition 12 (W ?-algebra). A C?-algebra A is called a W?-algebra if it admits
a predual, meaning that there exists a Banach space, that will be denoted by A∗, such
that its Banach dual is A .
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Every Banach space can be canonically immersed in its double dual (i.e. the dual
of its dual) and in the finite-dimensional case this immersion is also an isomorphism.
This means that we can immerse, let us call this immersion map i, the predual A∗
of the W ?-algebra A in the dual of A . Functionals that are such that they are the
image via i of some element in the predual are called normal. This means that if η
is normal there exists an element η̂ of the predual A∗ such that i(η̂) = η. Recalling
the definition of the canonical immersion map i, this means that

η(a) = a(η̂) ∀a ∈ A , (2.46)

i.e. that the action of the functional η can be somehow reproduced by means of some
elements of the predual of A .

Remark 6. In the finite-dimensional case every C?-algebra is a W ?-algebra, every
functional is normal, and the immersion i introduced above is actually a Banach
space isomorphism.

Let us now make two infinite-dimensional examples, so that the reader can
appreciate the relevance of the notion of normal functional in this context.

Example 5 (Essentially bounded functions on a σ-finite measure space). Let (Ω,Σ, µ)
be a σ-finite measure space. As we already mentioned in Examples 1 and 4, the space
L∞(C,Ω, µ) of µ-essentially bounded complex valued functions on Ω is a C?-algebra
whose dual is given by the space ba(Ω,Σ, µ) of finitely additive finite signed measures
that are absolutely continuous with respect to µ.

The predual of L∞(C,Ω, µ) is the space L1(C,Ω, µ) of µ-integrable complex valued
functions on Ω [28], thus L∞(C,Ω, µ) is a W ?-algebra. It is well known that the
space L1(C,Ω, µ) can be immersed in ba(Ω,Σ, µ) as

i : L1(C,Ω, µ) 3 f 7→ fdµ ∈ ba(Ω,Σ, µ). (2.47)

This map represents the immersion of the predual of L∞(C,Ω, µ) into its dual
ba(Ω,Σ, µ). Considering Radon-Nikodym theorem [141, 154], it is easy to see that
this immersion fails to recover those finitely additive measures that are not σ-additive.
I.e. in this case normal functionals are precisely the ones to which Radon-Nikodym
theorem applies.

Example 6 (Bounded operators on a separable Hilbert space). The image i(B(H)∗)
via the natural immersion map i in B(H)∗ of the predual B(H)∗ of B(H) can be iden-
tified with the Banach space TC(H) of trace-class operators on H. The identification
can be achieved by means of the isometric linear map that sends T ∈ TC(H) into
η ∈ i(B(H)∗) whose action on a ∈ B(H) is given by η(a) = Tr (Ta) (see [159, Th.
1.15.3])

η(a) = Tr (Ta). (2.48)
In other words, normal functionals in this case are precisely those functionals whose
action can be represented by means of a trace-class operator.
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Theorem 6. A functional is normal iff it is continuous with respect to the weak∗
topology on A .

Proof. See [159, Theorem 1.13.2]

Of course, sinceW ?-algebras are particular C?-algebras, the definitions of positive
linear functionals and states (See Subsection 2.1.1) apply also to this setting. Since
we are interested in positive functionals and states that are also normal, it is useful
to define the sets P of normal positive linear functionals (from now on also n.p.l.f.s)
and S of normal states on A .

Proposition 9 (Support projection). Let ω be a n.p.l.f., there exist a unique non-zero
projection p ∈ A such that

ω(a) = ω(ap) = ω(pa) = ω(pap) (2.49)

for all a ∈ A , and such that ω is faithful when restricted to App = pA p. This
projection is called the support projection of a.

Proof. See [171, lem. III.3.6, p. 134].

Given the support projection p of ω, we have the topological direct sum decom-
position

A = App ⊕Apq ⊕Aqp ⊕Aqq. (2.50)

Here the topology we are referring to is the one induced by the C?-norm, q is
given by q = I − p and we have set App = pA p, Apq = pA q, Aqp = qA p, and
Aqq = qA q. We refer to App as the support algebra of ω. Note that App and Aqq

are C?-algebras and that the involution † gives a Banach space isomorphism between
Aqp and Apq.

Obviously, if ω is faithful, then p = I so that App = A and all other summands
in the right hand side of equation (2.50) vanish.

Remark 7. The decomposition in equation (2.50) allows us to visualize the algebraic
operations in A in terms of matrix operation. Specifically, given an arbitrary a ∈ A ,
if we write

a =
(
app = pap apq = paq
aqp = qap aqq = qaq

)
, (2.51)

it is a matter of direct inspection to check that a+ b and ab can be computed using
matrix-like operations. It then follows that the Gel’fand ideal Nω of ω (see Equation
2.31) can be written as

Nω = Apq ⊕Aqq. (2.52)

As for C?-algebras, also for W ?-algebras is possible to represent them on the
space of bounded operator of some Hilbert space.
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Definition 13 (W ?-homomorphism and W ?-representation). Let A1 and A2 be
two W ?-algebras and φ be a ∗-homomorphism of A1 into A2. If φ is continu-
ous with respect to the ultraweak topology of A1 and A2, it is said to be a W?-
homomorphism. A W ?-homomorphism π of a W ?-algebra A into B(H) is called
a W?-representation. As for representations of C?-algebras, we will call the Hilbert
space H the representation space of π.

We now state a result due to Sakai [157].

Theorem 7. Every W ?-algebra admits a faithful W ?-representation.

Proof. See [159, Th. 1.16.7].

Therefore, every W ?-algebra is ∗-isomorphic to a weakly closed, self-adjoint (†-
closed) subalgebra of B(H) for some Hilbert space H, i.e. to a Von Neumann algebra.
This connects the definition of W ?-algebras given in this Chapter with the notion of
Von Neumann algebra as weakly closed and self-adjoint subalgebras of the space of
bounded linear operators on some Hilbert space.

2.2 Banach-Lie groups
In order to understand the relevance of the theory of Banach-Lie groups for our
discussion, let us start from a seemingly unrelated instance.

In the context of the geometry of the space of quantum states, group actions
can be seen to play a central role. In particular, it can be seen that both the cone
of positive operators P(H) and the space of states S (H) of a finite-dimensional
Hilbert space H can be seen as the disjoint union of orbits of two different actions of
GL(H) on B(H) [95].

More specifically, let n be the (complex) dimension of H and let k ≤ n. We
denote by Pk(H) and S k(H) respectively the set of positive operators of rank k
and the set of quantum states of rank k. Let us notice here that S 1(H) represents
the space of pure states of the Hilbert space H and S n(H) is the space of faithful
states of the Hilbert space H. In [95], the authors show that Pk(H) is a smooth and
connected manifold and that it is also an orbit of the action

β : GL(H)× B(H) −→ B(H) : β(g, A) := gAg†. (2.53)

It can be seen that each S k(H) is also the orbit of an action of GL(H) that represents
some sort of normalized version of the one introduced in (2.53), namely

γ : GL(H)× B(H) −→ B(H) : γ(g, A) := gAg†

Tr(gg†) . (2.54)

This is done for example in [43] and [96].
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Another interesting instance about group actions on the space of quantum states
is that we can also define an action of the group U(H) of unitary operators as

δ : U(H)× B(H) −→ B(H) : δ(U,A) := UAU †, (2.55)

and it can be shown that the manifolds of isospectral states, i.e. submanifolds of
some S k(H) such that any two states on the same manifold of isospectral state
share the same spectrum, are orbits of this action.

We believe this is enough to bring one to ponder whether something similar
happens in our context with the groups GL(A) and U(A) introduced in Section 2.1.
The main difference being of course that here we deal with the technicalities of the
infinite-dimensional setting, in order to do so, we need to introduce the notion of
Banach-Lie group.

There is also another, more speculative, reason why Banach-Lie groups can be an
interesting structure for our discussion and it is related to an unfolding procedure for
the space of quantum states that is discussed in [42, 46, 132]. The rough idea behind
it is the following: let H be the n-dimensional Hilbert space associated to an n-levels
quantum system (See Example 3). It can be seen that any quantum state of this
quantum system can be specified, in a non-unique fashion, by giving a probability
vector with n-components and a unitary operator acting on H. Referring now to
Example 2, we saw that the space of probability n-vectors can be identified with the
n− 1-dimensional simplex ∆n−1. Thus the spaces of the kind O × U(H), where O
is an open of the simplex ∆n−1, can always be projected on the space of quantum
states Sn.

In Chapter 5 we will take advantage of this instance to define a family of
parametric models of quantum states. As we will see, the interesting idea behind
this construction is that the model contains ∆n−1, which can be regarded in some
sense as the classical skeleton of the considered quantum model. This has been
done uniquely for the finite dimensional case, but one is brought to ponder whether
it is possible to generalize this construction to the infinite-dimensional setting. A
preliminary step for such an analysis is to give an appropriate analogue of the group
U(H) for the infinite-dimensional case, and the notion of Banach-Lie group helps us
also in this effort.

For the aforementioned reasons, in this Section a brief introduction to the
theory of Banach-Lie groups will be given, then we will introduce some actions of
Banach-Lie groups on C?-algebras that can be seen as the generalization to the
infinite-dimensional setting of the actions β, γ and δ introduced here, and give some
properties of these actions. This can be seen as a preliminary step in giving a full
picture of the interplay between group action and the geometry of the space of
quantum states in the infinite-dimensional setting.
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2.2.1 Some notions on Banach manifolds and Banach-Lie
groups

In order to study the orbits of GL(A) and U(A) on the cone of positive functionals
or on the space of states of a W ?-algebra we need to introduce some basic notions on
Banach manifolds and Banach-Lie groups. In particular, we want to be able to take
quotients of the groups GL(A) and U(A) with respect to the isotropy group at some
point, to establish a bijection with the orbits and give to them the structure of a
homogeneous Banach space. All the theoretical machinery necessary to this purpose
will be introduced in this Subsection.

A Banach-Lie group is a Lie group that is also a Banach manifold. Let us recall
briefly some notions about Banach manifolds, some references on this matter are
[2, 39, 125, 178]. Roughly speaking, a Banach manifold is a manifold that is modelled
over some Banach space, meaning that the charts are homeomorphisms with some
open subset of a Banach space as target space and the transition maps between
different charts are bianalytic, see [178, p. 36] for a more precise definition. As an
example, every open subset of a Banach space E is a Banach manifold and it can be
modelled over the Banach space E itself.

A mapping f between two Banach manifolds M and N is called analytic if its
representation in terms of local charts is an analytic mapping between the Banach
spaces over which M and N are modelled is an analytic mapping between Banach
spaces. If f admits an inverse which is also an analytic mapping, then f is said to be
bianalytic.

The concepts of tangent space, differential of a mapping, and tangent bundles for
Banach manifolds are introduced in an analogous way to how it is done in standard
differential calculus. It can then be seen that the tangent space TmM of M at one of
its points m is also a Banach space, that the tangent bundle TM can be given the
structure of a Banach manifold, that the canonical projection πm : TM →M is an
analytic mapping and that the differential Tf of an analytic mapping f : M → N is
an analytic mapping from TM to TN [178, p. 58, 59]. A vector field X over M is
said to be analytic if it is an analytic mapping from M to TM and the diagram

TM

M M

πM
X

idM

commutes.

Definition 14. Let f : M → N be an analytic mapping between Banach manifolds.
Then

• f is called an immersion if the differential Tmf of f at M is injective and
Tmf(TmM) is a split subspace of Tf(m)N for all m ∈M ;

• f is called a submersion at m if the differential Tmf of f at M is surjective
and KerTmf is a split subspace of TmM for all m ∈M .
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Proposition 10. Let M ,N and K be Banach manifolds and consider the following
diagram:

M N

K

ψ

Φ φ

If the maps Φ,ψ and φ are such that the diagram commmutes, then we have that:

• If Φ is a analytic submersion and φ is analytic, then ψ is analytic;

• If Φ is a analytic submersion and φ is an analytic submersion, then ψ is an
analytic submersion;

• If Φ is continuous and ψ is an immersion, and φ is analytic, then Φ is analytic;

• If Φ is continuous and ψ is an immersion, and φ is an analytic immersion,
then Φ is an analytic immersion;

• The composition of analytic submersions is an analytic submersion;

• The composition of analytic immersions is an analytic immersion.

Proof. See [178, p. 125]

The usual notions of submanifold and quotient space can be extended to this
case.

Definition 15 (Banach submanifolds). Let N ⊆ M , with M a Banach manifold
modelled over the Banach space E, let also p be a point of N , U a neighbourhood of
p. If for all p ∈ N there exists a chart (U, φ,E) and a split subspace F of E such
that

φ(N ∩ U) = F ∩ φ(U), (2.56)

the subset N is said to be a Banach submanifold of the Banach manifold M .

A submanifold N of a Banach manifold M is a Banach manifold in the relative
topology induced on N from the same topology that makesM into a Banach manifold.

Proposition 11. If g : M → N is an analytic immersion and is a homeomorphism
onto N ′ := g(M), then N ′ is a submanifold of N and the mapping g′ : M → N ′ is
bianalytic.

Proof. See [178, Prop. 8.7]

Let R be an equivalence relation on a Banach manifold M , the fact that M/R is
a Banach manifold is not assured, but we have the following theorem that gives a
condition for this.
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Theorem 8. Let R be an equivalence relation on a Banach manifold M , πR : R→
M/R be the canonical projection and πk : R → M for k = {1, 2} be the canonical
projections on the two factors. let us also endow M/R with the quotient topology.

The following conditions are equivalent:

• R is a closed submanifold of M × M and the projections πk are analytic
submersions;

• M/R is a Banach manifold and the canonical projection πR is an analytic
submersion.

Proof. See [178, Th. 8.14].

Having briefly recalled some basic notions on Banach manifolds, we are now ready
to give the definition of a Banach-Lie group.

Definition 16 (Banach-Lie group). A Banach-Lie group over K ∈ {R,C} is a
group G such that the underlying set is a Banach manifold over K and such that the
map from G×G to G given by the group operation is analytic.

In the theory of Lie groups, a central role is played by the Lie algebra of the Lie
group, this idea can also be extended in this framework.

Definition 17 (Banach-Lie algebra). Let g be a Banach space and a Lie algebra
with respect to the product [·, ·]. If the product is continuous with respect to the norm
topology, then g is called a Banach-Lie algebra.

Remark 8. The continuity of the Lie product is equivalent to the existence of a
positive constant C such that

‖[X, Y ]‖ ≤ C‖X‖‖Y ‖ ∀X, Y ∈ g. (2.57)

The Lie algebra of right-invariant (left-invariant) analytic vector fields of a
Banach-Lie group G is a Banach-Lie algebra [39, Theorem 2.1.26], and it is called the
Banach-Lie algebra of G. It is then possible to define as customary the exponential
mapping as the convergent power series exp : A→ GL(A) defined by

exp(a) :=
∞∑
n=0

an

n! , (2.58)

and it is possible to show that it is an analytic mapping [178, Corollary 6.5].
The usual notions of submanifold and quotient space can be extended to this

case.

Definition 18 (Banach-Lie subgroup). A subgroup K of a Banach-Lie group G
is called a Banach-Lie subgroup if K is also a submanifold of G in the sense
specified in Definition 15.
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If a subgroup K of a Banach-Lie group G is closed, then there exists a unique
Hausdorff topology that makes it a Banach-Lie group, and the algebra

k = {a ∈ g : exp(ta) ∈ K ∀t ∈ R} (2.59)

is its Lie algebra and it is a closed subalgebra of g. However, this topology may
not coincide with the relative topology on K induced by the topology that makes
G a Banach manifold, hence K may not be a Banach-Lie subgroup of K. The
following proposition provides a sufficient and necessary condition to show that a
closed subgroup of a Banach-Lie group G is indeed a Banach-Lie subgroup of G.

Proposition 12. Let K be a closed subgroup of a Banach-Lie group G with Banach-
Lie algebra g. Then K is a Banach-Lie subgroup of G if and only if the algebra k as
in Equation (2.59) is a split subspace of g and for every neighbourhood U of 0 ∈ k
expU ⊆ K is a neighbourhood of the identity of K.

Proof. See [178, Lemma 8.12].

The following Theorem uses what said so far to give a useful criterion to say when
the quotient of a Banach-Lie group with respect to a subgroup a Banach manifold.
As already mentioned this is needed if one wants to study the orbits of such groups
on the cone of positive functionals or on the space of states of some W ?-algebra.

Theorem 9. Let G be a Banach-Lie group, g its Banach-Lie algebra, and K a
Banach-Lie subgroup of G. Then, the quotient space M ≡ G/K is a Banach
manifold, the projection map π : G→M is an analytic submersion (see Theorem 8),
and G acts analytically on M by the left translation. Moreover, consider the tangent
map Tπe : g→ Tπ(e)M of the projection π at the identity e, we have that the kernel
of this map coincides with the split subalgebra k of g in equation (2.59) and we have
Tπ(e)M ∼= g/k.

Proof. The theorem can be proved using Proposition 10, Proposition 11, Theorem 9
and Proposition 12. See [178, Th. 8.19] for a complete proof.

2.2.2 Positivity preserving action of GL(A) on A∗sa

The set GL(A) introduced in Section 2.1 is an open subset of A [170, p. 5], hence it
is a Banach manifold with respect to the relative topology induced by the strong
topology of A. The product on GL(A) is the restriction of a continuous bilinear
mapping (see Remark 1) hence GL(A) is a Banach-Lie group. Since it is modelled
on A, its tangent space is A itself, moreover it can be shown that A, endowed with
the commutator product, can be identified with the Banach-Lie algebra gl(A) of
GL(A), see [17, Example 2.48] or [178, p. 96] for a more detailed discussion.

Following [50], let us introduce an action α of GL(A) on A∗sa as follows,

α : GL(A)× A∗sa −→ A∗sa : α(g, η) := ηg s.t. ηg(a) = η(g∗ag) ∀a ∈ Asa. (2.60)

We will now prove several properties of the action α.
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Proposition 13. α is a smooth, left action of GL(A) on A∗sa.

Proof. Let us introduce another map, let us denote it by α̃, defined as follows,

α̃ : A× A∗sa −→ A∗sa : α̃(g, η) := ηg s.t. ηg(a) = η(g∗ag) ∀a ∈ Asa. (2.61)

It is then clear that the map α can be expressed in terms of α̃ as

α = α̃ ◦ (iGL(A) × idA∗), (2.62)

where iGL(A) is the canonical immersion of GL(A) in A and idA∗ is the identity on A∗
(more precisely, the identity on A∗ restricted to A∗sa) which are both smooth maps.
Thus in order to prove the smoothness of α it suffices to prove that α̃ is smooth.

In order to prove that α̃ is smooth, let a and b be two elements of A, η be a self
adjoint functional, and let us define a functional ηab whose action on an element c of
A is given by

ηab(c) := 1
2 (η(a∗cb) + η(b∗ca)) . (2.63)

It is easily checked that ηab is a self-adjoint functional for all a, b ∈ A.
Let us then introduce a map F : (A× A∗sa)× (A× A∗sa)× (A× A∗sa)→ A∗sa as

F (a, η; b, ξ; c, ζ) = 1
3(ηbc + ξac + ζab). (2.64)

It can be directly checked that F is a bounded multilinear map and that

α̃(a, η) = F (a, η; a, η; a, η). (2.65)

This implies that α̃ : A× A∗sa → A∗sa is a continuous polynomial map, which in turn
implies that it is smooth (see [39, p. 63]).

Proposition 14. The action α is such that:

• α preserves the positiveness and faithfulness of linear functionals;

• α preserves the set of self-adjoint, normal, linear functionals of a W ?-algebra
A .

Proof. We will only prove that α preserves normality of self-adjoint, linear functionals,
the other properties of α in the statement can be checked by direct inspection.

Let b ∈ A and let us introduce the left and right multiplication maps on A,

lb : A −→ A, lb(a) := ba,

rb : A −→ A, rb(a) := ab,
(2.66)

it is then clear that
α(g, η) = η ◦ lg∗ ◦ rg. (2.67)

Normal functionals are weakly∗-continuous (see Theorem 6), thus the fact that α
preserves the weak∗ continuity (hence the normality) of functionals comes directly
from the fact that both lb and rb are weak∗ continuous.
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Let now O ⊂ A∗sa be an orbit of α, then recall that the isotropy subgroup of
η ∈ A∗sa with respect to the action α of GL(A) is defined as

Gη = {g ∈ GL(A) : α(g, η) = η}. (2.68)

We can then define a map iη : G/Gη → O as

ie([g]) = α(g, e), (2.69)

and this defines a bijection of the quotient G/Gη to O for all η ∈ O. Thus, if G/Gη

can be endowed with the structure of a homogeneous Banach manifold, that this
structure can be transported to O.

Recall (see Theorem 9) that we saw that the quotient space has a Banach manifold
structure if Gη is a Banach-Lie subgroup of GL(A), for this reason, it is reasonable
to investigate the conditions under which Gη is actually a Banach-Lie subgroup of
GL(A).

An helpful notion in this regard is that of algebraic subgroup of GL(A).

Definition 19 (Algebraic subgroup of GL(A)). A subgroup K of GL(A) is called
algebraic of degree k if there exist a family F of Banach space-valued continuous
polynomials on A× A of degree k such that

K = {g ∈ GL(A) : f(g, g−1) = 0 ∀f ∈ F}. (2.70)

In fact it can be shown [178, p. 117] that if a subgroup K of GL(A) is algebraic,
then it is a closed subgroup of GL(A), that it is a real Banach-Lie group with respect
to the relative norm topology and that its Lie algebra

k = {a ∈ k ∼= A : exp(ta) ∈ K ∀t ∈ R} (2.71)

is a closed subalgebra of gl(A). Also, according to [100, p. 667], it is possible to show
that whenever K is an algebraic subgroup of GL(A), then exp(V ) is a neighbourhood
of the identity in K for every neighbourhood V of 0 ∈ k. Let us now prove, following
[50], that Gη is an algebraic subgroup of GL(A) for all η ∈ A∗sa.

Proposition 15. Let η ∈ A∗sa, then the isotropy subgroup Gη is an algebraic subgroup
of GL(A) of order 2.

Proof. Let Fη = {fη,a}a∈A be the family of complex-valued polynomials of order 2
defined as

fη,a(b, c) := η(a)− η(b∗ab), (2.72)
where the dependence of the polynomial on c is trivial. Since η is a norm-continuous
linear functional on A, then also fη,a is continuous for all η ∈ A∗sa and for all a ∈ A.
It is then immediate to see that fη,a(g, g−1) = 0 amounts to say α(g, η) = η, meaning
that we can write

Gη = {g ∈ GL(A) : fη,a(g, g−1) = 0 ∀fη,a ∈ Fη}. (2.73)
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Thus, recalling Proposition 12 and having in mind what said here, in order to
prove that Gη is a Banach-Lie subgroup of GL(A), it suffices to prove that gη is a
split subspace of gl(A) ∼= A.

Let us now summarize the results obtained in [50].
• Whenever dim(A) <∞, the isotropy subgroup Gη is a Banach-Lie subgroup

for all η ∈ A∗sa, thus every orbit of α in A∗sa is a homogeneous Banach manifold
of GL(A).

• If A = B(H) for a complex, separable Hilbert space H and η is a n.p.l.f.with
arbitrary but finite rank, then Gη is a Banach-Lie subgroup of GL(A) and the
orbits are made of n.p.l.f.s. Moreover, given two n.p.l.f.s η1 and η2 with the
same finite rank, there always exist an element g of GL(A) that connects them
via the action α.

• If A, admitting a faithful normal trace η, the Lie algebra gη coincides with
the space of skew-adjoint elements in gl(A) ∼= A, and this is always a split
subspace of gl(A). Thus GLη is a Banach-Lie subgroup and the orbits have
the structure of homogeneous Banach manifold of GL(A). It can then be
proved that such orbits can be put in a one-to-one correspondence with the set
of positive, invertible elements in A and that if A is finite-dimensional, this
coincides with the whole space of faithful, positive linear functional on A. An
example of this kind of algebras are the II1-factors [57]

2.2.3 State preserving action of GL(A) on A∗sa

It can be easily seen that the action α introduced in (2.60) does not preserve the
space of states of a C?-algebra. Meaning that if one acts with α on a state ρ we have

ρg := (α(g, ρ))(I) = ρ(g∗g) (2.74)

which can be different from 1 for an arbitrary g, hence ρg is not a state. This is
certainly an undesired property if one wants to deal only with states, as one usually
does in Probability Theory and Quantum Mechanics. One possibility is to define a
map

Φ : GL(A)×S (A ) 3 (g, ρ)→ Φ(g, ρ) ∈ S (A ), (2.75)
that represents a kind of “normalized” version of α, meaning that

(Φ(g, ρ)) (a) := ρ(g∗ag)
ρ(g∗g) , (2.76)

in analogy with the definition of the action γ in (2.54). To ensure that the definition
in (2.76) is well-posed, we need the following proposition
Proposition 16. Let A be a unital C?-algebra. We have

ρ(g∗g) > 0 (2.77)

for all g ∈ GL(A) and ρ ∈ S (A ).
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Proof. See [50, Prop. 9]

It can then also be seen that the map Φ preserves the space of states of the
C?-algebra A.

This solution, however, presents some technical problems. In fact the action α
can be proven to be a smooth, left action of GL(A) on A∗sa (see Proposition 13),
while the action Φ can not be meaningfully extended to A∗sa. The reason for that is
that the denominator in (2.76) could go to zero if ρ is not a state. On the other hand,
even if it can be seen to be a left action on S (A ), there is no meaningful notion of
smoothness that can be given to this map, since S (A ) is lacking a differentiable
structure.

As an additional note let us notice that, given λ1, λ2 ∈ C and ρ1, ρ2 ∈ S (A ), we
have

Φ(g, λ1ρ1 + λ2ρ2) 6= λ1Φ(g, ρ1) + λ2Φ(g, ρ2). (2.78)
Meaning that the action Φ does not preserve the convex structure of S (A ).

Despite the technical difficulties given by the aforementioned structural properties
of Φ, in [50], the authors are able to prove results that are completely analogous to
the one proven for the action α in the previous Section.

2.2.4 Action of U(A) on A∗sa

The group U(A) introduced in Section 2.1 is actually a Banach-Lie group with respect
to the norm topology of the C?-algebra A, i.e. the same topology that makes GL(A)
into a Banach manifold. Its Lie algebra u(A) is given by the of skew-adjoint elements
of A, i.e.

u(A) := {u ∈ A : h∗ = −h∗}, (2.79)
that is a closed real subalgebra of A ∼= gl(A). It can be also shown that U(A) is a
real Banach-Lie subgroup of GL(A), for a proof of this statements see [178, Corollary
15.22, p. 255].

Let us define an action of U(A) on A∗sa as

ζ : U(A)× A∗sa −→∈ A∗sa s.t. ζ(U, η)(a) = η(U∗aU). (2.80)

Proposition 17. The action ζ is a smooth left action of U(A) on A∗sa.

Proof. Let iU : U(A) −→ GL(A) the identification of U(A) as a subset of GL(A), It
is immediate to see that

ζ = α ◦ (iU × id∗A), (2.81)
where id∗A is the identity map on A∗. Thus ζ is a smooth map, being the composition
of two smooth maps.

The fact that ζ is a left action can be checked with a direct computation,

ζ(U1, ζ(U2, ρ))(a) = ρ(U∗2U∗1aU1U2) = ζ(U1U2, ρ). (2.82)
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Unlike the action Φ introduced in (2.76), the action ζ preserves the convex
structure of S (A ),

ζ(U, λ1ρ1 + λ2ρ2)(a) = (λ1ρ1 + λ2ρ2)(U∗aU)
= λ1ρ1(U∗aU) + λ2ρ2(U∗aU)
= λ1ζ(U, ρ1)(a) + λ2ζ(U, ρ2)(a).

(2.83)

This action is particularly interesting when considering it as acting on the space
of states of a particular kind of W ?-algebras, i.e. III1 factors, see [135] for the
characterization of W ?-algebras in terms of factors. In fact, Alain Connes and Erling
Størmer have shown in [58] that a factor is of type III1 if and only if the action
defined here is topologically transitive in the norm topology. Let us stress here that
factors of type III1 are used in the Algebraic formulation of Quantum Field Theory
[97, 99, 184].

2.3 Riemannian structures from Jordan product
on finite-dimensional C?-algebras

This section is mainly based on [53]. We will see how we can endow the space of states
of a finite-dimensional C?-algebra with a Riemannian structure that is intimately
linked with the anti-commutator product on the algebra. This construction can be
successfully used to reproduce metric tensors that are well-known in the Information
Geometry community: the Fisher-Rao metric tensor [78] for the classical case, the
Fubini-Study [84, 167] and the Bures-Helstrom metric tensor [30, 174, 175, 176, 177]
for the quantum case. For this section, all the spaces discussed will be finite-
dimensional, even when not specified.

Let A be a C?-algebra, the associative product of the algebra can be exploited to
define the non-associative, antisymmetric product

[a, b] = 1
2i(ab− ba), (2.84)

It can be directly checked that this product satisfies the Jacobi identity, giving to
A the additional structure of a Lie algebra [98]. In the case that the algebra A is
Abelian, this product is clearly always equal to zero.

On the other hand, we can define also a non-associative, symmetric product as

{a, b} = 1
2(ab+ ba). (2.85)

It is a matter of direct inspection to see that this is a non-associative product
satisfying the Jordan identity, thus giving to the C?-algebra A the structure of a
Jordan algebra (see Equation (2.1)). Clearly, in the case that A is an Abelian
C?-algebra, this reduces to the usual product on the algebra.
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For any element a of Asa, we can canonically immerse it in its double dual A∗∗sa,
this means that we associate to a the functional acting on A∗sa defined as

la(ξ) := ξ(a). (2.86)

Since Asa is finite-dimensional, this immersion is actually a bijection, this means that
the differentials dla of the functions la on A∗sa generate the cotangent space T ∗ξ A∗sa at
all ξ.

Let us now recall (see Subsection 2.2.2) that we can define an action α on the
space A∗sa as

α : GL(A)× A∗sa 3 (g, η) 7→ ηg ∈ A∗sa, (2.87)
where the action of ηg is given by

ηg(a) = η(g∗ag), (2.88)

and such that it is a smooth, left action of GL(A) that preserves positivity and the
faithfulness of linear functionals. Thus the action preserves the space P of positive
functionals on A, and despite P does not have a smooth structure, it can be seen that
it is the disjoint union of orbits of the action β, which are clearly homogeneous spaces
and smooth submanifolds of A∗sa. These orbits coincide with positive functionals of a
given rank and the orbit of higher dimension is given by maximal rank, i.e. faithful,
functionals.

The Lie algebra of the Lie group GL(A) can be identified with A itself, which
in turn satisfies A = Asa ⊕ iAsa. This allows us to use the exponential map [98] to
define the smooth curve g(t) on GL(A) as

g(t) = e
t
2 (a+ib), (2.89)

where a, b ∈ Asa. This curve clearly satisfies g(0) = I and with a straightforward
computation allows to get the following expression for fundamental vector fields of
the action α,

Vab = Ya +Xb, (2.90)
where the vector fields Ya and Xb are defined as

Ya(lc) := l{a,c},

Xb(lc) := l[b,c].
(2.91)

From this expression it can be seen that the fundamental vector fields of the action
α are given by two terms that are related to the two products defined in Equations
(2.85) and (2.84). Moreover, it can be easily seen that the fundamental vector fields
Xb associated to the antisymmetric product are precisely the fundamental vector
fields of the action ζ given by the restriction of α to the subgroup U(A) of GL(A).
In fact, the Lie algebra of U(A) can be identified with Asa, and the exponential map
for this Lie group is given by

U(t) = e
it
2 b (2.92)
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with b ∈ Asa. Then a straightforward computation brings that the fundamental
vector fields Wa of the action ζ are given by

Wa = Xa. (2.93)

Let now η ∈ A∗sa and let us exploit once again the antisymmetric product defined
in Equation (2.84) to introduce the map

Λ : T ∗ηA∗sa × T ∗ηA∗sa −→ C (2.94)

whose action is given by

(Λ(dla, dlb)) (η) := l[a,b](η) = η([a, b]). (2.95)

Since the differential of the linear functions la with a ∈ Asa generate the whole
cotangent space T ∗ηA∗sa, the map Λ can be extended to the bilinear and antisymmetric
tensor

(Λ(df1, df2)) (η) := η([df1(η), df2(η)]). (2.96)
Notice also that this tensor has non-constant rank and it coincides with the null
tensor whenever A is Abelian. If the C?-algebra considered is B(H), the tensor Λ
coincide with the one defined in [31, 32, 37, 41, 43, 44, 45, 51].

It can be shown that the tensor Λ is a Poisson tensor and it can be inverted on
the orbits of the action ζ, thus giving to these orbits the structure of homogeneous
symplectic manifolds [53]. This can be seen as a particular instance of the so-called
Kirillov-Kostant-Souriau construction [119, 120, 123, 165], where one construct a
Poisson tensor starting from the coadjoint action of a Lie group and then shows
that this can be inverted on the orbits of such action, thus giving to these orbits the
structure of a homogeneous symplectic manifold.

Let f : A∗sa −→ R be a smooth function, one can use the Poisson tensor Λ to
associate to f the Hamiltonian vector field Hf as

Hf = Λ(df, ·), (2.97)

it can then immediately be noticed that

Hlb = Xb = V0b, (2.98)

i.e. that the Hamiltonian vector fields associated to the Poisson tensor Λ, when
applied to the linear functions la, give back a term of the fundamental vector fields
of α, which is precisely the term that is related to the action ζ of U(A).

So far, we have the following picture: the fundamental vector fields of the action
α contain a term Xa, which is related to the anti-symmetric product of the algebra
A, we then saw that the vector fields Xb can be seen as the Hamiltonian vector
fields of linear functions with respect to a Poisson tensor defined using the same
anti-symmetric product used in defining Xb. However, the fundamental vector fields
of the action α also contain a term Ya that is related instead to the symmetric
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product, and one can wonder whether this can be related with some symmetric
tensor defined in terms of the Jordan product used to define Ya. This instance has
been investigated, in the case where A = B(H), also in [47, 48].

Following this idea, we define, at each η ∈ A∗sa, the map

Rη : T ∗ηA∗sa × T ∗ηA∗sa → R (2.99)

whose action is given by

Rη(dla, dlb) := l{a,b}(η) = η({a, b}). (2.100)

We can then extend by linearity this to T ∗ηA∗sa as done for Λ, obtaining

Rη(df, dg) := η ({df(η), dg(η)}) . (2.101)

We will refer to this tensor as the Jordan tensor.

Remark 9. The Jordan tensor R defines a generalized distribution D = {Dω}ω∈A ∗sa

on A ∗
sa as

Dω := {η ∈ TωA ∗
sa
∼= A ∗

sa | ∃ a ∈ Asa : η(b) = Rω(a,b) ∀b ∈ Asa}. (2.102)

We will say more about the role of this distribution for our discussion in Section 5.2.

We can then consider the field R given by the collection of these forms, this is
a symmetric smooth (0, 2)-type tensor field. Its symmetry descends trivially from
the symmetry of the product [·, ·]. If we consider the case A = B(H), it can be seen
that the tensor field introduced here coincides with a contravariant field relevant in
Geometric Quantum Mechanics and related to the GKLS evolution [94, 129] that is
considered in [31, 32, 37, 41, 43, 44, 45, 51].

We will now see that this tensor is actually invertible on particular subsets of
A∗sa, namely, the orbits O of the action α introduced in (2.60). As we saw in Section
2.2, this action preserves the positivity of functionals, let us then consider an orbit
O+ such that O+ ⊂ P .

Let us denote with i the immersion map of the orbit O+ in A∗sa and let us
introduce the functions

l+a := i∗la. (2.103)
Such functions are such that the set {dl+a (ω)} is an overcomplete basis for the
cotangent space TωO+ for all ω ∈ O+. Thus allowing us to define a tensor R on O
by setting

Rω(dl+a , dl+b ) := ω({a, b}). (2.104)
and extending it by linearity, as done for R. We clearly have

R(i∗θ1, i
∗θ2) = i∗(R(θ1.θ2)) (2.105)

for all 1-forms θ1, θ2 on A∗sa. This tensor may be regarded as the restriction of R to
O+.
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Proposition 18. The (0, 2)-type tensor R is symmetric, invertible, and positive.

Proof. For a proof of this statement see [53, p. 10]

Since R is invertible, we can then consider

G := R−1, (2.106)

and it will be a Riemannian metric tensor on the orbit O+.
The definition of a metric allows us to define the gradient vector field Df of

a smooth function f as
G(Df , X) = df(X), (2.107)

for all vector fields X on O+, this expression can easily be inverted to get

Df = R(df, ·), (2.108)

and it can then immediately be noticed that

Dla = Ya = V0a, (2.109)

i.e. that the gradient vector fields associated to the metric tensor G, when applied
to the linear functions la, give back a term of the fundamental vector fields of α.
Considering the analogous derivation for the Hamiltonian vector fields defined via Λ,
one can say that the action α, when considered at an infinitesimal level, acts in a way
that is related to the action of the tensors Λ and G defined by means respectively of
the Lie product and the Jordan product.

Remark 10. In some sense, introducing the tensor R can be considered as some
sort of Jordan-analogue of the Kirillov-Kostant-Souriau construction. Notice that
this construction has no application when the C?-algebra A is Abelian, since the
Poisson tensor vanishes identically, while its Jordan-analogue can be carried out also
in the Abelian case. In fact, in the next subsection this will be done for an Abelian
C?-algebra and we will see that this gives rise to the Fisher-Rao metric tensor.

Proposition 19. Let Xa be as in Equation (2.91), G as in (2.106) and let us denote
with LX the Lie derivative along X. We have

LXaG = 0. (2.110)

I.e. that the metric G is invariant under the action of the unitary group.

Proof. For a proof of this statement see [53, p. 11]

Remark 11. In Section 3.3 we will prove Proposition 31, which can be considered as
a generalization of the Proposition. In fact, we will see that the metrics descending
from the Jordan product are invariant under the action of ultra-weakly continuous
automorphisms of the algebra considered.
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Until now we worked with orbits contained in the cone of positive functionals,
disregarding the normalization constraint needed to deal with states, this has been
done to avoid cumbersome computation and show the results in a more clear way.
However, since the goal of this section is to obtain a Riemannian metric tensor
on the space of states of a finite-dimensional C?-algebra, we need to replicate this
construction for states, i.e. norm-one positive linear functionals. This will be done in
complete analogy with what done before and referring the reader to [53] for a more
detailed discussion.

Let us now recall (see Subsection 2.2.3) that we can define an action Φ on A∗sa as

Φ : GL(A)× A∗sa 3 (g, η)→ Φ(g, η) ∈ S (A ), (2.111)

that represents a kind of “normalized” version of α, meaning that

(Φ(g, η)) (a) := η(g∗ag)
η(g∗g) . (2.112)

This is a smooth action of GL(A), it preserves positivity, the faithfulness and the
norm of the linear functionals it acts on, thus this action preserves the space S (A )
of states of A. Moreover, S (A ) can be seen as the disjoint union of orbits of the
action Φ, these orbits coincide the spaces of states of a given rank and the orbit of
higher dimension is given faithful states. Let now ρ be a state and let us denote with
O+

1 the orbit of Φ containing ρ, clearly this is a submanifold of the orbit O+ of α
containing ρ. We will denote by i1 the immersion of O+

1 in O+.
We can then restrict the linear functions defined in (2.86) to O+

1 , i.e. define

ea := i∗1la, (2.113)

and the vector fields
Vab = Ya + Xb, (2.114)

with

Xa(ec) = e[a,c],

Yb(ec) = e{b,c} − ebec.
(2.115)

can be seen to be the fundamental vector fields for the action Φ.
The vector fields Xa can clearly still be considered the Hamiltonian vector field

associated to ea by the tensor
Λ1 := i∗1Λ. (2.116)

We can define the tensor
G1 := i∗1G, (2.117)

which can be shown to be a metric on the space of quantum states. Let f be a
smooth function defined on O+

1 and let us denote with Df the gradient vector field
associated to f via G1, we have that

Dea = Ya. (2.118)
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Finally, we have that a result analogous to Proposition 19 holds, i.e.

LXaG1 = 0. (2.119)

In the next subsections we will see that the tensor G1 gives exactly the Fisher-Rao
metric tensor, the Fubini-Study metric tensor and the Bures-Helstrom metric tensor,
when the appropriate choice of A and O is made.

2.3.1 The Fisher-Rao metric
Let now A be the finite-dimensional, Abelian C?-algebra A = Cn. Consider the
canonical basis {ej}, with j = 1, . . . , n, we have

a = aje
j (2.120)

with aj ∈ C for all a ∈ A. The components aj will all be real if and only if a is
a self-adjoint element of A. We can then consider the dual basis of {ej} and give
usual Cartesian coordinates on A∗sa ∼= (R+)n, P is the positive orthant and S may
be identified with the standard simplex ∆n in Rn (see Example 2).

The linear functional la associated to a ∈ Asa is given by

la = ajp
j, (2.121)

and we have
l{a,b} =

n∑
j=1

ajbjp
j. (2.122)

It is then easy to see that the tensor R may be written as

R =
n∑
j=1

pj
∂

∂pj
⊗ ∂

∂pj
, (2.123)

so that we can consider the covariant tensor

G =
n∑
j=1

1
pj
dpj ⊗ dpj, (2.124)

whose restriction to states (i.e. to the standard n-simplex) gives exactly the Fisher-
Rao metric tensor.

2.3.2 The Fubini-Study metric
We now consider the case where A = B(H) with H finite-dimensional and the orbit
considered is given by all pure states. In fact, recall (see the introduction to Section
2.2) that the orbits of the action α of GL(A) on quantum states gives the spaces of
states of a given rank, thus pure (i.e. rank one) states are clearly an orbit of α.
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Taking into account what said in Example 3, for any pure state ρ, there exist a
vector |ψ〉 ∈ H such that

ρ = |ψ〉 〈ψ|
〈ψ|ψ〉

, (2.125)

realizing a diffeomorphism between the orbit of α given by pure states and the
complex projective space of H [77].

Taking into account Proposition 31, then our metric tensor G1 has to be the only
metric tensor on the complex projective space which is invariant under the action of
the unitary group, i.e. Fubini-Study metric [84, 167].

2.3.3 The Bures-Helstrom metric
Let us now consider the case A = B(H), with H a finite-dimensional Hilbert space,
and the orbit of α considered is the one given by faithful states.

The trace defined on B(H) allows to establishes an isomorphism between A and
its dual A∗ that identifies the functional η with the linear operator η̂ such that

η(a) = Tr (η̂a) (2.126)

for all a ∈ A. The space of faithful states S+ can be thus identified with the manifold
of invertible positive operators with trace one and its tangent space TρS+ at ρ ∈ S+
can be identified with the affine hyperplane A0

sa of self-adjoint linear operators with
trace zero.

Considering the aforementioned isomorphism between A and A∗, the definition
of the gradient vector fields Ya in Equation (2.91) can be rewritten as

Ya(η) = {η̂, a}, (2.127)

Remark 12. Let ρ ∈ S , notice that the vector Ya(ρ) provides the geometric analogue
of the so-called Symmetric Logarithmic Derivative, which is widely used in Quantum
Estimation Theory [103, 143, 169].

Let us define the constant vector field on A∗sa

Za(η) = a (2.128)

associated to the element a ∈ Asa, let ω be in the space P+ of positive invertible
operators and let us define the operator

Aω(a) := {ω, a} = 1
2(Lω +Rω)(a), (2.129)

where Lω and Rω are the invertible linear operators on Asa defined as

Lω : Asa −→ Asa s.t. Lω(a) := ωa,

Rω : Asa −→ Asa s.t. Rω(a) := aω.
(2.130)
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Since ω is a positive, invertible operator on H, we have that also Aω is an invertible
linear operator.

Then we clearly have

a = A−1
ω (Aω(a)) = A−1

ω ({ω, a}), (2.131)

meaning that

Za(ω) = YA−1
ω (a)(ω),

Ya(ω) = ZAω(ω).
(2.132)

Finally, let us define the vector field Za as the vector field that is i1-related to Za.
We can now easily compute, for any state ρ,

G1(Za,Zb)(ρ) = (i∗1G)ρ(Za(ρ),Zb(ρ))
= Gρ(Za(ρ), Zb(ρ))
= Gρ(YA−1

ρ (a)(ρ), YA−1
ρ (b)(ρ)),

(2.133)

where we used the definition of G1, Equation (2.132), and the definition of Za.
Considering now the fact that our metric is given in terms of the Jordan product,
we have

G1(Za,Zb)(ρ) = Gρ(YA−1
ρ (a)(ρ), YA−1

ρ (b)(ρ))

= ρ
(
{A−1

ρ (a), A−1
ρ (b)}

)
,

(2.134)

from which immediately follows

G1(Za,Zb)(ρ) = Tr
(
{ρ̂, A−1

ρ (a)}A−1
ρ (b)

)
= Tr

(
aA−1

ρ (b)
)
.

(2.135)

Which is precisely the expression of the Bures-Helstrom metric as given in [72, 73, 176].
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Chapter 3

Information Geometry on smooth
parametric models of normal
positive linear functionals on
W ?-algebras

In this chapter, the central idea of this work, the use of parametric models of
normal positive linear functionals on a W ?-algebra in Information Geometry, will be
discussed. This idea has been introduced in [49], which is the main reference for this
Chapter. Let us discuss in detail the content of each section.

• In Section 3.1, smooth parametric models of normal positive linear functionals
will be introduced. This will immediately give rise to the need to discuss in
detail the concept of tangent double cone, a surrogate of the concept of
tangent space that is relevant in this framework. We will also see how this
structure is related to a concept of absolute continuity of linear functionals
that is a generalization of the concept of absolute continuity at the heart
of Radon-Nikodym theorem. This concept of absolute continuity for linear
functionals is introduced, building on the previous works [76, 158, 162, 181],
by Niestegge in [140] and developed further in [131], where an analogue of
Radon-Nikodym theorem in this framework is proven.

• In Section 3.2 the Riemannian structure on smooth parametric models of
normal positive linear functionals stemming from the product of the algebra,
that we will call J-metric of the parametric model, will be introduced. As we
will see, this will need to take care of some technical difficulties given by the
infinite-dimensional setting. In particular, this will bring us to the introduction
of the definitions of J-regular and J-smooth parametric models.

• In Section 3.3 a result about monotonicity of the J-metrics for J-smooth
parametric models will be proved. This result can be linked to the equivariance
of Fisher-Rao metric tensor in Classical Information Geometry, i.e. to Čencov
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theorem [34], and to the monotonicity of the metric tensors characterized
by Petz in [149], that are the metric tensors used in Quantum Information
Geometry.

3.1 Smooth parametric models of normal positive
linear functionals

The use of parametric models is widespread in statistical inference [21, 88, 134], and
the use of statistical inference is ubiquitous in physics and in science in general.

One reason for the use of parametric models is given by experimental constraints.
It is a typical situation, when performing an experiment, to prepare a system in a state
that is not completely determined, while still not being completely arbitrary, there
are some assumption that are reasonable to make on the state of the experimental
apparatus, which can be of different nature.

This can be conceptualized by imagining that the possible configuration of our
experimental setting are specified by giving some set of parameters, that can assume
a certain range of values. Each element of our model (i.e. any possible set of values
of the parameters) then represents one of the possible configurations the apparatus
can be in. This is an extremely powerful tool that allows to disregard the (typically
unapproachable) complexity of all possible configurations while preserving the ability
to consider different configurations for the system we are working on.

The same idea is found to be useful also from a purely theoretical point of view,
many problems that are completely unapproachable in their most general setting
become more tame when using parametric models. Again the simplification comes
from disregarding the complexity given by considering all possible configurations
and focusing on some family of possible solutions, parametrized by some set of
parameters.

More specifically, in this chapter we will introduce smooth parametric models of
n.p.l.f.s, the idea is that by doing so we can exploit the fact that the parameters live
on a manifold to use the tools of differential geometry, even if the space of states of
a W ?-algebra is not a manifold.

Definition 20 (Smooth parametric model of normal positive linear functionals).
Let A be a W ?-algebra, M be a Banach manifold and j : M −→ (Asa)∗ be a
smooth map such that j(M) ⊂ P. Then the triple (M, j,A ) is called a smooth
parametric model of n.p.l.f.s. If j(M) ⊂ S ⊂P, we refer to (M, j,A ) as a
smooth parametric model of normal states.

Remark 13. In order to avoid repetitions of words, we write “parametric model”
instead of “smooth parametric model of n.p.l.f.s” or “smooth parametric model of
normal states”.

A relevant property of parametric models is whether they represent faithfully the
parameter space on P.
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Definition 21 (Identifiable and locally identifiable models). A smooth parametric
model of n.p.l.f.s (normal states) (M, j,A ) is said to be identifiable if j is injective,
and it is said to be locally identifiable if Tmj is injective for all m ∈M.

Every identifiable model is locally identifiable, while the converse is not true.
Indeed, as the name suggests, for every locally identifiable model (M, j,A ) and for
every point m ∈M, we can find an open neighbourhood U of m such that the model
(U, j|U ,A ) is identifiable.

The ultimate goal of this chapter is to introduce a Riemannian structure on
our models, in order to do this we need to introduce some sort of surrogate of the
tangent space that can be defined in our framework. In fact, a Banach manifold
clearly admits a tangent space at each point. It would then be possible to consider
the tangent map of the immersion map j introduced in Definition 20, and such a
map would send a vector in TmM to some vector in the tangent space of P at the
point j(m). This idea can not be applied here, since P is not a Banach manifold,
not even in the finite-dimensional case.

For this reason we will now devote some space to the study of a geometric object
that can be used in our context to mimic the role of the tangent space, i.e. the
tangent double cone.

3.1.1 The tangent double cone
Let B be a real Banach space, X be a subset (not necessarily a submanifold) of B
and x be a point of X. We can exploit the fact that X is a subset of a Banach
space to consider C1 curves on X and consider the derivatives of such curves. The
construction is quite similar to the construction of the tangent space of a manifold,
but since X is not necessarily a submanifold of B, the result of this construction will
not, in general, be a vector space.
Definition 22 (Tangent Double Cone). Let B be a real Banach space, X be a subset
of B and x ∈ X.

If there exist ε > 0 and a C1-curve γ : (−ε, ε) −→ B s.t.
γ(t) ∈ X ∀t ∈ (−ε, ε);

γ(0) = ξ;
γ̇(0) = η.

(3.1)

The tangent double cone TxX of X at x is the collection of all η ∈ B satisfying
such properties. I.e. η ∈ TxX if there exist a C1-curve passing through x that has η
as derivative at the x.

The tangent double cone is, from the geometrical point of view, a double cone,
this can be easily checked by seeing that if η ∈ TxX, any multiple of η can be
obtained by reparameterization of the curve γ in Definition 22. As anticipated, the
tangent double cone represents a surrogate of the concept of tangent space, in fact
whenever the subset X in Definition 22 is also a submanifold of B, the tangent double
cone reduces to the ordinary tangent space.
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Example 7. Let us consider a simple but clarifying example of tangent double cone.
Let γ1 and γ2 be two open, simple, smooth curves in R3, intersecting at a point P ,
see Figure 3.1. The set X = γ1 ∪ γ2, endowed with the relative topology induced on

Figure 3.1: A simple example of tangent double cone; the union of the two blue
straight lines represents the tangent double cone TPX of the set X = γ1 ∪ γ2 at the
point P .

X by the standard topology in R3, is not a manifold, to see this, consider an open
neighbourhood of P and notice that this cannot be mapped continuously on an open
of either R or R2. Nonetheless, we may consider the the tangent double cone of the
set X.

The only C1 curves passing through P that we can construct are exactly the ones
following either γ1 or γ2. The tangent double cone TPX will then be given by the
union of the tangent spaces TPγ1 and TPγ2. This is no longer a vector space, since
the sum of an element of TPγ1 with an element of TPγ2 will not lay in TPX, but it is
still a double cone. Notice however then on a point Q 6= P of γ1 (or γ2) the concept
of tangent double cone and tangent space coincide completely.

The relevance of the tangent double cone in our discussion is even more evident
from the following proposition regarding the tangent double cone of the set P of
n.p.l.f.s.

Proposition 20. Let (M, j,A ) be a smooth parametric model of n.p.l.f.s according
to definition 20. Then, Tmj(TmM) lies in the tangent double cone Tj(m)P for all
m ∈M.

Proof. The proof follows directly from the definition of tangent map.

This circumstance motivates us to study in detail structure and properties of the
tangent double cone TξP of P at one of its points ξ. A first relevant property is
that TωP is actually a vector space containing only normal linear functionals.
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Proposition 21. Let B be a real Banach space, X be a subset of B and let also
ξ ∈ X. Then, if X is a convex cone, TξX is a vector space. On the other hand, if V
is a Banach subspace of B containing X, then TξX ⊆ V.

Proof. Let X be a convex cone, η, ζ be in TξX and let also γ and σ be smooth
curves in X starting at ξ and having respectively η and ζ as tangent vectors at t = 0.
Consider then the domain Iγ = (−εγ, εγ) of γ and let us define the interval Iaγ as
follows,

Iaγ = (−εγ/a, εγ/a) if a > 0;
Iaγ = (εγ/a,−εγ/a) if a < 0;

Iaγ = Iγ if a = 0;
(3.2)

The interval Iaγ is the domain of the curve γa(t) = γ(at), which has aη as tangent
vector at its starting point ξ. The same can be clearly done for Iσ.

Consider then two positive (real) numbers a and b, and let also 0 < α < 1,
β = (1− α), and Iµ = (−εµ, εµ), where

εµ = min
(
α

a
,
β

b

)
. (3.3)

Let us also define the curve µ : Iµ → B as

µ(t) := αγ(at/α) + βσ(bt/β). (3.4)

Since X is a convex cone, µ(t) lies in X for every t ∈ Iµ. It can be checked that µ is
a smooth curve starting at ξ having aη + bζ as tangent vector at t = 0. The cases in
which a and b are either positive, negative or 0 can be handled similarly. It then
follows that TξX is a vector space as claimed.

Now, assume there is a Banach subspace V of B such that X ⊆ V and let η be in
TξX. According to the definition of tangent double cone, exists a curve γ(t) such
that γ(0) = ξ and γ̇(0) = η, meaning that

η = lim
ε→0

γ(ε)− γ(0)
ε

. (3.5)

Since X ⊆ V and V is a vector space, it is clear that γ(ε), γ(0), γ(ε)− γ(0) are in V .
Recall that the limit in equation (3.5) is taken in the norm topology of B. Being V
a Banach subspace of B, this topology coincides with the norm topology on V . Thus
we have that η ∈ V as claimed.

Corollary 1. The tangent double cone TωP of P at ω is a vector space for every
ω ∈P sitting inside i (Asa)∗) for every ω ∈P. I.e. it is a vector space containing
only normal linear functionals.

Proof. Recall that P is a convex cone and it is contained in i ((Asa)∗) (recall that
we denoted with i the canonical immersion of A∗ in its double dual), and consider
that i ((Asa)∗) is a Banach subspace of A ∗

sa [159, p. 29]. Then the claim follows from
Proposition 21.
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Let us now turn briefly our attention to the classical case, in this case we have
the following theorem.

Theorem 10. The tangent double cone of the convex cone of positive-definite mea-
sures at any of its points ω coincides with the Banach space of signed measures that
are absolutely continuous with respect to µω. I.e., it coincides with L1(X , µω).

The tangent double cone of the set of probability measures at any of its points ρ
coincides with the Banach space of signed measures that are absolutely continuous
with respect to µρ and such that ∫

X
dµρ = 0. (3.6)

Proof. See [13, thm. 3.1, p. 142].

This instance can bring one to wonder if this identification of absolute continuous
functionals and elements in the tangent double cone exists at a more general level.

3.1.2 Absolute continuity of functionals and a Radon-Nikodym
type theorem for functionals

A notion of absolute continuity in the context of bounded linear functionals on C?-
algebras has been introduce by Niestegge in [140]. This represents a generalization
of the measure-theoretic notion of absolute continuity to the case of C?-algebras.

Definition 23 (Absolute continuity). Let ω be a positive functional on a C?-algebra
A , η ∈ (Asa)∗ and let also B1 be the unit ball in A . Then η is said to be absolutely
continuous with respect to ω if one of the following equivalent statements is true:

• ∀ε > 0,∃ δ > 0 s.t. ω(a) < δ =⇒ |η(a)| < ε ∀ a ∈ A+ ∩B1.

• For every sequence {an}n∈N with an ∈ A+ ∩ B1, then limω(an) = 0 =⇒
lim η(an) = 0 .

• For every net {aλ}λ∈Λ with aλ ∈ A+∩B1, then limω(aλ) = 0 =⇒ lim η(aλ) =
0.

The set of all self-adjoint linear functionals absolutely continuous with respect to
a given positive linear functional ω will be denoted by ACω.

Remark 14. In the Classical case A = C0(X ), ξ ∈ (Asa)∗ is in ACω iff µξ is
absolutely continuous with respect to µω in the measure-theoretic sense [140, Prop.
1.3];

A crucial property of absolute continuous functional in the classical case is given
by Radon-Nikodym theorem, see [141, 154] or [24, Section 3.2]. Now we will state
a theorem that somehow states a similar property in the more general setting of
funcionals on a C?-algebra and that refers to the notion of absolute continuity
introduced in Definition 23.
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Theorem 11. Let ω be a positive linear functional on A , let us define the set

Jω =
{
η ∈ (Asa)∗ | ∃ a ∈ Asa : η(b) = ω({a,b}) ∀ b ∈ A

}
. (3.7)

The set ACω is a Banach subspace of (Asa)∗ which is the closure of Jω in the norm
topology.

Proof. See [131, Thm. 1.3].

Remark 15. The space Jω is the analogous of the distribution defined by the Jordan
product, as introduced in Remark 9, for this reason, in this chapter we will follow
the idea of defining the action of our metrics.

In this case, however, we have that this space is closed only in the finite-
dimensional case. So we will have to investigate who is the closure of this space, and
we will find out that this is precisely the tangent double cone, see Definition 22.

The following proposition gives two properties of ACω in the case that ω is a
n.p.l.f. on a W ?-algebra A that will be useful in the following.

Proposition 22. If ω in Theorem 11 is also normal, then every ξ ∈ Jω is normal
[159, Sec. 1.8]. Then, since i(A∗) is norm-closed in A ∗, Theorem 11 implies that
ACω ⊆ i ((Asa)∗). Meaning that every functional in ACω is normal.

Moreover, ξ ∈ i ((Asa)∗) is in ACω iff

ω(p) = 0 =⇒ ξ(p) = 0 (3.8)

for every projection p ∈ A .

Proof. See [140, Prop. 1.5].

Remark 16. In the case A = L∞(X , µ), the result in Propostion 22 amounts to
say that µξ is absolutely continuous with respect to µω in the measure-theoretic sense.
To see this, consider that in this case projections in A are given by the characteristic
functions on some measurable subsets of X with finite µ-measure.

The set Jω in equation (3.7) will turn out to be particularly useful for our
investigation. We will refer to an element in Jω, as ηa with a ∈ Asa, where the two
are related via

ηa(b) = ω({a, b}) (3.9)

for all b ∈ Asa.
The following proposition states the aforementioned link between the tangent

double cone and the set ACω of bounded linear functional that are absolutely
continuous with respect to a n.p.l.f. ω and with respect to the notion of absolute
continuity given in Definition 23. As we will see, this is in complete analogy with
what stated in Theorem 10 about the classical case.
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Proposition 23. Let ω be a n.p.l.f. on a W ?-algebra A , the norm-closure TωP of
the tangent double cone TωP at ω ∈P coincides with ACω.

Proof. We will first prove that ACω ⊆ TωP.
Consider the smooth curve ωt in (Asa)∗ given by

ωt(b) = ω(e ta2 b e ta2 ), (3.10)

we clearly have that ω0 = ω and ωt ∈ P for all t ∈ R. By definition of tangent
double cone, we have that the tangent vector ω̇t(b)

∣∣∣
t=0

of the smooth curve ωt at
t = 0 is in TωP.

A quick computation shows that

ω̇t(b)
∣∣∣
t=0

= 1
2 ω(ab+ ba) = ηa(b), (3.11)

with ηa ∈ Jω as in (3.9), we thus have that ùJω ⊆ TωP . Recalling that the set ACω
is a Banach subspace of (Asa)∗ which is the closure of Jω in the norm topology (see
Theorem 11), we have that

ACω = Jω ⊆ TωP. (3.12)
Let us now turn to proving that TωP ⊆ ACω.

Suppose ξ be a functional in the double tangent cone TωP of P at ω, let
γ : (−ε, ε) → (Asa)∗ be a smooth curve such that its image is contained in P, we
have γ(0) = ω, and its tangent vector at t = 0 is precisely ξ. Consider then a
projection p ∈ A such that ω(p) = 0 and consider the function

f(t) = ωt(p) = (γ(t))(p). (3.13)

This is a real-valued smooth function which is also non-negative and vanishes when
t = 0, so that its derivative f ′(0) at t = 0 vanishes. It can be then directly checked
that

f ′(0) = ξ(p) = 0. (3.14)
Thus we have that if ξ ∈ TωP, then ω(p) = 0 implies ξ(p) = 0 for every projection
p ∈ A . According to Proposition 22 this amounts to say that TωP ⊆ ACω.

Proposition 24. Given a n.p.l.f. ω, the Banach space dual (ACω)∗ of ACω = Jω
can be identified with

A ω
sa := (App ⊕Apq ⊕Aqp)sa. (3.15)

Proof. Let us denote with Ann(ACω) the annihilator of ACω, which is defined by

Ann(ACω) = {a ∈ Asa : η(a) = 0 ∀η ∈ ACω}, (3.16)

Since ACω ⊆ (Asa)∗ and Asa
∼= ((Asa)∗)∗, we have that

(ACω)∗ ∼= Asa/Ann(ACω). (3.17)
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Let now a ∈ Ann(ACω) then we have that

0 = ηa(a) = ω(a2), (3.18)

which in turn implies that a lies in the Gel’fand ideal of ω (cf. equation (2.31)).
Since ω is a n.p.l.f., we have that equation (2.52) holds, considering then the fact

that a is self-adjoint, we have that Ann(ACω) = (Aqq)sa. Plugging this in (3.17), we
have

(ACω)∗ ∼= Asa/(Aqq)sa ∼= (App ⊕Apq ⊕Aqp)sa =: A ω
sa (3.19)

as claimed.

3.2 Riemannian structure on parametric models
of n.p.l.f.s

In this Section, we will introduce a Riemannian structure on the manifoldM of a
parametric model of n.p.l.f.s (M, j,A ).

The idea is then to introduce a product on the tangent double cone TωP, that
is the analogous in our framework of the tangent space. Mimicking what done in
Section 2.3 in the finite dimensional case, we want also this product to be related
to the Jordan product of the algebra. Then, given a smooth parametric model
(M, j,A ), one could define a map from TmM×TmM to R mapping tangent vectors
at m ∈M through the map Tmj and then exploit the product on the tangent double
cone to perform the product between the images of vectors. In fact, according to 20,
we have that the image of a vector in TmM via the map Tmj is in the tangent double
cone Tj(m)P of P at j(m). As we will see, this idea cannot be really followed without
taking care of some technical details given by the infinite-dimensional setting.

Consider a n.p.l.f. ω, let us define a map Gω : Jω × Jω → R as

Gω(ηa, ηb) := ω({a, b}), (3.20)

where ηa and ηb are related respectively to a and b as in equation (3.9), notice that
the same equation also implies

Gω(ηa, ηb) = ω({a, b}) = ηa(b) = ηb(a). (3.21)

Proposition 25. The map Gω defines a bilinear, symmetric, positive definite product
on each Jω for every n.p.l.f. ω. Thus Jω endowed with Gω becomes a real pre-Hilbert
space.

Proof. First notice that the map sending a in ηa and b in ηb, which are related as
in Equation (3.9), is a linear map. This, together with the linearity of ω, gives the
bilinearity of Gω. The symmetry of Gω comes from the fact that the Jordan product
is symmetric.
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Let us move now to prove that Gω is positive definite. Recalling equation (3.9),
we have that

Gω(ηa, ηa) = ω(a2) = 0. (3.22)
This implies (see equation (2.31)) that a is in the Gel’fand ideal of ω. Recall equation
(2.52), and the fact that the involution gives a Banach space isomorphism between
Apq and Aqp (see equation (2.50)). Then the self-adjointness of a implies that a ∈ Aqq,
i.e.

a = q a q. (3.23)
This in turn implies

ηa(b) = ω({a, b}) = ω(p {q a q, b} p) = 0 ∀b ∈ A , (3.24)

where we used Proposition 9.
We thus conclude that ηa is the null functional and thus Gω is positive definite

on each Jω for every n.p.l.f. ω.

Next, let us complete the space Jω with respect to the inner product defined by
Gω.

Definition 24. The closure of Jω with respect to the topology determined by the
inner product Gω (cf. equation (3.20)) is a real Hilbert space, it is denoted by Jω
and it is referred to as the J-Hilbert space of ω.

Recall that Jω is in general also not closed with respect to the norm topology in-
herited from (Asa)∗, instead, according to Theorem 11, its norm closure is exactly the
space ACω of self-adjoint normal linear functionals which are absolutely continuous
with respect to ω (in the sense of Definition 23).

Proposition 26. Let ω be a n.p.l.f. and Jω as in definition 24. We have that Jω is
a subset of ACω which is dense in ACω with respect to the norm-topology.

Moreover, the dual space (ACω)∗ ∼= A ω
sa (see proposition 24) can be identified

with a subset of J ∗ω which is dense in J ∗ω with respect to the norm-topology.

Proof. Let η ∈ Jω, and let us define a linear function lη : Asa → R as

lη(a) := Gω(η, ηa) (3.25)

for every a ∈ Asa. Because of Cauchy-Schwarz inequality we have that

|lη(a)|2 = |Gω(η, ηa)|2 ≤ Gω(η, η)Gω(ηa, ηa) = ||η||2ω ω(a2). (3.26)

Then, using (2.12), we have

||η||2ω ω(a2) ≤ ||η||2ω ||ω|| ||a||2, (3.27)

i.e., lη is a bounded linear map, thus it can be looked at as an element of A ∗
sa. With

an abuse of notation, we denote by η the element in A ∗
sa determined by lη.
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Next, using the general Cauchy-Schwarz inequality for positive functionals (See
Lemma 1), the definition of Gω and again (2.12), we have

|ηa(b)|2 ≤ ω(a2) ω(b2) ≤ Gω(ηa, ηa) ||ω|| ||b||2. (3.28)

Thus, the norm determined by the inner product on Jω is stronger than the norm on
Jω inherited from (Asa)∗, implying that Jω is a subset of (Asa)∗.

Then, following the reasoning below equation (3.22), if P is a projection such
that ω(P) = 0, then ηP = 0. In turn implying

η(P) = lη(P) = 0, (3.29)

which, because of Proposition 22, means that η ∈ ACω .
We showed that the norm determined by the inner product on Jω is stronger than

the norm on Jω inherited from (Asa)∗, thus the identification map i : Jω → ACω can be
extended to a bounded linear map i : Jω → ACω whose image is a dense subset of ACω,
since it contains Jω. We can then consider the dual map i∗ : (ACω)∗ ∼= A ω

sa → (Jω)∗
(see Proposition 24).

We will now prove that the map i∗ is injective. First notice that

(i∗(a− b)) (η) = η(a− b) = 0 ∀η ∈ Jω (3.30)

implies that
(i∗(a− b)) (ηa−b) = ω((a− b)2) = 0, (3.31)

implying that (a − b) lies in the Gel’fand ideal of ω (see Equation (2.31)). Recall
that ω is a n.p.l.f., that (a− b) is self-adjoint and equation (2.52), then we have that
(a− b) ∈ (Aqq)sa. But if we take into account the fact that

a, b ∈ A ω
sa = (App ⊕Apq ⊕Aqp)sa (3.32)

then it must be (a− b) = 0, and thus i∗ is injective.
Since it is a Hilbert space, Jω is isomorphic to its dual. Thus equation (3.30)

implies that i∗ has an image that is dense in (Jω)∗.

With the previous results, we provided Jω ⊆ ACω with an inner product Gω for
every n.p.l.f. ω. However, as already noticed in the beginning of this section, we
want to be able to transport this inner product to the tangent space TmM of the
manifold M of our parametric model using the tangent T j map of j, but the set
T j(TmM), while being for sure a subset of Tj(m)P , it is not necessarily contained in
Jj(m).

This motivates the following definitions.

Definition 25 (J-regular parametric model). A parametric model (M, j,A ) is said
to be J-regular if the image Tmj(TmM) of the tangent space at m ∈M through the
map Tmj is a subset of the real Hilbert space Jj(m) (see definition 24) for all m ∈M.
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For a J-regular model, one can define a map Gm from TmM× TmM to R as

Gm(X, Y ) := Gj(m) (Tmj(X(m)), Tmj(Y (m))) . (3.33)

This map is bilinear and symmetric, since Gj(m) is bilinear and symmetric.

Definition 26 (J-smooth parametric models and J-metrics). A J-regular parametric
model is said to be J-smooth if Equation (3.33) defines a smooth tensor field onM.

Let (M, j,A ) be a J-smooth, identifiable parametric model. The smooth tensor
field defined by equation (3.33) is called the J-metric associated to the model.

The prefix J in Definitions (25) and (26) stands for Jordan and it is used here to
keep in mind that the properties and the structures defined here are all reminiscent
of the Jordan product on the W ?-algebra A .

Remark 17. Recall that an identifiable model is also locally identifiable (see Defini-
tion 21), this property is required here to ensure the non-degeneracy of the J-metric.
The same construction can be followed also for a non-identifiable model, and this
will still give rise to a non-negative, symmetric tensor. As we will see in Subsection
5.2.1, the tensor obtained, despite not being a metric, can still be interesting from an
information theoretical perspective.

Remark 18. Consider the orbits of GL(A) considered in Section 2.3 can be seen as
parametric models, also, comparing Equation (3.33) with the expression of the tensor
R in Equation (2.104), it is easy to see that the construction proposed here reduces
to the one presented in Section 2.3 in the finite-dimensional case. Moreover, the fact
that we are able to define a metric as in Equation (2.106) implies that these models
are actually J-smooth.

We saw in this section how to define a metric onM that comes from the Jordan
product of the algebra. One could ask why is this Riemannian structure relevant for
Information Geometry. A first consideration that can be done is given just by the
analogy to the finite-dimensional case treated in Section 2.3. There we saw how an
analogous structure succeeds in reproducing metric tensors that are relevant in both
Classical and Quantum Information Geometry, namely the Fisher-Rao metric, the
Fubini-Study metric and the Bures-Helstrom metric.

In the next section, we will add another block to this picture, showing that the
Riemannian structure introduced here has the property of being monotone with
respect to maps that are dual to completely positive, unital maps. As we already
stressed in Chapter 2, this kind of maps are the general W ?-algebraic notion that
allows to recover both Markov maps and CPTP maps, which are the relevant classes
of maps considered respectively in Classical and Quantum Information Geometry.
To some extent, the monotonicity property is reminiscent of the Data processing
inequality [139, 160, 163].

In Chapter 4 we will see that this same construction can be used, to some extent,
to obtain a result that is preliminary to obtaining two inequalities that are relevant in
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Estimation Theory, namely the Cramér-Rao bound and the Helstrom bound. Finally,
in Chapter 5 we will explicitly use the tools given in this Section for specific models
and see that this construction will succeed in reconstructing some well-known metrics
in Information Geometry.

3.3 J-smooth parametric models and maps; mono-
tonicity and invariance

The aim of this Section is to prove two results. One is the monotonicity of J-
metrics under norm-continuous, ultra-weakly continuous maps, that are the dual of
a completely positive, unital map. The other is the invariance of these same metrics
with respect to ultra-weakly continuous automorphisms of the algebra. This will be
done in Subsection 3.3.1.

In order to prove these results, we need some additional properties about the
behaviour of W ?-algebras and of parametric models under mappings.

Proposition 27. Let A and B be two W ?-algebras, let Φ∗ : B∗ → A ∗ be a bounded
linear map, that is the dual of a completely positive map and let also (M, j,B) be
a smooth parametric model of n.p.l.f.s. Then (M, i,A ), with i = Φ∗ ◦ j, is also a
smooth parametric model of n.p.l.f.s.

If Φ is also a unital map and (M, j,B) is a smooth parametric model of states.
Then (M, i,A ), with i = Φ∗ ◦ j, is also a smooth parametric model of states.

Proof. The first result comes by considering the fact that completely positive maps
send positive functionals in positive functionals and the fact that a bounded linear
map is smooth and that the composition of smooth maps is a smooth map.

The second comes from the same considerations, taking into account the fact
that the dual of a completely positive, unital map send states in states.

Let A and B be W ?-algebras, let also f be a map from A to B, the predual
map f∗ of f is that map such that

f = (f∗)∗. (3.34)

If such a map exists, we say that the map f admits a predual. It is easily seen that
a map admits a predual if and only if it is ultra-weakly continuous.

Proposition 28. Let A and B be W ?-algebras and let also f : A −→ B admit a
predual as in Equation (3.34). The dual f ∗ of f sends normal functionals in B in
normal functionals in A .

Proof. Let ρ be a normal functional in B∗ and a ∈ A and consider the quantity

(f ∗ρ)(a) = ρ(f(a)) = (f(a))(ρ̂), (3.35)
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where we used the definition of dual map, the fact that ρ is a normal functional
and denoted with ρ̂ the element in B∗ s.t. iB(ρ̂) = ρ, with iB being the natural
immersion of B∗ in B∗. Then, taking into account that f admits a predual and
using again the definition of dual map, we get

(f(a))(ρ̂) = ((f∗)∗a)(ρ̂) = a(f∗(ρ̂)). (3.36)

Thus we have that
(f ∗ρ)(a) = a(f∗(ρ̂)), (3.37)

which implies immediately that f ∗ρ is a normal functional .

Proposition 29. Let Φ: A → B be a norm-continuous, ultra-weakly continuous,
completely positive map. Let Φ∗ : B∗ → A ∗ the dual map of Φ, and let ρ ∈P(A )
be the image of ω ∈P(B)via Φ∗. Φ∗ defines a bounded linear map from J ∗ρ to J ∗ω .

Proof. First of all, we note that dual map Φ∗ sends positive linear functionals into
positive linear functionals because Φ is positive. Moreover, since Φ is also ultra-
weakly continuous, there is a bounded linear map ϕ : B(B) → B(A ) between the
predual of B and the predual of A of which Φ is the dual map. Therefore, Φ∗ sends
normal linear functionals into normal linear functionals.

In general, if ρ = Φ∗(ω), the map Φ does not send A ρ
sa into Bω

sa (cf. proposition
24) . However, denoting with Pω the projection onto Bω

sa (which exists because Bω
sa

is complemented in Bsa since ω is a n.p.l.f.), it is clear that the map

a 7→ Φω(a) := Pω(Φ(a)) (3.38)

is a linear map between A ρ
sa and Bω

sa.
What is interesting is that, when looking at A ρ

sa as a dense subspace of J ∗ρ and
at Bω

sa as a dense subspace of J ∗ω according to proposition 26, it defines a bounded
linear map between J ∗ρ and J ∗ω . Indeed, for every a ∈ A ρ

sa, it holds

||Φω(a)||2ω = Gω(Pω(Φ(a)),Pω(Φ(a))) = ω(Pω(Φ(a)) Pω(Φ(a))). (3.39)

Let us denote by Qω the complement projection of Pω. Obviously, we have that

PωQω = QωPω = 0 (3.40)

and thus
ω(ab) = ω(Pω(a)Pω(b)) + ω(Qω(a)Qω(b)). (3.41)

Moreover, since Qω(B) = Bqq is a C?-algebra of B and ω vanishes on Bqq (cf.
discussion below equation (2.49)), we conclude that

ω(ab) = ω(Pω(a)Pω(b)), (3.42)

so that
||Φω(a)||2ω = ω(Φ(a)Φ(a)). (3.43)
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Since Φ is completely positive, it follows that Φ(a)Φ(a) ≤ Φ(a2) (see Proposition 6)
and thus

||Φω(a)||2ω ≤ ω(Φ(a2)) = ρ(a2) = Gρ(a, a) = ||a||2ρ. (3.44)
Equation (3.44) implies that Φω can be extended to a bounded linear map between
J ∗ρ and J ∗ω as claimed.

Corollary 2. The linear map Φω : A ρ
sa → Bω

sa defined in (3.38) is a contraction.

Proof. It is enough to inspect Equation (3.44), which also implies that ||Φω|| ≤ 1.

Corollary 3. In the finite dimensional case, a map Φ∗ as in Proposition 29 sends
JΦ∗(ω) to Jω.

Proof. It is enough to consider that every finite-dimensional linear space is closed.

3.3.1 Monotonicity and invariance properties of metrics on
parametric models of n.p.l.f.s

Let us now prove a monotonicity property for Gω under norm-continuous, ultra-
weakly continuous, completely-positive maps that are the dual of some completely
positive, unital map.

Proposition 30 (Monotonicity property of J-metrics). Let ρ ∈P(A ) be such that
ρ = Φ∗(ω) with ω ∈P(B) and let Φ∗ : B∗ → A ∗ be the dual of a norm-continuous,
ultra-weakly continuous map, completely positive, unital map Φ.

For every η ∈ Jω it holds Φ∗(η) ∈ Jρ and

Gρ(Φ∗η,Φ∗η) ≤ Gω(η, η). (3.45)

Equation (3.45) will be referred to as the monotonicity property of Gρ.

Proof. Consider the map Φ∗ω : Jω → Jρ defined as in (3.38). Denoting with ( | )• the
pairing between J• and its dual, it holds

(a|Φ∗ω(η))ρ = (Φω(a)|η)ρ = η(Φω(a)) = η(Pω(Φ(a))) (3.46)

for all a ∈ A ρ
sa ⊆ J ∗ρ . According to proposition 26, every η ∈ Jω is also an element

of ACω, and proposition 24 implies that

η(Φ(a)) = η(Pω(Φ(a))) + η(Qω(Φ(a))) = η(Pω(Φ(a))). (3.47)

Accordingly, it follows that

(a|Φ∗ω(η))ρ = η(Φ(a)) = (Φ∗(η))(a) (3.48)

which means that Φ∗ω coincides with Φ∗ on Jω ⊆ ACω. Eventually, recalling that Φω

is a contraction (see Corollary 2) and that the norm of Φ∗ω coincides with that of Φω,
it immediately follows that

63



J-smooth parametric models and maps; monotonicity and invariance

Gρ(Φ∗(η),Φ∗(η)) = Gρ(Φ∗ω(η),Φ∗ω(η)) ≤ ||Φω|| Gω(η, η) ≤ Gω(η, η) (3.49)

as claimed.
As already stated in the Introduction of this work, this result is crucial if one

wants to claim that the geometric picture developed in this work is somehow related
to Information Theory. In fact, both in Classical and Quantum Information Geometry
there exists a result that describes or characterizes the relevant metric tensors by
looking at their behaviour under some class of maps. In Classical Information
Geometry this is the invariance under congruent embeddings, that selects Fisher-
Rao metric among all possible metrics on probability distributions, that is the
content of Čencov’s theorem [34]. In Quantum Information Geometry this is the
characterization, due to Petz [149, 151], of the metrics that are monotone with
respect to quantum channels.

While connecting this result with Petz characterization is immediate, it is not
really clear to us at the moment if (or in which way) this is connected with Čencov
theorem.
Proposition 31 (Invariance of Gω under ultra-weakly continuous automorphisms).
Let Φ be an ultra-weakly continuous automorphism of A and let also ω ∈P, a ∈ A ,
ρ = Φ∗(ω) and η be a functional on A related to a as in Equation (3.9).

Then we have
Gρ(Φ∗(ηa),Φ∗(ηa)) = Gω(ηa, ηa), (3.50)

meaning that the inner product Gω with ω ∈P with respect to ultra-weakly continuous
automorphisms.

Proof. Since Φ is an automorphism of A , it is also an automorphism of the Jordan
product.

Recall then that Φ∗ω coincides with Φ∗ on Jω ⊆ ACω (cf. proposition 30), a direct
computation shows that

(Φ∗(ηa)) (b) = ηa (Φ(b)) = ω ({a,Φ(b)})
= ω

(
Φ
(
Φ−1 ({a,Φ(b)})

))
= ω

(
Φ
(
{Φ−1 (a) , b}

))
= ρ

(
{Φ−1(a), b}

) (3.51)

for all a, b ∈ Asa. It then follows that

Gρ(Φ∗(ηa),Φ∗(ηa)) = ρ
(
Φ−1

(
a2
))

= ω(a2) = Gω(ηa, ηa), (3.52)

as claimed.

Remark 19. When considering parametric models there is an additional aspect to be
considered. Let (M, j,A ) be a J-smooth, identifiable parametric models, ω = j(m) ∈
P and let Φ be an automorphism of A . If Φ(ω) is in the image of M via j, the
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result stated in Proposition 31 holds and also the property is translated in a property
of the J-metric G, meaning that

Gm(X(m), Y (m)) = Gm′(X(m′), Y (m′)). (3.53)

Where m′ ∈M is such that j(m′) = Φ(ω) and X and Y are two vector fields onM.
What can also happen, however, is that Φ(ω) is not in the image of our model.

In this case of course the result given in Proposition 31 can not really be applied.
Remark 20. In the case that the W ?-algebra considered is B(H), this implies that
the tensors we obtain are always invariant under the action δ of U(H) defined in
Equation 2.55, since these are all automorphisms of the space of quantum states.

Referring now to Remark 19, in order to be able to use Proposition 31 in a model
on B(H) what one can do is to consider models that have the property that if they
contain a quantum state ρ, then they contain the whole orbit of the action δ passing
through ρ.
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Chapter 4

Estimation theory on W ?-algebras

In this Chapter, we will carry out a preliminary analysis regarding how the W ?-
algebraic framework introduced in the previous chapters can be applied to Estimation
Theory. Before describing in detail the content of the Chapter, some basic concepts of
Estimation Theory will be recalled, and in particular we will introduced the so-called
Cramér-Rao bound.

A statistical model is a pair (Ω,P), where Ω is the sample space, and P is a
set of probability distributions on Ω. A typical situation is the following, the given
data, i.e. the product of some experiment, is a certain sample from the event space
Ω. Then what we want to do is to choose, in the set P, a probability distribution
that will be our approximation of the sample given. In general, there is no single
criterion or unique method to select a distribution that can be regarded as the best
approximation of the sample given [62, Chapter 32].

Let us now assume that our space P is an open of Rn, and let us consider a
parametrization of P given by the vector of parameters Θ = {θ1, . . . , θN}. The idea
is then to set a rule, which goes under the name of estimator, that allows to make
a prediction Θ̂, which will be called the estimate, on the set of parameters Θ, which
is the estimand of the estimation problem. In particular we will focus on point
estimators, meaning that the estimate Θ̂ is just one possible combination of values
of Θ, i.e. the estimator S is a map from the sample space Ω to the set P . A relevant
property of estimators is if they converge in probability to its true value θ0 [60] as
the sample size grows. An estimator that has this property is called consistent.

One usually also wants some notion of distance on the space P, an important
thing to bear in mind is that there is no unique choice for such a notion of distance
and this choice depends heavily on the context in which the specific model is used.
This notion of distance is usually given in terms of some cost function, i.e. a
two-point function C(p1, p2) of the space P that is non-negative such that it is zero
if and only if p1 = p2.

It is useful to see point estimators as random variables with values in Rn. This
will allow us to compute quantities such as the expected value, the covariance
matrix or the bias of an estimator.

Definition 27. Let (Ω,Σ, p) be a probability space and (E,E ) a measurable space, a
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random variable X is a measurable function from Ω to E [80].

The space E represents the set of possible values that the random variable can
attain. The random variable X can be used to push-forward the probability measure
p to E, thus giving a measure pX on E, that is called the probability distribution
of X. Let us focus on the case where E = Rn and let us equip it with the usual
structure of measure space given by the Lebesgue measure µL, then, if the probability
distribution pX of X is absolutely continuous with respect to µL, we can define the
density of the random variable X as the Radon-Nikodym derivative fX of pX with
respect to µL [22].

The expected value E[X] of a random variable X is defined by

E[X] :=
∫

Ω
Xdp. (4.1)

When we are dealing with more than one random variable, another relevant quantity,
related with the concept of correlation, can be defined.

Definition 28. Let X = (X1, . . . , Xn) be a vector of random variables, the covari-
ance matrix (or dispersion matrix, or variance–covariance matrix) KX

associated to X is the matrix whose entries are given by

(cov (X))ij = cov (Xi, Xj), (4.2)

where with cov (Xi, Xj) we denote the usual covariance of the two random variables
Xi and Xj, i.e.

cov (Xi, Xj) = E [Xi − E[Xi]]E [Xj − E[Xj]] . (4.3)

The inverse matrix of the covariance matrix is called the precision matrix or
concetration matrix [70, 182].

If the space P is an open of Rn, we can apply the definitions given here to point
estimators, allowing us to compute their expectation values and variances and to
define the bias of a point estimator as

B(S) = E[S]− θ0. (4.4)

Definition 29 (Unbiased estimator). An estimator is said to be unbiased if B(S) =
0, i.e. if its expectation value coincides with its true value.

Wanting now to introduce the so-called Cramér-Rao inequality, we need the
following definition.

Definition 30. Let Θ = {θ1, . . . , θN} be the parameter vector specifying the prob-
ability distribution p(x,Θ) with x ∈ Ω. The N × N matrix whose components are
given by

(I(Θ))ij = E
[
∂

∂θi
log p(x,Θ) ∂

∂θj
log p(x,Θ)

]
(4.5)

is called the Fisher information matrix.
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The Fisher information matrix plays a crucial role in Estimation Theory. As
already stated in the Introduction of this work, it has been introduced by Ronald
Fisher in his seminal work [78] and is then been used to define a Riemannian structure,
the so called Fisher-Rao metric, on spaces of probability distributions. We will refer
to it alternatively as Fisher information matrix and denote it by I or to Fisher-Rao
metric and denote it by GFR. As we will see in Section 5.1, this will be precisely
the J-metric one obtains when the space P is the image of a J-smooth model on an
Abelian W ?-algebra.

As already stated in the Introduction of this work, the Cramér-Rao bound is a
lower bound in the attainable precision of an unbiased estimator S [62, 156]. The
estimator S can be regarded as a vector of random variables, so it makes sense to
consider its covariance matrix cov (S), let the Fisher information matrix I(Θ) be
defined and be invertible for all Θ and let also the following regularity condition
hold:

∂

∂θj

[∫
S(x)p(x,Θ)dµ

]
=
∫
S(x) ∂

∂θj
[p(x,Θ)]dµ. (4.6)

Given the stated conditions, we have that the inequality

cov (S) ≥ I(Θ)−1 (4.7)

holds. This inequality in is in the sense of matrix inequalities, meaning that the
matrix cov (S)− I(Θ)−1 is a semi-positive definite matrix.
Definition 31 (Efficient estimator). An estimator is said to be efficient if it
achieves minimum variance.

This means that for an unbiased and efficient estimator we have that (4.7) holds
with the equality sign.

One estimation method whose use is widespread is the maximum likelihood
method, and it consists on maximizing the so called likelihood function. The
likelihood function is just the density of the probability distribution pΘ, seen as a
function of Θ instead of a function on the sample space. The value of the parameter
Θ that attains the maximum of the likelihood function serves as a point estimate Θ̂
for Θ. The estimate Θ̂ obtained with this method of estimation can be proven to
have the properties of being consistent, efficient, and its precision is given by the
Fisher information matrix.

We are now ready to introduce with some more detail the content of the present
Chapter.

• In Section 4.1, a notion of parametric statistical models suitable for our frame-
work is introduce. In particular, we will see how the definition of parametric
model of n.p.l.f.s introduced in Section 3.1 can be enriched with more structure
in order to deal also with parametric statistical models. Let (M, j,A ) be a
smooth parametric model of n.p.l.f.s, the main idea here is that the role of the
set P in the previous discussion is played by the manifoldM. In this same
Section, the concept of measurement procedure will be discussed and some
examples will be presented.
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• We discussed briefly some properties of the so-called Cramér-Rao bound. In
Section 4.2 the possibility to formulate this same bound in the W ?-algebraic
framework is discussed. The proof of the Cramér-Rao inequality in this context
is carried out up to a certain point, obtaining what we call a Pre-Cramér-Rao
bound. Then the technical difficulties on completing the proof to obtain the
inequality are discussed. Finally, another statistical bound is introduced, namely
the Helstrom bound [15, 103, 104, 105, 109, 110, 143]. This bound is related
to Quantum Information Theory and represents some sort of universal bound
for quantum system, independent of the classical measurement is performed
on it. Also for the Helstrom bound, as for the Cramér-Rao bound, we will
obtain a weaker result, that we will refer to as a Pre-Helstrom bound. As we
will see, an essential ingredient for proving the Pre-Helstrom bound will be the
monotonicity property (Proposition 30) of J-metrics proved in Section 3.3.

4.1 Parametric statistical models on W ?-algebras
Before going to the definition of parametric statistical model in our framework, we
will make two examples that show one of the perks of choosing to work in the general
framework of W ?-algebras, in fact we will see how this approach allows to compare
structures arising from the classical world and the quantum world, this due to the
fact that both are cast in the same language and can in this way live on the same
spaces and be compared.

Example 8 (Stern-Gerlach experiment). The Stern-Gerlach experiment is an exper-
iment, devised by Otto Stern in 1921 and conducted by him and Walther Gerlach in
1922 [90], whose relevance for the understanding of Quantum Mechanics is difficult
to overestimate. In its simplest form, it shows the existence of an intrinsic angu-
lar momentum for electrons, and also clearly shows that such an intrinsic angular
momentum is quantized, this is maybe the main evidence that brought physicists to
introduce the concept of spin. Schematically, the apparatus consists of a source
producing a beam of silver atoms, which then get deviated by passing through a
non-homogeneous magnetic field. A screen collects the particles after the deviation
and allows to measure which fraction of the beam is deflected upwards and which
fraction is reflected downwards, see Figure 4.1.

When several apparatuses of this kind are arranged sequentially and oriented
in different directions, it captures the concept of incompatibility of measures on
non-commuting observables. These two aforementioned features, namely quantization
of outcomes of measurements and incompatibility of measures on non-commuting
observables, are among the most striking in Quantum Mechanics, and maybe also
the ones that challenge the most our intuition about the nature of these phenomena.
Given its relevance for the development of basic concepts in Quantum Mechanics, the
experiment is discussed, used, or at least mentioned in most textbooks in Quantum
Mechanics and Quantum Information Theory. We refer the reader to [56, 139, 146],
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Figure 4.1: A pictorial representation of the Stern-Gerlach apparatus.

that introduce the experiment in three quite different ways, focusing on different
aspects of it. Let us now turn to see how this is relevant for our discussion.

The beam of silver atoms is basically a realization of a qubit, thus the appropriate
way of describing the quantum state of the beam is as a state on the W ?-algebra
B(C2) of bounded linear operators on the Hilbert space C2 (see Example 3). However,
the quantity that is actually measured in the experiment is just the fraction N+ of the
atoms in the beam that are deflected upwards and the fraction N− of those that are
deflected downwards, i.e. a probability distribution on the space of events χ = {+,−}.
If we imagine the direction of the magnetic field in the apparatus to be fixed, we can
conceptualize the measurement as a map that to each possible state ρ of the atoms in
the beam associates a probability vector p = (p+, p−) with

p+ = N+

N+ +N−
; p− = N−

N+ +N−
. (4.8)

Clearly, changing the orientation of the apparatus gives in general a different way of
associating states of the qubit to probability vectors, meaning that selecting a way of
doing measurements amounts to select a map from the space of states S2 of B(C2)
to the space P(χ) of probability vectors on χ. As pointed out in Example 2, P(χ)
is itself the space of states of the W ?-algebra L∞(χ,#), where # is the counting
measure, thus we implement the measurement procedure as a map m such that its
dual m∗ is a completely positive and trace-preserving map from B(C2)∗ to L∞(χ,#)∗.
The notation choice for the map may seem odd at the moment, but it will be clarified
in what follows.

Let now (M, j,B(C2)) be a parametric model of positive linear functionals, we
have that the commutative diagram

S2 P(χ)

M

m∗

j
jc
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implicitly defines jc and gives rise to another parametric model (M, jc, L∞(χ,#)).
This is what in our framework will be called the parametric statistical model associated
to the parametric model (M, j,B(C2)) via the measurement procedure m. In this case,
because of Proposition 27, if (M, j,B(C2)) is J-smooth then also (M, jc, L∞(χ,#))
will be.

This allows us to define two Riemannian tensors onM, one being the J-metric
G onM associated to the model (M, j,B(C2)) and the other being the J-metric Gc

associated to the model (M, jc, L∞(χ,#)). The reason for the subscript c on the
second metric stands for classical, in fact this metric is related to the structure of
the space L∞(χ,#) and is independent on the fact that B(C2) is non-Abelian.

Example 9 (Double-slit experiment). The double-slit experiment was crucial in the
process of corroborating fundamental ideas of Quantum Mechanics, it was devised and
performed by Clinton Davisson and Lester Germer in the years 1923-27 [66, 67, 68],
here we will present a simplified version of the experiment, to avoid difficulties
tied to the experimental setting that would not influence the conceptual idea of our
description.

The setting is the following: a source emits electrons towards a barrier presenting
two slits, the pattern produced by the interaction of the electrons with the barrier is
then observed on a detector screen. The idea behind it is to investigate the wave-
particle duality conjectured by Louis de Broglie in his Ph.D. thesis [69]; a particle-like
object would present a pattern that has only two maxima, given by the objects that
go through one of the slit or the other, while a wave-like object would give the
diffraction-interference pattern given by the solution of some kind of wave equation.

According to standard quantum mechanics, the beam can be described by elements
of B(H) for some Hilbert space H, we will not focus on the description of the quantum
system, since it is not the aim of this example. What we want to stress is that the
outcome of the measurement is a probability distribution on the detector screen, i.e.
a state of the algebra L∞(R2, µL), where µL is the Lebesgue measure. Thus we define
the measurement procedure m as a ultra-weakly continuous, completely positive and
unital map from L∞(R2, µL) to B(H), so that its dual m∗ will send n.p.l.f.s on B(H)
to n.p.l.f.s of L∞(R2, µL).

Let now M be a Banach manifold and (M, j,B(H)) be a parametric model of
n.p.l.f.s, also let us define jc denote with ba(R2, µL) the space of finitely additive,
finite signed measures on R2 that are absolutely continuous with respect to µL, which
is the dual of L∞(R2, µL). We then have that the diagram

S (H) ba(R2, µL)

M

m∗

j
jc

commutes and gives rise to the parametric model (M, jc, L∞(R2, µL)). This is what
in our framework will be called the parametric statistical model associated to the
parametric model (M, j,B(H)) via the measurement procedure m.
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Another possible way of treating this same experiment is by taking into account the
fact that the number of electrons in the beam is finite, the detector screen is a finite
region, and the precision of the position measurements on the detector screen can not
be infinite. This would demote L∞(R2, µL) to a finite-dimensional W ?-algebra, since
the outcome of the measurement can be given in terms of an histogram. However,
treating the infinite-dimensional case allows to have a description that on one hand
does not depend on the specific accuracy of the apparatus considered. Moreover, the
transition to continuous distribution to histograms can always be performed in a way
that is analogous to what will be presented in Remark 22.

In our framework, we have a J-regular parametric model (M, j,A ) of normal
states on the W ?-algebra A . And the object on which the measurement is performed
is given by an element of S (A ), the outcome of the measurements is still a probability
distribution, but we have no reason at this level to restrict ourselves in the choice of
the measure space (Ω,Σ, µ) that gives the possible outcomes of the measurement.
For simplicity we will refer to the measure space (Ω,Σ, µ) only as Ω. Notice that the
space P(Ω, µ) of probability distributions on Ω that are absolutely continuous with
respect to µ is itself the space of states of the W ?-algebra L∞(Ω, µ) of µ-essentially
bounded functions on the space Ω, whose dual is given by the space S(Ω, µ) of signed
measures on Ω that are absolutely continuous with respect to µ. Again, for simplicity
we refer to the W ?-algebra L∞(Ω, µ) only as L∞(Ω).

Definition 32 (Measurement procedure). A ultraweakly continuous, positive, unital
map m from L∞(Ω) to A is called a measurement procedure for the parametric
model (M, j,A ).

Remark 21. Conceptually, one can say that this map creates a correspondence
between classical observables defined on Ω and the (possibly quantum) observables in
the W ?-algebra A . From a more technical point of view, with this definition the dual
map m∗ of the measurement procedure m associates probability distributions on Ω to
states of the W ?-algebra A .

In order to see this, first recall here that the concept of complete positivity and
positivity of a map coincide whenever either the source or the target of the map is
an Abelian algebra (see Proposition 5). Then, since the dual of a positive map is
positive (see Proposition 4), we have that m∗ is positive, and for the same reason
as before, also completely positive. Again because of Proposition 4, we can then also
conclude that m∗ also preserves the norm of positive functionals.

As stated in Section 3.3, requiring that m is weak∗-continuous is equivalent to
require that it admits a predual map, meaning that

∃m∗ : A∗ −→ L1(Ω) s.t. m = (m∗)∗. (4.9)

Taking into account Proposition 28, this implies that the dual m∗ of the measurement
procedure m sends normal functionals in normal functionals, i.e. its image is made
of probability distributions that can be represented in terms of a function in L1(Ω).
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The dual m∗ of measurement procedure m∗, together with the parametric model
(M, j,A ), give rise to the commutative diagram

S (A ) P(Ω)

M

m∗

j
jc

where clearly jc := m∗◦j. This map associates to each point on our parameter manifold
M a probability distribution, morally an integrable function, on Ω. The superscript
c stands for classical, since the W ?-algebra A is possibly non-commutative, hence
associated to a quantum system, while the image of jc will always be a probability
distribution. In the following, we will use the shortcut

pm = jc(m). (4.10)

What we will do now is to enrich the notion of statistical model given in the
introduction to this section. There, the main role was played by the set P of
probability distribution chosen to model the sampling. Here we have a richer
structure given by the manifold of parameters, the W ?-algebra chosen to describe
the setting, allowing us to apply the ideas also to Quantum Mechanics, and finally
the probability distributions given by sampling. Even if it may look quite different
from the definition given in the introduction to this Section, one can claim that the
spirit is quite the same.

Definition 33 (Statistical parametric model). Let (M, j,A ) be a parametric model
of normal states and m∗ be a measurement procedure for (M, j,A ). The parametric
statistical model associated to the parametric model of normal states (M, j,A ) via
the measurement procedure m∗ is given by the triple (M, jc, L∞(Ω)), where jc = m∗ ◦ j.

Notice that (M, jc, L∞(Ω)) defines a smooth parametric model, because of Propo-
sition 27.

Remark 22. In the particular case in which the algebra A is an algebra of functions
on some measure space, to each parametric model (M, j,A ) there is a parametric
statistical model that can canonically be constructed using the identity as measurement
procedure. Let us make the example A = L∞(Ω), then we have that the diagram

S (A ) ≡ P(Ω) P(Ω)

M

I

j
j

74



Estimation theory on W ?-algebras

commutes trivially.
Let us stress, however, that this is not the only parametric statistical model that

can be constructed, and that one can choose probability distributions on a different
space of events as target space for the measurement procedure. Let us make a
small example to make this clear; let us imagine that we have an object that can
lie somewhere on a line, the appropriate framework for this situation would be to
take A = L∞(R, µL) with µL being the Lebesgue measure on R. The space of states
for this situation is given by probability distributions on R. Imagine then that we
only want to know whether the object lies on a region I of R or not. In this case the
measurement procedure m∗ will be a map that takes a probability distribution p on R
and gives the two component probability vector

~p := m∗(p) =
(∫

I
pdµL,

∫
I/R

pdµL

)
, (4.11)

in particular, in this case, the target space of the statistical parametric model brings
us from a infinite-dimensional setting to a finite-dimensional one.

In Chapter 3, we saw that we can endowM with a Riemannian structure that
comes from the Jordan product on the W ?-algebra A as

Gm(X(m), Y (m)) := Gj(m) (Tmj(X(m)), Tmj(Y (m))) , (4.12)

where m ∈ M, X and Y are smooth vector fields on M, and provided that the
model (M, j,A ) is J-regular.

Here, with the addition of the space P(Ω) in the picture, we have another
possibility to endow M with a Riemannian structure Gcm coming from the W ?-
algebra L∞(Ω). Again, the superscript c stands for classical, the tensor Gc can not
be influenced by the possible non-commutativity of A and depends only on the
classical structure of P(Ω). In Section 5.1, we will see that every time a model has
as target space a space of probability distributions, what we refer to as a classical
model, it is possible to write the J-metric of the model (see Equation 3.33) in the
form

Gcm(X(m), Y (m)) =
∫

Ω
[Tmjc(X(m)) log pm] [Tmjc(Y (m)) log pm] dpm, (4.13)

which is precisely the expression of the Fisher-Rao metric given in [13]. In our case
the measurement procedure allows us to obtain a classical model from the (possibly
non-classical) model (M, j,A ) so that the object defined in (4.13) is always defined.

4.1.1 Some notions of Estimation Theory on W ?-algebras
In our framework, we will say that an estimator is a measurable map S : Ω→M,
this is clearly inspired by the definition given in the introduction to this Section,
there we had a map from Ω to P , thus selecting a probability distribution for every
event on the sample space.
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In our framework, the probability distributions are introduced to make a con-
nection with the sampling related to the experiment, but we also have a possibly
non-commutative structure lying behind it and. Thus the definition of estimator
gives rise to the following picture.

S (A ) P(Ω)

M Ω

m∗

j

S

With the same spirit, we define the cost function on the parameter manifoldM.

Definition 34. A cost function C is a function C from M×M that is smooth,
non-negative, and such that

C(m1,m2) = 0 ⇐⇒ m1 = m2. (4.14)

Let us define the function Cm :M→ R such that Cm(m) = C(m,m). So that
Cm ◦ S is a function from Ω to R, let us also denote it as fm. We are interested in
this quantity because it represents a distance between the estimate associated to the
point ω and a point m on the parameter manifold.

Then the likelihood function is just a function that, given two points m1 and m2
ofM, gives the expected value of the function fm1 with respect to the probability
distribution pm2 on Ω associated to j(m2) as in (4.10). In order for the definition
of the likelihood function to be well-posed, the function fm should be in L∞(Ω).
Clearly, this will depend on the choice of the cost function C and the estimator S,
and it can not be assured in general. From now on, let us assume that C and S are
such that fm ∈ L∞(Ω). We are now ready to define the likelihood function as

L :M×M−→ R, L(m1,m2) = pm2 (fm1) . (4.15)

Notice that pm is absolutely continuous with respect to µ, this comes from the fact
that m∗ admits a predual (see Proposition 28 and Example 5). Thus integration
with respect to the measure pm can be written as

L(m1,m2) =
∫

Ω
fm1pm2dµ, (4.16)

where, with an abuse of notation, we denoted with pm also the Radon-Nikodym
derivative of the probability distribution pm with respect to µ.

Let us also define the function Lm :M→ R, that is just the likelihood function,
but with the point on m that defines the probability distribution fixed, i.e.

Lm(m) = L(m,m). (4.17)

Definition 35 (Stationary and unbiased estimator). An estimator is said to be
stationary if Lm is stationary at m for all m ∈ M. An estimator is said to be
unbiased if Lm has a minimum at m for all m ∈M.
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Let now V ∈ TmM, the stationary condition given in the last definition can be
written as

(V Lm)(m) = 0 (4.18)

for all m ∈ M. This definition gives back Definition 29 wheneverM is chosen to
be an open of Rn and the cost function is chosen to be the Euclidean distance, this
computation is explicitly performed in [106].

4.2 Statistical bounds
In the introduction of this Chapter we glanced at the role of the Cramér-Rao bound
(see Equation 4.7) in the contest of Estimation Theory and maximum likelihood
estimation in particular. We will now tackle the problem of obtaining the Cramér-Rao
bound in the W ?-algebraic framework. After that we will move to discussing another
statistical bound, the Helstrom bound.

4.2.1 Cramér-Rao bound
Let us now turn to our discussion of the Cramér-Rao bound in the W ?-algebraic
framework. An essential ingredient for the derivation of this bound is the Hessian
form H of the likelihood function, defined as

Hm(X(m), Y (m)) := (Y XLm)(m), (4.19)

with X and Y vector fields on M. In order to manipulate this definition and
obtain an expression of this related with the Fisher-Rao metric on P(Ω), we need to
introduce some mathematical machinery.

Let us define the following maps, called respectively the diagonal immersion, the
left projection and the right projection,

πl :M×M−→M, πl(m1,m2) := m1,

πr :M×M−→M, πr(m1,m2) := m2,

iD :M−→M×M, iD(m) := (m,m).
(4.20)

This allows us to define, for every vector field X onM, two vector fields onM×M.

Definition 36 (Left and right lift of a vector field). Let X be a vector field on M ,
its left and right lift are two vector fields Xl and Xr on M ×M such that

Xl(π∗l f) = π∗l (Xf),
Xr(π∗rf) = π∗r(Xf),

(4.21)

for all smooth functions f on M .
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From a more concrete point of view, the vector fields Xl and Xr have the purpose
of taking derivative of a function ofM×M only with respect to one of its argument.
To see this, letM be a finite-dimensional manifold, and let {xj} and {yj} be two
(possibly identical) coordinate systems onM, then {xj, yj} is a coordinate system
onM×M and we have

Xl(π∗l f) = π∗l (Xf) = π∗l

(
Xj(x) ∂

∂xj
f(x)

)
,

Xr(π∗rf) = π∗r(Xf) = π∗r

(
Xj(y) ∂

∂yj
f(y)

)
.

(4.22)

This, together with the definition on Lm, implies that it is possible to rewrite the
stationary condition for the estimator S in (4.18) as

i∗D(XlL) = 0, (4.23)

and the expression of the Hessian form in (4.19) as

Hm(X(m), Y (m)) = (i∗D(YlXlL)) (m). (4.24)

The vector fields X, Xl and Xr and the map iD are related by the following proposi-
tion.

Proposition 32. The vector field X is iD-related to Xl +Xr, i.e.

X(i∗Df) = i∗D[(Xl +Xr)f ] (4.25)

for all smooth functions f onM×M.

Proof. In [46], the authors prove this statement in the finite-dimensional setting.
However, an analogous proof can be carried out in the infinite dimensional case.

Finally, for technical reasons, let us define the functions from FXm and GYm from
Ω to R and the bilinear form C as

FXm := Xfm,

GYm := Y log pm,
C(Xm, Ym) := Em [FXFX ] .

(4.26)

Where X and Y are vector fields onM, Xm and Ym are their values at m and Em
denotes the expectation value with respect to the probability distribution pm.

We are now ready to prove an inequality, that we will refer to as a pre-Cramér-
Rao bound, since it can be seen as a preliminary step towards proving the actual
bound in this framework, a more detailed discussion will follow the proof of the
inequality.
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Proposition 33 (Pre-Cramér-Rao bound). Let m ∈M, X and Y be vector fields
on M, S be a stationary estimator, the Hessian form Hm defined as in Equation
(4.19), the form C defined as in Equation (4.26) and the metric Gcm defined as in
Equation (4.13). Let also the functions FXm and GYm defined as in Equation (4.26)
be in L∞(Ω).

The inequality

(Hm(X(m), Y (m)))2 ≤ C(X(m), X(m))Gcm(Y (m), Y (m)) (4.27)

holds.

Proof. Since S is a stationary estimator, i∗D(XlL) is the null function onM, this
implies that also its derivative with respect to any vector field will be zero, i.e.

Y (i∗D(XlL)) = 0. (4.28)

Then we can use Proposition 32 to obtain

0 = Y (i∗D(XlL)) = i∗D (YlXlL+ YrXlL) , (4.29)

that in turns implies
i∗D (YlXlL) = −i∗D (YrXlL) , (4.30)

thus getting to the expression for the Hessian form

Hm(X(m), Y (m)) = − (i∗D(YrXlL)) (m) = −(Y pm)(Xfm). (4.31)

Recalling (4.16), we have

Hm(X(m), Y (m)) = −
∫

Ω
(Xfm)(Y pm)dµ = −

∫
Ω

(Xfm)(Y log pm)pmdµ. (4.32)

This last expression can be seen as the expectation value of the product of the
functions FXm and GYm defined as in Equation (4.26).

We then have
Hm(X(m), Y (m)) = −Em[FXGY ], (4.33)

where Em[f ] denotes the expectation of the function f with respect to the probability
distribution pm. Notice that the expression Em[FXGY ] can be seen as an inner
product on the probability space (Ω, pm), so that we can use the Cauchy-Schwarz
inequality on (4.33) to obtain

(Hm(X(m), Y (m)))2 ≤ Em[FXFX ]Em[GYGY ]. (4.34)

Taking a closer look at the quantity Em[GYGY ], we can see that

Em[GYGY ] = pm(Y log pmY log pm) = pm({Y log pm, Y log pm}), (4.35)
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where the curly brackets here denote the Jordan product on L∞(Ω), and the last
equality comes trivially from the fact that L∞(Ω) is Abelian. Comparing the last
expression with Equation (4.13) we can write

Em[GYGY ] = Gcm(Ỹ , Ỹ ). (4.36)

The vectors Ỹ in the last expression are those vectors in TmM such that T j(Ỹ ) ∈
Tj(m)P(Ω) is that element of the tangent double cone at j(m) that is associated to
the element Y log pm of L∞ as in (3.9).

Recalling now the definition of the bilinear form C in Equation (4.26), we finally
have that Equation (4.34) can be rewritten as

(Hm(X(m), Y (m)))2 ≤ C(X(m), X(m))Gcm(Y (m), Y (m)). (4.37)

Let us now clarify in which sense we call this inequality Pre-Cramér-Rao bound, in
fact, one could argue that this inequality has little in common with the Cramér-Rao
bound in Equation (4.7).

Let us assume that the Hessian form is invertible, then we can define a map
H̃ : TmM−→ T ∗mM as(

H̃m(X(m))
)

(Y (m)) = Hm(X(m), Y (m)). (4.38)

The key passage to go from the Pre-Cramer-Rao bound we stated and the Cramér-Rao
bound is given by a process of maximizing the value of the factor

(Hm(X(m), Y (m)))2 (4.39)

over the assumption that Y (m) has Fisher-Rao norm one, and showing that

max
‖Y (m)‖FR=1

(Hm(X(m), Y (m)))2 = I−1(H̃m(X(m)), H̃m(X(m))), (4.40)

i.e. that the maximum attained by this function is proportional to the inverse of the
Fisher Information matrix.

We can see that this maximization procedure allows on one hand to introduce
the inverse of the Fisher Information matrix and at the same time of getting rid of
the factor Gcm(Y (m), Y (m)), since clearly now it has value 1. However, the proof
in the finite-dimensional case (see for example [106] or [52]) relies on the fact that
the maximization is done on the Fisher-Rao unit sphere, hence a compact set. As
it is well-known, this is not true in the infinite-dimensional case, representing a big
obstacle in completing the proof and getting to the Cramér-Rao inequality in our
framework. What looks like is that, in this framework, a case-by-case analysis is
needed, and whether the maximization procedure can be successfully accomplished
may depend on the specific model, or the specific estimator one is considering.
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Then, following [106], one can define the covariance bivector of the estimator S
as

cov (S)(ξ1, ξ2) := C
(
H̃−1
m (ξ1), H̃−1

m (ξ2)
)
, (4.41)

for every ξ1 and ξ2 in T ∗mM.
Combinining Equations (4.40) and (4.41) with the Pre-Cramér-Rao bound in

Proposition 33 we get that

cov (S)(ξ, ξ) ≥ I−1(ξ, ξ) (4.42)

for all ξ ∈ T ∗mM, i.e. the covariance bivector of the estimator S is bounded from
below by the inverse of the Fisher Information matrix.

It can then be easily shown that if the estimator takes value on an open set of
Rn and the cost function is chosen to be the Euclidean distance, this expression
coincides precisely with Equation (4.7) [106].

4.2.2 Helstrom bound
In Quantum Detection Theory and Quantum Estimation Theory, one usually tries
to replicate results of Classical Statistical Decision Theory or Estimation Theory
with density operators replacing probability distributions. This brings to formulate
a bound on accuracy of estimators that goes under the name of Helstrom bound
and that can be seen as the quantum counterpart of the Cramér-Rao bound [15, 103,
104, 105, 109, 110, 143]

Let us recall Equation (4.13), right after this equation, we mentioned that the
structure introduced there can not feel the possible non-commutativity of the W ?-
algebra A . Now we will formulate a bound that is actually responsive towards the
non-commutative structure of A , and in order to do so, we will have to take in the
picture the tensor G given in Equation (4.13).

Proposition 34. Let (M, j,A ) be a parametric model of states on A , m a mea-
surement procedure, jc = m∗ ◦ j and (M, jc,P(Ω)) the statistical parametric model
associated to (M, j,A ) via the measurement procedure m. Let also G be the J-metric
(see Definition 26) of the parametric model (M, j,A ) and Gc be as in (4.13). Then
we have

Gm(X,X) ≥ Gcm(X,X) (4.43)

for all m ∈M and for all X ∈ TmM.

Proof. Let X and Y be two vector fields onM and let us recall that

Gm(X(m), Y (m)) := Gj(m) (Tmj(X(m)), Tmj(Y (m))) , (4.44)

while
Gcm(X(m), Y (m)) := GFR

jc(m) (Tmj(X(m)), Tmj(Y (m))) . (4.45)
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The map m∗ is a ultra-weakly continuous, CPTP map such that

jc(m) = m∗(j(m)),
Tmjc(X(m)) = m∗(Tmj(X(m))),

(4.46)

so we can use Proposition 30 to get

GFR
jc(m) (Tmj(X(m)), Tmj(X(m))) ≤ Gj(m) (Tmj(X(m)), Tmj(X(m))) . (4.47)

Which immediately implies

Gm(X,X) ≥ Gcm(X,X) (4.48)

What we just proved can be seen as the formulation in theW ?-algebraic framework
of Equation (24) in [27].

This inequality allows us to formulate what we call a pre-Helstrom bound.

Proposition 35 (Pre-Helstrom bound). Let (M, j,A ) be a parametric model of
states on A , m a measurement procedure, jc = m∗ ◦ j and (M, jc,P(Ω)) the statistical
parametric model associated to (M, j,A ) via the measurement procedure m. Let also
G be the J-metric (see Definition 26) of the parametric model (M, j,A ) and Gc be
as in (4.13). Let also all the hypotheses of Proposition 33 hold, together with the
additional requirement that

C(X(m), X(m)) 6= 0. (4.49)

Then we have

(Hm(X(m), X(m)))2

C(X(m), X(m)) ≤ Gcm(X(m), X(m)) ≤ Gm(X(m), X(m)) (4.50)

Proof. The result comes trivially from combining Propositions 34 with Proposition
33.

Remark 23. There are two ways one can look at the result we just stated:
If A is Abelian the kind of measurement procedures one can define are of the

type described in Remark 22, meaning that is either some kind of coarse graining
or just a symmetry of the space of states of the algebra. So this result becomes a
rephrasing of the principle that you can not gain information via coarse graining
[33, 114, 155].

If, on the other hand, A is non-Abelian, we look at this as performing some
measurements on a quantum system, as in Examples 9 and 8. In the following we
want to focus on this case, to investigate what this proposition says about the relation
between Classical and Quantum Information Theory. For this reason for the rest of
this section we will consider the case that A is non-Abelian and call Gc the classical
metric and G the quantum metric.
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This is called a Pre-Helstrom bound because, even if it is a weaker result than the
Helstrom bound, it is on one hand preliminary to obtain the Helstrom bound and on
the other hand shares with it some features. In particular, even if the specific form
of the classical metric tensor Gc depends on the choice of the measurement procedure
m, the bound holds in any case, and it holds for the same quantum metric G coming
from the Jordan product on A . This means that this inequality is universal in the
sense that it is related to the quantum system associated to A and does not depend
on which measurement one wants to perform on such system.

Now, if the model in consideration satisfies a Cramér-Rao bound, one can actually
use the Pre-Helstrom in Proposition 35 to obtain

cov (S) ≥ I−1
F ≥ I−1

Q , (4.51)

which is precisely the Helstrom bound used in Quantum Detection and Estimation
Theory.
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Chapter 5

Examples

The aim of this work is to convince the reader that the formalism developed in
Chapters 2 and 3 is suitable to describe both Classical and Quantum Information
Geometry. Clearly, this can not be fully claimed if one is not able to reproduce some
examples in both fields in this formalism. For this reason, we decided to devote a
whole chapter, the present one, to carefully present several examples.

• In Section 5.1, the formalization of infinite-dimensional Classical Information
Geometry given in [12, 13, 14] will be obtained by using the approach to
Information Geometry introduced in this work. This will immediately give
back also the finite-dimensional case as a particular case.

• In Section 5.2 quantum models will be discussed. First some general remarks
on the Information Geometry for finite-dimensional quantum system will be
given. Then a particular class of models, making use of an unfolded perspective
of the space of quantum states [42, 46, 132], will be introduced. Finally, the
infinite-dimensional quantum model of rank-one, strongly-continuous, unitary
models will be discussed.

• In Section 5.3 we will introduce the concept of singular model and propose
a list of examples that we plan to investigate in the future.

5.1 The classical case
The aim of this Section is to check whether the formalism developed in this work is
a genuine generalization of Classical Information Geometry.

In Example 2, we already saw how the simplices, which are the appropriate
setting for discussing finite-dimensional Classical Information Geometry, can be seen
as the state of spaces of a finite-dimensional Abelian C?-algebra. What one could
do is to take a parametric model (see Definition 20) that has as image the interior
of the simplex, construct the J-metric associated to the parametric model as in 26
and obtain Fisher-Rao (see Equation (1.1)). We will follow a different approach and
tackle directly a more interesting goal, i.e. to see if this framework can actually
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reproduce the elegant formalization of Classical Information Geometry in the infinite
dimensional setting given in [12, 13, 14]. It will then be immediate to see how this
can reproduce also the finite-dimensional case.

Let (Ω,Σ, µ) be a σ-finite measure space and consider A = L∞(Ω,Σ, µ), as seen
in Example 5, this is an Abelian W ?-algebra. Again referring to the same example,
recall that linear functionals are identified with complex measures and the space P
of n.p.l.f.s can be identified with the space of non-negative functions in L1(Ω,Σ, µ).
Let ω be a n.p.l.f. on A , according to Theorem 10, the tangent double cone TωP of
P at ω is closed and it can be identified with L1(Ω,Σ, µω), that is, every ξ ∈ TωP
acts as

ξ(f) =
∫
X
f dµξ =

∫
X
f Fξ dµω, (5.1)

where Fξ ∈ L1(Ω,Σ, µω) the Radon-Nikodym derivative of µξ with respect to µω.
Notice the last equation is just a realization of Equation (3.9).

Let now M be a Banach manifold and (M,p,A ) be a parametric model of
n.p.l.f.s as in Definition 20, then we have that

p(m) = pmµ, (5.2)

where pm is a positive function in L1(Ω,Σ, µ). This in turn implies that (M,Ω, µ,p)
is a parametrized measure model dominated by µ in the languange of Classical
Information Geometry [13, defn. 3.4, p. 150]. In particular, let vm ∈ TmM, we have
that Tmp(vm) ∈ Tp(m)P can be associated to a Radon-Nikodym derivative

Fp(m) = dTmp(vm)
dp(m) , (5.3)

which is precisely what in [13, defn. 3.6, p. 152] is referred to as the logarithmic
derivative of p at m in the direction vm.

Consider now the characteristic function 1A associated with the measurable subset
A ∈ Σ with µω(A) <∞. It is clearly an element of our W ?-algebraA = L∞(Ω,Σ, µ)
and, again according to Equation (3.9), determines an element ξA ∈ Jω as

ξA(f) = ω({1A, f}) =
∫
A
f dµω. (5.4)

This means that the J-Hilbert space Jω of Definition 24 can be identified with
the real Hilbert space L2

R(X , µω), this is consistent with the well-known fact that
Lq(X , µω) ⊆ Lp(X , µω) for all 1 ≤ p ≤ q ≤ ∞.

Considering what said until now, we can clearly write the tensor G defined in
equation 3.33 as

(G(X, Y )) (m) =
∫
X

dTmp(Xm)
dp(m)

dTmp(Ym)
dp(m) dp(m). (5.5)

Equation (5.5) coincides with the Fisher-Rao metric tensor as given in [13, eqn. 3.41,
p. 136]. There it is also found that this defines a Riemannian structure only if the
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model (M,Ω,p) is 2-integrable parametrized measure model, we can then claim that
the notion of 2-integrable measure model is the realization in Classical Information
Geometry of the notion of J-regular parametric model given in definition 25.

It is then immediate that if the space Ω is finite and we use as reference measure
µ the counting measure, we fall back in the finite-dimensional case and the metric
we obtain is precisely Fisher-Rao metric.

5.2 Quantum models
In this section, we will deal with quantum models, i.e. models where the W ?-algebra
considered is the algebra B(H) of bounded operators on some Hilbert space, we
will introduce a family of models that are related to an unfolding procedure used in
[42, 46] and then move to an infinite-dimensional example in Subsection 5.2.2.

Before doing so, let us briefly look again at what done in Section 2.3, i.e. to the
finite-dimensional case, bearing in mind the notions introduced in Chapter 3 about
parametric models of n.p.l.f.s on W ?-algebras.

Let H, and thus A = B(H), be finite-dimensional, in this case, as seen in Section
2.3, there is a class of Riemannian manifolds that are given by the orbits of the
action α defined in 2.60 and whose metric structure emerge from some sort of Jordan-
analogue of Konstant-Kirillov-Souriau theory of coadjoint orbits of a Lie group (see
[119, 120, 123, 165] and Remark 10). We can now see these as a preferred family of
J-regular parametric models. In particular, since A is finite-dimensional, all linear
functional are normal, and we have that A ∗ = A∗ and A ∗

sa = (Asa)∗, and this allows
us to define, for any ω ∈ A∗sa, the 2-times contravariant tensor

Rω : TωA ∗
sa × TωA ∗

sa
∼= Asa ×Asa −→ R, (5.6)

whose action on a, b ∈ Asa is given by

Rω(a, b) := ω ({a, b}) , (5.7)

as in Equation 2.104. This can be seen as a geometric structure that encapsulates the
algebraic structure of the Jordan product of the W ?-algebra A . The contravariant
tensor R is smooth since it is linear in ω and it is symmetric since it is defined using
a symmetric product, we will refer to this tensor in the following as the Jordan
tensor on A ∗

sa.
The Jordan tensor R defines a generalized distribution D = {Dω}ω∈A ∗sa on A ∗

sa as

Dω := {η ∈ TωA ∗
sa
∼= A ∗

sa | ∃ a ∈ Asa : η(b) = Rω(a,b) ∀b ∈ Asa}. (5.8)

Notice that, if ω is a n.p.l.f., then we can use Equations (5.8) and (3.7), together
with the fact that Jω is closed when A is finite-dimensional, to conclude that

Dω = Jω = ACω. (5.9)
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The distribution D = {Dω}ω∈A ∗sa is referred to as the canonical distribution generated
by the tensor R.

Then again in analogy with the Kirillov-Kostant-Souriau theory of coadjoint
orbits of a Lie group, it is possible to invert the tensor R on maximal leaves of
the canonical distribution generated by the tensor R. Its inverse is a symmetric
tensor, that can be seen as a symmetric analogue of the Konstant-Kirillov-Souriau
symplectic form on coadjoint orbits [54]. It can be, however, noticed a difference
between the Konstant-Kirillov-Souriau construction and its symmetric analogue. In
fact, the Poisson tensor on the dual of a Lie algebra in the Konstant-Kirillov-Souriau
theory generates a symplectic foliation of A ∗

sa, while the canonical distributions of R
does not generate any foliation of A ∗

sa. The tangent vectors ηa as defined in equation
(3.7) span the tangent space at each point of any of the maximal leaves of D and
the inverse of R is given pointwise by equation (3.20). Then it can also be seen that
the space P of n.p.l.f.s of A is decomposed into the disjoint union of the maximal
leaves of D and that the inverse G of R on any such leave is a Riemannian metric
tensor.

This family of maximal leaves coincides with the preferred family of Jordan
regular parametric models mentioned in the beginning of this section, i.e. it coincides
with the orbits of the action α defined in Equation (2.60). It is worth mentioning
that in [63] the authors obtain a Withney stratification of P. We believe that it is
possible that the analysis carried out in this work can be adapted to show that this
stratification is given precisely by the maximal leaves of D.

In the infinite dimensional case this picture breaks down, this is, in some way,
the reason for the change of perspective to tackle the infinite-dimensional case that
is the content of Chapter 3. In particular, instead of trying to generalize the foliation
picture described here, what one does is to look at the maximal leaves of n.p.l.f.s
of the canonical distribution of R in finite dimensions as a particular case of a
parametric model in the sense of Definition 20. This models are then endowed with
a Riemannian metric tensor that comes from the Jordan product in Asa through the
inverse of the tensor R, a reformulation of this instance leads quite naturally to the
notion of J-regular parametric model given in definition 25, which has the advantage
of being applicable also to the infinite-dimensional case.

Remark 24. Let us briefly discuss the infinite-dimensional generalization of the
picture discussed here, in few words, the idea here is that equation (5.7) allows to
translate the algebraic structure of Jordan algebra of Asa into a (2, 0)-contravariant
tensor R on (Asa)∗, and this is possible because T ∗ξ (Asa)∗ ∼= Asa. Let us define the
map

] : Asa
∼= T ∗ξ (Asa)∗ → T ∗∗ξ (Asa)∗ ∼= A ∗

sa (5.10)
whose action is given by

(](a)) (b) := Rξ(a,b) = ξ({a,b}). (5.11)

The image of T ∗ξ (Asa)∗ via this map is contained in (Asa)∗ ⊆ A ∗
sa
∼= T ∗∗ξ (Asa)∗, and

this means that R satisfies a condition that is analogous to the one that is used in
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[18] to define a Banach Lie-Poisson structure on Asa stemming from the Lie algebra
structure of Asa given by the (scaled) commutator product in A .

However, studying in a rigorous way the geometry of the distribution generated by
R requires care for technical details given by the infinite-dimensional setting. As an
example, notice that the vector space Dξ is in general not closed. It would be of course
interesting to try to pursue such an intent and see to what extent, or in which way,
one can use the finite-dimensional theory developed in [54] in the infinite-dimensional
setting and we hope that we will be able to investigate this issue in the future.

5.2.1 Unfolding of the space of quantum states as paramet-
ric model

Here we can exploit the unfolding procedure used in [42, 46, 71, 132] to produce a
class of example, these models are intrinsically non-identifiable, but they have the
interesting property of containing, in a sense that will be clear later, the Riemannian
structures of a simplex equipped with the Fisher-Rao metric. Also they are a large
class of examples, they contain, but are not limited to, all spaces of faithful and pure
states of a finite-dimensional quantum system.

LetH be a finite-dimensional Hilbert space with dimCH = n, and {|e1〉 , . . . , |en〉}
be a basis ofH. Consider the C?-algebra B(H), the basis {|e1〉 , . . . , |en〉} ofH induces
basis on B(H) given by elements of the form

ejk = |ej〉 〈ek| . (5.12)

Recalling Example 3, we can regard states as density matrices, and recalling the
introduction to Section 2.2, we know that the unitary group U(H) can act on the
space of quantum states S (H) with an action defined as

δ : U(H)× B(H) −→ B(H) : δ(U,A) := UAU †. (5.13)

Let then ρ be a quantum state and let us denote its eigenvalues with pj, it is
well-known that every state ρ can be written as

ρ = Uρ0U
†, (5.14)

where U ∈ U(H) and ρ0 is defined as

ρ0 = diag(p1, p2, . . . , pn). (5.15)

Remark 25. The element U of the unitary group U(H) in Equation (5.14) is not
uniquely defined, in fact, the action defined in Equation (5.13) has always a non-
trivial isotropy group. To see this, consider the action of an element U ′ = e−iφU with
0 ≤ φ < 2j, we clearly have

UρU † = U ′ρ (U ′)†, (5.16)
for every state ρ, so that the isotropy group of the action defined in 5.13 at any point
always contains U(1). The isotropy group of this action then also depends on the
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point, in particular, it depends on the degeneracy of the eigenvalues of the considered
state.

As an extreme example, consider the maximally mixed state, i.e. the state

ρmm := diag(1/n, 1/n, . . . , 1/n) = 1
n
I, (5.17)

where we clearly have that the unitary group acts trivially, hence the isotropy group
at this point coincides with the whole U(H).

Since ρ is a state, i.e. is semi-positive and has trace 1, its eigenvalues have to
satisfy

pj ≥ 0 ∀j,
n∑
j=1

pj = 1. (5.18)

Meaning that the n-tuple p = (p1, p2, . . . , pn) can be seen as a probability vector
over a space of events of cardinality n, hence as a point on the (n− 1)-simplex (see
Example 2). Moreover, if the state ρ is faithful, then none of its eigenvalues can be
zero. This means that we can define an immersion map i from the interior ∆o

n−1 of
the (n− 1)-simplex into the space of faithful states Sn(H) as

i : ∆o
n−1 3 p = (p1, p2, . . . , pn) 7→


p1 0 . . . 0
0 p2 . . . 0
... ... . . . ...
0 0 . . . pn

 ∈ Sn(H). (5.19)

Let nowM(H) = U(H)×∆o
n−1, we can exploit Equation (5.14) to define a map

j fromM(H) to Sn(H) as
j(U,p) = U i(p)U †. (5.20)

Recalling Remark 25, it is clear that the map j is non-injective. The map j is what
in [42] is referred to as an unfolding map for the space of quantum states.

Here we would like to stress a different aspect, i.e. that the triple (M(H), j,B(H))
is a parametric model of n.p.l.f.s (see Definition 20). It is immediately seen that this
model is smooth and non-identifiable, and since the model is non-identifiable, it is
clear that it is not possible to define a J-metric (see Definition 26), since the tensor
obtained will always be degenerate. Nonetheless, let us proceed in constructing the
tensor G onM(H).

According to Equation 3.33, in order to construct the bilinear form Gm onM(H)
atm we need to compute the image via the tangent map of j of vectors in TmM(H), let
us denote by ρ the image of m via the map j of our model. Let then X, Y ∈ TmM(H)
and let m := (U, p), we have

j(m) = j(U, p) = U i(p)U † = ρ. (5.21)
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Given the product structure ofM(H), we have that

TmM(H) = TUU(H)⊕ Tp∆o
n−1, (5.22)

and we also have that
TUU(H) ∼= u(H) ∼= B(H)sa, (5.23)

while Tp∆o
n−1
∼= Rn−1 and can be identified with vectors of Rn satisfying the constraint

that their components have to sum to zero. It is then clear that we can write the
vectors X and Y as

X = (v, A),
Y = (w,B),

(5.24)

with v, w ∈ Rn−1 and A,B ∈ B(H)sa.
Let then γ be a curve inM(H) such that γ(0) = m and γ̇(t)|t=0 = X, and let also

p(t) and U(t) be curves respectively on ∆o
n−1 and U(H) such that γ(t) = (U(t), p(t)),

then clearly we have that

ṗ(t)|t=0 = v,

U̇(t)|t=0 = A.
(5.25)

Taking into account what just said and by definition of tangent map, we have that

TmjX = d

dt
(j ◦ γ(t))t=0 =

(
U(t)i(p(t))(U(t))†

)
t=0

= U i(v)U † + iAi(p)U † − iU i(p)A,
(5.26)

where i(v) is the image via the immersion map i of v seen as a vector in Rn whose
component sum to zero. In an analogous way we clearly get

TmjY = U i(w)U † + iBi(p)U † − iU i(p)B. (5.27)

This would easily allow to compute the bilinear form at m as

Gm(X, Y ) = j(m)({TmjX,TmjY }) = Tr
(
U i(p)U †{TmjX,TmjY })

)
. (5.28)

We will not give the explicit expression of the tensor Gm here, let us instead compute
explicitly this expression for X = (v, 0) and Y = (w, 0),

Gm((v, 0), (w, 0)) = Tr
(
U i(p)U †{U i(v)U †, U i(w)U †}

)
= Tr

(
U i(p){i(v), i(w)}U †

)
= Tr (i(p)i(v)i(w))

=
n∑
j=1

pjvjwj.

(5.29)

Where we used the fact that U is a unitary operator, the cyclic property of the trace,
and the fact that i(v) and i(w) commute. It is then immediate to see that

Gm((v, 0), (w, 0)) =
n∑
j=1

pjdpj ⊗ dpj(v, w) (5.30)
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This shows that, even if this tensor does not define a metric, it has the remarkable
properties that it contains a part that depends only on the classical probabilities
given by the eigenvalues of the state, and its expression is the same as the Fisher-Rao
metric (see Equation (1.1)). More specifically, one can define the map π as

π∆o
n−1

:M(H) 3 (U,p) 7→ p ∈ ∆o
n−1, (5.31)

giving rise to the following picture,

M(H) B(H)

∆o
n−1

π

j

(5.32)

and, denoting by Gn−1
FR the Fisher-Rao metric defined on ∆o

n−1, we have

Gm((v, 0), (w, 0)) = (π∗Gn−1
FR )((v, 0), (w, 0)). (5.33)

Looking at Equation (5.33) is understood in which sense, as stated in the beginning
of this subsection, this models contains in some sense the Riemannian structure of a
simplex equipped with the Fisher-Rao metric.

On the other hand, even without making any explicit computation, we can make
some remarks on the action of Gm on vectors of the type (0, U), (0, V ). In fact, let us
consider the orbit Op of the action δ passing through p, vectors of this type have to
be tangent to such orbits, and to such orbits one can apply Proposition 31 to say that
the metric obtained there must be invariant under the action of the unitary group.
This gives rise for example, in the case that i(p) is a pure state, to the so-called
Fubini-Study metric [84, 167].

The same idea used for defining the maps j and i can actually be used to define
other models, one possibility is to define these maps in an analogous fashion, but
taking probability vectors only from the interior of a k-dimensional face of the
simplex. This would give a non-identifiable model where the image of the map j
coincides with the stratum Sk−1(H) of quantum states with rank k− 1. A particular
case of this would be to take only one of the extremal points of the simplex. This
would give rise to a model where the image of j coincides with the orbit of the unitary
group given by pure states.

In general, instead of ∆o
n−1 one can choose any open subset of it or any open

subset of any of the faces of the simplex and will always get a model that clearly
satisfies the following property:

ρ ∈ j(M(H)) =⇒ UρU † ∈ j(M(H)) ∀U ∈ U(H). (5.34)

The relevance of this property can be understood by recalling Proposition 19 and
Remark 20.
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5.2.2 Rank-one, strongly-continuous unitary models
Let now A be the W ?-algebra B(H) of bounded linear operator on the possibly
infinite-dimensional, separable complex Hilbert space H. The predual A∗ of A =
B(H) is given by the space T (H) of trace-class operators on H (see Example 6). This
means that every non-negative trace-class operator ω defines a n.p.l.f. on A = B(H)
as

ω(a) = Tr(ωa) ∀a ∈ A , (5.35)

where, with an abuse of notation, we denoted with ω the functional defined in terms
of the trace-class operator ω.

We will now discuss a type of parametric models, that stems from strongly
continuous unitary representations of Banach-Lie groups, and that is general enough
to contain most of the parametric models used in the literature when describing with
a quantum system in terms of a separable Hilbert space [85, 109, 110].

Let G be a Banach-Lie group, a strongly-continuous unitary representa-
tion of G on H is a group homomorphism π between G and the unitary group U (H)
such that the map πψ : G→ H defined by

πψ(g) := (π(g))(ψ) (5.36)

is continuous with respect to the norm topology in H for all ψ ∈ H. A vector ϕ ∈ H
is then called smooth for π if the map πψ is smooth. If G is a finite-dimensional
Lie group, then the existence of smooth vectors is guaranteed and they also form a
dense subset of H [87].

Proposition 36. Let π : G→ U (H) be a strongly-continuous unitary representation,
let ϕ be a smooth vector for π and let j : G→ A = B(H) be defined as

j(g) := |(π(g))(ϕ)〉〈(π(g))(ϕ)| ≡ |ϕg〉〈ϕg|. (5.37)

Then the triple (G, j,A = B(H)), is a J-smooth parametric model (see Definition
26).

Moreover, the tensor G defined as in equation (3.33) is invariant with respect to
the canonical left action of G on itself.

Proof. Let us first prove that (G, j,B(H)) is a smooth parametric model as in
Definition 20.

To see this, notice that j can be written as the composition of two smooth maps,
namely the map πϕ and the map F from H to the space Tsa(H) of self-adjoint
trace-class operators on H whose action is defined as F (ψ) = |ψ〉〈ψ| the smooth map
πϕ : G→ H.

Then, by definition of tangent map, we have that

Tgπϕ(vg) = d
dt ((π(gt))(ϕ))t=0 (5.38)
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for all vg ∈ TgG, and again by definition of tangent map, we have

TψF (φ) = d
dt (|ψt〉〈ψt|)t=0 = |φ〉〈ψ|+ |ψ〉〈φ| (5.39)

for all φ ∈ TψH ∼= H. This means that we can write

Tgj(vg) = Tπϕ(g)F ◦ Tgπϕ(vg) = |vg〉〈ϕg|+ |ϕg〉〈vg| (5.40)

where, with an abuse of notation, we denoted on the right-hand side by vg its image
Tgπϕ(vg) via the tangent map Tgπϕ of φϕ at g. Notice that the quantity Cϕ := 〈ϕg|ϕg〉
is a constant depending only on the reference vector ϕ and not on g and that it holds

〈vg|ϕg〉+ 〈ϕg|vg〉 = 0 (5.41)

for all g ∈ G and all vg ∈ TgG.
Since G is a Banach-Lie group, it is possible to naturally define a left action L of

G on itself that satisfies
j ◦ Lh = Adπ(h) ◦ j, (5.42)

where
Adπ(h)(a) = π(h)aπ(h)† (5.43)

for all a ∈ A and for all h ∈ G. Consequently, it we have that

Tg (j ◦ Lh) = Tg
(
Adπ(h) ◦ j

)
= Tj(g)Adπ(h) ◦ Tgj = Adπ(h) ◦ Tgj, (5.44)

where the last equality follows from the fact that Adπ(h) is linear in a.
Again because of the fact that G is a Banach-Lie group, we can focus only on

left-invariant vector fields in order to be able to write down G following equation
(3.33). Let then X be a left-invariant vector field on G, it holds

X(g) = TeLg(X(e)) (5.45)

where we denoted with e the identity element in G. We can then use Equation (5.44)
to obtain

Tgj(X(g)) = Tgj ◦ TeLg(X(e)) = (Tg(j ◦ Lg)) (X(e))
= Adπ(g) ◦ Tgj(X(e)).

(5.46)

Now, we note that Adπ(g) can be thought of as the dual of a norm-continuous,
ultra-weakly continuous automorphism of A = B(H), and thus, according to remark
20, it holds

Gj(g)(Tgj(X(g)), Tgj(Y (g))) = Gj(e)(Tej(X(e)), Tej(Y (e))) (5.47)

for all left-invariant vector fields X, Y on G. Equation (5.47) allows us to claim that,
in order to get an expression of the J-metric G, it is enough to compute its value at
the identity element e of G.
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Let now {φj}j∈N be an orthonormal basis of the separable Hilbert space H such
that ϕ = Aφ0, with A ∈ C, and recall equation (5.40), we have that for every
left-invariant vector field X on G there is a vector ve ∈ H such that

Tej(X(e)) = |ϕ〉〈ve|+ |ve〉〈ϕ|, (5.48)

and we can then write

ve = v0
eφ0 +

∞∑
k=1

vkeφk = v0
eφ0 + v⊥e , (5.49)

where we implicitly defined
∞∑
k=1

vkeφk := v⊥e . (5.50)

Then let us define Xe ∈ Asa = (B(H))sa as

Xe = Av0
e + Av0

e

|A|2
|φ0〉〈φ0|+

1
2|A|2

(
|ϕ〉〈v⊥e |+ |v⊥e 〉〈ϕ|

)
, (5.51)

then, noticing that j(e) = |ϕ〉〈ϕ|, it is a matter of straightforward computation to
check that

|ϕ〉〈ve|+ |ve〉〈ϕ| = Tej(X(e)) = {j(e),Xe} (5.52)

from which we get
Tr(Tej(X(e))a) = Tr(j(e){Xe, a}) (5.53)

for all a ∈ A = B(H). Now let Y be a left-invariant vector field on G, Ye be defined
in an analogous way as Xe and recall equation (3.20), we have

Gj(e)(Tej(X(e)), Tej(Y (e))) = Tr(j(e){Xe,Ye}). (5.54)

Since Xe ∈ Asa = (B(H))sa, we can evaluate Equation (5.53) for a = Xe and
replacing X(e) with Y (e). This, together with Equation (5.40) and recalling that
Cϕ = 〈ϕ|ϕ〉, allows us to compute

Gj(e)(Tej(X(e)), Tej(Y (e))) = Tr(Tej(Y (e))Xe)
= Cϕ(〈ϕ|Xe|Y (e)〉+ 〈Y (e)|Xe|ϕ〉).

(5.55)

Let us write the left-hand side of Equation (5.53) for

a = |Y (e)〉〈ϕ|+ |ϕ〉〈Y (e)| (5.56)

and using Equation (5.41), a direct computation shows that we have

Tr(Tej(X(e))a) = Cϕ(〈X(e)|Y (e)〉+ 〈Y (e)|X(e)〉)
+ 2〈X(e)|ϕ〉〈Y (e)|ϕ〉.

(5.57)
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The right-hand side, with the same position and using again Equation (5.41), becomes

Tr(j(g){Xe, a}) = Cϕ
2 (〈ϕ|Xe|Y (e)〉+ 〈Y (e)|Xe|ϕ〉) (5.58)

Eventually, we obtain

Gj(e)(Tej(X(e)), Tej(Y (e))) = 2Cϕ(〈X(e)|Y (e)〉+ 〈Y (e)|X(e)〉)
+ 4〈X(e)|ϕ〉〈Y (e)|ϕ〉.

(5.59)

Then recalling Equations (3.33) and 5.47, we have

(G(X, Y )) (g) = 2Cϕ(〈X(e)|Y (e)〉+ 〈Y (e)|X(e)〉)
+ 4〈X(e)|ϕ〉〈Y (e)|ϕ〉,

(5.60)

which shows that G is indeed a smooth tensor field on G, allowing us to conclude
that (G, j,B(H)) is a J-smooth parametric model as claimed.

Corollary 4. Let (G, j,B(H)) be a J-smooth parametric model and Gϕ the isotropy
subgroup of G at ϕ ∈ H with respect to π,. Let also G/Gϕ

∼=M be a smooth manifold
for which there exists a smooth section σ : M→ G.

Then (M, j ◦ σ,B(H)) is a J-smooth parametric model whose J-metric G is
invariant with respect to the canonical action of G onM.

Proof. See Equation (5.47) in the proof of Proposition 36.

Proposition 36, together with Corollary 4 allow us to claim that this procedure
furnishes the complex projective space CP(H) ∼= U(H)/U(1) with a Riemannian
metric tensor G which is invariant under the canonical action of U(H) on CP(H).
This immediately implies that the J-metric G of our models of rank-one, strongly
continuous unitary model has to be a constant multiple of the Fubini-Study metric
tensor. We have thus obtained the standard Riemannian structure of the space
of normal pure states that is well-known in the context of geometric Quantum
Mechanics [10, 55, 77, 118].

Moreover, if G is a finite-dimensional Lie group and π a continuous unitary
representation for which both proposition 36 and corollary 4 are valid, then we obtain
parametric models of n.p.l.f.s that are basically the well-known and widely used
coherent states [4, 145].

5.3 Singular models
In Classical Information Geometry it is common to restrict the attention to the
interior ∆o

n of the n-simplex ∆n, this is done to ensure that the Fisher-Rao metric, as
defined in (1.1), is always a well-defined metric tensor, since the probabilities pj are
all strictly positive. This will of course be the case whenever the image of a model is
an open in ∆o

n.

96



Examples

Let us now consider the case in which the image of our model lies completely
on the boundary of ∆n, and more in particular lies completely on the interior of a
k-dimensional face F k

n of ∆n. This poses no problems at all, since any face of the
simplex is isomorphic to a lower-dimensional simplex, so we can always think of F k

n

as the k-dimensional simplex ∆k and proceed as before, provided that the image of
our model is an open set of the face F k

n .
This brings us to the following consideration, if one takes the approach of defining

directly the Fisher-Rao metric on the interior of the simplex, then the models that can
be considered are forced to be some open sets of some simplices. What this actually
means is that one is already silently assuming that all the probability distributions
in his models have the property that if one assigns probability zero to some events,
then all the others distributions assign probability zero to those same events.

An analogous requirement can be found, in the infinite-dimensional case, in the
work [153] by Giovanni Pistone and Carlo Sempi, where they construct a geometric
picture of finite measures that are, in the notation used there, compatible with a fixed
measure µ0, which means that they have the same null sets.

Something similar happens in Quantum Information Geometry, where it is a
common approach to define the quantum metrics on the space S+ of faithful states
[42, 46]. This is analogous to restrict the attention to the interior of the simplex,
since the space S+ is the interior of the space of faithful states. Another possibility
is to restrict one’s attention to the space of pure states, and once again what is
happening is that one is somehow fixing the rank of the possible states on the model.
Let us stress, as an example, that the orbits of GL(A) considered in Section 2.3
and the models that make use of the unfolding presented in Subsection 5.2.1 are all
models that have this kind of regularity.

We then say that a model is singular whenever it is not regular in the sense
just specified.

One advantage of our approach is that the metric tensor is not defined on the
space of states of the W ?-algebra considered, but there we have some structure that
allows then to recover a metric on the parameter manifoldM, for this reason, we
think that it can be successfully used to describe singular models.

Even if no complete analysis has been carried out for any of the following example,
we will now present a small list of examples of singular models that we plan to
investigate better in the future.

Example 10. This first example is a classical, finite-dimensional example of a
singular model. Let S1 be the unit circle, it can be immersed, let us denote be j the
immersion map, in the 2-simplex (see Example 2) in such a way that three points
of S1 touch each one of the 1-dimensional faces of the simplex, see Figure 5.1. It
is then immediate to see that the triple (S1, j,C2) is a smooth parametric model of
n.p.l.f.s.

Example 11. This example is a quantum, finite-dimensional singular model somehow
inspired by the one presented in Example 10.
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Figure 5.1: Pictorial representations of the model presented in Example 10. The red
circle represents j(S1).

Let us consider the case of A = B(H) with H finite-dimensional (of complex
dimension n) as in Example 3. In particular consider the qubit case, i.e. let n = 2.
We can parametrize the space of states of this algebra, i.e. the space of density
matrices, as

ρ(x1, x2, x3) = 1
2I +

3∑
j=1

xjσj, (5.61)

where the matrices σj are the Pauli matrices, defined as

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (5.62)

It is easily seen that this parametrization gives rise to the interior of the Bloch sphere
(i.e. the space of faithful states) if x1, x2 and x3 satisfy

x2
1 + x2

2 + x2
3 <

1
4 , (5.63)

and a parametrization of the boundary of the Bloch sphere when they satisfy

x2
1 + x2

2 + x2
3 = 1

4 . (5.64)

Let us now consider the map j defined as

j : [0, π]× [0, 2π) 3 (θ, φ) 7→ ρ
(1

2 sin(θ) cos(φ), 1
2 sin(θ) sin(φ), k1

2 cos(θ)
)
, (5.65)

with k ∈
(
0, 1

2

)
. The image of this map is an ellipsoid contained in the Bloch sphere

that has the property of being contained in the open interior of the Bloch sphere for
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θ 6= π/2, while the circle given by the intersection of the ellipsoid together with the
constraint θ = π/2 is a subset of the boundary.

The triple ([0, π]× [0, 2π), j,B(H)) is then a singular model, since it contains both
rank-one (i.e. pure) and rank-two (i.e., in this case, faithful) states.

Let us denote with E the image of the model, let ρ ∈ E be given by the coordinates
x1, x2, x3 and notice that a vector A ∈ TρE can be identified with a traceless self-
adjoint operator

a =
3∑
j=1

ajσj (5.66)

satisfying the property
a1x1 + a2x2 + a3x3

k
= 0. (5.67)

The expression for the J-metric of this model can be easily computed using the
properties of the trace and of the Pauli matrices, giving

G(θ,φ)(A,B) =
∑
j

ajbj, (5.68)

where a and b are related to A and B as before, and considering the fact that A and
B must be tangent to j(θ, φ) we have that the components of a and b must be related
to θ and φ as

a1

2 a1 sin(θ) cos(φ) + a2

2 sin(θ) sin(φ) + a3

2k cos(θ) = 0
b1

2 a1 sin(θ) cos(φ) + b2

2 sin(θ) sin(φ) + b3

2k cos(θ) = 0
(5.69)

Example 12. Let us consider again the Bloch sphere as in the previous example and
let the vector field Xb be defined on the Bloch sphere as in Equation (2.91). As seen
in Section 2.3, these vector fields are tangent to the orbits of the action ζ defined
in that same section. For this reason, if we consider the dynamics governed byXb

starting at a pure state ρ0, the trajectory will be contained in the space of pure states.
This is not true for the vector fields Ya, see again Equation (2.91), and actually

it can be related to the so called Gorini–Kossakowski–Sudarshan–Lindblad
equation [43, 94], which governs the dynamics of open quantum systems. Let then γ
be the trajectory on the space of quantum states of the state ρ0 subject to a dynamics
given by the vector field

Vab(γ(t)) = f(t)Ya(γ(t)) +Xb(γ(t)) (5.70)

where f(t) is the function

f(t) =
e−1/t if 0 < t < T

0 if − T < t ≤ 0
(5.71)

which is a well-known example of smooth but non-analytic function.
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Then the trajectory given by the dynamics governed by these vector field starting
at ρ0 will have the property of belonging to the space of pure states for −T < t ≤ 0
and then transitioning to the interior of the Bloch sphere, i.e. to faithful states, for
0 < t < T . Hence the map γ realizes the singular model ((−T, T ), γ,B(H)).

This model can be physically interpreted as follows. The dynamics given by Xb

can be seen as given by a conservative Hamiltonian H0, while the one governed by Ya
can be seen as given by a non-conservative Hamiltonian H̃, for example associated
to some interaction with the environment. Then the dynamics given by Vab will be
associated to an Hamiltonian

H = H0 + f(t)H̃, (5.72)

i.e. it can be seen as some conservative dynamics where a non-conservative perturba-
tion is turned on at the time t = 0 in a smooth way.
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Chapter 6

Conclusions

Let us end this work with a list of conclusions and outlooks. We decided not to mark
a definite separation between conclusions and outlooks, but, rather, merge them in a
way that highlights the possible connections between them.

1. We have showed (see Examples 2 and 3, Section 2.3 and Chapter 5) that
it is possible to reconstruct the background space of most of the examples
appearing in both Classical and Quantum Information Geometry in terms of
models of n.p.l.f.s on a W ?-algebra. This is for sure a needed first step in the
analysis, but in order to claim that one recovers structures that are related
to Information Geometry one must be able to recover also the appropriate
Riemannian structure. Regarding this, we saw that a Riemannian structure
coming from the Jordan product of the W ?-algebra allows to reconstruct the
only metric that is relevant in Classical Information Geometry, i.e. Fisher-
Rao metric, and some metrics that are widely used in Quantum Information
Geometry, such as the Bures-Helstrom metric and the Fubini-Study metric.
However, in the quantum case, there is a whole family of metrics, characterized
by Petz, that can be constructed, see the Introduction of this work and the
works [149, 151]. Some of these metrics are widely used in Quantum Information
Geometry, without claiming to be exhaustive, let us just mention the Wigner-
Yanase metric tensor [91, 92, 102], the Bogolubov-Kubo-Mori metric
tensor [138, 148] and the quantum Tsallis metric tensors [132]. So one
is naturally brought to wonder whether it is possible to obtain all these other
metrics in our framework. Let us give two tentative answers to this question.
One possibility is that one can define alternative Jordan products on the
self-adjoint elements of the W ?-algebra considered to obtain different metrics,
thus establishing some sort of correspondence between Jordan products on
the algebras and metric structures. Since this instance only arises in the
quantum case, it is only reasonable to think that this should be connected to
the non-commutativity of the product, since in the classical case the usual
product of the algebra is already a Jordan product and represents somehow a
natural choice.
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The other possibility would be to impose the monotonicity condition (see
Proposition 30) and look for all the possible metric tensors satisfying it, trying
to reproduce in this framework what done by Petz in [149]. At this purpose, let
ρ be a quantum state, Petz’ result is expressed in terms of the superoperator
LρR

−1
ρ , which is precisely the form of the modular operator for B(H) with

H finite-dimensional. It would then be reasonable to think that the modular
operator ∆ρ associated with each state will play a prominent role in this
discussion. This approach would be more in line with the one advocated in
[124].

Two crucial results, respectively in Classical and Quantum Information Geom-
etry, are Čencov theorem and the Petz characterization of quantum metrics
(see [34], [149] and the Introduction of this work). And one could wonder how
do these results fit in our approach.

We would claim that Čencov theorem is just in some sense built in the framework.
In fact, Čencov theorem selects the Fisher-Rao metric as the only metric that
is invariant under sufficient statistics and the metric one constructs in
the Classical case exploiting the Jordan product on the algebra is precisely
Fisher-Rao metric.

However, it would be more satisfactory to be able to obtain the statement of
the theorem in our framework. We believe that it is reasonable to assume that
the notion of invariance under congruent embeddings used by Čencov in the
proof of the result can be somehow reformulated in terms of the monotonicity
and invariance properties stated in Subsection 3.3.1

Regarding Petz characterization, a big obstacle in obtaining it is the aspect that
is highlighted in Point 1 of this list. The plethora of quantum metrics selected
by monotonicity under CPTP maps is just not present in our framework at
the moment. Whether the characterization of Petz can be reproduced in
our framework thus heavily depends on whether we are able to obtain other
quantum metrics from the Jordan product.

However, the characterization of quantum metrics by Petz characterization
is a result that depends on the quantum version of the data processing
inequality [16, 29, 59], and Proposition 30 is an inequality that is reminiscent
of this inequality, so it is reasonable to think that this Proposition will be an
essential ingredient if one wants to prove this result in this framework.

2. Referring to the notion of statistical manifold, as introduced in [126], we have
that the dually flat Riemannian structure of Classical Information Geometry is
given in terms of a three times covariant tensor, that goes under the name of
Amari-Čencov tensor.

Since we introduced a two times covariant tensor Gm (see Equation (3.33)) in
terms of the Jordan product, one can proceed in analogy with this instance
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and wonder whether the Amari-Čencov tensor can be reconstructed from the
Jordan triple product of the self-adjoint part of the W ?-algebra considered.
In fact, any Jordan algebra allows to define such a triple product {·, ·, ·} [111],
and in the case that the Jordan product is given by the anti-commutator
product {·, ·} defined on the W ?-algebra A , we have

{a, b, c} = {{a, b}, c}+ {a, {b, c}} − {b, {a, c}} = 1
2(abc+ cba), (6.1)

with a, b, c ∈ A . This product is trilinear, and it satisfies

{a, b, c} = {c, b, a},
{a, b, {c, d, e}} = {{a, b, c}, d, e} − {c, {b, a, d}, e}+ {c, d, {a, b, e}},

(6.2)

where d and e are clearly also elements of A . Let now ω be a faithful n.p.l.f.and
recall Equation (3.7), the idea is to define a map

Tω : Jω × Jω × Jω → R (6.3)

as
Tω(ηa, ηb, ηc) = ω({a, b, c}) = 1

2ω(abc+ bca) (6.4)

where ηa, ηb, ηc ∈ Jω are related to a, b and c as in (3.9). Since ω is a faithful
functional,

ηa = 0 =⇒ a = 0, (6.5)

so that
Tω(ηa, ηb, ηc) = 0 ∀ηb, ηc ∈ Jω. (6.6)

We thus have that is well-defined on Jω × Jω × Jω and it is clearly multilinear
and symmetric in the second and third variable.
A straightforward computation for the case that A is a finite-dimensional,
Abelian W ?-algebra shows that Tω reduces to the usual Amari-Čencov tensor
on the manifold of strictly positive probability vectors. We plan to investigate
whether this same instance arises even in other cases, i.e. if we allow A to be
either non-Abelian or infinite-dimensional, or both.

3. Another procedure that is typical of Information Geometry is to construct the
metric structure from a two-point function, called a divergence function.
More specifically, one constructs the metric tensor from second order derivatives
of these functions, that typically have the information-theoretical interpretation
of a measure of difference of entropy [7, 8, 11].
In Classical Information Geometry, we have that the only relevant metric,
i.e. the Fisher-Rao metric, can be constructed in this way from Shannon
relative entropy [7, 163]. In Quantum Information Geometry, we have a
plethora of divergence functions that can be used, reflecting the non-existence
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of a unique (or privileged) metric structure. Two examples of this instance are
the fact that the Bogolubov-Kubo-Mori metric tensor can be constructed from
the Von Neumann relative entropy and the Bures-Helstrom metric can
be constructed from the root fidelity [46, 132].
A possible further development would be to introduce in this picture an analogue
of divergence functions that can be defined on W ?-algebras, i.e. the quasi-
entropies introduced by Dénes Petz in [147] and try to replicate this procedure
in our framework.
Referring to Point 1 of this list, it would be reasonable to assume that the
existence of a privileged metric structure, and hence of a privileged divergence
function in Classical Information Geometry should arise from the commuta-
tivity of the product on the underlying W ?-algebra. In the quantum, finite-
dimensional case, on the other hand, one expects to obtain results that are in
line with what done in [127].

4. The ideas at Points 2 and 3 should lead to a better understanding of the role
of the Amari-Čencov tensor and of divergence functions in relation with the
Jordan product of the underlying W ?-algebra.
Let us now add to the picture the fact that the Amari-Čencov tensor can be
constructed from third order derivatives of divergence functions [7, Chapter 6],
it is then our hope to succeed in replicating this procedure in our framework.
Let us notice that the 3-tensor extracted from a divergence function will always
be totally symmetric, essentially because of equality of mixed partial derivatives.
While, since the triple product is not totally symmetric, the tensor associated
with the Jordan triple product, as proposed in Point 2, for a non-associative
Jordan algebra is in general not totally symmetric. Indeed, the connections
it gives rise to have torsion, unlike the ones usually employed in Information
Geometry.
This consideration seems to hint to the following picture for the non-Abelian
case: it seems that divergence functions and Jordan product lead to the same
type of geometry, i.e. to the same metric tensors, while triple derivatives of
divergence functions and triple products give rise to qualitatively different
objects, i.e. connections that in one case are torsionless and in the other they
are not. It would then be interesting to investigate how should this instance be
interpreted and what are the kind of information-theoretic tasks that dictate
the use of one geometry instead of the other.
Finally, another question that naturally arises is whether higher order tensors
can be defined, and what is their role in this framework.

5. In Subsection 4.2.1, Proposition 33 is proved. We discussed how this can
be seen as a preliminary result in obtaining the Cramér-Rao bound in our
framework. Regarding this instance, there are two possible (and non-exclusive)
ways one can proceed.
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The first possibility is just to try to find a proof of the Cramér-Rao bound
that does not rely on a maximization process as in Equation (4.40). In fact,
as we have seen, that is the part of the proof whose generalization to the
infinite-dimensional setting is not possible in general.
Another possibility is to conduct a case-by-case analysis and produce explicit
infinite-dimensional examples of models and see whether one is able to obtain
the bound for the particular model under investigation.

6. Basically the same line of reasoning as in Point 5 of this list can be applied to
the Helstrom bound (see Subsection 4.2.2).
If one is able to prove the Cramér-Rao bound, then the Helstrom bound is
immediately recovered using Proposition 35. If the case-by-case analysis allows
to reveal a classical model (M, jc,A c) that satisfies the Cramér-Rao bound,
then one can construct some quantum model (M, j,A q) and a measurement
procedure m such that jc = m∗ ◦ j and the Helstrom bound will apply to the
model (M, j,A q).

7. In Section 5.3 the concept of singular model is introduced, there we also
give the reasons why we believe that our approach is suitable to describe such
models; moreover, a list of possible models is presented. A plan for the near
future would be to investigate in detail the examples presented.
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