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1 Flux quantization

Note added. After completing this addendum, we noticed that just the result of the
caluculation in this addendum was previously presented in (3.60)–(3.63) in section 3.2.2 of [2].
We present the calculation in detail in our conventions.

We perform the flux quantization and, employing the results, obtain the explicit expression
of Bekenstein-Hawking entropy for M2-branes wrapped on a topological disk, [1].

We find the four-form flux to be1

G(4) = 384
√

2gb3Cy4

(1−y2)4

(
y+2y−1/2∆

)
dz∧dy∧volAdS2

+ 12
√

2bCy4h

g (1−y2)2 sin(2ξ)dz∧dξ∧volAdS2

− 4
√

2b
g2

[
cosξ sinφ(sinξ sinφdξ−cosξ cosφdφ)∧Dϕ1∧volAdS2

+cosξ cosφsinψ
(

sinξ cosφsinψdξ+cosξ (sinφsinψdφ−cosφcosψdψ)
)
∧Dϕ2∧volAdS2

+cosξ cosφcosψ
(

sinξ cosφcosψdξ+cosξ (sinφcosψdφ+cosφsinψdψ)
)
∧Dϕ3∧volAdS2

]
.

(1)

The Hodge dual of the four-form flux is

∗G(4) = 16
g6∆2

(
y+2y−1/2∆

)
cos5 ξ sinξ dξ∧volS5∧ dϕ4

+ 16
g6∆2 cos6 ξ sin2 ξ dy∧volS5∧ dϕ4

− 48C
g5y3 cos3 ξ sinξ cos2φsin(2ψ)

×dξ∧ dψ∧
(

cos2φdϕ2∧ dϕ3+sin2φdϕ1∧(dϕ2−dϕ3)
)
∧ dϕ4∧ dy∧ dz

+ 24C
g5y3 cos3 ξ sinξ cos3φcscφsin2 (2ψ)dξ∧ dφ∧ dϕ1∧(dϕ2−dϕ3)∧ dϕ4∧ dy∧ dz

− 48C
g5y3/2∆

cos4 ξ sin2 ξ cos3φsinφsin(2ψ)

×dφ∧ dψ∧
(
dϕ1∧ dϕ2+dϕ2∧ dϕ3+dϕ3∧ dϕ1

)
∧ dϕ4∧ dy∧ dz , (2)

where we define the volume form of gauged five-sphere,

volS5 = cos3 φ sinφ cosψ sinψ dφ ∧ dψ ∧ Dϕ1 ∧ Dϕ2 ∧ Dϕ3 . (3)

We consider the flux quantization conditions for the four-form flux. The integral of the
four-form flux over any four-cycle in the internal space is an integer,

1
(2πlp)6

∫
∗G(4) ∈ Z , (4)

where lp is the Planck length.
1We have corrected some typographical errors in G(4) in the main body of paper, [1].
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First, we consider the ∗G(4)ξφψϕ1ϕ2ϕ3ϕ4 component and we obtain

1
(2πlp)6

∫
∗G(4)ξφψϕ1ϕ2ϕ3ϕ4 = 1

(2πlp)6

∫ 16
g6∆2

(
y + 2y−1/2∆

)
cos5 ξ sin ξ dξ ∧ volS5 ∧ dϕ4

= 1
4π2l6pg

6 ≡ N , (5)

where volS5 = π3 and N ∈ N is the number of M2-branes wrapping the two-dimensional
manifold, Σ. This integration contour corresponds to the interval, P1P2, in figure 2.

Second, we consider the following three components and obtain

1
(2πlp)6

∫
∗G(4)ξψϕ2ϕ3ϕ4yz

= 1
(2πlp)6

∫ (
− 48C
g5y3 cos3 ξ sinξ cos2φsin(2ψ)

)
cos2φdξ∧ dψ∧ dϕ2∧ dϕ3∧ dϕ4∧ dy∧ dz

=−N 6gC
y2

1
cos2φcos2φ, (6)

1
(2πlp)6

∫
∗G(4)ξψϕ1ϕ2ϕ4yz

= 1
(2πlp)6

∫ (
− 48C
g5y3 cos3 ξ sinξ cos2φsin(2ψ)

)
sin2φdξ∧ dψ∧ dϕ1∧ dϕ2∧ dϕ4∧ dy∧ dz

=−N 6gC
y2

1
cos2φsin2φ, (7)

1
(2πlp)6

∫
∗G(4)ξψϕ1ϕ3ϕ4yz

= 1
(2πlp)6

∫ (
− 48C
g5y3 cos3 ξ sinξ cos2φsin(2ψ)

)(
−sin2φ

)
dξ∧ dψ∧ dϕ1∧ dϕ3∧ dϕ4∧ dy∧ dz

=N
6gC
y2

1
cos2φsin2φ. (8)

In order to have identical results from these components, we fix ψ = π
4 . Plugging lp from (5),

we obtain

− 1
(2πlp)6

∫
∗G(4)ξψϕ2ϕ3ϕ4yz = − 1

(2πlp)6

∫
∗G(4)ξψϕ1ϕ2ϕ4yz = 1

(2πlp)6

∫
∗G(4)ξψϕ1ϕ3ϕ4yz

= N
3gC
2y2

1
≡ K , (9)

where K ∈ N is another integer.
From (3.41) in the main body of the paper, [1], and y1 from (9), we find

b = K2 (3g (N − 2K))
6
√

6g (g CNK)3/2 , (10)

and also find

y2
1 = 3g CN

2K . (11)
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Then, by plugging y1(b), (11), in (3.42) in the main body of the paper, [1], with the expression
of E(b) in (3.41) in the main body of the paper, [1], we also find another expression for b,

b = −Cl
(
3g2C2N2 − 8g CKN + 4K2)

√
6K2

(
K

g CN

)5/2
. (12)

Finally, identifying (10) and (12) we can solve for C and then for b in terms of the quantum
numbers, N and K,

C = 12Kl +N

6gNl , b =
√
Kl (8Kl +N)

2g (12Kl +N)3/2 . (13)

Employing the results, we obtain the Bekenstein-Hawking entropy to be

SBH = 16
√

2bC
π2l9pg

7

∫ ymax

ymin

y

(1 − y2)2dy = 8
√

2b C
π2l9pg

7
1

y2
1 − 1

= 64
√

2π
3

√
K3Nl

12Kl +N
. (14)

If we set K ∼ N , the Bekenstein-Hawking entropy scales as SBH ∼ N3/2 as the ABJM theory.
This result should match (3.63) in [2].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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