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Abstract This study investigates the particle’s geodesic
motion and accretion around the spherically symmetric
Reissner–Nordström black hole coupled with a nonlinear
electrodynamics field. The formation of the disc-like struc-
ture in the accretion process arises from the geodesic motion
exhibited by particles near the black hole. In the equato-
rial plane, we analyze the circular orbits of particles and
their stability in detail. The analysis of the fluid’s critical
flow, maximum accretion rate, radiant flux energy, radioac-
tive efficiency, and radiant temperature are also examined
near the central object. We analyze the perturbations expe-
rienced by particles throughout, employing restoring forces
and the oscillatory behavior of the particles around the black
hole. Our results show that the NED parameter ζ affects the
circular geodesics of particles and the maximum accretion
rate of the Reissner–Nordström black hole coupled with non-
linear electrodynamics.

1 Introduction

The theory of general relativity (GR) speculates on the
presence of black holes (BHs) as mysterious objects. The
extremely strong gravitational field in the universe is consid-
ered to have originated from BH. Additionally, it is believed
that BHs possess strong magnetic fields and spin. In light
of these characteristics, BHs are the ideal astrophysical lab-
oratory for studying the nature of gravity and the matter
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around it. Based on the examination of observational evi-
dence, empirical data has recently confirmed the existence
of BH. The first accomplishment represented the discovery
of gravitational waves arising due to the collision of two
BHs in a binary system, as observed through the collabora-
tive work of LIGO and Virgo [1]. Another significant role
of the Event Horizon Telescope is its utilization of baseline
Interferometry to capture the first images of the BH shadow
of M87 [2,3], as well as revealed image of Sgr A∗ [4].

It is believed that cosmic entities, such as BHs, undergo
mass accumulation via the phenomenon of accretion. They
might also serve to analyze modified theories of gravity. The
existence of an accretion disc is an essential element in pur-
suing the accretion rate encompassing these compact objects.
Diffuse matter creates the accretion disc and emits energy by
slowly spiraling into a centrally condensed object. Accretion
is the process by which a fluid nearby attracts particles to
a compact object like a BH. Whenever the fluid velocity is
identical to the sound speed, these particles must pass through
the critical point. The fluid is projected onto its central mass
at supersonic speeds. The BH mass needs to be raised as a
result of this event [5]. It is fascinating to analyze numer-
ous usual radii as a consequence of examining the particles’
geodesic structure near the BH, such as the innermost stable
circular orbit (ISCO) and marginally bound orbit (rmb). In
the examination of BH accretion discs, the considered radii
are the significant factors.

The ISCO is associated with the inner boundary of the
accretion disc around a BH, and their radii can be used to
compute the energy emission efficiency, which is a mea-
sure of how quickly energy from the rest mass turns into
radiation. The locations of unstable or stable circular orbits
correspond to the greatest or lowest value of the effective
potential, accordingly. According to Newtonian theory, it is
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believed that the ISCO does not have a minimum radius. This
is supported by the observation that the ISCO can assume
any radius once the effective potential reaches its smallest
value for all possible values of angular momentum [6]. For
any minimum or maximum value of the angular momentum,
the effective potential in GR and particles rotating near the
Schwarzschild BH comprises two extremes, so it corresponds
with the two points. One can explored ISCO at r = 3rg [6,7],
where rg denotes the Schwarzschild radius. In [8] and [9],
researchers studied the effects of ISCO in the vicinity of Kerr
BH and introduced these characteristics in GR.

Thorne and Novikov [10] determined the Kerr and
Schwarzschild BH accretion discs efficiency. In [11] Johannsen
created the accretion discs around such BHs, while Johannsen
and Psaltis [12] presented the Kerr-like metric. The geodesic
structure and spherical orbits of charged particles near revolv-
ing, weakly magnetic BHs have been identified by Tursunov
et al. [13]. Since the particles in the accretion disc revolve
in stable orbits, oscillations in the radial, as well as verti-
cal directions with epicyclic frequencies, arise if the par-
ticles are perturbed. Because of this, understanding orbital
and epicyclic frequencies is important for understanding the
mechanisms of the accretion discs that surround BHs. More-
over, the accretion disc and geodesic structure have been
analyzed in the literature for various BHs in [14–22].

The universal implications of non-linear electrodynamics
(NED) theory, with the aim of examining the problem of uni-
versal evolution, as suggested by the Born-Infeld theory [23–
25]. The study has emphasized the significance of NED in the
field of cosmology, particularly regarding the time transition
that both microscopic and macroscopic regions experience.
In the last few years, there has been a significant amount of
interest in cosmological models that incorporate NLED, as
evidenced by the attention obtained in various studies [26–
28]. The study of the NED phenomenon in celestial objects
has experienced a notable expansion as a result of noteworthy
findings [26,29–31]. The remarkable characteristics of Ein-
stein’s gravitational solutions and the NED field are revealed
when examining their implications within the framework of
the Big Bang cosmological model. The potential significance
of NED fields in the cosmos cannot be understated. To have a
comprehensive understanding of these solutions, it is essen-
tial to recognize the relationship between powerful NED
fields. Previous research has investigated BHs characterized
by many horizons within the framework of NED fields [32–
36]. Recently, the nonlinear BH (RN-BH coupled with the
NED parameter ζ ) solution has been computed in the frame-
work of the NED field given in Ref. [37]. Also, the first law
of thermodynamics Smarr formula, and the physical charac-
teristics of this BH are investigated in [37]. Recently, Ali et.al
[38] discussed the quantum thermodynamical properties of
RN-AdS BH coupled with a nonlinear electrodynamics field.

Furthermore, Sucu and Ovgun [39] investigated the effect of
such BH on deflection angle.

With the above motivations, this paper aims to investigate
the properties of the circular geodesic and accretion disc sur-
rounding RN-BH coupled with the NED parameter ζ . To be
conservative, we restrict our analysis to the polar coordinate
system and the equatorial plane and circular orbits and calcu-
late in detail the effects of the NED parameter ζ on rph , rmb,
and risco. Moreover, the critical accretion is calculated using
certain dynamic isothermal fluid parameters. The paper will
be completed in the following manner. In Sect. 2, we present
a brief review of the RN-BH space-time coupled with the
NED parameter ζ . Section 3 is devoted to discussions on the
general formulation for particle movement in the given sub-
sections such as flux radiant energy, circular motion, oscilla-
tions, and stable circular orbits. In Sect. 4 and its subsections,
we determine the generic formulas for numerous dynamical
parameters, critical flow speed, accretion for an isothermal
fluid, and accretion rate. In Sect. 5, we examined the solution
of the RN-BH coupled with the NED parameter ζ and a cir-
cular geodesic in the equatorial plane. In Sect. 6 we discuss
the summary of this article.

2 Review of black hole spacetime in the NED model

In this section, we present the review of BH solution for
the sake of complete understanding of solution, which has
been originally formulated by Mazharimousavi [37]. For the
charmonium potential given in [37], Guendelman [40,41],
the authors have proposed the NED model for the Cornell
potential as

L = −F − g
√−F , (1)

hereF = 1
4 FμνFμν is the Maxwell invariant,L and g refer to

the Lagrangian of NED and coupling constant, respectively.
For the point charge located at the origin, we use the following
differential form [37]

F = E(r)dt ∧ dr, (2)

where E(r) represents the radial electric field in the flat
spacetime that is expressed by the line element (c = 1) that
follows

ds2 = dt2 − dr2 − r2(dθ2 + sin2 θdφ2), (3)

The field tensor Eq. (2), fulfils the Bianchi identity, which
states that dF = 0. Nevertheless, Maxwell’s nonlinear equa-
tions are represented by

d
(
F̃

∂F
∂L

)
= 0, (4)
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while

F̃ = E(r)r2 sin(θ)dθ ∧ dφ, (5)

represents the Hodge-dual of F̃. The explicit result of
Maxwell’s equation is

E(r)r2 ∂F
∂L = C, (6)

where constant of integration represented by C . By using
F = −1

2 E2(r) and Eq. (4), one can get

E(r) = q

r2 + g√
2
, (7)

By setting C = −q to obtain the correct Maxwell’s linear
theory via limit g → 0. The electric potential for the radial
electric field Eq. (7) is determined as follows [37]

U (r) = q

r
− g√

2
r, (8)

The NED model (5) accurately predicts the charmonium
interaction potential energy with suitable parameter adjust-
ments. Similar to Guendelman’s approach, one can analyze
the NED model for the interaction potentials [37]

Vc(r) = −αs

r
+ αs

α2 r, (9)

and

Vh(r) = −α

r
+ ln(r)

α
, (10)

where αs , and α represent the charmonium fine structure con-
stant and dimensional parameter, respectively. For the case
of NED the coulomb with logarithmic correction interac-
tion one can follow the confinement potential Eq. (10), and
present the electric potential [37]

U (r) = q

r
− g ln

(
r

r0

)
, (11)

wher q and g assumed to be positive. As a result, the radial
electric field is produced [37]

E(r) = q

r2 + g

r
, (12)

Further, one can use Maxwell’s equation into consideration
with an unknown NED Lagrangian Eq. (6), and derive the
differential equation that L must satisfy.

dL
dr

= − q

r4

(2q

r
+ g

)
, (13)

setting C = −q for the same reason as in Eq. (7). The latter
equation provides the following result for L(r)

L = q2

r4 + q f

3r3 + L0, (14)

here L0 indicates the integration constant. From Eq. (12),
obtained

F = −1

2

( q

r2 + g

r

)2
, (15)

by settingL0 = 0, g = ζ
√
q and eliminating r from Eq. (15),

then putting into Eq. (14), obtained the following expression
[37]

L = −F 16(3
√−2F + ζ(ζ +

√
ζ 2 + 4

√−2F))
√−2F

3(ζ +
√

ζ 2 + 4
√−2F)4

(16)

By using g = ζ
√
q in Eqs. (12) and (11), the electric field

and electric potential attain in the following form

E(r) = q

r2 + g

r
, (17)

and

U (r) = q

r
− g ln

(
r

r0

)
, (18)

respectively. The action of the NED model is given by [37]

S =
∫

d4x
√−g

(
R

16πG
+ L

)
, (19)

where G is the gravitational constant, R indicates the Ricci
scalar of the spacetime and L is given in Eq. (16), being
the Maxwell invariant and ζ the coupling constant. For later
convenience, hereafter we set G = 1. To obtain the spherical
symmetric BH solution from Eq. (19), one can start with the
following metric ansatz,

ds2 = f (r)dt2 − dr2

f (r)
− r2d	2, (20)

where

d	2 = dθ2 + sin2 θdφ2, (21)

and f (r) is the metric function. The Einstein field equation
can be written as

Gν
μ = 8πT ν

μ , (22)

where Gν
μ is the Einstein tensor and T ν

μ is the energy-
momentum tensor of the nonlinear electromagnetic field
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Fig. 1 The plot between lapse function f (r) and r for various values
of ζ

which is of the form [37]

T ν
μ = 1

4π
(Lδν

μ − LF Fμγ F
νγ ), (23)

where LF = ∂L
∂F . The four components of Einstein’s field

equations are consistent and practically reduce to

G0
0 = 8πT 0

0 = 2L − 4
∂L
∂F F (24)

From Eq. (24), we have

r f ′(r) + f (r) − 1

r2 = −q2

r4 − 2ζq3/2

r3 − ζ 2q

r2

+ζ 4

6
+ ζ

(
4q3/2 + 6ζqr − ζ 3r3

)

6r3 , (25)

The above expression simplifies to

r f ′(r) + f (r) − 1

r2 = −q2

r4 − 4ζq
√
q

3r3 , (26)

By solving the above equation one can obtain the following
metric

f (r) = 1 − 2M

r
+ q2

r2 − 4q
√
qζ

3r
ln(r). (27)

where M is the mass of BH, q is electric charge and ζ is
the NED parameter. The nature of the spacetime, whether it
represents a singular BH or a particle with a naked singularity,
depends on the values of the NED parameter as well M (mass)
and q (charge) of the BH. We determine the BH horizons
by considering the lapse function f (r) = 0. The horizons
structure of considered BH represented in Fig. 1. The horizon
of Schwarzschild BH is indicated by a cyan curve, RN-BH is
represented by a black curve and remanning curves represent
the horizon radius of considered BH.

3 General formulation for the geodesic motion of test
particles

This section establishes the general formulation for the
geodesic motion of the massive test particles by examining
the RN-BH coupled NED parameter ζ , which follows time-
like geodesics. We assume ξt = ∂t and ξφ = ∂φ are killing
vectors associated with fundamental constants, indicated as
E and L (conserved energy and angular momentum) associ-
ated with the specified trajectory

E = −gμνξ
μ
t u

ν ≡ −ut , (28)

and

L = gμνξ
μ
φ u

ν ≡ uφ, (29)

where uμ = dxμ

dτ
= (ut , ur , uθ , uφ) is the four-velocity

vector with τ being the affine parameter of the timelike
geodesics. For timelike geodesics, the four-velocity vector
uμ fulfills the normalization condition uμuμ = 1 and then
one obtains

[grr (ur )2 + gθθ (u
θ )2] = [1 − gtt (ut )

2 − gφφ(uφ)2]. (30)

From Eqs. (28), (29) and (30), in the equatorial plane (i.e.
θ = π

2 ), we have

ut = − E

f (r)
, (31)

uθ = 0, (32)

uφ = − L

r2 , (33)

and

ur =
√

− f (r)

(
1 − E2

f (r)
+ L2

r2

)
. (34)

Then Eq. (34) gives

(ur )2 + Vef f = E2, (35)

where

Vef f = f (r)

[
1 + L2

r2

]
, (36)

is the effective potential. From the above result, it is obvi-
ous that the effective potential relies on the radial distribu-
tion, angular momentum, and space-time parameter f (r).
The effective potential is incredibly helpful in the geodesic
motion of the particles due to its ability to identify the posi-
tion of ISCO by analyzing the local extrema of the effective
potential.
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3.1 Circular motion of test particles

Let us first consider the circular motion of the massive parti-
cles in the equatorial plane (θ = π/2). For circular motion,
one has the conditions

ur = dr

dτ
= 0 and u̇r = d2r

dτ 2 = 0. (37)

With these two conditions and by using Eq. (35), one has

Vef f = E2 and
d

dr
Vef f = 0. (38)

Then one can obtain the angular velocity 	φ , specific energy
E , and the specific angular momentum L associated with the
test particle that are provided respectively by

	2
φ = 1

2r
f ′(r), (39)

E2 = 2 f 2(r)

2 f (r) − r f ′(r)
, (40)

and

L2 = r3 f ′(r)
2 f (r) − r f ′(r)

. (41)

Frome Eqs. (40) and (41), E and L should be real if

2 f (r) − r f ′(r) > 0. (42)

From the above expression, the specific area of the circular
orbit can be investigated. So, the inequality (42), is essen-
tial for the existence of circular orbits. For bound orbits, one
requires E2 < 1 while the marginally bound orbit corre-
sponds to E2 = 1. Thus the marginally bound orbit satisfies

2[ f (r) − 1] f (r) + r f ′(r) = 0. (43)

This equation determines the radius of the marginally bound
orbit. On the other hand, it is easy to see that Eqs. (40) and
(41) diverge if

− r f ′(r) + 2 f (r) = 0. (44)

With this equation, one can determine the photon sphere
radius which is essential for the investigation of gravitational
lensing.

3.2 Radiant energy flux and circular orbits

The presence of stable circular orbits is dependent upon the
local minima of the effective potential, which is attained

when
d2Vef f
dr2 > 0. From Eq. (36), we have

d2Vef f
dr2 =

(
1 + L2

r2

)
f ′′(r) − 4L2

r3 f ′(r) + 6L2

r4 f (r).

(45)

By employing the requirements Vef f = 0,
dVef f
dr = 0, and

d2Vef f
dr2 = 0, one is able to calculate the radius of ISCO,

i.e.,risco. Furthermore, the process of accretion is possible in
r < risco. When particles fall from a state of rest to an infinite
distance, accreting onto compact objects, they emit gravita-
tional energy, which is converted into radiation. In [42], the
expression for the energy flux radiating across the accretion
disc is formulated on the basis of the angular velocity 	φ ,
the specific energy E , and the specific angular momentum L
as

K = − Ṁ	φ,r

4π
√−g(E − L	φ)2

∫ r

risco
(E − L	φ)L ,r dr, (46)

where radiant flux is represented by K , mass accretion rate is
Ṁ , 	φ,r ≡ d	φ

dr and g is the determinant of the metric tensor
gμν . g is given by

g = det(gμν) = −r4 sin2 θ, (47)

In order to properly analyze our findings within the equato-
rial plane, we establish the relationship sin θ = sin π

2 = 1.

By utilizing Eqs. (39–41) and the of values g, 	φ,r ≡ d	φ

dr ,
L ,r = dL

dr in Eq. (46), we obtain

K (r) = −Ṁ

4πr4

√
r

2 f ′(r)

×[r f ′(r) − 2 f (r)][r f ′′(r) − f ′(r)]
[2 f (r) + r f ′(r)]2

∫ r

risco
F(r)dr,

(48)

where the function F(r) is given by

F(r) =
√

r

2 f ′(r)

[
r f ′(r) + 2 f (r)

]

×r f (r) f ′′(r) − 2r f ′2(r) + 3 f (r) f ′(r)
[2 f (r) − r f ′(r)]2 . (49)

We assume that the accretion disc is in a state of thermal equi-
librium, thus according to the Stefan-Boltzmann law, one has
K (r) = σT 4(r) with σ being the Stefan-Boltzmann con-
stant, which is the relation between energy flux and tempera-
ture. Consequently, the radiation produced from the accretion
disc is presumed to possess characteristics similar to those
of black body radiation. By considering the thermal black
body radiation, it is simple to determine the temperature dis-
tribution of the accretion disc by utilizing the given equation,
from which one can figure out disc luminosity L(ν) where ν

is the frequency of the radiated photons. The disc luminosity
is determined by [43]

L(ν) = 4πd2 I (ν) = 8 cos γ

π

∫ r

risco

∫ 2π

0

ν3
e r

exp( νe
T ) − 1

dφdr.

(50)
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where γ is the inclination angle of the accretion disc and I (ν)

is the thermal energy flux. The emitted frequency is given by
νe = ν(1 + z) where ν is the observed frequency of the
radiation and z represents the redshift factor. By neglecting
the bending of light, the redshift factor z is obtained [20].

z = 1 + 	φr sin φ sin γ√
−gtt − 	2

φgφφ

− 1. (51)

From Eq. (50), it is clear that the luminosity L(ν) depends
on the disc’s temperature T . The emission at every radius
r is influenced by temperature T through the exponential
term in the denominator of the integrand. The expression
exp( νe

T ) − 1 in the denominator implies that as tempera-
ture T increases, the factor becomes smaller, which leads
to the increase in luminosity L(ν). So, higher temperatures
at higher frequencies will provide a higher luminosity L(ν).
Moreover, accreting flow efficiency is another component of
the mass accretion process. The maximum efficiency η∗ can
be obtained by

η∗ = 1 − Eisco. (52)

Here, Eisco is the energy of the particles at ISCO. This pro-
ceeding relation holds when all emitted photons have the
ability to escape infinity. When a fluid element experiences a
perturbation, the resulting particles move, which corresponds
to a circular orbit within the plane θ = π

2 .

3.3 Oscillations

In accretion processes, numerous types of oscillatory motion
are seen as a result of restoring forces. The oscillatory motion
in both the horizontal and vertical directions arises from the
influence of restoring forces acting upon perturbations within
the accretion discs. In an accretion disc, the number of restor-
ing forces arises from the rotational motion of the disc in the
presence of a vertical gravitational field.

When a fluid element moves radially, it returns to its state
of equilibrium through the rotational motion of the fluid by
virtue of the presence of a restoring force. It is worth noting
that the gravitational force within accretion discs serves as a
counterbalance to the centrifugal force due to central objects.
The fluid element is dragged outside or inside and returned
towards the original radius utilizing 	r epicyclic frequency,
depending on whether the latter exceeds the former or vice
versa. When the fluid element encounters a vertical pertur-
bation within the plane π

2 , the field of gravitation pinches the
elements that are perturbed, causing it to return to its origi-
nal equilibrium state. The element of fluid exhibits harmonic
oscillations within the equatorial plane due to the presence
of a restoring force, characterized by a vertical epicyclic fre-
quency 	θ . Three different types of motion, harmonic verti-
cal motion with a vertical frequency, circular motion with an

orbital frequency, and radial motion with a radial frequency,
are responsible for the behavior of particles within the accre-
tion disc. Consequently, within the equatorial plane, we can
examine the redial motion and vertical motion in the vicinity
of circular orbits.

Now, let us investigate the radial and vertical motions that

are represented by 1
2

( dr
dt

)2 = V (r)
e f f and 1

2 ( dθ
dt )

2 = V (θ)
e f f ,

exhibited by the particles under consideration, where using
Eq. (30) for explain the radial and vertical motions we con-
sider uθ = 0, ur = 0, respectively. Considering ur = dr

dτ
=

dr
dt u

t and uθ = dθ
dτ

= dθ
dt u

t , we can deduce the following
equations,

1

2

(
dr

dt

)2

= −1

2

f 3(r)

E2

[
1 − E2

f (r)
+ L2

r2 sin2(θ)

]
= V (r)

e f f

(53)

and

1

2

(
dθ

dt

)2

= −1

2

f 2(r)

E2r2

[
1 − E2

f (r)
+ L2

r2 sin2 θ

]
= V (θ)

e f f .

(54)

In the equatorial plane, we shall investigate the vertical and
radial epicyclic frequencies in the vicinity of circular orbits
by considering small perturbations denoted as δr and δθ .
Differentiating Eq. (53) and Eq. (55) with respect to time t ,
one obtains

d2r

dt2 = dV (r)
e f f

dr
. (55)

For a particle having a perturbation in its original radius at
r = r0, characterized by a deviation δr = r−r0, the resulting
equation can be expressed as follows

d2

dt2 (δr) = d2V (r)
e f f

dr2 (δr) ⇒ (δr̈) + 	2
r (δr) = 0, (56)

where 	2
r ≡ − d2

dr2 V
(r)
e f f and dots denotes derivatives with

respect to t . Through an analogous methodology, when con-
sidering a perturbation in the vertical direction δθ = θ − θ0,
we arrive at the following result

d2(δθ)

dt2 = d2Vef f
(θ)

dr2 (δθ) ⇒ (δθ̈) + 	2
θ (δθ) = 0, (57)

where 	2
θ ≡ − d2

dθ2 V
(θ)
e f f . In the Equatorial plane, Eqs. (53)

and (55) lead to

	2
r = 1

2E2r4

{[
(r2 + L2)3 f (r) − 2E2r2]r2 f (r) f ′′(r)

+2r2[(r2 + L2)3 f (r) − E2r2] f ′2(r)

−6L2 f 2(r)
[
2r f ′(r) − f (r)

]}
, (58)
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and

	2
θ = f 2(r)L2

E2r4 . (59)

The prime notation in Eq. (58) denotes differentiation with
respect to the radial coordinate r . The subsequent section
presents a comprehensive investigation of the fundamental
dynamical equations governing RN-BH coupled with NED.

4 Basic dynamical equations

In this section, we performed an analysis of the fundamental
formalism for the accretion process around RN-BH coupled
with NED. For this purpose, we follow the fundamental for-
malism that was established by Babichev et al. [44,45]. Let
us start by considering an ideal fluid that is characterized by
its energy-momentum tensor

Tμν = (ρ + p)uνuμ + gμν p. (60)

The quantities denoted as p and ρ correspond to the pressure
and energy density of the fluid, respectively. In the equatorial
plane, the four-velocity uμ can be described as follows

uμ = dxμ

dτ
= (ut , ur , 0, 0), (61)

where τ is the proper time. By combining the above equation
with the normalization condition (uμuμ = 1), we obtain

ut =
√

f (r) + (ur )2

f (r)
. (62)

The requirement ut > 0 indicates flow is forward, whereas
for accretion (flow is inward), the assumption ur < 0 holds.
In order to analyze the accretion process, it is necessary to cal-
culate the conservation equation of energy-momentum and
conservation equation of particle-number. The conservation
of energy-momentum tensor reads Tμν

;μ = 0, which leads to

Tμν

;μ = 1√−g
(
√−gTμν),μ + �ν

αμT
αμ = 0, (63)

where
√−g = r2 sin θ , � is Christoffel symbol’s of 2nd kind

and (; ) is the covariant derivative associated with the metric
gμν . By utilizing the BH metric, Eq. (63) can be transformed
into the form of

T rt
,r + 1√−g

T rt (
√−g),r + 2�t

tr T
rt = 0. (64)

By solving Eq. (64), one has

d

dr
[(ρ + p)urr2

√
f (r) + (ur )2] = 0. (65)

By performing the integration on the above equation, we are
able to derive the resulting expression

(ρ + p)urr2
√

f (r) + (ur )2 = C0. (66)

In Eq. (66), C0 represents the integration constant. Using the
principle of conservation coupled with the four-velocity, as
expressed by the equation uμT

μν

;ν = 0, we attain

(ρ + p)uμ

;νuμu
ν + (ρ + p),νuμu

μuν

+(ρ + p)uμu
μuν

;ν + p,νg
μνuμ + puμg

μν

;ν = 0. (67)

Since gμν

;ν = 0 and utilizing uμuμ = 1, one gets

(p + ρ)uν
;ν + uνρ,ν = 0, (68)

and since Ab
;a = ∂a Ab + �b

ac A
c, we acquire

urρ,r + [�t
tcu

c + ur,r + �r
rcu

c + �θ
θcu

c + �
φ
φcu

c]
×(ρ + p) = 0. (69)

From Eq. (69), we attain

ρ′

(ρ + p)
+ u′

u
+ 2

r
= 0, (70)

and solving it yields

r2ur exp

(∫
dρ

p + ρ

)
= −C1, (71)

where C1 is the integration constant. Assuming ur < 0, it
follows that the above expression also has a negative sign
and we calculate

(p + ρ)

√
(ur )2 + f (r) exp

(
−

∫
dρ

p + ρ

)
= C2. (72)

The constant of integration, indicated asC2 and the flux mass
equation is

(ρuμ);μ ≡ 1√−g
(
√−gρuμ),μ = 0. (73)

Then utilizing Eq. (73), we get

1√−g
(
√−gρur ),r + 1√−g

(
√−gρuθ ),θ = 0. (74)

Note that the term 1√−g
(
√−gρuθ ),θ in Eq. (74) can be omit-

ted since we only focus on the equatorial plane. Therefore,
the expression

√−gρur is considered to be constant, i.e.,

ρurr2 = C3, (75)

where C3 represents the integration constant.
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Fig. 2 The behaviors of u as a function of dimensionless radius r for M = 1, different values of electric charge q and the NED paramater ζ . The
left panel corresponds to a fixed q = 1 various values of ζ and the right panel corresponds to a fixed ζ = 1.5 various values of electric charge q

4.1 Dynamical parameters

Let us examine the accretion of the isothermal fluids charac-
terized by the equation of state p = kρ, where k is the state
function. For isothermal fluid p ∝ ρ it is necessary that the
speed of sound remain constant in the accretion procedure.
Moreover, from Eqs. (71), (72) and (75), one can determine

ρ + p

ρ

√
f (r) + (ur )2 = C4, (76)

where C4 represents the integration constant. Considering
p = kρ and substitute it into Eq. (76), one has

u =
√
C2

4 − (k+1)2[3(−2Mr+q2+r2)−4ζq3/2r ln r]
3r2

k + 1
. (77)

The graphs presented in Fig. 2 illustrate the relationship
between radial velocity u and r . When the fluid is farthest
from the BH, it has zero radial velocity and moves with sub-
sonic speed before the critical points. At the critical point,
the rate of flow matches the speed of sound. As the fluid
crosses critical points in the vicinity of the BH, the flow rate
increases and enters the supersonic domain due to the strong
gravity of the BH. The impact of the coupling parameter ζ on
the radial velocity is shown in the left panel, while the effect
of electric charge q is represented in the right panel. In the
left panel of Fig. 2, we analyze that radial velocity increases
with increasing the coupling parameter ζ . In the right panel
of Fig. 2, we observe that the radial velocity increases gradu-
ally by increasing the electric charge parameter q. As a result,
infalling particles accelerate with the speed of sound near the
central mass.

Now we can determine the density of fluid from Eq. (75),
which is given by

ρ = C3(k + 1)

r2
√
C2

4 − (k+1)2(3(−2Mr+q2+r2)−4ζq3/2r ln(r))
3r2

. (78)

The behavior of ρ as a function of dimensionless radius r for
different values of the electric charge and the NED parameter
ζ are presented in Fig. 3. It is observed that the fluid has small
density at the outer part of the disc and increases gradually
as it moves to the inner part of the disc. Notably, the blue and
green curves show the effects of the NED parameter ζ while
the black curve indicates the behavior of RN-BH in the left
panel of Fig. 3. It can be easily seen that as the value of the
NED parameter increases, the density of the fluid decreases.
Moreover, in the right panel of Fig. 3, we have observed
that fluid density declines by increasing the value of electric
charge q.

4.2 Mass evolution

Based on astronomical investigation, it is proposed that the
mass of BH gradually varies over time due to various phe-
nomena such as the emission of Hawking radiation and mass
accreting around the BH. The mass accretion rate of RN-
BH coupled with the NED parameter ζ can be computed as
Ṁ ≡ dM

dt = − ∫
T r
t ds in which ds = √−gdθdφ and also

T r
t = (p + ρ)utur . As a consequence, accretion rate Ṁ is

acquired by

Ṁ = −4πr2u(p + ρ)

√
u2 + f (r) ≡ −4πC0. (79)

By asssuming C0 = −C1C2 and C2 = (p∞ +ρ∞)
√

f (r∞),
we have

Ṁ = 4πC1(p∞ + ρ∞)
√

f (r∞)M2. (80)

The evolution of time and BH mass can be obtained by con-
sidering Mi is the initial mass and utilizing the Eq. (80), we
obtained

dM

M2 = F t, (81)
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Fig. 3 The behaviors of the fluid density ρ as a function of dimensionless radius r for M = 1, different values of electric charge q and the NED
parameter ζ . The left panel corresponds to a fixed q = 1 various values of ζ and the right panel corresponds to a fixed ζ = 1.5 various values of
electric charge q

where F ≡ 4πC1(p + ρ)
√

f (r∞). From Eq.(81), we have

Mt = Mi

1 − FMi t
≡ Mi

1 − t
tcr

, (82)

the expression for the time accretion tcr is calculated by using
the formula tcr = [4πC1(p + ρ)

√
f (r∞)Mi ]−1. According

to Eq. (82), it is evident that at t = tcr , the BH mass increases.
So, the mass accretion rate of a BH is

Ṁ = 4πC1(p + ρ)M2. (83)

Figure 4 depicts the relationship between the mass accretion
rate and the variable r . It is observed that the accretion rate
increases in the vicinity of the BH due to its strong gravita-
tional field. The effect of NED parameter ζ and charge q are
shown in left and right panel of Fig. 4 respectively. In left plot
we note that the accretion rate Ṁ decreases with increasing
the NED parameter ζ while in right plot it can be seen that
the mass accretion rate decreases with increasing the electric
charge q. This behavior investigated by Rodrigues et al. [46]
for a Schwarzschild BH in the framework of anon-minimally
coupled scalar filed. They discovered that the accretion of the
scalar field can lead to a mass decrease for BHs whose initial
masses are less than a critical values, even in the absence
of phantom energy and Hawking radiation. Furthermore, the
BH with initial masses larger than the critical value increases
by accreting a scalar field similar to the minimal coupled
scalar case. In [20] Salahshoor and Nozari also studied this
behavior for Horndeski/Galileon BH. They found that the
BH mass increases with increasing correction factor due to
its strong gravitational pull.

4.3 Critical accretion

The flow of fluid is static farthest from the BH, but it starts
to move and accelerates inward due to the gravitational field

exerted by the BH. When fluid flows inward, it reaches a
sonic point where the velocity of the fluid is equivalent to the
speed of sound. By utilizing Eqs. (75) and (76), we have

ρ′

ρ
+ u′

u
+ 2

r
= 0, (84)

and

ρ′

ρ

[
d ln(p + ρ)

d ln ρ
− 1

]
+ uu′

u2 + f (r)
+ 1

2

f ′(r)
u2 + f (r)

= 0.

(85)

From Eq. (85), we attain

d ln u

d ln r
= D1

D2
, (86)

where

D1 = r f ′(r)
2(u2 + f (r))

− 2V 2, (87)

and

D2 = V 2 − u2

u2 + f (r)
. (88)

From Eqs. (86)–(88), we attain

V 2 = d ln(p + ρ)

d ln ρ
− 1. (89)

We assume smooth flow throughout spacetime. However, if
the denominator D1 vanishes, the numerator D2 must vanish.
Mathematically, This point is known as the critical point of
the flow [47]. In (86), for D1 = D2 = 0 there is 0

0 form at the
critical point we must apply L’Hospital’s Rule to calculate the
gradient of radial velocity at rc. The critical point determined
by assuming D1 = D2 = 0 which yields

V 2
c = r f ′(r)

4 f (r) + r f ′(r)
, (90)
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Fig. 4 The mass accretion rate Ṁ as a function of r for different values of electric charge q and the NED paramater ζ . The left panel corresponds
to a fixed q = 1 various values of ζ and the right panel corresponds to a fixed ζ = 1.5 various values of electric charge q

and

u2
c = 1

4
r f ′(r). (91)

The index c is referred to as the critical point. Note that the
right-hand side of Eq. (89) is always positive. We compute
the critical radius range by using the subsequent expression

4 f (r) + r f ′(r) > 0. (92)

By utilizing Eq. (77), we acquire

c2
s = C4

√
[u2 + f (r)]−1 − 1. (93)

The relation that represents the speed of sound is given by
c2
s = dp

dρ .

5 Circular equatorial geodesics

The effective potential is necessary to examine circular
geodesics in the plane θ = π

2 , which is obtained from Eq.
(36) as

Vef f =
(

1 − 2M

r
+ q2

r2 − 4ζq
√
q ln r

3r

) (
1 + L2

r2

)
. (94)

The graphs presented in Fig. 5 illustrate the behaviors of
the effective potential as a function of the radial coordinate
r for different values of the specific angular momentum L ,
electric charge q, and the NED parameter ζ . In Fig. 5a, one
can observe the first extrema exist at L = 5 and no other
extrema arise for L < 5. Additionally, the effective potential
increases when angular momentum L rises. The black dot
within Fig. 5a gives the precise location of the ISCO, situated
at r = 4.26944. Furthermore, the effective potential Vef f
reveals two extrema for higher values of L . The stable and
unstable circular orbits lie at the minimum and maximum of
Vef f , respectively. From Fig. 5b, it is clear that as the value
of BH parameter ζ rises, the effective potential decreases. In

addition, from Fig. 5c, we observe that how the BH charge q
affects the effective potential Vef f along r . In Fig. 5c, we can
see Vef f declines as the value of charge q increases. We are
currently interested in calculating ISCO for RN-BH coupled
with NED because it forms the inner edges of the accretion
disc, so the role of ISCO is significant. Unfortunately, we
are unable to determine the ISCO analytically. Therefore,
we will have to turn to numerical approaches by utilizing
the general formula for ISCO provided in reference [48].
Whenever ζ = 0.1, M = 1, and the charge q = 1, the ISCO
of BH is risco = 4.26944. More detail regarding this can be
found in Table 1.

In order to thoroughly investigate the accretion process,
the ISCO is significant. It is also mandatory to conduct an
analysis of other radii to obtain a comprehensive understand-
ing. As previously mentioned, a circular orbit is present when
the value of r > rph . The particle’s motion will demonstrate
instability for small perturbations when the radial distance
lies within the range of rph < r < risco. This relationship
suggests that particles either escape to infinity or are dragged
into the BH. If r > risco., the particle proceeds to move in
stable circular orbits. Also, the photon sphere rph , circular
orbit risco and marginally bound orbit rmb are given in Table 1

In the plane θ = π
2 , one can derive the formulas for the

following quantities

E2 = 1

3r2

[
3
(
r(r − 2M) + q2

) − 4ζq3/2r ln r
]2

3r(r − 3M) + 2ζq3/2r − 6ζq3/2r ln r + 6q2 ,

(95)

L2 = 3r2
(
3Mr − 2ζq3/2r + 2ζq3/2r ln r − 3q2

)

3r(r − 3M) + 2ζq3/2r − 6ζq3/2r ln r + 6q2 , (96)

and

	2
φ = 3Mr − 2ζq3/2r + 2ζq3/2r ln r − 3q2

3r4 . (97)
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Fig. 5 The illustration of Vef f is a function of dimensionless radius r . a For ζ = −1.5, q = 1, and altered values of L; b for q = 1, L = 10 and
various values of ζ ; c for ζ = −1.5, L = 10 and distinct values of q

Figure 6 depicts the specific energy and specific angular
momentum profile along r . Also, the effects of BH parame-
ters ζ and charge q have been investigated in the given plots.
Presently, our focus to analyze the following quantities Eisco,
Lisco, 	isco, and lisco in ISCO. However, it is worth noting
that an analytical identification of all these quantities is not
possible. Therefore, the numerical calculation is outlined in
the provided table.

5.1 Radiant energy flux

We begin to investigate the flux radiation emanating from
the outermost layer of the disc in the plane θ = π

2 by the
utilization of the corresponding quantities E , L , and 	φ . The
flux radiant energy associated with the accretion disc can be
investigated through Eqs. (48) and (49), given as

K (r) = −
{√

3Ṁ

√
r4

3Mr − 2ζq3/2r + 2ζq3/2r ln r − 3q2

×
(

9Mr − 8ζq3/2r + 6ζq3/2r ln r − 12q2
)

×
[
3r(−2Mr − M + r2) + 2ζq3/2r

−2ζq3/2r(2r + 1) ln r + 3q2(r + 1)
]}

×
[
8πr5(3r(−2Mr + M + r2) − 2ζq3/2r

+2ζq3/2r(1 − 2r) ln r + 3q2(r − 1))2
]−1

∫ r

risco
F(r)dr, (98)

where

F(r) =
{√

r4

9Mr − 6ζq3/2r + 6ζq3/2r ln r − 9q2

×
[
3r(−2Mr + M + r2) − 2ζq3/2r

+2ζq3/2r(1 − 2r) ln r + 3q2(r − 1)
]

×
[
2ζq3/2r ln(r)(3r(r2 − 4M(r + 2)) + 16ζq3/2r

−4ζq3/2r(r + 2) ln r + 3q2(r + 8)) (99)

−48ζq3/2r(q2 − Mr) + 9(Mq2r(r + 8)

+Mr2(r2 − 2M(r + 2)) − 4q4) − 16ζ 2q3r2
]}

×
(

2r3(3r(−2Mr − M + r2) + 2ζq3/2r

−2ζq3/2r(2r + 1) ln r + 3q2(r + 1))2
)−1

. (100)

In order to analyze the radiation flux behavior of the accre-
tion disc surrounding BH for numerous values of the cou-
pling parameter ζ , as depicted in Fig. 7, it is observed that as
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Fig. 6 The profile of energy illustrated in left plots while in right plots angular momentum is depicted along r for numerous values of NED
parameters ζ and q

Fig. 7 The profile of energy flux K along r , for different value of ζ

the parameter ζ grows, the flux energy of the accretion disc
decreases.

5.2 Radiant temperature

It is speculated that the accretion disc is in thermal equi-
librium, so the emission of radiation to the disc follows
black body radiation principles. The Stefan-Boltzmann law,
K (r) = σT 4, established a relationship between energy flux
and temperature. Here, σ represents the Stefan-Boltzmann

Fig. 8 The radiation temperature profile for various values of ζ

constant. The disc temperature is evaluated through the uti-
lization of the BH parameter ζ . In Fig. 8, we observe the
temperature distribution on a disc for different values of ζ

while keeping the parameter q = 1 fixed. It is observed that
the disc temperature drops as the parameter ζ assumes pro-
gressively larger values.
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5.3 Radiative efficiency

The emission of radiation produced by the transformation of
gravitational energy arises together with the gradual inward
spiraling of the material comprising the disc towards its cen-
tral region. The specific energy within the ISCO radius can be
used to figure out the radiative efficiency, which is the ability
of the central entity to convert mass at rest into radiation

η = 1 − Eisco. (101)

The numerical outcomes of ISCO, the photon sphere radius
rph , the marginally bound orbit rmb, the specific energy at
ISCO denoted as E2

isco, the specific angular momentum at
ISCO indicated as L2

isco, the specific angular velocity at ISCO
referred to as 	2

isco, the specific angular momentum at ISCO
symbolized as l2isco, the maximum energy flux and the max-
imum temperature distribution are presented in Table 1.

5.4 Epicyclic frequencies

In the presence of perturbations within the equatorial plane,
when the particles move along a circular orbit, that will pro-
duce small oscillations in the vertical and radial directions.
The radial and vertical epicyclic frequencies are determined
from Eqs. (58) and (59). Since the expressions of these quan-
tities are a little bit lengthy, we are not going to present them
explicitly here. Instead, we calculate them numerically and
presented the results in Fig. 9. In Fig. 9, the profile of radial
epicyclic frequency 	r can be examined along the dimen-
sionless radial coordinate r for numerous values of NED
ζ and charge q of BH. In the left panel, we observed that
the radial epicyclic frequency increases as the value of the
NED parameter ζ increases. In the right panel, it can be eas-
ily seen that as the value of the electric charge q increases,
the radial epicyclic frequency increases. This means that the
orbits become more stable as the values of ζ and q increase
because stronger oscillations lead to more stable orbits. So,
the system has enhanced resistance to perturbations, which
means that the orbits are less likely to become unstable. From
the observed trend, we found that the increase in ζ and q
enhances the stability of the orbits due to the increase in the
radial epicyclic frequency.

The behavior of vertical epicyclic frequency 	θ along
the dimensionless radial coordinate r for various values of
NED ζ and charge q of BH is investigated in Fig. 10. In the
left panel, we can see that the vertical epicyclic frequency
increases as the value of the NED parameter ζ increases. The
effect of electric charge q on vertical epicyclic frequency is
represented in the right panel. It has been observed that in
region 0 < r ≤ 1.8 the vertical epicyclic frequency decreases
due to the increment of eclectic charge q, but for 1.8 < r ≤
3 the vertical epicyclic frequency increases as the electric
charge q increases. Also, from this trend, we have analyzed

that the stability of the orbits is affected by ζ and electric q.
The NED parameter ζ enhances stability by increasing the
vertical epicyclic frequency. In the right panel of Fig. 10, we
have concluded that orbits in the region 0 < r ≤ 1.8 become
less stable with a higher charge q, while orbits in the region
1.8 < r ≤ 3 become more stable with a higher charge q.

6 Conclusions

We investigate the process of accretion and particle geodesic
motion surrounding the Reissner–Nordström BH coupled
with NED parameter ζ , in the equatorial plane. The stability
and circular geodesics of their orbits have been investigated,
examining the oscillations that arise from perturbations, the
existence of unstable orbits, and ultimately enabling the
construction of a fundamental formulation for understand-
ing accretion flow near the BH. Furthermore, the dynam-
ical parameters, effective potential, typical radius, specific
energy, epicyclic frequencies, specific angular momentum,
emission rate, and mass accretion rate of the BH are deter-
mined. By establishing the state function p = kρ for
isothermal fluid, one can deduce the general solutions within
the framework of a Reissner–Nordström BH coupled with
(NED) parameter ζ .

The transformation of the loci of unstable and stable cir-
cular orbits is the obvious outcome of the impact of the NED
parameter ζ on the effective potential, as observed in our
investigations. As the parameter ζ is enhanced, the Vef f has
associated decline, thereby allowing us to identify the precise
location of the ISCO as depicted in Fig. 5a. The location of the
radii, namely risco, rph , and rmb, within this particular space-
time exhibits significant deviations from the Schwarzschild
solutions. The numerical results of these radii presented in
Table 1 for numerous values of NED parameter ζ . These radii
are increasing functions with respect to the NED parameter
ζ , that is, for large values of parameter ζ all these radii have
gone away from the central mass. Since the inner edge of the
accretion disc is indicated by risco, our findings exhibit that
for large deviations, the disc will be extended away from the
central mass.

As the NED parameter ζ grows, the energy decreases
whereas angular momentum increases and one can observe
from the energy diagram, the range of the bound orbit
increases for large deviations. The increment of parameter ζ

decreases the Eisco and increases the efficiency of the accre-
tion disc. The radiation flux energy attains its maximum value
in the vicinity of BH and then decreases. The energy flux
radiation decreases with increasing the NED parameter ζ for
small radii, but reverse behavior is observed for larger radii.
So, the reliance on the NED parameter ζ is considerable in
the vicinity of BH and weak in far from BH. Also, the same
behavior is observed for the temperature.

123



  988 Page 14 of 16 Eur. Phys. J. C           (2024) 84:988 

Table 1 The numerical results are presented for M = 1, q = 1 and various values of BH parameter ζ

ζ ISCO rmb rph E2
isco L2

isco 	2
isco l2isco Kmax (r) Tmax (r) η

0.1 4.269443 0.39838 1.06187 0.825474 9.5805 0.0102266 11.6061 4.82 × 1014 2.94 × 105 0.091444

0.2 4.61245 0.41429 1.11347 0.810873 11.5838 0.0086997 14.2856 2.93 × 1014 2.65 × 105 0.0995153

0.3 5.03015 0.42962 1.15514 0.799613 14.1013 0.0072621 17.6351 2.1 × 1014 2.33 × 105 0.105789

Fig. 9 The radial epicyclic frequencies depicted as a function of dimensionless r for altered values of NED parameter ζ in the left plot and electric
charge q in right plot

Fig. 10 The vertical epicyclic frequencies depicted as a function of r for altered values of NED parameter ζ in left plot and electric charge q in
right plot

We examine the characteristics of the fluid particle den-
sity, radial velocity, and accretion processes by employing the
state parameter k = 0.5 with considering isothermal fluid. It
has been observed that the radial velocity attains maximum
value in the vicinity of the BH for the parameters ζ and q but
farthest from the BH fluid has no radial velocity. The accre-
tion process happens when fluid traverses from the critical
points its speed matches with sound speed. So prior to the
critical point, the flow of the fluid has a subsonic regime,
but the flow becomes supersonic as it crosses that point near
the BH due to a strong gravitational field. Our key findings
reveal that the velocity increases with increasing ζ and that
the loci of the critical point shift away from the BH. As a

result, infilling paretical speed matches with sound speed far
from the central mass.

Upon examining the rate of accretion, we determined that
its behavior extensively relies on fluid nature and BH param-
eters ζ and charge q. In the scenario of a normal fluid, the
growth in mass accretion happens due to the immense grav-
itational field, and it has a maximum value near the BH. The
rise in mass accretion occurs due to a positive deviation in
the Schwarzschild BH scenario.

Finally, circular orbits with their properties and epicyclic
frequencies are examined in this paper. The radial and verti-
cal epicyclic frequencies are maximum in the vicinity of BH
and the impact of the NED parameter ζ on radial and vertical

123



Eur. Phys. J. C           (2024) 84:988 Page 15 of 16   988 

frequencies is considerable. The parameter ζ has remark-
able effects on radial and vertical epicyclic frequencies in
the vicinity of the BH, but as it moves away from the central
mass, this effect becomes weak.

It is noteworthy that a non-spinning particle is taken into
consideration in this study. If the spin of the particle exists,
its orbit is significantly influenced by its spin. Moreover, the
perfect fluid is assumed, and the magnetic field as well as
the viscosity of the accretion disc are ignored for the sake of
simplicity. So, the test particles motion is affected by these
impacts, and as a consequence, they can affect the flux emis-
sion rate and structure of the accretion disc. In the future, we
will investigate the motion of spinning particles and viscous
fluid accretion subject to Reissner–Nordström BH coupled
with a nonlinear electrodynamic field under the existence of
a magmatic field.
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