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ABSTRACT: We study solutions in non-linear electrodynamics (NED) and establish several
general results. We show, that the SO(2) electric-magnetic duality symmetry is restrictive
enough to allow for reconstruction of the NED Lagrangian from the spherically-symmetric
electrostatic (Coulomb-like) solution — although there are infinitely many different NED
theories admitting a given solution, there exists a unique SO(2) invariant one among them
under a simple analyticity assumption (that leaves out some interesting physical theories).
We introduce a general algorithm for constructing new SO(2) invariant NED theories in
the conventional approach, where only a few examples are available. We also show how
to derive the Lagrangian of the SO(2) invariant theory admitting a given electrostatic
solution. We further show on a simple example that some NED theories may require sources
(particles) of finite (non-zero) size. Such a non-zero size source not only regularizes the
infinite energy of the point charge but also satisfies the condition of regularity, that the
electric field is zero at the origin. The latter condition was identified earlier as necessary
and sufficient for the NED solution to generate a regular black hole via so-called double
copy construction and is also satisfied by solitons. We propose a large class of solitonic
NED solutions that give rise to regular black holes via double copy construction and contain
solutions of Maxwell and Born-Infeld as different limits. This class of NED solutions acquires
two new properties in the limit where the corresponding regular black hole’s asymptotics
becomes Minkowski: it gives rise to regular higher-spin black holes via generalization of
double copy — “higher-copy” construction, and for very short distances changes the sign of
the force becoming repulsive/attractive for opposite/similar signs of charges.
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1 Introduction

Nonlinear electrodynamics (NED) is a source of inspiration since almost a century [1-5],
and despite of the large shift in our perspective on quantum field theory since then and
lack of experimental support for non-linearities in pure electrodynamics,' it remains one of
the fascinating subjects that produces new ideas and methods in physics.

In Maxwell electrodynamics, the static spherically-symmetric solution (SSSS) is given
by the Coulomb force of the point charge that grows infinitely in the proximity of the source.
While this does not necessarily imply inconsistency of the theory (quantum electrodynamics
is a well-defined theory with extremely precise experimental tests), one could consider
a possibility of NED theory, where the field values are limited from above. This logic

!See, however, [6].



originally led Born and Infeld to develop their celebrated theory (BI theory) that has a
maximal value of electric field [4]. This theory was later shown to possess many remarkable
features and reappeared in different contexts, most notably in String Theory [7, 8]. One of
the remarkable features of BI theory is that it is symmetric with respect to SO(2) duality
rotations [9-13], making it the second example historically in the literature after the free
Maxwell theory.

In more recent times, non-linear electrodynamics (NED) has been in the centre of
attention of physicists for several interesting properties (for recent discussion see, e.g., [14—
18]), in particular, for sourcing regular black holes (see, e.g., [19-21]).

A completely different approach to constructing solutions for gravitational theories
that may make use of NED emerged recently: the so-called double copy construction based
on the remarkable property of gauge theory to provide formulas for observable quantities
in gravity [22—-24] generalizing a phenomenon first observed in String Theory context [25].
As opposed to other approaches where the NED was a source for gravity allowing for new
solutions, in this approach, gauge theory (in particular, NED) is just an auxiliary tool that
allows to compute quantities in gravity without actually being part of the gravitational
theory (for a recent review, see [26]). Here, Gravity is understood as a “square” of a gauge
theory, with a concrete recipe on how to derive gravitational observables from the gauge
theory ones (for a discussion on the Lagrangian formulation of the double copy, see [27] and
references therein). In the double copy approach, the Schwarzschild and Kerr black holes
can be derived by double copy from solutions of Abelian Maxwell theory [28]. It is then
natural to look for a deformation of the Maxwell theory that may provide for solutions whose
double copy correspond to regular black holes [29]. The latter may in turn be a solution for
some modification of Einstein gravity. A natural (and String-Theory motivated [30-32])
candidate is the exceptional NED — Born-Infeld theory, which was examined in this light
recently [33]. There, the double copy metric based on the static SSSS of BI theory was
shown to still contain curvature singularity. It was also understood that the condition
for double copy metric to be regular is that the corresponding NED solution ﬁ(?) has
zero electric field at the origin: E(0) = 0. This condition is also required for everywhere
continuous E(?) Everywhere continuous SSSS with nearly Coulomb behaviour at large
distances will have to have maximal value E = \ﬁ\ for the electric field at some distance
ro # 0 from origin, that will define a “size” for the corresponding “particle”. Therefore, such
theories have a scale, below which they are hardly distinguishable from Maxwell theory.

It is therefore clear from the results of [33] that if a NED has a solitonic SSSS, its
double copy will be a regular black hole. We will see in the following that solitons are not
the only option.

Recently, in [13], a democratic formulation of NED was explicitly constructed that
also manifests the SO(2) duality-symmetry, when present. For the purposes of this work,
we turn back to the conventional single-potential formulation, where the SO(2) duality
symmetry is not manifest. We will clarify some questions in this formulation and also
construct double copy metrics for some NED solutions. This double copy construction
of gravitational solutions is so far only known in the single potential formulation, where
S-duality aspects are not transparent (see, however, [34, 35]). We leave the intriguing



question of adapting the double copy to democratic NED to a future work (there, one may
need to consider a democratic approach to gravity [36] as well).

We organize this paper as follows. In section 2 we introduce generalities and some
classes of solutions in NED, including the spherically-symmetric static solutions, that are
central in this work. In section 3 we present an algorithm to construct duality-symmetric
NED theories in a standard formulation. In section 4 we discuss examples of NED theories
and their spherically-symmetric static solutions with the properties that the electric field is
bounded from above and goes to zero at the centre. In section 5 we show that for SO(2)
duality-symmetric NED theories a unique Lagrangian can be reconstructed from the data
of spherically-symmetric static solution, under analyticity assumptions. We also provide an
efficient derivation algorithm for such Lagrangians from the solution data, using the ansatz
of section 3. In section 6 we discuss the double copy construction of regular black holes
from NED solutions. We conclude in section 7 with some outlook and open problems. In
appendix A we rederive the no-birefringence condition and show that Born-Infeld theory is
the only solution for it other than Maxwell, under mild assumptions. In appendix B we
provide some details on how to compute the energy of the NED solutions.

2 Solutions in NED

We consider non-linear electrodynamics (NED) described by an action [10, 37, 38] of

the form:

L= L(s,p), (2.1)
where (u,v,--- = 0,1,2,3 are space-time indices, €.,z is the fully antisymmetric Levi-Civita
tensor)

1 v 1 v
825 1% ) p:§ ;Ll/* ) (22)
1
*Fuy = 5 €vap F% F,=0,A,-0,A,. (2.3)
The equations of motion for this theory are given as:
"(B(s,p) Fuv + (s, p) * Fl) =0, (2.4)
with
oL oL
_ 9~ - 2= 2.5
Bls,p) = 5-, alsp) o (2.5)
Electric and magnetic vector fields are given as (i, 7,--- = 1,2, 3 are space indices):
1 4
Ez' = F0i7 BZ = 567;3']6 ij. (26)

Here we will study a general class of solutions, for which the vector-potential can be given
in the following form:

Ay =pn-x)k,, (2.7)

where n, and k, are given vectors.



2.1 Wave solutions

Even though in this paper we will be mainly interested in static spherically-symmetric
solutions for NED, we remind here some facts about wave solutions.

An interesting observation is that arbitrary NED (2.1) analytic around s = 0 = p
admits wave solutions familiar from Maxwell electrodynamics? [10, 38, 41-46]. This rather
remarkable fact can be shown by noticing that for constant s and p, the NED equations (2.4)
are equivalent to Maxwell equations:

OF,, =0, (2.8)

with familiar wave solutions. It is therefore immediate to conclude, that those wave solutions
of Mazwell theory, for which s and p are constant, are also solutions for any NED.
Such is, e.g., the solution (2.7) for k, and n, satisfying

ky-nt=0, n,-n'"=0, (2.9)

for which s = 0 = p. Such field configurations are known as “null electromagnetic fields” (see,
e.g., [37]). If we choose now n, = (1,n;), where n; is a unit vector in a specified direction in
space, the solution (2.7) will describe a wave in the same direction, that solves any NED (2.1).
However, as opposed to Maxwell theory, for NED the superposition of plane waves is not
anymore a solution, unless they are in the same direction. Furthermore, the waves in NED
experience vacuum birefringence, absent only in Born-Infeld electrodynamics [10] (apart
from cases that do not seem to have physical applications). We give more details on this in
appendix A.

2.2 Spherically symmetric static solutions

The main concern of this work will be the spherically symmetric electrostatic solutions
given by (2.7) and

ky = (1,2"/r), ni = (0,2°/r), =\ x;zt, (2.10)

therefore

X; Z;
Ag = ¢(r), Az‘ZQO(?“)?? Fij =0, FOi:(P/(T)7~ (2.11)

Electrostatic solutions in general satisfy the following equation in the vacuum:
B;=0, 9'(B(~E*E;)=0, p(s)=pH(s,p)lp—0, (2.12)

while those with spherical symmetry satisfy (7 is the radial coordinate):

190
r2 Or

2This property holds in general for NED of the type (2.1), but is not always true for non-relativistic or

(r? B(—=E*) E(r)) =0, (2.13)

higher-derivative NED’s. We thank Iwo Bialynicki-Birula for correspondence on this matter. When the
Lagrangian (2.1) is not analytic around s = 0 = p, null solutions might not exist [39, 40].



which is solved as:

(B B(r) = %

, (2.14)

where @ is a constant, corresponding to charge.

Now, the function E(r) that defines the analogue of Coulomb field depends on the
function f(s), which in turn is defined by the Lagrangian £. Inversely, given the E(r), one
can look for 3(s), for which the equation (2.14) is satisfied, and then a Lagrangian (2.1)
for which:

Bs) = P (2.15)

S

The latter identification is not unique: there are many different theories of non-linear
electrodynamics that have the same electrostatic solution.

In the Maxwell (or Born-Infeld) electrodynamics, the spherically symmetric solution
determines the vacuum field everywhere, except for one point, where the point charge
source should be introduced. One alternative to this scenario is solitonic solutions that do
not require sources, which we will discuss below on examples. We will demonstrate on a
simple example that there is one more possibility: the vacuum solution can be determined
everywhere except for a ball of a finite radius, requiring a charged source of finite size.

We also show how to compute the energy of the electrostatic spherically-symmetric
solutions in appendix B.

3 An algorithm of constructing duality-symmetric NEDs

In this section, we describe a method to obtain a duality symmetric Lagrangian of non-linear
electrodynamics (see also [47]) in the conventional single-potential form. We first introduce
u, v variables as follows (see, e.g., [48]):

u=s+1/s2+p2>0, v=—s5+4/s2+p2>0. (3.1)

The Lagrangian of the form (2.1) can be now rewritten as £(u,v) and is duality symmetric
if it satisfies the duality-symmetry constraint (see, e.g., [11]),

0L oL _

5 5. =L (3.2)

Only a handful of explicit analytic solutions to this equation are known so far (see, e.g., [48—
51]) apart from Maxwell and Born-Infeld. The democratic formulation of duality-symmetric
theories with explicit Lagrangian featuring an arbitrary function of one variable is given
in [13, 52]. Translation of these democratic theories into the conventional approach with
single vector-potential still requires solving the equation (3.2).

We choose an ansatz for the Lagrangian £(u,v) in the following form

L(u,v) = 2\/v(p —u) = f(p), (3.3)



with some function p(u,v) and f(p) that will be specified later for concrete examples. The
advantage of the ansatz (3.3) is that the duality-symmetry (3.2) can be achieved when:

of _ v
op Vp—u’

f'(p) = (3.4)
The latter can be understood as an equation that should be solved to find p(u,v). We
therefore can choose f(p) arbitrarily and find corresponding duality-symmetric theory by
solving (3.4). This gives us a map from the space of functions of one variable to the
duality-symmetric theories of electrodynamics — the space of solutions of (3.2), specified
by a function of one variable.

When computing the equations of motion in the form of (2.4), the a and 3 are expressed

e e R ST

Several examples of new duality-symmetric theories were derived using this approach in [47].

as:

4 Regular electric field: examples

A spherically symmetric solution being regular everywhere would require the electric vector
field to be zero at the center. This implies that everywhere continuous solution for E,(r)
that has Coulomb asymptotics ~ 1/r at r — oo has to have an extremum at some finite
radius rg and go to zero at r = 0. This requires changing the Coulomb solution in a
manner, somewhat similar to the Planck’s resolution of the ultraviolet catastrophe in black
body radiation.

We will discuss two examples that demonstrate physically distinct properties as com-
pared to Maxwell theory.

4.1 Arcsinh electrodynamics

We start from the following Lagrangian:?

L= —% T arcsinh (;) , (4.1)
whose large T (or small field) limit coincides with Maxwell theory

lim £ = —% 5. (4.2)

T—o0

3 A similar example (with arcsin instead of arcsinh) is studied in [53], which, however, does not share
the specific feature of the example studied here: the spherically symmetric solution requiring a non-zero
size source.



The dimensionful parameter T has somewhat similar role to the tension in String Theory.
We get:

1 T
2 VT2t 2’
and the corresponding spherically symmetric solution satisfies the following equation:

TE  Q
VIZ+ E* 1%

For simplicity, we introduce dimensionless version of the electric field, £ = E / VT, and we

also denote r3 = 2$2. Then, we get:

B(s) = (4.3)

(4.4)

~___To, (4.5)

with a solution (we introduce 7 = r/1¢):

E(r) =sign(Q)\yr £ Vit —1 (4.6)

One of the solutions is growing at infinity, therefore we can discard it as unphysical (though
it is interesting to notice that there is a second solution as compared to Maxwell theory,
despite the fact that the theory under consideration is a deformation of Maxwell theory by
higher order terms in field strength: the second solution is a non-perturbative effect). We
concentrate instead on the physical solution (we take @ > 0 for simplicity here):

E(F) =\ — Vit -1, (4.7)

or,

E(r) :\/TJ (;)4— (;)8—1. (4.8)

Note, that for large 7 > 1 (or r > r¢), the field strength is close to Coulomb one:

~ r2 10
B(r) = ﬁorz +3 \/grlo +0((ro/m)™®) (4.9)
or,
Q 1 /Q\° Q’

The latter equation contains modification to Coulomb law which is tiny for

P> = {2Q2T, (4.11)

but becomes significant for r values comparable to ry.



The remarkable feature of the solution (4.8) is that E(r) is not real for r < ry (note,
that this is true also for the second solution that we discarded). In order for E(r) to be
real everywhere, one needs to introduce a source in the equation (2.13) for 7 < ro.* We are
talking about a finite-size charged source, which has internal structure, given by a charge
density function p(r). The equation with source,

2 002 5(E%) Br) = 4 plr) (412)

should be considered instead of the vacuum equation (2.13) for r < r.

Note, that the internal structure of the finite-size source is not given by the theory:
different choices of the function p(r) in the region r < ry could work. If we take, e.g., p ~ 7"
at r < rp, we can see that for any integer n > —1 we can find a real solution for E(r). For
p ~ 1/r, we get that the E(r) = const for r < ro. This situation is somewhat similar to
Born-Infeld (BI) theory, except that for BI theory ro = 0. The constant E(r) = const # 0
around r = 0 means that the field is not defined at one point » = 0 (remember that F is a
vector and though it has the same absolute value, but has different directions depending
on how we take the limit » — 0). Therefore, the case p ~ 1/r does not have everywhere
continuous solution. Instead, sufficiently reasonable choices are p ~ r™ with n > 0, for
which we get non-singular solutions that can be glued to the vacuum solution at r = r,
and we also get E(0) = 0.

A simple choice is constant charge density ball of radius rg (p is a constant):

ﬁ r < To,
plr) = (4.13)
0O r>rg.

The internal solution in this case has to solve the following equation:

(4.14)

where o = 47” p \/% and ¢ is a constant of integration, analogue of () for vacuum solution.
It is straightforward to see that there is a regular solution around r = 0 only if § = 0.

B(r) = sign(a)\/ 0217»2 _ ,/Ujr4 1. (4.15)

In order for this solution to be glued to (4.8) at r = rg and give a continuous function for

Therefore, we get:

E(r), we need sign(o) = sign(Q) and # = r¢. The latter implies:

4 _

ro
Q= ?prg =47 / p(r)r?dr, (4.16)
0

4This can indicate that the theory is incomplete: it cannot define the field almost everywhere except for
point charged sources as it is customary for field theory. It is not clear how to define a theory for the sources
of this field — it cannot be a regular field theory. We thank Arkady Tseytlin for helpful discussions on this.
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Figure 1. The solution (4.18) compared to Coulomb solution.

as expected. Then, taking @ > 0 for simplicity, we get (see figure 1):

@)
IN
=3
IA
—_

(4.17)

=i
vV
—_

or,

2 4
VT -\ - <rs
E(r) = . s (4.18)
\/T :71 - 1/ :T; —1 r Z To,
0 0
The maximal value of the field is reached at r = ry and is Fyax = VT Thus, the value of
T is related to maximal energy density of the electromagnetic field.
The magnetic solutions can be found by first finding an electric-magnetic dual theory

and then solving it in a similar manner. The dual theory is defined by introducing the dual
curvature via the equation:

oL 1
Fl =€ =— F, 4.19
v = CprAp OF», 1+ s2/T? *Eus (4.19)
and then finding the F' as a function of F? (here s4 = FjVFd‘“’/2):
2 d
F =— « Fd,. (4.20)
1+ 4/1—4s%/T?



Then the Bianchi identity dF' = 0 becomes the dynamical equation for the dual field. For
the dual theory we get

2

1+ 4/1—4s%/T?

B(sq) = — (4.21)

N |

which implies the following solution:

Elr) = Qdi’ﬁ, rd = (‘/Q? (4.22)
e+ (rd)8 T

Interestingly enough, this solution is solitonic: it does not require sources at all, but still
has a characteristic size 7§. The Lagrangian for the dual theory can be given as:

1 452 1 452
L—1-2 ) =7 |2 [1-1- 22
2 T2 2 T2

1
£l = 57 tanh ™ (4.23)

This Lagrangian, again, goes to Maxwell one, £ ~ s/2 (up to a sign factor®), for T' — oc.
For this dual theory, the electric solution is solitonic while the magnetic one requires
finite-size sources. It would be interesting to study the solution of this theory for generic
dyonic charges,® but we will not attempt it here.

4.2 Spherically symmetric static soliton

Here we will discuss another example of a solitonic vacuum solution that is regular and
real everywhere. First one needs to choose a solution that modifies Coulomb only at short
distances. Here, we will choose it to be of the form (see figure 2):

2

T 1 1

T + 7’0 7’0 T + fiz T + 1:*2

where 7 = r/rg and Ey = Q/r3. Again, the difference compared to Coulomb law is small
for r > rg.

The non-linear electrodynamics Lagrangian allowing for such a solution is not unique.
One such Lagrangian can be given in the following form:

L=2T («/1—3/T—1)—2Tlog (H V12_S/T> . (4.25)

5Note, that the overall sign of the Lagrangian corresponds to negative energy excitations, which is

expected as the duality transformation changes the sign of the Maxwell Lagrangian in the standard Larmore
form. One can, of course, choose the opposite sign for the dual theory, rendering it unitary, as the duality is
only defined at the level of equations of motion in the single-potential formulation. Note, that this issue
does not arise in the democratic formulation [13, 52].

SWe expect that depending on the ratio of electric and magnetic charges the solution will be either
solitonic or require finite-size source. Then, for a specific ratio it may require a point source, which is
puzzling from the perspective of the double copy black hole singularity.

~10 -
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Figure 2. The solution (4.24) compared to Coulomb solution.

We chose this Lagrangian among many possible ones by the condition that it is a function
L(s) of s only (no p dependence) and T" — oo limit gives Maxwell Lagrangian £ = —s/2.

The theory given by (4.25) admits solitonic electrostatic solution (4.24) with finite size
and energy. This is not the only Lagrangian that admits this solution though. We will derive

later another Lagrangian with SO(2) duality symmetry that admits the solution (4.24).
4.3 The role of 3(s) in regular solutions

extremum at some point, where:

An interesting general property of a regular (solitonic) vacuum solution with spherical
symmetry reproducing Cuolomb behaviour at large distances is that it has to have an

OE(r)

or r=ro =0
Note, that the equation (2.14) then implies:

(4.26)
ap

Q
or

rs’

r=ro

0=

r = rg. On the other hand, we have:

(4.27)
Given that Ey = E(rg) is a finite number, we conclude that 08/0r is finite and non-zero at

08 _ 03 08
or OE or

(4.28)
Given (4.26), in order for 98/0r to be non-zero, 93/0F should diverge at E = Ey. The
physical interpretation of 5 is that it describes the permittivity of the medium. In the

vacuum solution described here, the field value is restricted to E < Ejy, thus a “medium”

- 11 -



with £ > Ey cannot be the vacuum, so the divergence of 93/JF could be interpreted as
change of medium at the boundary of regions E < Ey and E > E.”

5 Duality-symmetric Lagrangian for given spherically symmetric solu-
tion

For given spherically symmetric solution, there can exist many theories that admit this
solution. Given solution depends on the function 3(s) = %—ﬂpzo which can be reconstructed
from E(r) almost uniquely [43], but not the Lagrangian. We will show below that the
data about spherically symmetric solution (more precisely, 3(s,0)), together with the SO(2)
duality-symmetry condition and the analyticity condition in both variables at p =0 =s
fixes the Lagrangian completely.

5.1 Duality-symmetric completion: proof of existence and uniqueness

We would like to show that there is at most one SO(2) duality-symmetric Lagrangian for
given f(s), assuming that the Lagrangian (2.1) can be Taylor expanded in powers of p for
any s:

L(s,p) :Lo(s)+pL1(s)+];2L2(s)+... . (5.1)

This assumption leaves out interesting physical theories such as ModMax theory [39] (we
cannot expand ModMax Lagrangian in powers of p for s = 0, therefore the arguments we
make here do not apply there®). Indeed, it was shown in [54] that the ModMax theory
admits Coulomb solution (with the only difference from Maxwell being the screening of the
charge by a ~-dependent factor). Then,

B(s) = Liy(s)., (5.2)

defines the electrostatic solutions. The duality-symmetry equation [10] that the Lagrangian
L(s,p) should satistfy, is

i 2;,@ L,—L2=1, (5.3)
where
oL oL _
Ls= s = B(s,p), Lp= oy = a(s,p) . (5.4)

"When studying electrodynamics in some medium, one encounters different non-linearities. While
the theories studied here had been considered as fundamental field theories, one can take them also as
effective theories of electrodynamics in a medium. Then, by appropriate choice of non-linear medium one
can reproduce quasistable states described by the same equations as the solutions discussed here, but of
macroscopic size. If such states can be realized in Nature, they could, e.g., provide an explanation of a ball
lightning phenomenon.

8The example of ModMax shows that the analyticity in both variables at s = 0 = p is not only sufficient
but also necessary for the uniqueness of the duality-symmetric Lagrangian with given spherically symmetric
static solution.

- 12 —



In

As a side note, real solutions £, of the quadratic equation (5.3) require £2 > Sgip
terms of (5.1), the equation (5.3) can be rewritten as a series of equations for L, (s). One
immediate conclusion is that for solutions of (5.3), Lapy1 = 0.2 Then, the expansion (5.1)

can be rewritten as:

0o p m
=) o)l i Lan(s) (5.5)
n:0
and the equation (5.3) solved as:'®
2041 1
Laito = Y (le - Lé)
!
(20 + 1)! 1 [, 25 ,

Loy L — ——— Ly L

+ kz::l (2k)1 (20 — 2k)! 25 L)y |72k 7200 7 g — k) 12k AR

2k

- mL% Lz(lfk)+2 ’ (5'6)

expressing all the Lo, for n > 0 via L. We can therefore conclude that duality symmetry,
represented by the equation (5.3), uniquely fixes the Lagrangian up to an irrelevant additive
constant once the function L{(s) is given (note, that the function Lo(s) itself is not needed
to find all Loy (s), only its derivative enters the equations). On the other hand, Lj(s) = 5(s)
is exactly the function entering the electrostatic equation (2.13). Thus, given an electrostatic
solution, one has the (s) and can find the unique duality-symmetric Lagrangian (analytic
at s = 0 = p) corresponding to that electrostatic solution.

Even though we gave a proof for existence of the duality symmetric theory with given
solution, the equations (5.5) and (5.6) are not easy to evaluate in the concrete examples
to get a compact Lagrangian (we ignore the convergence issues that might obstruct the
existence of an analytic solution). We discuss in the next section another method of deriving
duality-symmetric Lagrangians from given [3(s).

5.2 Duality-symmetric completion: an explicit derivation algorithm

Now we would like to show, that for a known spherically-symmetric vacuum solution we
can explicitly reconstruct a duality-symmetric Lagrangian admitting such a solution, using
the ansatz (3.3). The corresponding vacuum solution can be computed from equations by
setting u — 0 and v — —2s. We denote as p(s) = p(u = 0,v = —2s). Then, the function g
relates to p(s) and f(p(s)) as

B5) =~y e =~ 5.7)

9This implies that all of the duality-symmetric theories are given through parity even Lagrangians £(s, p).
10Naively, the equation (5.3) could admit more solutions, but the analyticity condition in p for the £(s,p)

does not leave room for that. This condition is justified as we are discussing theories with non-singular g
at p=0.
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or

p(s) = ~25 52(s) . (5.5)
For known f(s), one solves (5.8) for s(p), then uses (5.7),
1
B(s(p)) = N0k (5.9)

to find f(p), and finally the duality-symmetric Lagrangian by solving (3.4) for p(u,v).
We use the procedure outlined above for the example (4.24). We get in this case:

f(p) = —4Tlog(1 — p/2T) (5.10)

and the duality symmetric Lagrangian

L(a,7) = 4T (1/1+v(1—u)+10g (2( HUS_U)_1>> _1) , (5.11)

where u = u/(2T), v = v/(2T) are the dimensionless variables.
The T'— oo (or small field) limit of this theory is not Maxwell, but ModMax [39, 55]

with v = —log 2:
5 3
P2 )s2 2
L= 15TV +p=. (5.12)

Note, that the procedures described above may sometimes require solving complicated

algebraic equations for which there are either many solutions or no solution can be written
in analytic form. On the other hand, some of these algebraic complications might be related
to the choice of the variables. In particular, a manifestly duality-symmetric description
of [13] may have much simpler expressions for a given case than the standard formulation
with a single vector-potential.

Furthermore, the Lagrangian (5.11) is not analytic at s = 0 = p, therefore it is not
the unique SO(2)-invariant analytic Lagrangian given by (5.5) and (5.6). This example
vividly shows the redundancy of the method described here. Indeed, the derivation using
the ansatz (3.3) does not assume analyticity and may have multiple solutions.

Even though we have mostly assumed analyticity of the Lagrangian and small field
limit equivalent to Maxwell theory, thus, in particular, ensuring unitarity, we expect that
causality constraints will impose more restrictions on possible forms of NED Lagrangians,
invalidating some of those discussed here as candidates for realistic theories. In particular,
the ModMax with v < 0 is known to be ruled out by causality constraints. However, our aim
here is not to find a candidate realistic fundamental theory of non-linear electrodynamics
and we did not take sufficient care of the causality problem.

6 Double copy metrics for regular black holes

As discussed above, we get two possible scenarios where the non-linear electrodynamics allows
for non-singular sphericaly-symmetric static solution E(r) with E(0) = 0. Interestingly
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enough, this is exactly the condition [33] that allows for a double copy construction of
a regular black hole metric. This can be formulated as: removing the singularity in
electrostatic solution of the non-linear electrodynamics removes also the singularity in the
corresponding double copy black hole metric. In the gravitational solution, the singularity
is presenting itself in the infinities of curvature invariants, while in NED the corresponding
singularities are represented by point-charges and can be there even when the corresponding
gauge invariants are limited from above. While the physical consistency of the scenario with
finite-size sources (e.g., of the theory given by (4.1)) is questionable, the soliton solutions
have no consistency problems and are natural candidates for the double copy construction
of regular black holes.

We have established previously, that a NED theory can be reconstructed from a given
profile of the electrostatic solution, therefore almost any function F(r) can be a solution
of some NED. We have also shown that there always exists a NED Lagrangian (even one
with SO(2) symmetry) for a given solution E(r). We do not need explicit NED Lagrangian
in the context of double copy: we treat the NED as an auxiliary construct, not involved
in the gravitational theory. Instead, we need to make sure that the solution is close
enough to Coulomb at large distances (so that the double copy metric is close enough to
Schwarzschild) and that it generates a double copy metric of a regular black hole with
Minkowski asymptotics.

6.1 A general class of NED solitons

A large class of NED solutions can be given by the following electrostatic configuration:
Qr"
n+2 ni2\ M

which reproduces Coulomb for g = 0 and Born-Infeld for n = 0, m = 1/2. For any

E(r) = (6.1)

ro, m,n > 0 we get a regular (soliton) electric field and can derive from it a regular double
copy metric as follows.
We first compute the electric potential as:

o) = [ By o = 9.5 <m TR (’})’") (6.2)

which can be rewritten as:

)y (o

I'(m) (n+1)

(n+1) m(n+1) 2
min min T m
><2F1<m, mtlmnt +1,—<m> )] (6.3)

To

It is now obvious that by choosing n appropriately, e.g. integer, we can have a Taylor
expansion of ¢(r) around zero,

p(r)=co+err+er?+ezrit..., (6.4)
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with
cir=cg=---=¢,=0, (6.5)

but ¢y # 0. As explained in [33], the ¢y can be removed by a large gauge transformation,
which will change the asymptotics of the metric at infinity. Therefore, regular black hole
metrics following from such a construction cannot be asymptotically Minkowski.

When using (6.2) in the double copy metric:

v = Ny + (Z)(T) ku kv, ku = (17 xl/r) ) (66)

the comparison with Schwarzschild at large distances implies the replacement @ —
2G M/c* = r,, where G is the Newton constant, M is the black hole mass and c the
speed of light and 7 is the Schwarzschild radius of the solution. Therefore,

Er(mfﬁ)r(un—g)

_ n+1
o(r) = o T(m) +O(r™"). (6.7)
The value of ¢y,
o T'(m) 0 (m%_:) ’

should be close to zero for regular solution with asymptotics close enough to Minkowski
space, therefore in realistic gravitational theory should be small. This can be achieved by
choosing appropriate m > n > 1 for any given r, and rg, as seen in (6.8).

The value of r( is presumably related not only to the mass of the solution, but also the
“string tension”-like parameter entering the modification of Einstein-Hilbert action, similar
to (4.11) and go to zero in the (“infinite tension”) limit, recovering Einstein-Hilbert action
and corresponding Schwarzschild solution. Therefore, at least for macroscopic black holes,
one can assume g > 1g.

6.2 Exponential suppression around r = 0 and Minkowski asymptotics

An interesting example of NED solution can be derived starting from a small modification
of (6.1),

Qr" Q 1
E(r) = nt2 2\ ™ r2 nt2 \ M (6.9)
<rm + Ly > (1 + (TO/QL m )
in the limit when n, m — oo keeping k = 7%“2 — -+ fixed:
Q _(ra)*
B(r)= e ()", (6.10)

which reproduces well Coulomb at large distances r > ry and exponentially suppresses the
E(r) at r — 0. The potential in the k = 1 case is given by (up to an additive constant):

p(r)=—e 7. (6.11)
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The exponent in this expression provides for suppression at » — 0 that will kill any negative
power of r. The corresponding double copy metric (6.6) will not have singularities of any
curvature invariant, but the asymptotics of the metric will not be Minkowski.

An alternative choice of ¢(r) with the same exponential suppression at r = 0, which
also goes to zero at infinity, is given by

(r) = _% ()" (6.12)

with corresponding electric field:
Q ro\*\ _(ro)-
B(r) = =5 1—k:<r> (37 (6.13)

which deviates from the Coulomb at large distances by polynomial term in ¢, similarly
to other cases studied in the previous sections. The behaviour near » = 0 is not changed
though: all poles in curvature invariants are suppressed by the exponential factor. The
corresponding metric will be given by (6.6) with:

o(r) = —Ee_(%o)k. (6.14)

r
This ansatz with exponential suppression at » = 0 has another advantage: it can provide
non-singular solutions for any higher-copy construction of spherically symmetric “black
hole” solutions for higher-spin fields. We do not attempt to answer any questions related to
non-linear higher-spin theories, but only note that the generalized Kerr-Schild ansatz is
possible for any higher-spin massless field [56, 57]:

Py pgopps = O(r) Ky Ky - Ky s (6.15)

and is also a solution of the free field equations (similarly to Schwarzschild metric that is
also a solution for linearized gravity). On the other hand, the multiple-copy interaction
picture seems natural for higher-spins, given that their interactions contain building blocks
that are higher powers of Yang-Mills interactions (see, e.g., [58] and references therein).
Therefore it seems natural to ask the question if the generalisation of this procedure is
possible for arbitrary higher spins. Higher-spin potentials involve higher inverse powers of r
coming from k,’s in (6.15) and higher-spin curvatures [59, 60] contain higher derivatives,
therefore, in order to avoid singular curvature invariants, one needs to get rid of higher and
higher coefficients in the Taylor expansion of ¢(r) in the corresponding Kerr-Schild ansatz.
Since higher-spin theories contain towers of ever-increasing spin, the non-singular solution
requirement would be hard to satisfy unless the function ¢(r) has an exponential suppresion
of poles of any order around r = 0. Even though we do not have a strong argument about
the necessity of the absence of curvature singularities for higher-spin fields, we note that
this condition rules out many candidates for NED-induced double copy black holes and also
leads to Minkowski asymptotics.
Taking into account the equation

p(r) = /roo E(x)dz, (6.16)
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we note that condition for Minkowski asymptotics ¢(0) = 0 is satisfied only if E(r) changes
the sign somewhere. Indeed, this is the case for (6.13) and we can deduce an interesting
conclusion on the physics of the NED that it solves. For r < ﬁ the sign of the electric
field changes, therefore, the repelling force of two same-sign charges turns into attraction
in short enough distances (and there is an unstable Lagrange point at r = % where
E(r) = 0). Similar phenomenon was observed in example, studied in [29]. If this theory
was realistic, there could exist objects with large charge that could grow by swallowing
same-sign charges whose energies are high enough to pass the “Coulomb barrier” (note that
ro is typically growing with the charge, so the size of the object would be related to the
charge: in the explicit examples above, we had g ~ /@, or the charge is proportional to
the area of the sphere with radius ry).

Even though we cannot derive analytic expression for the Lagrangian, the NED with a
solution (6.13) for k = 2 has a function S(F), implicitly given by:

12w (¥)
B
EB)=——F5""=* 6.17
8) = ——55 2 (6.17)
where e is Euler’s constant and W (z) is the real solution of the equation:
WeV =z, (6.18)

Given f3(s), one can reconstruct a Lagrangian of the corresponding NED with SO(2) duality
symmetry with the techniques provided in section 5.

7 Conclusions

We have studied through specific examples several aspects of Nonlinear Electrodynamics
and several features that can pop up in specific examples but are not a general property of
arbitrary NED. We discuss below the main results and their implications.

We established that the condition of SO(2) duality symmetry in NED theories is
powerful enough to fir a unique analytic Lagrangian of the theory from the data of the
spherically symmetric electrostatic solution. We interpret this finding in the following
crude manner. For NED theories without SO(2) duality symmetry, one would presumably
need information from infinite number of solutions with all possible ratios of electric and
magnetic charges which is a continuous parameter in this classical context. Thus one would
need a function of two variables — charge ratio and radial coordinate — to be able to
reconstruct the Lagrangian (2.1) which is a function of two variables. Instead, the SO(2)
duality indicates that all of the solutions with different charge ratios are equivalent, therefore
knowing only the electrostatic solution (function of one variable — radial coordinate) is
enough to reconstruct the underlying SO(2)-invariant theory (parameterized by a function
of one variable [13]).

If this possibility of reconstructing the theory from solutions generalizes to other
cases (with S-duality symmetry), it can be a useful tool in many different field and string
theories. In particular, it would be desirable to have a systematic method to find a gravity
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theory for which a given metric is a solution (a recent discussion on this problem can be
found in [61]). In particular, would be interesting to find modifications of Einstein-Hilbert
action, accommodating solutions with limiting curvature condition (see, e.g., [62] and
references therein). When studying the double copy for electrodynamics, we assumed
that a NED solution will lead to a solution of some gravity theory, where a mechanism of
reverse-engineering the Lagrangian from a solution would be useful. On the other hand,
it is not always given that a local purely gravitational Lagrangian with such a solution
exists. One can in principle also consider adding sources (see, e.g., [63]) to the gravity
side, which significantly increases the possibilities. We have seen that as long as we are
interested in Coulomb-like static solution, one can generate any such NED solution by an
appropriate choice of NED Lagrangian without matter, while, e.g., the “square root” of
Vaidya metric [64] may require adding sources also to the NED side.

Examples of SO(2)-symmetric NED’s given by Lagrangians of the form (2.1) are rare
due to complicated equation (5.3) the Lagrangian has to satisfy, whose general solution is
not available in an analytic form. While it is straightforward to write infinite number of such
theories in the democratic approach of [13, 52], rewriting them in the conventional language
of (2.1) requires solving the equation (5.3) but now as an algebraic equation relating

the two approaches and is again not possible in general.!!

We provided here a recipe of
deriving SO(2)-invariant NED theories (used also in [47]) to derive new examples of duality-
symmetric NED theories of the form (2.1). We also established a procedure that allows to
explicitly reconstruct the SO(2)-symmetric Lagrangian from the electrostatic solution.

The constructions provided here can be cumbersome or analytically impossible for some
cases. For example, they may require solving a higher-order algebraic equation at some
step, for which analytic solutions are not available or do not exist at all. Therefore, we
highlight the existence results rather than the concrete construction recipes. We expect
that for the SO(2)-invariant theories the democratic formulation [13, 52] will be a better
guide. However, our main target was to elaborate on the double copy construction of
regular black holes from NED solutions, building on the work [33]. This construction is
known for the single-potential formulation of gauge theory (democratic formulation, if any,
is not yet available for non-abelian gauge theory). There, it was realised that in order
for the NED theory to give rise to a regular black hole via double copy procedure, the
spherically-symmetric electrostatic solution of the NED should have zero value of the electric
field in the centre. This condition is satisfied for everywhere regular solutions that do not
require sources — solitons. One can study general classes of NED’s admitting solitonic
solutions (such as (6.1) with rg, m,n > 0) and construct double copy regular black holes.
But this is not the only possibility.

While studying some examples of NED theories, we stumbled upon another possibility:
that the regular solution of some NED’s might require sources of non-zero size. This is a
specific feature of some NED theories that, to our best knowledge, have not been studied
before. The example of such a theory we studied here is extremely simple, given by a
Lagrangian (4.1). The corresponding source for a spherically-symmetric vacuum solution

"This is due to the “conservation of mathematical trouble”, as commented by Oleg Evnin.
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turns out to be a ball of a finite radius, which somehow “regularizes” the infinity of both
the electric field value in the proximity of the point charge in Maxwell electrodynamics, and
also the self-energy of the solution.'> We do not know how to describe the matter whose
quanta are these balls in this case: whatever that description is (if it exists) it is not a
field theory as we know it, which is suited for describing particles as point singularities.'?
Clearly, the generalization (if any) of field theory to incorporate such “particles” is out of

the scope of this work. We hope to come back to this question in the future.
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A No birefringence condition and its solutions

Here we summarize the condition of no birefringence for NED [38, 44] and sketch its solution,
showing the uniqueness of Born-Infeld theory among the solutions as a NED theory with
approximation to Maxwell. We use the results of Bialynicki-Birula [10] which were achieved
via analysis of linearization of NED equations. The condition of no birefringence is given by
the following differential equations on the NED Lagrangian L(s,p) (lower indices indicate
derivatives with respective variables):

LsLey—p(Lss Lyp—L2) =0,
p— P PP 2p) (A1)
Ls(Lss — Lpp) =25 (Lss Lpp — L5,) =0.
It is straightforward to see that the Maxwell Lagrangian £ = —%s satisfies the equa-

tions (A.1), as expected. Another solution, £ = —s/p, was found by Plebanski [38]. We
also note, that a Lagrangian of the form L(s,p) = f(p) solves the equations (A.1) for
any function f(p). The latter Lagrangians, however, describe theories that do not admit
linearization and cannot go to Maxwell theory in any limit, therefore are usually discarded
when looking for realistic models of NED. From now on we will assume that £; # 0. We

12Gimilarly to the century-old arguments by Born and Infeld [4], one can argue that by comparing the
finite self-energy of the solution to the rest energy (mass) value of the electron, one can find a radius for
it. If we take this point of view seriously, the corresponding size of the electron is not too far away from
current experimental reach. We have no reason to consider the theory given by (4.1) realistic, therefore such
arguments are only for amusing thought experiments.

13We note also, that the natural gravitational analogue of the Lagrangian (4.1) would be of the form
L = T arcsinh(R/T) that would modify Einstein-Hilbert with small corrections for large T', possibly resolving
the singularity of the Schwarzschild black hole by requiring non-zero size sources, while also giving a model
of inflation, somewhat similar to that of [65].
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will make an assumption here, that the Lagrangian can be expanded in powers of p as
n (5.1):

z_j ?i' (A.2)

and by imposing the conditions (A.1) order-by-order, solve for functions L, (s). This is
a simple exercise, which straightforwardly can be carried out. Note, that, for simplicity,
instead of the second equation of the (A.1), one can use its linear combination with the
first one:

Lo — Lop — 2;% =0. (A.3)

The result is that Lo,+1(s) = 0, and each Lo, (s) is constrained by two conditions:

n

n
> (k:) (28 Ly Ln—kt2 — 25 Liyy Ly oy — L Ly g + Ly Ln—gy2) = 0, (A.4)
k=0

2s
L2+ T w2 =Ly (A.5)

It is not clear why there should exist a solution at all, since the system is overdetermined.
It is, however, straightforward to show, that if there is a solution, it is unique (our minimal
assumptions are the expansion in the powers of p (A.2) and Ls # const).

E.g., for n = 2 order we get conditions on Ly(s) and Lo(s):

L2+28L, - 07 (AG)
(Ly+2sLy) Ly = L L (A.7)

from where one expresses Lo in terms of Ly and its derivatives, while also get a condition
on Ly (assuming L{ # 0):

Ly Ly —3(Ly)* =0, (A.8)
with a solution

Lo(s) =c1Vs+ca+cs, (A.9)

where ¢; with i = 1, 2,3 are constants. The further equations will fully determine all Lo,
in terms of Ly and its derivatives and give more conditions for Ly, which may at most fix
the values of the constants ¢;, if there is a solution. We note, however, that the equations
contain only derivatives of Lg, therefore the c3 cannot be fixed, while all of the equations
are homogeneous in powers of different L,’s and therefore cannot fix ¢; either. Overall
factor and additive constant are not essential in the Lagrangian and cannot be fixed by
the system (A.1), but can be fixed from the condition that L£(s,p) can be approximated by
Maxwell Lagrangian in some limit. The rest of the equations do not fix any of the ¢; as we
know that there is still one-parameter freedom in the Born-Infeld theory, which is encoded
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in the remaining co. Indeed, the Lo(s) given above is the first term of the Born-Infeld
expansion in p. Here we will not complete the proof that Born-Infeld theory solves (A.1),
as it is known. However, we managed to show that there are no other solutions, for which
the expansion (A.2) holds and L4 # const, confirming the uniqueness of Born-Infeld theory
as a physically viable NED without vacuum birefringence, that is, solving (A.1) (apart
from Maxwell).

B Gravitational stress-energy tensor and energy for NED solutions

The gravitational stress-energy tensor T# for d = 4 NED Lagrangians £ = L(s, p) is given by

oL oL
TH = 2 ZZFMPE, — Q- &F, + " L(s,p), B.1
v Os P 8]3 * 4 + 0 V£(8 p) ( )

or, using
1
Fup*FI/p = Z(sijpo-*FpO' = 55}9/27

we can rewrite it as

oL oL oL ) . (B.2)

1
™= -2 —|F*"EF,, — -0 FPPF — oM — — L
v Os ( P pa) v (S Os +p8p

The first factor is proportional to Maxwell Stress-Energy tensor and is traceless, while the
second factor vanishes for the conformal theories.
The energy density is given by:
H= TOO = _26(87p)F0pF0p - pa(s,p) + £($7p)
=206(s,p)E* — pa(s,p) + L(s,p) .- (B.3)

For spherically symmetric electrostatic solutions, we have

and the energy density (B.3) reduces to
H=-2sp8(s)+ L(s), (B.5)

where L(s) = L(s,p)|p=0 and B(s) = B(s,p)|p=0-
In addition to that, electrostatic solutions satisfy —23(s)E(r) = Q/r2, which simplifies
the energy density further to

H=— ny) ¥ L(s). (B.6)

Then, we can compute the self energy of the system by integrating it over the whole space,
with the energy density depending only on the radius (we assume background Minkowski
spacetime):

H=|[| d&x*H =4 | drr*H
R3 R+

= —47Q /R+ dr E(r) + 4 /R+ dr v L(—E?) (B.7)
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where we used that in the elctrostatic solution s = —E?(r). Therefore, we only need to
know the electrostatic solutions and the Lagrangian to get the energy of the electrostatic
theories. We label the terms of the energy as follows:

H=H + H>, (BS)
Hy = —47Q /Ooo dr E(r), (B.9)
Hy = 4r /0 T dr R2L(—E(r)). (B.10)

We note also, that in the electrostatic case E(r) = &ggf), where o(r) = Ag(r) is the

electrostatic potential. Then,

|7 B = p0) e = 00 = —(0) (B.11)

where in the last equality we assumed that the electrostatic potential vanishes at the infinity.
Therefore,

Hy = 471Q (0). (B.12)

For solutions that have ¢(0) = 0, corresponding to Minkowski asymptotics of the double
copy black hole, we get H; = 0 and H = Ho.

When trying to compute the Energy of the solution (4.18), one needs to take into
account the addition to the Lagrangian accounting for the coupling to the matter that makes
up the “particle”. This can be done by adding a term A, j* where the j* = (p(r),0,0,0),
treating it as a static matter.
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