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Abstract. The combination of precise experimental measurements and theoret-
ical predictions allows to extract Cabibbo-Kobayashi-Maskawa (CKM) matrix
elements or constrain flavor changing processes in the standard model. Focus-
ing at theoretical predictions, we review recent highlights from the sector of
heavy charm and bottom quark decays. Special emphasis is given to nonpertur-
bative contributions due to the strong force calculated using lattice QCD.

1 Introduction

In the standard model (SM) of elementary particle physics quark masses and mixing arises
from the Yukawa interactions with the Higgs condensate. The probability for the transition of
a quark flavor j to a flavor i is encoded in the Cabibbo-Kobayashi-Maskawa (CKM) matrix.
In the SM with three generations of quark flavors, the CKM matrix is a unitary 3 × 3 matrix.
Its elements are fundamental parameters of the SM which are determined combining exper-
imental measurements and theoretical calculations. The following values refer to the 2022
review of particle physics by the Particle Data Group (PDG) [1]1

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 =
0.97370(14) 0.2245(8) 0.00382(24)

0.221(4) 0.987(11) 0.0408(14)
0.0080(3) 0.0388(11) 1.013(30)

 . (1)

While the most precisely known matrix element |Vud | is has better than per mille level preci-
sion, the least precisely known matrix element |Vub| is quoted with an uncertainty of 6.3%

|δVCKM |

|VCKM |
=

0.014 0.35 6.3
1.8 1.1 3.4
3.8 2.8 3.0

%. (2)

Following the discussion in [1], we can exploit the fact that the CKM matrix in the SM is
unitary and parametrize it in different ways. A popular choice expresses the CKM matrix in
terms of three mixing angles and a CP-violating phase

VCKM =

 c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 . (3)
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Figure 1. Sketch of the unitarity triange defined by Eq. (7).

If we acknowledge the experimental observation that

s13 ≪ s23 ≪ s12 ≪ 1, (4)

we can highlight the hierarchical nature of the CKM matrix and arrive at the Wolfenstein
parametrization

VCKM =

 1 − λ2/2 λ Aλ3(ρ − iη)
−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

 + O(λ4), (5)

which is unitary in all order of λ. In Eqs. (3) – (5) we used the following notation:

s12 = λ =
|Vus|

|Vud |
2 + |Vus|

2 , s23 = Aλ2 = λ

∣∣∣∣∣Vcb

Vus

∣∣∣∣∣ , (6)

s13eiδ = V∗ub = Aλ3(ρ + iη) =
Aλ3(ρ̄ + iη̄)

√
1 − A2λ4

√
1 − λ2 (1 − A2λ4(ρ̄ + iη̄)

) , (ρ̄ + iη̄) = −
VudV∗ub

VcdV∗cb
.

The virtue of this form is to visualize the unitary CKM matrix in terms of six different uni-
tarity triangles. Most commonly used is the one based on the relation

VudV∗ub + VcdV∗cb + VtdV∗tb = 0. (7)

Dividing all sides by VcdV∗cb, the vertices are exactly at (0, 0), (1, 0), and (ρ̄, η̄) as shown in the
sketch in Fig. 1. The quest is now to over-constrain CKM elements in order to test and con-
strain the SM. Two groups, CKMfitter [3, 4] and UTfit [5, 6], regularly gather experimental
and theoretical updates to perform global fits of the CKM unitarity triangle.

In the following sections we discuss updates on the determinations of the CKM matrix
elements |Vcd |, |Vcb|, and |Vub| which all involve either a heavy charm or bottom quark before
summarizing in Section 5.

2 Determination of Vcd

First we consider the determination of Vcd for which the PDG [1] presently reports an uncer-
tainty of 1.8%. The PDG averages three different determinations:

• Determinations based on neutrino scattering data: |Vcd |
ν
PDG = 0.230 ± 0.011

• Leptonic D+ → {µ+νµ, τ+ντ} decays: |Vcd |
fD
PDG = 0.2181 ± 0.0050

• Semileptonic D→ πℓν decays (at q2 = 0): |Vcd |
Dπ(0)
PDG = 0.233 ± 0.014
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Figure 2. Comparison of different |Vcd | determinations. The value for ‘CKM unitarity’ and ‘neutrino
scattering’ are taken from [1], leptonic and semileptonic values refer to FLAG averages [19] for 2+1+1
[9, 10, 16, 20, 21] and 2+1 [22–28] flavors, respectively. The new, most precise determination of |Vcd |

based on D→ πℓν decays by Fermilab/MILC [17] is in excellent agreement with previous results.

which results at the value of

|Vcd |PDG = 0.221 ± 0.004. (8)

The determinations based on leptonic (semileptonic) decays are obtained by combining
experimental data and theoretical calculations of decay constants (form factors), using lattice
quantum chromodynamics (LQCD). In the case of leptonic decays, experimental data from
BESIII [7] and CLEO [8] are combined with LQCD calculations by Fermilab/MILC [9] and
ETMC [10]. For semileptonic decays measurements by BaBar [11], BESIII [12, 13], CLEO-c
[14], and Belle [15] as well as the LQCD form factors by ETMC [16] at q2 = 0 are used.

Recently the Fermilab/MILC collaboration published new results determining the form
factors D → πℓν and Ds → Kℓν over the full q2 range [17]. Combining the D → πℓν form
factors with the experimental data from BaBar, BESIII, CLEO-c, and Belle [11–15] leads to
a new most precise determination of

|Vcd |
Dπ
FNAL/MILC = 0.2238 ± 0.0029. (9)

The gain in precision arises by exploiting the full q2 dependence in combination with state-
of-the-art lattice simulations.2 In addition a first prediction of |Vcd | based on semileptonic Ds

decays is presented and a value of

|Vcd |
DsK
FNAL/MILC = 0.258 ± 0.015, (10)

is obtained using experimental results by BESIII [18]. Due to fewer experimental results with
larger uncertainty, the precision of this channel is however limited.

Overall the different determinations of |Vcd | show very good agreement as can be seen in
the comparison plot shown in Fig. 2.

3 Determination of Vcb

Unlike for |Vcd |, we cannot determine |Vcb| from simple leptonic decays because an exper-
imental measurement of Bc → τντ is currently not feasible. Determinations of |Vcb| are,
therefore, based on analyzing semileptonic decays and we can consider both, inclusive and
exclusive, processes. While in the case of exclusive decays the hadronic final state is explic-
itly specified, inclusive decays consider all semileptonic decays featuring a b→ c transition.

2A possible point of concern is using f∥ and f⊥ in the chiral-continuum extrapolation (cf. discussion in Sec. 4).
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Figure 3. Compilation highlighting the tension between the inclusive determinations (red triangles)
[30–32] and different exclusive channels (blue squares) to obtain |Vcb| using inputs from FLAG [19, 29,
33–38].

Unfortunately, the value obtained for |Vcb| based on inclusive analyses has been showing a
persistent 2 − 3σ tension to values corresponding to exclusive analyses. The current situa-
tions is summarized in Fig. 3 where we show the values of inclusive determinations discussed
below as well as FLAG averages [19, 29] for different exclusive channels.

3.1 Inclusive determination of |Vcb|

Measurements of inclusive B → Xcℓνℓ decays are typically performed at B-factories where
an e+ beam collides with an e− beam and the collision energy is tuned to the Υ(4s) threshold.
The Υ(4s) predominantly decays into B and B mesons and their semileptonic decays are then
experimentally observed. For the inclusive determination of |Vcb| moments e.g. of the out-
going leptons are experimentally measured. |V incl

cb | is then extracted by fitting these lepton
moments using a fit ansatz based on the systematic expansion of the total decay rate. This
operator product expansion (OPE) is performed in terms of ΛQCD/mb with mb ≫ ΛQCD and
therefore named heavy quark expansion (HQE)

B = |Vcb|
2
[
Γ(b→ cℓνℓ) +

1
mc,b
+ αs + . . .

]
. (11)

As is the case for all OPE, Eq. (11) does not allow point-by-point predictions. It however
converges if integrated over large phase space∫

dΦ wn(ν, pℓ, pν)
dΓ
dΦ

with ν = pB/mB. (12)

In Eq. (12) we have introduced a weight functions w which can e.g. be defined by

• 4-momentum transfer squared: w = (pℓ + pν)2 = q2,

• Invariant mass squared: w = (mBν − q)2 = M2
X ,

• Lepton energy: w = (ν · pℓ) = EB
ℓ .

This method has been established using spectral moments (hadronic mass moments, lep-
ton energy moments, . . . )

dΓ = dΓ0 + dΓµπ
µ2
π

m2
b

+ dΓµG

ρ3
D

m3
b

+ dΓρLS

ρ3
LS

m3
b

+ O

 1
m4

b

 . (13)

In Eq. (13) the dΓ have been calculated perturbatively up to O(α3
s) [39] whereas µ2

π, µ
2
G, ρ3

D,
ρ3

LS parameterize nonperturbative dynamics which is fitted from data. The state-of-the-art
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Figure 4. Sketch of the LQCD setup to calculate exclusive semileptonic B → D∗ℓν decays (left) and
B→ πℓν decays (right).

analysis including 3-loop αs corrections for the semileptonic fit to experimentally measured
spectral moments yields [30]

|V incl
cb | = (42.16 ± 0.51) · 10−3, (14)

which has an uncertainty 1.2%. Due to the large number of higher order terms in the HQE
expansion it is, however, not straight-forward to further improve this determination.

The number of terms can be reduced by using reparametrization invariance (RPI) as pro-
posed by Fael, Mannel, and Vos in Ref. [40]. Unfortunately, not all observables are RPI
invariant. Out of the three weight functions named above, only the q2 moments are RPI in-
variant. By now Belle [41] and Belle II [42] have performed dedicated analyses extracting
the ⟨(q2)n⟩ moments and thus enabled the first determination of |Vcb| using q2 moments [31].
Including contributions up to 1/m4

b and correction up to αs

|V incl, q2

cb | = (41.69 ± 0.63) · 10−3, (15)

is obtained which has a competitive uncertainty of 1.5%.
Simultaneously extracting |V incl

cb | using all moments, an even more precise value can be
obtained [32]

|V incl, all
cb | = (41.97 ± 0.48) · 10−3, (16)

which has an uncertainty of 1.1%. We emphasize that the new determination based on q2

moments provides a different lever arm to constrain the fit parameters than the method based
on spectral moments.

3.2 Exclusive determination of |Vcb|

Exclusive decays have been measured experimentally both, at B factories as well has at
hadron colliders e.g. the LHCb experiment at the large hadron collider (LHC). Such mea-
surements have been reported with B, Bs, or Λb initial states and pseudoscalar or vector
hadronic final states. To extract |Vexcl

cb |, these measurements need to be combined with form
factors either determined using LQCD or determinations based on sum rules. In the following
we restrict ourselves to exclusive B→ D∗ℓνℓ decays where the D∗ is treated as a QCD-stable
particle using the narrow width approximation and form factors are obtained using LQCD.
Experimentally B → D∗ℓν is preferred and measurements have been reported by BaBar,
Belle, and Belle II [43–45].

Conventionally we parametrize semileptonic B decays in terms of known kinematical
terms KD∗ (q2,mℓ) and form factors F (q2)

dΓ(B→ D∗ℓν)
dq2 = KD∗ (q2,mℓ) · |F (q2)|2 · |Vcb|

2. (17)
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The form factors parametrize contributions due to the (nonperturbative) strong force and we
use an OPE to identify short distance contributions. These short distance contribution are cal-
culable using lattice QCD where the corresponding flavor changing currents are implemented
as point-like operators. A sketch of the lattice setup for exclusive B→ D∗ℓν decays is shown
on the left hand side of Fig. 4. At the magenta dot the flavor changing vector (Vµ) and axial
(Aµ) currents are inserted to calculate hadronic matrix elements and subsequently extract the
(relativistic) form factors V(q2), A0(q2), A1(q2), and A2(q2):

⟨D∗(k, εν)|Vµ|B(p)⟩ =V(q2)
2iεµνρσε∗νkρpσ

MB + M∗D
, (18)

⟨D∗(k, εν)|Aµ|B(p)⟩ =A0(q2)
2M∗Dε

∗ · q
q2 qµ

+ A1(q2)(MB + MD∗ )
[
ε∗µ −

ε∗ · q
q2 qµ

]
− A2(q2)

ε∗ · q
MB + M∗D

kµ + pµ −
M2

B − M2
D∗

q2 qµ
 . (19)

Since in a b → c transition a heavy bottom quark decays to a heavy charm quark, frequently
the four form factors are expressed using the HQE convention where the momentum transfer
q2 is replaced by w = vD∗ · vB and the four form factors are named hV (w), hA0 (w), hA1 (w),
hA2 (w).

By now three lattice collaborations, Fermilab/MILC [38], JLQCD [46], and HPQCD [47]
have published form factor results for B → D∗ℓν at non-zero recoil. Fermilab/MILC and
JLQCD restrict their lattice determinations to the range of high q2 to keep cutoff effects well
controlled. By first performing an extrapolation of the lattice data to physical quark masses
and the continuum limit, they cover the full q2 or w range in a second step carrying out BGL
z-expansion [48, 49]. HPQCD follows a different strategy simulating heavy flavor masses
ranging from charm-like to bottom-like masses. In a combined analysis HPQCD extrapolates
their lattice data to the continuum with physical quark masses and performs the kinematical
interpolation at the same time. An advantage of this strategy is that for heavy flavor masses
below the bottom quark mass a larger, if not the entire phenomenologically allowed range
of q2 can be covered. The analysis is however more involved and direct comparisons/checks
may be less straight forward.

In general these three form factor determinations show a reasonable level of consistency in
particular for the range in q2 directly covered by the individual lattice calculations. However,
when considering form factors extrapolated over the full kinematically allowed range in q2,
tensions in the shape of the form factors show up warranting further scrutiny. Similarly when
combining the form factor results with the binned experimental measurements by Belle [44]
and Belle II [45] tensions in the shape are present. Efforts are on-going to better understand
the origin of these tensions, see e.g. [50]. Furthermore, additional groups are working on
LQCD determinations of B→ D∗ℓν form factors [51, 52].

4 Determination of |Vub|

|Vub| is the least precisely known CKM matrix element. Although leptonic B → τντ de-
cays have been experimentally observed [53, 54], the uncertainties are too large to impact
the determination of |Vub|. Hence semileptonic decays are preferred but similarly to |Vcb|
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these exhibit a long standing tension between determinations based on inclusive and exclu-
sive decays. Here we report on recent updates concerning exclusive decays using LQCD to
determine the nonperturbative input in terms of form factors. While for |Vcb| the (narrow
width) vector final state D∗ is the preferred channel for extracting the CKM matrix element,
it is the pseudoscalar-to-pseudoscalar B→ πℓν decay in the case of |Vub|. Conventionally we
parametrize this process placing the B meson at rest by

dΓ(B→ πℓν)
dq2 =

G2
F |Vub|

2

24π3

(q2 − m2
ℓ )

2
√

E2
π − M2

π

q4M2
B

×

[ 1 + m2
ℓ

2q2

M2
B(E2

π − M2
π)| f+(q2)|2 +

3m2
ℓ

8q2 (M2
B − M2

π)
2| f0(q2)|2

]
(20)

and encode the nonperturbative input in terms of the two form factors f+ and f0. Again an
OPE has been performed to identify the short distance contributions which we obtain from
the lattice calculation by extracting the hadronic matrix element

⟨π|Vµ|B⟩ = f+(q2)
pµB + pµπ −

M2
B − M2

π

q2 qµ
 + f0(q2)

M2
B − M2

π

q2 qµ. (21)

A sketch of the lattice setup is shown on the right hand side in Fig. 4. Since pions are much
lighter than D∗ mesons, B → πℓν decays expand over a much larger kinematical range. So
far all semileptonic form factor calculations for B → πℓν on the lattice have only been per-
formed at high q2 and a kinematical z-extrapolation is performed to cover the entire range.
Semileptonic form factors have been calculated by HPQCD [55], RBC/UKQCD [56], Fer-
milab/MILC [57], and JLQCD [58]. To combine the different lattice determinations, FLAG
uses the continuum limit form factors from RBC/UKQCD, Fermilab/MILC, and JLQCD and
extracts so called synthetic data points. Treating all calculations as statistically independent,
a combined fit of these synthetic data points with the experimental measurements by BaBar
[59, 60] and Belle [61, 62] using the BCL parametrization [63] is performed. The FLAG
average value is

|Vexcl
ub | = 3.64(16) · 10−3, (22)

where the error has been inflated following the PDG procedure for fits with poor p-value
(large χ2/d.o.f.). Already the lattice form factors exhibit a small tension which may be caused
by how the continuum limit of the form factors is taken.

This issue has been first pointed out in Ref. [64] for semileptonic Bs → Kℓν decays, an
alternative channel to determine the CKM matrix element |Vub|. Form factors f+ and f0 de-
scribing semileptonic Bs → Kℓν decays over the full q2 range have been obtained by HPQCD
[65], RBC/UKQCD [56], and Fermilab/MILC [66]. For several years the value at q2 = 0 pre-
dicted by RBC/UKQCD and Fermilab/MILC has been in tension with the value predicted by
HPQCD which is in turn consistent with analytic predictions [67–70]. The lattice calculation
for pseudoscalar final states typically proceeds by determining on the lattice the form factors
f∥ and f⊥ which are directly accessible by hadronic matrix elements. Forming a linear com-
bination of f∥ and f⊥ leads to the phenomenological form factors f+ and f0. As pointed out
by RBC/UKQCD [64], it is important to perform the chiral-continuum extrapolation using
the phenomenological form factors f+ and f0 because only for phenomenological quantities
pole masses entering the extrapolation formulae have a physical meaning. In the case of
form factors describing Bs → Kℓν decays, Ref. [64] demonstrates that using f+ and f0 in
the chiral-continuum extrapolation (instead of f∥ and f⊥) removes the tension. Furthermore,
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Flynn, Jüttner, and Tsang devised a new procedure based on Bayesian inference [71] to over-
come issues related to truncating the z-expansion at too low order and find consistency with
the dispersive matrix approach [72, 73].

5 Summary

The determination of |Vcd | seems to be in very good shape. Different determinations based on
neutrino scattering, leptonic or semileptonic decays agree and the new Fermilab/MILC calcu-
lation using the full q2 range in the semileptonic determination will help to reduce the uncer-
tainty. Both inclusive and exclusive determinations of |Vcb| have significantly progressed but
the tension between both remains. Different inclusive determinations are consistent and the
new method based on q2 moments leads to further improvement. On the exclusive front we
now have three independent determinations covering the full q2 range. Although we observe
some tension between the lattice form factors as well as w.r.t. to the shape of the experimental
data, having different data gives us a handle to further scrutinize these calculations and gain
a better understanding. |Vub| remains the CKM matrix element with the largest uncertainty.
However, progress on the analysis of exclusive decay channels has been made and further
work by different collaborations is ongoing. In addition new LQCD developments target the
determination of inclusive processes on the lattice see e.g. [74–78].
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