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Abstract
Loophole-free Bell non-locality test plays a central role in device-independent quantum information
processing tasks, such as device-independent quantum randomnumber generation (QRNG) and
quantumkey distribution (QKD). Inspired by the scheme of heralded spontaneous parametric down
conversion (SPDC) source proposed in (ŚliwaC andBanaszekK 2003Phys. Rev.A 67 030101), we
present a loophole-free Bell test scheme that employs the heralded type of entangled photon pairs. Our
proposal enables amuch higher degree of Bell violationwith realistic photonic devices over the one
using the conventional SPDC source, thus allowing the implementation of device-independent
QRNGandQKDwith significant advantages.We anticipate that the schemewill enable variously
subtle applications in device-independent quantum information processing tasks.

1. Introduction

Bell non-locality [1–4] draws one of themost important distinctions between quantummechanics and classical
mechanics in the sense that Bell nonlocal correlations can not be explained by the local-realistic theory [5].
Despite this fundamental interest, the Bell non-locality has also laid a significant foundation formany promising
quantum information processing tasks. Indeed, in amodel that reproduces Bell nonlocal correlations, the
measurement outcomes cannot be fully determined by sharing local variables. Therefore, once Bell non-locality
is certified in a quantum information processing task, themeasurement outputs cannot be fully predicted by a
third party nomatter themechanismunderlying the devices, i.e. device independent security [6]. For instance, the
Bell non-locality guarantees the security of device-independent quantumkey distribution (DI-QKD) [6–11] and
device-independent quantum randomnumber generation (DI-QRNG) [12–20]. See [21, 22] for a general
discussion on the subjects ofQKD andQRNG.

Practically, Bell non-locality is often verified by the violation of a Bell inequality [1]. There have been fruitful
results along this route [1–4, 23–27], amongwhich theClauser–Horne–Shimony–Holt (CHSH) inequality [2] is
the simplest in Bell tests. Nevertheless, Bell testing experiments are extremely difficult to conduct due to the
potential loopholes [28]. Specifically, we present threewell discussed loopholes as follows.

• The locality loophole. Once the local parties are not spacelike separated, there could be signals about the
measurement sites fromone party to influence themeasurements at the other party. Specifically, spacelike
separations of the event that determines themeasurement setting choice at one party and the event that
generates themeasurement outcome at the other party can close the locality loophole [4].
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• The freedom-of-choice loophole. For the case that themeasurement settings are not independent from local
hidden variables (LHV), themeasurement results would bemanipulated arbitrarily. The freedom-of-choice
loophole can be closedwhen themeasurement setting choices are generated by true randomnumber
generators, and the setting choices events are spacelike separated from the source pairs generation events [29].

• The fair-sampling loophole. Supposing the parties select only the detected events and discard the undetected
events, fair-sampling assumption states that the subensemble of detected events can represent the total
ensemble. However, if the detection efficiency is non-unit, the detection events could be controlled by LHV
depending on themeasurement settings choices of the parties [30, 31]. The fair-sampling loophole-free (or
detection loophole-free)Bell test can be realized by considering all the detected and undetected events, and
using sufficiently high efficiency detectors [4].

There have been several experimental Bell tests reported to be loophole-free. For examples, the experiments
reported in references [32, 33] are thefirst two experiments which closed the detection loophole using photons,
the experiments in references [34–36] have closed above three loopholes simultaneously, the experiment in [37]
has closed the locality loophole and the fair-sampling loophole simultaneously using entangled atoms. It is
noteworthy thatDI-QRNGhas also been realized [18–20]. However, until now the loophole-free Bell tests are
still extremely limited evenwith state-of-the-art technologies. To push forward the application of device-
independent quantum information processing, onemust overcome a number of practical obstacles such as
imperfections of the source of entanglement and the detectors.

As Bell non-locality has been vital formany quantum information processing tasks, it is of great significance
for achieving higher amounts of violation of Bell inequalities in Bell tests. Experimentally, the spontaneous
parametric down-conversion (SPDC) [38] source has beenwidely adopted to generate entanglement photon
pairs in quantum information processing. However, themaximum loophole-free CHSHvalue using the
conventional entangled SPDC source is only 2.35 evenwith a unit efficiency detector theoretically [39], which is
far from themaximal value of 2 2 allowed byTsirelson’s bound in quantum theory [40]. Themain reason is
that vacuum andmulti-pair photons dominate the outputmode of the conventional SPDC sourcewhichwill be
very harmful to the violation of CHSH inequality.

In this letter, we propose a loophole-free Bell test scheme using entangled photon pairs based on the heralded
SPDC source proposed in [41]. Owing to its heraldingmechanism [41–43], onemay expect that higher amounts
of violation of Bell inequalities can be achieved using the heralded SPDC source comparedwith that using the
conventional SPDC source. It is demonstrated that the degree of violation for theCHSH inequality using the
heralded entangled source can significantly surpass the one using the conventional SPDC source [39] for both
non-maximally entangled outputmodes andmaximally entangled outputmodes. In the ideal case according to
our proposal, themaximal violation for CHSH inequality using the heralded entangled source is 2.828, which is
approaching the Tsirelson’s bound [40]. This result is significantly higher than 2.35which is themaximal
violation for CHSH inequality usingmulti-mode emission of the conventional SPDC source evenwith unit
detector efficiency [39]. TheClauser–Horne (CH) inequality [3] violation using the heralded entangled source
can be two orders ofmagnitude better than that is reported in [34] for typical experiment parameters. As one of
themost promising applications of Bell non-locality, we also present aDI-QKD scheme using the heralded
entangled source, and show that one can reduce the lower bound of detector efficiency for positive key rate from
95.3% to 91%, and obtain a 2.62 times higher key generation rate comparedwith that using the conventional
SPDC source.

2. The heralded polarization-entangled source

The heralded entangled source consists of a conventional SPDC source and a linear optical part which is used to
herald generations of entangled photon pairs (see appendix C for detail analysis). As shown infigure 1, the
coincidence of four detectorsD1,D2,D3 andD4 heralds a successful preparation of one pair of entanglement
photons. The outputmode of the conventional SPDC source has the form [41, 44]

å l yYñ = ñ
=

¥

∣ ∣ ( ), 1
n

n n
0

whereλn is the probability amplitude of the nth order of the outputmode, y ñ∣ n is thewave function for n pairs of
photons. As to the heralded SPDC source, the third order element y ñ∣ 3 is the lowest order that contributes to the
coincidence of four detectors [41], and the corresponding outputmode is an entangled state
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where {H,V} is an orthogonal polarizing basis, r depends on the squeezing parameters associatedwith the
source (see appendix B).When r=1, it reduces to themaximally entangled state

f ñ = ñ + ñ∣ (∣ ∣ ) ( )HH VV
1

2
. 31

In fact, the components n 4 will also contribute to the coincidence events of four detectors. The
corresponding outputmodes of the coincidence events for n 4 will reduce the fidelity of the entanglement
pairs. For example, considering the next leading order y ñ∣ 4 , after the optimization for the probability of
coincidence events caused by the component y ñ∣ 3 , the contribution of the next leading order term y ñ∣ 4 to the
coincidence events is rather small as analyzed in [41]. In our simulation, we have considered themultiple pair
events up ton=5, where theCHSHvalue contributed by the component of n 6 is negligible, as compared
with that contributed by the dark-count events of  -p 10d

8 [45, 46]. Thus, even though higher orders of output
modes of the conventional SPDC sourcemay also contribute to coincidence events, the heralded entangled
photon pairs dominate the output state of the heralded entangled source. Based on the advantage of the heralded
SPDC source, we explore its potential improvement onBell tests and quantum information processing tasks.

3. Bell tests using heralded entangled source

3.1. Loophole-free CHSH test using heralded entangled source
TheCHSH inequality has been extensively employed in Bell tests. There are two separated players, Alice and
Bob, sharing entanglement pairs. Alice randomly chooses ameasurement x frommeasurement setting choices
{α0=0,α1=1} tomeasure the particle in her side, similarly for Bobwithmeasurement setting choices
yä{β0=0,β1=1}.What they obtain are binary results {±1}, labeled by i and j for Alice and Bob,
respectively. The trial is repeated formany times to accurately estimate the probability distribution ( ∣ )P ij xy (see
appendixD for details). Alice and Bob then calculate theCHSHvalue [2]

å= - = - ¹( ) [ ( ∣ ) ( ∣ )] ( )S P i j xy P i j xy1 , 4
x y

xy

,

where xä{α0,α1}, yä{β0,β1}. Themaximal CHSHvalues are 2 and 2 2 for LHVmodels and quantum
theory [2, 40], respectively. If S>2, Alice’s and Bob’s correlation are nonlocal.

The schematic setup, as shown infigure 1, is composed of two parts: the heralded entangled source and the
CHSH test. The experiment setup for CHSH test consists of a polarizationmodulator (PM), a polarization beam
splitter (PBS) and two detectors in Alice’s side and similarly for Bob. The PM is used to choose different
measurement settings. The coincidence of four detectorsD1,D2,D3 andD4 heralds the output of entangled
photon pairs. However, because of the inefficiency of the detector, the dark-count and the higher order
components of the conventional SPDC source, there are also vacuum state andmulti-pair components in the
outputmode of the heralded entangled source. As for theCHSH test, there are four detection events at Alice’s
(Bob’s) side: double clicks,±1 click and no click. In order to close the fair-sampling loophole [28, 33], one need
to take all the detection events into consideration. One denotes the events thatAH does not click andAV clicks as

Figure 1. Schematic setup for loophole-free CHSH test using heralded entangled source. a, b, c, d, e and f label the paths of beams, {H,
V} and {+,−} are orthogonal polarization bases.AH(V ),BH(V ),D1(2) andD3(4) label the corresponding non-photon-number-
resolving detectors. {α0,α1} and {β0,β1} label themeasurement settings for Alice andBob. BS: non-polarization beam splitter;HWP:
half-wave plate; PM: polarizationmodulator; PBS: polarization beam splitter; FC:fiber channel; SPDC: spontaneous parametric
down-conversion source.
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−1, other events are counted as+1 for Alice. Also, the events thatBH does not click andBV clicks are counted as
−1, others counted as+1 for Bob [39]. To compare with theCHSH test using the conventional SPDC source,
one can calculate theCHSH value Swhen the dark-count rate equals pd=0which is chosen according to [39].
At the same time, the transmission coefficient ηtrans of the BSs in the heralded entangled source approaches to 1.
The simulation is cut off at n=5, which is reasonable, because it can be certified through simple calculation that
the CHSHvalue contributed by the component of n 6 from equation (1) is negligible comparedwith that
contributed by the dark-count events when  -p 10d

8 which is reasonably chosen according to [45, 46].
As shown infigure 2, one can see that the CHSHvalues for non-maximally entangled outputmodes are

higher than the one formaximally entangled outputmodes fromboth the heralded entangled source and the
conventional SPDC source. This is because that non-maximally entangled states can toleratemore noises than
maximally entangled states [23].Without considering the system error, themaximal violation for CHSH
inequality using the heralded entangled source is 2.828when ηtrans=0.999 999, which is approaching 2 2
allowed by Tsirelson’s bound in quantum theory [40]. This result is significantly higher than 2.35which is the
maximal violation for CHSH inequality usingmulti-mode emission of the conventional SPDC source evenwith
detector efficiency η=1 [39]. The lower bound of detector efficiency for loophole-free CHSH inequality
violation using the heralded entangled source approaches 67.3%, and the correspondingCHSHvalue is
S=2.000 01. As shown in [23], the lower bound for a loophole-free Bell inequality violation is 2/3when non-
maximally entangled state is adopted. It is shown in equation (C.7) that thefidelity of the output entangled state
increases as the transmission coefficient increases.When h  1trans , one can achieve a lower bound of detector
efficiency h  2 3 for CHSH inequality violation using the heralded entangled source.

Tomatch the actual experiment setups, one can take reasonable transmission coefficients ηtrans and dark-
count rate pdwhen estimating theCHSHvalue. Specifically, we provide simulation for theCHSH test with non-
maximally andmaximally entangled outputmodes from the heralded entangled source at two different
transmission coefficients. Thefirst one is h = 0.99trans1

which is derived from [47]. According to equation (C.6)
the preparation probability of entangled pairs approaches 0when transmission coefficient approaches to 1. The
second one is chosen at h = 0.9trans2

tomake a tradeoff between the preparation probability and the amounts of
violation of CHSH inequality. At the same time, the dark count rate is set to be pd=10−6 which is derived
according to [35].

As shown infigure 3, the CHSHvalue S at h = 0.99trans1
is higher than that at h = 0.9trans2

for both the
maximally and non-maximally entangled outputmodes atmost values of the detection efficiency η. That is
because thefidelity of the output entangled state increases as the transmission coefficient increases according to
equation (C.7) and entangled states with higherfidelity can achieve better CHSH inequality violation. For the
non-maximally entangled outputmode, when h = 0.99trans1

, theminimal detector efficiency for violating the
CHSH inequality is η≈80.9%. Butwhen h = 0.9trans2

, theminimal detector efficiency for violating theCHSH
inequality is η≈80.3%which is lower. The reason for this counter-intuitive phenomenon is that the dark-
count rate in case is big enough to break down the advantage infidelity of entangled state induced by higher
transmission coefficient whichwill cause lower preparation probability of the heralded entangled source
according to equation (C.6).More specifically, as shown in table 1, one can see that theCHSHvalue Swith

Figure 2.CHSHvalues S for the heralded entangled source and the conventional SPDC source versus the detector efficiency η. The
simulation results are obtainedwhen taking pd=0 for both the conventional and heralded entangled source.Meanwhile, the
transmission coefficient ηtrans almost equals to 1 for the heralded entangled source. The dashed circle line and the solid quadrate line
denote CHSHvalues for non-maximally andmaximally entangled outputmode of the heralded entangled source, respectively. The
dotted–dashed rhombus line and the solid trilateral line denote CHSHvalues for non-maximally andmaximally entangled output
mode of the conventional SPDC source, respectively.
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h = 0.99trans1
is higher than that with h = 0.9trans2

at η=80.9%when the dark-count rate is turn down to
pd=10−7. According to the detector efficiency η≈82.28% reported in a recent experiment [17], the detector
within current technology is enough for loophole-free CHSH tests using the heralded entangled source.

3.2. Loophole-free CH test using heralded entangled source
Among recently reported experimental loophole-free Bell tests [32–37], theCH inequality [3, 23] is employed
extensively. In order tomake a comparisonwith the reported results, we propose aCH test scheme using the
heralded entangled source and experiment parameters comparable to that in [34]. TheCH inequality is of the
form [48]

a b a b a b a bº - - -++ + + ++( ) ( ) ( ) ( ) ( )J P P P P 0. 50 0 0 0 1 0 1 0 1 1

The experimental setup for theCH test is similar to theCHSH test infigure 1, except that there is only one
detector in Alice’s (Bob’s) side. As for theCH test, there are only two detection events in Alice’s (Bob’s) side: click
and no click.One counts events that Alice’s (Bob’s) detector clicks as+ and does not click as 0 in theCH test. The
trial is repeated enough times to accurately calculate theCHvalue J. The violation of theCH inequalitymeans
that Alice’s and Bob’s correlation are nonlocal.

As illustrated infigure 4, the corresponding experiment parameters are set to be pd=10−7 and ηtrans=0.95
without loss of generality. The redXmark denotes the result reported in [34] that J=7.27×10−6 when
η=77.39% (the detector efficiency is taken as a geometric average over Alice’s and Bob’s detector efficiencies in
[34]). TheCH value using the heralded entangled source is J=9.06×10−4 which is two order ofmagnitude
better than that reported in [34] at the same detector efficiency. As presented infigure 3, better violations can be
achieved for theCHSH test by adjusting the transmission coefficients of the BSs in the heralded entangled source
because one can achieve a higher fidelity of the entangled source by adjusting ηtrans according to equation (C.7).
It should be noted that one can also obtain even better results by adjusting the transmission coefficients of the
BSs in the heralded entangled source for the same reason.

Figure 3.CHSHvalue S versus detector efficiency η. The dark-count rate is set to be pd=10−6. The dashed circle line and the solid
quadrate line denote CHSHvalueswith h = 0.99trans1 for heralded non-maximally entangled output and heraldedmaximally
entangled outputmode, respectively. The dotted–dashed rhombus line and the solid trilateral line denote CHSHvalues with
h = 0.9trans2

for heralded non-maximally entangled output and heraldedmaximally entangled outputmode, respectively.

Table 1.Comparison for the performance of theCHSH tests with different dark-count rates at η=80.9%a.When pd=10−6, one can see
that theCHSHvaluewith transmission efficient h = 0.99trans1 is lower than that with h = 0.9trans2

.While, when pd=10−7 theCHSH
valuewith transmission efficient h = 0.99trans1 is higher than that with h = 0.9trans2

. Here, g and ḡ are the corresponding squeezing
parameters of the SPDC source (see appendix B).

η pd ηtrans g ḡ α0 α1 β0 β1 S

80.9% 10−6 0.99 0.0988 0.0456 0.1124 −0.5523 −0.1324 0.5066 2.000 33 (2.000 36)
80.9% 10−6 0.9 0.0579 0.0195 0.0863 −0.4953 −0.0959 0.4731 2.005 86

80.9% 10−7 0.99 0.0564 0.0265 0.2158 −0.5406 −0.1341 0.5252 2.045 89 (2.0648)
80.9% 10−7 0.9 0.0330 0.0111 0.0912 −0.4891 −0.0943 0.4818 2.024 06

Note.
a The simulations are implementedwithWolframMathematica on a standard laptop computer by default accuracy. Due to the round-off

of g, ḡ ,α0,α1,β0 andβ1 to four decimal places, there are differences between the presented values of S and the true optimal valueswhich

have also been presented in the round brackets.
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4. Application: DI-QKDusing heralded entangled source

As one of themost promising applications of Bell non-locality, theDI-QKDprovides a way that Alice and Bob
can conduct secure communicationwithout trusting the devices [6, 7, 10, 11]. The schematic setup forDI-QKD
protocol is similar with that for CHSH test shown infigure 1, except that Alice’smeasurement setting choices is
{α0,α1,α2}. TheDI-QKDprotocol runs as follows. Alice and Bob share entangled photon pairs from a third
party, who can be untrustworthy. Alice randomly chooses ameasurement x frommeasurement setting choices
{α0,α1,α2} tomeasure the particle in her side, and similarly for Bobwithmeasurement setting choices yä{β0,
β1}, and the trial is repeatedmany times. After theirmeasurements, Alice and Bob obtain two sequences of
measurement results. They use themeasurement results generated by xä{α0,α1} and yä{β0,β1} to estimate
the loophole-free CHSHvalue S. Themeasurement settingα2 is set to be the samewithβ0, and themeasurement
results generated byα2 andβ0 are used to estimate the quantumbit error rateQ. The key generation rateR is
bounded by [6, 7]

 - -
+ -⎛

⎝
⎜⎜

⎞
⎠
⎟⎟( )

( )
( )R h Q h

S
1

1 2 1

2
, 6

2

where = - - - -( ) ( ) ( )h x x x x xlog 1 log 12 2 is the binary entropy, a b= ¹( ∣ )Q P i j 2 0 is the probability
that Alice and Bob obtain differentmeasurement results when they choosemeasurement settingsα2 andβ0,
respectively.

Let us compare theDI-QKDkey generation rate using the non-maximally entangled outputmode from the
heralded entangled sourcewith that using the non-maximally entangled outputmode from the conventional
SPDC sourcewith pd=0. Themeasurement setting choices {α0,α1,α2} and {β0,β1} are determined by
optimizing theCHSHvalue S at different given parameters. As shown infigure 5, the blue line denotes key
generation rate using non-maximally entangled photon pairs from the heralded entangled sourcewhen the
transmission coefficient ηtrans approaches to 1. The yellow lower line denotes key generation ratewith non-
maximally entangled photon pairs from the conventional SPDC source.

As a result, a lower bound of ηL≈91% is obtainedwith the heralded entangled source, and further
calculation shows that this result is close to the one using non-maximally entangled state as equation (2). The
lower bound is better than h »¢ 95.3%L which is the lower bound using the conventional SPDC source. At the
same time, the key generation rate using the heralded entangled source is significantly higher than that using the
conventional SPDC source.When η=1, we realize a 2.62 times improvement in key generation rate compare
with theDI-QKD setupwith conventional SPDC source. The previous work shows that the detector efficiency
should be h 92.4% to conduct aDI-QKDprotocol [7], we illustrate that it is possible to lower significantly the
requirement of the efficiency of detectors in aDI-QKDprotocol.

5.Discussions and conclusions

In conclusion, a new loophole-free Bell test scheme based on the heralded entangled source has been presented.
We demonstrate that theCHSH test using the heralded entangled source can dramatically surpass the one using

Figure 4.CHvalue J versus detector efficiency η. The simulation result is obtainedwith pd=10−7 and ηtrans=0.95. The dashed line
denotes CH values using the heralded entangled source. TheXmark denotes the result of[34] that J=7.27×10−6 when
η=77.39%. The insetfigure (a) is a zoomon ηä[0.765, 0.78].
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the conventional SPDC source, for both non-maximally entangled andmaximally entangled outputmodes. The
maximal violation of CHSH inequality using the heralded entangled source can almost approach 2 2 which is
bounded by quantum theory. It is also shown that theCH inequality violation using the heralded entangled
source can be two orders ofmagnitude better comparedwith that reported in [34] at typical experiment
parameters. Being one of themost promising applications of Bell non-locality, we show that it is possible to
lower significantly the requirement of the efficiency of detectors in aDI-QKDprotocol. At the same time, the
DI-QKDkey generation rate using the heralded entangled source ismuch higher than the one using the
conventional SPDC sourcewith amore broad range. After considering the experimentally reasonable
parameters, it turns out that the detector within current technology is feasible for loophole-free CHSH tests by
implementing this scheme.With themerit of lower requirements than conventional SPDC source, we
anticipant that our proposalsmay facilitate ongoing Bell test experiments and various device-independent
quantum information tasks.
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AppendixA.Modeling the channel and detection

Weconsider the non-photon-number-resolving detectors with overall detection efficiency η0 which includes

the detector efficiency and internal transmission efficiency. Thefiber channel loss is h = - x
10l

l
10 with a loss rate ξ

measured in dB km−1, and l represent the distance of the channel.Without loss of generality, the channel and
detection can bemodeled as a beam splitter (BS)with transmission rate η and a perfect non-photon-number-
resolving single photon detector

h h h= · ( ). A.1l0

Now, combining the consideration of the dark-count rate pd, the no-click probability PNC and the click
probability PC of a non-photon-number-resolving detector for incomingm photons is

h= - -
= -

( ) ( )( )
( ) ( ) ( )

P m p

P m P m

1 1 ,

1 , A.2
d

m
NC

C NC

where η is the transmission rate of the BS in the abovemodel of the detection and channel.Without causing
misunderstanding, wewill directly call η the detection efficiency of a non-photon-number-resolving detector in
themain text and other parts of the appendix.

Figure 5.DI-QKDkey generation rateR versus detector efficiency η. This DI-QKDprotocol simulation is conductedwith pd=0. The
blue line denotes key generation rate using non-maximally entangled photon pairs from the heralded entangled sourcewhen the
transmission coefficient ηtrans approaches to 1. The yellow lower line denotes key generation rate using non-maximally entangled
photon pairs from the conventional SPDC source.
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Appendix B. The conventional polarization-entangled SPDC source

The photon pairs generated by SPDC can be labeled by creation operators ˆ†aH , ˆ†aV , ˆ†
bH and ˆ †

bV [39, 41], where {H,
V} is an orthogonal polarizing basis, a and b are spacialmodes of down-conversion photons. TheHamiltonian

of the down-conversion process is c c= - - -ˆ [ ( ˆ ˆ ˆ ˆ ) ¯ ( ˆ ˆ ˆ ˆ )]† † † †
H a b a b a b a bi H V H V V H V H , where only the polarization

mode is considered,χ and c̄ are proportional to the nonlinear susceptibility of the crystal and to the power of
the pump. The outputmode of conventional SPDC source has the form [41, 44]

å l y

Yñ= ñ

= ñ

-

=

¥

∣ ∣

∣ ( )

¯

ˆ ˆ ˆ ˆ† †
¯

† †

C C

1
e vac

, B.1

g g

T a b T a b

n
n n

0

g H V g V H

where g=χt, c=¯ ¯g t are the corresponding squeezing parameters, t is the interaction time, = ( )T gtanhg ,

= ( ¯)¯T gtanhg , = ( )C gcoshg , = ( ¯)¯C gcoshg , l = ¯

¯
n

k T

C C

n g
n

g g
is the probability amplitude of the nth order of the

outputmode of the SPDC source, = å =
-( )k rn m

n n m
0

2 , =
¯

r
T

T

g

g
and ñ∣vac is the vacuum state. The

correspondingwave function for n pairs of photons is

å

y ñ = - ñ

= - - - ñ
=

-

∣
!

( ˆ ˆ ˆ ˆ ) ∣

( ) ∣ ( )

† † † †

( )

n k
ra b a b

k
r n m m m n m

1
vac

1
1 , ; , , B.2

n
n

H V V H
n

n m

n
n m m

0

where - - ñ∣n m m m n m, ; , is in the formof Fock state ñ∣n n n n, ; ,a a b bH V H V
with corresponding photon

numbers for different output paths. For n=1, the outputmode is an entangled state

y ñ =
+

ñ - ñ

=
+

ñ - ñ

∣ ( ∣ ∣ )

( ∣ ∣ ) ( )

r
r

r
r HV VH

1

1
1, 0; 0, 1 0, 1; 1, 0

1

1
. B.3

a a b b

ab

1
2

, ; ,

2

H V H V

When r=1, this state reduces to themaximally entangled state

y¢ñ = ñ - ñ∣ (∣ ∣ ) ( )HV VH
1

2
. B.4ab1

For n=0 and n 2, the outputmode are vacuumandmulti-pair states. For example, when n=6, the
corresponding outputmode y ñ∣ 6 contains 6 pairs of photon and the corresponding probability
l = ´ -∣ ∣ 2.247 98 106

2 11with g∼0.106 and g∼0.115which are chosen from [39].

AppendixC. The heralded polarization-entangled source

The heralded entangled source consists of a conventional SPDC source and a linear optical part which is used to
herald generations of entangled pairs. The coincidence of four detectorsD1,D2,D3 andD4 at the end of paths
after twoPBSs indicates a successful preparation of one pair of entanglement photons.

The schematic setup is shown infigureC1. The BS after the SPDC source are non-polarizing, and the
corresponding transmission coefficient is h q= costrans

2 .We canmodel the BSs as [41]

q q

q q

q q

q q

= +

= +

= + +

= + -

+ -

+ -

ˆ ˆ ˆ
ˆ ˆ ˆ
ˆ ˆ ( ˆ ˆ )

ˆ ˆ ( ˆ ˆ ) ( )

† † †

† † †

† † † †

† † † †

a c e

a c e

b d f f

b d f f

cos sin ,

cos sin ,

cos sin 2 ,

cos sin 2 , C.1

H H H

V V V

H H

V V

where a, b, c, d, e and f label the paths of beams, = ++ -
ˆ ( ˆ ˆ )

† † †
f f f 2
H and = -+ -

ˆ ( ˆ ˆ )
† † †

f f f 2
V model the half

wave plates along the f beam, ñ = ñ  ñ∣ (∣ ∣ )H V 2 , and {+,−} is an orthogonal polarizing basis.
As analyzed in [41], n=3 is the lowest order that contributes to the coincidence of four detectorsD1,D2,D3

andD4 of the SPDC source, and the corresponding outputmode is an entangled state
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f ñ =
+

ñ + ñ∣ ( ∣ ∣ ) ( )
r

r HH VV
1

1
. C.2r 2

When r=1, it reduces to themaximally entangled state

f ñ = ñ + ñ∣ (∣ ∣ ) ( )HH VV
1

2
. C.31

Specifically, according to the equation (B.2), the corresponding outputmode of the conventional SPDC source
for n=3 is

y ñ =
+ + +

- ñ∣
!

( ˆ ˆ ˆ ˆ ) ∣ ( )† † † †

r r r
ra b a b

1

3 1
vac . C.4H V V H3

2 4 6

3

Through direct calculation, the densitymatrix of the heralding output state for the coincidence of four herald
non-photon-number-resolving detectors is

r
h h

h f f h h h

h h

=
-

+ + +
+ ñá + - - ñá

+ ñá + ñá + ñá

+
+

- - ñá

⎡
⎣⎢

⎤
⎦⎥

ˆ
( )

( ) ∣ ∣ ( ) ( )(∣ ∣

∣ ∣ ∣ ∣ ∣ ∣)
( ) ( ) ( ) ∣ ∣ ( )

r

r r r
r

r r

r

1

1
1

1

2
2 1 0, 0; 0, 1 0, 0; 0, 1

0, 0; 1, 0 0, 0; 1, 0 0, 1; 0, 0 0, 1; 0, 0 1, 0; 0, 0 1, 0; 0, 0

1

4
2 1 vac vac . C.5

r r

2 4
trans

4

2 4 6
2

trans
2

trans trans

2 2

2
2

trans
2

The probability of the coincidence of the four heralding non-photon-number-resolving events is

r h h h h= =
+

- - -
⎡
⎣⎢

⎤
⎦⎥[ ˆ ] ( ) ( ) ( )P

r

r
Tr

1
1 1

1

2
1 . C.6co

2

4
4

trans
4

trans

2

Thefidelity of the heralded entangled pair is

f r f
r

h

h h
=

á ñ
=

- -

∣ ˆ∣
[ ˆ ] ( )

( )F
Tr 1 1

. C.7r r trans
1

2 trans

The correlation between the coincidence probability Pco andfidelity F are similar with that in [39] except that the
detectors are non-photon-number-resolving here.

AppendixD. Calculating the probability distribution of the detection events for the
CHSH test

Alice andBob choose theirmeasurement settings before the detection of the photons in each trial as [39]

a a

a a

b b

b b

= +

= -

= +

= -

f

f

f

f

-

-

a

a

b

b

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ ( )

† † †

† † †

† † †

† † †

c A A

c A A

d B B

d B B

cos e sin ,

e sin cos ,

cos e sin ,

e sin cos . D.1

H H V

V H V

H H V

V H V

i

i

i

i

Combing equations (B.1), (B.2), (C.1) and (D.1), the outputmode of the conventional SPDC source can be
expressed in the Fock basis as

FigureC1. Schematic setup for the heralded entangled source. a, b, c, d, e and f label the paths of beams.D1(2) andD3(4) label the
corresponding non-photon-number-resolving detectors. BS: non-polarization beam splitter; HWP: half-wave plate; PBS:
polarization beam splitter; SPDC: spontaneous parametric down-conversion source.
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åYñ = ´ ñ
+ -


∣ ∣ ( )R m m m m m m m m, ; , ; , ; , , D.2

m m
m m e e f f A A B B

, ,
, ,

eH BV

eH BV H V H V H V

where m m, ,e BH V
are the numbers of photon transmitted in pathmodes eH,L,BV. Rm m, ,eH BV

is the
normalized probability amplitude of the corresponding component of the state expressed in the Fock basis.

To calculate theCHSHvalue, we need to calculate the probability distribution ( ∣ )P ij xy for i, jä{+1,−1},
xä{α0,α1} and yä{β0,β1} in equation (4). For the chosenmeasurement settings x and y, there are four
detection events at Alice’s (Bob’s) side: double clicks,±1 click and no click. In order to close the fair-sampling
loophole, one need to take all the detection events into consideration. without loss of generality, one denotes the
events thatAH does not click andAV clicks as−1, other events are counted as+1 for Alice. Also, the events that
BH does not click andBV clicks are counted as−1, others counted as+1 for Bob [39]. Thus, according to
equations (A.2) and (D.2), the corresponding probability distributions ( ∣ )P ij xy are expressed as

å- - =
+ -


( ∣ ) ∣ ∣ · ( ) ( ) ( ) ( )

· ( ) ( ) ( ) ( ) ( )

P xy R P m P m P m P m

P m P m P m P m

1 1

, D.3

m m
m m e e f f

A A B B

, ,
, ,

2
C C C C

NC C NC C

eH BV

eH BV H V

H V H V

å+ - =

-

+ -


( ∣ ) ∣ ∣ · ( ) ( ) ( ) ( )

· [ ( ) ( )] ( ) ( ) ( )

P xy R P m P m P m P m

P m P m P m P m

1 1

1 , D.4

m m
m m e e f f

A A B B

, ,
, ,

2
C C C C

NC C NC C

eH BV

eH BV H V

H V H V

å- + =

-

+ -


( ∣ ) ∣ ∣ · ( ) ( ) ( ) ( )

· ( ) ( )[ ( ) ( )] ( )

P xy R P m P m P m P m

P m P m P m P m

1 1

1 , D.5

m m
m m e e f f

A A B B

, ,
, ,

2
C C C C

NC C NC C

eH BV

eH BV H V

H V H V

å+ + =

- -

+ -


( ∣ ) ∣ ∣ · ( ) ( ) ( ) ( )

· [ ( ) ( )][ ( ) ( )] ( )

P xy R P m P m P m P m

P m P m P m P m

1 1

1 1 . D.6

m m
m m e e f f

A A B B

, ,
, ,

2
C C C C

NC C NC C

eH BV

eH BV H V

H V H V

Here, for the sake of simplicity andwithout loss of generality, we have set the detection efficiency η to be the same
for all eight detectors. From equations (B.1), (D.2) and (D.3) to (D.6), one can optimize theCHSHvalue over the
squeezing parameters g and ḡ , measurement settings {α0,α1} and {β0,β1} for given transmission efficiency
ηtrans, detection efficiencies of the detectors and the dark-count rate pd.
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