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ABSTRACT. Transversal T gates, which are seen as the most common non-
Clifford gates, are an essential component of the universal set for fault toler-
ance. CSS-T codes are proposed to reduce the cost of implementing logical
non-Clifford gates. So far, there have been limited studies on CSS-T codes.
In this paper, we proposed new constructions of binary quantum CSS-T codes
from four classes of special functions. Our constructions are based on a general
construction of linear codes over the finite field Fo, and we prove that such a
pair of codes is actually a CSS-T pair under the given conditions. The resulting
CSS-T codes are new compared with these codes in the literature.

1. Introduction. Quantum error-correcting codes play an important role in the
realization of universal fault-tolerant quantum computation. Errors, which can be
represented by the group of tensors of the Pauli matrices, cannot be avoided in
quantum computers. Calderbank and Shor [7] and, independently, Steane [28],
introduced a systematic method to construct quantum codes from binary classical
error-correcting codes, which is known as the CSS construction. Afterward, CSS
codes were extended to arbitrary finite fields [1, 19].

Universally, there are four quantum gates in quantum computation: the Hada-
mard gate H, the phase gate S5, the controlled-NOT gate C'X, and the transversal
Toffoli gate T. The first three gates form a generating set of the Clifford group,
while the transversal T' gate is a non-Clifford gate. Generally speaking, the Clifford
gates can be handled on a classical computer, but the implementation of a non-
Clifford gate cannot. A transversal gate is a tensor product of single-qubit gates
acting on the n physical qubits, and thus introduces no interaction between the
physical qubits. Hence, transversal gates are the first choice for fault-tolerance, as
they avert the spread of errors. In [26, 27], Rengaswamy et al. proposed an effective
scheme, i.e., the CSS-T codes, to implement the operation on the transversal T gate.
Indeed, CSS-T codes are a subfamily of CSS codes among non-degenerate stabilizer
codes supporting the transversal T' gate. The CSS codes are the optimal family.

Let F, be a finite field with ¢ elements, where ¢ is a prime power. A g-ary [n, k]
linear code is a k-dimensional Fy-linear subspace of Fy;. Ding and Niederreiter [13]
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introduced a generic method to contruct linear codes with the given defining sets.
Let D = {dy,dz, - ,dn} C Fj.n and define

Cp = {Trgm q(xdy), Trgm jq(xd2), -, Trgm q(xdy,) : € Fgm }, (1)

where Trym /, is the trace function from Fym to F,. Then, the resulting code Cp
is a linear code over IF; and the dimension of Cp is at most m. This construction
is very significant, because every linear code over F, can be expressed as Cp once
the subset D of Fym is properly chosen [30]. It is known that this construction is
equivalent to the generator matrix construction of linear codes. So far, many linear
codes with good parameters have been constructed by employing this fundamental
method (see [11, 14, 15, 13, 12, 16, 17, 29]). Let A; denote the number of codewords
with Hamming weight ¢ in a linear code C of length n. The weight enumerator of
the code C is defined by

14+ Ajz+ Ax2?2 + -+ A, 2"

The sequence (1, Ay,---, A,) is called the weight distribution of the code C. When
the number of nonzero A; is equal to ¢, then C is called a t-weight code. A linear
code C is called nontrivial if d(C) > 2 and d(C1t) > 2, and trivial otherwise. In
this paper, we consider only nontrivial linear codes, as trivial linear codes are not
interesting for error correction.

1.1. Recent related works.

o In [26], the definition was given and an open question was raised: whether
there exist families of CSS-T codes with non-vanishing rate and relative dis-
tance. Then, Berardini et al. [3] illustrated that the rate and relative distance
cannot be simultaneously large.

e Andrade et al. [4] utilized Reed-Muller codes to construct binary CSS-T
codes and studied their asymptotic properties. The authors also extended
the initial definition to any finite field and constructed CSS-T codes from
Hermitian curves.

e Camps-Moreno et al. [9] characterized binary CSS-T codes by using Schur
square codes and used the characterization to show that CSS-T codes form
a poset. The authors gave new conditions to guarantee that a pair of bi-
nary codes is a CSS-T pair. In [8], Camps-Moreno et al. constructed CSS-T
code from sparse matrices. In [10], Camps-Moreno et al. studied binary tri-
orthogonal codes and their relation to quantum CSS-T codes. This paper
characterized the binary triorthogonal codes that are minimal or maximal
with respect to the CSS-T poset.

1.2. Our motivations and contributions. Inspired by these works, it is natural
to ask whether it is possible to yield CSS-T codes by utilizing new methodologies
and obtain CSS-T codes with new parameters. For this aim, we will focus on the
construction that was introduced by Ding and Niederreiter thereinbefore.

Up to now, there have been few studies on quantum CSS-T codes, and con-
structing binary CSS-T codes with new parameters is essential. In this paper, some
special functions will be used to construct quantum CSS-T codes whose parameters
are different from those of quantum CSS-T codes in the literature. An important
condition on the constructions of CSS-T codes is that some punctured codes need
be self-orthogonal. The weight distributions of the constructed linear codes are
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completely determined by accurately calculating the exponential sum over the fi-
nite field. Then, we prove that the constructed linear codes are self-orthogonal.
Therefore, we obtain some new CSS-T codes. The general construction of linear
codes was introduced for the first time to construct CSS-T codes.

1.3. Organization of this paper. This paper is organized as follows: In Section
2, we recall some required concepts and results. In Section 3, we choose appropriate
defining sets to contruct linear codes. Some special functions, including linear
function Tr2" (z), two-to-one functions, bent functions, and almost-bent functions,
are utilized to construct binary quantum CSS-T codes, whose parameters are new.
In Section 4, we give a summary.

2. Preliminaries. For a positive integer n, we write [n] := {1,...,n}. Let T be
a subset of [n]. By deleting all the coordinates in T in each codeword of C, the
resulting code is called a punctured code of C denoted by CT. We have that the
length of CT is n—|T|. Let C(T) be the set of codewords whose coordinates in 1" are
zero. By puncturing C(T') on T, such code with length n — |T'| is called a shortened
code of C and is denoted by Cr. The punctured and shortened codes of C and C*+
have the following relationship:

Lemma 2.1. Let C be a [n, k,d] linear code over F, and d* the minimum distance
of Ct. Let T be any set of t coordinate positions. Then, (C+)r = (CT)* and
(CH)T = (Cr)*

A g-ary linear code C with length n is even if all of its codewords have even weight.
For a codeword ¢ = (c¢1,¢2,...,¢,) € C, the support of ¢ is the set of coordinates
that are nonzero and is denoted by supp(c). The set of coordinates that are zero is
denoted by Z(c) = [n] \ supp(c). The Euclidean inner product on Fy is defined by
n

(,y)g = ) ziyi, where © = (v1,22,...,2,) € F} and y = (y1,v2,...,yn) € FY.
i=1

For a linear code C of length n over F,, the code

ct ={zxcF;:(z,y)p =0, forally € C}

is referred to as its Euclidean dual code. Especially, C is self-orthogonal if C C C*
and C is self-dual if C = C*.

We say that a code C is divisible if all codewords have weights divisible by an
integer A > 1. The following lemma establishes the relationship between divisible
codes and self-orthogonal codes.

Lemma 2.2. [18] Let C be a linear code over Fy. When q = 2, if every codeword
of C has weight divisible by four, then C is self-orthogonal.

2.1. CSS-T codes. Let’s start by recalling some concepts related to quantum code.
A g-ary quantum code @ of length n and size K is a K-dimensional subspace of a
¢"-dimensional Hilbert space H=C?" = C¢®---® C? Assume that a,b € F, and
define the unitary linear operators X (a) and Z(b) on C? as

X(a)lz) = |z + a) and Z(b)|z) = ™ |z),

27i

where w = e™» is a primitive p-th root of unity, and Tr is the trace map from F,
to F,. For a = (a1,az,...,a,),b = (b1,b2,...,b,) € Fy, denote X(a) = X(a1) ®
X(a2)®---®X(ay) and Z(b) = Z(b1)® Z(b2) ® - - - ® Z(by,) by the tensor products
of n error operators. The set E,, = {X(a)Z(b) | a,b € F7} is an error basis on C?".
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Then the set G,, = {w°X(a)Z(b) | a,b € F},c € F } is the error group associated
with E,. A quantum code @@ has minimum distance d if it can detect all errors in
Gy, of weight less than d. Define k = log, K and we denote the quantum code @) by
[[n, k,d]]q or ((n, K,d)). For every orthogonal pair |u), |[v) in @ with (u|v) = 0 and
every e € G, with Wg(e) < d— 1, |u) and e|v) are orthogonal, i.e., (ule|v) = 0.
For any |u) and |v) in @ and any e € G,, with Wg(e) < d — 1, the quantum code
Q is called pure if (ule|v) = 0. A quantum code @ with dimension K =1 is pure.

From the classical codes, we can obtain a family of quantum codes by the fol-
lowing CSS code construction.

Lemma 2.3. [6] Let C; and Cy denote two classical codes over F, with parameters
[n, ki,d1]q and [n, ke, ds]q, respectively, such that Co C Ci. Then there exists an
[[n, k1 — k2,d]], quantum code, where d = min{wt(c) | ¢ € (C1\C2) U (C3\Ci")} that
is pure to min{dy, ds }.

Let d* := min{wt(Cy), wt(C5)}. If d = d*, the corresponding quantum code
is said to be nondegenerate, and it is called degenerate if d > d*. Purity and
nondegeneracy are equivalent notions in the case of stabilizer codes.

The CSS-T codes are a family of quantum stabilizer codes, and the definition of
binary CSS-T codes was given initially in [26].

Definition 2.4. A pair (C1,Cs) of binary linear codes with parameters [n, ki, d1]
and [n, ko, da], respectively, such that Co C C; and the following properties hold:

1) Cq is an even code, i.e., wy(z) = 0 mod 2 for all x € Cy, where wy(z) is the
Hamming weight of z.

2) For each x € Co, there exists a dimension wg (z)/2 self-dual code in Ci- that
is supported on z, i.e., there exists C, C Ci- s.t. |Cp| = 2vn(®)/2 ¢, C CF,
and z € C, = z < m, i.e., supp(z)C supp(x), where Ci- is the code dual to C;
and supp(z) is the support of x.

Their original binary definition was generalized to an arbitrary finite field in [3],
and this definition is more understandable.

Definition 2.5. A pair (C1,Cs) of g-ary linear codes satisfying the following state-
ments is called a CSS-T pair:

1) Cs is a subcode of Cy, i.e., Co C Cy.

2) Cq is an even code.

3) For any x € Cs, the shortened code (Ci-)z(,) contains a self-dual code.

Lemma 2.6. [3] Let C C Fy be a linear code of dimension k > n/2. If q is even,

then C contains a self-dual code if and only if n is even and C*t is self-orthogonal,
i.e., C- CC.

From Lemma 2.6, we can see that C* is required to be self-orthogonal while C
contains a self-dual code. Combining with Lemma 2.1, the following conclusion is
obtained.

Lemma 2.7. [3] Let Co C Cy be g-ary linear codes with length n and let Co be even.
If q is even, then (C1,Ca) is a CSS-T pair if and only if for any x € Co we have that

Clz(m) 18 self-orthogonal.

When there exists a CSS-T pair (C1,Cs) with parameters [n, k1, d;1] and [n, ks, da],
respectively, this leads to a CSS-T code with parameters [[n, k; — ko, > d(Cy)]].
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2.2. Characters and exponential sums. Let ¢ = p” be a prime power p and m
be a positive integer. The trace function Trgm /4 : Fgm — Fy is defined by:

Trgm q(x) = o + ¢ I

If q is a prime, the trace function Trym 4 is called the absolute trace function and
is denoted by Tr,.

Let ¢, be the primitive p-th root of unity. For any a € F,, an additive character
of Fy is defined by:

Trq/p(azx
Xa(Z) = /v ),xGIE‘q.

In particular, we call xg the trivial additive character and x; the canonical additive
character of F,. It is well-known that the additive characters satisfy the following

orthogonal relation:
Z () q, fora=0,
xTr) =
Xa 0, forae€T;.

z€F,

2.3. Pless power moments. For a g-ary linear code C with parameters [n, k, d],
we analogously denote by (1, A7, --- , A}) the weight distribution of the dual code
C*. The Pless power moments state the relationship between the weight distribution
(1,Ay,---,A,) of C and the weight distribution (1, A7, -+, A}) of C+. The first
four Pless power moments are given as follows [18]:

> A5 =¢" (g - Dnlgn — n+1) — (2qn — q — 2n.+ 2) A} + 2457,
j=0
> 545 = " la — Vn(g*n® = 2qn® + 3qn — g +n® = 30 +2)
§=0
— (3¢°n? — 3¢°n — 6qn® 4+ 12qn + ¢* — 6q + 3n? — In + 6) AT
+6(qgn —q—n+2)Ay —6A3].

If Af = Af = A3 =0, the fifth Pless power moment is the following:
Zj4Aj = ¢" (g — Dn(¢®n® — 3¢*n3 + 6¢*n® — 4¢*n + ¢ + 3qn® — 12qn>
§=0
+15gn — 6g — n® 4+ 6n% — 11n + 6) + 24Ai].

3. Constructions of binary CSS-T codes from some special functions. In
this section, we always assume that ¢ = 2 and m,my are positive integers with
mq|m. Let the defining set D = {d1,ds, -+ ,d,} C F3... Define

C1 = {(Tram s2(ady), Tram 2 (ada), - -+, Tram s5(ady)) : a € Fom },
Cy = {(Trgm/g(bdl), Trgm/g(bdg), s ,Trgm/g(bdn)) 1 b€ Fom; }

It is easily seen that C; and Cs are binary linear codes and Co C Cy.

(2)
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One well-known method for constructing linear codes is based on special functions
and cryptographic functions over finite fields, which play a crucial role in symmetric
cryptography. Cryptographic functions and linear codes are closely related and have
led to fascinating results. Based on this, in this paper, cryptographic functions,
including linear functions, two-to-one functions, bent functions, and almost-bent
functions, have been employed to construct linear codes.

Let f be a Boolean function from Fom to Fo with f(0) = 0 and let the defining
set D be the support of f, i.e., D = {d € Fam : f(d) = 1}. Note that for a Boolean
function f with f(0) = 1, this causes the definition set D to include 0, and we have
that the minimal distance of the dual code equals to 1.

For any w € Fam, the Walsh transform of f is defined by

f(w) = Z (71)f(m)+Tr2M/2(wa:)'
zE€Fom

It follows from the orthogonal relation of additive characters that the lengths of 4
and Cp are n = |D| =271 3> 3 (—1)3/d=s =2m=1 _ 1)
s€Fy deFom
For any cs € Ca, by the orthogonal relation of additive characters, the codewords

c§c2) of the punctured code C ) have weight

wt(c!®)) = #{d € D : Trym j(bd) = 1, Trym j(ad) = 1}

( Z uTer/g(ad )— u) ( Z (_1)U'I‘r2m/2(bdi)7v>

vEF,

(1 _ (_1)Tr2m/2(ad7¢)) (1 _ (_1)Tr2'm/2(bd7;)>

_ }Z (1 (1) T aladi) _ (_1yTramja(bd) o (_1)Tr2m/2((a+b)di))
4 <

=1
— n_ EZ( 1)Trzm/2(ad - Z Ter/Q (bd;)
4 4 =1 4 i=1
1
el -1 “2”/2((a+b)di).
+ ;( )

Define an exponential sum by Sp(z) = > (—1)Trgm(””d'i), then we have
i=1

wi(el®)) = § = 78p(a) — 15p() + {Spla +1), )

%\3
»Jk\P—‘

where a € Fgm y be Fgml .
When D = {d € Fam : f(d) = 1}, then

n

Sp(a) = Yo (~1)Tma)

i=1

— 1 Z (_1)Tr27n/2($d) Z(_l)Sf(d)—S
2

deFym s€lfy

_ 1 S (- 1)Tnae) 1 S (—1) @+ Tram a(ed
2 2

dEFym deFym
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It follows that

24 Lf(a) + L1 ), if a=b#0,
wh(el) = 2+ L f(a) + Lf(0) — Lf(a+b). if a#0,b£0,a+b#0, (4)
0, otherwise.

3.1. Binary CSS-T codes from linear functions. In this subsection, let f(z) =
Trgm/z(m) and D = {d S ]Fgm : Trzm/z(d) = 1}7 then

1 T 1 Iom xT
Sp(z) = 3 Z (—1)Tr2m/2(de) _ 3 Z (—1)Tr2m2((@+1)d)

d€Fom d€Fom
Thus it follows that

gm—1 forz =0,
Sp(z) =4 —2m~1 forx =1, (5)
0, otherwise.

Lemma 3.1. Let m > 5 be a positive integer and f(x) = Trom j5(x). Then the code
Cy in Eq. (2) is a two-weight binary code with parameters [2™~1 m,2™~2], and its
weight enumerator is 1+ 22" + (2m — 2)z2"~

Proof. The codes C; and Cy in Eq. (2) have length
1
u(Tram jo(d)—1) _ ogm—1 _ = _1\Tram /a(d) _ gm—1
DI N L B o o R
deJFQm u€Fy de€Fym

For any codeword ci = (Tram z(ady), Trom a(ads), - -+, Trom s2(ad,)) with a €
Fom, by the orthogonal relation of additive characters, its Hamming weight is

wt(c1) =#{d € D : Tram 5(ad) = 1}
:#{d S Fgm : Trgm/g(ad) = 1, Trgm/g(d) = 1}

Z Z u(Trym /5 (ad)—1) Z 1)(Tr2m/2 d)—1)

dE]FQ'm u€clFo velFy
1
1 (- ()1 ()T
de€Fym
1 1
_om—2 _ — _1\Tram ja(ad) _ — _1\Tram ,5(d)
—9m 42(1)2/2(1 42(1)2/2
d€Fym deFom
1 Trom 5 ((a+1)d)
+ D (T
de€Fym
0, for a = 0,

=<¢2m~ 1 fora=1,
2m=2 fora# 0anda # 1.

Then the desired results are obtained.

O
Theorem 3.2. Let m > 4 be a positive integer with my|m and f(x) = Trom j5().
Then there exists a nondegenerate CSS-T code with parameters [2™~ 1, m —mq,d >

2]].
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Proof. Let C; and Cy be defined as Eq. (2). Clearly, we have that Co C C; and
Cy is an even code. If d(Cy) = 1, it means that there exists d; € D such that
Trom /o(bd;) = 0 for any b € Fomi. Since Trom /2(bd;) = Tromy jo(bTrom jomy (d;)) = 0
for any b € Fami, it follows that Trom /o(d;) = Trami jo(Tram jomi (d;)) = 0, ie.,
Trym /5(d;) = 0. This leads to a contradiction. Thus the code Co has parameters
[2m~1 my] with d(C3) > 2. Tt is easy to see that there exists ¢ € C3 \Ci- such that
d(ct) = wilc).
For any cq € Cy, the codewords c1 ) of the punctured code C (©2) have weight
wt(c{®)) = g - ZSD(a) - isD(b) + 1sD(a +b)
0, fora=0o0rb=0,
=q2m7l fora=b=1,

2m=2 otherwise.

When m > 4, we have 4|wt(c (CQ)). It follows from Lemma 2.2 that CIZ(CQ) is self-
orthogonal. This completes the proof. O

Corollary 3.3. Let m > 4 be a positive integer and f(x) = Tr2 " (z). Then we have
the following:
1) If my = 1, then there exists a binary CSS-T code with parameters [[2™~ 1, m —
1,>2]].
2) If my = m, then there exists a binary CSS-T code with parameters [[2™~1,0, >
4]].

Proof. For 1), when m; = 1, we prove that d(Cy) = 2. Actually, in this case, the
code Cy has two codewords, i.e., Co = {(0,0,---,0),(1,1,---,1)}. Clearly, we have
d(C4) = 2. From Theorem 3.2, the desired conclusion then follows.

For 2), when m; = m, we have C; = Cy. Next, we prove that d(C{-) = d(C5) =
Define wy = 2™ 1wy = 2™72, then A,, = 1,4,, = 2™ — 2. From the weight
distribution of C; and the Pless power moments, we give the following system of
equations:

w1 Ay, +weAy, =2""Yn— Af),
wiAy, +wiAy, =2""2[n(n+1)-2nAf¢ +245],
WAy, +wiAy,, =230 +3n% — (3n? + 3n — 2)A{ + 6nAy — 6A7]
wiAy, +wiAy,, =2m"4n* +6n+3n? — 2n — 4dn(n? + 3n — 2) AT
+4(3n2 4+ 3n — 4)Ay — 24nAs + 24A7).
By solving the above system of equations, we have Af = Ay = Ay = 0,Af =

23m76_3‘2§m75+2”173 > 0, which means that d(C5) = 4. From Theorem 3.2, the
desired conclusion then follows. O

Example 1. We give some examples of Corollary 3.3 in the following:

e If m =4 and m; = 1, then there exists a binary CSS-T code with parameters

(18,3, > 2]].

o If m = my = 4, then there exists a binary CSS-T code with parameters
(8,0, > 4]].

o If m = 5,my; = 1, then there exists a binary CSS-T code with parameters
(16,4, > 2]]
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o If m = my = 5, then there exists a binary CSS-T code with parameters
[116,0, > 4]].

Remark 3.4. A 0-dimensional quantum code with length n has parameters [[n, 0, d]].
Such a quantum code represents a single quantum state capable of correcting any
(d — 1)/2 errors. In practice, O-dimensional quantum codes can be useful, for ex-
ample, in testing whether certain storage locations for qubits are decohering faster
than they should.

3.2. Binary CSS-T codes from two-to-one functions. Let f be a mapping
from Fyr to itself, where r is a positive integer. For any a € Fyr, the mapping f
is said to be a two-to-one mapping if the number of the solutions of the equation
f(z) = ais equal to 0 or 2. Some known two-to-one functions over For are listed in
Table 1.

TABLE 1. Some known two-to-one functions over Fa-

Functions Conditions Ref.
flz) =22 g 2" g m odd, r = 2m, w € Fp\F, a € For, | [22]
"=
fl) =22 "2" 4+ 222" 1 L an meN, r=2m,a€Fao,a? +a+1=0 [23]
f@)=(@*+2+8)>"H o m even, r = 2m, 6§ € For, Tryr/5(d) =1 [31]
flz)= (2> + 2+ 5)2M T g m even, r = 2m, § € For, Tror/5(0) =1 [31]
fz) = (2% + 2+ 5)227" T2t g m even, r = 2m, § € For, Tror/5(0) = 1 [31]
f(z) = (@ + 2+ 6% e m,i € N, r = 2m, ged(m,i) = 1, § € For, | [3]]

¢ € F3m, Tror jom (2 +2"76 ' 0)#0
f(@)= (@2 +24+0)>" " e m,i € N, r = 2m, ged(m,i) = 1, § € For, | [31]
c € Fom, Tr21~/2m,(5)21+2 + Tr2r/27n(§) 7£ 0
f(@) = (@ +240)2" 22" yr | m € N, 7 = 2m, 8 € Fyr\Fam, ¢ € Fin, | [31]
Tey. o(L+1) £0
T—1 _ 5
f(x)=x2 422" fwr m odd, r = 2m, w € Fg2\Fy [23]
flz)= 222 2 a2 g meN, r=2m+1 [23]
f(x) :xzmﬂ‘*?—&- 2Ty g meN, r=2m+1 [23]
f(x) = 22 T 2T a2 g g meN, r=2m+1 [23]
fla)=a? """ 2 00 a2 e ImeN, r=2m+1 23]
fla)=a? 24222 4 meN, r=2m+1 [23]
flx) =22 242%" 2 g2 2 e N, r=2m+1 [23]
x
fl@)y=a 2422 1422 20 I meN,r=2m+1 [23]
f@)=2? 2422 *+23+2 meN, r=2m+1 [23]
flz)= a2 L 2T g2 g meN, m#1 (mod 3), r=3m [23]
flz) = a2 "2 L g2 4 274 g [ odd, = 3m [23]
f(fl‘) 122m+1+1 + 2m+1+1 -‘r:l? +.’l7 m Odd, r= 3m [21]
f(@) = Tror jom (22" 1) + 2 meN, kodd, r = km [21]

Let f be a two-to-one function over Far.
For} \ {0} = {d1,ds,- -,

Let the defining set D := {f(d),d €
d,}. Then the length of Cp isn = |D| =2"71 — 1.
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For a function g defined from Fom to Fam, the Walsh transform of g at (u,v) €
F5. x Fom is defined by

Wg(“»v) = Z (—1)“2m/2(ug(w)+vm).

zEFym

—

n
Note that Sp(z) = Y (—1)Tzm/2@d) = 15~ (_1)Trom2(@f(d) 1 = LW, (2, 0)

i=1 d€eF,r
— 1, then
e n 1 1 1
wt(c!?)) = 7~ 750(a) = 7Sp(b) + 7 Sp(a+b)

(6)

1~

1~ 1~
=27~ S Wi(a,0) = Wy (b,0) + cWi(a+b,0).
Theorem 3.5. Let r = 2m, my|r and f(z) = 22" 4+ 22" +2 4 az € For 2],
where m > 5 is odd, and o € For such that o2 ! = w with w € Fy2\Fy. Then
there exists a CSS-T code with parameters [2"71 — 1,7 —my,d > d(Cy)]].

Proof. Let C; and Cy be defined as Eq. (2). By the proof of Theorem 2 in [25],
we have that C; is a binary linear code with parameters [27~1 — 1,7,27=2 — 2m~1]
and its weight distribution is given in Table 2. By the definitions of C; and C,, it
is easy to see that Co C C; and Cs is an even code. The code Cy has parameters
[2r=1 —1,m,].

TABLE 2. The weight distribution of the codes

Weight w | Multiplicity A,
0 1
27"—2 _ 2m—1 27‘—3 + 2m—2
27‘—2 3. 27"—2 -1
27“—2 + 2m—1 27’—3 _ 2m—2

By the proof of Theorem 2 in [25], /Wf(x,()) = 2" if and only if z = 0; if z €
Fom \{0}, then Wy(z,0) = 0; for any = € For\Fam, we have Wy(z,0) € {0, £2m+1}.
When m > 5, we have 4|Wt(C§C2)) by Eq. (6). It follows from Lemma 2.2 that

Clz (e2) i self-orthogonal. Then the desired conclusion is obtained. O

Corollary 3.6. Let r = 2m, mq|r and f(z) = 22" L 222 4 g € Ty [x],

where m > 5 is odd, and o € For such that a2 = w with w € Foo\Fy. If
my = m, then there exists a binary CSS-T code with parameters [[2"~1 —1,0,> 3]].

Proof. When m; = m, we have C; = Co. Next, we prove that d(Ci) = d(Cy) =
3. Clearly, we have d(Cy) # 1. If d(Cy) = 2, there exist two distinct elements
di,d; € F5. such that Trom /o(ad;) + Trom a(ad;) = 0 for any a € Fam. Then
Trom s2(a(d; +dj)) = 0 for any a € Fom and it follows that d; + d; = 0, which leads
to a contradiction. From Theorem 3.5, the desired conclusion then follows. O
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3.3. Binary CSS-T codes from bent functions. A function f from Fom to Fs
is called bent if f (w) = £2™/2 for any w € Fam and bent functions exist only for
even m. Let f be bent and the defining set D = {d € Fam : f(d) = 1}, then the
length is 271 £ 2(m=2)/2,

Lemma 3.7. [11] Let f be a bent function from Fom to Fy with f(0) = 0, where m >
4 and is even. Then the code Cy in Eq. (2)is a [n,m, (n —2(m=2)/2)/2] two-weight
binary code with the weight distribution in Table 3, where n = 2™~ 4 2(m=2)/2

TABLE 3. The weight distribution of the codes in Lemma 3.7

Weight w | Multiplicity A,,
0 1
2111,2—4 2M_1_n2~ m';z
- 2 m—2

+2'm,2—4 2m71+32— 5

MEEENIR

Theorem 3.8. Let m > 10 be even and mq be an even divisor of m. Suppose that
f is a bent function from Fom to Fo with f(0) = 0. Then there exists a CSS-T code
with parameters [n,m —mq,d > d(Cy)]], where n = 2m~1 4 20m=2)/2,

Proof. Let C; and Cy be defined as Eq. (2). It is obvious that C; C C; and C; is an
even code. Since Cs is a subcode of Cy, it follows that Cs is also an even code, and
C5 has length n and dimension m;.

For any ca € Ca, the codewords c§c2) of the punctured code Clz ©2) have weight
Wt(CEcZ)) in Eq. (4). When f is a bent function and m > 10, we have 4|Wt(c(1°2)).
It follows from Lemma 2.2 that Clz(CQ) is self-orthogonal. Similar to Theorem 3.2,

the lower bound of the minimum distance can be proved. The desired conclusion is
obtained. O

Corollary 3.9. Let m > 10 be even and f is a bent function from Fom to Fy
with f(0) = 0. If my = m, then there exists a binary CSS-T code with parameters
[[n,0,> 3]], where n = 2m~1 4+ 2(m=2)/2,

Proof. When m; = m, we have C; = Ca. Next, we prove that d(Cy) > 3. Clearly,
we have d(C3) # 1. If d(C5) = 2, there are two distinct elements d;, d; € F5.. such
that Tram /o (ad;) + Trom j2(ad;) = 0 for any a € Fom. Then Trom jo(a(d; +dj;)) =0
for any a € Fom and it follows that d; 4 d; = 0, which leads to a contradiction. The
desired conclusion then follows from Theorem 3.8. O

3.4. Binary CSS-T codes from almost-bent functions. A function ¢ from
Fom to Fom is called almost-bent if /V[7(u7 v) € {0,420mT1/2} for every pair (u,v) €
F%.. xFam, and almost-bent functions exist only for odd m. Let g be an almost-bent
function, and define f = Tram/2(g). As before, let the defining set be D = {d €
Fom @ f(d) = 1} = {d € Fam : Trym 2(g(d)) = 1}. Then

1
n = 5 Z Z (_1)uTr2m/2(g(d))—u

deFom ueFy

_gm-1_ 1 Z (—1)Tr2m/2(9(@)
deFom
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1~
=2mt — 3 Ws(1,0).

Thus it follows that
gm—1 _ 20m=1/2 " if W (1,0) = 20m /2,

~

n=q2m=t 4 2m=D/2 it W (1,0) = —20mtN/2, (7)
om—1, if W,(1,0) = 0.
Note that
Sp(a) = Y0 (~1) Pt
i=1
_ % (71)Tf2mr/2(17d) z (71)sﬂ2m//2(g(d))*s
d€Fym s€F2
1 ram /(i 1 rym
=5 Z (—1)Tr so(zd) _ 3 Z (—1)Tr /2(g(d)+ad)
deFom deFam
_ 2’”_/1\— %WQ(LO), for x =0,
—%Wg(l,m), for x # 0.
It follows from Eq. (3) that
Wt(c(”))
5+ sWo(la) +3W,(1,0), ifa=b#0, (8)
=05+ sWy(l,a) + gW,(1,0) — §Wy(1,a+0b), ifa#0,0#0,a+b#0,
0, otherwise.

Lemma 3.10. [11] Let f be an almost-bent function from Fom to Fam, where m is
odd. Then the code Cy in Eq. (2) is a [n,m, (n — 20"=Y/2) /2] three-weight binary
code with the weight distribution in Table 3, where n is given in Eq. (7).

TABLE 4. The weight distribution of the codes in Lemma 3.10

Weight w Multiplicity A,
0 1
n722 2 n(zm _ n)2—m _ n2—(m+1)/2
2 2m — 1 —n(2™ —n)2-(m-1)
ped n(2™ —n)2=™ 4 n2-(m+1)/2

Theorem 3.11. Let m > 9 be odd and my be a positive divisor of m. Suppose that
[ is an almost-bent function from Fom to Fom with Trom /5(g(0)) = 0. Then there

exists a CSS-T code with parameters [[[n,m —my,d > d(Cy)]], where n is given in
Eq. (7).

Proof. Let C; and Cy be defined as Eq. (2). It is obvious that C; is an even code
and C; C Cp. Since Cs is a subcode of Cq, it follows that Cs is also an even code,
and Cs has length n and dimension m;.
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For any ¢y € Cy, the codewords c(1c2) of the punctured code CIZ ©2) have weight

Wt(chZ)) in Eq. (8). When f is an almost-bent function and m > 9, we have

4|Wt(c§c2)). Similar to Theorem 3.2, the lower bound of the minimum distance can
CQ)

be proved. It follows from Lemma 2.2 that C’IZ (e2) g self-orthogonal. The desired
conclusion is obtained. O

Corollary 3.12. Let m > 9 be odd and f is an almost-bent function from Fom to
Fom with Trs (g(0)) = 0. If my = m, then there exists a binary CSS-T code with
parameters [[n,0,> 3]], where n is given in Eq. (7).

Proof. When m; = m, we have C; = Co. Next, we prove that d(Cy) > 3. Clearly,
we have d(C3) # 1. If d(C5 ) = 2, there exist two distinct elements d;, d; € F3.. such
that Trom /9(ad;) + Tram /2(ad;) = 0 for any a € Fam. Then Trom /9(a(d; +d;)) =0
for any a € Fom and it follows that d; + d; = 0, which leads to a contradiction.
From Theorem 3.11, the desired conclusion then follows. O

Remark 3.13. (Comparisons of CSS-T codes) In [9], the authors used cyclotomic
cosets to characterize CSS-T pairs from cyclic codes and extended cyclic codes. In
this paper, many specific examples were given, and the lengths of the codes are 2™
or 2™ — 1 with 5 < m < 10. Our examples in Example 1 show that we get some
codes with smaller lengths than the results in [9]. Besides, the codes in Theorem
3.8 have lengths n = 2™~ 4+ 2("=2)/2 with m even, and the codes in Theorem 3.11
have lengths n = 2™~1 £ 2(m=1/2 or p = 2™~1 with m odd. Compared with the
results in [9], the resulting CSS-T codes derived from our novel construction are
different from theirs.

4. Conclusion. In this paper, we employ four classes of functions, namely the
linear function Trom /9(z), two-to-one functions, bent functions, and almost-bent
functions, to construct binary quantum CSS-T codes. We prove that the weight dis-
tributions of some punctured codes over o are divided by four, and the punctured
codes are self-orthogonal. Naturally, a CSS-T pair is derived from the defining-set
construction. It is worth noting that the resulting codes are new in the sense that
its parameters are different from all known ones. As future work, it would be an
interesting and challenging problem to obtain more CSS-T codes over an arbitrary
finite field.

Universal quantum computation requires the implementation of a logical non-
Clifford gate. We note that this specific code family, i.e., CSS-T codes, arises
when the T gate is applied transversally. Error correcting code will only be able to
transversally implement a finite set of gates, and a gate outside this set is required
to achieve universality [2]. The one non-transversal T gate contributes to the fault-
tolerant threshold. The CSS-T codes can avoid the commonly used but costly
distillation techniques [5, 20].

Acknowledgments. The authors sincerely thank the editors and the referees for
their valuable comments and helpful suggestions, which helped to improve the pre-
sentation of the manuscript.
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