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Quantum computing with superconducting circuits relies on high-fidelity driven nonlinear processes.
An ideal quantum nonlinearity would selectively activate desired coherent processes at high strength,
without activating parasitic mixing products or introducing additional decoherence. The wide bandwidth
of the Josephson nonlinearity makes this difficult, with undesired drive-induced transitions and decoher-
ence limiting qubit readout, gates, couplers, and amplifiers. Significant strides have recently been made
into building better “quantum mixers,” with promise being shown by Kerr-free three-wave mixers that
suppress driven frequency shifts, and balanced quantum mixers that explicitly forbid a significant frac-
tion of parasitic processes. We propose a novel mixer that combines both these strengths, with engineered
selection rules that make it essentially linear (not just Kerr-free) when idle, and activate clean paramet-
ric processes even when driven at high strength. Furthermore, its ideal Hamiltonian is simple to analyze
analytically, and we show that this ideal behavior is first-order insensitive to dominant experimental imper-
fections. We expect this mixer to allow significant advances in high-Q control, readout, and amplification.
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I. INTRODUCTION

Driven superconducting circuits provide a platform for
studying complex nonlinear quantum optics and manip-
ulating quantum information in the microwave domain.
The intrinsic nonlinearity of Josephson junctions [1] has
been utilized to design numerous circuit elements, ranging
from quantum limited amplifiers [2–9], novel nonrecipro-
cal devices [10–13], ultralow-noise detectors [14–16], and,
most notably, quantum information processing through the
field of circuit quantum electrodynamics (circuit QED)
[17,18]. A significant portion of these applications is
enabled by nonlinear quantum mixers that activate spe-
cific desired processes when parametrically driven with
a microwave drive. Such parametric mixers have found
use as couplers [19–22], amplifiers [9], and even nonlinear
oscillators in their own right [23–25].
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Ideally, one desires fast high-fidelity operations that
manipulate sensitive quantum information without intro-
ducing errors. This requires the driven quantum mixer to
turn on desired interactions at high strength, without acti-
vating parasitic processes such as drive-induced frequency
shifts and leakage to uncontrolled states. A further compli-
cation is the finite coherence of the quantum mixer, where
any unintended excitation of the mixer out of its ground
state can lead to mixer decoherence dominating the infi-
delity of the parametric process [26]. In particular, when
the mixer is used as a coupler between high-Q modes,
it must activate a parametric coupling between them on
demand, while not reducing both their idle and driven
coherence. One thus aims to engineer the mixer such that
it is minimally invasive when idling, and also remains
in its ground state and prevents parasitic processes when
driven.

A common approach to mitigate some parasitic effects
is to use a “Kerr-free three-wave mixer” [7,27–30],
where one utilizes a third-order nonlinearity to gener-
ate the desired process with a single drive tone, while
nulling the fourth-order (Kerr) nonlinearity. Suppress-
ing the Kerr nonlinearity minimizes spurious processes
like the ac Stark shift, which can lead to reduced
saturation power in the amplifier context [31,32], or
frequency collisions with other sensitive modes in the
coupler context [21]. However, for high-fidelity appli-
cations, this may still be insufficient—in such fragile
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FIG. 1. The LINC, a quantum single-balanced mixer. (a) Fundamentals of mixer balancing. By taking two identical nonlinear ele-
ments and driving them 180◦ out of phase (e.g., with a balun), we can create a single-balanced mixer. If the nonlinear element is
a single junction, this circuit is the familiar differentially driven SQUID (DDS; Ref. [21]). If the nonlinear element is instead a dc
flux-biased rf SQUID, this circuit results in the linear inductive coupler (LINC). The �-T transformation provides a simpler circuit
representation. (b) An illustration of the advantage of a balanced mixer. In general, a driven nonlinear element will permit numerous
nonlinear processes, of which only a small subset is typically desired. Balancing the nonlinear element will suppress a significant frac-
tion of spurious processes (light orange), but preserve the desired process (black) at high strength. Any remaining parasitic processes
(red) still permitted by the symmetry must be avoided through other means, like careful selection of drive frequencies. (c) The LINC
circuit, with a symmetric loop and capacitive pads, enables a separation of driven and undriven mixer behavior. At the operating point
where the total dc flux in the outer SQUID loop is half a flux quantum, the loop junctions are biased to effectively infinite inductance,
leaving only the linear shunt as the coupler’s inductor. This simultaneously nulls all nonlinearity when idle, which is beyond just being
Kerr-free. When threaded with ac flux, the outer loop activates and drives a balanced three-wave mixing process.

systems, the loss of even a single photon to some uncon-
trolled degree of freedom can ruin sensitive quantum
information. In particular, at strong drive powers, even
Kerr-free mixers are inevitably spoiled by the onset of
numerous transitions induced by nonlinearities beyond
the fourth order. The effect of these transitions is espe-
cially evident at drive powers where the mixer ionizes
[26,33–36] into higher-lying states or enters a chaotic
regime, irreversibly spoiling the system’s information.

To suppress these higher-order nonlinear processes, we
can leverage certain symmetries and intuitions in mixer
design that further improve their performance by imposing
an explicit selection rule on the types of allowed processes
that the mixer can activate. These design principles mimic
mixer balancing in the classical electrical engineering con-
text, where, for example, a single-balanced mixer utilizes
symmetries of both the circuit and the drive delivery to
coherently suppress approximately half the undesired mix-
ing products [see Figs. 1(a) and 1(b)]. This significantly
increases the amplitude and frequencies at which the mixer
can be driven without spoiling fidelity, especially in the
presence of drive-induced shifts. Such symmetries have
been put to use before in circuit QED, both in the ampli-
fier context (for, e.g., with the Josephson Ring Modulator
[5,27]) as well as in high-Q control [20]. Particularly in

the parametric coupler context, employing this symmetry
in four-wave mixing with a differentially driven supercon-
ducting quantum interference device (SQUID) has shown
significant improvement over regular four-wave mixing
with a single junction [21].

Utilizing similar design principles to the differentially
driven SQUID (DDS), here we introduce a mixer that
has an identical Hamiltonian to a balanced flux-biased rf-
SQUID pair [Fig. 1(a)], but can manifest as a simple dipole
element [Fig. 1(c)]. When operated at a particular dc bias
point, idle effects due to the Josephson junctions disap-
pear, and the mixer is exceptionally linear. When driven,
the outer SQUID loop activates a three-wave mixing pro-
cess that obeys a strict selection rule that we call parity
protection, forbidding a significant fraction of the remain-
ing parasitic processes. This means that the mixer is not
just Kerr-free when driven, but the Kerr-free bias point
also coincides with the extinguishment of all even-order
nonlinearity simultaneously.

II. LINEAR INDUCTIVE COUPLER

We now introduce the new mixer and highlight the
advantages that arise from its inherent symmetry. We
start by reminding the reader of the DDS, a symmetric
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superconducting loop that contains two junctions, such that
the drive always causes an equal and opposite phase drop
across the two junctions. Imposing this symmetry on the
driven circuit results in the coherent cancelation of half of
the nonlinear resonances allowed in a single junction cir-
cuit, significantly cleaning up the parasitic processes that
this mixer can activate, even when strongly driven. How-
ever, this coupler still retains its idle Kerr nonlinearity, and
has significant driven frequency shifts.

The improved circuit we propose shunts a DDS with a
linear inductor, and biases the circuit at a constant exter-
nal dc magnetic field of half a flux quantum threading
the SQUID loop. The inductive shunt is placed in a pre-
cise manner such that the drive across it exactly cancels
when the outer SQUID loop is differentially driven [see
Fig. 1(c)]. Biasing this circuit at half flux would gener-
ally set its frequency to zero in the absence of the linear
inductor, since the junctions in its outer loop are biased
to effectively infinite Josephson inductance. However, the
presence of the shunting inductor stabilizes the circuit and
sets the mixer’s frequency when undriven.

More precisely, the Hamiltonian of the mixer can be
written in terms of its two available degrees of freedom
under the above symmetry constraints, the flux-induced
differential phase across each junction φ = (φdc + φac) =
π�ext/�0, and the common mode phase across the circuit
θ̂ that is conjugate to the charge n̂ on its capacitive island:

HLINC = 4ECn̂2 + EL
θ̂2

2
︸ ︷︷ ︸

static

+ 2EJ sin
(

φ − π

2

)

cos θ̂

︸ ︷︷ ︸

driven

. (1)

Following standard notation in circuit quantum electro-
dynamics, EC denotes the circuit’s charging energy, EJ
the Josephson energy of each junction in the outer loop,
EL the inductive energy of the shunting inductor, and �

has been set to 1. Note that any static charge offsets are
redistributed by the shunting inductor, and hence absent
in the Hamiltonian. For the circuit’s potential energy to
have a single-valued solution at all values of dc flux, the
shunt’s inductive energy must dominate the circuit EL >

2EJ , which is equivalent to its frequency never crossing
zero [see Fig. 2(a)].

Let us now analyze the circuit’s behavior, both when
idle and when driven. At the special flux point of φdc =
π/2, the nonlinearity of the circuit completely disappears
when idle, resulting in an exactly linear static Hamiltonian:

HLINC

[

π

2

]

= 4ECn̂2 + EL
θ̂2

2
. (2)

This is beyond a simple “Kerr-free” mixer—at this flux
point, the circuit’s static nonlinearity at all orders vanishes.
We show later that this property holds even in the presence

of experimental imperfections like a parasitic series lin-
ear inductance, which is often present in realistic mixers
due to geometric constraints. The mixer hence provides an
extremely linear environment to any modes it mediates a
coupling between in the coupler context, which is particu-
larly useful for bosonic control. We thus name this mixer
the “linear inductive coupler” (LINC).

When the LINC is driven, the drive exactly cancels
across the shunting inductor by design and does not dis-
place the common-mode phase. The LINC’s Hamilto-
nian is thus separable into two noninteracting parts, the
undriven and the driven, as shown in Eq. (1). The driven
portion contains beneficial symmetries due to the bal-
ancing of the drive, enforcing a selection rule on the
allowed nonlinear processes in a manner similar to the
DDS. Only processes where the numbers of coupler and
resonator photons are even can be activated. Even within
these, processes that are even order in the drive, like the
drive-induced frequency shift, are suppressed. This is in
stark contrast to prevalent mixers like the superconducting
nonlinear asymmetric inductive element (SNAIL), where
nominally every process can occur, but individual non-
linearities can be manually tuned to zero at specific flux
bias points. We show that this selection rule significantly
expands the frequencies and strengths at which the LINC
can be driven without causing spurious transitions, and
reduces intermodulation products in the presence of multi-
ple drive tones. At leading order, the LINC functions as a
three-wave mixer, activating either a beam-splitting (red
sideband or conversion) or squeezing (blue sideband or
gain) process when driven with a single tone of appropriate
frequency.

We note that while the simultaneous balancing of the
drive and the bias of this circuit is novel and crucial to
its function, the circuit topology itself is fairly common
in the literature [20,37–40]. The LINC is a sibling to the
asymmetrically threaded SQUID (ATS), with nominally
identical circuit geometries, but an exactly opposing notion
of bias point. This allows the LINC to be optimized as a
three-wave mixing coupler, while the ATS is utilized for
Kerr-free four-wave mixing applications, like parametric
two-photon dissipation [20].

The LINC also shares its topology with the gradiomet-
ric SNAIL [37], where the flux bias in the SQUID loops
is used to tune the effective junction ratio of a regular
charge-driven SNAIL, and symmetry is not a strict con-
straint. One key physical feature where the LINC might
differ from these circuits is in its shunting inductor, which,
for the SNAIL and ATS, typically consists of an array of
a few junctions. While different circuits in the past have
utilized inductive shunts for various improvements, here
the shunt does not simply dilute nonlinearity. Because of
the balanced nature of this circuit, this shunt entirely sets
the linearity of its undriven Hamiltonian, and allows a
suppression of unwanted interactions without reducing the
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strength of the desired process. Since bosonic applications
might require highly linear idle circuits, the LINC shunt
could benefit from using high kinetic inductance materials
such as NbN or granular aluminum, or a meandering
geometric inductor, to minimize its static nonlinearity.

III. IDLE NONLINEARITY AND DECOHERENCE

While the well-controlled mixing properties of the LINC
make it advantageous for a number of applications, the
LINC particularly shines as a coupler for high-Q bosonic
quantum control. In this context, the LINC must activate
a parametric coupling to one or more resonators (bosonic
modes) when driven, and minimally spoil their quantum
information when static. Since the resonators in isolation
are linear and only incur slow single-photon decay errors
(at rate κres), an ideal bosonic coupler must neither limit
this decay rate, nor introduce any additional nonlinear-
ity or dephasing to the resonators. Suppressing the decay
inherited from the coupler limits the allowable energy
participation [41] of the resonator in the LINC mode,
which we assume for the rest of this article to be pres =
0.01. Minimizing the resonator nonlinearity and dephasing
bounds the acceptable static nonlinearity of the coupler.
It is important to note that, while a four-wave mixer like
the transmon or DDS induces resonator dephasing through
the cross-Kerr (dispersive) interaction, a three-wave mixer
like the SNAIL or LINC suppresses such dephasing but
can introduce low-frequency fluctuations from flux noise.
We analyze the effect of both the LINC’s linearity and
propagated flux noise below.

The ideal LINC’s nonlinearity goes to zero at the oper-
ating point, as shown in Fig. 2(a). The curious shape of
this curve can be explained entirely analytically by consid-
ering the flux dependence of the fourth-order nonlinearity
(see Appendix A):

αL[φdc] = −2EJ cos φdc(θZPF[φdc])4

= − 2EJ cos φdc

EL + 2EJ cos φdc
EC. (3)

Note that the undriven LINC has no third-order nonlinear-
ity at any bias point (φdc), and thus has no perturbative
corrections to the coupler’s idle Kerr nonlinearity. This
means that the LINC’s self-Kerr and cross-Kerr to cou-
pled modes always simultaneously go to zero at the same
operating point. The LINC’s frequency can also be simply
calculated through

ωL[φdc] =
√

8EC(EL + 2EJ cos φdc) − αL[φdc]. (4)

We derive these analytical results in Appendix A and
show them overlayed with exact numerical diagonalization
in Fig. 2(a). These analytics describe static physics near
the operating point exceptionally well, and only deviate
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FIG. 2. Static Hamiltonian and flux noise sensitivity. (a) The
static LINC frequency and Kerr as a function of dc flux. Numer-
ical values (solid lines) are calculated by exact diagonalization
of a LINC Hamiltonian with EL/h = 52.8 GHz, EJ /h = 15.84
GHz, EC/h = 100 MHz, with the center shunt composed of an
array of ten junctions, where h is Planck’s constant. Overlayed
analytic curves follow Eqs. (3) and (4). At the operating point of
φdc = π/2, the coupler is linear. (b) Three-wave mixing strength
(dashed black line) and sensitivity to flux noise (yellow line)
as a function of dc flux. The former is calculated from a Flo-
quet simulation of a parametric squeezing process. The latter is
a simple derivative of the static frequencies calculated in part (a)
[(1/2π)dωL/d�]. These quantities are equal, up to a scaling fac-
tor of 2 (see Appendix A). (c) Inherited dephasing for a coupled
quantum memory, as a function of dc flux. Thermal noise-
induced dephasing is calculated for ncoupler

th = 2%, T1 = 20 µs,
and is minimized at the operating point, where the coupler is lin-
ear with no dispersive shift χ to the resonator. Arraying multiple
LINCs together dilutes nonlinearity and therefore χ , broadening
the range over which χ � 1/T1 and dephasing is suppressed. The
low-frequency dephasing due to inherited flux noise is calculated
through Eq. (7), with noise amplitude A� = 1 µ�0/

√
Hz.
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from numerics around �dc = �0, where the truncated Tay-
lor expansion does not accurately represent the coupler’s
nonlinearity.

If, instead of an ideal inductor, the LINC’s shunt is
composed of an array of N Josephson junctions, its static
Hamiltonian at the operating point is given by

HLINC

[

π

2

]

= 4ECn̂2 − NEL,J cos
θ̂

N
,

αL
∣

∣

π/2 = EC/N 2,

(5)

where each junction in the shunting array has been scaled
appropriately to preserve the same total inductance (EL,J =
NEL). To keep the effect of any inherited resonator non-
linearity smaller than the resonator’s linewidth, the num-
ber of junctions in the LINC shunt must be greater than
(p2

resn̄EC/κ)1/2 for an intended resonator population of n̄.
However, note that the LINC behaves as a protected three-
wave mixer even if it is not this linear, including when its
shunting inductor is just a single Josephson junction [39].

While nulling the LINC’s nonlinearity suppresses shot-
noise-induced dephasing, a major alternative source of
dephasing in any LINC architecture will be low-frequency
flux noise. In fact, since the LINC is a flux-driven three-
wave mixer, there is an exact trade-off in the sensitivity
of the coupler to flux noise and the effective three-wave
mixing strength g3wm [see Fig. 2(b)]. This means that at
the operating point of φdc = π/2, both the g3wm and flux-
noise sensitivity are close to maximum (antisweet spot).
However, since the LINC itself remains in the ground state,
this dephasing is primarily harmful if it propagates errors
into the desired parametric process, or to the modes that
are statically hybridized with the LINC. The effect of flux
noise on the strength of the parametric process can be
estimated by the simplified infidelity limit:

1 − Fp ≤
(

2π

g3wm

dg3wm

d�

)2∣
∣

∣

∣

π/2

∫ ∞

0
S��[f ] gN [f τg] df

≈
(

2EJ

EL

)2 ∫ 1/τg

1/τexpt.

1
�2

0
S��[f ] df . (6)

Here S��[f ] is the spectral density of flux noise, gN [f τg]
is a characteristic function defined by the pulse sequence,
and the flux-noise sensitivity is analytically derived (see
Appendix A). For an upper bound on the infidelity, we
approximate gN as a rectangular window between the rel-
evant timescales of a single gate (τg ∼ 1 ns) and the total
experiment (τexpt. ∼ 1 s). Note that the quadratic depen-
dence on flux-noise sensitivity assumes that the variance
in the strength of g3wm is slow and small, and therefore
appears as a coherent offset to the intended pulse evolution.
For 1/f -type noise S��[f ] ∼ A2

�/f , typical values of the
noise amplitude A� ∼ 1 µ�0/

√
Hz at 1 Hz [42–44] lead

to an estimate of 1 − Fp ∼ 10−10, which means that this
mechanism should not be a limiting factor in the mixer’s
performance.

A more relevant effect might be the inherited flux noise
in coupled information-storing modes, which we estimate
analytically in Fig. 2(c). This inherited dephasing scales
∝ pres [45,46]:

κϕ ∝
√

(

dωres

d�

)2 ∫ ∞

0
S��[f ] gN [f τ ] df

≈ pres

∣

∣

∣

∣

dωL

d�

∣

∣

∣

∣

φdc=π/2
A� C. (7)

Here C = √

2| ln (2πτ/τexpt.)| ∼ 3–5 is a constant weakly
dependent on the evaluation time (τ ) of κφ , and the total
length of the experiment (τexpt.). The inherited dephas-
ing can therefore be significant, but it is low frequency,
which means that it could be mitigated with techniques
like dynamical decoupling [42–44], or stabilized bosonic
codes [20,23]. This makes it potentially still beneficial
to operate near the antisweet spot, where the coupled
resonator is sensitive to inherited flux noise but not to
thermal noise-induced dephasing, since the latter requires
nontrivial strategies for suppression [47–49].

IV. THE LINC AS A DRIVEN MIXER

We now focus on the driven behavior of the LINC and
its performance as a balanced quantum mixer. With ideal
symmetry, the LINC’s driven behavior is independent of
its center shunt (up to a normalization of its impedance),
and is given by

Hdriven = 2EJ sin φac
︸ ︷︷ ︸

odd

cos θ̂
︸︷︷︸

even

. (8)

There are two important points to note about this driven
Hamiltonian. The first is that the drive, φac, acts on an
entirely orthogonal degree of freedom to the LINC mode.
This means that the drive does not displace the mode, and
the LINC in general remains in its undriven ground state,
similar to the DDS [21]. In stark contrast to charge-driven
mixers like the transmon or the SNAIL, this decouples the
effective drive strength from the frequency of the LINC
mode, allowing for independent optimization of the drive
delivery and LINC frequency.

Second, the order of the allowed parametric processes
obeys a strict selection rule—the only processes allowed
are of the type φm

acθ̂
n, where n is strictly even. We call

this selection rule “parity protection,” analogous to the
selection rule in the DDS. Interestingly, the LINC has this
parity protection at arbitrary operating points, even though
it is only linear at φdc = π/2. Note that despite the drive
amplitude appearing as an odd function in the Hamilto-
nian, there is only a weak parity protection in the number
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FIG. 3. The LINC as a driven mixer. (a) LINC beam-splitting strength (gBS) and self-Kerr (αL) as a function of the drive strength
(φac), from an exact Floquet simulation. While the LINC is Kerr-free when idle, higher-order nonlinearities can induce a driven Kerr.
This can be suppressed by arraying multiple LINCs while preserving the (driven) flux through each LINC loop (arrayed 3×; dashed
line). (b) Driven LINC frequency shift (solid purple line) versus the drive strength. Unlike in charge-driven mixers like the SNAIL,
this frequency shift is independent of the coupler Kerr, and persists even if the coupler is arrayed (dashed purple line). It is possible
to minimize this shift by biasing to a flux point where the coupler frequency has an inflection point as a function of dc flux (dotted
black line). (c) Driven steady-state impurity of the LINC (left) and an equivalent SNAIL (right) as a function of the drive frequency
and amplitude. Both couplers are operated at a bias point where they are Kerr-free, and their parameters are optimized to match their
beam-splitting strength and frequency at this bias point. Each coupler is simulated with equal decay and low-frequency dephasing. The
LINC displays a significantly cleaner driven spectrum due to its parity protection.

of drive photons m. This is because modulating the drive
parameter φac can also modulate the spread of the zero-
point function θZPF, causing nontrivial corrections to the
strength of parametric processes. Additionally, odd-order
processes can combine at higher orders in perturbation the-
ory to form even-order processes. The simplest nontrivial
effect where this is observable is in the driven frequency
shift of the LINC, which is suppressed but nonzero at the
operating point [see Fig. 3(b)]. However, since the LINC
is a “true” parametric coupler, all such effects are well
predicted by measuring static properties of the LINC as a
function of the parameter (φdc), and computing appropriate
derivatives. We explore this in more detail in Appendix A.

The dominant mixing process in the driven LINC is an
effective three-wave mixing process that, for small drive
strengths at φdc = π/2, is given by

H (3)

driven =
(

EJ

2EL

)

ωL J1(|φac|) cos ωdt(ĉ + ĉ†)2

≈ g3wm
∣

∣

π/2φac(t)(ĉ + ĉ†)2, (9)

where ωL = √
8ELEC is the frequency of the LINC mode

at the operating point and ĉ and ĉ† are its ladder opera-
tors; J1(x) is the first-order Bessel function arising from
the sinusoidal dependence of the drive in the LINC Hamil-
tonian, with φac(t) = |φac| cos ωdt being the drive. For two
modes Alice (â, ωa) and Bob (b̂, ωb) that are coupled to
the LINC (with energy participations pa and pb), driving at
select frequencies can activate various desired processes,
such as

ωd = ωa − ωb =⇒ gBS(â†b̂ + âb̂†), (10a)

ωd = ωa + ωb =⇒ gTS(â†b̂†+âb̂), (10b)

ωd = 2ωa =⇒ gSa(â†2 + â2), (10c)

gBS = gTS = 2gSa ≈ g3wm|φac|√papb, (10d)

with pa = pb for the single-mode squeezing process. The
strength of the first of these (beam splitting) has been
shown in Fig. 3(a) for illustrative purposes.
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While the LINC is linear when undriven, turning on a
drive can induce some nonlinearity in the coupler due to
higher-order effects [Fig. 3(a)]. This finite coupler Kerr is
not directly harmful, as the LINC remains in its ground
state when driven, but it can induce undesired inherited
Kerr in coupled linear quantum modes. Since the Kerr
arises from higher-order nonlinear effects, it can be sup-
pressed simply by arraying multiple LINCs while keeping
the strength of the desired process constant. This results in
the following Hamiltonian, assuming that each LINC loop
is still threaded by the same flux (see Appendix A):

H (M )

LINC = 4ECn̂2 + EL

2
θ̂2 − 2M 2EJ sin φac cos

θ̂

M
. (11)

Here the inductance of each LINC in the array has been
scaled down to preserve the same total inductance. This
suppresses the driven Kerr of the LINC by a factor of
1/M 2, as shown in Fig. 3(a), and all remaining undesired
processes are similarly suppressed. In fact, with a large
array of LINCs, this circuit element approaches the ideal
three-wave mixing of a modulated linear inductor:

H (∞)

LINC = 4ECn̂2 + EL

(

1 + 2EJ

EL
φac

)

θ̂2

2
. (12)

We analyze the beam-splitter performance of both arrayed
and unarrayed LINCs in more detail in Appendix B.

Unfortunately, even an ideal three-wave mixer incurs
drive-induced frequency shifts, as can be seen from
the average frequency of the above element 〈ω(∞)

L 〉 ∝
〈√(1 + 2EJ /ELφac)〉 �= 0. In fact, in contrast to a charge-
driven element like the SNAIL, the driven frequency shift
of the LINC is unaffected by arraying [see Fig. 3(b)],
and is not related to the coupler’s anharmonicity. It is
instead given by the susceptibility of the LINC frequency
to change in the flux, 
ωL ∝ d2ω/dφ2|π/2. One can mini-
mize this driven shift (for example, when using the LINC
in a parametric amplifier) by finding the inflection point
d2ω/dφ2[φdc] = 0, which, for the perfectly symmetric
LINC (with EJ /EL = 0.3), occurs at φdc ∼ 0.594π [dot-
ted line in Fig. 3(b)]. However, we note that this operating
point is not Kerr-free and it breaks the weaker parity
protection with respect to the drive, and therefore might
suffer parasitic processes less desirable than the coupler
frequency shift.

To demonstrate how parity protection helps suppress
parasitic processes, one can examine the driven behavior
of the LINC in the presence of one or more drive tones,
and compare it to a Kerr-free SNAIL. Ideally, both cou-
plers must remain in their ground state even at strong
drive amplitudes, which is a challenge similar to miti-
gating measurement-induced state transitions during qubit
readout [34,35]. For a realistic simulation, we can incor-
porate an environment that induces both coupler decay

and dephasing, which in the presence of the drive can be
transformed into nonlinear coupler heating [26,36]. We
also include a coupled, information-storing qubit mode,
which must ideally remain unaffected by the coupler dur-
ing any parametric process. Assuming that the coupler is
not periodically reset, this coupler-qubit system will reach
a driven steady state after a sufficient number of opera-
tions. This steady state will be pure if the coupler remains
in its ground state, i.e., is neither affected by parasitic tran-
sition, dressed decoherence, nor stray interactions with the
qubit. Any impurity in the coupler state will translate into
an infidelity in the desired parametric process, due to state-
dependent shifts of the process’s strength and resonance
condition (see Appendix B). We thus evaluate the purity of
the driven coupler steady state as a measure for evaluating
coupler performance.

In Fig. 3(c), we compute this driven purity for a 6.5-
GHz LINC through Floquet-Markov simulations, with
decay γ1 = (26.7 µs)−1, flux-noise dephasing S��[ω] =
[1 µ�0/

√
Hz]2/ω, and coupling to a qubit (4.9 GHz) in

Fig. 3(c). The comparison to an equivalent SNAIL, with
identical frequency, beam-splitting strength, and decoher-
ence at the Kerr-free point, makes the advantage of parity
protection clear—the LINC remains significantly more
pure at all drive frequencies. This advantage is even more
apparent in the presence of multiple drive tones, where the
SNAIL sees substantial spurious transitions over most of
the frequency range, but a large fraction of these inter-
modulation products are suppressed by parity protection
in the LINC [Fig. 3(d)]. Overall, these simulations show
that in realistic settings, the LINC should offer impor-
tant advantages over the SNAIL in high-Q and multitone
applications.

V. EFFECT OF ASYMMETRY AND PARASITIC
INDUCTANCE

Our analysis of the LINC has so far been restricted to
a perfectly symmetric circuit under a purely differential dc
flux and drive. However, practical implementations of the
coupler will come with experimental imperfections, and
it is important to consider the effect of finite asymmetry
on the LINC’s static and driven performance. Specifically,
we want to evaluate whether the LINC remains quasilinear
when idle, and whether it retains the parity protection in its
driven processes.

To quantify the asymmetry of the outer junctions, we use
the ratio (EJ 1 − EJ 2)/EL := β
, which from fabrication
imperfections we expect to be � 2%. The second imper-
fection is a finite difference in the dc flux in the two LINC
subloops, arising from a gradient in the residual magnetic
field in which the experimental package cooled down. This
imperfection is in principle possible to cancel in situ with
two dedicated flux lines per coupler, such that the relative
currents in the flux lines can be tuned to achieve arbitrary
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flux biases in the two subloops. However, the LINC ideally
only requires a single fast flux line for its drive and dc flux,
which always applies symmetric flux to both subloops. In
this scenario, a residual dc flux difference φ
 will change
both the LINC’s driven and undriven behavior, which we
analyze below. In the fully general case, one may also
have an asymmetry in the applied drive due to imperfect
drive line engineering, which might also affect perfor-
mance. However, this asymmetry can be largely avoided
by appropriately designing the flux distribution and capac-
itance matrix of the device, aided by numerical simulation
techniques [21,50].

Let us first analyze the effect of asymmetries on the
linearity of the idle LINC. Since the drive is off, the
asymmetries to consider are the junction and dc flux asym-
metries, both of which result in an effective shift in the
potential minima of the LINC to θmin

c �= 0. Specifically,

θmin
c ≈ 2

3
φ
 − β
 (13)

to lowest order in β
 and φ
. This new minima results
in a change in the undriven potential, meaning that Tay-
lor expansions to compute parameters of interest should
be expanded about this new point. In light of this shift,
the static Kerr at the operating point becomes (see
Appendix D)

α
asym
L ≈ Ecβ
 sin[φ
 − (1 +

√
2)β
] (14)

for small asymmetries. Thus, any static nonlinearity gained
by the LINC in the presence of these asymmetries is only
second order in {β
, φ
}. Notably, the sign of the individ-
ual asymmetries is important, as the two effects can either
constructively or destructively interfere. Additionally, in
the absence of junction asymmetry, the static Kerr is nulled
for any value of φ
. As a reference, for β
 = 2% and
φ
 = −(π/2) × 1%, the static Kerr of the LINC is roughly
−130 KHz for Ec = 100 MHz. Additionally, the shifted
Kerr-free point can be found by changing the symmetric
flux bias by less than 0.005π (see Appendix D).

When a LINC with nonzero asymmetry is driven, the
LINC may turn on processes that would have otherwise
been parity protected. As an example, we consider the
third-order mixing process involving two drive photons
and a single LINC photon, corresponding to a parasitic
subharmonic displacement of the coupler. This process
is always allowed in any charge-driven mixer (like the
SNAIL), yet is forbidden in the ideal LINC. The strength of
this process, which we represent as Hsub = g1,2φ

2
ac(ĉ + ĉ†),

is given by (Appendix D)

g12 ≈ −ELθZPF

2

[

β
 + 1
2
β2

� sin(φ
 − β
)

]

, (15)

and is thus linearly sensitive to both junction and flux
asymmetries, with their relative sensitivity depending on

β� . For modest asymmetries [again β
 = 2% and φ
 =
−(π/2) × 1%], the relative suppression of such parasitic
resonances is g12φ

2
ac/g21φac ≈ 5% for φac = 0.2π , still

achieving over an order-of-magnitude reduction compared
to an ordinary three-wave mixer. In effect, since the LINC
is a balanced rf SQUID, any asymmetry only brings its per-
formance closer to the performance of a regular rf SQUID
or SNAIL. The full effect of asymmetries on parasitic res-
onances can be captured by plotting the available drive
space for the LINC, similar to Fig. 6, which add no signif-
icant spurious processes up to φac = 0.2π even at junction
asymmetries up to 10%.

Finally, for reasonable coupler geometries, one may
expect the LINC to have a non-negligible parasitic lin-
ear inductance in series with the coupler. Such a parasitic
inductor often has an impact beyond diluting the driven
nonlinearity of a general coupler—for example, in the
SNAIL, this can cause the Kerr-free operating point to
shift significantly. In the LINC, this linear inductance is
far less harmful, since it does not directly interact with
the flux (drive) degree of freedom. In fact, any parasitic
series inductance fully preserves the linearity of the idle
LINC at the same operating point of φdc = π/2, where
every even-order nonlinearity (including Kerr) is simul-
taneously suppressed. On the other hand, parasitic induc-
tances within the LINC loop, while relatively small in
magnitude, may shift the linear operating point slightly.
We include a detailed analysis in Appendices E and F.
Overall, our simulations predict that the LINC remains a
robust and protected quantum mixer in the presence of
realistic experimental imperfections.

VI. CONCLUSIONS AND OUTLOOK

We have introduced a protected quantum mixer that
combines the benefits of Kerr-free three-wave mixing and
mixer balancing. This results in a nonlinear element that is
nearly linear when idling, and only activates its nonlinear-
ity when it is driven to turn on gates. Even when driven,
the mixer balancing enforces selection rules that prevent a
large fraction of the parasitic processes allowed by a gen-
eral Josephson nonlinearity. The benefits of such a mixer
are significant, offering possible advantages in bosonic and
qubit control, frequency conversion, and amplification.

In the bosonic context, the LINC promises to break
the trade-off between fast nonlinear control and the idle
errors introduced by a nonlinear ancillary mode (simi-
lar to Refs. [25,51–53]). This is particularly important
for multiphoton encodings, where inherited Kerr and
thermal-noise-induced dephasing irreversibly spoil logi-
cal information. Even in single-photon encodings like the
dual-rail bosonic qubit, the LINC should reduce static dis-
persive interactions between neighboring oscillators, while
enabling fast and clean universal control through para-
metric beam splitting. This advantage could even extend
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to non-Gaussian control, where the LINC could serve
as an interface between the bosonic mode and its ancil-
lary qubit, effectively shielding the nonlinearity when
idling [54].

The parity protection in the LINC could also provide
important advantages in its power handling and multi-
tone operation. This is useful in multiple contexts, with
the simplest being the activation of a simultaneous para-
metric coupling between multiple neighboring elements.
If the LINC were used as an amplifier, an array of LINCs
should perform equivalently to an array of balanced rf
SQUIDs, potentially outperforming both SNAIL and reg-
ular rf-SQUID-based amplifiers. Such an implementation
would potentially allow simultaneous amplification of
several signals without degradation from intermodulation
products [32,55,56], easing the constraints on multiplexed
readout [56,57]. Finally, the LINC could also simulta-
neously activate multiple types of parametric processes,
giving rise to new bosonic control techniques. For exam-
ple, by activating a resonant beam splitting and two-mode
squeezing between two oscillators in the high-Q regime,
one could realize a direct parametric quadrature-quadrature
coupling between them, enabling two-qubit gates for the
Gottesman-Kitaev-Preskill code [58,59].

The advantages predicted in our simulations will require
experimental proof, which is the subject of immediate
future work. Specifically, one must solve the engineer-
ing challenges of delivering the differential bias and drive
in a compact architecture, and fabricating high-Q shunt-
ing inductors or a junction array. Thankfully, the LINC
incorporates standard circuit elements and does not oper-
ate in an exotic parameter regime. We do not foresee any
major fabrication challenges, as the LINC shares the topol-
ogy and parameter range of the ATS, which has been
implemented in multiple experiments [20,60–62]. As the
LINC must be operated away from any sweet spot (since
g3wm ∝ ∂ω/∂�), it is vital to mitigate flux noise, but the
LINC does not require unreasonably low flux noise to per-
form well. For scaling up, the LINC is readily compatible
with existing processor architectures comprising any mix-
ture of qubits and resonators (bosonic modes), and can
act as a parametric coupler between them. As the control
lines for the LINC are nearly identical to the dc SQUID,
any architecture capable of fast-flux control could utilize
LINCs. While crosstalk between LINCs would be heav-
ily implementation specific, we note that the platform of
flux-tunable transmons has seen great success in large-
scale implementations [63,64]. Additionally, our analysis
of the LINC’s sensitivity to small asymmetries shows that
its experimental implementation need not be impractically
precise, and that the coupler should perform well even with
realistic imperfections. Overall, the LINC is a promising
new element in the toolbox of superconducting quantum
circuits, offering a unique combination of linearity, high-
fidelity control, and practical design constraints.
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APPENDIX A: ANALYZING THE LINC CIRCUIT

We derive here the Hamiltonian of the LINC circuit,
along with analytical formulae that describe its dominant
characteristics, as a function of its operating dc flux point.
The circuit in Fig. 4 contains three inductive branches,
and two galvanic loops that can be independently threaded
by a dc magnetic flux, setting its operating point. In the
presence of a nonzero field, each of these three branches
can incur a different voltage drop across them, with cor-
responding superconducting phase drops across the three
inductive elements, θ̂1, θ̂s, and θ̂2. We rewrite these phase
drops in terms of more convenient independent variables:

θ̂c = (θ̂1 + θ̂2 + θ̂s)/3,

φ̂sym = (θ̂1 − θ̂2)/2,

φ̂asym = (θ̂1 + θ̂2 − 2θ̂s)/2;

θ̂c corresponds to the common mode of the circuit, and is
the phase variable conjugate to the charge on the capac-
itive pads (n̂c). In the absence of a magnetic field, this
phase fully describes the circuit, which behaves similar to
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FIG. 4. Analyzing the LINC circuit. (a) Modes of operation of the circuit. The circuit, with an arbitrary inductive element as its center
shunt, is defined by the three variables {θ1, θ2, θs}. These can be rewritten in terms of the more operationally relevant charge-dipole (θ̂c),
symmetric flux (φ̂sym), and antisymmetric flux (φ̂asym) modes. (b) LINC three-wave mixing strength as a function of the operating point,
comparing analytic formula [gray dashed line; Eq. (A6a)] to exact time-domain and Floquet results from a squeezing operation within
the LINC (gSL; black line) and a beam-splitter operation between two external resonators (teal line; details in Appendix B), respectively.
The discrepancy in the beam-splitting prediction may be due to driven changes in the effective resonator-LINC participations, which
are captured in the Floquet simulation but not in the analytics. (c) Comparison of the analytic formulae [gray dashed line; Eq. (A7a)]
to exact Floquet simulation for the driven coupler Zeeman shift as a function of dc flux, for fixed drive amplitude φac = 0.1π .

an inductively shunted transmon (IST; Ref. [65]). A sym-
metric flux in both loops displaces φ̂sym and forms the bias
and the differential drive for the LINC. An antisymmetric
flux, on the other hand, displaces φ̂asym and forms the bias
for the ATS mode of operating the circuit.

The full Hamiltonian, with no assumptions on symme-
try, is given by

Hfull = 4ECn̂2
c + EL

(θ̂c − 2φ̂asym/3)2

2

− (EJ1 + EJ2) cos(θ̂c) cos(φ̂asym/3) cos(φ̂sym)

+ (EJ1 + EJ2) sin(θ̂c) sin(φ̂asym/3) cos(φ̂sym)

+ (EJ1 − EJ2) cos(θ̂c) sin(φ̂asym/3) sin(φ̂sym)

+ (EJ1 − EJ2) sin(θ̂c) cos(φ̂asym/3) sin(φ̂sym).
(A1)

For the rest of this section, let us assume that all sym-
metry constraints in the circuit are satisfied, specifically
that the outer junctions have equal Josephson energy EJ ,
and any dc flux and drive enter both loops symmetri-
cally. We explore the effects of deviating from this ideal
in Appendix D. This constraint lets us set φ̂asym = 0, thus

giving

(θ̂1 + θ̂2) = 2θ̂s

=⇒ θ̂c = θ̂s,

θ̂1 = θ̂c + φ̂sym,

θ̂2 = θ̂c − φ̂sym.

We additionally assume that the symmetric flux degree
of freedom φ̂sym is stiff, and can be replaced by a clas-
sical variable φd = 〈φ̂sym〉 = π(�loop/�0), where �loop is
the total flux threading the outer loop and �0 is the flux
quantum. Note that this assumption is only valid for a
weakly coupled flux-drive port, and is similar to the usual
treatment of the differential mode in a SQUID circuit
[21]. Under these assumptions, Hfull reduces to the LINC
Hamiltonian in the main text, i.e.,

HLINC = 4ECn̂2
c + EL

θ̂2
c

2
− 2EJ cos φd cos θ̂c, (A2)

where, at the operating point, φd = π/2 + φac.
Let us now analyze the LINC’s frequency and nonlin-

earity analytically, through a Taylor expansion. Since the
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two variables θ̂c and φd are independent, our strategy in
general will be to study the bivariate Taylor expansion
of the LINC potential ULINC(θ̂c, φd) about its minima at
θ̂min

c = 0 and φd = φdc. However, this expansion comes
with a subtlety—we aim to study the LINC’s physics in
a bosonic basis defined by ladder operators {ĉ, ĉ†}, where

θ̂c = θZPF(ĉ + ĉ†),

θZPF =
(

2EC

∂2ULINC/∂θ̂2
c |θ̂c=0

)1/4

=
(

2EC

EL + 2EJ cos φd

)1/4

.

The bosonic basis is thus itself a function of the LINC
flux point, and modulating this flux modulates not just
the LINC potential, but also the effective spread of the
undriven wave function θZPF(φd). This latter modula-
tion results in an important renormalization of the LINC
physics, for example, resulting in a nonzero driven cou-
pler shift at φdc = π/2. We can capture this physics by
expanding the LINC potential as

ULINC = EL

2
θ2

c − 2EJ cos φd cos θ̂c

=
∑

m∈even,
n

∂n

∂φn
d

(

∂m ULINC

∂θ̂m
c

∣

∣

∣

∣

θ̂c=0

θ̂m
c

m!

)∣

∣

∣

∣

φdc

φn
ac

n!

=
∑

m∈even,
n

gmn[φdc]φn
ac(ĉ + ĉ†)m (A3)

with generalized parametric strengths gmn defined as

gmn[φdc] := 1
m! n!

n
∑

k=0

(

n
k

)

um,n−k
∂kθm

ZPF
∂φk

d

∣

∣

∣

∣

φd=φdc

,

um,k := ∂m+k ULINC

∂θ̂m
c ∂φk

d

∣

∣

∣

∣

θ̂c=0
.

(A4)

The expansion in Eq. (A3) explicitly only contains the
even terms in m, highlighting the fact that the inherent
parity-protection rule holds at arbitrary operating points.
Note that at φdc = π/2, an additional protection is enforced
that sets part of the LINC potential to zero, which makes
the undriven Hamiltonian linear:

um>2,0
∣

∣

φdc=π/2 = 0. (A5)

We now derive the LINC’s frequency, effective three-
wave mixing strength, and anharmonicity explicitly. We
first use Eq. (A3) to expand the undriven LINC Hamilto-
nian to fourth order, deriving its frequency (ωL) and Kerr

nonlinearity (αL):

H (4)

LINC

∣

∣

φac=0 = ωLĉ†ĉ + αL

2
ĉ†2

ĉ2,

ωL[φdc] = 4 g2,0[φdc] + αL[φdc]

=
√

8EC(EL + 2EJ cos φdc) + αL,

αL[φdc] = 12 g4,0[φdc]

= − 2EJ cosφdc

EL + 2EJ cosφdc
EC.

At the operating point, ωL[π/2] = √
8ELEC and

αL[π/2] = 0. This analytical prediction is overlaid on
results from an exact diagonalization of the Hamiltonian
of a LINC with a realistic center shunt composed of an
array of ten junctions in Fig. 2(a).

Similar to the static derivation, one can also find the
effective three-wave mixing strength when driven:

g3wm[φdc] = 2 g21[φdc]

= EJ

EL

√

2ELEC

1 + 2(EJ /EL) cos φdc
sin φdc

(A6a)

=⇒ g3wm

[

π

2

]

= EJ

2EL
ωL. (A6b)

Note that this is almost exactly half the flux-noise sensi-
tivity dωL/dφdc = 4g2,1 + dαL/dφdc, due to contributions
from both kinetic and potential energies, and the conven-
tion chosen in Eq. (10d). This analytic formula matches
the numerically derived three-wave mixing strength rea-
sonably well [Fig. 4(b)]. The latter is calculated from a
Floquet simulation of either a self-squeezing of the LINC
(with an added Kerr to induce |0〉 ↔ |2〉 oscillations), or
a full beam-splitting process (see Appendix B). It is also
simple to derive the relative sensitivity of this process to
flux noise for Eq. (6) in the main text:

1
g3wm

dg3wm

dφ

∣

∣

∣

∣

φdc

= 1 + cos2 φdc + (EL/EJ ) cos φdc

sin φdc(EL/EJ + 2 cos φdc)

=⇒ 2π

g3wm

dg3wm

d�

∣

∣

∣

∣

�0/2
≈ 1

�0

2EJ

EL
.

Here we have used the fact that φdc = π�dc/�0.
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Finally, the driven Zeeman shift, which is independent
of the coupler’s Kerr nonlinearity, is given by


ωL[φdc, φac] = 2g2,2[φdc] |φac|2, (A7a)

g2,2 = −EJ

4

√

2EC

EL + 2EJ cos φdc

× EJ (1 + cos2 φdc) + EL cos φdc

EL + 2EJ cos φdc
(A7b)

=⇒ 
ωL[π/2, φac] = −
(

EJ

2EL

)2

ωL |φac|2. (A7c)

This matches realistic Floquet simulations of the Zeeman
shift with φac = 0.1π sin ωdt well, as seen in Fig. 4(c).
Note that this Zeeman shift can also be used to analyti-
cally account for changes in participations during driven
operations.

In pursuit of additional linearity, one could also choose
to array the LINC with M LINC loops, shunted by a single
capacitor. To preserve the same frequency and paramet-
ric process strength as the single-loop LINC, the inductive
energy EL and Josephson energy EJ of each loop must be
scaled by M , and the drive and bias in each loop must be
nominally identical to the single-loop device. This simple
extension of the circuit can be analyzed by the transfor-
mations θ̂c → θ̂c/N , (EL, EJ ) → (MEL, MEJ ), resulting in
Eq. (11) in the main text. In effect, this preserves the
inductance and three-wave mixing of the LINC, but sup-
presses all higher processes ∝ ĉ2n by a factor of 1/M 2(n−1).
As M → ∞, this approaches the ideal three-wave mix-
ing properties of a linear resonator with a modulated
inductance [Eq. (12)].

APPENDIX B: DRIVEN OPERATIONS WITH THE
LINC

We now analyze the LINC as a parametric coupler and
evaluate its performance in a realistic frequency stack.
Consider the LINC coupled to two resonators (Alice and
Bob) with linear coupling strengths and frequencies ga, ωa
and gb, ωb. One can analyze the resulting dressed Hamilto-
nian through a simple transformation:

ĉ = ˆ̃c + √
pa ˆ̃a + √

pb
ˆ̃b,

pa, pb =
(

ga


La

)2

,
(

gb


Lb

)2

,
(B1)

with 
L a,b = ωL − ωa,b. In a frame rotating at ωa, the
Hamiltonian of the system up to the third order is then

H3wm = ω̃a ˆ̃a† ˆ̃a + ω̃b
ˆ̃b† ˆ̃b + ω̃L ˆ̃c† ˆ̃c

+ g3wm
|φac|

2
(eiωdt + e−iωdt)

× (
√

pa ˆ̃a + √
pb

ˆ̃b + ˆ̃c + H.c.)2. (B2)

It is then simple to derive the strength of each paramet-
ric process when the drive frequency ωd is set to the
appropriate resonance condition, as in Eqs. (10a)–(10c).

While it is convenient to follow analytic derivations
from H3wm, from an experimental perspective, it is difficult
to directly measure g3wm and pa, pb. Since these processes
are truly a result of modulating parameter φ, one can
instead just measure the frequency dependence of the Alice
and Bob modes as a function of operating flux φdc, and
then take appropriate derivatives of these flux curves as in
Eq. (A4). For the beam-splitting process, this results in the
simplified relation (ignoring driven frequency shifts)

gBS =
√

∂ωa

∂φdc

∂ωb

∂φdc

∣

∣

∣

∣

φac

2

∣

∣

∣

∣
. (B3)

which is similar to other flux-driven couplers [66,67].
To numerically demonstrate such a parametric beam-

splitting process, we consider the specific frequency stack
of ωa = 2π × 4.9 GHz, ωb = 2π × 6.0 GHz, and ωc =
2π × 6.5 GHz, with Rabi coupling strengths gac = 2π ×
120 MHz and gbc = 2π × 50 MHz. We choose the LINC
circuit parameters as EC = 2π × 100 MHz, EJ = 2π ×
15.84 GHz, and EL = 2π × 52.8 GHz. With M LINC
loops in an array, the system Hamiltonian is given by

HLINC = ωaâ†â + ωab̂†b̂ + ωcĉ†ĉ

− gac(â†−â)(ĉ†−ĉ) − gbc(b̂†−b̂)(ĉ†−ĉ)

− 2M 2EJ sin φac cos
θ̂c

M
, (B4)

assuming that each LINC loop is modulated by φext =
π/2 + φac.

Using standard Floquet theory, we can numerically com-
pute the quasienergies of the Floquet modes, and extract
drive-induced frequency shifts and Kerr shifts as a func-
tion of the drive frequency and amplitude, which are shown
in Fig. 5. As in the case of the LINC itself, it is clear
that the resonator-driven frequency shifts do not change
upon arraying, but their driven Kerr can be significantly
suppressed.
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FIG. 5. Parametric beam splitting with the LINC. (a) Driven
avoided crossing due to the beam-splitter interaction between
two storage modes, Alice (4.9 GHz) and Bob (6.0 GHz), as a
function of drive detuning from beam-splitter resonance, at a
fixed drive amplitude φac = 0.2π . (b) Driven frequency shift of
each mode for an unarrayed (solid lines) versus arrayed (dashed
lines) LINC. Arraying does not make a noticeable difference. (c)
Driven Kerr of each mode for an unarrayed (solid lines) versus
arrayed (dashed lines) LINC. Arraying three LINCs reduces the
inherited Kerr by a factor of about 9.

APPENDIX C: EVALUATING DRIVEN
PERFORMANCE

We now focus on quantifying the driven coupler’s per-
formance, in the presence of environmental noise and
the resonator modes, Alice and Bob. Specifically, we
show that the LINC is resilient to drive-induced parasitic

processes and dressed decoherence, which should lead to
an improvement in parametric process fidelity. As a bench-
mark for comparison, we compare it to a SNAIL at its
Kerr-free flux point.

We model the driven SNAIL Hamiltonian in the dis-
placed frame as

HSNAIL = ωaâ†â + ωab̂†b̂ + ωcĉ†ĉ

− gac(â†−â)(ĉ†−ĉ) − gbc(b̂†−b̂)(ĉ†−ĉ)

− αM 2EJ cosnl

(

θeq,1 + φac + θ̂

M

)

− NM 2EJ cosnl

[

1
N

(

θeq,2 + φac + θ̂

M

)]

,

(C1)

where M is the number of SNAIL loops in an array, N
is the number of Josephson junctions in the array of each
SNAIL loop, and θeq,i is the frustration phase across the ith
branch of the SNAIL loop, as a result of the dc flux pen-
etrating the loop. For consistency, we denoted the phase
displacement of the SNAIL as φac, even though it has
a different physical origin than flux modulation in the
LINC circuit. We carefully choose the SNAIL parameters
as EC = 2π × 100 MHz, EJ = 2π × 276 GHz, and α =
0.193. Under these parameters, the SNAIL circuit yields
the same frequency ωc = 2π × 6.5 GHz as the LINC, as
well as the same g3wm, at its Kerr-free point of �ext =
0.442�0.

To characterize their performance as microwave beam
splitters, we first examine the rate and resonance condi-
tion of the Alice-Bob beam-splitter interaction activated by
the driven LINC and SNAIL, respectively, as a function of
drive amplitude. We employ time-dependent perturbation
theory for both couplers in the Floquet mode basis [26] to
calculate the beam-splitter rate as a function of the coupler
state, |m〉. This amounts to finding the coefficient of the
effective Hamiltonian

Heff = gBS,mâ†b̂|m〉〈m| + H.c. (C2)

When the coupler is in its ground state (m = 0), this cal-
culation provides the beam-splitter rate reported in the
main text. When the coupler is excited to higher levels,
we observe state-dependent shifts of the beam-splitter rate
and resonance condition [Figs. 6(a) and 6(b)]. This disper-
sion makes it clear that if the coupler leaves its ground
state and enters a mixed state due to the parametric drive,
it can dephase the beam-splitting process. As a result, the
drive-induced excitation of the coupler state can lead to
process infidelity, with the magnitude set by the amount of
state-dependent dispersion in gBS and 
BS.

To study such drive-induced excitation in the driven
LINC and SNAIL as well as spurious coupler-resonator
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FIG. 6. Driven coupler impurity. (a) Dispersion in beam-splitting strength (left) and resonance condition (right) as a function of
coupler (undriven) state |0〉, . . . , |3〉. The LINC (gray) has less dispersion than the SNAIL (yellow), implying that, for similar excited
state populations, it will have higher process fidelity. (b) Steady-state impurity of the driven LINC and the (charge) driven SNAIL,
in the presence of decay and flux-noise dephasing, as a function of drive frequency at fixed amplitude (φac = 0.2π ). The simulation
also includes additional coupled modes, Alice (4.9 GHz) and Bob (6.0 GHz). The LINC remains significantly more pure at all drive
frequencies. Dominant processes are explicitly labeled. (c) Driven coupler impurity in the presence of two drive tones, each with
amplitude φac = 0.1π , and coupled Alice and Bob modes, displaying the effects of parasitic intermodulation products. The two drive
frequencies are scaled simultaneously, maintaining a fixed ratio of 1:2, to ease Floquet-Markov simulations.

interactions, we employ the Floquet-Markov approach. We
consider an environment that contains a coupler thermal
relaxation channel and a dephasing channel for both cir-
cuits. To efficiently capture the effects of additional modes
in the system, we model Alice and Bob as two Lorentzians
set by their frequencies and linewidths, resulting in a total
coupler relaxation spectrum of

�c(ω) = ω

ωq
[1 + nB(ω, Tc)]γc

+
∑

i=A,B

[1 + nB(ω, Ti)]
g2

i

(ω − ωi)2 + (κi/2)2 κi.

(C3)

Here, γc = (26.7 µs)−1 is the coupler decay rate and
nB(ω, T) = 1/(e�ω/kBT − 1) is the Bose-Einstein occupa-
tion factor. We set Alice’s and Bob’s temperatures and
decay rates to 50 mK and (10 µs)−1, higher than the
coupler’s, to efficiently capture and visualize the parasitic
transitions. We also assume a 1/f dephasing spectrum
for the coupler, S��[ω] = (1 µ�0)

2/ω, with a cutoff fre-
quency of 1 Hz.

Using the Floquet-Markov approach, we examine the
impurity of the steady state over different drive frequencies
and amplitudes, as a proxy for process infidelity caused
by spurious coupler excitation, as well as by other para-
sitic coupler-resonator interactions. When the two circuits
are driven by a single tone [Fig. 6(b)] across the frequency
range of 0.5–2 GHz, both impurities remain small, except
for a few peaks that represent coupler-resonator transitions.
At higher frequencies above 2 GHz, the LINC has substan-
tially lower impurity, benefiting from its parity selection
rule that forbids the spurious subharmonic excitations that
SNAIL encounters at 2.17 and 3.25 GHz. Furthermore,
when two drives are simultaneously applied to the circuits
[Fig. 6(c)], we observe a significant difference between
the LINC and SNAIL, where the former possesses much
lower impurities and fewer parasitic transitions than the
latter. Finally, when sweeping the drive amplitude, such
as one might enact in the duration of a pulse sequence,
the LINC has negligible drive-induced shifts in its par-
asitic resonances, as seen in Fig. 3(c). This is in stark
contrast to Kerr-full couplers like a regular transmon, or
the DDS.

Overall, LINC’s low driven process dispersion and sig-
nificantly cleaner, more stable driven spectrum promise
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an expanded drive space for high-fidelity parametric oper-
ations, including when dealing with multiple modes or
pumps.

APPENDIX D: EFFECT OF JUNCTION AND dc
FLUX ASYMMETRIES

In the main text, we have seen how the LINC can lever-
age symmetries of the circuit, of the bias point, and of the
drive to realize a parity-protected three-wave mixer. Here,
we examine the LINC in the presence of some asymme-
tries inherent to any experimental realization, and predict
the effect of these asymmetries on device performance.

To begin, similar to our treatment of φ̂sym in
Appendix A, we assume that the asymmetric flux degree of
freedom φ̂asym is stiff and can be replaced by the classical
variable φ
 = 〈φ̂asym〉 = π(�L − �R)/�0. Here �L,R are
the fluxes threading the left and right loops, respectively,
with φ
 representing an asymmetry in the flux thread-
ing the two loops, which may arise due to residual local
gradients in the ambient magnetic field. Furthermore, to
model the effect of imperfect junction fabrication of the
outer arms, we introduce β
 = (EJ1 − EJ2)/EL and β� =
(EJ1 + EJ2)/EL, with EL setting the energy scale of the
system.

With these definitions, we can express the static induc-
tive potential in the presence of asymmetries as

Ufull/EL = 1
2
(θ̂c − 2φ
/3)2

− β� cos(φd)[cos(φ
/3) cos(θ̂c) − sin(φ
/3) sin(θ̂c)]

+ β
 sin(φd)[cos(φ
/3) sin(θ̂c) + sin(φ
/3) cos(θ̂c)].
(D1)

To study the effects that these asymmetries will have
on static properties of the LINC (such as the static Kerr),
we can examine the LINC’s potential at the φd = π/2
operating point, where the potential simplifies to

Ufull
∣

∣

φd=π/2 = EL

{

(θ̂c − 2φ
/3)2

2

+ β


[

cos(θ̂c) sin
(

φ


3

)

+ sin(θ̂c) cos
(

φ


3

)]}

= EL

[

(θ̂c − 2φ
/3)2

2
+ β
 sin

(

θ̂c + φ


3

)]

. (D2)

Notably, the presence of asymmetry shifts the potential
minimum with respect to θ̂c from θ̂min

c = 0 to

θmin
c ≈ 2

3
φ
 − β
, (D3)

to lowest order in β
 and φ
. Because of this shift, we must recompute parameters of interest by evaluating derivatives
at this new θmin

c , following the general framework given in Appendix A. From this, we find that the LINC frequency and
Kerr nonlinearity are modified to be

ωL[φdc] =
√

8EcEL[1 + β� cos(φd) cos(φ
 − β
) − β
 sin(φd) sin(φ
 − β
)] + αL[φdc], (D4)

αL[φdc] = −Ec

(

β� cos(φd) cos(φ
 − β
) − β
 sin(φd) sin(φ
 − β
)

1 + β� cos(φd) cos(φ
 − β
) − β
 sin(φd) sin(φ
 − β
)

)

. (D5)

When focusing on the LINC’s behavior at the operat-
ing point, this framework provides us with an approximate
expression of the induced Kerr, given as

α
asym
L ≈ 1

2
∂2U
∂θ4

c
θ4

ZPF

∣

∣

∣

∣

θc=θmin
c , φd=π/2

≈ Ecβ
 sin(φ
 − β
) (D6)

to lowest order in asymmetry. However, when comparing
with exact diagonalization of the LINC Hamiltonian in the
presence of asymmetries, we find that an additional factor
must be added to agree with the numerics. These nonideal-
ities, to leading order, therefore induce a static LINC Kerr

nonlinearity of

α
asym
L ≈ Ecβ
 sin[φ
 − (1 +

√
2)β
]. (D7)

While it is not entirely clear where this additional fac-
tor comes from [possibly higher-order corrections to
Eq. (D6)], it is clear that the LINC’s Kerr is only second-
order sensitive to asymmetry. To get a sense of the Kerr
landscape, Fig. 7 shows the LINC Kerr computed by direct
diagonalization of the LINC Hamiltonian as a function of
asymmetry. Notably, in the absence of any junction asym-
metry, the LINC is Kerr-free for arbitrary asymmetric dc
flux threading the loops, so long as φd = π/2, interpolat-
ing the device between the LINC (φd = 0) and the ATS
(φd = π/2). Intuitively, when the two outer junctions are
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(a)

(b)

(c)

FIG. 7. LINC Kerr in the presence of asymmetries. (a) Kerr of
the LINC mode at φdc = π/2, computed by direct diagonaliza-
tion. Black contour lines correspond to |αL| = 250, 500, 750, and
1000 KHz, respectively. (b) Operating point φd where the LINC
is Kerr-free, as a function of asymmetry. With a minor change
in the symmetric dc flux, the Kerr induced by a small asymme-
try can be nulled. Black contour lines correspond to flux values
from 98% × π/2 to 102% × π/2 in 0.5% increments around the
asymmetry-free dc operating point. (c) Third-order nonlinearity
of the LINC dipole mode, g30. With finite junction asymmetry,
the self-Kerr- and cross-Kerr-free points will differ. Contour lines
correspond to |g30| = 3, 6, 9, and 12 MHz, respectively.

identical, their potentials can entirely destructively inter-
fere, leaving only the potential of the linear shunt, as seen
in Eq. (D2) for β
 = 0.

Importantly, for small asymmetries, the LINC Kerr
always has a zero crossing. Thus, for applications requir-
ing truly zero residual Kerr, the symmetric dc flux can be

tuned slightly away from φd = 0.5π to arrive at a Kerr-free
point, as shown in Fig. 7(b). However, straying from this
bias point may compromise some of the protected driven
qualities of the system.

In addition to an ideal LINC’s Kerr going to zero at the
operating point, any cross-Kerr to other modes are also
zero in the absence of asymmetry due to the simultane-
ous extinguishment of all gm>2,0. However, in the presence
of asymmetry, these other nonlinearities reappear and can
cause the self-Kerr- and cross-Kerr-free points to no longer
coincide. Specifically, the nonlinear term

g30 = 1
3!

[

∂3U
∂θ3

c
θ3

ZPF

]∣

∣

∣

∣

θc=θmin
c , φd=π/2

≈ −ELβ
 cos(φ
 − β
)θ3
ZPF (D8)

will enter into the induced cross-Kerr as χres,LINC =
24p2

res[g40 + 6g2
30ωL/(ω

2
res − 4ω2

L)], but enter into the self-
Kerr as K = 12(g4 − 5g2

30/ωL) [68]. In effect, these two
quantities now rely on an interplay between g30 and g40,
meaning that they can no longer be eliminated simultane-
ously [22].

Now that we have studied the implications of asym-
metry on the static behavior of the LINC, we move to
examining the driven behavior. To do this, we can look
at the driven Hamiltonian at the operating point in the
presence of asymmetries:

U/EL = 1
2
(θ̂c − 2φ
/3)2

+ β� sin(φac)[cos(φ
/3) cos(θ̂c) − sin(φ
/3) sin(θ̂c)]

+ β
 cos(φac)[cos(φ
/3) sin(θ̂c) + sin(φ
/3) cos(θ̂c)].
(D9)

Utilizing Eqs. (A3) and (A4) but evaluating at θc = θmin
c ,

we can compute the strength of terms of interest, including
those typically forbidden by the LINC’s parity protection.
In general, one may also have an asymmetry in the applied
drive, but this asymmetry can be nearly entirely nulled
through careful microwave design [21], so we focus only
on junction and dc flux asymmetries here.

We first examine the strength of our desired three-wave
mixing process, g21(ĉ + ĉ†)2φac, to see how the beam-
splitting strength degrades. We find that the strength of our
desired process suffers only quadratically with asymmetry,

g21 = 1
2

[

∂3U
∂φd∂θ2

c
θ2

ZPF + ∂2U
∂θ2

c

∂θ2
ZPF

∂φd

]∣

∣

∣

∣

θc=θmin
c , φd=π/2

≈ −ELβ�θ2
ZPF

4
cos(φ
 − β
). (D10)
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To show the fractional change in beam-splitting strength,
we plot the relative change in g21 as a function of asym-
metry in Fig. 8(a) and find only a moderate reduction for
reasonable asymmetries.

Next, we examine the leading-order undesired process,
the linear drive g11(ĉ + ĉ†)φac. The emergence of this
linear coupling term scales as

g11 = θZPF
∂2U

∂φd∂θc

∣

∣

∣

∣

θc=θmin
c , φd=π/2

≈ −ELβ�θZPF sin(φ
 − β
) (D11)

for small asymmetries. As a benchmark to compare
against, we can consider the alternative case of charge
driving an LINC that would result in a linear coupling of
gcharge

11 ≈ ELθZPF. From Fig. 8(b), we see that the linear
drive strength from the flux drive is still only a fraction
of the linear drive from a charge displacement even for
moderate asymmetry.

From the simulations in Figs. 8(a) and 8(b), we find
that both g21 and g11 have a rather strong dependence
on φ
. This can be well understood through the rela-
tionship between the LINC and the ATS. In the absence
of junction and dc flux asymmetries, the circuit operates
as a LINC and generates a pure g21 nonlinearity with
no g11 from the parity protection. In the other extreme,
with φ
 = π/2, we recover the behavior of an ATS and
have precisely the opposite parity protection, meaning
that g21 becomes forbidden while g11 is amplified. So,
as φ
 is changed between the two regimes, we see the
corresponding reduction in g21 and enhancement of g11.

We now turn to specifically checking parity protec-
tion within the three-wave mixing processes, by looking
at the term g12(ĉ + ĉ†)φ2

ac. For context, note that, for an
unprotected mixer like the SNAIL, this driven term would
always only be off by a factor of θZPF from the desired
mixing process (g21). We find that the protected term, in
the presence of asymmetry, becomes

g12 =
[

1
2

∂3U
∂φ2

d∂θc
θZPF + ∂2U

∂φd∂θc

∂θZPF

∂φd

]∣

∣

∣

∣

θc=θmin
c , φd=π/2

≈ −ELθZPF

2

[

β
 + 1
2
β2

� sin(φ
 − β
)

]

, (D12)

which is again linearly sensitive to asymmetry. This linear
dependence on β
 can be seen from the form of Eq. (D9)
as the term explicitly appears in the Hamiltonian. Inter-
estingly, the linear dependence in φ
 originates from a
modulation of θZPF, similar to the LINC’s ac Zeeman
shift. To get a better understanding of how much these
forbidden processes are suppressed as compared to per-
mitted processes of the same order, Fig. 8(c) shows the
ratio of process strengths (g12φ

2
ac versus g21φac) for a cho-

sen drive strength of φac = 0.2π . As seen below, the LINC

ac
ac

(a)

(b)

(c)

FIG. 8. Driven process strength in the presence of asymme-
tries. (a) Fractional strength of the desired g21 process in the
presence of asymmetries. We see that the strength is primarily
dependent upon the asymmetric flux φ
, and is second order with
respect to both asymmetries. (b) Strength of g11, the linear cou-
pling of the LINC mode to a symmetric flux drive, as compared
to the LINC’s linear coupling to a charge drive gcharge

11 ≈ ELθZPF.
(c) Parity protection within the third-order nonlinearity. The
strength of g12φ

2
ac, which would permit subharmonic-driving-like

processes, as compared to the desired g21φac, is shown as a func-
tion of asymmetry for the drive value |φac| = 0.2π . The above
simulations are performed by numerically computing appropri-
ate derivatives of the potential and θZPF as detailed in Eqs. (D10)
to (D12). The behavior of these driven process strengths with
respect to asymmetry has been separately verified by Floquet
and/or time-domain simulations.

still offers substantial suppression for reasonable asymme-
tries. Notably, for a charge-driven mixer, the g21 process
would be a factor of 1/θZPF ≈ 4 times stronger than g12.
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Overall, while asymmetries can spoil the perfect cance-
lation of many undesired quantities, the LINC is still rather
robust. The LINC’s static properties are preserved quite
well in the presence of small asymmetry, with the LINC
Kerr depending only quadratically on asymmetry and
always having a zero crossing at a slightly offset symmet-
ric flux. Additionally, while the strength of some undesired
driven processes are first-order sensitive to asymmetry, a
slightly unbalanced LINC will still suppress these pro-
cesses significantly more than an otherwise unbalanced
mixer like the SNAIL.

APPENDIX E: EFFECTS OF PARASITIC LOOP
INDUCTANCE

We now analyze the effect that a loop parasitic induc-
tance has on the static nonlinearity of the LINC potential
energy. In particular, we assume that each Josephson junc-
tion in the outer SQUID loop has a stray series inductance
[Lloop in Fig. 9(a)], and apply nonlinear current conserva-
tion methods developed in Ref. [69]. We give intuition for
and setup the equations for the analysis below, and then
evaluate the equations numerically for actual comparison.
Note that because the loop inductance always shares cur-
rent with an outer junction, it is difficult to directly give
analytic solutions that are nonparametric. The case of the
series inductance in the coupler arms [LP in Fig. 9(a)] does
not face this issue, and we treat it fully analytically in the
next appendix.

In the absence of the central linear inductance of the
LINC, e.g., in the simple dc-SQUID case, a small loop
inductance would already bring the circuit’s potential
energy to a multistable configuration [70,71]. Thankfully,
the linear shunt protects the LINC from becoming multi-
stable in realistic geometries, as long as the ratio of loop
inductance to shunt inductance is small. To compute the
potential energy expansion coefficients in the presence of
these inductors, we start from a generic expression for the
potential energy of a two-loop superconducting dipole with
a symmetric external flux φd:

U(θ , φ) = UL

(

θc − φd

2

)

+ UC(θc) + UR

(

θc + φ

2

)

.

(E1)

Here UL,R are the potential energies of the left and right
branches, respectively, while UC is the potential energy
of the center branch, which is nominally just the shunting
inductor’s energy. The mth-order derivative of the LINC
with respect to θc is then

∂mU
∂θm

c
= ∂mUL

∂θm
c

+ ∂mUC

∂θm
c

+ ∂mUR

∂θm
c

. (E2)

Assuming perfect symmetry, these derivatives are evalu-
ated at θc,min = 0. We can rewrite these expansion coeffi-
cients as

Um0(φ) = lm

(

φ

2

)

+ cm(0) + rm

(

− φ

2

)

, (E3)

where lm, cm, and rm are the mth-order derivatives of the
potential energy functions of the left, shunting, and right
LINC branches, respectively, evaluated at ±φ/2. Finally,
for driven behavior, we can also compute the nth-order
derivative with respect to the external flux, giving the
general expansion coefficient

Umn(φ)d

=

⎧

⎪
⎪
⎨

⎪
⎪
⎩

lm

(

φ

2

)

+ cm(0) + rm

(

−φ

2

)

, n = 0,

1
2n

[

lm+n

(

φ

2

)

+ (−1)nrm+n

(

−φ

2

)]

, n > 0.

(E4)

For a symmetric LINC with identical junctions and loop
inductances, the potential energies UL and UR have the
same functional expression, expressed parametrically as

UL,R = Eloop

2
(βl sin ϕJL,R)2 − EJ cos ϕJL,R ,

φL,R = ϕJL,R + βl sin ϕJL,R ,
(E5)

where Eloop is the energy of the stray loop inductance, βl is
the ratio between the stray loop inductance and the Joseph-
son inductance (Lloop/LJ ), and ϕJ is the phase across the
Josephson junction. The effect of the symmetric flux bias is
captured in the junction phases, forcing ϕJL = −ϕJR = ϕJ .
Higher-order derivatives of UL,R can be expressed in the
same form [69].

Combining these ingredients, the potential energy
expansion coefficients Umn can be related to external flux
via a parametric relation, noting that the external flux φd
can be expressed as

φd = 2(ϕJ + βJ sin ϕJ ). (E6)

It is then possible to graphically evaluate the exact expres-
sions of the LINC Hamiltonian expansion coefficients.
We perform this numerically to evaluate effects on the
static LINC in Figs. 9(b) and 9(c). We expect the loop
inductance of the LINC to be geometrically limited to
about 1 pH/µm, which, for a 100-µm loop side, implies
that Lloop = 0.2 nH ⇒ βl ∼ 0.02 (with LS ∼ 3 nH, LJ ∼
10 nH). We observe that the static frequency of the LINC
as a function of flux is barely affected in this range of loop
inductance. This also implies that the parametric mixing
strength g3wm ∼ 0.5 dωL/dφd remains similar. The static
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FIG. 9. Effects of parasitic inductance. (a) Circuit diagram for the LINC with parasitic loop inductance (Lloop) and series inductance
(LP). We analyze their effects by quantifying their fractional branch participations βl = Lloop/LJ and βp = LP/LS . (b) Kerr at the
operating point φdc = π/2 as a function of inductance fractions βl and βp . The series inductance has a minimal effect, but a large loop
inductance can introduce significant Kerr. (c) Frequency and Kerr as a function of the operating point φdc, in the presence of parasitic
inductances. A series inductor changes the participation of the loop and therefore the frequency tuning range, but does not change the
Kerr-free point. A loop inductance has minimal changes to the frequency, but can change the LINC’s Kerr. For reasonable loop sizes
(≤100 µm, βp ∼ 0.01), the Kerr can be nulled by only a small shift in the operating point.

Kerr of the LINC is more significantly affected, with αL =
1–10 MHz at φdc = π/2, but the Kerr still has a zero cross-
ing very close to half flux, and can therefore always be
nulled out for sensitive operations.

APPENDIX F: EFFECT OF A SERIES PARASITIC
INDUCTANCE

We now consider the effect of a parasitic inductance in
series with the LINC loop, which may arise from the geo-
metric inductance of the metallic arms of the coupler that
form the electric dipole necessary for self-capacitance and
coupling. As in Appendix A, we label the phase across the
LINC as θc (with the flux threading it as φd), with poten-
tial energy ULINC. We then consider the phase across the
whole effective dipole (LINC + parasitic inductor) as θ ,
with corresponding potential energy Utot. Each nonlinear
process activated by the coupler is then described through
derivatives of this total potential energy, and can be ana-
lytically derived. We will see that, for a symmetric LINC,
this parasitic inductance will primarily deform the poten-
tial and dilute the nonlinearity, but not shift the potential
minima, thus preserving the LINC’s linearity at φdc = π/2.
We outline our derivation in a pedagogical manner below,
with the actual analytic results for the LINC Hamiltonian
detailed in Appendix F 3.

Since much of the LINC’s advantageous properties,
including its static linearity, come from its symmetry-
enforced selection rules, we want to quantify how well its

parity protection is preserved in the presence of a parasitic
series inductance, i.e., whether

∂m+n ULINC(θc, φd)

∂θm
c ∂φn

d
= 0 =⇒ ∂m+n Utot(θ , φd)

∂θm ∂φn ≈ 0.

(F1)

To evaluate the correspondence in Eq. (F1), we appeal to
the current conservation condition i = iLINC to relate first-
order partial derivatives of Utot and ULINC, following a
methodology similar to that in Refs. [29,32,69]. As i =
(2π/�0)(∂Utot/∂θ) and iLINC = (2π/�0)(∂ULINC/∂θc),
the following relation always holds:

∂Utot

∂θ
(θ , φd) = ∂ULINC

∂θc
[θc(θ , φd), φd]. (F2)

Higher-order partial derivatives can then be computed
from this identity, making it possible to relate partial
derivatives of Utot as linear combinations of partial deriva-
tives of ULINC, weighted by partial derivatives of θc(θ , φd).
This requires a change of variables from (θc, φd) to the
effective dipole variables (θ , φd), which we outline below.

1. Representing the total potential energy and phase

In this section, we analyze the change of variables from
the LINC variables (θc, φd) to the effective dipole variables
(θ , φd) and study its invertibility. We define the bivariate
function implementing the change of variables as F, such

040326-19



ANIKET MAITI et al. PRX QUANTUM 6, 040326 (2025)

that (θ , φd) = F(θc, φd). Let us define the superconducting
phase drop across the parasitic inductor to be θp , satisfying
θ = θc + θp , and its current to be ip . Our derivation will
primarily use the current conservation relation iLINC = ip .

From the individual potential energies of the LINC and
the parasitic inductor, we know the LINC current to be

iLINC(θc, φd) = �0

2πL
θc + 2IJ cos φd sin θc, (F3)

and the current through the parasitic inductor to be

ip = �0

2πLp
θp . (F4)

Applying current conservation and phase addition to
Eqs. (F3) and (F4), the effective dipole phase reads

θ = (1 + βp)θc + 2βJ cos φd sin θc, (F5)

where we have defined βp = Lp/L and βJ = 2πLpIJ /

�0 = Lp/LJ . Equation (F5) thus defines the change of
variable function F. To compute our desired derivatives,
we actually require the partial derivatives of the inverse of
this function instead, implementing the change of variable
(θc, φd) = F−1(θ , φd).

We now compute the conditions under which F is invert-
ible. A necessary and sufficient condition is that the deter-
minant of J = ∇F (the Jacobian matrix) does not change
sign for any value of the independent variables. By com-
puting partial derivatives of F and combining them into the
determinant, we obtain

det(J)(θc, φd) = 1 + βp + 2βJ cos φd cos θc. (F6)

As det J(0, 0) > 0, and by noting that it is minimized when
cos φd cos θc = −1, the condition for invertibility of F is

1 + βp − 2βJ > 0, (F7)

which is automatically satisfied if the LINC potential
ULINC is single valued, i.e.,

2EJ < EL =⇒ 2βJ < βp =⇒ det(∇F) �= 0.
(F8)

2. Computing derivatives of the total potential

We can now proceed to compute the partial derivatives
of F−1 by first composing it with F to form the identity

θ = θ [θc(θ , φd), φd(θ , φd)]. (F9)

Defining the generalized participation of the LINC as

pmn = ∂m+nθc

∂θm∂φn
d

, (F10)

and computing first-order partial derivatives with respect
to θ and φd on both sides of Eq. (F9), we obtain the set of

equations

1 = ∂θ

∂θc
p10, 0 = ∂θ

∂θc
p01 + ∂θ

∂φd
. (F11)

Note that the implicit dependence of θ on φd via θc is
included in the p01 term. As a consequence, the partial
derivative of θ with respect to φd has to only account
for the explicit dependence on φd (consistently with the
definition of the partial derivative).

We will find it useful to define the dimensionless
Josephson part of the LINC potential, and its partial
derivatives, as

u(θc, φd) = UL + UR

EJ
= −2 cos φd cos θc,

umn = ∂m+nu
∂θm

c φn
d

.
(F12)

The first-order participation ratios of the LINC are then
obtained from Eq. (F11) as

p10 = 1
1 + βp + βJ u20

,

p01 = − βJ u11

1 + βp + βJ u20
= −βJ p10u11.

(F13)

Additionally, the algebraic rules

∂pmn

∂θ
= pm+1 n, (F14a)

∂pmn

∂φd
= pm n+1, (F14b)

∂umn

∂θ
= p10um+1 n, (F14c)

∂umn

∂φd
= p01um+1 n + um n+1 (F14d)

hold for Eq. (F2), which ease the computation of higher-
order coefficients. One can now apply these rules to com-
pute arbitrary partial derivatives of the effective dipole
potential energy function, noting that the right-hand side
term of Eq. (F2) can be written as

∂ULINC

∂θc
= ELθc + 2EJ cos φd sin θc

= ELp00 + EJ u10. (F15)

Defining the partial derivatives of Utot as

Umn := ∂m+nUtot

∂θmφn
d

, (F16)
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from Eq. (F2) we have

Um+1n = ∂m+n

∂θmφn
d
(ELp00 + EJ u10). (F17)

Importantly, Umn can be expressed as a function of p10
and {uij }i=1,...,m

j =1,...,n
only. For instance, U20 can be computed by

applying the algebraic rules to Eq. (F15), obtaining

U20 = ELp10 + EJ p10u20, (F18)

and deriving U20 with respect to θ we obtain

U30 = ELp20 + EJ (p2
10u30 + p20u20). (F19)

The expression for the second-order participation ratio p20
can also be obtained by applying the algebraic rules to the
first line of Eq. (F13), resulting in

p20 = −βJ p3
10u30. (F20)

Using this, we then obtain

U30 = [EJ p2
10 − βJ p3

10(EL + EJ u20)]u30, (F21)

which can be further simplified to

U30 = EJ p3
10u30 (F22)

by performing the substitution

βJ (EL + EJ u20) = EJ

(

1
p10

− 1
)

, (F23)

which can be demonstrated from the definitions of βJ , βL,
and p10. Importantly, for the LINC, u30 = 0, which implies
that g30 ∝ U30 = 0. For higher-order nonlinearities, per-
forming an additional derivative with respect to θ will
generate a p20 term, which can again be substituted with
the previously obtained expression. It is thus clear that
Um0 can be expressed as a multinomial function of p10 and
{u20, u30, . . . , um0}.

We can also take the same approach to compute the
arbitrary derivative Umn starting from U11, which reads

U11 = ELp01 + EJ p01u20 + EJ u11. (F24)

Here, p01 can be substituted by the expression obtained in
Eq. (F13), giving

U11 = [EJ − βJ p10(EL + EJ u20)]u11. (F25)

This expression can be further simplified by performing
the substitution in Eq. (F23), resulting in

U11 = EJ p10u11. (F26)

A further derivative with respect to φd will generate U12,
which will contain the participation p11. However, p11 can

be obtained by applying the algebraic rules to Eq. (F13):

p11 = −βJ (p20u11 + p2
10u21). (F27)

In combination with the expression for p20 previously
obtained, this gives an expression of U12 that again only
contains p10 and umn terms. Thus, by recursively substitut-
ing the expressions for p01, p11, and p20, any partial deriva-
tive of Utot can be expressed as a multinomial function of
p10 and the set of nonlinear coefficients umn.

Finally, after the desired order of derivative is obtained,
all the quantities have to be evaluated at the generic
flux operating point (θmin, φmin) = (0, φd). Importantly, the
invertibility of F along with Eq. (F5) imply that this expan-
sion point corresponds to (θc = 0, φd). This means that
the potential minimum is unchanged, and one can then
evaluate arbitrary Umn at this minimum.

3. LINC Hamiltonian with parasitic inductance

Given the derivatives of the total potential Utot with
respect to θ̂ and φd, we can find the relevant coupler
Hamiltonian in the presence of linear inductance, which
we derive here. Similar to Eq. (A3), the Hamiltonian we
derive describes the equations of motion corresponding to
the bosonic operator θ̂ = θZPF[φdc](ĉ + ĉ†), which can be
expanded in terms of Umn. Note that the parasitic induc-
tance also affects U2,0 and hence the spread of the wave
function θZPF, whose intrinsic flux dependence affects
every flux-driven process.

First, let us consider the static LINC potential, given by

ULINC =
∑

m

g̃m,0(ĉ + ĉ†)m,

g̃m,0 = Um,0
θm

ZPF
m!

∣

∣

∣

∣

φdc

.

We know that the frequency and impedance of the LINC
shifts due to the parasitic inductance; specifically,

U2,0 = p10(EL + 2EJ cos φdc),

p10 = (1 + βp + 2βJ cos φdc)
−1

=⇒ ωL(βp , φdc) = √
p10 ωL(0, φdc).

Crucially, this change is just a renormalization of the
LINC’s inductive energy by its linear participation in the
parasitic inductor.

Higher-order nonlinearities are also similarly renormal-
ized by the parasitic inductor, which means that they can be
recursively proven to be zero at the operating point, for the
ideal LINC. As an example, the LINC Kerr in the presence
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of this parasitic inductance is given by

αL(βp , φdc) = p3
10 αL(0, φdc). (F28)

Thus, the undriven LINC remains linear at the operating
point of φdc = π/2, and we compute its static behavior in
Figs. 9(b) and 9(c). The driven LINC terms are also simi-
larly renormalized, for e.g., the three-wave mixing strength
changes to

g3wm(βp , φdc) = p3/2
10 g3wm(0, φdc). (F29)

Overall, the LINC with parasitic series inductance retains
its static linearity at the same operating point, and has ana-
lytically predictable changes in its driven properties, which
make its behavior significantly simpler than charge-driven
mixers like the transmon or the SNAIL.
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