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Abstract. Quantum tunnelling in two-well, triple-well and multi-well potentials is studied
analytically with the aid of exact propagators K (z,y;t) corresponding to rational extensions
H? = Hose + AV? of the Harmonic oscillator.

Introduction

One of the main reason to develop new sophisticated analytical models is to use them as tests
for the various approximations or as the starting point for perturbation methods. Due to the
tunnelling, quantum evolution in the multi-well potentials becomes very complicated. Moreover,
it is difficult to use perturbation theory or WKB approach. For instance, calculating path
integral for a symmetric two-well potential one has to take into account instanton contributions
[1].

The aim of this paper is to present the well-known rationally extended Harmonic oscillators
as suitable analytical models for the description of quantum evolution in multi-well potentials.
In this respect we follow the idea of works [2, 3], where wave packet dynamics and tunnelling
for the oscillator’s polynomial SUSY partners were studied with the aid of SUSY QM relations
between propagators. We will show that propagators of monodromy free rational extensions of
the Harmonic oscillator are expressed in the elementary functions only.

An important property of rational extensions is related with the analytical structure of
wave-functions in the complex plane. There is a fundamental theorem which states that all
monodromy free rational extensions of the Harmonic oscillator are constructed by a finite chain
of level-removing Darboux transformations [4]. Hence, the general form of the corresponding
Hamiltonian reads

2

H = -9 + ‘% — 292 (In Wr[He, (2), 2]) + 2M, (1)

where ¢ is a string of increasing integers which label removed energy levels and

HeU(‘r) = He{nl,nz,.A.,ngM}(x) = {Henl (I)’ Henz (x)v s 7Hen2M (x)} .
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Our suggestion is based on the following analytical structure of the corresponding propagators

o[[-1]]+1 -
Y. Qf(z,y)e™

K"(a:,y;t) - Kosc(xvy; t) iEEl”Jrl (2)

Q7 (z,y)

k=0

where symmetric polynomials Q7 (z,y) = Qf(y,x) can be determined iteratively by a finite
number of steps. These polynomials provide a non-linear connection between Hermite and
exceptional Hermite polynomials.

Despite to the fact that rational extensions of harmonic oscillator are well studied, some
important questions still wait an answers. For instance, it worth to know how the shape of
a potential (the number and the structure of wells and barriers) depends on the parameters
of extension (i.e. on the sequence o of deleted levels). Regarding the shape of potentials
V9, it is known that VI¥F+1} is a k-well potential [5]. This “landscape” problem for the
rational extensions of the Harmonic oscillator is closely related to the pole configurations of the
corresponding potentials, which are defined by zeros of wronskians Wr[He,(z),x]. As it was
shown in [6] these zeros obey the Calogero relations. Some recent advantages in this direction
come from studies of “locus” (the term introduced by Airault, McKean and Moser) [7, 8]. In
particular, for a certain class of sequences o, a simple qualitative relation is observed between
the shape of the corresponding Young diagram and the pattern of zeros of the Wronskian of
the corresponding Hermite polynomials. It is interesting that zeros of exceptional Hermite
polynomials define vortex configurations for quadrupole background flow [8].

The paper is organized as follows. In the first section we present a non-linear connection
formula between eigen-projectors of the Harmonic oscillator and its rational extensions.
Applying this formula to the propagator expansion we obtain analytical expressions for
propagators K?. In the next sections we will analyse two-well and triple-well potentials as
well the corresponding propagators. In a conclusion possible applications are discussed.

1. Rationally extended propagators
1.1. Non-linear connection coefficients
Consider Harmonic oscillator and its (monodromy free) rational extension

Hoctn(®) = (n4 3 J i), 10050 = (04 ) v200). ®)

First of all, two Hamiltonians are almost isospectral, that is specH? C specHys and
specHogc \ specH? = 0.

It is well known that bound state wave functions for the rationally extended Harmonic
oscillator

wile) = g et — G (@

are related with the oscillator bound state wave functions

2

V@) = pille(@e s . po = (nlvET) ®)

by a Darboux transformation. Here and in what follows, together with standard (probabilistic)
Hermite polynomials He,, (z) and exceptional Hermite polynomials

Hea(l') = Wr[HeUU{n} (:L‘)a :E] ) (6)

n
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we will use their normalized versions hy(z) and h,o(x)

hn(z) = pnHen(z), (7)
ha(z) = NoWrlhoupny (2), ] (8)

where a normalization factor reads

2M . 3
N, (jg(n—a[[ﬂ])) ndo, )

0, neao.
Finally, the compact notations for the following Wronskians are in order
W(x) = Wr[He, (z), 2] , w(zx) = Wrlhy(x), 2] . (10)

Recently we discovered an alternative possibility to express exceptional Hermite polynomials
from standard ones using

Non-linear connection Lemma [9]. Given a Krein-Adler sequence o = {k1,k1+1...,ky, kyr+
1}, the corresponding family of (formally normalized) exceptional Hermite polynomials h¢(z)
obeys the following relation

ol[-1]]+1
han—k (@) ek () QF (2, y) = 7 ()7, (y) (11)
k=0

where symmetric connection polynomials Q7 are given by

k
7 (@)hg (y) = > QF_(x, y)hy(x)hi(y) | ,
j=1
0<k<o[[-1]]+1, (12)

and sum of connection polynomials is equal to product of Wronskians w(z)w(y) defined above
in (10)
o[[-1]]+1
> Qay) = wx)w(y). (13)
k=0
The proof of this lemma was given in [9].
It is also convenient to rewrite these relations in terms of the corresponding wave functions.
Introducing projectors

Hn(xv y) = ¢n(x)wn(y) ) H%(.ﬁlf, y) = ¢g($)¢g(y) ) (14)
we write (11) as follows

ol[-1]]+1
Hmfk (iL', y)Qg (I’, y)

k=0 —TI° (2
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There are also several equivalent representations of non-linear connection lemma in a form
of some matrix equations. For instance, o[[—1]] + 2 dimensional vector Q7 can be defined as a
solution of the following matrix equation

M, 0 0 0 g I

I I, 0 .0 g 19

I1 Im, 1Ip 0 0 9 = w(z)w(y) 113 ; (16)
Monrgs Tonr oov oo Tho ) | Q5prs 19y,

defined by a Toeplitz matrix II; and a vector II° with 2M vanishing components. That is, the

vector @” yields . L
Q° = w(:c)w(y)ﬂ{lﬂg.

From another hand, we have the following (semi-infinite) matrix equation

o 0 0 0 0 o s
Q@ 0 0 0 I .
G o @ 0 0 Hz W
IR S OU = w(z)w(y) , (17)
Qoo+ Qopey i
Qo-1+1 Cop-1)

1.2. Rational ansatz for the propagators
Combining non-linear connection (15) between projectors and expansion of propagators

Kooz, yit) = A2 Y N'(z,y),  A=e ™, (18)
n=0
K7(z,y5t) = A2 > NG (,y), (19)
neN\o
one can obtain closed expression for the propagator K¢
o[[-1]]4+1 .
kZO Qi (z,y)e™
Q7 (z,y)
k=0

in terms of elementary functions.

2. Exact propagators for two-well rational extensions of the Harmonic oscillator
The simplest two-well rational extension of the Harmonic oscillator reads (see also Fig. 1)

x? zt—9

This is a so-called ”shallow” two-well potential since it holds only one pair of bound states below
Vi23H0).
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2,3
k Q2 (@)
0 (1422)(1+y2)
4
1 _my(—3+x2y2)
61

9 —3—12229y2 4+ 3y4 432442yt

247
(=3+22y?)
3 = 67rx ‘
4 (z®=1)(y*~1)

T

Table 1. Sequence of connection polynomials Q,?’B} (z,9)

Explicit expressions of connection polynomials Q]£273}(x, y) are given in Table 2. Hamiltonian
H{23} has the quasi-equidistant spectrum, E, = n + %, n € No \ {2,3}. That is the ground and
the first excited states are separated from the equidistant part of the spectrum by a gap energy
AFE, = 3. Using connection polynomials we can construct propagator K {23} (x,y;t) by rational
ansatz (20). It reads explicitly

K23 _ o () (1 _ 8isint [y (a?y? — 3) — 3(2? + y?) cost — 3i(z?y* + 1) sint] )
- osc PR :

3+ 2%)(3 + %)

Propagator K {23} (z,y;t) completely describes wave packet dynamics in the potential (21).

In general a wide class of two-well extensions (see Fig. 1) can be classified by two parameters.
The first parameter is the splitting AE; =2s+ 1, s =0, 1,... of the ground state and the first
excited state (it is always an odd integer). The second parameter is the gap energy AE, = 2g+1,
g = 1,2,... between the first excited state and the second excited state. For instance, when
o =1{2,3} we have AE; =1, s =0, and AE,; = 3, g = 1. Numerical studies suggest that when

s> 2g,

two minima will collapse. An example of collapsing wells when ¢ is fixed and s is increased can
be seen in the first column of Fig. 1.

A two-well rational extension of the Harmonic oscillator which corresponds to s =1, g = 1
gives the following potential

2 2 4 4
(1,245} 0y = 7 14 _ 80(5 + 10x* + 7x*) 12(5 + 2*) ’
Y W=7 (5+5$2+5a:4+x6)2+5+5x2+5x4+x6' (22)

The corresponding connection polynomials which allow to calculate the propagator K{1:2:45}
are listed in the Table 2.

It should be noted that the parametrization of rationally extended Harmonic oscillators by
the splitting energy AFE; and the gap energy AFE, suggests a possible application to an analytical
description of flux’s qubit time evolution. Indeed, in general a Josephson qubit behaves like a
nonlinear resonator formed from the Josephson inductance and its junction capacitance [10].
The system has many energy levels, nevertheless the operating space of the qubit must contain
only the two lowest states. As a result, [11] transition frequencies between the qubit ground
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Figure 1. The rationally extended Harmonic oscillators with the splitting energy AF; = 2s+1
and gap energy AF, = 2g + 1. Energies of first 4 bound states are plotted by dashed horizontal
lines. The spectrum is equidistant starting from the second excited state.

1,2,4,5
k QL (2, y)
0 9(1+22)(14y?)
2
1 _ 9zy(1+2?)(1+y*)
7r2
2 9(1+22) (1+y?) (> +22 +y*a?—1)
o 272
3 92y(—65—-30(z>+y?)+5(z* +y*) +10(ay> +a?y*) +3z*y*)
2072

4 | 95452 +y?) +15(t +y1) +5(x0+y%) — 9502y —35(aty® +a?y") +5(20y> +a?y®) —5aty +5(z0y  +aty®) +a00)

4072

5 9zy(—45—10(z%+y?)+5(z* +y4)+220a:2y2+10(1’4y2 +x2yt)+3zty?)
207

6 9(:04+2:t271)2(y4+2y271)

s

Table 2. Sequence of connection polynomials Q£1’2’4’5} (x,y)

and first excited states should differ from the frequency of transition between the qubit first and
second excited states. The Hamiltonian which describes flux qubit reads

2 Iyd 1 Py \ 2 h
]yfq(p,d):: 217__ Oﬂp C035-+-4‘* (qj'_ 2;35> 3 (bO:: ég . <23)

The corresponding potential can be fitted at low energies by tuning the splitting and the
gap energy of rational extensions of Harmonic oscillator. With the analytical model at hands
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Figure 2. Transition probabilities defined by |K {34} (z, y;t)|2.

which completely describes all energies and evolution of arbitrary initial state one can optimize
efficiency of a flux qubit.

3. Exact propagators for three-well rational extensions of the Harmonic oscillator
The simplest the three-well rational extension of the Harmonic oscillator reads

2 1296(z* — 222 — 1 12(z* — 1
Bl (g) = LA 96 (z x ) N (x 5)
4 (9+922 — 32 +26)2 9+ 922 — 3zt + 26

(24)

Explicit expressions of connection polynomials QI{CP’A} (x,y) are given in Table 3. Hamiltonian
H{34} has the quasi-equidistant spectrum, E, = n + %, n € Ny \ {3,4}. That is there exists
a group of three levels (ground, first and second excited states) separated from the equidistant
part of the spectrum by a gap energy AE, = 3.

Using connection polynomials we can construct propagator K {34} (z,y;t) by rational ansatz
(20). In Fig. 2 we visualize |K {34 (z,y;t)|? at different moments of time to show tunnelling
pattern.

In general a wide class of three-well extensions (see Fig. 3) can be classified by three
parameters. There are two splitting energies AEy = Ef — Ef =2s+1, and AE), = E§ — EY =
2h+1s,h =0,1,..., and the gap energy AE, = Ef —FEJ2g+1, g = 1,2,.... For instance, when
o ={3,4} we have AE; = AE, =1, s ==h =0, and AE; = 3, g = 1. One can see in Fig. 3
that when ¢ is fixed, wells tend to collapse with increasing parameters s and h. Unfortunately
we didn’t find any simple criteria to distinguish degenerate and non-degenerate cases.
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3,4
k Q> (2,y)
0 (3424 (3+y)
24
1 _ ay(9—6y°+3y" +a* (3-2y>+41) 222 (3429 +4))
487

27—27x2 — 4524 +920 —27y% 481222 4922 y2 +-926y% — 4594+ 92294 —21 x4 y* — 326944+ 9y6 49220 — 32440 42640
2 887

3 xy(—27+6x2 43244692 —8x2y> —20%y? +3y* — 222y  +xty?)
48T

4 _ 376:62+z476y2+291:‘;y2+y4+2$2y47x4y4
7r

zy(z2—3)(y%-3)
5 “ 127ry

Table 3. Sequence of connection polynomials Q£3’4} (z,9)

5=0,h=0,g=1 s=0,h=1,g=1

520, h=3, g=1
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Figure 3. The rationally extended Harmonic oscillators with the splitting energies AE = 2s+1,
AEy, = 2h + 1, and gap energy AE; = 29 + 1, (g = 1). Energies of first 5 bound states are

plotted by dashed horizontal lines. The spectrum is equidistant starting from the third excited
state.

4. Conclusions
Using the rational form of the propagators

ol[=1)]+1 L
> Qf(z,y)e™

K (x,y;t) = Kose(, ;1) ﬁgum (25)

Q7 (7, y)

k=0

we present a new example of Feynman path integrals that can be calculated analytically [12].
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Given a sequence o of levels deleted by Darboux transformation, the rationally extended
oscillator potential V7 appears to be a multi-well potential with N,, minima, where

Ny <of[-1]] +1 o] (26)

The number N, of classical vacua (stable equilibrium of V?) is related with the structure of
non-equidistant part of the spectrum. We established that two-level non-equidistant part of
spectrum corresponds to the two well potential when the splitting parameter s, AE; = 2s = 1
is smaller than the doubled gap parameter g, AE, = 2g + 1, that is when s < 2¢g. The resulting
two-well potentials and corresponding propagators can be used to model dynamics of a flux
qubit [13].

Analytical propagators for the two-well and triple-well potentials may be applied also
to studies of oscillations and self-trapping of BEC or to dynamics of a single trapped ion
[14, 15, 16, 17, 18].
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