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Abstract

Given our understanding of renormalizable quantum field theories, in which cou-
pling constants vary under Renormalization Group (RG) flow, it is natural to ask
whether there exist any underlying principles governing such changes. The a-
theorem [1] is conjectured to be one such principle: the existence of a function of
the couplings in a theory, satisfying a gradient-flow equation with positive-definite
metric on the space of couplings, places constraints on RG flow. Furthermore, at
RG fixed points, this “a-function” reduces to the coefficient of the Euler density in
the trace anomaly of the corresponding conformal field theory, suggesting a way
of counting the degrees of freedom in a quantum theory. In [8], the strongest ver-
sion of the a-theorem was shown to hold perturbatively, the associated a-function
was constructed for general scalar-fermion theories, and the resulting constraints
on RG functions were derived. Progress has also been made on formulating an
analogous function in six dimensions, and equivalent statements are expected to

hold for any even number of spacetime dimensions [36].

In this thesis, our principal aim is to investigate the consequences of such
gradient-flow equations, and their associated a-function, in various spacetime di-
mensions. We extend the results of [9] to general gauge theories, and deduce
the implications of a conjectured all-orders expression for the a-function, valid
for supersymmetric gauge theories. We then turn to six dimensions and find, as
in four dimensions, that a modification in the formulation of the a-function is
required due to the presence of a global symmetry. We also reveal some puzzling
implications regarding the presence of one-particle-reducible contributions to RG
functions, and comment on a proposed solution. Finally, we turn to three dimen-
sions, where there is no trace anomaly, and hence no natural candidate quantity
to which the a-function may be related. Nevertheless, we show that one may still
construct a function, satisfying the same gradient-flow equation, for both non-
supersymmetric and supersymmetric theories; we then show how this function

gives new relations between the underlying Feynman integrals.
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Chapter 1
Introduction

To date, our most successful attempt at describing the universe posits that all
physical phenomena are consequences of four fundamental interactions: gravity,
electromagnetism, the weak interaction and the strong interaction. The theo-
retical framework for gravity is General Relativity (GR), in which gravitational
attraction is a consequence of spacetime curvature caused by a distribution of
matter and energy, with the precise relation being described by the Einstein
Field Equations. The theoretical framework for the other three interactions is
Quantum Field Theory (QFT), in which one constructs a Lagrangian density
consisting of derivatives and products of fields, such that the various terms are
invariant under certain transformations, and then substitutes into a Path inte-
gral over the classical fields; the fields then describe quantized particles, and each
transformation is associated with an interaction. While GR may also be for-
mulated in terms of a Lagrangian density, the corresponding Path integral leads
to a non-renormalizable QFT, and so gravitational effects must be treated as a

low-energy effective description.

Historically, the most confusing and objectionable feature introduced into
the QFT framework was renormalization, as the procedure seemed little more
than an ad hoc method of subtracting infinity from a divergent quantity to yield
a finite answer. Such concerns were laid to rest with the introduction of the
Renormalization Group (RG), whereby it was realised that one may relate a
QFT at a particular energy scale A to a self-similar description at another energy
scale A, in such a way that the parameters of the theory at A are functions
of the parameters at A, and depend on the scaling parameter relating the two
descriptions. From this perspective, renormalization is simply the modification

required to ensure that a theory is indeed self-similar under such rescaling.

The most striking physical consequence of the renormalization procedure is
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the scale-dependent behaviour of the parameters in the theory, known (ironically,
in retrospect) as coupling constants. Each interaction in the Lagrangian density
has an associated coupling constant, and these couplings govern the rate at which
particles interact. Since these couplings depend on the renormalization scale, the
rate of particle interaction changes as one performs the same collisions at different
energy scales, leading to different experimental measurements of the couplings.
QFT predicts the value of the coupling at a new energy scale by solving the
Renormalization Group Equation (RGE), in which a particular function /3 encodes
the rate of change of the coupling as one varies the scaling parameter. Crucially,
this S-function does not itself explicitly depend on the scaling parameter, as this

would spoil the self-similarity of the theory.

Given the relations between couplings at different energy scales, it is possible
to interpret QFTs as points on a manifold, with couplings {g;} acting as coordi-
nates; the B-functions of the couplings 37 are then said to induce a flow on the
coupling space, known as RG flow. An RG fixed point is defined as a point on the
manifold where 3/ = 0; at such points, RG flow ceases and one obtains a QFT
with the additional property of scale-invariance.! The coupling-space manifold
can therefore be viewed as a collection of scale-invariant QFTSs, connected via
RG flow and acting as endpoints for the flow of general QFTs. One may then
ask, do there exist restrictions on how RG flow may occur, and what are the

consequences of such restrictions?

Constraints on RG flow were investigated by Zamolodchikov [2], who was able
to show that the RG flow of two-dimensional QFTs is an irreversible process. To
demonstrate this, Zamolodchikov constructed a function C' of the couplings, which
decreases monotonically under RG flow; at RG fixed points, C' is stationary, and
equals the central charge of a corresponding Conformal Field Theory (CFT). Since
contributions to the central charge from any field in a unitary CFT are manifestly
positive, C' can be said to count the massless degrees of freedom in the theory, and
the monotonic behaviour of C' under RG flow establishes the empirically-intuitive
result that lower-energy descriptions of physical processes have fewer degrees of
freedom than do higher-energy descriptions. Furthermore, since RG fixed points
define scale-invariant QFTs (SFTs) and C' always equals the central charge of a
CFT at a fixed point, the existence of C' provides evidence that scale invariance

in fact implies conformal invariance, at least for two-dimensional QFTs.

ntriguingly, all Lorentz-invariant, unitary, scale-invariant QF T's appear to also be invariant
under special conformal transformations, and hence one may speculate as to whether scale
invariance automatically implies conformal invariance. This question shall be addressed in
chapter 2, where we draw attention to the relevance of the a-theorem in excluding RG flows
that end with scale- but not conformally-invariant QFTs.
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Zamolodchikov’s results, which came to be known as the c-theorem, can be

summarised as follows?:

Theorem (c-theorem). For any two-dimensional Quantum Field Theory, there

exists a function C of the couplings such that

e at RG fized points, C is equal to the central charge ¢ of the corresponding
Conformal Field Theory;

e (' is monotonically decreasing under RG flow.

As suggested, this theorem can indeed be used to demonstrate the coarse-graining
of degrees of freedom in lower-energy physical descriptions [3], as well as the
equivalence of scale- and conformal-invariance [4], for two-dimensional QFTs.
One would therefore hope that attempting to reformulate Zamolodchikov’s argu-
ment for four-dimensional QFTs would lead to proofs for analogous statements.
Unfortunately, a crucial step in the argument relies on the positivity of the two-
point function for the trace of the Energy-Momentum tensor and its relation to
the “c-function” C'. To see how this affects attempts to derive a four-dimensional
version of the c-theorem, it is useful to follow a re-derivation of the c-theorem
using QFT in curved spacetime (QFTCS).

Despite the difficulties inherent in attempting to combine gravity with the
Standard Model, or even to simply describe gravity using QFT methods, formu-
lating QFT in a curved spacetime background has proven to be an extremely
useful first step. QFTCS has many highly non-trivial consequences, from the
prediction of black hole radiation [5] to the inability to consider field quanta as
definite, observer-independent particles [6]. The non-trivial Riemann tensor asso-
ciated with a general spacetime also results in new curvature anomalies: a sym-
metry unbroken by quantization may instead be broken by a general curved back-
ground. The most relevant such anomaly for our purposes is the trace anomaly,
where the expectation value of the trace of the energy-momentum tensor for a
CFT acquires terms proportional to various curvature scalars®. It turns out that
the coefficient of the trace anomaly for a two-dimensional CFT is proportional
to the central charge, suggesting that there is a connection between QFTCS and

the c-theorem.

2Zamolodchikov also showed that near RG fixed points, C' is not only monotonically de-
creasing, but in fact obeys a gradient-flow equation with positive-definite metric; in [11], the
gradient-flow behaviour was proven true non-perturbatively along the whole RG flow, and so
the c-theorem is sometimes implicitly extended to include this.

3There is extensive literature on the computation of the trace anomaly for various theories,
which may be found in [64], [65], and references therein.
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When working with QFTCS, the RG can be extended by promoting the RG
scale and the couplings of the theory to spacetime-dependent fields in their own
right; the resulting Local Renormalization Group (LRG) then specifies a rela-
tion between local Weyl rescalings, running couplings, and curvature anomalies,
reducing to the standard RG when one instead considers global Weyl rescaling
and non-spacetime-dependent couplings. The idea of using spacetime-dependent
couplings and RG scale was first introduced by Drummond and Shore [10], after
which the consistency of the LRG (and reinterpretation in terms of Weyl rescal-
ings) was established by Osborn [7, 8], requiring local counterterms proportional
to derivatives of the couplings. It was also shown that since Weyl rescalings form
an Abelian group, the commutator of two Weyl rescalings must vanish, and so
one can derive relations between the various terms in the LRG, known as Weyl
consistency conditions. The counterterms related to derivatives of the couplings
then lead to highly non-trivial consistency conditions, one of which is a gradient-
flow equation relating the derivatives of some function of the couplings to the

B-functions of the theory.*

The symmetric part of the tensor that appears in this gradient-flow equation
acts as a metric on coupling space. In the case of a two-dimensional QFT, one
can then use Ward identities for the two-point function of the trace of the energy-
momentum tensor to express the metric in terms of manifestly positive-definite
quantities; furthermore, one can derive the existence of a function of the couplings,
the total derivative of which is given by contracting the gradient-flow equation
with the [-functions. This function is then equivalent to Zamolodchikov’s c-
function, up to a term related to an arbitrary local contribution to the action
that vanishes at fixed points. The metric is the same as the Zamolodchikov
metric, completing the re-derivation of the c-theorem and establishing a further
interpretation of C' as a monotonic interpolation between the trace anomalies of
CFTs.

The shift in perspective from the central charge to the coefficient in the trace
anomaly is what facilitates the search for higher-dimensional analogues of the
c-theorem. In four dimensions, the trace anomaly contains four curvature terms,
corresponding to the Euler density (a-anomaly), the square of the Ricci scalar
(b-anomaly), the square of the Weyl tensor (c-anomaly), and the d’Alembertian
of the Ricci scalar. The final anomaly can be removed simply by adding a local

counterterm to the Lagrangian density [68], and hence can be dropped from our

4Strictly speaking, the S-function appearing in the gradient-flow equation is a modified
[S-function, containing an additional contribution from global symmetries in the Lagrangian
density; we shall see the importance of such a modification in perturbative calculations at three
loops and beyond.
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considerations. Naively, there are then three potential candidates for a four-
dimensional analogue of the c-theorem, however the Weyl consistency condition
for the b-anomaly leads to a function that vanishes at fixed points, and it can
be directly shown that the c-anomaly does not decrease monotonically under RG
flow [67]. By this reasoning, Cardy conjectured [1] that the remaining a-anomaly
may be the correct quantity for establishing a four-dimensional analogue of the
c-theorem; this is in fact a straightforward generalisation, since the Euler density
in two dimensions is simply a multiple of the Ricci scalar. This conjecture, known

as the a-theorem, has three progressively stronger formulations:

Conjecture (a-theorem). For any four-dimensional Quantum Field Theory, there

exists a function A of the couplings such that

e at RG fixed points, A is equal to the coefficient a of the Euler density in the

trace anomaly of the corresponding Conformal Field Theory.
Furthermore,

o (weak) given two RG fixed points at energy scales pyy > jrr, the function

A satisfies ayy — arg > 0;
e (stronger) A is monotonically decreasing under RG flow;

e (strong) A obeys a gradient-flow equation with positive-definite metric.

The Weyl consistency condition for the a-anomaly is a four-dimensional gener-
alization of the previous two-dimensional gradient-flow equation, and hence to
prove the a-theorem one only need establish the positive-definiteness of the met-
ric. Unfortunately, the Ward identities involving the metric include terms related
to three-point functions for which there is no guarantee of positivity - this is the
crucial difference compared to the two-dimensional version, where we had only
manifestly-positive two-point functions. It is at least possible to salvage a pertur-
bative proof of the strong a-theorem, valid near RG fixed points: since the terms
related to the three-point function are proportional to the S-functions, they must
be sufficiently small near an RG fixed point that the metric is dominated by the

positive two-point terms.

Proof of the strong a-theorem aside, the gradient-flow equation and associated
“a-function” are sufficiently interesting in their own right due to the constraints
they place on RG quantities for general QFTs. In this thesis, our main objective

is to calculate the a-function and investigate the associated constraints, in the
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manner of Jack and Osborn [8,9]. The calculation is facilitated by a further prop-
erty of the gradient-flow equation: the a-function and metric may be expanded
perturbatively, and their values inferred from RG quantities in flat spacetime,
rather than the curved spacetime counterparts. By expressing RG quantities in
a schematic way, we may derive the a-function for a general QFT in a given
number of spacetime dimensions, then relate it to any particular QFT by insert-
ing the required fields and couplings into the general field multiplets and tensor

couplings.

The thesis is structured as follows. After a detailed exposition of the back-
ground material in chapter 2, we start chapter 3 by extending the known four-
dimensional results to include gauge interactions, and compare the constraints
on the general three-loop gauge S-function to the explicit calculation by Gracey,
Jones and Pickering [23]. In chapter 4, we test the equivalent conjecture in higher
even-dimensional spacetime by moving on to six dimensions and calculating the
a-function for a general ¢ theory up to terms involving the three-loop 3-function;
this calculation allows us to verify that the g-function in the gradient-flow equa-
tion must be modified in a way analogous to the four-dimensional case. In chapter
5, despite the lack of trace anomaly and associated Weyl consistency condition in
three dimensions [42], we posit that a gradient-flow equation of the same form will
produce consistency conditions for general three-dimensional QFTs. Throughout
all chapters, the question of scheme-dependence is addressed, and we ensure that
every consistency condition imposed by the gradient-flow equation is a scheme-
independent result. We also find that the calculations in each chapter lead to
unexpected consequences, such as the manifest symmetry of the metric beyond
leading order (chapter 3), the apparent existence of one-particle-reducible (1PR)
contributions to the S-function for general theories (chapter 4), and new rela-
tions between Feynman integrals beyond what one may derive using traditional
reduction techniques such as integration by parts (chapter 5). The thesis will
conclude with a summary of the results in each chapter, a outline of the solution
to the 1PR issue, and a tentative connection to other proposed odd-dimensional
analogues of the a-theorem. For completeness, we include an appendix listing the

equations derived from the gradient-flow equation in each chapter.



Chapter 2
Background

Essentially, every result contained in this thesis is predicated on the existence,
for a general QFT, of a function A(g) of the couplings, satisfying a gradient-flow

equation of the form
OrA = T[J/BJ <~ dA = ngT[J/BJ, (21)

where the upper-case Latin indices I, J run over all marginal couplings in the
theory. The gradient-flow equation lies at the intersection of several QFT topics,
the most prominent being Renormalization, Conformal Field Theory, and Quan-
tum Field Theory in Curved Spacetime. Due to the copious quantity of literature
that has accrued in each of these topics over the last 40-50 years, it would be im-
practical to give a truly comprehensive introduction. Instead, we opt to provide
a streamlined path through each topic in turn, attempting to highlight the neces-
sary features, and culminating in a self-contained derivation of the gradient-flow
equation in two- and four-dimensional spacetime.! We begin with the Path inte-
gral formulation of QFT in four-dimensional spacetime, defining the generating
functional and Green function first for a free scalar theory, then extending the
formulation to introduce fermions and gauge fields. We then show how inter-
actions may be considered using perturbation theory and derive the associated
momentum-space Feynman rules, before moving on to dimensional regulariza-
tion and renormalization. After introducing the RG equation and associated RG
quantities, we discuss the concept of RG flow and fixed points, making connec-
tions to scale invariance, conformal invariance and CFTs. From here, we again

extend the Path integral formulation to curved spacetime and derive the local

IThe extension to higher even-dimensional spacetime is completely analogous, though the
complexity of deriving the Weyl consistency conditions rapidly increases due to the number of
curvature terms present in the action.
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RG equation; finally, after an aside on two-dimensional spacetime, we may derive
the gradient-flow equations that form the basis of our calculations in subsequent

chapters.

2.1 Quantum Field Theory

In this section, we primarily follow the treatment of QFT found in Bailin and
Love [59], with supplementary material on Dimensional Regularization found in

Collins [61].

2.1.1 Prelude: Quantum Mechanics

The Path integral formulation of QFT is defined by analogy with Feynman’s
Path integral formulation of standard Quantum Mechanics (QM), where one be-
gins with time-dependent operators Q(t) and P(t) in the Heisenberg picture,
corresponding to a generalised coordinate and conjugate momentum. These
operators define eigenstates |¢,t) and corresponding eigenvalues ¢ according to
Q(t)]q,t) = qlq,t). For a system with Hamiltonian operator # (P, Q), the prob-
ability amplitude of an initial state |g,¢) transitioning to a final state |¢/,t') is

given (up to a normalization factor) by the functional integral

q t|Q> /Dq/Dpeh dt (pg— H(PQ))

known as the Path integral, where H(p,q) is the classical Hamiltonian corre-
sponding to the operator H. The Path integral is taken over all functions p(t),
and all functions ¢(t) satisfying ¢(t) = ¢, q(t') = ¢/. For a system with Hamil-
tonian of the form ”H(lf’, Q) = ﬁf’z + V(Q), one may formally carry out the

p-integral to obtain

(q',V]q,t) ~ /pq e I dtLiad)

recasting QM in terms of a (classical) Lagrangian L(q, ¢) = %mcf — V(q) rather
than a Hamiltonian. By including a source term? —J(t)Q(t) in the Hamiltonian

operator, the Path integral is modified to

q t|q7 /Dq/Dpeh dt (pg— H(pq)+Jq)

280 called because in classical mechanics, the presence of such a term generates a current
contribution to the equations of motion.
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where H(p,q) is now the Hamiltonian without source. Finally, one defines the

generating functional W[J] according to

W[J] NtLifﬂ q th, /Dq/Dpeh t (pd— H(pq)+Jq)

t'—o0

with the functional integrals again taken over all functions p(t), and all functions
q(t) satisfying tljznooq(t) = q, t/h_)rrgo q(t')y = ¢. Attempting to carry out the p
integration when the Hamiltonian (with source) takes the restricted form above
no longer works, since the integral cannot be transformed into a Gaussian; nev-
ertheless, we may analytically continue the time variable to imaginary values in
order to define a convergent functional in Euclidean space, before carrying out
the integration and reverting back to real time. This analytic continuation is
known as a Wick rotation, and is used to unambiguously define the generating

functional as

W[J] ~ /'qu%fjooodt(L(qvq)'f'JQ)

for a Hamiltonian of the restricted form with a source term. From here, we
may obtain an expression for the ground-state expectation value of a product of

operators in the presence of sources®. By the completeness relation,

q t|q7 H/d% q t|qn> n> <qn>t |qn 17 n— 1> <q17t1|Q7t>7

where we have employed a time-ordering ¢’ > t,, > t,_; > --- > t; > t. Inserting
two operators Q(ta), Q(tb) with t, > t,, we find

(q Q1) Q(ta) g, t) H/dq] @00 (G ' 1qn, tn) (@n, tnl@n-1,tn1) - - {1, talg, t) -

Since the eigenvalues q,, ¢, are just commuting numbers, the expression for t, > t,
is the same. Taking the limit n — oo, we define the Path integral representation

for the Time-ordered product of two operators as

<q t' |T{Q(tb) }Iq, /Dq/qu qbeh dt(pq H(pq))

3 Justified by a touch of foresight - the vacuum expectation value of Time-ordered operators
in a QFT is of paramount importance.
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where the Time-ordering operation is defined by

T} = { SO 1=t
Qt)Q(ty) ta >t

~

The Time-ordered expectation value of any number of operators Q(t) is then

given by the obvious generalisation

(d ¢ |IT{] [ Qte)}a ) ~ / Dq / Dp (H qk> h St dt (pi—H(p.a)
k=1 k=1

This expression can then be connected to the generating functional W[J] via

functional differentiation. Given a functional of the form
FJ(t)] = el 907®

the functional derivative is

SFJ(1)]

Sl = 90O = gt)FLI)]

Applying this to the generating functional, we find that

"W J(t)] / / & (i
~ | D D en Ji dt(pd H(p,q)JrJq)’
STl 0[] L IH @

and so setting the source term to zero gives an expression for Time-ordered ex-

pectation values in terms of the generating functional,

OIT{] [ Q(t)}0) = J:W?yﬁ ]
k=1 " '

J()=0

where |0) denotes the asymptotic ground state. For a Hamiltonian of the special
form above, the p integral can again be evaluated, yielding analogous formulae

with the replacement (pg — H(p, q)) — L(q, q).

2.1.2 Extending to Quantum Field Theory

The intent of QFT is to describe special-relativistic particles and their interac-
tions using the language of field theory, in which a function f, known as a field,
assigns a certain quantity to every spacetime event. Different types of field are

typically indicated by various letters and indices, such as scalar fields ¢, vector
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fields A, tensor fields F,

w, and spinor fields 1),. Classically, such relativistic

field theories are most conveniently described by a manifestly Lorentz-invariant
Lagrangian density . = .Z(f,0,.f), defined such that L = [ d®°x.%, motivating
the Lagrangian description provided by the Path integral. One may of course
define conjugate momenta as the derivative of .Z with respect to generalised field

velocity, 7y = then define a Hamiltonian density 7 for the classical theory

(f9 f)
as the Legendre transform of the Lagrangian density,

% = Wf(@of) -

Not only will the Hamiltonian density facilitate the definition of Path integrals
in QFT, it allows one to address fundamental questions of consistency, such as

whether the energy spectrum of the theory is bounded below.

Having established the Path integral formulation of QM, QFT is obtained
by generalising the QM expressions to the case of fields. The generalised co-
ordinate operators Q(t) in QM are replaced by operator-valued distributions
f(x,t) = f(z) obeying certain commutation relations. After quantization (that
is, specifying commutation relations for the fields and substituting into the Path
integral), the excitations of these quantized fields will then correspond to various
types of particle. The field operators in QFT are again taken to be in the Heisen-
berg picture, and so we again define eigenstates according to f(x,)|f(x),t) =
f(x)|f(x),t). Unfortunately, defining the Path integral contribution for each
type of field is sufficiently subtle that we must consider them separately; never-
theless, the goal is to define a generating functional for each field, such that the

total generating functional takes the form

Once obtained, we may specialise to the case of a free field theory and obtain
the vacuum expectation value of a Time-ordered product of fields by functional
differentiation of the generating functional, where the generating functional is
understood as being defined via Wick rotation from the corresponding Euclidean
theory. In a free theory, the only Time-ordered product with a non-zero vacuum
expectation value is the product of two fields. This ”two-point function” may
then be identified as a Green function: a fundamental solution to the differential
equation

2.9 (x,2') +6(x — ') =0, (2.3)

where the linear differential operator & taken at spacetime point z* is the differ-
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ential operator appearing in the corresponding classical equation of motion. By
extension, the vacuum expectation value of a Time-ordered product of n fields is
referred to as an n-point Green function. Later, we shall refine the construction
of the generating functional to isolate the so-called connected and one-particle-
irreducible (1PI) Green functions, which play a crucial role in the renormalization
of the theory.

Scalar fields

Scalar fields offer the most straightforward generalisation of the QM Path inte-
gral, since the field operators obey simple canonical commutation relations and
the eigenvalues are commuting numbers (c-numbers). By direct analogy, we de-
fine the generating functional in the presence of a source, up to a normalisation

constant, as

WU~ Jim (6.#10,1), ~ [ Do [ Dreil astwvo-srrse)
t'—o0

where the functional integrals are taken over all functions m(x,t) and all func-

tions ¢(x,t) obeying tEI_nOO o(x,1) = (%), t/lggo o(x',t') = ¢(x’). The generating

functional is normalised so that W[0] = 1, and we define the asymptotic ground

state as |0) = tLizrloo |, )%, Since the classical Lagrangian density for a scalar field

is ) )

Bratar = 50,000 + F(0) = - (000)" + F(6,6),

the corresponding Hamiltonian density takes the form
I L
scalar — 2—5277- - F(gba v¢)7

and so we may perform the 7 integral to obtain the desired form for the QFT

generating functional,
WI[J] ~ / D en | e ZscatartJ0), (2.4)

again normalised so that W[0] = 1. As with the QM Path integral, ambiguities
in the oscillatory functional integral in Minkowski spacetime are resolved by ana-
lytic continuation to the exponentially dampened functional integral in Euclidean

spacetime.

4The state |0) is also called the vacuum state, and is the unique Lorentz-invariant state of
a QFT such that it is annihilated by all field annihilation operators.
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Continuing the analogy with standard QM, the Time-ordered vacuum expec-

tation value of n scalar fields (n-point Green functions) are given by

5L |
(z1) -+ -0 (@) J(x)zO’

(3) O e = 5 25)

these n-point functions can be evaluated exactly for a free scalar theory with

Lagrangian density
D?Scalar = ugbaugb ¢

For the free theory, we may use integratlon by parts to rewrite (2.4) in the form
J] ~ /D(b eifd‘lx/fd4x<—%(ﬁ(x’)A(x/’x)(ﬁ(x))-f—% fd4xJ(x)¢(l‘)’
where we have introduced the bilinear differential operator
/ 1 2, uv ar’ ar 2 /
Az’ x) = - (h N oy, 9y +m >5(az — ).

One may now ”complete the square” (in analogy with the discrete case) and
introduce a field redefinition ¢ — ¢ — A~1.J to obtain

W[ ] -~ det(lA) eﬁ—g%fd4ar’fd4J:J(a:’)A’1(J:’,a:)J(x)
_ e%%fd‘l 2 [dizJ(x )A_l(m/,m)J(:v)7

where the equality in the last line follows from absorbing the determinant into

the overall normalization. By using an integral representation of the d-function,

we may also rewrite A as

A2 x) = 1(7”‘L277“”8m'8m+mz> / r enpu(@ )"
’ h pov (27h)*
4 . 2 2
:/ AP ip ooy Pt M
(27h)* oo

and so the inverse operator A~! is given by

4 .
) = [ e
(2mh)4 —p? + m?

The final form of the generating functional for a free scalar theory is then

W[J] = e*%%fd4$'fd4$J($')AF(fE'*r)J($)’ (2.6)
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where the Feynman propagator Ap = =tA™! is given by®
Mele! = 0) = [ el A By ), Ar) = (2)

Spinor fields

Spinor fields are multiple-component complex-valued fields that describe fermions,
first introduced by Dirac in his attempts at generalising the Schrodinger equa-
tion to include special relativistic effects. Unlike scalar fields, spinor fields obey
anticommutation relations, and consequently our reformulation in terms of a Path
integral must be modified to account for anticommuting (Grassmann) complex-
valued variables #;. To define the Path integral for spinors, we do so first for real
Grassmann variables, generalise to Grassmann fields, then extend to the complex

case.

Any collection of n Grassmann variables satisfies
{92,9]}:0 VZ,jzl,,’l’I,
Integration over Grassmann variables is defined (without summation over i) by

one consequence of which is that integration and differentiation are effectively the

Berezin integration,

same operation, and so one must integrate with respect to every variable in order
to yield a non-zero quantity. Since the Path integral is fundamentally based on

Gaussian integrals, we need to evaluate
I, = /d01 ... df, e 29748

where © is a column vector with entries (6y,...,6,), and A is (necessarily) an

antisymmetric n X n matrix with n even®. By Taylor-expanding the exponential,

5The Feynman propagator in Minkowski spacetime is conventionally defined as including
a small imaginary contribution +ie in the denominator in order to circumvent the poles at
p? = m?; this term is implicit throughout.

6Consider the expression @7 AO, where A is an arbitrary matrix. Decomposing A into its
respective symmetric and antisymmetric parts A, and A,, we have 07 A0 = 0T 4,04+ 07 A4,0;
expanding ©7 4,0 gives a sum of terms of the form 6? and 6,0; + 0;0;, which vanish by the
anticommutation relations. If n is odd, detA vanishes and I,, = 0.
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we see that all contributions vanish except

1

Since the Berezin integral vanishes when n is odd, this identity holds for any n,

NI

I, = / dé. .. .db, (—%@TA@> " (detA)

and can therefore be used to define a Path integral over spinor fields p(x) as a

Grassmann-valued Gaussian integral, by analogy with the procedure for scalar
fields:
/ Dp et I8 [ de G AG D0l (qep A)} |

The extension to complex Grassmann variables is straightforward: defining new
variables

0, = éj +ib,, 0 = éj — by, 0ir €R,

we introduce integration over independent complex Grassmann variables, with

real and imaginary parts R(6;) and (6;) respectively, as

/dﬁ;‘dﬁi = Q/d%(ﬁi)dg(ﬁi),
and the Gaussian integral with complex vectors © becomes

/ dordo; . .. / d6:de, e 49 = detA,

for a skew-Hermitian matrix A, with the corresponding complex functional inte-

gral

Therefore, we define the generating functional over spinors v, ¥ in Minkowski
spacetime, with Grassmann-valued source terms &, o respectively, by direct anal-

ogy with the scalar case,
W[o-’ 6-] ~U /prrll) 6% fd4m($fermzon+1z}0+6w)’ (28)

again normalised such that W[0,0] = 1. Due to the presence of Grassmann fields,
the definition of the Time-ordered vacuum expectation value is slightly different.

Similar to the scalar case, the Time-ordering operation for spinors is defined as

~

Ty = { L0 te >t 29)
—@b(xb)?/’(%) ty > t,,
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where the extra minus sign accounts for anticommutation. The Time-ordered

vacuum expectation value is then

§?"W o, 7]
00 (x1) 00 (2)00(y1) - -+ 60 (yn)

OT{ (1) - D) (yr) - - D(ya) }]0) =

As with ordinary Grassmann differentiation, the functional derivatives also anti-

commute.

In the case of a free theory with

Zfermion = J}a (’571755,8“ - mdab) ,lvz)b = Q7Z}1114(117?7Z}ba

we may proceed by introducing a linear term into the complex Grassmann integral

and completing the square to obtain

W[CT’ 6'] = 67% fd4xlfd41'(6(1',)1471(1",33)g(x))

where in the fermion case we have
Az z) = — (i4"0% +m) 0(a' — ).
Making use of the integral representation of §, we obtain the generating functional
W[CT, 6_] _ 6_% fd4a:/fd4az(6(x’)5’p(a:/—x)0(x))’ (210)

where the Feynman propagator for fermions is

/ d4 o (o —z)H & ~
Srla — 1) :/ (27r§)4“”“( " Sr(p), Sr(p)

Gauge fields

Classical electromagnetism, summarised by Maxwell’s equations, exhibits Lorentz
invariance rather than Galilean invariance, and is hence automatically consis-
tent with special relativity. By defining the electromagnetic four-potential A, =
(¢, A) and electromagnetic field strength tensor F),, = 9,4, — 0,A,, one may
describe Maxwell’s (source-free) equations of electromagnetism in a manifestly

Lorentz-invariant way using the Lagrangian density

1
gMaxwell = _ZFMVFMV-
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Since only the derivative of the vector field A, appears, the theory is invariant
under redefinitions A, — A, + d,A, for any arbitrary function A = A(xz); the
vector field is then referred to as a gauge field, and the Lagrangian density is said
to be invariant under the gauge transformation A, — A, + 9, A. Since electrons
act as sources of electromagnetic fields, we can attempt to augment the Maxwell

Lagrangian density with fermions:

1
Dg/’ieource = w(l’y’@u - m)w - ZF/J,VF“V'

For constant A, the spinor field terms are also invariant under a gauge trans-
formation 1 — e, and since =" represents an element of the symmetry
group U(1), Liource is said to be invariant under global U(1) gauge transforma-
tions. Unlike “Lhsazweit, Lsource 18 not invariant for functions A(x), but can be
made so by introducing the gauge-covariant derivative D,, = 0, + igA,, yielding

the QED Lagrangian density

. 1 v
ZLoep = YDy, —m)yY — ZFWFM

W 1 v /,
= 1/1(@7“8u — m)w - ZprFﬂ - gwfyﬂ’l/}AH

Zorp is said to be invariant under local U(1) gauge transformations, and we see
that the Lagrangian density necessarily includes a contribution to the potential,
indicating an interaction between the spinor ) and the gauge field A. It is the suc-
cess of QED that established the philosophical principle of attempting to describe
fundamental interactions using a Lagrangian density that is invariant under local
gauge transformations, as the concept of local gauge invariance (plus renormal-
izability) fixes the possible interaction terms. Extending gauge transformations
to the more general case v — e~97"A"q), Al — AL+ 0N + gfabcAbAZ, where
the generators T satisfy the commutation relations [T“, Tb] = i feT¢ and fabe
is a totally antisymmetric tensor, the generators T'* then form a representation
of the Lie algebra corresponding to a non-Abelian symmetry group, and we may

construct a Lagrangian density that is invariant under local non-Abelian gauge

transformations,
Lna= (YD EG“ Gh
NA — ¢(W M_m),lvz)_él wa
with gauge-covariant derivative D, = 0, + igT*Aj, and field strength tensor

G, = 0,A; — 0, A}, — gf“bcAZAf,. The purely-gauge part of £y 4 is known as the
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Yang-Mills Lagrangian density;,

1
L = _ZGZVGZV’
and is sufficient to define the Path integral over gauge fields. However, attempting

to simply define the generating functional as
W[JH /DA ot [die( Lyt i AL) (2.12)

leads to divergent results, so the Path integral must be further modified.

The selection of a particular function A when computing physical results is
known as gauge-fixing, and it is this procedure which causes the most significant
differences in formulating a Path integral for gauge fields. The functional integral
is intended to sum over all inequivalent fields, a criterion that is trivially satis-
fied for scalars and spinors, but not gauge fields due to the existence of gauge
transformations. For QED, or indeed any Abelian gauge theory with symme-
try group U(1)", one can simply introduce a gauge-fixing term —2—15(6MAZ)2 to
the Lagrangian density; different values of the parameter £ then correspond to
different constraints on the four-potential A%, for example the limit & — 0 (the
Landau gauge) is classically equivalent to the Lorenz gauge 9, A* = 0 7. The pro-
cedure for non-Abelian gauge theories is more complicated: since the Jacobian of
the transformation to gauge-fixed fields is non-trivial for non-Abelian symmetry
groups, there is no unique correspondence between the gauge-fixed fields A}, and
physical states, hence using %y s plus the gauge-fixing term will still over-count
the fields. This is solved by the Fadeev-Popov method®, in which the Jacobian
is converted to an exponential and expressed as a new Path integral over an-
ticommuting scalar fields, known as ghosts. Ghosts do not appear in physical
states (as they would violate the Spin-Statistics theorem), but appear as part of
a perturbative expansion, where the ghosts systematically remove contributions

associated with the over-counting of gauge field configurations.

Applying the Fadeev-Popov method, we define a gauge-fixing procedure ac-
cording to
Fa(AZ) = 8MAZ - fa(x) =0,

"Technically, this term does not entirely fix the gauge. Classically, two solutions to Maxwell’s
equations in the Lorenz gauge are related by a shift B, satisfying 82Bu = 0. However, Maxwell’s
equations automatically imply the continuity equation 8,j* = 0, which forces 9,B* = 0,
completely fixing the gauge. QED, the quantum version of electromagnetism, is similar: the
gauge is completely fixed as a consequence of the Ward-Takahashi identity.

8The Fadeev-Popov method in fact only completes the gauge-fixing of non-Abelian theories
locally. Globally, one encounters the Gribov ambiguity, which we shall neglect.
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and an associated functional integral over elements of the gauge group U,
stz = [ ou I]s ().

such that it is invariant under gauge transformations. We can also define an
inverse functional A~' such that A™'[A%]A[A%] = 1, then introduce this factor
into the Path integral (2.12), giving

/DA Afl[Az] /DU H5 [Fa<AgU):| e%fd‘l:v(iﬂYM).

By gauge invariance, we obtain

/ DAer 4o A = / DU / DAAT AL T 6 [Fa(Af)] er J =,

and should be able to absorb the U integral into the overall normalization. Since
the functional d-function restricts U to an infinitesimal region around the identity

operator, we may parametrise DU = [[. DA, and perform a change of variables

5Ab<l’)

fo= [TIos [TIora (G5).

hence the functional integral over gauge transformations becomes
Ay (2)
AJAY] = DF,.det F,
) = [ TIorda (505 Toim
5Ab(l‘)
= det

¢ <5Fa(x’)

and the inverse functional appearing in the Path integral is therefore

Ay — e (S

to obtain

9

F,=0

Fo=0

The Path integral can be multiplied by another constant term,

/ (H ch> A [,

which imposes the gauge-fixing term via the functional §:

/DAe;fd%(g"M)N/DAdet LFG(ZE/) e%fd%(gYM_i(a“Ag)Q).
5Ab<l’)
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Finally, the determinant itself can be rewritten as a functional over Grassmann

variables (similar to the case of spinors),

det ( 2al?) / Dn*Dn o (e fateni @) St (@)
5Ab {L‘

so by evaluating the functional derivative of the gauge-fixing condition and in-
tegrating by parts, we obtain the correct Path integral over inequivalent gauge

field configurations,
/ DA i [ Bonr) / DA / DDy en d o(LrmtLer—ge @A) (9 13)
where the Fadeev-Popov ghost term is given by
ZLrp = 0, (0" + g fareAL) .

For general non-Abelian gauge theories, we therefore define the generating func-

tional as
W[J] ~ / DA / DDy en d P0G nt-Lrp =g Ou A0+ AL) (2.14)

again normalized so that W[0] = 1. We immediately see that for Abelian gauge
theories with f,,. = 0, Zrp can be factored out and the ghost integral absorbed
into the normalization constant, hence there are no ghost contributions and the

gauge-fixing term alone is sufficient to define the Path integral.

It is worth noting that while the generating functional constructed using the
Fadeev-Popov method is manifestly Lorentz-invariant, the gauge-fixing term hides
the manifest gauge-independence, making it difficult to prove that the renormal-
izability of the theory to all orders is a gauge-independent result. This difficulty
was circumvented by the discovery of BRST symmetry, a type of supersymmetry
under which the action (but not the Lagrangian density) of a non-Abelian gauge
theory is invariant. Requiring that a non-Abelian gauge theory be invariant under
BRST transformations is in fact sufficient to determine the correct Lagrangian
density, and an extension of the BRST idea enables one to prove renormalizabil-
ity of non-Abelian gauge theories in a gauge-independent way. Details of this

procedure, along with associated references, may be found in Weinberg [60].

Having finally defined the Path integral over general gauge fields, and defining

the Time-ordered product of gauge fields to be the same as for scalar fields, the
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time-ordered vacuum expectation value is given by

WIS

(3) Ortam e an@n = | )

Hn JﬁZO

Specialising once again to the free theory, we find that the ghost sector of (2.14)
decouples and simply corresponds to a free massless complex-valued scalar field;

that is, the Feynman propagator for the ghost field is

(27Th)4 g ’ : P’

AghOSt(:L‘/ . l‘) _ /

For the gauge sector, we proceed as before in rewriting the generating functional

in the form
W[ ~ /DA e%fd4x’fd4x<%AfL(x/)C(‘l‘;’(m/,x)Aﬁ’,(m))—i-%fd%J;jAg‘
z ;
where )
Cly (@', 2) = da [n“”np" + (2 = 1) n“pn“’] 0r' 0% 6(x' — x),

and so after completing the square once again we are left with the exact expression

for the free generating functional,

WJe] = o~ bn St [dtaTi@)(Ct)! Tb)
To find C~, we use the integral representation of J, giving

A 2 ~ 1
Cly = 0aCM,  CM = Kl - E) pp” — 'r]“”p2] .

Defining the transverse and longitudinal projection operators Cr, Cp as

Cl = g — P07 ey PV

p
we see that .
é’,ul/ _ |:_p26~1§fl/ o Ep2612w:| ’
and can invert this by finding a tensor of the form
A1 v, B AL
= [ 5

such that C’“”é’;,} = d, the number of spacetime dimensions. Consequently, we
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1 ~T AL 1 PuPv
uv P [_C,uz/ - fC,ul/:| = P |:<1 - g) ;2 — Nuv

Therefore, the exact expression for the gauge sector of the free-theory generating

functional is given by

W) = e bi J ' [ @D )T, (2.17)

where the Feynman propagator for the gauge field, D!}, is given by

v d4p —ipy (! —x)P Tyuv

Dale' ) = [ Gotia e Dt ), 219
Ny 5ab p“py v
Dipay(p) = ) [(1 - &) o . (2.19)

2.1.3 Perturbation Theory and Feynman Rules

So far, we have defined a suitable Path integral for scalars (2.4), spinors (2.8), and
gauge fields (2.14), permitting a description of quantum-mechanical phenomena
that is consistent with Special Relativity. For each field type, there exists an
exact expression for the generating functional of the corresponding free theory,
given by (2.6), (2.10), and (2.17) respectively. This is of course insufficient, as the
intent of QFT is to describe particles and their interactions. In order to study
theories with interactions, we may use Perturbation Theory: the Path integral is
split into free and interacting parts, then the interaction term is Taylor-expanded
in powers of the couplings, and the full theory is treated as a small perturbation
away from the free theory. As long as the couplings in the interaction terms are
relatively small, this perturbative description of the theory will provide a good
approximation, and the calculation of physical processes should be in excellent

agreement with experimental results.

Applying perturbation theory to QFT is not a straightforward matter. The
n-point Green functions ¥4"(z1, ..., x,) of a theory are given by functional deriva-
tives of the generating functional W[J], and describe the propagation of fields
between separated spacetime events; the Green functions therefore become sin-
gular if one attempts to functionally differentiate more than once with respect to
a source at any spacetime event z;. When using perturbation theory, we shall see
that the formal expressions attempt to do exactly this, and so we immediately
encounter singularities. After introducing the Feynman diagram representation

of the Taylor expansion, we shall see that these divergences occur whenever a
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diagram contains a loop, and that the divergences may be regularised in order
to continue formal manipulations. The easiest way of isolating these divergences
is to introduce the notion of one-particle-irreducible diagrams and reformulate
the Feynman rules in momentum space; the divergences may then be regularized

using Dimensional Regularization.

We begin with the so-called ¢* theory:
Lronor = 0000 — Lmrgr X
scalar — 5 —m -
ar = g 2 4!
Recall the definition of the Path integral for a scalar field,
W) ~ / D er S e Locatar+19)

WU — i)W [J], we can identify the field operator with the functional

Since

0J(z) ~ h
derivative
r) = —1ih .
Now, if we split the Lagrangian density into free and interacting parts,
Ay
Dg/ﬂscalar = gfree + ,,E/ﬂmt, Dg/pint = _@ ’

the Path integral may be split accordingly,

W[J] ~ /D(b eé fd4m($scalar+=]¢)

-~ /ng G%fd‘lm(ffreeJrJ(b) e%fd‘lm(ﬁnt).

After replacing ¢ by the functional derivative, the interaction term no longer

depends on ¢, and so may be factored out of the Path integral to give
W[J] ~ er ] @ (=ims5) Wy ), (2.20)

where Wy[J] is the generating functional for the free theory. The exponential

operator may now be Taylor-expanded as

L[ b (—insf) _ 3’/ i p (., 0
e +h d* v L zh&](m)

(i) St (g ) (i)

+ ...
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and so the perturbative expansion of the generating functional for the interacting

theory is

W[J] ~ {]l+ %/d“xofm <_m5J(Zx)) +} WolJ],

where the ¢* interaction term becomes

< __A —1h 0 4__)\_]14574
T\ eI A (6@t

Since perturbation theory is constructed for all QFTs in this manner, the only
functional derivatives that are ever required in perturbative QFT are of the fol-

lowing two forms,

0 §
—/dyf(y)J(y) = f(@), sy el WO = f(a) el WIWI0),

0J(x) J(z)
where the required derivatives depend on the type of interaction. Applying these
expressions to the generating functional for ¢* theory, we find
T A

W[J] ~ {1 — dx {3 (ihAF(0))° (2.21)

+ /d4y1d4y2d4y3d4y4iAF(x —1)iAp(r — yo)iAp(z —y3)  (2.23)

Az — y4)J(y1)J(y2)J(y3)J(y4)] n 0<A2>} WlT),  (2.24)

where the Agr(0) terms arise from taking multiple functional derivatives at the
same spacetime point x. We see that the leading-order effects due to interactions
of quantum fields are now present, represented by terms proportional to the

coupling A. By setting J = 0, we find

The terms proportional to A are known as vacuum bubbles?, and represent fluc-
tuations of the vacuum state due to the presence of interacting quantum fields.
Their contribution to W/[0] is clearly non-zero (and is in fact infinite due to the

divergent quantity Ag(0)), but recall that there is a normalization constant N

9The reason being obvious once we introduce Feynman diagram notation.
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implicit in the definition of W[J]. Writing this explicitly, we have

4O =Ww[0] =N (1 — %g / d*z (ihAp(0))* + O(AQ)) : (2.25)

and so if W[0] is normalized to be 1, the normalization constant is

N = <1 - %% /d4x (ihAR(0))” + O(AQ)) : (2.26)
=1+ %g /d%: (ihAp(0))* + O(N\?). (2.27)

If we continue to calculate the n-point Green functions for the interacting theory,

for example
G (11, 15) {zﬁAF Ty — To) — %% /d4x (ihAp(0))” ihAp(z1 — 29)
Yy /d4x inAp(zy — 1) ihApR(0) ihAp(z — 25) + O(N?)
= ihAp(z1 — x2)
— %% /d4:c ihAp () — 1) ihAp(0) ihAp(x — 25) + O(N?)

we see that the effect of the normalization constant N is to remove vacuum
bubble contributions to the Green functions. This effect continues to all orders

of perturbation theory: by expressing the Green functions in the form

0|T {gb(;pl) . .qg(xn)e%fd%ﬁm(—m&ﬁx))} 10)

([T {e% fd%iﬁ-m(@} |0)

G (... x,) =

one can apply Wick’s theorem [62] to the numerator, showing that it may be

rewritten as

(o|Tr {qs(g;l) e <b(a:n)elr% [ d'a i (—insia) } 10)
= (O {er 152 0) G s,

where 9™ (z, ..., x,) are the Green functions with all vacuum bubble contribu-

tions removed. The extra factor now cancels the denominator, and so we have

GO (xy, . ) =G (. xy).

It is possible to develop a diagrammatical representation of the terms appear-
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ing in the Green functions. These diagrams are known as Feynman diagrams,
and the implied correspondence between contributions to the Green functions
and Feynman diagrams are known as Feynman rules. The most basic Feynman

rule is that for the propagator Ap(z; — x2),

,,,,,,,,,, — ihAF<SL’2 —1’1)

and can be thought of as representing the propagation of a scalar field from x;
to xg9; indeed, this is exactly the meaning of the 2-point Green function for the

free scalar theory. We may also specify the Feynman rule for a ¢* interaction:

PR PR _iA 4
7 A h4!fdx

For ¢* theory, these are the only required rules, and suffice to construct the n-
point Green functions to any order of perturbation theory, where the combinatoric
factors that appear in ¢4 and N are given by the Wick expansion of the Time-
ordered product. The vacuum bubbles appearing in the normalization factor N

are therefore Feynman diagrams that form completely closed loops, such as

( ;.i :\ —  —is [d'zinAp(z — z) ihAp(z — ),

and the 2-point Green function for an interacting theory includes a correction

with a loop,
x| // N\\ )
\ ! i .
o v =i T dminAp(zy — z) inAp(z — ) ihAp(z — 32).

Hence, the divergent quantity Ap(0) = Ap(z — ) occurs once for each loop in

the corresponding Feynman diagram.

We now wish to isolate these divergences by restricting our attention to One-
Particle-Trreducible (1PI) Green functions. The full Green function 4™ can be
reconstructed from the so-called connected Green functions G™ [62]. By defining

a new generating functional X[J] such that

WJ] = e Xl
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and expressing X [.J] as a functional expansion
i —[(i\" 1
%X[J] = ; <;L) o /d4x1 o drr, G (g, ) () - T (),

we see that the functions G™ are given by

iN" . i X[
(g) G (zy,... 2,) = raTes e sl (2.28)

G™ are known as n-point connected Green functions, and are comprised of all

terms in the full n-point Green functions whose Feynman diagram representation
connects all n points via propagators and interaction vertices; consequently, it
is easy to construct the connected Green functions to any order of perturbation
theory by simply using the Feynman rules for the theory. The connected Green
functions G™ may in turn be reconstructed from the 1PI Green functions '™,

defined as the functional expansion of the effective action.

To define T, we start with the so-called classical field,

X 1[J]

(2.29)

If one considers the free scalar theory, the generating functional X[.J] is simply

X[J] = —% /d4:p’d4x J(2")Ap(a' — x)J(z).

Functionally differentiating gives

blz) = — / d'y Ap(z — ) (y),

and so by definition of a Green function (2.3) we have

(20 + ) (o) = [ 'y 8(c — 9) () = J(a), (2.30)

that is, the quantity ¢.(z) satisfies the classical equation of motion for a free
scalar field with source. In a general interacting theory, the one-point Green
function is given by

i o 0w
;,Lg()@) = 2 (0[6(2)|0) = =
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so using the chain rule for functional differentiation we find

WL (idX[J] o
0J(x) (FLM(:C))WU] = L ¢(2)WLJ],

and hence the classical field is the normalized vacuum expectation value of the

corresponding quantum field,

(0l¢()[0), _ {06(2)|0),

lr) = e T oy,

We now define the effective action I' as

o]

X[J] - /d4x J(x)¢e(z), (2.31)

with the intent of expressing I" solely in terms of the classical field ¢.!°. Taking
again the case of a free scalar field, where the source is related to the classical
field by the classical equation of motion, one can easily manipulate the effective

action to give

1
Lo = -3 /d4x'd4x J(2)Ap(x' — x)J(x) — /d4:c J(2)pe()
1
-1 / dh J(z)e(x)
1 1
=3 / d'w $o(2)I* P pe() = 5 / 'z m®¢f(x)
4 K I
= | d*z Eﬁugbc(:p)@“gbc(x) — §m o (z)]
reproducing the action for a classical free scalar field theory. For an interacting
theory, the relation between ¢. and J must be evaluated perturbatively. From
the perturbative expansion of the generating functional W[J], and using the
approximations In(1 + z) = z + O(z?) and N = 1+ O()), we find
X[J] = —ihlnW[J]
1
=InN — 3 /d4x'd4x J(2)Ap(z' — x)J(x)

A
4l

— 6ihAR(0) /d4y1d4y2 iAp(x —y1)idp(x —y2)J (1) J (y2)

dz [3 (ihAF(0))*

10Tt is easy to see that this should be possible, since ‘?;[(‘i “‘)] = 0; that is, the variation of the

functional depends only on the classical field.
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+ /d4y1d4y2d4y3d4y4iAF(:c — 11)iAp(T — yo)

iNp(x = y3)ilp(x — ya) I (1) (y2) I (y3) I (ya) | + O(N?),

so the classical field in the interacting theory becomes

= —/d4x Ap(z —y)J(y)
A , .
+ o) ihAp(0) /d4y1d4y2 ihAp(x —y1) ihAr(y1 — y2)J (y1)J (y2)
A , .
- = /d4yld4y2d4y3d4y4mAF(ﬂf — 1) ihAp(y1 — y2)

6
ihAp(yr — ys) ihAp(yr — ya)J (y2) I (y3) T (ya) — + O(X?),

hence we may apply the Klein-Gordon operator to obtain
292 2 A 4,
(K202 +m?) ¢o(x) = J(z) — §zhAF(O) /d y thAp(z —y)J(y)

AT |
+ - / H dyr ihAp(x — ye)J (yr) + O(N?).
6./ w5

Since J(z) = (h*0% + m?) ¢.(z) + O()), we can substitute and integrate by parts
to find

T(w) = (08 +m?) () — A (0)6ula) + 262(a) + O

Now, from the definitions of the effective action and the classical field, we find
Tg) = —ina N+ 5 [ d'dye T Ar( — a0~ 5 [ d'e (0850))
~ 30 (0) [ ey () iAo ~ ) inAr(e — 1) T () (02)
+ g /d4xd4y1d4(y2)d4y3d4(y4) ihAp(y1 — ) ihAp(ys — 1)

ihAp(ys — o) ihAp(ys — ) J (1) T (42) ] ()T (ya) + O(N?),
which can now be rewritten in terms of ¢. as
: 1 4 292 2
Tl = ~imin N /d £ do(z) (RO + m?) bula)
A A A
-3 /d4:c (ihAp(0))* + 1 ihAp(0) /d4x () — oY /d4:v P2 (x)
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+ O(\?). (2.32)

Finally, we obtain the desired 1PI Green functions I'™ from the functional ex-

pansion

INAES Zl ;—n' /d4x1 .. ./d4:cn F(")(:cl, o ) be(T1) - De(Th),

that is,
i"0" T[]

" 5oe(1) - Oelan)

The first non-trivial 1PI Green functions are therefore

T (xy,. .., x,) (2.33)

$c=0

F(Q)(Zfl,l‘g) = <h26§2 -+ m2 — %ZﬁAF(O)) 5(1‘1 — ZL‘Q),

IO (2y,...,24) = —)\/d4x d(r1 — 2)0(z2 — x)0(x5 — )6 (24 — ). (2.34)

In terms of Feynman diagrams (given by iI'™), it can be shown that the n-point

1PI Green functions consist of all n-point connected Green functions that:

e have all external propagators removed;

e can be constructed using Feynman rules such that each diagram cannot be

separated into two diagrams by cutting a single line.

Furthermore, we see that one of the leading-order effects associated with interac-

tions is a shift in the effective mass of the scalar field,
2 2 A 2
mt—mt =g ihApr(0) + O(N7).

This is a quantum correction to the mass of a classical self-interacting scalar
field theory, as indicated by the presence of &, and is formally infinite due to
the divergent term Ap(0) associated with a loop. By extending to higher orders
of perturbation theory, we also find that the scalar coupling A\ receives diver-
gent quantum corrections from loop diagrams. Having established that quantum
corrections are associated with increasing powers of r!'!, we may now adopt the

standard convention of setting A = 1 in order to simplify expressions.

By constructing the 1PI Green functions, we have successfully isolated the di-
vergences that arise in the perturbative expansion of an interacting scalar QFT.

The case of spinors and gauge theories proceeds analogously, by replacing the

HUEquivalently, higher loop orders in the 1PI Green functions.
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corresponding interaction term with functional derivatives and Taylor-expanding
the exponential operator that acts on the generating functional for the free theory.
One can then define Feynman rules for the associated propagators and interac-
tions, and the n-point, I-loop, 1PI Green functions for the interacting theory can
be systematically constructed by connecting propagators and vertices to make all
possible diagrams with n external lines and [ loops, such that the diagram cannot

be split into two disconnected pieces by cutting a single line.

The final step in our construction is to reformulate the Feynman rules in
momentum space: not only are the rules more simple (as can be seen by comparing
the position- and momentum-space Feynman propagators), but they allow one
to immediately apply dimensional regularization to the corresponding integrals.
Using the standard shorthand a - b = a,0*, we define

™ (P1y- -+ Pn) (27?)4 S(p1+-...+pn) = /d4x1 oo diay, @Prerte AP T P (g,

hence by using Fourier transforms of Ap(z’ — x) and §(2" — z), we find

ifm@x—m:=(—45—)1+%(—M)/k§z4szm2+ch%

p2 — m?2

D@ (py, ... ps) = —id+ O(N?). (2.35)
The associated momentum-space Feynman rules for a scalar theory are then

° pQ+m2 for each scalar propagator with momentum p,

e —i)\ for each quartic vertex, plus conservation of momentum entering the

vertex,

o [ (gjr’)l for every closed scalar loop.

By comparison with the original Lagrangian density, the Feynman rules can be
"read off” by simply multiplying the corresponding quantities by i. For the
scalar case, the Feynman rule for a scalar propagator is iAg (p), and the rule for
a scalar vertex is —i\; this extends to spinors and gauge fields, so that we have
the following momentum-space rules:

e iS r(p) = i}gf_;mnz) for each fermion propagator with momentum p,

o iD¥(p) = p% (1-— 5)”;’; — | for each gauge propagator with momen-

tum p,

e ig for each (symmetrised) interaction term with factor g,
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e an additional factor —1 for every closed fermion loop,

e an additional factor —1 for every closed ghost loop.

§ may contain additional matrices, for example the QED interaction —ey Ay
leads to the Feynman rule —iey,. The factor —1 for fermion and ghost loops

arises from their anticommuting nature.

2.1.4 Regularization and Renormalization

Having defined the 1PI Green functions and momentum-space Feynman rules,
we may now regulate the divergences that arise in any perturbative QFT, then
remove the divergences via renormalization. In principle one should be able to
use any regularization method, renormalize, then recover the same result after re-
moving the regulator. However, certain regulators violate the symmetries present
in the original theory, and so we must compensate for these violations before re-
moving the regulator. By far the most commonly used regularization method is
Dimensional Regularization, since it preserves both gauge invariance and Poincaré
invariance, and hence is convenient for regulating non-Abelian gauge theories; fur-
thermore, Dimensional Regularization acts very much like standard integration,

via a series of identities proven in [61].

Regularization

Dimensional Regularization is an analytic continuation of the usual notion of
integration, defined by extending the dimension of a Euclidean (Wick-rotated)
momentum integral to a complex-valued parameter d. This is motivated by notic-
ing that a divergent integral in a certain number of spacetime dimensions would
be convergent in a lower number of spacetime dimensions, for example the four-

dimensional Euclidean integral

dp 1

diverges quadratically for large Euclidean momentum p, but the corresponding

two-dimensional integral

/ (dgp L o)

271')2 p2 — m?2

only diverges logarithmically, and the integral converges for any dimension d < 2.

Dimensional Regularization extends d to a complex number, defines the integral
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in a convergent region, then extends this definition to a meromorphic function of

d with poles when d is a positive integer greater than some number.

Given a Euclidean vector pg and function f(pg), we define d-dimensional

integration as the functional

Llf (o)) = / s f(vp) (2.36)

such that the functional I obeys linearity, translation and rotation invariance,
and is homogeneous of degree —d. By expanding f(p) in terms of a set of basis

functions
fS q(p) = 6732(p+Q)2’

we may apply translation invariance and scaling to obtain

/ & foglp) = 57 / d'pe,

expressing every basis function in terms of one integral. If we require that
this integral can be converted to a spherical integral analogous to the integer-

dimensional Gaussian, we find

/ddlpdd2q6—(p2+q2) _ /dd1+d2r’ 3(7“7 917---7‘9d1+d271) 6_7"2
8(]91, cey Pdis 41y - - 7Qd2)

o0
- S(d1+d2—1)/ d|7“| |T|d1+d2—16—\r\2
0

I
[(atd) 2
di+do

= T 2 R

hence we may set the overall normalization of I according to

/ddpe_p2 =72,

The functions we are required to integrate are tensor functions involving the loop

wla

(2.37)

momentum p and a finite number of external momenta ¢y, ...,q;. The tensor
functions can be decomposed into products of vectors with scalar function coeffi-
cients, then each component of the tensor function can be separately evaluated;
consequently, we need to define the integral of a scalar function f(p,q1,...,q5) =
f(P%,p - qx,q3). By isolating a finite, J-dimensional subspace spanned by gy,
we may split p into parallel and orthogonal components pp € Span{qx}, po ¢
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Span{qy }, then define

/ddpf(p) = /dpl-"dp‘]/dd‘]po f(p)

such that the J-dimensional integral is a standard, finite-dimensional integral.
The orthogonal integral may be performed first by changing to spherical coordi-

nates,
/ 4o f(0) = Sa_ys / dlpol [pol™""1£(p)
0

and so we may define the d-dimensional integral of a scalar function in terms of

ordinary, finite-dimensional integration:

d—J
21 2

/ Tp10) =119 = £y / dp' - - dp’ / " dipol ol (). (2.38)

The orthogonal integral diverges at 0 when d < J, and diverges at oo when d > J.
The divergence at 0 is more critical, since it is guaranteed to occur for d < 0,

independent of the function f(p).

To extend the definition to d < 0, consider the integral

271'% &
d d—1 2
(3 /0 1ol [p|“7" f(p7),

where f(p?) decays sufficiently rapidly as |p| — oco. This may be split into two

/ddp f?*) = Lio[f(p*)] =

regions at some arbitrary value C,

[e's) C
[ a0t + [ |p\“f(p2)} |
0

C

o
Laalf %) = 2755 {

I'(3)
in which the integral over [C, 00) is finite. By adding and subtracting the function

at 0, we find

DO
)
Nl

0o C
Laolf ()] = [ a0+ [l (167 - 70 + f(O)]}

~—~
I
~—

wla. N

o 4

3

d

0 C
|l + [l [0 - £0)] + 10

C 0

3
wla. N

Il
o 4
—~
[SH
N—"
— =

~ c
d—1p/.2 d—1 2\ _
[ w60+ [ sl (6 - 0]

7}
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Taking the limit C' — oo, we find that for —2 < Re(d) < 0

[ st - % { / " dlpl [0~ 1) } ,

2

and for d =0
[ st = 500

This procedure can be extended to any region Re(d) € (=21 — 2, —2l) by contin-
uing to isolate and subtract the p = 0 divergences that arise when d = —2[,1 € N.

This gives

[Nl

l 2)k

/ddpf(pQ) = 1?7{%) {/OOO dlp |p|™" [f(pQ) - <pk! f("“’(O)” (2.39)

k=0

for Re(d) € (=2l —2,—2l), and

/ 42'p F(p?) = (—)~fO(0) (2.40)

for d = —2[. These definitions form the crux of the method of Dimensional Reg-
ularization: the d-dimensional integral of any scalar function is defined by the
analytic continuation from a region Re(d) € (=2l — 2, —2[) in which the integral
converges, and the integral of any tensor function is defined by decomposing each
component of the tensor into a basis of terms with scalar function coefficients,
then integrating the associated scalar functions. While this derivation assumes
f(0) is analytic, one may treat functions with power-law singularities in the same
manner, systematically subtracting the singular behaviour to yield a finite inte-

gral. A noteworthy example is the case

2\ _ (pQ)a
f(p)_ (p2+m2>7

which diverges as p — 0 if m = 0. Repeatedly differentiating f eventually gives

al
o pz + m?2

£ %) +0(p?),

so by definition we have

d
2

[ o r60) = F { [ o - e

for some region of convergence Re(d) € (—2a —2,—2«a). Recall that the d-

dimensional integral is defined to obey linearity, so when m # 0 we may rewrite
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(2.41) as
[dtwrwt) = [ @i - [dwr

We therefore obtain the necessary identity
/ddp (p*)™ = 0. (2.42)

We may now use Dimensional Regularization to regulate the divergent inte-
grals that appear in Feynman diagrams. Consider the first quantum correction

to :T'® for an interacting scalar theory,

/(;iﬂ]; z’Af(o):/<g7T]§4 k2—im2' (2.43)

There is an implicit factor ie in the denominator, which shifts the poles to kg =

+ ( k2 4+ m? — ie) and allows one to Wick rotate the kj integral anticlockwise
so that it lies on the imaginary axis. Having done this, we define the Euclidean

momentum p according to kg = ipo, k= P, giving

/ S / dp 1
2m)t k2 —m2 ) (2m)4 p2+m?2’

Extending to d dimensions, we see that the Euclidean integral is a special case of

(2.41), which may be evaluated by a change of variables |p|*> = m?q:

/ddp (pQ(]i);Q) = 1127{; {/Ooo dlp| |p|¢ {(pg(li);) B (iza”
nt e[ plie)
-t [
-iger [Tl

The g-integral takes the form of the Euler beta function,

z—1

’ q
Blx,y) = | dg———
(z,y) /0 gt

specifically B(¢+a+1, —% —a). Since the Euler beta function satisfies B(z,y) =

I'(@)I'(y)
I'(z+y)

, we have
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_— (—1)(7712)%““111 <g +a+ 1) r (—g - a)

d

2

s d
2\ 5+o—

The dimensionally regularized version of the quantum correction is therefore given

by the o = 0 case of the above integrall?:

/ (;ljr];d K . e Z: r (1 - g) : (2.44)

We wish to analyse the behaviour of this integral near d = 4, corresponding to the

(MIIoH

four-dimensional Minkowski spacetime in which our QFT is formulated. Since
the mass parameter m is not a dimensionless quantity, we may not yet expand the
integral to extract its singular behaviour: first, we must introduce an arbitrary

mass scale p such that

The d-dimensional integral is now

/ d?k 1 _om? ( 2)5_2 m?
(2m)d k2 —m?2  (4n)2 a 472

the last two terms of which may be expanded to give

[ e = g [y e () o (5-2)]
(2.45)

indicating the presence of a simple pole at d = 4. As a foreshadowing of the
2

ol

renormalization procedure, we also see that the classical mass parameter m

appears multiplying the singular expression.

This particular integral is relatively straightforward to evaluate, as it contains
only one propagator; moreover, it leads directly to more general expressions by
utilizing various properties of d-dimensional integration. In general, a Feynman
diagram will contain integration over multiple propagators, and the resulting
integral cannot be evaluated in the same manner. There are various methods one

may use to evaluate such diagrams, of which a conceptually simple method is the

12Note also that when m = 0, this result is consistent with (2.42).
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technique of Feynman parametrization. By using the identity

1 /1 1
— = du 5
AB 0 [uA + (1 — u)B]

one may convert a product of propagators into a single integral, the result of
which may be obtained from the one-propagator integral (2.44)!3. As an example,

consider now the first quantum correction to :T'®,

P <. 3
N Ny )
X X 2 [ dk 1 1
e N T (ST
p2 > Y2
k+p
where local conservation of momentum sets p = p; + p» = —(ps + p4). Applying

dimensional regularization and Feynman parametrization to the integral, we find

/ k1 1
(2m)4 k2 — m? (k + p)? — m?

k[t 1
a / (2m)4 /0 . [u(k? = m?) + (1 — w){(k + p)> — m?})?

k[t 1

N / (2m)d /0 du k2 + 2k - p(1 — u) + p2(1 — u) — m?)?
Ak [t 1

B / (2m)d /0 a [(k+ (1 —w)p)? —m?]*

where m = m? — u(1 — u)p?. From (2.44), we may derive that

/ddk: 10 /ddk: i () d
end @ —m22 ~ om? ) Cra R —m? ' (4n)3 2)

and so by first performing the momentum integral we find

/ d?k 1 / / d?k 1
(2m)d k2 —m? (k +p —m? [(k+ (1 —u)p)? —m?]?

(2.46)

/ du / dk ! e (2.47)

_ wi (2 2) M2 52
_/0 d (47r)% (m*) (2.48)

13Relating multiple-propagator integrals to the one-propagator integral automatically im-
plies that the resulting dimensionally regularized integrals are well-defined and obey the usual
properties.
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(2.49)

By again introducing an arbitrary mass scale, we may expand the u integral

around d = 4 to obtain

ol

The logarithmic integral contributes to the finite part of the Feynman diagram,
and its precise value depends on the relation between m? and p?. Since we are
concerned only with the singular part of the diagram, we simply expand I (2 — g),

giving

A2/ dek 1 1 N ()
Cr)d k2 —m2(ktp?—m?  (dm2

ol

- 1 :
2 {2 — +ﬁn1te} . (2.50)
2

This is the dimensionally-regularized value of the first quantum correction to the
classical interaction between four scalar fields. We again see that a parameter
from the classical Lagrangian density, in this case the coupling constant A\, appears

multiplying the singular expression.

Conceptually, this procedure should allow one to regularize any integral that
appears in the Feynman diagram expansion of a perturbative QFT. Practically,
the ability to evaluate such integrals depends on the ability to perform the in-
tegral over the Feynman parameter; this is difficult at higher loop orders, where
one must introduce multiple Feynman parameters via generalized versions of the
identity above, and even more difficult for more general QFTs where there are

(for example) multiple scalar fields with different masses.

There is one final issue present in the definition of Dimensional Regulariza-
tion, which is how to correctly handle the y-matrices present when performing
integrals over fermion propagators. While one may define spinor fields in any
integer number of spacetime dimensions, their definition is predicated on the cor-

responding representation of the Dirac algebra, generated by matrices v obeying
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the anticommutation and Hermiticity relations

0
) ) v, w=0
(¥ =221, () =900 = , (2.51)
= p=1#0

In order to correctly apply Dimensional Regularization to integrals containing
~v-matrices, we must extend the anticommutation relation to d dimensions, and
provide a definition of the trace operation. Since d-dimensional vectors and ma-
trices formally contain an infinite number of components, the y-matrices can
first be constructed inductively for finite components, then extended to infinite

components.

Assume there exists a 22 = 2“-dimensional representation 7/, satisfying (2.51)

for all 0 < p < 2w — 1. If we define matrices ~/,,, by the matrix direct sum
Y 0
M — H @ = w ,
7w+1 Yo Yo ( 0 75>

then we see that for 0 < p,v < 2w — 1,

{75-‘,—17 75-1—1} = {/75, ’YZ} @ {’757 ’YZ} - 277MV (]]-w @ :ﬂ-w) = QnMV]]_w+1

and

.i.
(75+1) = 72+175+172+1
= YV © WV
Vo OV = Vo4, 1=0
—(L®W) ="V, 1Sp=isw-1
Generally, 7/, has two more entries than +/, so we must define these new entries

in such a way that v/, satisfies the anticommutation and Hermiticity relations

for 0 < p < 2w+ 1. By noting that we may define an additional matrix

A _ sw—1_0 2w—1
Yo =87 Y Yo

satisfying
(;Yw)Jr = ”AYwa (:Yw)z = ]]-wv {;Ywa%!:} =0,

we find that if the new entries in 4/, are given by

0 4 0 A
2w w 2w+1 — w
7w+1 (-’A}/w O ) ) 7w+1 (Z’A}/w 0 ) 9
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then 7/, is a representation of the Dirac algebra, satisfying

{75+1> 7Z+1} = 271W31w+1, (75+1)T = 72+175+172+1

for all 0 < p, v < 2w+ 1. To complete the construction, we simply need to define
a base case for w = 1; that is, a basis of two-dimensional matrices satisfying the
Dirac algebra, such as the Pauli matrices. The infinite-dimensional ~-matrices

are then given by the limit w — oc:

o v 0
oM = @% =0 : (2.52)
k=0 .

By construction, these matrices satisfy the Dirac algebra, and hence the d-
dimensional y-matrices may simply be manipulated in the same manner as their
finite-dimensional counterparts. The final step is to define the trace over ~*,

which is done by imposing linearity and cyclicity'?:

tr(ay" +07") = atr (%) + btr (%), tr(9"9") = tr (v"").

By imposing these conditions, we find

tr (v#9") = tr (20" 1g — 7"v")
=2n"tr (14) — tr (4"9*)
= 27"tr (Lg) — tr (4"9")

and so
tr (v"9") = n"tr (La) -
Since we require that the d-dimensional trace coincide with the corresponding

result in integer dimensions, we define

d
2

completing the treatment of y-matrices in Dimensional Regularization!®.

Imposing both linearity and cyclicity for all products of y-matrices in d dimensions is in
fact too strict a requirement, as it implies tr(y57,7v7,70 - --) = 0, where the trace contains a
product of 5 with 4,6, 8, ... other v-matrices. In order for such a product to be non-zero, and
expressible in terms of a totally antisymmetric tensor €,,,s, the cyclicity condition must be
relaxed.

5 As indicated above, this treatment does not lead to a Lorentz-invariant, d-dimensional
definition of «°, nor by extension the e-tensor. The conventional resolution is to define 7° as
usual, then restrict its anticommutation relation to the desired finite-dimensional subspace.
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Renormalization

We have seen how to extract the divergent behaviour of the integrals arising in
a perturbative QF T, using the method of Dimensional Regularization. We have
also seen that each regularized integral is accompanied by a parameter from the
classical Lagrangian density; specifically, the first divergence in :I'® includes a
factor m?2, and the first divergence in iT'® includes a factor A2. Consequently, if
the quantum versions of these parameters were to differ from the classical param-
eters, it may be possible to cancel the divergences. The idea behind Renormal-
ization is that it is indeed possible to define new ”"renormalized” parameters, such
that when the 1PI Green functions are expressed in terms of the renormalized

parameters, the divergences disappear.

The parameters that appear in the classical Lagrangian density are referred
to as bare parameters'®, representing the associated quantity in a theory with-
out quantum fluctuations. Since these fluctuations cannot be ”switched off”, one
never actually measures the bare parameters: one in fact only measures quan-
tities at some particular energy scale pur. Our aim is therefore to redefine the
bare fields and couplings in the Lagrangian density in terms of new fields and
couplings multiplied by renormalization factors Z, such that physical results are
given in terms of these new parameters at the scale pr. When working in per-
turbation theory, defining Z = 1 + §Z allows one to rewrite the new Lagrangian
density such that it takes the same form as the bare Lagrangian density, plus new
potential contributions called counterterms; by deriving new Feynman rules for
these counterterms, 07 = i 8Z™ can be computed order-by-order, by requiring
that the sum of all diagraga:s1 and counterterms at n-loops be finite.

As a quick example of this procedure, we can again consider ¢* theory. We

now refer to the classical Lagrangian density as the bare Lagrangian density,

1 1 A
LB = 2 M¢BaM¢B - §m23¢23 - 4_1!3¢437

and define renormalized quantities according to'”

1 L1
O =230, mp=ZiZ,*m,  Ap=Z\Z,°\. (2.54)

16The name ”bare parameter” originates from the probing of an electron at different energy
scales. Due to quantum fluctuations in the electromagnetic field, an electron will appear to
be surrounded by a cloud of particles that are rapidly created and annihilated, which partially
screen the electron and affect measurements of the electric charge. If interactions do not occur,
then no particles are created and the electron is left unscreened, or bare.

1"The form of these quantities is chosen purely to simplify the counterterm Lagrangian den-
sity, and hence simplify the Feynman rules for counterterms.
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Taking Z =1+ 0Z and expanding £, we find

Ly (7 ) L N (e Lo ()
2o =30 (20) 0 (230) = 5 (232" m) (Z20) = i 2a2%A (Z2)
e 1o,y A 1 1 sy A
=Z+0Z, (2.55)

where we have defined the renormalized Lagrangian density . to take the same
form as Zg. By calculating again the Green functions of this theory, we may

derive Feynman rules for the terms in the counterterm Lagrangian density 6.Z:

o Do — 1 (5Z¢,p2 — 5me2), a new vertex connecting two propagators;

o T —i0Z\\, a new vertex connecting four propagators.

Using these new rules, we wish to calculate the renormalized n-point 1PI Green
functions iL'™ as before, by summing over all possible 1PI Feynman diagrams
including diagrams containing counterterms, with the additional constraint that

i is finite for all n. At one-loop level, and using (2.45), we therefore find that

i@ = —i (p? — m?) — A / % +i (0Zp” = 6 Zmm®) + O(N?)
2 (2m)d k2 — m? "

2 2 A (NQ)%_Q 1 . 2
=—ip° (1 —0Zy) +im° | 1 =62, + 2{rE 71 + finite | + O(A\7).
2
From this expression, we see that if we take
d
A2
1 . 1) H .
07" = finite, 672 = 59?54 + finite, (2.56)

2
where the finite parts of 07 are as-yet-unspecified, then

lim :T'® = finite + O(\?),

d—4

and hence is finite to first order in perturbation theory. Likewise, using (2.50),
we find

LW = —i\ + §(—¢A)2/ % i ! + (—i6Zy) + O(N?)
B 2 (2m)? k2 —m? (k + p)? — m? A

: BA(WHE2 1 : 3
= —i\ (1 +07) — 5 (an)? 2- z + finite | + O(X?),
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and so if we take .
BA(?)z % 1 .
VA finit 2.57
A 327T2 2 _ g _'_ ni e7 ( )

then
lim T™ = finite + O(\3).

d—4

It is worth noting that we defined the renormalization factors Z to be simple
(albeit divergent) numerical coefficients, yet 5Z7(,1), 0z /(\1) appear to have non-zero
mass dimension when analytically continued to d dimensions. We have neglected
to ensure that the coupling A in the d-dimensional theory is in fact a dimensionless
coupling, as is required to perform a perturbative expansion. Since the action S

of a theory must be dimensionless, and the action is defined as
L] = / iz 2,

with the measure having mass dimension [ddx} = —d, each term in .Z must have
mass dimension [£] = d. Since the mass dimension of a mass term is simply 1

by definition, we can read off the mass dimensions of each term in .Z:

(m?¢?] = 2[m] +2[¢] = 2+ 2[¢] = [¢] = 4P
d =1 (0,006 = 2[0] + 2[¢] = 28] + d — 2 = [0] = 1
NG = [\ +4[0] = [\] +2d — 4 — N =4-d

We may therefore define a coupling A= Au?~* that is dimensionless in d dimen-

sions, in terms of which 52,31), 52)(\1) are then themselves explicitly dimensionless:

~

A

1 _ : 1 _

5Z&W—3%ﬁ2_ii+ﬁmw, 62y =
2

3\

32m22 — 4

+ finite. (2.58)

In general, a QF'T is considered perturbatively renormalizable if its 1PI Green
functions can be rendered finite by a suitable choice of renormalization factors Z.
Each factor Z = 1407 leads to a counterterm in the Lagrangian density propor-
tional to 7, which may then be computed order-by-order. The renormalizability

of a theory is then classified as follows:

e Finite - no counterterms are required.

e Super-renormalizable - a finite number of Feynman diagrams require coun-

terterms.

e Strictly Renormalizable - infinitely many Feynman diagrams require coun-
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terterms, but all counterterms are determined by a finite set of renormal-

ization factors.

e Non-renormalizable - infinitely many Feynman diagrams require countert-
erms, and infinitely many renormalization factors are required to generate
all counterterms.

(™) is divergent

One can determine if a particular n-point 1PI Green function T
by power-counting!®. Each basic d-dimensional integration measure raises the
large-momentum behaviour by a power d, and each scalar propagator lowers the
large-momentum behaviour by a power 2, hence we may denote the superficial

degree of divergence, D, as
D =dL —2I,

where L is the number of independent loop momenta and I the number of internal
lines (propagators). Each Feynman diagram is made of L loops, V vertices, [
internal lines, and n external lines, with local momentum conservation at each
vertex and overall momentum conservation for the external lines. Each vertex
therefore constrains one of the internal momenta by momentum conservation,
while overall momentum conservation reduces the number of constraints by one,

leaving
L=1-V+1.

Each T'™ has n external lines; since the vertices of a ¢* theory have k lines and
each propagator connects two of these lines, the number of external lines obeys
n=kV —2I.

Combining these three relations, we may express the superficial degree of diver-

gence of graphs in ™ as

d—2 k(d—2)—2d
D=d-— 5 n+ ( 2) V.

The sign of the term in front of V' then determines how D grows as one includes

more vertices. For a ¢* theory to be renormalizable, we therefore require

2d
k< ——.
—d—-2

When this inequality is saturated, D becomes independent of the number of

8Power-counting is an extension of our analysis of the divergent scalar integrals at large
momenta, combining dimensional analysis with basic graph theory.
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vertices in a particular Feynman diagram, and one finds that

D >0 Vazggk,aeN.

In the four-dimensional ¢* case where d = k = 4, the superficially divergent 1PI
Green functions are therefore I©, I'® and T, which we have seen are rendered
finite (at one loop) by the normalization condition on the generating functional,
plus the renormalization of the mass m and quartic coupling A\. When n > 6,
L) may still contain subgraphs that diverge, but these graphs must take the
form of terms that occur in T'® and T™®, and so the renormalization of such
terms is predetermined. The important point here is that there are only finitely
many superficially divergent 1PI Green functions, and there are sufficiently many
parameters in the Lagrangian density such that these functions (and by extension

all n-point Green functions) may be rendered finite by renormalization.

This power-counting method extends readily to general scalar-fermion theo-
ries, simply by analysing interaction terms that contain s scalars and f fermions.
A fermion propagator has high-momentum behaviour ~ [p|™!, so the superficial
degree of divergence of a graph with I, internal scalar lines and I internal fermion
lines is now

D =dL —-2I, — Iy,

while momentum conservation implies
L=I+1;-V+1
as before. A 1PI Green function I'® has E = E, + E; external lines, obeying
Es+ Ep+2(L+ 1) = (s+ )V,

so in order to correctly reduce to a theory of only scalars or fermions, there exists

a manifestly positive V (s, f) such that
Es+2I,=5sV(s, f), Ef+21; = fV(s, f).

We may therefore rewrite D as

D:d—%Es—%EH [s <%) +f(%) —d} Vs, f),
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and so a renormalizable scalar-fermion interaction must satisfy

(1) s (452 <a 59

In four dimensions, this inequality is saturated by the cases s = 4, f = 0 (¢*
theory), and s = 1, f = 2 (the Yukawa interaction). Note however that there are
valid solutions to the inequality with f = 1; such solutions are not compatible
with conservation of angular momentum, and so one cannot merely apply power-
counting to deduce all renormalizable interaction terms that obey the desired
symmetries of the Lagrangian density. This becomes crucial when considering
non-Abelian gauge theories, where one must ensure that all interactions and

counterterms also obey gauge invariance.

As a final comment on the calculation of 7 in perturbation theory, note that
the finite parts have so far been treated schematically. Since the purpose of renor-
malization is merely to render the Green functions finite, any choice of finite part
in 07 is valid. A prescription for choosing the finite parts of renormalization fac-
tors is known as a renormalization scheme; there exist various commonly-chosen
schemes, each designed to satisfy a particular theoretical preference. For higher-
order perturbative calculations, the most commonly chosen scheme is Minimal
Subtraction (MS), and is defined such that the finite part of any §7 is simply
zero, hence one only subtracts the divergent part of (™. There is also modi-
fied Minimal Subtraction (MS), motivated by noticing that the appearance of a
(relatively large) term v — In(47) in all one-loop calculations is simply a numeri-
cal artefact of the Taylor expansion of (47)27% I'(2 - £). Such artefacts may be
systematically removed by rescaling u — p (%)_5, and serves to simplify per-
turbative calculations even further. The notion of a change in renormalization
scheme and its relation to the couplings in a QFT will be illustrated below, and

is of paramount importance throughout the results presented in this thesis.

2.1.5 The Renormalization Group

We have successfully constructed a perturbative expansion for interacting QFTs,
regularized by analytic continuation of the number of spacetime dimensions d,
and renormalized by adding counterterm interactions that cancel the divergences
when d — 4. The physical content of the theory is summarised by the renormal-
ized 1PI Green functions I'(") (p,9, A, g,&; 1), evaluated at a particular energy
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scale p = pup'®.

This fixing raises one final issue in our construction of a QFT:
what happens to I'™ as one varies the energy scale? By first relating the bare
Green functions T'p to the renormalized Green functions I’ at some arbitrary
scale p, and noting that I'p is independent of this scale, we may derive a differ-
ential equation for I" that is itself invariant under changes in . This equation is
called the Renormalization Group equation (RGE), and implicitly defines various

functions that describe how certain quantities change as one varies pu.

To derive the RGE, recall the definition of the scalar generating functional

(2.4), and the relation between the bare and renormalized Lagrangian density,
Lp+Jgpp =L+ 0L+ Jo.

To ensure that the bare and renormalized generating functionals Wgp and W

maintain the same form, we require that their respective source terms are related

by

It then follows that, since
bp =276
and

5 ; 4 . 4
v ifdizJ(z)p(z) _ ifdrz J(z)¢(z)
57 | PO s io(a) [ Do o )

the bare and renormalized Green functions ¥ and ¢, derived from Wpg and W

respectively, are related by
G (1, wn) = 259 (1, x).
In direct analogy, we find
XplJp] = —iln (WplJs]) = —iln (W[J]) = X[J],

and so

(pc)g = 5X37[‘]B] _ Z%(SX[‘]

0Jp 0J

therefore the effective action satisfies

I

S
p<s
e

Is[(¢c)5] = Tloc]-

19GSince Dimensional Regularization introduces an arbitrary mass scale u, and '™ includes

terms of the form gIn (7:—22) , the perturbation series for small g will still contain large coefficients

unless we set = pur ~ m.
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Applying the functional expansion, we see that this imposes the desired connec-

tion between bare and renormalized 1PI Green functions,
PO) = Z3Fm)

This expression generalises easily to fermions and gauge fields in exactly the same
manner, hence a theory with all three field types will have 1PI Green functions
satisfying

" Ny
2

PO (§,6,m, 1) = 2,7 7,

nA
2

Z2TW (g5, &5,my) (2.60)

where the n = ng+ny+ny4 external legs are comprised of ny scalars, ny, fermions,
and n 4 gauge fields, and there is an implicit sum over all dimensionless couplings ¢
in the theory. We may now act on both sides of this equation with the differential
operator ,u%, with the understanding that all bare quantities are independent of

1 and the renormalization factors depend on p implicitly: the left-hand-side gives

_|_

s Pouog " Mopoc T o om

d ~ 0
T g,&,m, p) = ( +
(9,6, m, 1) o

8g0 o¢ 0 om 0 ()
dp ’

while the right-hand-side gives

8Z 0 0Zy 0 0Zs 0 Lo
_ ? tu ¥ M 2
. 1 8Z¢ ] 1 0Z¢ _1 1 8ZA -1\ 1n)
—<n¢2uauZ +n¢2ualuZw +TLA2,M8ILLZA r.

Rearranging, we obtain the Renormalization Group Equation,

0 0 0 0 ~
v - o _ _ _ (n) _
<M o5 + B(g) 9 + 6(5) AL i mm) r :

(2.61)
where we have defined the [-functions, mass anomalous dimension, and field

anomalous dimensions as

i) =2 _ % __mOm
1 0Zs _1 07, 1 024,
Y% =517, Z,, Yy = aMZ 2y auZ (2.62)

These functions are known as RG functions, quantities, or coefficients, and de-
scribe the effects of a change in the RG scale on the couplings, gauge-fixing
parameter, and canonical scaling dimensions as a result of interactions. By con-

sidering the behaviour of I as one scales the external momenta, one may relate
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L™ (py, ..., py) at some scale p to ™ (spy, ..., sp,) at the new scale sp, such that

any change in the couplings and scaling dimensions is given by the RG quantities.

Since we have already calculated the one-loop renormalization factors for a
¢* theory, we can easily demonstrate how to calculate the RG quantities. Recall

that, at one loop, the renormalization constants in the MS scheme are

~

A1 30 1
Z, =1 <Z(2) 7. =1 . 7y =1 -
s =1+0(0 Tt _a R o

We may use the p-independence of the bare parameters to generate relations
between the Zs and the RG quantities, then keep only terms up to a particular

order of \. Beginning with the bare coupling, we have

d)\ d .

9 a-dd o 4_ 0Z\\ 9 4_aq3
— (4—d)ZAZ¢2M4 N+ 23278 + <6Xa—&) Z2 0N

_ QZ)\ (5)\ 8Z¢>)
=2z [(4 — A+ 85+ 2! (@ . ) - 27 (@8—%’) X}.
The terms involving Zs are at least of order 5\2, so by postulating
B = (d— DX+ 0 A2+ O\,

substituting in the one-loop expressions for Z, Z4, and keeping terms only up

to 5\2, we find
3

1672° 7

therefore the one-loop S-function for A in d = 4 dimensions is

by = (4—d)oz"\ =

By =3 (%)2 + O(\®). (2.63)

Next we use the bare mass, giving

dmp d 11
0=plE = —(Z,%Z 2 )

1, -1 Zm\ .~ 1.3 8Z¢) 11 .0m
= 70 (B2 ) Z,2m — =227, B2 | m+ 227, 2 pu——
(ﬁkm)q5 ¢<ﬁ*ax o K
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The terms involving Zs are at least of order 5\, so we find that the one-loop mass

anomalous dimension in d = 4 dimensions is given by

o = {_%(4 —d)57Y + O(V)}

d=4

1 /A
=—— (=) +0WN). 2.64

8T (47r) +OW) ( )
Finally, the field anomalous dimension is easily calculable from its definition.
Since Z4 has no one-loop coefficient in ¢* theory, the field anomalous dimension

at one loop is simply

1 0z
=3 (B2) 2t = 00 265)

Having determined the g-function for the scalar coupling A\, we may approxi-
mate the change in A from the current scale A(u) to a new energy scale A(sp) by

solving the partial differential equation

OX(s) -
s = F5 (A(s)) , B .
0s () A(s) = A(sp).

This can be solved at one loop by simple separation of variables, giving

~

A 3
b= 167m2°

MS)‘I*“’OP - 1— 5\61 Ins’

Due to the positive sign of by, we see that the coupling decreases as one reduces
the energy scale, with the limit
lim A(s) = 0.

We say that the coupling decreases under RG flow from the UV (high energy) to
the IR (low energy). The coupling flows to an RG fixed point at A = 0, where
By = 0 and the coupling no longer changes. In the simple ¢* case this is the
only RG fixed point, but in theories with various interactions it is possible to find
non-trivial fixed points where g/ # 0. In general, a QFT with multiple couplings
g' € {g1,90,...} satisfying B(g?) = 0 is referred to as a scale-invariant QFT

20If we also keep track of the O(A2) terms, we find that there is a simple pole in 7,,, the
coefficient of which is a combination of simple- and double-pole coefficients in §Z; since 7 is
finite, this combination of terms must vanish, imposing relations between the simple pole at a
particular loop order and the double pole at the next loop order.
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(SFT); since RG flow ends at fixed points®', we may interpret general QFTs as

points on a manifold in coupling space, parametrised by RG flows between SFTs.

2l There is a subtlety here, based on the effects of global symmetries in a QFT, which shall
be clarified in the next section.
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2.2 Constraints on Renormalization-Group flow

In this section, we follow the basic treatment of Quantum Field Theory in Curved
Spacetime found in Parker and Toms [65], supplemented by Shore’s pedagogical
review of the c-theorem, the a-theorem, and the Local Renormalization Group

[67]; we also use Osborn’s original paper on Weyl consistency conditions [7].

We have finally arrived at the central topic of this thesis: do there exist con-
straints on RG flows, and what are the consequences of such constraints? There
is no a priori reason to think that the only possible behaviour of an RG flow is to
approach a fixed point; it is conceivable that an RG flow could instead approach
a closed trajectory in coupling space (a limit cycle), or indeed display no asymp-
totic behaviour at all (ergodic, or chaotic, flow). Physically, such behaviour would
be highly unusual, as it would suggest that the high-energy limit of a physical
system could be described completely in terms of low-energy properties, akin to
describing the small-scale electromagnetic interactions between water molecules
purely in terms of the flow velocity, density and pressure of the large-scale water

continuum.

Constraints on the possible RG flows of general two-dimensional QFTs were
first established by Zamolodchikov [2]. By interpreting the S-functions of a theory
as components of a vector field 4! on the space of couplings { q! }, Zamolodchikov
reasoned that since 3! generates RG flow in coupling space, and RG flow relates
the correlation functions of a theory at two different energy scales, there should
be an inherent irreversibility to RG flow. Heuristically, this is because the correla-
tion functions are defined at a particular energy scale u, and it is not meaningful
to then attempt to measure correlations at any energy scale y’ > p: some in-
formation about the UV theory must therefore be lost under RG flow to the
IR.

To establish the irreversibility of RG flow, Zamolodchikov defined various
functions, based on two-point correlation functions of the energy-momentum ten-
sor. Given a two-dimensional Fuclidean QFT and introducing complex coordi-

nates z = x+1iy, z = x — 1y, if one defines a function C' as the linear combination
3

where
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H= (27?)222302 (T,.(x)T.5(0)),

then C satisfies

oC 3
o - 2%

||
that is, C' decreases as one increases the distance scale |z|. Since the trace of
the energy-momentum tensor for a general QFT (see (2.66) below) contains an
operator anomaly

(T",) = 4(T.:) = B'Or,

we may define a new tensor structure (up to some arbitrary constant of propor-
tionality)
G[J ~ (271')22252 <O[<SL’)O]<O)> s

then by fixing |z| = u~!, we may use the RG equation to reformulate the con-
straint on C' as

C

8100 = ﬁfg—g, _ BIGL,E > 0.

Since Gy is manifestly positive-definite, C' is stationary only at RG fixed points,
where 3! = 0 and hence (T k) = 0. Consequently, at a fixed point g* we have
C(g*) = 2F, and so by using the Operator Product Expansion (OPE) for the

energy-momentum tensor of a CFT

we find that the function C' is equal to the central charge of the corresponding
CFT,
Cg") =c.

Finally, near a fixed point, expanding C' and 37 gives

Gry= 12675+ 0(92)>
1
B =e(g")g" - §CIJK9"9K + O(g%),

Clg) = C(g*) + 6€e(g") 919" — 2Cr1x9" 9" g™ + O(g*).

C, 8" and G  are then related by the gradient-low equation,

oC
a7 Grip’.

As outlined in the introduction, the existence of the function C' satisfying
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2 and provides a strict constraint

these properties is known as the c-theorem?
on the possible RG flows of a two-dimensional QFT: the couplings of the theory
must run in such a way that a particular function C' of the couplings decreases
monotonically under RG flow. The consequences of the c-theorem have been

investigated by numerous others, of which two key results are:

e Polchinski [4] demonstrated that, for a general two-dimensional QFT, one
may always redefine T},, so that it has a canonical scaling dimension. The c-
theorem then implies T, = 0 as an operator identity, hence scale invariance

implies conformal invariance in two dimensions.

e Iriedan and Konechny [11] demonstrated that the gradient-flow equation

in fact holds non-perturbatively, away from RG fixed points.

Unfortunately, Zamolodchikov’s argument does not generalize beyond two di-
mensions. It was shown by Cardy that, for any theory in dimension d > 2, the
standard assumptions of renormalizability, reflection-positivity, translation and
rotation invariance are insufficient to construct a function C' whose derivative is
determined entirely by the two-point function (T“MT ¥ ), and so is not guaranteed
to be monotonic. Instead, Cardy considered the idea of interpreting C' in terms
of the trace anomaly of a QFT in curved spacetime (QFTCS), which for a QFT

in two dimensions is
c

™ )=——"R

(") 2477

where R is the Ricci scalar of the spacetime and c is again the central charge of
the corresponding CFT. In general, the d-dimensional trace anomaly takes the
form

d
2

(T*,) = B'{On) +¢(C)2 —a By + Z bifi (&, guv) (2.66)

where we have the usual operator anomaly, plus new gravitational anomalies

proportional to powers of the Weyl tensor,

2 9
Chuvpe = Ryvpo — =2 (9uip Rolv — gulp Rolu) + m@u[pgo}w

the Euler density,

1
T M1V1...nVn P101...0n0 L o
s o € min e " Ruvipror * Bpvmpnon d=2n,n¢€Z,
d =

0 d=2n+1,neZ;

228pecifically, Zamolodchikov’s construction proves the monotonicity of C' and the relation
C(g*) = c¢ non-perturbatively, while the gradient-flow equation is only valid near RG fixed
points.
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and a number of other scalars f; of dimension d, such as R¢?. The gravitational
anomalies are independent of the interactions in the theory, and hence could
be related to a c-theorem for general QFTs. When d = 2, the Weyl tensor
vanishes identically, the Euler density is exactly the Ricci scalar, and the only
other possible contribution (f; ~ £R) vanishes identically®, hence at an RG fixed
point we must have

a ~ C.

Cardy therefore conjectured [1] that a suitable generalization of the c-theorem
should involve a function A (hereafter referred to as the a-function), satisfying the
same properties as the two-dimensional c-function, such that at RG fixed points
A(g*) = a, the coefficient of the Euler density in the trace anomaly. The existence
of this function is known as the a-theorem, and would be a valid generalization

of the c-theorem to any even-dimensional spacetime.

There have been several attempts to prove the a-theorem, or at least one of

the progressively-stronger formulations outlined in the introduction:

e Jack and Osborn showed [8] that the desired a-function exists, decreases
monotonically under RG flow, is equal to the coefficient a of the Euler den-
sity at RG fixed points, and obeys a gradient-flow equation near RG fixed
points, with a metric that is positive-definite at leading order in perturba-

tion theory.

e Anselmi, Freedman, Grisaru and Johansen provided a non-perturbative
proof of the weak a-theorem for N' = 1 supersymmetric theories [12]. The
argument was dramatically simplified by Intriligator and Wecht [13], with

refinements by Kutasov [14], using the idea of a-maximization.

e Komargodski and Schwimmer provided a non-perturbative proof of the
weak a-theorem for general four-dimensional QFTs [16], by coupling the

QFT to a dilaton and analysing the four-point function of 7%,.

Progress has also been made on various corollaries and implications of the a-
theorem, for example Luty, Polchinski and Rattazzi proved that the weak a-
theorem is sufficient to rule out limit cycles and ergodic RG flow, as well as
guaranteeing that scale-invariance implies conformal invariance in four dimen-
sions [17]; Jack and Osborn also derived a consistency condition that, if true,

leads to an all-orders expression for the a-function in four-dimensional N' = 1

23The Lagrangian density of any d-dimensional QFTCS with scalar fields contains a contri-
bution éR¢?; a minimally-coupled theory is one with ¢ = 0, whereas a conformally-coupled

theory is one with £ = 4(&_721))-

In two dimensions, the two are therefore equivalent.
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supersymmetric theories without gauge interactions [9]. Further work has been
done on explicitly constructing an a-function in six dimensions [37,38], in order
to verify that the metric is positive-definite at leading order, and attempts have

been made to find an equivalent function for odd-dimensional QFTs [43-45].%4

The constraints on RG flows provided by Jack and Osborn’s construction are
sufficiently powerful to derive highly non-trivial consistency conditions amongst
the various S-functions of a general four-dimensional QFT, and it is these con-
straints which form our primary interest. The constraints are derived by consider-
ing the effects of an infinitesimal Weyl transformation on the QFTCS, then using
the commutativity of Weyl transformations to derive relations between RG quan-
tities; consequently, these constraints are known as Weyl consistency conditions.
Key to this method is the idea of extending couplings to spacetime-dependent
functions g/ — ¢’(z), leading to an extension of the usual RG formulation known
as the Local Renormalization Group (LRG). This chapter, therefore, shall con-
clude with a summary on the extension of QFT to an arbitrary curved spacetime,

followed by a re-derivation of the Weyl consistency conditions.

2.2.1 Extending to curved spacetime

It is relatively straightforward to define a classical field theory in a general curved
spacetime: one need only identify those features in the action S (¢,0,¢) that
correspond to a flat background and replace them with the associated covari-
ant quantities, such that the resulting curved spacetime action S (¢,V,¢,9..)
is invariant under general coordinate transformations. Assuming that the usual
variational principle applies to the new curved spacetime action, we then obtain
generally covariant equations of motion from the variation of S with respect to
the fields ¢. A new feature is that the total variation 0.5 also contains variations

with respect to the metric,

05
55 = / iz ( S0t S (m),

and so there should also be a corresponding equation of motion from varying the

metric. To see what this represents for a general theory, consider the Einstein-

Hilbert action with matter,

S = Spg + Sy = /dd:c lg] { (2A — R) +.$M} : (2.67)

24Gee chapters 4 and 5 respectively.
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Under variations of the metric, we have

SR R
sgw B T VoA

0/ |g 1
o _ 1 /o

ogH

hence (dropping the total derivative)

2K 4 <\/ ‘g|gM> S
g
Vgl og

Varying the action with respect to the metric therefore yields the Einstein field

1 1
08 = /ddl‘ |g|% Ruu - §R9MV + Agul/ -

equations,

1
R, — §Rg,w + Agu = KT,

Nz

where we define the energy-momentum tensor as

295 o = 2 5m (2.68)

b= e T gl oo
This definition of T}, is manifestly covariant and symmetric, hence we shall adopt
it as our definition for any classical field theory in curved spacetime with action
Syr. Variation of Sy; with respect to the metric in a general curved spacetime will
therefore not necessarily vanish, but requiring diffeomorphism invariance of the
action ensures that the variation with respect to an infinitesimal coordinate trans-
formation dyg,, must vanish. Given an infinitesimal coordinate transformation

of the form

ot =gt — e (x),
and expanding the tensor transformation law

. OxP 0x°
guu(x) = O ngo—(l'),

we find that
SoGuw = gl'w(:c) — g (%) = €0,9, + Gup0v€” + 9,,0,€".
After some algebraic manipulation, this is equivalent to

09w = Legu = Vyuew + Ve,
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so the variation of Sy, with respect to the metric, assuming ¢* and V,e* vanish

sufficiently rapidly, becomes

58S
— — dd _— v
0=0S / x Som 909,

= _/ddx\/mTﬂl’vuey

/ de /19l (V,T") .

and so the equation of motion for variation with respect to the metric is simply

the covariant analogue of local conservation of energy,
v, " =0. (2.69)

Furthermore, a classical theory in curved spacetime is conformally invariant if

the theory is invariant under local Weyl transformations®, given by
G — 0? ()9 = e2o(m)gﬂ,,

with some associated transformation of the fields. An infinitesimal Weyl trans-

formation corresponds to
09w = 20(2) gy,
hence

1
0=05 = —3 /ddx\/ |g|T"" 6,0 = —/dd:p lglo(z)T7,.

A conformally invariant classical field theory in curved spacetime therefore has a

traceless energy-momentum tensor,

T, = 0. (2.70)

When considering a quantum theory in curved spacetime, we follow the same
philosophy as for a classical theory; that is, to take the Path integral formulation
of a QFT, extend the classical action as above, define a suitable Path integral

measure for curved spacetime, and then define operators and Green functions

25There is a slight subtlety in what is meant when a theory is said to be conformally invari-
ant. A conformal transformation is a coordinate transformation that preserves angles, hence a
theory invariant under general coordinate transformations (diffeomorphisms) is automatically
invariant under conformal transformations. However, conformal transformations do not pre-
serve distances, so the action of a theory will differ by a local scale transformation. Therefore,
the action of the theory will take the same form if and only if the theory is also invariant under
local Weyl transformations; such a theory is then called a conformal theory.
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using covariant functional derivatives,

o1 9
of(x)  /lgl0f(2)

This procedure is facilitated by using an equivalent formulation of the Path inte-
gral known as the Schwinger action principle, which is more easily adaptable to
a general spacetime. Succinctly, for a theory in a region of curved spacetime €219

bounded by two constant-time hypersurfaces 0€2;, 9€)s, if the classical action

Si2 :/ d'z V 9%
Q12

for some Hermitian Lagrangian density £ has a variation given by
0512 = / d%x |g| (53 + VMA“),
Q12

where

A:/ doyn,A"
PY)

is the generator of unitary transformations on 02, then the Schwinger action
principle states that the variation of the transition amplitude between a state |1)

on 0€2; and a state |2) on 0 is given by
0(2]1) =i (2[05121) . (2.71)

By including source terms, one may recover the usual definitions of Green func-
tions, classical fields, the effective action, ete, valid now for a general curved
spacetime. Applying this to the generating functional of a QFT, where we take
|1) = |in) and |2) = |out) to be the asymptotic vacuum states of some particular

observer?®

by

, we find that a variation in the vacuum-to-vacuum amplitude is given

IW = 6§ (outlin) = i (out| 0.5 |in) ,

and hence the variation in the generator of connected Green functions, X =

—ilnW, is?"
(out| S |in)
w

26Recall that in a general curved spacetime, there is no uniquely-defined, observer-
independent state that one may identify as the vacuum: the particle number operator is not
invariant under Bogolyubov transformations relating different observers.

2TNote here that we follow the notation of [65], in which the curved spacetime vacuum
expectation value is defined with an explicit factor W in the denominator.

X = —iW oW = = (0S) . (2.72)
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By considering variations with respect to the metric, we find

Y FURLES /d 2
5X_/dxégw dx\ﬁ\ﬁ(sgw :

and since
4 1 Do T, e
(68) = W1/D¢>5Sezs = é/ddx lg] (MT“6> ogh”,

we may define the expectation value of the energy-momentum tensor for a QFTCS

as
2 00X 2 00X

g (") = —— 5
Vgl 99 V19109

which again by diffeomorphism invariance implies the equation of motion

(Tw) = (2.73)

v, (T") = 0.

This definition is again manifestly covariant and symmetric, and one may easily

extend to an n-point correlator by repeated functional differentiation:

9 2 5 X
el /1gen] 09 (1) -+ %8 ()

(T (1) -+ Toap(0)) = (2.74)

By analogy with the classical case, one might expect that (7},,) is traceless for
a conformally invariant theory, but this would only be true if the Path integral
measure were conformally invariant. The effects of a Weyl transformation on the

measure may be established by using the one-loop effective action of a QFTCS.

The one-loop effective action and the trace anomaly

As usual, we begin our discussion with the classical theory. The action of a free
scalar field may be extended to curved spacetime by the minimal substitution

procedure outlined above, giving
d 1 v 1 2 12
S = [ d%+/|g| §g“ V.oV, ¢ — 5™ o° ). (2.75)
However, if we were to apply a Weyl transformation of the form

G = Gy = L (@) g, ¢ — ¢ = (2)0, (2.76)
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we would find that
/I d ,1/;w////12/2
§'= [ d'e\/1g1( 59"V, V8 — gm*s
1
/ddx\/|g |Qd—2+2k 59 " (9,00,¢ + k8, InQ9,(¢°) + k*¢$*0,InQ 9, In Q)
1
+/dd$m9d+2k§m2¢2

The action cannot be invariant, since the kinetic and mass terms scale differently,
and the additional terms in the second line cannot be expressed as a total deriva-
tive. This may be remedied by the introduction of a new term in the action,

consistent with diffeomorphism invariance:
d Lo L 5o 1 2
S = [ dz+\/|g]| §g“ V,.oV,0 — 3™ o° — §£R¢ . (2.77)

The effect of a Weyl transformation on the Ricci scalar may be deduced from
seeing how the Christoffel symbols transform, then constructing the Riemann

tensor and contracting indices as usual. The final result is [65]

R =07 (R +2(d —1)g" [0,0,InQ —T”,0, In Q]
+ (d—1)(d—2)g"0,In09,InQ) ,

which may then be substituted into the transformed action, giving
S = /dde‘ |g,| lgmuv/ QZ)/V/ gb' _ 1m2¢/2 o lgR/gb/Q
2 proov 2 2
_ 1, 1
= /ddwlgmd rek (59" VbV — §§R¢>2)
1
o /ddx\/mgd+2k§m2¢2
_ 1,
+/dd:c\/|g\Qd 2+2k(§kg“ 9,InQ0, (4%
—&(d—1)¢°g" (0,0, In Q2 —T*, 0, In Q]

5 [ =€ - 1)(d - 2)] #9" 0,00, In ﬂ)

We see immediately that we require m = 0 and k = Z;d, if the theory is to be

conformally invariant. Finally, if we choose £ = , the (0InQ)? term drops

4(d 1
out, leaving

1 1
S’:/dda: 9] (y“”%cbvycb— §€R¢2)
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9 _
+/ddx |g|(

-2
— dTngg’“’ (0,0, InQ —T”,,00In Q] )

dg‘“’au InQ9,(¢?)

—S—T d%@( \g|g“”q§28,,ln9>.

Therefore, the action for a classical conformally-invariant scalar field in a general

curved spacetime is

d _
5= [Vl (¢ V.0v0 - 1), (2.78)

given a Weyl transformation of the form
2—d
G = G = L (@) g, 0= ¢ =Q72 (). (2.79)

Consider now the action for a classical, conformally-invariant, multi-component

scalar field gbz(x) in curved spacetime with source J;(z),
Sy =5+ / d'e\/TglJi(2)¢ (x)
- / P15 (39,0095 )5~ 1€R¢i¢j5ij ¥ L(z)#(az))
/dd Az’ \/|g]\/|g'|¢" (x) Dij (z, &) (= /ddx\/gj

(2.80)
where
Djj(x,a") = d(x,2") Dy = 6(z,2") (O, + ER(x)) iy,
and
_ =2 = x)VH*(x :L’a:’:L x—1
=i DTV, )= i)

The action is quadratic in ¢, hence the Path integral can be written in an exact
form, as in the flat spacetime case. Introducing a length factor [ so that [?D;; is

dimensionless, we find

- / D eiS7 = (det 12Dy (x, 2')) "% e=# d'ed’e'/laly/lg @07 wa) @)
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and so the connected generating functional is
1 g '
;wﬂ=a/ﬁ%“ﬂwm¢wmuxnﬂwawww+§m¢%WDmLf»-

Since quantities defined by covariant functional derivatives of the Path integral
in curved spacetime take the same form as in flat spacetime, we may immediately

write the effective action as

I = X0 - [ dloy/Igl K)ol o)

The classical field ¢'(x) is

il‘zi 0X _ d./ / —1l'jl,x/ () = — —12‘]":[
) = sy = VIO @ = - (07)” g,

so pre-multiplying by D;; gives the source

Ji(x) = =Dyl (),
which may be substituted into the effective action to obtain
Loi(z)] =S + % Indet (I Dy;(z,2')) .

The first term is the usual classical action for the conformally-invariant scalar
field in curved spacetime, whereas the second term is a quantum correction (as
could be seen immediately by restoring factors of #). The second term is known
as the one-loop effective action,

i

'Y = ~Indet (I’Dyj(z,2)) (2.81)

DO |

and should contain all leading-order quantum effects for the conformally-invariant
scalar field in curved spacetime. In particular, we may isolate the contribution
o (T%,) from the one-loop effective action simply by choosing X = I'M. Under

an infinitesimal Weyl transformation, we therefore have

ST = %(5 [Indet (°Dyj(xz,2"))] = — /ddx lglo(x) (T",) . (2.82)

In solving the Path integral, we have implicitly assumed that the measure
D¢ is such that, as in flat spacetime, the integral reduces to a product of Gaus-

sian integrals when D;; is a diagonalizable operator. This can be justified by
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considering a set of eigenfunctions fy(x) of the operator D, satisfying

Dfn(x) = (He + ER(2)) fn(x) = An [ (2).

If the eigenfunctions are orthonormal and complete, satisfying the relations
/ A"/ Iglfy (@) far(x) = Ponwe, Y fi(@) fn(al) = Po(z,a'),  (2.83)
N

then the set of eigenfunctions forms a basis, and we may express the scalar field

r) =Y onfy(x)

for some dimensionless coefficients ¢5. The action of the classical theory then

as

becomes

5= / dtzds'/Tgl/Tg o (a (O, + ER(x)) o)
/ddxddx'\/g\/g (quNfN ) O, + ER(z (quMfM )
=32 3w o) [ eVl @) o)

—g PANGY-

If we define the measure as

l\DIH l\DIH

MH

Do =[] don : (2.84)

then the Path integral becomes

; dpn — —52Paney
W= [ Dpe® :/
/ ve 1;[ \/ —2m ¢
d(bN g2 2 1
ST1 e Tl

— (det D)2

as expected; the field theory is then recovered in the formal limit N — oo.
Considering now the effects of a local Weyl transformation, the massless scalar

action is invariant if the scalar field transforms as

b(x) = €7 o)
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hence the conformally-transformed field may be expanded in the form

r) =Y onin(@),  fu(a) =@ fy(a). (2.85)

The functions f do not satisfy the orthonormality and completeness relations,

and hence do not form a basis. However, since
ZfN = "7 e ZfN
= 2e7@ @) (1, 2")
and

[ el Fa@iote) = [ dtegleo e o0 @) oo
= [ tav/lg] 7 3 () o),

it is easy to see that we may instead define a new set of basis functions for the

conformally-transformed spacetime, gy (x), such that

fn(z) = e”(x)gN(x). (2.86)

Consequently, the conformally-transformed field may be expressed as
Z on I ( Z Ongn (T

and so the expansion coefficients ¢, ¢ are related by

Z dngn(z) = Z e "W dngn(z).

N

Using the orthonormality relation, we may apply the integral operator [ d?z\/|g| gx ()
to relate ¢ and gZ;N:

/ de /1] g% () (Z ¢N/gN/<x>> =Y ow / de /3] g% (2) g (
N/ N/
=) ondnn
N/

= Pon;
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N/

/ /17 g (@) <Ze—0<x>g€sN,gN/<x>>:Z / a1 ) gy () g (2);

therefore
¢N == Z CNN’QNSNH CNN’ = Z_Q/ddl’ |§| 6_0($)g}kv({[)gN/(l’). (287)
N/

Under a local Weyl transformation, the measure for the Path integral therefore

transforms as

[T dow = (det Cynr) [] doon,
N N’

where conformal invariance requires det Cyny» = 1. Converting this determinant

to an exponential in the generating functional, we find
W _ /rD(gei(S—ilndetCNN/)
and so the associated variation in the one loop effective action is
5F(1) = —ilndet CNN/-

Reverting back to the original basis fy and expanding the infinitesimal Weyl

variation to first order, we find
Cnr =172 / de /gl (1 = () fy (@) frr ()
— G 17 / do/Tgl o) Fi () fv (1)

— 6T — —ilndet Cyyr = /ddx lglo(x) (’il_Qfo*v(x)fN(xO’
N

hence the trace of the energy momentum tensor for a conformally-invariant scalar

field in curved spacetime is

(1) = =il Y frl@) fa(@). (2.88)

The sum on the right-hand-side is a divergent quantity, and therefore requires
regularization. The most convenient method for our purposes is Heat Kernel

regularization, of which a comprehensive treatment is given by DeWitt in [66]. If
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we define the Heat kernel K(7;z,2) as

K(riz,a) =172 e ™ fi(e) fu(2),

N

then the sum corresponds to K(0;z,x). The Heat kernel satisfies the partial

differential equation

9 ) )
ZEK (r32,2') = D K" (7 2,2)

lim K'(7; 2, 2') = 0",6(x, 2'),

7—0

and in a general curved spacetime has the solution

1 s(e,)) -
K(r;z, ') = ez A3 ¥ Bz, ')
(4m7‘)5 kZ:O
where .
(2,0') = L gule — V(o — o)

is the geodetic interval, and Az is the operator square-root of the Van Vleck-

Morette determinant,

g det (V,Vys(z,2'))

V19211921

For small 7, and in the coincidence limit 2/ — x, the Heat kernel has the asymp-

Az, o) = (-1)

totic expansion

i~k : :
K(ryx,x) ~ 1) Ej(x), Ei(x) = lim Ei(x, "),
()~ oy S Ble). Bilo) = i B

hence the regularized trace of the energy-momentum tensor is

(1%,) = lim —itrK(7;2,2) = O (7'_5> +

T—0

y trE%(:p), (2.89)

(4m)?3

where O (T’%> are singular contributions that should be removed after renormal-
ization. The functions Ej(x) are generated as coincidence limits of a recurrence
relation for Ej(z,z’), derived by substituting the Heat kernel into the heat equa-

tion. Given a differential operator of the form

DU :5Z]|:|$+QU(ZL'), Z,]:]_,,k?
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where Q(x) contains no spacetime derivatives, the recurrence relation is
A [(k 4 1) Epar + Vi8] = O (A%Ek) +AQE,,

hence the first three functions Fy(z), F1(x) and Ey(x) are given by

Eo(z) = lim Ey(z,2') =1,
' —x

Ey(z) = lim — (DA% n Q) ,
' —x

Ey(z) = lim ~ (D%% +2(0A2)? 4+ 6(0A2)Q + 0Q + 3@2) .

z'—z 0

Utilising relations for covariant derivatives of s and A%,
1
5= 5 VusV's, dA? = 2V, A3V*s + A20s,

and after extensive use of the Riemann tensor defined as a commutation relations

for covariant derivatives,

[vV? vﬂ] Aﬂ = RAMVpA)U
we find
) 1 1
lim OA2 = ——R,
e 6
. 2 l_i pupo_i 1224 iQ_E
i DAY= g5 B B 3 1 g i = 50
hence
E()(.T) = 17
1
Ey(x) = BR]]-k - Q,
Ey(x) = L op g g g + Lre_top)a
2 180 HvPe 180" ™ 72 30 F
1 1 1
~0Q — =RQ + =Q*
+5 Q 5 Q + 2@

We can therefore read off the trace anomaly for a two-dimensional scalar CFT,
with Q = Rl |4—2 = 0, as

k

— 2.
Yt (2.90)

<T"H> }d:2 = itr Ei(z) =
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and for a four-dimensional scalar CFT, with Q = {R1i|4—y = Ry, as

1
<T“ﬂ> ‘d=4 - 1672 tr Ey(x)
k

— ( L Ry R — LR R LDR) (2.91)

1672 \ 180" **° 180" * 180

Since <T“u> for a classically conformally invariant theory is a function of curvature
scalars that are non-zero in a general curved spacetime, we see that the associated
QFTCS cannot be conformally invariant: this is the trace anomaly, and is in
fact only non-zero in even-dimensional spacetime. Fermion contributions to the
trace anomaly may be calculated in a similar manner, by extending spinors and
~v-matrices to curved spacetime and constructing the effective action for a free
Dirac spinor; gauge contributions may be calculated by extending a Yang-Mills
theory to curved spacetime, then constructing an effective action that is invariant
under gauge transformations. In both cases, the intent is to derive the analogous
operator D;; that appears in (2.81), then calculate the associated Heat kernel

coefficient Ey(z); full details are given in [65].

2.2.2 Weyl consistency conditions

We have seen that extending a CF'T to curved spacetime introduces a gravita-
tional anomaly in the trace of the energy-momentum tensor, as a consequence of
the measure transforming non-trivially under a local Weyl transformation. Gen-
erally, the gravitational part of the trace anomaly of a QFT in d dimensions is a
linear combination of curvature invariants with dimension d, for example in two
dimensions the anomaly is simply proportional to R, while in four dimensions
the anomaly may contain terms proportional to R?, R,,R", R, R""° and
LIR. Such terms can be rewritten using a basis of curvature scalars that includes
the Euler density and powers of the Weyl tensor; we shall see that the coefficients

of terms in such a basis have more convenient behaviour under RG flow.

Recall that the gravitational contribution to the trace anomaly is derived by
considering the effects of a Weyl rescaling on the vacuum generating functional
of a classically conformal theory, and consequently takes the form of a functional
derivative. It is in fact possible to express the operational contribution 8! (Oy)
in the same way, by allowing the couplings to be spacetime-dependent functions,
g" = g'(): the couplings act as source terms [ dz+/|g|g"(x)O; for the com-

posite operators Oy, and so the composite operator is given by the functional
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derivative

1 65

I = —\/m5—gl

Considering now a variation of the vacuum generating functional X with respect

(2.92)

to the “local” couplings, we find

1 60X
0X = /ddélég—/dda: \g(\/7§ )5

so by making use of (2.72), the expectation value of the composite operator may

be defined as
1 0X

Vgl 99"

and pre-multiplying the functional derivative by 3! yields the operational contri-

(Or) = (2.93)

bution. We would (naively) expect that acting on the vacuum generating func-
tional with these functional derivatives would give precisely the trace anomaly in
the form

(T") = 81 (O)) + A, (2.94)

but this neglects the effect local couplings may have on the finiteness of n-point
correlation functions, and hence the renormalization of the theory. In order to
maintain renormalizability, the action of the original theory must be augmented
with additional terms corresponding to derivatives of the couplings; this is in
keeping with the general philosophy of renormalization, where one includes all

operators of the correct dimension.

There is a deep relation between a consistent theory in curved spacetime with
local couplings (from which one can extract the trace anomaly) and the Renor-
malization Group. The classical action of such a theory may be parametrised
as

S = Seon + /ddx 9| (¢"O1 + B R, + D0 27) (2.95)

where S, is classically conformally-invariant, and B“%,,, 0,0 Z* are understood
as containing all curvature scalars and coupling-derivatives of the correct dimen-
sion, multiplied by some appropriate tensor structure. Defining new functional

derivative operators

a1 = [ dtav/lgl(o(2)g™) ﬁ%
Agz/wx\m@@wﬁ;%ﬁ%, (2.96)
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there should exist a quantity Ay satisfying
(A9~ AP] X = /ddx 9] Ao, (2.97)

where X is understood to be derived from a suitably renormalized (2.95). Ajp
contains the gravitational contribution A, as well as extra contributions propor-
tional to derivatives of the local couplings g’ (z) and Weyl rescaling function o(z);
in the limit where the couplings are constant, (2.97) should reduce to an inte-
gral version of (2.94). If, however, one instead considers a global Weyl rescaling

o(z) = o, the 0,0 term vanishes and we may rewrite (2.97) as

2 6 1 9 1 6
d?z/|g| | g" B B ———— | X =0,
/ Vi0glog /gl 09" Vgl 0%°

Assuming all operators in (2.95) are marginal, so that the bare couplings may be

expressed in the form
g =u2"9’, By = 2%%°, (2.98)

we find that the associated vacuum generating functional obeys

0 / d 2 0
— + [ dz+\/|g| g"" X =0; 2.99
& ] .

that is, a global Weyl rescaling is effectively an inverse RG scaling®®. We therefore
find that, for a global Weyl rescaling, (2.97) is in fact a generalization of the
standard RG equation for the vacuum generating functional, extended to local

couplings:

d 0 ) )
— X = |p— dp (B1— + 2°—— )| X = 0. 2.1
am [M5‘M+/d:€(5 591+% 595’“)] ’ (2:100)

Consequently, (2.97) is referred to as the Local Renormalization Group (LRG)
equation: it contains all information on the RG flow of the theory in a curved
spacetime with local couplings, and this information may be obtained by appro-

priate functional differentiation.

The LRG, and its definition in terms of Weyl transformations, underpins

our attempts to impose constraints on RG flow. A crucial property of Weyl

28Heuristically, this makes sense. Recall that RG flow is usually depicted as a “zooming out”
process, in which one describes the higher-energy theory in terms of lower-energy degrees of
freedom. Conversely, a Weyl rescaling is a “zooming in” process, in which one describes the
larger-length theory in terms of shorter lengths.
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transformations is that they form an Abelian group, and so the commutator of two
Weyl rescaling operations must vanish. Since the LRG describes the behaviour
of a theory under a Weyl transformation, imposing that the commutator of two
such transformations must be zero leads to highly non-trivial relations between
the various terms present in 4s. These relations are known as Weyl consistency
conditions, and the key equation (2.1) stated at the very beginning of this chapter
is precisely one such condition. In the case of two spacetime dimensions, the
Weyl consistency conditions may be combined with relations between the tensor
structures in Ay and the two-point functions; the end result is a re-derivation of

Zamolodchikov’s c-theorem, outlined at the beginning of this section.

To see how this works, consider the action (2.95) with d = 2. We must include
all curvature scalars and coupling-derivatives of the correct dimension, hence in

this case we have (up to total derivatives)
B K, = cR+ %Xuﬁuglﬁ“g‘], (2.101)
where ¢ = ¢(g) may be a function of the couplings. (2.97) then takes the form

[Ag - Ag] X = /ddx 9] [U@) (CR + %XIJauglaugJ) + Ouo (wla“gl)] )
(2.102)

having defined a new tensor structure w; according to
PH = wiotgl.

If we apply another Weyl rescaling, using the functional derivatives (2.96) with

a new infinitesimal transformation ¢’(x), we find

A% A — A X = /ddx |g|{cr’a(2 —d) [cR+ $x150,9"0"g” |
+0'V,0 [(2 = d)wi0'g" —2(d — 1)9"c]
— V,0'V¥a [2(d — 1)c] };

A?, [AY — AP X = /ddfC |g\{0'/0 (8" 0k 150,97 0" g™ + B x1,V?9” ]
—+ O'/VMO' [51 (81wJ — XI1J — 8(]&)[) 8“gJ + VM(BI(U[)]
— V,.0'V¥o [Bw] };

Setting d = 2, and using that the variation of the Ricci scalar under an infinites-

imal Weyl transformation is R = —20R — 2V?0, the commutator of two Weyl
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rescaling operations with parameters o(z), o/(x) is given by
AY — AP A, — Afj,] X = /dda; 9| (6'V yo — oV ,0") 27, (2.103)
where
Xy = Ouc — XIJﬁJaugI + 5‘]6wa8“9[ - 5JaIwJa”91 + V“(ﬁlwl)- (2.104)

Imposing the vanishing of (2.103) in a curved spacetime for arbitrary Weyl rescal-
ing o then imposes that 2, = 0. Factoring out the d,g’ term, 2, will vanish

for arbitrary spacetime-dependent coupling ¢’ (z) if
ore = xrB87 — (5‘]8le + 816‘]wJ) ) (2.105)
Finally, defining a new quantity ¢ = ¢+ w;/37, this condition may be rewritten as
Or¢ = xrsB” + (Orwy — Oywr) B7, (2.106)

which then satisfies
ploe = By p7. (2.107)

We see immediately that (2.106) is in the form (2.1), with A = ¢, T, =
X1s + 20w g, and that ¢ is stationary when 57 = 0; if x;, is positive-definite,
¢ satisfies the required properties of the c-function for two-dimensional theories.
This may indeed be shown by calculating anomalous Ward identity for the two-
point function of the composite operator O;, making use of the commutation

relations

) ) 0
A — AP = — A —AP| =98 —. 2.108
|:5guu’ o o:| 07 [5917 o 0':| 816 5gJ ( 0 )

Using the LRG (2.97) and the commutators (2.108), and returning to flat space-

time with non-position-dependant couplings, we find that [7]

(A% = AJ](O1(x) Oy () + 8185 (Ox ()0, (y))
+ 0,85 (O (2) O () + 010585 (O () (2, y) = x15V?6(2, ) (2.109)

and so X1 is proportional to the manifestly-positive two-point function (O;(x)O;(y));
¢ is therefore a suitable function of the couplings in the theory, completing the

derivation of the c-theorem. There is in fact an arbitrariness present in this
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derivation, in that if one adds a local functional to the action,
65 = /ddx g (3bR — La;,0,9"0"g”), (2.110)
then the derivation goes through as before, with the corresponding shifts
¢— e+ BlarB’, wr — wr — Orb + aryB7, (2.111)

under which (2.107) is invariant. The effects of these shifts vanish when 8/ =0,
and hence serve to parametrize the scheme-dependence of ¢ between RG fixed

points.

The importance of the approach using Weyl consistency conditions is that
the method may be applied to higher-dimensional theories, and hence facilitates
the search for a proof of the a-theorem. When d = 4, (2.95) contains more
curvature terms, coupling-derivatives, and mixed terms such as RX;;0,9'0"g”,
but the derivation of the Weyl consistency conditions is otherwise the same as
in d = 2. In (2.97), A is now understood as containing derivatives up to V3o,
and so the right-hand-side of (2.103) has several contributions proportional to
0'0,0 — 0d,o’, 8,0'0,0 — 9,0'0,0, and 9,0'V3s — V?0'0,0; requiring each of
these terms to vanish separately imposes a large number of relations, from which

one may derive a four-dimensional analogue of (2.106).

Again, we begin with the action (2.95) with d = 4. A suitable basis of

dimension-four operators is

BT = ¢ CoapaC"" — aEy + bR + 1A,V V2g’
+ %BIJKaugIaugJVQQK + %CIJKLauglaﬂgJaugKaygL
+ %EI@R@“QI + %FURﬁugI@“g‘] + %GUG“”@MgI&,gJ, (2112)

and so (2.97) takes the form
(A — AP X = /ddaj |g\{a(:€)%a9?a

+ 0,0 (G‘“’Wla,,gl + RHjﬁ“gI + Qf“)
+v2o—(RD+@)}, (2.113)

where we define

= SIJaugIv2gJ + Tr k0" 90,970 g",
W =U, V3 + VU@Mgfﬁ“g‘]. (2.114)
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Making use of the variations under Weyl rescaling

0Cps C77 = —40ClupeC"77,  §G" = —doG™ — 2 (VIV" — ¢"'V?) o,
OV = 20V +20,0V",  0Es = —40E; +8G"'V,V,0,
dR = —20R — 6V?0,

the derivation of Weyl consistency conditions then proceeds as before; full details
of the calculation can be found in [7-9]. Most importantly, we find the following

two conditions:

80ra = G587 — (B70,wr + 0187wy)

Gry+ 2455420185 Ak s+ B5 Bryx = 0185 Skcy + 058" S1x + BX0x S
(2.115)

Hence, we see that the quantity @ = 8a +w; 3! satisfies four-dimensional versions
of (2.106),
8]& = G[JBJ+ (81wJ _8JWI) ﬁ‘], (2116)

and (2.107),
Bloja = B'Grsp7, (2.117)

which are again in the desired form (2.1). Unfortunately, we cannot immediately
prove the a-theorem in the same manner as the c-theorem: the second consistency
condition relates G;; to Brjk, and since the latter is related to the three-point

function (0;0,;0k), G, cannot be manifestly positive-definite.

Before we begin our investigations into the constraints placed on RG flow by
(2.1), there is one final aspect of the LRG that must be taken into account. For
a general theory with field multiplets ¢¢, i = 1,...,n, there is a global O(n)
symmetry?” corresponding to the permutation of these fields. In order for the
operator term ¢’O; to be invariant under such permutations, the coupling g’
must acquire some compensating transformation; that is, for some field variation
d¢ = —eg, there is an associated coupling variation §g’ = —(eg)!, where € is an
element of the Lie algebra o(n). There is an anomalous current (J,) induced by
such a symmetry, which may be derived from the classical action by promoting
the symmetry to a local symmetry € — €(x), and introducing a local auxiliary

term A¥(zx) that acts as a source. A" may then be treated as another local

29While this argument holds when the symmetry group is a general Lie group, the only case
we consider in this thesis is that of permuting field multiplets in six-dimensional ¢3 theory: see
chapter 4.
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coupling, so that the current is defined via the usual variation

1 0X

There is then an associated contribution to (2.97), generated by a new operator

o J
Al = /ddx lg] <a(x)ﬁA— -0 OS—) , (2.118)
oA, M TEA,

where 37! = p;D,g’, and D,g' = 9,9" + A,g" is the gauge-covariant derivative.

The trace anomaly then acquires new terms of the form
(Th) = (T +SF* k- Fy+ 5F"™ - (150,9" 0097 + V. (F* - 010,97, (2.119)

where F),, is the field-strength tensor associated with A, (x). The presence of this
extra operation modifies the Weyl consistency conditions, which should now take

the form

[Ag SAP S AA N, AP AL X = (2.120)
By defining shifted functions
B'=p"—(Sg)!, P'=p"+0/S, B =p5}+D,S, (2.121)

the & contributions may in fact be absorbed into other terms, so that the LRG
takes its usual form, with the S-functions 8! replaced by their gauge-covariant

analogues B!. The Weyl consistency conditions are then modified, such that
801a = G B’ — (B05wr + 0187wy) — (Prg)’ wy,  B'Pr=0, (2.122)
so by again introducing @ = 8a + Blwy, we have an equation in the form (2.1),
B'0;a = B'G;B’. (2.123)

The presence of global symmetries is intimately connected to the existence of
limit cycles in RG flows, and the question of whether scale-invariance implies
conformal-invariance. Since the g-functions in the LRG are replaced by corre-

sponding B-functions, the trace anomaly becomes
(T") = B"(O) + B:‘ (J") 4 (curvature) + (9g) , (2.124)

and so in the limit of flat spacetime with non-position-dependant couplings, the

vanishing of (T ”M) is governed by the B-functions, rather than the [-functions
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as expected. In [15], it was shown that for a QFT with a limit cycle (so that
B # 0), the theory necessarily has B! = 0 along the limit cycle, and satisfies
B! = B! at RG fixed points; combined with (2.123), this demonstrates that the
question of scale- implying conformal-invariance can be generalised to include
theories with limit cycles, by identifying couplings related by a global symmetry

transformation, such that the RG flows are instead generated by B’.



Chapter 3
Four Dimensions

The four-dimensional a-theorem, as originally conjectured by Cardy [1], is the
most phenomenologically relevant case that we consider in this thesis, since any
derived constraints on RG flow can be applied directly to the Standard Model
of particle physics. The Standard Model is a four-dimensional, perturbatively
renormalizable quantum field theory, based on the spontaneously broken symme-
try group SU(3). x SU(2)r x U(1)y, and contains a scalar, fermions, and gauge
bosons; the Standard Model Lagrangian therefore contains each possible marginal
coupling in four dimensions, associated with gauge interactions, Yukawa interac-
tions and scalar self-interactions. Recent work on the a-theorem by Komargodski
and Schwimmer has led to a proof [16] of the weak formulation, subject to cer-
tain assumptions on the four-point function (7% 7%,77T¢,) highlighted in [67].
In [17], it was shown that the weak formulation is in fact sufficient to rule out
the existence of theories that are scale-invariant but not conformally-invariant,

extending the result of [4] to four dimensions.

We are interested in the strong a-theorem, hence the starting point of our
investigations is the existence [8] of a function A(g) of the couplings, which at
RG fixed points is proportional to the Euler density coefficient a in the trace
anomaly, and which obeys the gradient-flow equation (2.1). The definitions,
calculation methods and results in this chapter are a slight generalization of those
found in our published version [19], with more emphasis placed on completely
arbitrary renormalization schemes (most noticeably in section 3.2). Our method
is essentially that of Wallace and Zia [18], suitably generalized and adapted to the
case of multiple fields and couplings. We shall reproduce the perturbative proof
of the strong a-theorem, by showing the metric G;; = T{) is positive-definite at

leading order, as a byproduct of our consistency condition calculations.

79
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3.1 General gauge theories

We begin by considering a general renormalizable gauge theory, with a simple
gauge group G C [U(ny) N O(ny)], and containing n, real scalars and n, two-
component Weyl fermions 1);. The basic set of couplings for the theory is then
{9,Ya, Yo, Aapea}, where Y, = Y* and YT = Y,; the couplings correspond to
the gauge interactions, the Yukawa interaction %QZJZT C(Ya)ijYj¢q + h.c., and the
quartic scalar interaction i)\abcdgbagbbgbcgbd. The hermitian gauge generators for
the scalar and fermion fields are denoted tfl, tﬁ respectively, where A =1,...,n,
and n, = dim G is the dimension of the representation; the generators satisfy

[ta,tB] = ifapctc, and gauge invariance requires the identities

Yatﬁ + tﬁTYa = (ti)abyvln (tﬁ>ae)\ebcd¢a¢b¢c¢d = 0.

The form of our results may be simplified by assembling the Yukawa couplings

and gauge generators into matrices:

Y, 0 X Y, 0
a — — ; a — = 01Y401,
Yy 0 v, Y. 0 Y, 1Ya01

th 0 . .
TA = x s TA = 0'1TA0'1 = —TA .
Here, oy is the first Pauli matrix. To realise this form of the Yukawa coupling and
gauge generators, the Weyl fermions are consequently assembled into Majorana
Vi
_Cfl 77Z_)iT

[-functions at each loop order, we perform a trivial rescaling of the couplings

1
1672

spinors ¥ = . Finally, to remove factors of that appear in the

according to
)\abcd — 1677'2)\abcd , Ya — 47TYa, g — 47Tg .

3.1.1 Leading and Next-to-leading order

To evaluate the A-function perturbatively at lowest order, we require only the
one-loop gauge S-function, since (as we shall see) all terms generated by the one-
loop Yukawa and scalar 3-functions are of higher loop order.! The one-loop gauge
[S-function is simply

B =g, (3.1)

g

!The precise ordering of contributions is gauge-Yukawa-scalar, for example the three-loop
gauge, two-loop Yukawa and one-loop scalar S-functions all give contributions to the A-function
at the same loop order. This is referred to as the ”3-2-1” phenomenon, as detailed in [20].
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where egl) = —%(HC’G —2RY — %Rd’), and the various invariants are defined by

tr[tﬁt%] = RwéAB, tr[tﬁt%] = R¢5AB, fACDfBCD = CgéAB. (32)

The only terms of the correct loop order that may contribute to A are of the form

g*tr[t,t,], hence we may define
A® = P g2, (3.3)
Expanding (2.1), we wish to solve
dA® = dgT}) 8. (3.4)

Substituting in (3.1) and (3.3), we find

2 1
20" n,gdg = " TV g* dg,

)

hence to ensure the coefficients match, Tésl, must take the form

1) My
T = oV =2, (3.5)
g
It is easy to see that for the metric G5 = T(;s) to be positive-definite, 09) >0 is
a necessary condition; we shall soon find that it is in fact a sufficient condition.
Having found 7, g(;), the A-function coefficient is therefore given by
@) =3, (36)
and hence the leading-order A-function for a general four-dimensional gauge the-

ory is
A® = %egl)agl)nvg? (3.7)

While one may substitute in the exact values of the f-function coefficients as
calculated in a particular renormalization scheme, one can just as easily leave
the coefficients arbitrary. By doing so, it becomes possible to investigate the
scheme-dependence of the coefficients in the A-function, as well as any consistency

conditions on [-function coefficients that arise as a consequence of (2.1).

We now turn to the next-to-leading order A-function. Expanding (2.1) to this
order, and recalling that y and g are not independent, we now wish to solve
0

3) — 3) 2 1
d,A® = d(ya)mmA( f=ayT) B,
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dyA®) = dgaa A® = dgT{) 8P + dgTyg Y, (3.8)
where we define 5
ay )..(yb)kl = 30a (9irdjt + 0udjn) , (3.9)
a)ij

and the Yukawa metric term takes the form
T2 = 1éy, (3.10)

such that
dyT 285 = 1 d(ya)ii (B2 (3.11)

At this order, there exist potential mixed Yukawa-gauge terms, and so this is the
first order at which one may find non-trivial constraints on the S-functions; we
shall see that this is indeed the case.

In addition to the one-loop gauge S-function, we now require the one-loop Yukawa

B-function?,

AL =3"c(eM),

=1
~ ~ 1 A~
— AV bas + S Walvyo + sbbya) + St [yl s

+ VP (4O + CVy) + D g2 C% (3.12)

and the two-loop gauge [-function,

5 5
B = "+ ) (O] o) T (7))
g3
0r[C¥ Gy + €57~ txlguCoyun). (3.13)

v v

I e4(12) 9

Given the terms that arise in each S-function, we may express A®) in the form

93 AP ¢ ()
i=1

8
Ty
= > + oz, (3.14)
=1

2Here and elsewhere, we adopt the convention of dropping explicit fermion indices, with
the understanding that products of Yukawa couplings read left-to-right, for example y,4,yp =
(yv)ik (Ga)ki(yp)1j. Fully contracted fermion indices are implied by a trace, i.e. tr[y,Js] =

(Ya)ij (Ja)ji-
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where
Agg) = tr[yagbyagb]a Agg) = tr[yagaybgb] Agg) = tr[ya?)b]tr [ya:gb]a
AP = PalyadaC?), AP = PulgComl, AP = gtul(Cc)?,
AY = g'u(c®)?, AP =n,g". (3.15)

The additional term with coefficient « represents the arbitrariness A — A +
B1g; 787 present in solutions to (2.1), where gy is itself an arbitrary tensor struc-
ture. Substituting (3.1), (3.5), (3.10), (3.12), (3.13) and (3.14) into (3.8) gives a

system of ten equations:

4(1(3) = ucgl), 4(1(3) = 2uc(1) 4a§, ) = ucgl),
1 1)
20> = 2uc} %, 2a5" g = pc} )g , 20" gdg = o g dy,
3 1) (2 3 (3 1 2)
205" gdg = o1"el’ gdg, 4daf’g’ dg = o1"ei g*dg, 407" g dg = o1V e g* dg,
4ag’ +ale”))g*dg = o1"ein,g  dg + €V Tyg g% dg.
(3.16)
From these equations, we see that Tg(g) takes the form
T = o1 n, (3.17)

and so the coefficients of the next-to-leading order A-function are:

(3) _ (1) (3 _ (1)

ay " = Ncl ’ o NCQ ,

ay’ = fuc’, aff) = pel!) = Joied),

0 =jues” = golVel, o = o,

ap) = joies, af) = i@V o) —a(@’)? (319)

. . . 3 3 .
We now see how consistency conditions may arise: both afl) and aé) are given

by two equations, each equation expressed in terms of a particular g-function
coefficient. Consequently, in deducing the function A satisfying (2.1), we have

found that there exist two extra equalities:

2uc(1) = ai”ei ), ucél) = ai”e?. (3.19)

These equations hold regardless of the explicit values of the A-function or metric

coefficients. We may now go further and eliminate the metric coefficients, leaving
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behind a consistency condition on the S-function coefficients themselves,
64(12)021) = 26é2)cfll). (3.20)

Since 6351), él) and 65(72) are all scheme-independent, this consistency condition
holds independent of renormalization scheme. While this scheme-independence is
trivial, we shall later demonstrate that more complicated consistency conditions
are also scheme-independent, by constructing the effects of a coupling redefinition
(corresponding to a change in renormalization scheme) and showing that the
consistency conditions are invariant under such changes. Finally, we may easily

see that this consistency condition is indeed satisfied by the S-function coefficients
[21],
V=2 V=1 V=1 dV=-3 =0, (3.21)

e = —104(34C5—10RY —R?), el = —1,ef) = —4,¢l? = -1 ) = 0. (3.22)

Substituting these values into (3.19) then fixes the ratio of the coefficients in Tg(;)

and Ty(s) ,

= = — 3.23

and so the leading-order positivity of G, is determined by that of G,.

It is worth noting that had we neglected the tensor structures with coefficients
cél), eg), justified solely by the vanishing of the coefficients in MS, we would not
have deduced the existence of this consistency condition. Consequently, at higher
loop orders we shall retain all diagrams whose contributions do not manifestly
vanish, for example by being one-particle-reducible, as the vanishing of such di-

agrams may be a scheme-dependent result.

3.1.2 Next-to-next-to-leading order

So far, the leading order A-function required the one-loop gauge S-function, and
the next-to-leading order A-function required the two-loop gauge and one-loop
Yukawa [-functions. Following the ”3-2-1”7 phenomenon [20], at next-to-next-
to-leading order, we shall require the three-loop gauge, two-loop Yukawa and
one-loop scalar [-functions. This is also the first order at which there exist
potential off-diagonal terms in the expansion of (2.1), namely ng’) and 7, 35;”).3 For
simplicity, we shall therefore neglect 65(,3) initially, deducing first the Yukawa- and

scalar-dependant terms in A, before augmenting the system of equations with

3Below this order, the lack of such off-diagonal terms justifies the use of the term “metric”
to refer to 17 directly, rather than the symmetric part Gr; = T(; ).



CHAPTER 3. FOUR DIMENSIONS 85

scalar/Yukawa contributions from d,A®. Expanding (2.1) to the required order,

we therefore wish to solve

440 =T+ WTYAD T, 32

emphasising again the first occurrence of off-diagonal contributions.

The general two-loop Yukawa [-function was calculated in [22], and takes the

form

(=]

B2 =3P (0P, (3.26)

where the tensor structures CZ-(Q) (with (C-(Q))a implied) are given by

(2

C® = yoleaiisYe, C5? = yiayetr(ioye),

C5? = Yoieyaeyo, O = NaveatheYa,

O = (Coyeinye) g™, Cs? = (ydayCi) g,

O = (Chytrlysielye) %, O = YaloYelets + YolieYelolas

C8? = yaloyeiivle + Yeisyelya, O = yaintr[yedelye + yeAr[geye] Goya.
C3 = Yolayelets + YolcYelas, C12 = (C"vulbys + Y C") g%,

2 ~ ~ A~
CD = (yaC¥ Do + iCPYa) 92, cF = yaywaberywaybya) 2

YaTbCotie + yeColnya) 9%,

= (

O = (ToyatnToys + ys TGy ) 9%, = (Yal
O = Coysiieye + Yeiiemn) 9, - (ybyaywa + CPyhay) g

= (

= (

2

D = (3. Cl + 1 Chatn) 9, YaC¥ + C%y,) g,

021 —Cw Cw 4> 22 = ya(Cw) (Cw) ?/a)94,

53 = Co(yC” + C¥y), 57 = trlyadoyedelvs.

C8) = trYuiievnilel vy, OS5 = tr[Cyadlyng®,

O = C4,Chyeg", O = Chug’,

O3 = NacdeNeded Vs, C53) = Yolalelole + Yelbyelatp  (3.27)

Note that the coefficients cé%), c§28) may in principle have three contributions,
proportional to each of the group-theoretic constants Cg, RY, R?. Similarly, the

one-loop scalar S-function is given by

)\abcd Zd 1) D@ abedy (328)
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1) )abea implied)

(2

where (again with (D

Dg) = )\abef)‘efcd + )‘acef)‘efbd + )\“def)\efbc’

Dél) = )\ebcdtr[yefga] + )\aecdtr[yefgb] + )‘abEdtr[yegc] + )\abcetr[?/e?)d]a
1 ~ ~

DY = trlyaisyeiial,

1(11) = ()‘ebchgba + )\aech(bb + )\abedcfc + )\abcede)QQ’

(1 _ (

5 =

e

D
D D) ab(t5t5) ea + (Lt R)ac(tGE 0 )ba + (E5E5)aa (4R )be) g™, (3.29)

and the coefficients may easily be calculated in MS:

dV =1, d) =1, d) =-12, & =3 4 =12 (3.30)

As mentioned previously, the metric at this order becomes more complex;
consequently, the contributions to the A-function itself also become more com-
plex, to the point where writing the explicit tensor structures is cumbersome and
uninformative. To alleviate this, we shall employ a diagrammatic notation, based
on traditional Feynman diagrams. Each tensor coupling is represented by its as-
sociated Feynman diagram vertex representation, with the indices labelling each

leg:

N

(ya)ij -

The gauge generators tﬁ, T4 and quadratic Casimir operators C?, C¥ are repre-

sented as
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(T Ty Ty (T (T3
(T )y Ty Ty Ty (T

Table 3.1: Contributions to Ty(g)

Using this notation, we may now express the “metric” term Ty(g) as

10
Ty(s) = Z tgg) (Ti(B))yy; (3.31)
i=1

the individual tensor structures (Ti(?’))yy are then given in Table 3.1, contracted

in the form dyTy(g) 6351), where a cross represents dy and a diamond 6351). As an
example, according to the notation discussed above, the diagram labelled (7 fg))yy
corresponds to d(y,);; (B ik(Ys)k1(Yn )1, and so the tensor structure (Tl(?’))yy itself
(contracting d(y,);; and (5;1,)))“) would be

(Tl(g) )yy = abajk(yc)lm(gc)mi-

Similarly, we may express the potential off-diagonal terms in the form

2
ng’) = Z Ti(B) (Ti(B))ygv (3.32)

i=1

where the tensor structures (Tl(?’))yg, (T2(3))yg are inferred from Table 3.2.

Finally, at next-to-next-to-leading order, we may parametrize the A-function as
27

A =3 P AP + (891,87 + O(g°), (3.33)
i=1

where the pure-gauge terms O(g%) have not been considered fully, and there may

now be multiple arbitrary contributions subsumed in the B%g;;87 term. The
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Table 3.2: Contributions to Ty(g)

tensor structures A§4) are listed in Table 3.3, and the explicit expressions may
be reconstructed from the diagrammatic representation. The arbitrary terms

with which we shall be concerned are

B9 = alBW) (5
3D gL pM 1 1M 3R = 26 an, 682 (y), (3.34)

considering only the Yukawa-dependent parts of 55(72).

We many now solve (3.24), (3.25). Like the lowest-order Yukawa metric term,

the lowest-order scalar metric term T )Ei) is simply

TE = Xéy, (3.35)

so substituting (3.28), (3.33) and (3.35) into (3.24) gives five simple linear equa-

tions,

30\ = 3xdl", 2a5) = axdV, al) = A",
2a\3 g* = 4rd}) g%, ay gt = 3 g, (3.36)

These equations clearly provide solutions to the coefficients a§423, ag), agi); since

the tensor structures A§4), A§4) also contain Yukawa couplings, there may exist
a consistency condition relating the respective scalar and Yukawa [-functions,
obtained by also solving (3.25). Substituting (3.1), (3.10), (3.12), (3.26), (3.31),
(3.32) and (3.33) into (3.25) gives a complex system of 37 equations (A.1), with

solution

4 H 2 4 H 2
ag)———cfl), aé)———ci),

4 Hoo(2 4 B2

ag) —Ci), aé(l) —Cg),

4 M2 4

aé) ——3Cé), aé)—— s

4 2 2 4 H 2 2 2
a’g) = M( 50) Cé(S ))7 a’é(S) = 12(4650) 4Cé(3) 054)),

4Note that A% is a non-planar diagram.
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Table 3.3: Contributions to A®, neglecting pure-gauge terms
o (7 4, o = 2 4,
) a9 - L,
Lo - @), = (o) + )
o =l o = 22— 6% + 60 + ),
R i b
ald = p (2 —6ef) — Y +elf),al) =L (P + Y - ),
agﬂi) = —% cf), ( ) = 1 (6cy5 @ 360( GCg + 0(2))
agé) = g (120&22) — 720&2) — 12052) + 0(2)) agi) = '; 0527),
o = (6~ 6 + ), o) = e+ LD,

2
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@ _ I o R
a27 — 5 28 + 761 5 (337)
B2
A= P (3.38)
t(?’) = 2a, t(?’) + t(?’) 4;10?(3 )+ 4a,
(3) = 2u(c §0) — cg)) +a, t(g) + t(?’) L (20(2) — 20(2) — 0524)) + 2a,
t(3) —2uc'? + 4a, t(3) = 4,u(c£() ) _ 4c§2)) + 8a,
ty) = 4u(6e? — i) + if)) — 124, o = 2u(clg — 7). (3.39)

One can again eliminate all A-function and metric coefficients to leave behind a

system of six consistency conditions,

4c ( ) + 0(2) + 405()2) — 160520) — cé%) =0
cg ) + 16c8 40(2) — 40521) — c§20) =0
cgl) — 20(2) + cg? =0
1203(32) — 20§2) + 20(2 — 6024 — cgﬁ) =0
& — e 4 4cly) — acl) =0

c%) — C%) + 60(2) + 2056 =0 (3.40)

where the first three conditions do not involve gauge terms, and are equivalent
to those derived in [9] for a scalar/fermion theory. Combining with the solution
of (3.24) gives one extra condition relating the scalar and Yukawa S-function
coefficients,

AV el = dM e (3.41)

It is worth noting that, as indicated in the previous section, we have retained
all potential non-vanishing terms in our system of equations. Nevertheless, for
presentation purposes, we have opted to substitute in the explicit values of the
one-loop Yukawa coefficients, listed in (3.21); we stress that the number of derived

consistency conditions has not been reduced.

To verify these consistency conditions, we first check that they are satisfied by
the MS values of the coefficients, then deduce the effects of a change of renormal-
ization scheme and ensure any induced changes in the coefficients cancel when
substituted in to the conditions; this demonstrates that the conditions are cor-

rect, and hold in an arbitrary renormalization scheme. The MS values of the
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two-loop Yukawa [-function coefficients are [22]

052) =2, c§2) = —1, c:(f) = -2, 0512) = -2, céQ) = —12, céz) =0,
2 2 2 2 2 2

C’(Y) = 07 Cé) = _%7 CE()) =Y, CgO) = _%7 Cgl) = _17 C&Z) = 07
2 2 2 2 2 2

ng) = _iv 054) = _ia 055) = 6, Cgﬁ) = % 057) =0, ng) =3,

=,

2 2 2 2 9 9
i =0, sy = —3 053) =6 chi = -3, Cgs) = -3 Cg6) =3,
Cg?Y) = _%7

&) = L(147C4 — 12RY — 3R?),

2 2

e =1 o =0, (3.42)

and combined with the 6/(\1) coefficients (3.30), we see that all seven consistency

conditions are indeed satisfied.

To derive the effects of a coupling redefinition, we begin with the vector (-
function 8! = B1(g), where g = ¢! contains all couplings in the theory. 37(g)
therefore represents the S-functions of a theory evaluated in a particular scheme,
for example MS. By definition,

)
Iry_ Y o0
5 (g)—uaug,

hence if we were to consider a new -function 87 as a function of new couplings
g'", related to the original couplings by some finite shift of the form ¢/ = ¢’ +d¢’,

we may write

, 9, g’ I

, , 0 0
I _ I _ I Iy _ I
B(g)= Hond T Mo (9" +dg") L —agJ(g +6g7)

0 0
— pJ 1 5 I _ pl J 5 I.
6—agJ(g +09')=8"+8 ag7 %
We may also perform a Taylor expansion of 5 as a function of the new couplings,

0 1 d\°
J Y 2 J_ Y
1+ dg EJ—|—2<5g J) + ...

B1(g) = B"(g+d9) = 81(g),

where 87(g) = p'(g) + 63(g) therefore defines the effects of a coupling redefi-
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nition on the S-function, §3%(g). Comparing the two expressions, we obtain the

effect of a coupling redefinition on the f-functions:

0 0
I(N _ aJd I s J I
0f(g) =8 agJég o9 —agJB
1 J d ? I J d 1
—2<5g 8gJ) p* —dg agJ(éﬁ)—... (3.43)

Finally, following [61], it is possible to identify a finite shift in the couplings with
a change in the finite part of the renormalization constants, hence (3.43) gives the
result of a change in renormalization scheme. It is to be understood that (3.43) is
a somewhat schematic result, that in principle contains higher order corrections;
the precise effects of a scheme change at a particular order are given by extracting
from (3.43) all contributions of the correct loop order. We may also immediately
see that the lowest possible order of change expressed in (3.43) is (§87)®), hence

all one-loop S-function results are scheme-independent.

From (3.43), given a change of couplings of the form 3 = y + (o)1, ¢ =
g+ (69)1, we may extract the effects of a coupling redefinition on the two-loop

gauge [-function,

0 0

5ﬁ§2’=ﬁ§1)a—g(59)( — (6g9)" agﬁ(”, (3.44)

and the two-loop Yukawa [-function,

3B = (6 + BN == 0 ) (6y)) — ((6y><” jy + (69) )6“ (3.45)

The most general possible coupling redefinition may then be parametrised as

5

(69)V =g, (oD =P, (3.46)

i=1

with CZ-(l) defined in (3.12). Consequently, there is no change in 652) (establishing

its scheme-independence), and the corresponding changes in 6?52) are given by

B =2, =),
<A DA, =l
R R A
5B o) ). ol o) - I
=2~ 8B = ad - D)
R N R
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2 1) (1 1) (1 2 ¢! ¢!
5 =2 ) ) = a(ePe — o)
50&28) = 2(651)65—]1) — cé”é%”), (3.47)

with 5052) = 0 implied for any coefficient not in this list. These changes may now
be substituted into (3.40), (3.41), and we see that the consistency conditions are
indeed scheme-independent. Crucially, since 0512) is scheme-independent, we may

substitute its value into (3.38), and combining with (3.19) we find
A=Lpy= Lol (3.48)

verifying that the positivity of 09) is indeed a sufficient condition for the leading-
order positive-definiteness of GG;;. The leading-order metric coefficients were orig-

inally calculated separately in [8], and in our conventions are given by

oV =2, pu=1 A= (3.49)

in accordance with our consistency conditions.

Having investigated the construction of A® using the scalar and Yukawa (-
functions, we now turn to contributions from the gauge f-function. Expanding
(2.1) to this order gives, in addition to (3.24), (3.25),

We now wish to answer three questions:

e Are we free to impose that T7; be symmetric at this order; that is, are we

free to choose Té;’) = ng’)?

e Does the A-function (3.33) satisfy (3.50), and what consistency conditions

are therefore imposed on the coefficients of 65(,3)?

e Does knowledge of the one-loop scalar and two-loop Yukawa [-function co-
efficients provide enough information to determine the scalar- and Yukawa-

dependent parts of 65(,3), in conjunction with the A-function (3.33)?

The third question is of particular note, as it implies that the constraints on
renormalization group flow provided by a function satisfying (2.1) are sufficient to
determine higher-order S-functions without having to perform ever-more-complex
loop integrals. Depending on the consistency conditions and the underlying Feyn-
man integrals of the associated -function contributions, it may even be possible
to predict the simple poles of highly non-trivial integrals at higher loop orders

without any integration at all.
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Since we are concerned with the terms in A® that are not pure-gauge, we

may express the three-loop gauge [-function in the form

—gZe A%+ 09D, (3.51)

the contributions to Tg(g) as

Tg(3) — 0-1 tr [Cwyaya] —+ 0'5 )tI' [yaC byb:| + O(QQ)a (352)

and the potential off-diagonal metric terms 7, g(s) as

2

T =3 " #NT),, (3.53)

=1

where the tensor structures (Ti(g))gy are obtained from (Ti(g))yg, by replacing the

derivatives in Table 3.2 with S-functions; imposing symmetry at this order would
therefore simply require Ti(3) = %Z@. Substituting the A-function (3.33), metric
terms (3.5), (3.17), (3.52), (3.53), and S-functions (3.1), (3.12), (3.13), (3.51) into
(3.50) then gives a new set of 16 equations (see (A.2)), leading to 12 additional

consistency conditions:

( + 46§0 =0,
126(3) + e§0 =0,
c%) — 126$) =0,
o2~ el =0
& —4c? + 24efY — 12§ =0,
Cg21) - 2022 + 6611) - 66@ =0,
& e —ad? — 24el’) + 96e5) =0,
60(2) 3¢S + 4cy) — 36e8Y — 1213 =0,
cg) — 053) + 054) + 12653) — 126:(,,3) =0,
60(3 6011 + 40(2) c%) 246&3) + 665—]3) =0,
18¢{2 — 3¢{2 4+ 3¢ — ) + 18¢{Y — 3¢{Y =0,
18¢ + 3¢ + ) — 18¢5Y — 32 —18elY — 3¢9 = 0. (3.54)

To simplify these conditions, we have used the relations between leading-order
metric coefficients (3.48), and inserted the (scheme-independent) one-loop (-

function coefficients. We see immediately that these consistency conditions do
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indeed relate the coefficients of Bég) to the lower-order 552), allowing one to deduce
some higher-order S-function coefficients using the existence of an A-function sat-

isfying (2.1).

We may again verify that these conditions hold in MS by using the 6?52) coef-
ficients in (3.42), and the Bg(,g) coefficients (first calculated in [23]) listed below,

e =—4. =4 ef) = 2, e =1

ef) =3, e =-3, =1 e = L,

e = -, 6536) =3 ey = -2, ey = -1,

ey = -1, ef) =—4, V=30, @ €Y=2  (355)

and can therefore check that they hold in arbitrary schemes by deducing the
effects of a coupling redefinition, then showing that the consistency conditions
are invariant under such changes. Discarding purely-gauge terms, the effects of a

coupling redefinition of the form (3.46), plus

3
9 - g9’
(69)2 = 0(g%) + 88 Tt [C¥faya] + 08 Lt |3 Clhn)] (3.36)
n (3.51) is
sef? =2 (052 — e}, ae =2 (6 — e,
) (80— D), ae =2 (8P — eV,
5o =2 (05 — o), el =2 (V6P — P,
sef? = 2 (6 - 2g,}>), sefd = 2 (052 — ePelh).
aeg = o (5 ), sy =2 (6 ).

5l 2 (ng(sp + 2608 — el — 22D,

(3.57)

and 5e§3) = 0 otherwise; upon substituting into (3.54), we find that the condi-
tions are indeed invariant. Furthermore, upon attempting to fix the off-diagonal
metric as symmetric, no additional consistency conditions are generated: there is

sufficient freedom in both A® and T;i) to impose symmetry.
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3.2 N =1 supersymmetric gauge theory

We now turn to the case of a general N' = 1 supersymmetric gauge theory. In
a supersymmetric theory, the Lagrangian density exhibits additional symmetry
under exchange of bosonic and fermionic fields; a theory possessing k such sets of
transformations is then referred to as an N' = k supersymmetric theory. Using
the superspace formalism, the component fields of such theories may be assembled
into supermultiplets, and their possible interactions then described by the super-
potential. Attempting to construct an interacting supersymmetric QFT places
strong constraints on the masses and couplings in the theory, for example the
quartic scalar coupling in an N/ = 1 gauge theory must satisfy

At = VI — ¢ [(R) (R + (Ra)' (RaY ] (3.58)

J

effectively reducing the number of couplings. Furthermore, the renormalization
of supersymmetric theories is constrained to the extent that there exist non-
renormalization theorems [63], in which some terms undergo no renormalization
at all. The form of certain RG functions is then dramatically simplified, and we

shall make use of two key results:

e The Yukawa [-function is determined entirely by the chiral superfield anoma-

lous dimension ~: Bf/jk = Ylikqyi 4 Yilk’ylj + Yilyk,

e There exists, in a particular renormalization scheme, an exact expression

for the gauge f-function, known as the NSV Z p-function.

If we define the general gauge S-function according to

b= 1@h, 4= (0= Zupem). (3.59

with Q = Tr — 3Cg, then the NSV Z p-function is given by

g3

m. (3-60)

(By)nsvz = f<g>|NSVZBg7 f(9)|nsvz =
This result was first derived in [24], for the special case with no chiral superfields,
and then extended to a general theory in [25]. One final, crucial difference in
the supersymmetric case is the regularization method. Supersymmetry imposes
the equality of bosonic and fermionic degrees of freedom, and requires the in-
troduction of auxiliary fields to ensure that this remains the case off-shell (that

is, without imposing the equations of motion). Since the number of fermionic
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degrees of freedom, and hence the form of the auxiliary fields, depends on the
dimensionality of the gamma matrices, supersymmetry transformations require
a fixed number of spacetime dimensions, and so one cannot use Dimensional
Regularization without manifestly breaking supersymmetry. Consequently, the
preferred regularization method for supersymmetric theories is Dimensional Re-
duction [26], in which one extends momentum integrals to d dimensions as usual,
but keeps all other tensors in the intended number of dimensions, preserving
supersymmetry®. After performing any required tensor manipulations, the fi-
nal scalar integrals may also be evaluated d-dimensionally to yield the required

n-point contributions; the theory may then be renormalized as usual.

In principle, the results for N’ = 1 are contained in the general solution (3.33)
with coefficients (3.37), given the appropriate choice of fields and couplings®; how-
ever, there are some interesting theoretical developments in the supersymmetric
case that demand attention. Firstly, there is a proposed all-orders expression
for A [12-14], which when perturbatively expanded should reproduce the result
obtained by specialising (3.33) to the supersymmetric case. Secondly, in [9] a
sufficient condition on the chiral superfield anomalous dimension v was derived,
which guarantees the validity of the all-orders expression, and which can be used
to derive constraints on the anomalous dimension. We shall consider each of these

points in turn.

3.2.1 An all-orders expression for A

The couplings in a general N' = 1 theory are ¢/ = {g, yiik, Yijk}, where Y5, =

(Y*)* hence (2.1) can be written as

dy A =dY Tyy By +dY Ty, f,,

dyA = dY Tyy By +dY Ty, By,

dyA = dg Ty By +dg T,y By + dg Tyeby, (3.61)
where we have used the definition of 5, in (3.59), and absorbed the f(g) pre-factor

into the tensor T'. These equations can, of course, be solved perturbatively as in

the non-supersymmetric case. Alternatively, by introducing the gaugino field A 4,

5The extent to which Dimensional Reduction actually preserves supersymmetry is debated,
as one may still encounter a supercurrent anomaly at sufficiently-high loop order [63].

SWhen performing this reduction, one must ensure that the choice of regularization method
used for the non-supersymmetric theory is compatible with supersymmetry.
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choosing the non-supersymmetric field multiplets to be

Pi i % (0 .
¢a—><_i>, @ = (pi)", wl-%( ) i=1...nc, (3.62)
@ Aa
and expanding the Yukawa couplings 4,0, = y'p; + 7:;@° according to
Yk 0 0
i 0 0 0 0
Yy ;
0 0 0 ﬂg(RB)]Z
0 0 V29(RE)s 0
0 V2g(REY: 0 0
29(RA)* 0 0 O
7 \/_9( A) A ’ (3.63)
0 0 Yijr O
0 0 0

where the non-supersymmetric gauge generators are given by

Ry 0 Ra 0 .
e — .t . (RMpge = —i , 3.64
A < 0 _R£> A < 0 RZd) ( A )BC fABC ( )

then we may simply expand our non-supersymmetric A-function (3.33) and sim-
plify to obtain the supersymmetric result (again neglecting purely-gauge contri-

butions). Expressing the supersymmetric A-function in the form

8
4 4 4 ijk QY
Alsy =Y sVSY + apdt sl (3.65)

i=1

where the tensor structures Sz(4) are given in Table 3.4, and expanding out the

non-supersymmetric tensor structures in Table 3.3 using (3.62 — 3.64), we find

AP = 25" 1855 + 1250 + 1255 — 245" — 6(C — 2T) S + 85" + O(g°),
A = 6580 + 12550 — 245" — 365 4 6(Cr — 2Tw) S + O(g°),

A & 580 11659 — 165 + 405580 + 25 + O(g°),

AP 1858 — 1255 + 6065 + 255 + 0(¢9),

A = 251 — 125" 4 2450V + 0(¢°),

AD 2589 — 880 1851 — 16T + O(g"),

A7) =28, — 483" — 125 + 2455 + 1655 — 8TwS;Y + O(¢°),

AP — 25" — 2455 + 965" +0(¢"),
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Sfl) S;—l) Sé—l) S;(L4>
Sél) S((;rl) Sgl) Sél)

Table 3.4: Contributions to AS})JSY

A = 2880 + 480 — 48V — 85V + 4TS + O(g"),
Al — —288 + 855" + 0(¢%),

AW -85 — 3258 + 0(g°),

A — —65 — 1258 + 0(¢5),

Al — 288 + 858 + 0(g°%),

A = 28 1488 —40es™ + 0(g),

A&? — —25W 4 45§4) + 4Sé4) +O(g%),

AY 5 28 450 4 208 1 09,

A — -85 + 0(¢9),

AR = —185" =208t + 0(g"),

ALY = 280 4489 4 858 — 4CeSY + 0(gh),

AW — —25W 1165 + 0(¢%),

Ay = 38" =250 + 3CaS7" + O(g°),

AG) =258 + 0(49),

AG) =25 + 0(49),

AL — 25 1+ 0(g%),

A% =25 + 0(49),

Al — 2589 + 0(¢9),

AY S 259 1 O(h),

A — 389 1350 1+ 125Y 4 2451 + 24559 + 485" + O(g%). (3.66)

Using (3.37), the AS})JSY coefficients 5@('4) are therefore

4 1 2 4 2 2 2 1 2 3
st = —ﬁﬂci) - g/,ccé '+ gucgo) - 6’“654) T3
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1
354) = —gucf) — 2,ucg2) + 2/10% + 3a,
4 2 9 ¢ I 2 2 2 2 2
sy = —pey” — ope? = Spet? = 20ue? + 2peg? + dped) + et — pe

2 1 1 1 2
- /~LC§4) - ZNC§5) - §MC§6) + §MC§7) + 2M0g4) + 12a,

1
sy = —gnel? = 40pe? + dpes? 4 2pcky) —Apcty — 2pucly + 240,

3
55 = 3ue? +dpcs” + Jped? —Apes? +4pet? — 8pes? + Sucy’?

— 32pciy) — 12pe + ety + 4pcty) — Apct?) + 8pcly
—4pct = 2pct + 2y — 8ucs) + ey + 24a,
sgl) = —2,uc§2> — Zucf) — 32uc§2) + 16,uc£()2) — 32,uc§20) — 24#0521) + 4,uc§22)
—8uc'? + 120c'? — 4pct?) + el + 2uc) + 48a,

5
sy = (=8pet? + Apel? — 8puciy)Tr + (nel? + gMCf) — 24pc’ — 12pcf)

+24pcly) + 120uc) + dpcly) — 8pct?) — pel?) + 2ucty) Ca
D W C) INC)
HCog |SUSY HCog \SUS%

o 1 1
s = gue” + gpc?, (3.67)

where c§2)| susy indicates that the Casimir invariants in cé%), c%) are replaced by

their supersymmetric counterparts, according to

R? — 2Ty, RY — Tg + Cg. (3.68)

We may now compare with the exact form for the a-function of an N =
1 supersymmetric theory, first proposed in [12]. For a theory with n. chiral

superfields, the a-function is conjectured to be

1 1 1 ~
A= (e +9n,) = 5757“(72) + gtr(vg) + Ao Sy +nyABy + By o H o Py, (3.69)

where A and A\ are a tensor structure and scalar respectively. This proposal
was shown to be consistent with the two-loop anomalous dimension for a general
gauge theory [27], and with the three-loop anomalous dimension for the Wess-
Zumino model [9]. In order to match the coefficients of our reduction (3.67) with
a perturbative expansion of (3.69), we must first ensure that the regularization
method and renormalization scheme are suitable for supersymmetric theories.
In [28], it was shown that one may in fact use Dimensional Reduction to regularize

non-supersymmetric theories, settling earlier conjectures about its validity [29];

"Our result is essentially a verification of this calculation, beginning instead from a com-
pletely general four-dimensional a-function, valid in arbitrary renormalization schemes.
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the MS renormalization of this theory is then related by a coupling redefinition
to the corresponding dimensionally-regularized theory [30], again renormalized in
MS. The 6352) coefficients in Dimensional Reduction are given [31] by a coupling

redefinition of the form (3.46), with non-zero variations
1 1
s = <Ca, e = ~5 P = 1. (3.70)

The Dimensional Reduction coefficients that differ from the Dimensional Regu-

larization results in (3.37) are therefore

2 2 2 2 2

C((S) =2 C;) :_17 C§3) :_%7 C§4) :iv C%G) :%7

cy =7, &) =L (138Cs — 12R” — 9R?)

o) =1, o) =L(59Cs + 4R’ + R?), (3.71)

hence the A?I)JSY coefficients become
s =tu+de, S =—tpt3da, s =2u+120, ) = -2+ 240,
W= 10p+24a, s{) = —4p+48a, s =2 Y=o 3.72

sy’ = 10p+24a, s5’ = —4p+48a, s, = —5uQ, sg = 0. (3.72)

Expanding out the all-orders expression (3.69), using the anomalous dimension

coefficients

YW =1y, v — 29°C(R),’,
+® = =3V Yy Y 4 20°Y i C(R), Y™ — g?Yy Y™ C(R),]
+4¢'C(R),*C(R) +2Q9"C(R),”, (3:73)

calculated with Dimensional Reduction and MS [32], and the NSV Z formula for
8,8, we see that (3.69) and (3.72) are indeed consistent, up to the purely-gauge
terms that we have neglected. Two consistency checks in this result are:
° sgl) = 0 identically, consistent with the absence of non-planar terms in
(3.69) at this order;

° s$4) is proportional to @), consistent with the expansion of the )\Bg term in

(3.69).

8Recall that the NSV Z formula is predicated on a particular renormalization scheme, but
since the gauge B-function is scheme-independent at two loops we are free to use it at this
order [33].
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3.2.2 The A-equation

We have seen that the conjectured all-orders expression for A, (3.69), is consistent
with the reduction of (3.33) to the supersymmetric case, modulo purely-gauge
terms that have been ignored throughout, where RG quantities are calculated
using Dimensional Reduction with minimal subtraction, and we make use of the
NSV Z form of the gauge [S-function. While this afford some comfort in the
validity of (3.69), there is in fact a more promising approach, which serves to
establish (3.69) to all orders.

In [9], it was shown that, subject to the constraint A o By = By o A, applying
the chain rule to (3.69) gives®

dvA=tr () (57 4= 20C(R) 1497 |+ () o -+l N
v A =tr | (dy7) (547 = 20C(R) 1497 |+ B o (@) + s N
A= 1w () (37 A= 200 =+ ) | + (@A) o By + (),

(3.74)

Substituting these equations into (3.61), we see that if A, A are required to satisfy

1 ~
§Y~A—2)\C(R)g2 ==+ 0 by + 0b,, (3.75)

then (3.69) will satisfy (3.61) with 77, satisfying

dYTYYﬁY—tT (dyv)© - 5] (dyA) o Py,

dY Ty o By = tr | (dy7)08, | + nu(dy M)y,
y By =0,
9 Ty By = tr[(dyy) © - By] + (dyA) o By,
9Ty0 By = tr [ (d7)08,] + nuld ). (3.76)

and therefore will provide a proof of the strong a-theorem for a general supersym-

metric gauge theory, to all orders of perturbation theory. Note also that there is

9Note that there is a normalization factor A — %A, for ease of comparison with [9,19].
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some freedom in 7T7;: by using the identity

15 1- _
(@) 37 4] -t @ 32 V] = By o @) - @e s
T may be rewritten such that

dg Ty By = %tr [(dg7) © - By] + %BY o (dgA)

A9 Tyy By = 5t 1(0,) © - 551+ 5 (d,0) o By, (3.78)

and one may again investigate imposing symmetry at non-trivial loop orders.
(3.75) shall henceforth be referred to as the “A-equation”.

In much the same way that the gradient-flow equation (2.1) places restric-
tions on the form of the S-functions of a theory, the A-equation may be used to
derive constraints on the form of the anomalous dimension. These constraints
have already been derived in [9], for a general non-gauge N’ = 1 theory up to
three loops, and it was shown that the constraints were satisfied by the three-
loop anomalous dimension, calculated in Dimensional Reduction with minimal
subtraction [34]. Here, we wish to extend these results to the gauge case, and to

arbitrary renormalization schemes.

At leading order, we may perturbatively expand (3.75) as
1—
57 AW —2XDC(R)g* = AW, (3.79)

Given that the lowest possible order contribution to A o By in (3.69) is simply

(Ao 5?)(3) = Agl)Yijk(ﬁ(yl))ijka (3.80)
we find that
VAW = APV, (3.81)

Parametrising the one-loop anomalous dimension as
7O = VY M+ 4 C(R), g, (3.82)
the solution to (3.75) at leading order is
A =290 AW = Ly (V) (3.83)

with no consistency conditions on ().
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At next-to-leading order, we may expand (3.75) as

1—
éY-A@)—2)\(2)C(R)g2:7(2)—(7 )2+ 0. g0+ php, (3.84)

The next-to-leading contributions to A o - may be parametrized as
(Ao B) = APY Y0 Y™ (520 + A Y FC(R) (B )i, (3.85)

hence

+ A FYaC(R) Y™ 4 5V Y O(R) 1) . (3.80)

Recalling that X is a scalar quantity, the most general possible contribution to

the A-term at this order is simply
(\C(R)g*)"® = \PC(R)g". (3.87)

The two-loop anomalous dimension is parametrised as

Ejy@r@ (3.88)
where
2 x5 Imny\, pkj (2 _ 237 l kmj
IV =YuY"™Y Y7, s’ =g¢"YC(R) Y™,
Y = >V Y""C(R),J, I = g*C(R);FC(R),,
I = g' C(R),?, (3.89)

and the first contribution from © - Sy is
V.0 = g (B, Y (3.90)

At this order, we also have the first contribution from @Bg. Recall Bg is defined

relative to the gauge [-function as

By = f(9) By flg) =9>+0O(g"),

where

By=Q —tr[yC(R)], Q=Tr—3Cq,



CHAPTER 3. FOUR DIMENSIONS 105

and the NSV Z (-function corresponds to

3

1) =1 5pey
We may therefore simply parametrise Bg and &) as
B =d, oW =¢lVg'C(R), (3.91)
where £§1)| nsvz = Q. Consequently, the first contribution from CIDBg is
103 O 1) 4
oW B = ¢iVdiVg* C(R),”. (3.92)

With these parametrizations, we obtain from (3.84) a system of six equations,

2
1A®) @) | W), LA — 6 — (4)",
A5 =43 + 295761, IASY = 2 — 29070 + 456,
2 ~
0=~ ("), —200 =+ Vdy, (3.93)

from which we obtain three consistency conditions on the anomalous dimension,

2
() =

2 1 1
1D — 29 + 4y =0,

- () =0 (3.94)

To check whether these conditions are scheme-independent, we must deduce the
effects of a coupling redefinition on the anomalous dimension. Once again, this
may be obtained by expanding out (3.43), where S/* = Yk~ i 4 yillknJ 1 yiily
by the non-renormalization theorem; the change in the S-function coefficient 6 is
then equal to the change 4+ in the corresponding anomalous dimension coefficient.

Given a redefinition of the form
(V) = ViV + €V g?C(R),,  (09)Y =Yg, (3.95)

the change in the two-loop anomalous dimension is
1 (1 2 1 (1 1
52 =4 A 0), P =P
077 = 2(dy ey —Ve). (3.96)

Since 5752) =2 (57§2)), we see that the consistency conditions are indeed scheme-
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independent.

Finally, at next-to-next-to-leading order, we may perturbatively expand (3.75)

as

1—
SV A® Z 2XOC(R)g? = 4@ — 4G40 _ 4 15C) 1 o). g

DA% L e BM 4 g5, (3.97)

To facilitate the perturbative expansion of the right-hand-side of (3.75), we first
define the tensor structures appearing in the anomalous dimension. The three-

loop anomalous dimension takes the form

Z AT, (3.98)

®3)

where the tensor structures I';” are given by

I = VY™ Y, YPUY 3 YR T = Vo Yy, Yy, v ess,
I = ViV MY g YPY V9 T = VoYY, YUY, Y7,
r g:s) = gV Y " iy C (R)", Y, Ff(sB) = ¢ YiuY"™Y 1y C(R)! quqjv
I = gV V¥ C(R) Y ppY ¥, T = ¢?V V™Y, YPIO(R) 7,

npq
'Y = ¢V uC(R)* C(R)™ Y™ 'Y = ¢'YiuC(R)* C(R), Y™,
I = ¢'YiuC(R)F,, YrC(R), . I = gV Y*"C(R),*C(R),7,
Iy = g'tr[YYC(R)C(R),’, I = gV iC(R)*, Y™,
I =gV C(R),7, iy = g°C(R),*C(R),/C(R)/’,
I = g°tr[C(R )C(R)C(R), Iy =" C(R),FC(R),,
F19 =g C(R)

(3.99)

Additionally, the following six one-particle-reducible tensor structures also ap-

pear:

F&B) = ?iklykmn?mnpylpq?qrs}/mj7 F(;) = ?iklyklm?mnpypqr?qrsysnj’

I'® = Y O (R)", Y™ Y, Y?9 T = Y YRy, C(R)P Y™,

I® = VY ""Y 0y YV, Y™, IO = Y YRy, Y C(R),]
(3.100)
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SUPPU
IEISERVEISE

Table 3.5: Next—to—next—to—leading order contributions to A o 67

At this order, the contributions to A o - may be expressed as

10

(Ao Bp)® =S " APLY, (3.101)

=1

where the tensor structures LEE’) are depicted diagrammatically in Table 3.5, with

vertices representing Y, Y in an alternating manner, a diamond representing

5)

6(?1), and a box representing g?C(R); for example, the diagram Lg represents

the tensor structure
L( ) —q (BL))ijY]lel Yman<R)pZ
Consequently, Y - A®) is given by

VoA® = AP (20 + 1) 4 AP (308 + 21)
Al

)+

+A3)< 3)+1F(3> 3F513)

+A3)< 3)+ 11“(3) +A® ( & 4+ 1r® 4 11“(3))
) A(3 ( F(3 1F12>

( r® 4 %rf;}) . (3.102)

+ A < IF(3

+ AP (30 + 40l +
The most general contribution from the A-term is given by
(AC(R)g?)? = AITH 4 APTH + AP C(R)S, (3.103)
and the contributions from © - fy are

(@ . 67)(3) _ oW 6(?2) + o® 6(?1)
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—e <27§2>r(3) + 29T 4 9y@1®) | 9, @p@) | @rE)

2 3 2 3 2 2 2 3
+ 294 )F§4) + 90T +9PT@ 1+ 41O 1, P18)

+ 9(2 27 ME) 4 27(1)F§3) + %”F( ) 4 751)1“23))
+ 65 (29T + 29T +4(T® 14 )r<3>>
+ 0(2 A 1)P(3 P(s) + 7(1)1“(3) + 7(1)1“(3) n 7(1)11(33) i 7§1)F(ﬁg)>

NOING +2’V1 >F<>+,y§ T 4 900 >>

R+ 20T 15T +4T0)

711>P<3 +4OP®) LA OT® A OpE L OpG) | e >>'
(3.104)

The last contributions are from @Bg, and take the form

~\ (3) - -
<q)59> = WER 4 30
= ¢1 (d(2 19 +d F% +d Fﬁ)
+ ¢ 1)P(3 + ¢22)d(1 + ¢3 )d(l 3) + ¢ 1)P(3) (3105)

Given these parametrizations, we obtain from (3.97) a system of 25 equations,
listed in (A.3), which impose the following consistency conditions:
’Vfé) + 2(71 ) =0,
297 — 498 — 4 +8(V)? = 0,
295017 =2y = nY — 40 = o,
10 9Y — s e = s = 20 = 120017) 0 0 0,
Y6 — w08 =" + 2 — 2 s — 16(n”)? (vél)) =0.
(3.106)

The scheme-independence of the consistency conditions may again be verified
by expanding (3.43) to third order, albeit with some subtleties. The two-loop

redefinition of the gauge coupling may simply be parametrised as

(69)@ = 6P ¢ + 67 gtr [C(R)C(R)] + 65 tr [YYC(R)] (3.107)
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and part of the two-loop redefinition for the Yukawa coupling as

=3 (Y * r§2>> I (3.108)

=1

where (Y % a)% = Yiikg i 4 Yikgd 4 Yilgk and T'? are defined in (3.89).
However, including only these terms leads to nineteen 63(/3 ) contributions of the

form Yimq, ip *

m

which are not determined solely by the anomalous dimension,
violating the non-renormalization theorem. This may be corrected by including
extra terms in (0Y)?) such that

5
(6Y)® = Z el? (Y « T ) Zp(2 ng, (3.109)
i=1
where
DG = Y Y ™7y Y7, D3} = Y YV Y,
I = g2 Y'Y, Y™ C(R),F, T = ¢° Y C(R), Yoy Y™,
I = g'Y'"C(R),/C(R), Y, (3.110)

and each ng) is understood as being symmetrised over the three indices. The

coefficients p§2)5 may then be chosen to cancel off the unwanted contributions to

(3) , preserving the non-renormalization theorem under a change of renormaliza-
tion scheme. We also expect that the anomalous dimension will consist only of

1PI contributions, allowing us to fix p§2). Given these criteria, the coefficients p§2)

must take the form

1 2 1 2 1 (1
i =3V, Py = ("), py) =eey,
1 2 1
A =, A =), (3.111)
and the anomalous dimension coeflicients transform as
3 1) (2 2 1, (1
522 = D — 1T — (L)
3 1) (2 2 1, (1
922 = 0P - T — P,
oY =0,
3
o7y =
3 2) 1 1) (2 2 1) (2 2) (1
oY = 4l — Vel + 4rel? — Ve + 29 Ve — 2957 e

+ 4y g0 0y2

(1) (2) (2) ( ) (1) _(2) 2) (
1

5’7((53):2’72 —2m +27 6 =27 61 _87 ( 1))27
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3 2 1 1) (2 2
Y = 1) D+ nfP e — e,
(1) _(2)

5 = 23D ) 4 4l p B 4y DO

_ 8y (2,

(2) ( ) (1) ( ) (1) ( ) (2) 1) (1)

095" = 47D el — aqVel? + 29 Vel — 2Pl — 84"
+6’Y (52))27
oty =29Vl — 297 el — 8y VeV el + aqtV (52,
518 Z 990D 9 @) | g D) ) g0 1) ) (1)

— 107 (eM)?,

3 2) (1 1 2 2 (1) (1
72 = P~ N0 1 3P %O~ )P

N 37@)( <1>)27
51D = 2dP ) — 27416,
571 475() ) g ) _ 4’)/(1)652) + 2d§1)e§2) 27(2)5( + 81 1)5(1

5D,
1 2 1 2 2 1 1 1 1
5D = 2P — 2 1 20D — D5 4 1)

a0 — 2,
615 = 0,
5’717 —2d 52 _2’72 5
5’718 —4d1 64 _4 5(1 _Qd(l (52 ) ,
oy = 2d77¢y” —272”59 +4dye” — 49701 — 86}V ey
+ 7y (602, (3.112)

from which we can see that the consistency conditions (3.106) are scheme-independent.
Strangely, although the 1PR contributions proportional to ' and Tég) vanish,
we are in fact left with two antisymmetric 1PR contributions to the anomalous

dimension,
59 548 (9 - T9) 48 (0 T) )

where

3 2) (1 1) (2 1 2 1 1
1 =22 = AD £BOE, 4 = 2 ) A
(3.114)

While the presence of such 1PR contributions does not affect our consistency
conditions, it is nonetheless unexpected. We shall defer further discussion of
1PR contributions arising from a coupling redefinition until the end of the next

chapter.
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3.3 Summary

In this chapter, our intent was to extend the work of [9] to the case of a general
gauge theory; that is, we wished to calculate the A-function, deduce the associated
consistency conditions, and show that these conditions are independent of the
chosen renormalization scheme. We have calculated the A-function (3.33, 3.37)
up to four loops, as well as the associated tensor 77, (3.1, 3.2, 3.39), using gauge,
Yukawa and scalar -functions with arbitrary coefficients, up to three, two and
one loop respectively. At this order, the first off-diagonal tensor components TJS’,
Tg(j) appear, and we have shown that one is free to impose that these terms be
equal, fixing the tensor TI(L?}) to be equal to the coupling-space metric Gf}) for a
general gauge theory in an arbitrary renormalization scheme. This is in contrast

= G%) for a general scalar-fermion theory at

to [9], where attempting to fix Tl(ﬁ
the first non-trivial order appeared to be valid only in particular schemes, and is
in fact not valid for MS; we shall re-visit the question of imposing symmetry in

the next chapter.

As well as calculating the A-function and metric, we have deduced all as-
sociated consistency conditions. The majority of these conditions are relations
between the coefficients of various [-functions at different loop orders, which
we have shown are all satisfied in MS. It is therefore possible to determine
some higher-order S-function coefficients purely using lower-order calculations,
and we demonstrated this by matching our predictions for 65(,3) to the explicit
MS calculations of [23]. Furthermore, we have shown that these conditions are
invariant under general changes in the g-functions as a consequence of varying
the couplings. Such variations correspond to a change in renormalization scheme,
hence the consistency conditions are scheme-independent. Interestingly, we also
found scheme-independent consistency conditions between the leading-order met-
ric coefficients, such that they must appear in a fixed ratio. Consequently, the
leading-order positive-definiteness of the metric T7; = G is in fact determined
entirely by the positivity of any one of these coefficients. The three leading-order
coefficients were of course calculated in [8], but it is pleasing to discover that in

fact only one of these calculations was necessary.

The final part of our work in this chapter involved extending the A-equation
to general gauge theories, providing evidence that a conjectured all-orders ex-
pression for A in an N/ = 1 supersymmetric gauge theory is correct. This can
in fact be accomplished by simply including an additional gauge-dependent ten-
sor structure, and we have again demonstrated that the existence of a function

A satisfying this equation leads to consistency conditions between coefficients of
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the chiral superfield anomalous dimension v at different loop orders, up to three
loops. We have verified that these consistency conditions are satisfied by ~, as
computed using Dimensional Reduction with MS, and we have again shown that
the conditions are invariant under changes in v induced by a coupling redefinition,
hence hold in an arbitrary renormalization scheme. One unexpected feature of
this calculation is the prediction of 1PR contributions to the anomalous dimension
in a non-minimal renormalization scheme; we stress that such terms do not affect
the consistency of the conjectured all-order a-function for supersymmetric theo-
ries, but are nevertheless troublesome. As mentioned, we shall comment further
on such apparent contributions in the next chapter, where a similar phenomenon

arises.

Since our work has been a purely perturbative analysis, we have made no
comment on attempts to prove the all-orders positive-definiteness of the metric
for general gauge theories, nor the all-orders validity of the A-equation for super-
symmetric gauge theories. Progress on proving positive-definiteness of the metric
is still lacking, and more recent techniques used to prove the weak a-theorem [16]
appear insufficient in demonstrating the existence of a monotonically-decreasing
A-function that is valid away from RG fixed points. However, a full superspace
LRG analysis of a general N/ = 1 supersymmetric theory was conducted in [35],
and one of the Weyl consistency conditions appears to be of the same form as
the A-equation, up to some as-yet-undetermined function; it would therefore be

of interest to elucidate the precise connection between the two.



Chapter 4
Six Dimensions

In chapter 3, we investigated the phenomenologically-relevant case of four dimen-
sions, following on from the work initiated in [8] and extended in [9]. This work
was based on extending a theory to curved spacetime with position-dependent
couplings, then using Weyl consistency conditions in order to derive constraints
on renormalization group quantities; the approach was earlier used in [7] to re-
derive the two-dimensional c-theorem and provide a potential answer to Cardy’s
conjecture [1]. As it happens, a similar approach can be applied to theories in six
dimensions [36], demonstrating the existence of a function A satisfying (2.1). The
precise definitions of A and T7; differ from those in two and four dimensions, but
the structure is nevertheless the same: there exists a function that, for sufficiently
weak coupling, behaves monotonically under renormalization group flow, and at
RG fixed points is proportional to the coefficient of the Euler density in the six-
dimensional trace anomaly. In [36,37], an attempt was made to calculate A and
T to leading order, and it was found that the metric was negative-definite, in
contrast to the two- and four-dimensional cases. This was later remedied in [38],
by instead constructing a one-parameter family of functions satisfying (2.1) with

a metric that is positive-definite at leading order.

In [39], we endeavoured to derive the consequences of an a-function satisfy-
ing (2.1), by calculating the a-function and all required -functions for a general
six-dimensional scalar theory; an extensive list of further references regarding the
B-function calculations may be found there. Unlike the four-dimensional calcula-
tions of the previous chapter, the results of this chapter are essentially identical to
the published counterpart. Irrespective of questions regarding the leading-order
metric, we shall proceed in the six-dimensional case as in the four-dimensional

case, constructing the A-function order by order. We shall continue up to five-

113
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loop contributions A®) | requiring knowledge of the S-function up to three loops.
At this order, we will be able to test the effects of a global symmetry on the
construction of A, namely whether the S-functions in (2.1) must be modified as

in four dimensions.

4.1 ¢° theory
We begin with the lagrangian for a general ¢ theory in six dimensions,
L =30,0'0"¢" — 5197 ¢'¢ ", (4.1)

containing a scalar field multiplet ¢’ and tensor coupling ¢“* with SB-function
B(g"*) = By;1.'. We shall denote various 3-index tensor structures using lower-case
labelling, for example gg];) = glmgimnghnl and various 2-index tensor structures
using upper-case labelling, for example gg A = g*' g% From the 2-index struc-
tures we also define associated 3-index structures according to gﬁi) = g(1 A) gl*
In this way, we may easily identify anomalous dimension contributions to 3
by their upper-case label, and non-anomalous dimension contributions by their
lower-case label. While this may seem an unnecessary distinction, it will be of
use when considering potential contributions to a v-term? as in four dimensions,
resulting from the presence of a global symmetry, and first introduced at three

loops.

The various L-loop S-functions take the form
62]]9 =c (La gZ]L]Z) +oeet C(LA)ngLZ) Tt (42)

Any tensor structures that are not totally symmetric under exchange of their

indices are implicitly accompanied by their symmetrised partners, for example

ik ; implies ik i i
@jk = g({A) = 9(1A)9ljk E— 9({A) = g(m)gljk + 9(1A)9 w4 g(m)g 7 (4.3)

!Throughout this chapter, we shall be somewhat imprecise about the position of indices: all
B-functions are to be understood as contravariant S-functions 37.

2The name v-term is a reference to the notation of [9], in which elements of the Lie algebra
corresponding to the global symmetry S are denoted by v, such that B! = 8 — (vg)!.
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As in the previous chapter, we shall make use of a diagrammatic notation, in

which the scalar coupling is depicted thus:

1
Gijk — )\
J k

A corresponding term in the leading order A-function can hence be represented

as

ke ikl 1 .
gz] g] gmngmm - ’

where contracted lines represent contracted indices.

4.1.1 The A-function at leading- and next-to-leading or-

der

Since there is only one tensor coupling, and hence only one S-function, the con-

struction of A is much simpler than in four dimensions. The one-loop S-function

6 ik 1s given by
szk = C(l1a) g(m) + C(lA)g(lA)

where the tensor structures are given by

ijk ilm _jmn  kn ij i
I = 9""FG gl = 9

Expanding (2.1) at lowest order, we wish to solve
3) — (2) 3(1)
dA® = dgT 2Bt

after defining

8 Z‘/j/k/ .

agird T 5 [ 0uir (05510 + Ojn Oy

+ 0ijr (0jsr Ok + Ojar Oeir)

+ Oikr (0jirOnje + 055 0nar) | -

(4.4)

(4.5)

(4.6)

(4.7)
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A AP

Table 4.1: Leading order terms in 6D A-function

and parametrising the leading order A® (shown diagrammatically in Table 4.1)

as

AB) = gD AB) 4 oD 4B
3 m n magn 3 m mn n
= al’) (gFm e gira gmany o g (gktm glmn gnpa gpaky (4.8)

With this normalization, the lowest order metric is simply TI(?,) = Ad;s, and the
(3)

coefficients a;,”’ are given by

3 3

ai” = feuw, @Y = Feqa) (4.9)
As expected, the construction of A at leading order is trivial, giving no consistency
conditions on the S-function coefficients. From here, we shall use the actual values

of the one-loop S-function coefficients,

C(la) = —1, C(lA) = % (410)

valid in any renormalization scheme, in order to reduce the number of explicit
coefficients that appear in various expressions and consistency conditions; note
we have suppressed a factor of 64% at each loop order. By doing so, the leading

order A-function can be expressed as

A9 = 3 (4P AP (4.11)

At next-to-leading order, the construction becomes slightly more complex.
As in four dimensions, there is an arbitrariness in the definition of a function A
satisfying (2.1), namely A — A + Bg;;87 for any g;;. At this order, the most

general arbitrary term is gfj) = a6y

Expanding (2.1) at next-to-leading order, we wish to solve



CHAPTER 4. SIX DIMENSIONS 117

@@@ 0

Ai-l) AE-D ﬁ}}/} ijk
(1)
(1)
1) i
Table 4.2: Contributions to A® and T}i)
where .
AW =% ol ALY + a8, 8,1 (4.13)
i=1
and
4
Ty =3 67 (1) (4.14)
i=1

The relevant tensor structures are depicted in Table 4.2. As in four dimensions, it

is easiest to depict the tensor structures (TZ(4)) gg as contractions between dg and

Bijk; that is, each metric diagram in Table 4.2 is of the form (dg)“bc(T(4 ) s B B e

(2

The two-loop S-function is given by

BL = candin + Cea T + cendion + Cen b + Ceo9ae; (4.15)
where
gg/;) gqugk:prgz({z) gg/cf) _ gzprg]pngs gksr gz;z) _ gimng]pqgkrsgnqsgmpr
(4.16)
and
9am) = g"’qgf{’;’) 9oy = 9" "9 (4.17)
Substituting A®), ) and ﬁ( . into (4.12), we obtain the A-function coethi-
cients
0 = feen. @) =3een a4 = Pepy - jal,
4 4
af) = —3ceo + 550, ag = =35 (2ee0) — cep) +

(4.18)
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and metric coefficients

tgg) = —604(4), tgg) = —3)\0(26) + %a(4), tgg) + tig) = —3)\(0(26) — C(2B)) + a(4),
(4.19)

subject to the consistency condition
60(20) + C20) T C2B) = 0. (4.20)

It is easy to see that this consistency condition is satisfied for the MS values of
the 61(]212 coefficients,

Con) =1, Ceo) =15, Ceod)=—3 CeB) =15 C@C)=—15 (4.21)

and we shall see later that (4.20) is in fact scheme-independent. Interestingly, the
scheme-independence of this condition will be crucial for answering the question
of whether T7; is symmetric beyond the manifest symmetry displayed at leading

order and next-to-leading order.

Substituting in the MS values of C(2i), the next-to-leading order A-function
can therefore be expressed as

AW — <_%A§4) - éAgl) + %Ag‘l) — ﬁAiﬁl) — %Aé@) + oW BB (4.22)

4.1.2 The A-function at next-to-next-to-leading order

Despite the conceptual simplicity of solving the required equation, the construc-
tion of A beyond next-to-leading order is highly non-trivial. As mentioned at the
beginning of this chapter, we must investigate whether the 5 appearing in (2.1)
must be modified as in four dimensions; the work of [38] strongly suggests that
such a modification should indeed take place, as their construction is analogous

to the two- and four-dimensional cases.

It was shown in [8] that for a four-dimensional theory with general couplings
¢! and a global symmetry in the kinetic term of the lagrangian density ., the

B in (2.1) must be replaced by a generalization,
B — B' =" — (vg)", (4.23)

where v is an element of the Lie algebra of the global symmetry group. The
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analogous case in six dimensions, where the kinetic term in (4.1) is invariant
under O(N) transformations of the scalar fields ¢, is a shift in the S-function
defined by

3k _y ik — gidk _ (i gkl (4.24)

for some antisymmetric tensor v¥. The only tensor structures present in the the-
ory that can give such contributions to B“* are antisymmetric combinations of
structures that appear in the anomalous dimension; such antisymmetric contri-

butions are first possible only at three loops.

Expanding (2.1) and taking the modification (4.24) into account, we therefore
wish to solve
6) — (2) p(3) (3) 3(2) (4) 3(1)
dA™ = dgT,;B,” +dgT,,’B,” + dgT,, B,". (4.25)

In what follows, we shall again use the explicit values for scheme-independent (-
function coefficients in order to simplify the consistency conditions derived from

(4.25). The scheme-independent coefficients are

ca) = =1, caay =15, Cen) = —3, Ced) = —3. C2C) = —I5 (4.26)

and we shall postpone the derivation of their scheme-independence until the next

section.

The three-loop f-function is given by
Bl = C3e)d(3e) + - -+ I T CBD)YI3p) T - - T CBLIYGL)- (4.27)
Defining two new useful tensor structures
ikl _ijm_kim

952 = 979", 9Gp) = 9090y (4.28)

we may express the non-anomalous dimension terms as

ik ilm _jlkm ik mi _jlkm ik 3 ipr _kgr
g(ée) = g(lzb)g%Q ) g(éf) = gé2b)g%2 ) g(ég) =g pqggfa)g(lqa)’
ijk ilm n iln _km ijk ipr _jqkr ijk ilm _jln _kmg n
g(éh) = g(la)g(fA)gj g, g(?},i) = gf){]A)g(?a)g%g ) g(éj) =g"g"™"g qg(qu)’
i1k mai ilkm i1k ilm _jlkm i1k in _Tmu m T
g(?},k) = g(2cl)g%2 ) g(?},l) = g(l2c)952 ) g(ém) = gl g’ qgkl g(zqc)a
ijk __ _iln_jmq  klm ng gk _ pq _rs _jpkr_igs tjk  __ _ist gt _jrps kpgr
930 =9 9 9 Yepy 93o) — Jaaydaad22 975 Yiap) =9 9aaydez 922 s
ijk irs igps _kpqr ijk 7 irs _knps rn, ijk ilm _jlkm
g(éq) = 9(1a)gégp [ g(ér) = g"1g" " gyy” g(laq)a g(és) = g(éd)gég )

ijk i irps _knrl nqls ijk irsn_ispl _rlgn
9oy = 97195955 955 Ghy = 975 953 9" (4.29)
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and the anomalous dimension terms as

9(3D> = g,pqg% 9<3E> = 9"™g153, 9(“ P = 979050,

9<3G> = 9" 900, 9aan = JanIang ™ 9<3H> = 935'9035).
9(31) = 9900, 960 = 9" I I 9 = 951905y
9(3L) = gé’é”g&% (4.30)

Note that ggG) = g{éG/) are the only non-symmetric tensor structures that con-
tribute to the anomalous dimension, hence we postulate that the antisymmetric
tensor v defined by (4.24) takes the form

Uij = Cq()gG) (g(gg) — g(3g/))w . (431)

Finally, it is possible that in general non-minimal renormalization schemes one

may obtain contributions to ﬁ from one-particle-reducible (1PR) diagrams that

ijk
are not present in MS. We shall therefore introduce four new anomalous dimen-
sion contributions,
g il g ij ol g
93m) = 92B)Y(14) 9amy = 904 92y
ij il lj ij il lj
g(éN) = 9(20)9(j1A)7 g(?ﬁN’) = 9(1A)9(j20)7 (4.32)
with associated [-function contributions

Bz]k Bz]k + Cmy 9(3M) + C(3M/)g(3M’) + C(3N)9(3N) + C(3N/)g(3N’) (4.33)

The reason for including these four terms in particular will become clear when we
discuss scheme dependence. Since the new tensor structures satisfy g(3 M) = g(3 M)
and g(3N) = g(3N, , there may also be new contributions to v in the non-minimal

scheme:
ij ij v ij v ij
v = 0" + oy (960 — gean)” + iy (9685 — g6vn) - (4.34)

At next-to-next-to leading order, the arbitrariness implicit in the definition of
A must itself be expanded beyond leading order. By doing so, we find the most

general possible arbitrariness to be

(5)
(89108") " = 289282 + 519250, (4.35)

where
5) (3 5) (3 5) (3
92 =a®, g = a1 + o1 + oD T, (4.36)
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Table 4.3: Contributions to A®)

SIX DIMENSIONS
AP A
AY) AP A
A A

121

Diagrammatically, the three? new arbitrary terms correspond to replacing the

derivatives dg”*, displayed on the metric terms in Table 4.2, with 51(]112 The

next-to-next-to leading order contribution to A may therefore be parametrised as

where

AP =
AP =
AP =
AP
AP =

AP =
AP =
AP

16
= Z a’l('5)Az('5) + 2 @ 52]kﬁljk

+Z(5£ﬂ3

/ g(gl,[)a
ijk ijk
(3s)?
]kg(g,u)a
ij gk Kkl li
= g(h)gfm)gamg(m),
z‘jk ijk
(3L)°
ijk ijk
= 9" g5,
ijk ijk
= g7 g5,

ijk ijk
_g]g(g),t)a

3Three arbitrary terms is sufficient, because ﬁ bc(
viously, this may not hold at higher orders

)

def
abc 5def7

abe

AS’) _ ijk ijk

(3n)’
AR = 97
AR =" gi5n
A = g7,
AR = g7l
AT = g7,
AR = 979k
AR = 97 g8

2l g0 = BT

def
abce

(4.37)

(4.38)

ﬂdef’
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T1(4) Trgﬁf) Tiﬁf) Té-l) Té'-t)
(1) (1) i (1) (1)
" 0 M " =
1)
(1)
1)
1 1 1
e e = 0 T

-
=)
S
2
.

4 (4 (4 (4 (4 (4
T1(9) TQU) T2(1> T22> Tz;a) T24)
) 1
y oy )
1)
(4) (4) (4) (4) ) (4) ) (4)
Tos Tog Ty Tig Ty Ty

Table 4.4: Next-to-next-to-leading-order metric terms Tl(ﬁ)

as shown in Table 4.3. The metric T, g(;l) may likewise be expressed as

30
T =3 t(1Y),, (4.39)

i=1

shown in Table 4.4, and again depicted most efficiently as a contraction between
dg and .

Substituting the three-loop S-function (4.27), v term (4.31), 1PR contribu-
tions (4.32) and (4.34), A-function contributions (4.37) and metric terms (4.39),
plus the relevant lower-order contributions, into the next-to-next-to-leading or-
der equation (4.25), we obtain a very large system of linear equations, detailed in
(B.1). After eliminating all A-function and metric coefficients, we obtain several

consistency conditions:

C@3q) — Ces) — 12¢an + bcen) =0,
C(3r) — 20(33) + 120(3p) - 120(20) =0,
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C(3¢) — C(3g) — 246(3h) — 1446(30) — 727 + 3(6(23) + 26(20)) =0,

C(3¢) — C(3g) — 60(32) + 60(3@ + 727 — 30(23) — 1440%26) =0,

26(3h) + 6C(3m) — 126(3n) + 186(30) + ¢@3p) + 120(3p) + 726(3J)
+36C(3K) — 720(3L) — %[1 —+ 24(6(23) — C(Qc)>] = 0,

C(3e) — %C(gf) -+ 6C(3k) — 126(31) =0,

c@j) + 6¢sm) + 6¢im) + 36cik) — 12¢2B)C(20) = 0,

C(3h) — C(3i) + C(31) — C(3D) — 126(3}7) + 127 — 120(26)(6(23) + 26(26)) =0,

and

(4.40)

1201(36?) + 2401(}3M) + 14401()3]\[) = 6(6(3@) - C(gG/)) + 12(6(3]\/1) - C(ng))

—+ 72(6(3]\[) — C(3N/)) — C(3j) — 6C(3m) — 120%26),

where

Z = ca) + Caan — C3o) T §C6E) — 2¢31) + 12¢(37).

(4.41)

(4.42)

The conditions (4.40) are satisfied by the MS values of the S-function coefficients,

where the two-loop results were given earlier in (4.21) and the three-loop results

are given by

Ce) =~ e =

CBi) = —%, C3j) = % y

Cam) = —mp  CGn) = T

CBa) = 155 cery = —5 +¢(3),

cw =3 —¢(3),

and
_ 7 7
€(3D) = gpa» C(3E) = 728>
_ 12 71
C(3H) = ~5is4> C(3I) = 96 24<<3>’
_ 13 _ _
¢BL) = —3miorr CeM) = ey = 0,

Here, ((z) is the Riemann (-function.

C(39) = 157 CEr) = 5610

CaR) = o c@) = 16

C(30) = Tr38" Cap) = Ta1

Cas) = — 2 +3C(3),  c@y =—1,
(4.43)

CoR) = ~Togsr CGG) = CBG) = 1w

C3J) = Gas0s CGR) = g

cin) = c@ny = 0. (4.44)

The isolated condition (4.41) is in some sense the most important consistency

condition derived from (4.25): we see that the only occurrence of the 1PR terms

in the consistency conditions is in (4.41), alongside the v term contributions.
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Furthermore, we will show in the next section that while the rest of the conditions
are scheme-independent, the RHS of (4.41) is only scheme-independent if we
include precisely these 1PR terms. In addition, by substituting in the MS values
of the p-function coefficients, we see that (4.41) is only satisfied if

Clagy T 2¢(aary + 1260y = —15328. (4.45)

Since the 1PR coefficients vanish in MS, it seems natural to assume that the

associated 1PR contributions to v also vanish, and hence we predict

(Cq()?)G))l\/Ts = 1(1]328' (4.46)

This prediction may, in principle, be verified by direct calculation, using the
methods in [15,40].

Given that the consistency conditions are satisfied in MS, we may list the

explicit values for the coefficients az@,

ol = (£ — 1¢(3)) A, ag” = 75

al? = (=2 +1¢(3)) A, a§50) = —Z6M

o = (=~ @) A=k
N 5~ 48

a?) _ _ﬁ)\j ag) - _i)‘

aé5) _ 2:2584)\ agi) - 128)\

a(75) =0, ag? = 312516)‘

ag’) = —2, afé’ = — 3 (4.47)

up to the arbitrariness defined in (4.35). Before giving the MS values for the met-

ric coefficients, we shall discuss the issues regarding symmetry. As can be seen

from the diagrams in Table 4.4, at this order the metric T’ ;ﬁ) is not manifestly sym-

metric; symmetry of Tl(ﬁ) requires each pair of terms {Tl(?), Tl(g)}, . {TQ(;;), T3(§)}

to have equal coefficients:

(4)

4 4 4
t(7) - t§8)7 t(g) - t;(])a t(l) - t;2)7 75(3) - t24 )
4 4 4
ty =th, G =y, g =ty (4.48)

It turns out that due to the arbitrariness present in the solution of the equations

derived from (4.25), it is in fact possible to impose that these coefficients be equal,
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subject to an additional consistency condition,

Clam) — 2C(n) T §C@E) — Cam) — 12¢a1) — Z
+2(cp) + o) + 12(cen) + cav) = 35(cen) — 202).  (4.49)

This condition is indeed satisfied by the MS values of the S-function coefficients,
and hence one is free to impose that T7; be symmetric up to this order. With

symmetry imposed, the MS values of the metric coefficients are

O
1 = 1x — 20",

tf‘) = 161)\ + —oz§ + 240z(5)
1t = —8x 1+ 11alY + 480,

t) = —3\ + 40! + 240",
= Bt Llaf¥ — 240,

(0 = 03 100y
(0 = 1) 90,
=3

tﬁ) _ 1379’2%A 11 (4) + a(5)
t%) _ 41312)\ +4 4 (5) N tgg),

4
ﬂﬁzw@+-a)
t%) _ 299y t16 . 215(4) + 11a(4) + 50455),

1728
fy =1y

19 = 15 = =29 4+ 29 — 120488 + 10) + Lo 4 60,

tél’ _ tgé) _ éég)\ 7 (4) — 8 (5)

() = ) Z 1) 2 o (4) L) - 2 1200,

HY = ) ;g;A - Eag‘*) — 60,

t§7) _ t(4) _ 1377238)\ ( ) 4+ 2@(4) + tﬁ)) _ %a@) _ a§5),

tgg) _ t(4) _ )\ + Ht(B) _ 2(t( ) 4 t(4)) + 11&(4) + 2&(5). (4.50)

In (4.19), we saw that the next-to-leading order metric TI(L?}) had two free pa-
rameters t( and t , of which t( was identified with the freedom o® in A,
leaving one new free parameter. At next-to-next-to-leading order we find similar

behaviour, in that the freedom in A corresponds to various linear combinations
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of tf’” and t%),

o) = Lt 360, of) =3, ol = — 2P 4ol (451

and there is additional arbitrariness introduced by the free parameters tz(;l), t%),

t%), tﬁ). If symmetry is not imposed on the metric, then the coefficients (4.50)
would also display the full arbitrariness in A as given in (4.35), however after im-
posing symmetry we are left with two free parameters ¥ and ag‘%), corresponding
to choosing

af) = —120455) — %()4(4), Oz:(f) = 204%5) + %a(‘l). (4.52)
In [9], an attempt to impose symmetry for four-dimensional scalar/fermion theo-
ries was made, but there did not appear to be enough freedom in the A-function
to allow this for arbitrary schemes. Given our success at the equivalent loop order
in six dimensions, and our ability to impose symmetry in four dimensions for the
off-diagonal terms Ty(g), Tg(gj’), we feel that there is some support for the idea of

revisiting the four-dimensional case.

4.2 Scheme-dependence and one-particle-reducible

contributions

We now turn to the question of scheme-dependence, specifically the effects of a
coupling redefinition on the S-function coefficients, and hence whether the consis-
tency conditions are scheme-independent as expected. The coupling redefinition

takes the form
9 = g (g), (4.59)

and its effect on the S-function can be deduced (as in four dimensions, see (3.43))

g7F =g

from the identity
_ d .. o ..
() = u—ag* = g . =gk 4.54
Biir(9) a9 =0 5,0 (9), (4.54)
where we have introduced the shorthand notation a - b = aijkbl-jk. Our investiga-
tions into scheme-dependence have revealed some rather surprising and counter-
intuitive results regarding potential 1PR contributions to the S-function in non-

minimal schemes.

At lowest order, expressing the coupling in the new scheme as a shift of the
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form g = g + d0g, (4.54) can be expanded to give

0
385 = pt .8_g<5g>g;.,1 (69)" @]k. (4.55)

The most general one-loop redefinition that can be made is
(99)1j4 = 191 + D201 (4.56)

where the non-symmetric tensor structures are again to be understood as being
accompanied by their symmetrised partners. Substituting this redefinition and

the one-loop [S-function into (4.55) gives the following changes at two loops:
dcepy = —gA,  Ocpe = gA, A =01+120,. (4.57)

We can now see that the two-loop consistency condition (4.20) is invariant under

the most general possible coupling redefinition, and is hence scheme-independent.

At the next order, we must track not only two-loop redefinitions of g, but also
the higher-order effects of one-loop redefinitions. Consequently, expanding (4.54)
and using a coupling redefinition g = ¢g¥* + (5g)wk (5g)”k, we find

0
562_]16 = 6(1) 8 (5g)zjk (59)(2) : ﬁz]k
0 1 a\’
a 0
—ag 2 s 2 <<5g>wk (59)" 5} (458

The general one-loop redefinition is given above in (4.56), and the general two-

loop redefinition is

(59)22-11 = €19 T €20(50) T €39(50) + €49 ()

+ esghr + €sg(bry + €19ty T EsTi)- (4.59)

Note that the general two-loop redefinition allows for three 1PR structures, de-
fined by

ijk ilm lj ijk ijl 1k ij ik kj
90 = 9" 9090 Iop = IiaIiay  Iop) = IGaiA) (4.60)

These redefinitions will generate the 1PR diagrams ggf\d), ggﬁm géélfv) gglfv,) spec-
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ified earlier, as well as 11 additional three-loop 1PR diagrams,

i klj ijk lik ijk il jlk
903 ) B 9(1A>9<2{>) gém - 9<1A>9<2c>’ géw) = 90490

i il jim _Imk
g( ) = g(QB)g(m)a 9(36) = 9(20)9(1a)a 9(30 = g(lA)gglA)g(la)a

ijk Iik ijk Imk ik iam gl Imk
9(377) 9(2D)g(1a)a IBr) = g(lA)g(QB)g ) 9ir = 90490209

k mi
g(3u) g(lA)g(2D)g ", g(3u) = 9(1A)9(2D)9 o*, (4.61)
with associated S-function coefficients csq), . . ., ¢@u)-

Substituting (4.4), (4.15), (4.56) and (4.59) into (4.58), we obtain the effects

of a general coupling redefinition on 3, at three loops. The changes in S-function

coeflicients are

dcey = 0,

deipy = 0,

Sc@zg) = —2€1 — 2¢ap)01 + 67,

0C(3n) = %61 — € — Ce)01 — 2¢n)02 — §07,

dC(3i) = 61 — 263 + 2€5 — 2¢(20)01 — 4c(ap) 02 — 5% — 20109,

dc(sj) = —2€2 + 2€6 — 2(20)01 + 2¢(2p)01 — 267 — 46105,

dcer) = 361 + 263 + 2¢(20)01 — 4c(2p)02,

dcey = % €1 + €2 + Cae)01 — 2¢2m)02,

SC@m) = tea + 267 — degae 0 + 2c(0)01 — 2(20162 + 463),

0C(n) = 2ea + 2es — dc(aeyda — 26105 — 763,

0C(30) = 2ea + €4 — A0z — 26165 — 533,

dcesp) = % — 4c(29)02,

dc(3q) = —€3 — C(24)01,

dc(zry = —2€3 — 2¢(2q)01,

0¢3s) = €3 + C(24)01,

deey =0,

dcuy = 0,

(4.62)

dc3p) = —%€1 — 266 + 4c() 0z — 2¢(2p)01 + 40105 + 507,
dcsp) = —§€1 — 266 + 2¢(a0)02 — 2¢(2p)01 + 107 + 46102,
Oc(ar) = — €2 + §€6 + 2C(20)02 — 2¢(2p) 02 + 405 + 50105,
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dcia) = dcisary = —%62 + %66 — €7 — %65 + 2¢(2¢)02
— 4dcap)02 — Cacy01 + 36102 + 863,

dcmy = —3€6 — 267 + 4Acp) 02 — 202001,

dcirn) = —%63 + 2¢(24)02,

dciy) = —%64 + %67 — 2¢(20)02 — %53,

oc@r) =0,

dcsry = 567 — €5 — Ace) 02 — 503,

de@amy = —%65 + %66 — 2e5 — cam)02 + 462 + 1—125152,
dcimry = —%65 — 1—1266 — 2€g + c(2B)02 + 202 + 1—125152,
dcan) = —i€a + €7 + 265 — Cac)02 — 305

(50(3]\//) = —%64 — %67 + %68 + 0(20)52 - %(55 (463)
and for the other 1PR coefficients

50(304) = —265 + 251(52, (5C(35) = %65 — %(5152, 50(37) = 264 + %65 — %5152 — 2(55,
50(35) = —265 + 2(51(52, 50(35) = %65 — %(5152, 50(3() = —€4t+ 5;,
50(377) = %65 - %5152, 50(35) = —464 + 453, 50(3)\) = %64 - %53,

Ocy = 561 = 50, Ocw) = gés — 305 (4.64)

Using these changes, we see that the consistency conditions in (4.40) are scheme-
independent; more interestingly, the extra condition (4.49), required for imposing
symmetry of T ;ﬁ), is also scheme-independent if the two-loop consistency condi-

tions is satisfied, and hence we may always impose symmetry of TS).

The last consistency condition, (4.41), is somewhat surprising. Substituting in
the results of a scheme change, we see that the RHS is indeed scheme-independent,
and hence the MS result in (4.45),

Clsa) T 2¢(3n + 12¢(3n) = %, (4.65)

is in fact a scheme-independent result. However, the invariance of the RHS relies
on the changes to the 1PR coefficients c(3ps), etc. Consequently, we find that in a
general renormalization scheme, these particular 1PR coefficients may in fact be
non-zero. One may suppose that this is fine for a completely general renormal-
ization scheme, but for any practical non-minimal renormalization schemes, such
as momentum subtraction (MOM), the required coupling redefinitions d;, €; will

be such that all 1PR coefficients vanish regardless. By looking at the results of
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a coupling redefinition on the 11 extra 1PR terms listed in (4.64), it is obvious

that these terms only vanish if
€4 = 55, €y = 5152, €g — %5; (466)
However, these relations also impose

S = —Oc@mr) = 1366 + 05 — Cap)0a,

Scany = —0canty = 1567 — 805 — Cc)d2, (4.67)

which may not necessarily vanish. One is of course free to impose values of ds,
€g, €7 such that these coefficient changes do vanish, but such a choice of coupling

redefinition may not correspond to any natural renormalization prescription.

To test whether these 1PR terms are likely to vanish in a standard non-
minimal scheme, we shall use the example of MOM. We know already that there
should be no issues at two loops: the MOM fS-function coefficients that differ from
the MS coefficients are

MOM __ 1 2.2, 1 1 MOM _ 1, 2 _2 1 1
o) =~ wm tx?(5), e = stam — v (3)) (4.68)
where 1(z) is the Euler -function defined by

v(z) = L mr) =

(4.69)

and I'(2) is the usual Euler I'-function. This corresponds to coupling redefinitions
(4.57) such that

A=3+4£7" -2y (3). (4.70)

The exact one-loop redefinitions required have been calculated as

R EE L TAONE S (471

el

Similarly, the two-loop redefinitions required to obtain the three-loop MOM coef-

ficients are

€= 32+é_i2 éé/(%)v

=15 — g™ +as? (3)

€3 =22 —2((3) — 57+ 7 In(3 3)2V/3m
—1—121n(3)\/_7r—@\/_7r +352( )—632(%)
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=553 (§) + 455 (5) + 559 (5)
1

€4 = 37>

=5 as" Tav (3)

€6 = _%7

€7 = %7

€g = 5%1, (472)

where s,(2) is defined by

sdaziészG%ﬂ, (4.73)

and Li,(z) is the polylogarithm function. We can see immediately that the one-
and two-loop redefinitions required to obtain the MOM results satisfy (4.66), hence
the extra 1PR terms c¢(3o—3,) vanish. However, given these redefinitions, the re-
maining contributions to dcgar, etc do not vanish. Consequently, there exist
1PR contributions to Bg(,g) in a well-understood and commonly-used non-minimal
renormalization scheme; until now, it was expected that all such 1PR contribu-
tions should vanish. One may suppose that there could be different values of the

two-loop redefinitions that reproduce the MOM [-function coefficients and allow

dcearn, ete to vanish, however e may be fixed by directly calculating c%\?/,ISM, and
€7 by calculating cggM, forcing the non-zero values
23
C(3M) = —C(3M’) = ~10363"
CBN) = TC@BN) = 4164172' (4.74)

4.3 Summary

In this chapter, we have done a perturbative analysis of the A-function for a
general six-dimensional ¢® theory, prompted by the recent work of [36-38]. We
have calculated A up to five loops, and the associated tensor T7; up to four loops,
using the scalar g-function up to three loops; this has allowed us to test various
non-trivial aspects of the a-theorem in six dimensions, such as the ability to
impose symmetry of T;;, and the expected modification § — B in the gradient-
flow equation due to the global O(N) symmetry of the theory. We have deduced
the associated consistency conditions relating the various S-function coefficients,
and verified that they are satisfied in MS. One of these conditions allows us to

predict the coefficient of the shift 5 — B, which first appears at three loops, and
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we have shown that it is indeed non-zero. While symmetry of T7; up to three
loops is manifest, we have found that we may impose that TS) = G%), as long as
an additional consistency condition is satisfied; this too has been shown to hold
in MS. We have again deduced the effects of a coupling redefinition on /3, and
demonstrated that the consistency conditions are invariant under such changes,
including the extra condition required to impose symmetry of T' ;ﬁ), hence we are
free to impose symmetry in an arbitrary renormalization scheme. This is again in
contrast to the scheme-dependence found in the four-dimensional scalar-fermion

calculations of [9].

When attempting to investigate the effects of a coupling redefinition on the
[S-function, we encountered an unexpected issue: a completely general coupling
redefinition appears to lead to 1PR contributions to 5, arising as antisymmetric
terms in the anomalous dimension. Unlike the earlier four-dimensional N' = 1
case, the non-zero redefinitions in a six-dimensional ¢ theory are crucial to the
scheme-independence of one of the consistency conditions, and we have verified
that the g-function coefficients of these terms are non-zero in a well-known and
commonly-utilised non-minimal renormalization scheme, MOM. The existence
of such terms was eventually resolved in [41], where it was noticed that in the
context of RG flow, the anomalous dimension possesses an arbitrariness corre-
sponding to antisymmetric contributions. The authors showed how to define the
anomalous dimension for a general theory, such that any antisymmetric contri-
butions are automatically absorbed into this arbitrariness, hence removing the
1PR contributions to the S-function. The authors also explicitly demonstrated
that the anomalous dimension remains symmetric in the case of four-dimensional
N = 1 supersymmetry, the graphs of which are topologically equivalent to those
in a chiral ¢® theory. It remains to be seen what effect this new formalism has on
the v term, and hence on the required shift to the B-function. It is quite remark-
able that, while it is comparatively straightforward to construct a six-dimensional
analogue of the A-function for a ¢* theory, pursuing its consequences has led to
a necessary clarification in the definition of an anomalous dimension for general

quantum field theories, and how it transforms under a coupling redefinition.



Chapter 5
Three Dimensions

So far, we have considered even-dimensional quantum field theories, in which the
trace anomaly contains various curvature invariants. The most critical of these
invariants, common to all dimensions, is the Euler density, as the A-function sat-
isfying the a-theorem in even dimensions reduces to the coefficient of the Euler
density at fixed points of the renormalization group (RG) flow. Unfortunately, the
Euler density for an odd-dimensional spacetime vanishes identically [65], hence
it would seem that there is no candidate quantity for an a-theorem in three
dimensions. Furthermore, attempts to derive a gradient-flow equation in three
dimensions using local renormalization group (LRG) methods have so far been
unsuccessful, though it was shown that some of the same restrictions on the form
of RG quantities do hold [42]. A different approach was proposed in [43], in which
evidence was given that for N/ = 2 theories, a function F, related to the free en-
ergy of the corresponding Euclidean CFT, may satisfy the weak a-theorem. This
was formalised in [44], and extended to non-supersymmetric theories in [45], at
least for non-interacting theories; the “F-function” was then shown to obey a
gradient-flow equation in the vicinity of an RG fixed point. However, as of yet
there are very few perturbative calculations of F' for interacting theories, and
there is no direct analogue of the a-function defined (up to the usual arbitrari-

ness) away from RG fixed points.

Despite this lack of theoretical justification, we were (surprisingly) able to
construct such a function, obeying the same gradient-flow equation as in even
dimensions. The results in this chapter are based on the work carried out in
three papers, [46-48], in which we investigate such constructions in full gener-
ality, valid (as usual) for arbitrary renormalization schemes, for a wide range of

three-dimensional theories. The possibility of constructing such a function, at

133
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least for particular theories, was first investigated using the two-loop f-function
calculations in [49], and the four-loop S-function contributions containing more
than one type of coupling [46]; the theories considered were abelian Chern-Simons
theory, non-abelian SU(N) Chern-Simons theory, and non-abelian A' = 1 super-
symmetric Chern-Simons theory (the third being a special case of the second).
Each theory is, of course, perturbatively renormalizable, with n pairs of scalars
and fermions (¢;, ;) transforming according to the fundamental representation
of a global SU(n) symmetry (in the supersymmetric example the field pairs are
contained in complex supermultiplets). Furthermore, the gauge coupling ¢ in
Chern-Simons theories is a topological quantity with 3(g) = 0 [50], and hence

the gauge S-function plays no role in our construction.

5.1 Evidence for the existence of an A-function

5.1.1 Leading order

We begin with the abelian Chern-Simons lagrangian

L = %dpruavAp + ‘Du¢j|2 + Z'Ejlm/’j + a@jwj‘bz(bk + Bijwk@t‘b]
+ IV (i on + by kdn) — h(0]65)°, (5.1)

where D, = 0, —1gA, and D= v D,,. The n pairs of scalars and fermions (¢;, ¢)
have charge g, and there are five dimensionless couplings {a, 3,7, h, g}. By ob-
serving the powers of couplings that appear in the respective [-functions, it is
clear that the ”3-2-1" phenomenon will once again occur!, and hence to construct
the lowest order A-function we need only concern ourselves with {f3,, 83, 8.}, re-

ferred to collectively as Yukawa [-functions.

The two-loop Yukawa [-functions are [49]:
A0 = (0 +2) a4 B+ (3 3) o+ (04280 + 1 (S ) o’

+2(n+2)Bv* 4+ 38%°¢° + 17%9” — 2(20n + 31)ag* — 8B¢* — 8(n + 2)4°,

6;2) = En+6)a’8+ (Bn+ ) as’+ (3n+1) 8%+ 3(n+2)ay’
+ 1 (Gn+Y) B =3n8% + {(n + 2)7%¢* — 5(8n+ 31)Bg",

1Strictly speaking, due to the absence of odd-loop contributions in three dimensions, this
would more correctly be a “6-4-2” phenomenon, or even more strictly speaking a “4-2” phe-
nomenon due to the lack of gauge S-function.
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BP = (Bn+6)a*y+ (6n+ %) afy+ (5n+6) v+ §(n+1)7°
+dayg® 4+ 2(n + 1)Bvg* — %(Qn — 5)fyg4. (5.2)

Note, a factor of &= for each loop order is supressed. We are attempting to find

1
81
a function A = A(a, B,7, h, g) satisfying the gradient-flow equation (2.1), hence

at lowest order A must satisfy

2AD\ (T T TO\ (82

5 | — (3) (3) (3) (2)
) s\ ) o
0, A®) T T,5 Ty )

This can be solved as in even dimensions by postulating terms that may appear in
A and substituting into (5.3). The solution (up to irrelevant purely-gauge terms

~ ¢®) is

AP =2 (84 2)a* + L (n®+3n+3) B+ H(n+ 1) + (§n+2) o
(3n” + 8n + 3)B%a + L(4n* + 9In + 8)a” 5

(4n+9)(n+1)(a® + )7 + 5 (9n + 17)(n + 1)apy?

—n?)B%¢* + $(n+ 1ar’g® + 1 (n + 1)°87°¢°

(20n + 31)a’g* — £(8n” + 31n + 12)5%¢"

(2n —5)7°¢* — 2(20n + 31)aBg* — 8n(n + 2)ag’, (5.4)

13
—~
Wi wloo

+ o+ +
= 5k

wl3 w3

with corresponding lowest-order metric
n 1

T =11 n 0 . (5.5)
0 0

A and T7; are in fact only determined up to an overall scale, and the lack of
Euler density prevents this scale being fixed. Nonetheless, we have found a func-
tion A of the couplings in the theory, obeying the gradient-flow equation (2.1)
and with a positive-definite metric for n # 1 (the case n = 1 is where « and

are equivalent, and can be treated separately with the same conclusion).

Next, we consider the non-abelian SU(N) Chern-Simons lagrangian

L = %e“VﬂAﬁayAﬁ + %ngBCEWpAﬁAng + |Du¢j‘2 + ZEJZ)%
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+ a0 bn + B ROLD; + IV (b + U kel Br) — h(de;)?,
(5.6)

with
Dt = Ot — igTix A b, Doty = Opiby — igTip Aty

where T/} are generators for the fundamental representation of SU(N) satisfying
[T A T8 } = i fABCTC  As in the abelian case, we need only consider the Yukawa,

[-functions at lowest order:

B = (8n+2)a +16a25+(n+3)a52 +(n+2)8+ 1 (En+ 1) ay?

n? —
-1
30 +2)892 — apgt+ g2 4 " —
40n — 17n* — 40n + 62 4_5n + 6n? —18n+86 4
1212 “ 4n? g
3n* —4n® + 5n% — 8n + 16 4
+ g
8n?

85 = (3n+6) 0’ + (3n+ ) af® + (30 +1) 5 + §(n + 2)ar’

-1 5(n?—4
+4 (§n+5) By +nafy’ + 5" + vg—%ag“

22n3 — 23n? —64n+626 s (MP=4H(n-2)
12n? 2n? ’

v+ (6n+2) afy+ (3n+6) B2y + t(n+1)7°

)n(n + 2)(1792 N (n — 1)7(1271 + 1)579

(n—1)(2n*—2n+5)
o 79",

2

Postulating a form for A and substituting into (5.3) then gives

A(5):%(§n+2)a + 3 (n*+3n+3) 8"+ g (n+1)**
+ (3n+2) a8+ 1(3n” + 8n + 3)a + L(4n® + In + 8)a’ 5
+L(An+9)(n+1)(a®*+ 87 + 5(On + 17)(n + )aﬁfyz

n+ 2 2n +1

+(n* 1) [—Sn ay’g’ + =5 =079+ 308°" + 5 63 ’

M0n—1 ,, 1n®—4n—12 ,, 2n? —2n+524
- *g = 2 T

12n 12n 48n

15n% + 40n — 62 64+3n —8n+16 4

— a e —
1202 g gz Y

4n® — 11n? — 8n + 16

- o3 Bg°. (5.8)
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with the same metric (5.5) as in the abelian case. A quick consistency check
between the two cases is that the non-gauge terms are necessarily identical, since

both cases should reduce to the same non-gauge theory when g — 0.

The final case we shall consider at leading order is non-abelian A/ = 1 super-

symmetry, with action

S = / dwd®| ~ 4 (D TV)(DT2) — L9 f5 (DT 49T TS
o iQQfABCfADEPBaFCﬁPgFE
— L(D®; +ig®, T (Da®; — iglET ) ;)

+ 3110(2;95)% + §m (BT Pk)? | (5.9)

where ' is a real gauge superfield and ® is a complex supermultiplet. This ac-
tion contains couplings {79, 171, g}, of which ¢ is again irrelevant for our purposes;
a full notational discussion is given in [49]. In principle, since we are dealing with
supersymmetry, one should now consider regularization by dimensional reduction
rather than dimensional regularization, however at lowest order the two methods
will of course give identical results. The abelian and non-abelian SU(N) cases
could therefore be derived from the earlier non-supersymmetric results by an ap-

propriate choice of fields and couplings.

The p-functions for a general non-abelian theory are given by [49]

BE = [(Rs1 + R + TrCr + 2C3)m + 1TrCag” — Ry (m + g°)
— 1CrCA(5m — 3¢9%) + §C4(m — 3¢°) | (0} — ¢")
+ [Tr(n} + mg® + g*) + Cr(3n; + 4mg® + 3¢%)
— 1CA(5n} + 8mg® + Tg")| Ron (i — ¢°)
+ [(6321 + 10CR + 3Tg — %CA)TI% + (2n + 11)mno
+2Crmg® — (2R + %CA)gﬂ Mo,

BE = [(Rso + 3 Rw)m — 3Rpo(m + ¢°)] (07 — g*)
+ [Tr(n? +ma? + g%) + Cr(3n% + 4mg® + 3¢%)
— 1CA0n} +8mg® + 79" Rao (1 — 9°)
+ [TCrmno + 3(n + 2)ng + Criog?®
+ 2Ro0 (317 — g*) + (2CR + 2Tr — Ca)Cr(1? — gm0, (5.10)
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where the coefficients Ry; are defined by

Tx = Rxo1o + Rx117,

and
T = (@), L, = (@719,
T, = @T40)?, T, = (BT4®)(®TPTC®)tr(T4{T*, T7}),
T, = <5TATB(I))2’ T, = fEACfEDB(ETATB(I)>(5TCTD(I))_

Finally, group-theoretic invariants are defined as usual by

Crl =TATA, TRé*P = te(TATP), (€648 = fACD fBCD

138

(5.11)

(5.12)

(5.13)

If one takes the symmetry group to be SU(N) or Sp(N), there exist relations

between T and T}, such that the matter couplings 7y, n; may be replaced by a

single coupling. These cases are therefore trivial: the A-function is simply the in-

tegral of the new -function with respect to its coupling, and the metric T;; ~ 7

is positive-definite to all orders of perturbation theory. The simplest supersym-

metric theory with a potentially non-trivial A-function is therefore SO(

N).

The group-theoretic invariants and coefficients Ryx; for SO(N) are given by

Cr = %(n—l)TR, Ca=(n—-2)Tg

Ry = 1(n — 1)T}, Ry = Rpo= — tTh(n—1)(n—
Ry1 = —1Tgr(n —2), Ry = 1Th(n® — 3n + 3),

Ry = Ry =0, Rp = 1Th(n —2)(n—3),

(5.14)

where the precise value of T depends on a choice of scale parameter for the

representation matrices and structure constants [51]. Hence, the S-functions are

B2 = (n — D)[LT3(5n7 + 6mg* + 5¢%) (m — ¢%) + T2(3n7 — 24" )no
+ 5Tr(To + ¢%)n3] + 3(n + 2)15,

Lin=2)nig" + 13 — dn)mg" + (n — 2)4°]
1

4Hnt + (n = Dmg® + S(n = 2)g*| Trno + (2n + 11)mng.

(5.15)
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By the same method, we therefore find an A-function

ABG) —

3(n+1)(n+ 2)
- + 2(n+ 1)Trg*ny — 2(7Tn+ 10)Thg n;

1
— 3(n+3)Tag%n0 + 6(n + 2)Truam + 2 (n + 2)TEnent
1

+ (n— D)Thg*ngm — 5(5n — 2)Tg nom + 3(n — 1) Thg*nen?
n+2)Tinon; + = (n+ 2)Tani + 15(7n — 13)Txre’n}

5
2
+(13n = 10)Trg*ni + +(n — 7)Txg°n:. (5.16)

+ 5
— 5l
with associated positive-definite metric

4(n+1)
7@ _ [ 2E (5.17)
OTy 372

at lowest order.

5.1.2 Next-to-leading order

We have so far shown that an A-function satisfying (2.1) exists at lowest order,
with positive-definite metric, for a range of three-dimensional theories. Due to
the simplicity of the construction at lowest order, we have no guarantee that
A can be constructed at next-to-leading order, where the hitherto-unconsidered

scalar -function £, must be taken into account.

To investigate whether it is possible in three dimensions for (2.1) to hold
beyond leading order, we return to the abelian case described by lagrangian (5.1).

The two-loop scalar S-function is given by [49]

B = 12(3n + 11)h? + 4h[4na® + 8af + (n + 3)4?)
+ (n 4+ 4)hy?* — 4(5n + 16)hg*
— [4na* + 160”8 + 4(n + 5)a’B* + 4(n + 3)aB® + (n + 3)3"]
—[(n+6)a® + Bn + 11)(af + 36%)]7* = 5(n + 37" = 2(a + B)y°g”
+4(na® + 2a8 + %) g* — 9" + 8(na + B)g® + 4(2n + 7)g°, (5.18)

and the A-function must in principle satisfy a differential equation of the form

5 2 5 2 3 4
nAD =18 + ST TP + S 1Y e (5.19)

Y=a,8,y Y=a,8,y
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However, it turns out that extra terms involving Yukawa [-functions are not
necessary. Keeping only the term T,E;? 6,32), we see that the A-function will acquire
the additional contribution A — A + Aj,, where

Ay =T [4(371 + 11)A% + 2h2[4na® + 8aB + (n + 3)5Y
+ 1(n+4)h*y* — 2(5n + 16)h’g*
— hldna* + 1608 + 4(n + 5)a?B* + 4(n + 3)aB® + (n + 3)BY]
— h[(n+6)a® + (3n +11)(af + 36°)]7* — 5(n + 3)hy" — 2h(a + B)7*¢?
+4h(na® + 2aB + %) g* — hy*g* + 8h(na + B)g°® + 4h(2n + 7)g®
(5.20)

If A, is correct, then differentiating with respect to the Yukawa couplings and
using (2.1) at next-to-leading order should produce the correct coefficients for the
mixed Yukawa-scalar terms ah?, ah, etc. We have computed the relevant terms

in the four-loop Yukawa [-functions,

B =K E(n+1)(n+2)a+2(n+2)5]
—2(n+2 h{4(n +1)a® + 10(n + 2)a28 + (2n + 9)af? + (n + 3)5°
+1(2n + 11)a + (3n + 11)5]72} .

ﬁgl) =2(n+2)(n+4)h*p
~2n+ z)h{z(n +6)a2B + (3n + 10)af + (n + 3)8°

+ 4B+ 4o+ Gn+ 118+,

YW = 2(n+2)(n+4)h*y
—4(n+2)hy [(n+6)a” + Bn+11)(aB+16%)] + ..., (5.21)

where the ellipses indicate pure-Yukawa terms. We can now see that Ay, is indeed

correct, provided T,Ei) = +(n+ 1)(n+ 2). Given this value of T, ,52), we also see
that
D AL n 1 0 )
A =11 n 0 B |, (5.22)
9, A" 00 fn+1)) \B"

hence higher-order metric contributions such as T2 do not contribute to Ap.

In summary, we have shown that the A-function can be extended consistently



CHAPTER 5. THREE DIMENSIONS 141

beyond leading order, with positive-definite lowest-order metric

3
TI(J) =

0

0 0
5.23

. (5.23)

o o~ 3

0 ln+)(n+2)

5.2 Leading order construction for general abelian

Chern-Simons theory

The preceding examples all provide reasonable evidence that an A-function sat-
isfying (2.1) can be constructed for a general three-dimensional theory. We shall

therefore consider a general abelian Chern-Simons theory, with lagrangian

L :%[EuypAuaVAp + (Du¢i)2 + iEaDwa]
+ 1YabijVahs®i®j — g Rijrimn®i®j Ok P1dmdn (5.24)

Here and throughout the remainder of the chapter, fermion contractions are rep-
resented by letters near the beginning of the alphabet, {a,b,¢c,...}, and scalar
contractions by letters near the middle, {7, j,k,...}. Recall that in three di-
mensions, ¢ = *T, therefore there is no obstacle to decomposing 1 into real
Majorana fields, and so we are free to choose a real basis for both scalar and
fermion fields. As usual, D, = 0, — iEA, where F is a charge matrix, denoted

E?, EY for scalars and fermions respectively. Finally, gauge invariance implies

ELYoij + B Yoacis + B Yapms + By Yabim = 0,
Eiphpjklmn + perms = 0. (5.25)

The L-loop Yukawa [-function takes the form
abl] ZC U(L abzga (526)

where each UISL) denotes one of the n;, possible L-loop tensor structures; note that
we introduce here the convention of symmetrizing over inequivalent external lines,
and include a weighting factor such that each tensor structure has a “weight” of
one. To construct A for this theory, we begin with 61(/2), in which there are

ny = 29 tensor structures. The gauge identities in (5.25) relate some of the
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possible tensor structures; it is therefore necessary to select a basis of structures
that include gauge terms. We have done so for the tensor structures containing
two gauge insertions, but not for those with four or six gauge insertions, as the
latter have a one-to-one correspondence with potential A-function contributions
and are hence somewhat trivial. The two-loop tensor structures with no gauge

msertions are

( Vabij = i[Yacil}/;dijdblm + Yocim YeaimYavit + YacitYedim Yavim + Yacim Yedim Yavjil,
(Us™ )abij = YacimYedis Yavim,

(UéZ))abij = YeairYaort Year,

(U )abis = 3 [Yaci; YeamYavim + Yadim YactmYevis),

(Usavij = 3 [YavieYeartYactj + YeaiYacinYavks), (5.27)

Yoci(EY )chdsz +(a+ b, i),
aczlEcd o Yabmj + (a < b, i< j)],
EY chquel]Ebe +(a<b, i),
EY chu demj +(a b, i j)],
U Yeai By Yenj + (a <3 b, i ¢ j)],
(E)imYaemYeuis + (a < b, i 4 j)],
EYE? YaemYens + (a <3 b, i < j)], (5.28)

e e e e e e T
©
N
=
S— SN— S— N— N— N— S—
)
(=
SH X
<. .
L L N L e L e N ] Ll L
.—‘ — .—‘ — — .—. .—‘

and those with either four or six insertions are

(U avi = SEY)acYeai By + (a > b)),

(U )abi = S1(E")acYeaij(B")a + (a 4> D),

(U )ari = (B BLY i By + (a 4 b, i 4 )],
(U abis = (Bt ) acYurns + (a 43 b, i 5 )],
(Ul(g))abij = (E)is(E*) 1Y bt

(Ul(?)abij = (E?)5;(E®*) 1 Yabh,

(Ul(g))abij = (E")(EY )chcdij,

(U3 )abis = tr(E?) B Y eaii ),

(U o = tr<Ew2)Eac}/;dZJ b

(U3 )abis = §[<E¢4>mYam + (i ¢ j)],

(US3))abis = L[(EY)acYaris + (a 4 b)),
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(USavij = 3[0(E) + ()] [(E®)tYaww; + (i 4 5),

(U avij = [0(E?) + t2(EY)][(E?)ocYaij + (a > )],

(U aij = (E?)i5(E*Y)

(U )ai = (B3 (E)

(US))abi = tr(E?)(E92);5(E*?)a,

(U5 avij = tr(E)(E?);5(E"%) o (5.29)

As mentioned above, we have selected a basis of terms with two gauge in-
sertions. There are in fact thirteen such terms, most of which manifestly give
no contribution to fBy. Due to each diagram being logarithmically divergent, we
may set external momentum to zero, after which there are three circumstances

in which a diagram gives no contribution:

e The diagram is one-particle-reducible.
e The diagram is proportional to a trace over a single v matrix.

e The diagram has a charge matrix £ on an external scalar line.

The first is guaranteed in MS, the second follows since tr(y#) = 0 by Lorentz in-
variance, and the third follows since such diagrams contain the term €,,,p,p, = 0,
arising from the gauge propagator. Consequently, we have removed as many
of these terms as possible from our chosen basis. Furthermore, the four non-
vanishing contributions in the basis each correspond to a single Feynman dia-

gram, simplifying our results as much as possible.

Now that we have a complete list of the tensor structures that appear in
63(,2 ), we may construct the lowest order contributions to the A-function. As in
the previous chapters, we once again introduce our diagrammatic notation. The
Yukawa and scalar couplings will be represented by vertices, with the fermion

and scalar legs indicated thus:

N/
Yapij — Nijkimn —

A corresponding term in the lowest order a-function can hence be represented as
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YacijYeii YodimYdaim —

where contracted lines indicate contracted indices. Differentiating the terms in
A with respect to each coupling corresponds to removing each associated vertex,

leaving a structure that may appear in the S-functions:

o 2
N \ S = Y YeauYam € BY

The lowest-order A-function can be parametrised by

9 29
A9 = 304D 1 30 AP 5
r=1 r=13

where diagrams constructed using U- 1(3)_12 have been removed from the correspond-

ing basis of gauge-dependent A-function terms, as they give no contribution to

)(,2 ). The remaining terms have been split into contributions with up to two gauge

insertions (1 —9) and four or six gauge insertions (13 —29). The first nine terms

are given by

AY = Yo VeewYearYaats  AS = YapijYoertYeaij Yokt
AP = Yavij YedjnYavkiYedts, AY = YacijYevigYodimYaaim,
A = YoruYoarYeaYaerj. A = Yarig (B")oeYeajiYaaris
A(75) = Yo (E?) i Yoer Yeatis Ae(gS) = nbijEzﬁEkacdledali’
AY = Yy B Yo By Yearis (5.31)

and are depicted diagrammatically in Table (5.1), where insertions of a single
gauge matrix are indicated by a blob on the corresponding scalar or fermion line.
The remaining A-function terms are given by

A0 — ((],(2))abi])/mbl.].7 1=13,...,29. (5.32)

3 7

We now deduce the coefficients a” in terms of ¢! by using equation (2.1) in
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/ [ '\
1 \\
| |
(5) (5) (5)
AY Ay AY
(5) (5)
A7 A

Table 5.1: Contributions to 3D A-function from 63(/2 )

A7 Ay

the form 9A5)
8% 5.33
OY apij H B (5:33)
where we define
9 1
8Y—Y;L’b/i/j/ = 7 (0aar Ovey + Oapr Opar ) (Giir 650 4 0ijrjar). (5.34)
abij

With this normalization, the lowest order metric is simply TI(L?}) = 1 dyy, and the
first five A-function coefficients are?

a® = iucﬁz), r=1,...5. (5.35)
From this, we can see immediately that for a general non-gauge theory in three
dimensions (in which one only has the first five terms in 63(/2 )), the lowest order
A-function is in fact trivial: there is a simple one-to-one correspondence between
the tensor structures Ul(a,) and the A-function contributions Aﬁ)g). Despite the
apparent non-triviality displayed in the non-gauge parts of examples (5.1) and

(5.6), the coefficients in C(yz), Bg), 65,2) were in fact guaranteed to appear in ratios

that allow the existence of an A-function.

The next four coefficients involve the terms with two gauge insertions, and
their evaluation is non-trivial. The four A-function terms Aé‘?g form a basis for
terms involving two gauge insertions, but upon differentiating lead to eight tensor
structures, one more than the seven structures listed in (5.28). We are therefore
required to substitute in the expression for this eighth tensor structure in terms of

the basis, then rewrite the differentiated A-function term as a linear combination

2Recall that A and 17 are determined only up to the overall scale p.
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of the other seven. Having done so, the system of equations can be solved, giving

5 2 5 5 2 5 2
W = pel?, =0, o =gl o =l (G30)
plus the consistency conditions
e N R ) (547

The existence of consistency conditions shows that unlike the non-gauge terms,
the gauge parts of the A-functions were not guaranteed to work. We shall see
shortly that the consistency conditions (5.37) are indeed satisfied; that this is the
case for a general theory shows that the existence of an A function for the specific

theories considered previously is in fact non-trivial.

The final coefficients in the general A-function are simply given by

a® = %/,LCS,Q), r=13,...25,

a® = pc®, r=26,...29, (5.38)

T

due to the one-to-one correspondence between the remaining tensor structures
(5.29) and the A-function contributions. The general solution to the A-function
parametrised as (5.30) is therefore given by (5.35), (5.36) and (5.38), subject to

the consistency conditions (5.37).

Since the existence of A is predicated on the consistency conditions (5.37) being

satisfied, we must of course calculate the actual values of the coefficients cf) in

)(,2 ). The coefficients have each been calculated using dimensional regularisation

with MS, and are given by

cf) =g, cg) =2, c§2) =2, 0512) = %, gQ) = %, c((f) =g,

cg) =38, cg) =8, c§2) = —16, c%) =0, cﬁ) =0, cg) =0,

o) =24, =4, =2 &=-16 Y=-8 c=-8,
R R B R A |
o) =2 o) =-32, &) =-32, &)=-8 i =-8 (5.39)

These coefficients are of course scheme-independent. We can clearly see that
the consistency conditions (5.37) are therefore satisfied in any renormalization
scheme, and hence we have constructed the A-function at leading order for a
general abelian Chern-Simons theory in three dimensions, with positive-definite

metric.
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5.3 Next-to-leading-order construction for gen-

eral scalar-fermion theory

In section 5.1, the A-function constructed for each example considered was shown
to hold beyond leading order, at least when considering 6,(12) and the mixed scalar-
Yukawa terms in 63(/4 ), Having constructed the general leading-order A-function,
we shall now endeavour to show that a general construction holds beyond leading
order. The next-to-leading order A-function, A, can be split into multiple

contributions:
AD = AD 4 AT + AD 1 a(82)aii (B2 abis. (5.40)

Ag), A,(:} and Ag) are the pure scalar, mixed scalar-Yukawa and pure Yukawa
contributions respectively, and the last term is the expected arbitrariness in the

definition of a function satisfying (2.1), analogous to the case in even dimensions.

5.3.1 Scalar and mixed scalar-Yukawa terms

To test the viability of constructing A for a general abelian theory beyond leading
order, we can again look at 6,(12) and the scalar-Yukawa parts of ﬁl(f ). This enables

us to construct the first two terms in (5.40), which may be parametrised as

14
7 7 7 7 7 7
AD — 04D, AT =3 a0 AD, (5.41)

1=2

and are depicted in Table 5.2. The explicit expressions for each term in A are
rather unwieldy, containing many index contractions, but if desired can easily be

reconstructed from the diagrams.

The scalar-Yukawa part of 6}(3 ) takes the form

13

B =Y en Uy (5.42)

i=1

Rather than explicitly listing each tensor structure in 6}(3 ), we have simply labelled

the vertices of the terms in A, such that when each labelled vertex is removed

one obtains the relevant tensor structure U };ﬁ, )3, Calculating the coefficients cg‘}f_m

3Again, the tensor structures are implied to have a weight of one, and be symmetrized over
inequivalent external lines.
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YA, AN / / / \.\ \ /7 /! AN
Il [ / | \ [ VoD
Ve
N N R I : [ : ! o |
(IR ! \ | ! Vs o]
[N ;s [ T ARV ;1! Hg
NNy 7 NN NNy o, -
\\\V/// \\\ s \\\M///
7 (7) 7
Al A A
he ha hg
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7 (7) (7) (7)
Al A A A
h11 hi2 hi3 hig

Table 5.2: Ag and A y parts of 3D A-function

in MS, we find that [47]

4 4 4 4 4 4
cgfz é’ Cg‘fz 425’ Cg{i _8’ Cg{i = _87 Cg{i = _87 cg{z; = _87
4 4 4 4 4
Cgiz 4’ CSF{S 8 Cg{i _4’ Cgizo - _8’ C&JL - 0’ 0232 = 167
cly = 16.
(5.43)
The L-loop scalar g-function takes the form
( (L) Uklmn Zd V(L) Z]klmna (544)

where each V},(L) denotes one of the my possible L-loop tensor structures. The

meo = 14 structures in B,(f) are

hzykpqrhlmnpqr + perms)
hl]klquabmpYabnq + perms)
hl]k:lmpY;prqYabnq + perms)

Y(lb’L] %ckl}/;dmpydapn + perms)

e N N T
S
no
RGN
S~— S~— S~— S~— S~—
: LS : :
o
=
3
S
D= 2= 2= D= 2=
—~ — —~ S —~

Yabzy }/;Jcmp)/;dklydapn + perms)
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(Ve istmn = 3 (igrapg(E®)om (E®)qn + perms),

(Vi) ijutmn = & (hijhtmp(E**)pm + perms),

(Vé(z))z‘jklmn = & (Nittmp(E??)pm [tr(E??) + tr(EY?)] + perms),

(Vo Yijhtmn = & (hijhipg(E®?)gp( E?)yn, + perms),

(Vi) ishtmn = & (Yabig EL2Y earY damn -+ perms),

(ViD)ishtmn = & (Yabis B Y eara B Yeamn + perms),

(Vi) ijhtmn = L(BLY LY camn + perms),

(Vi) ijwimn = (B Y EfYeamn By, + perms),

(‘Gf))ijklmn é(Equﬁ Yapmn E? + perms), (5.45)

where, as with the tensor structures in 63(,2 ) containing four or six gauge insertions,
we have simply listed all structures that correspond to non-manifestly-vanishing
contributions from Feynman diagrams. We have again calculated the coefficients

in MS [47]:

dP =2 d¥ =30,  dY =4,  dP=-360, df = -360,
dY) = —120, d¥ =40, dY =-8, 4 =-120, dff =360,
d? = —360, d¥¥ =0, d?) =720, d¥? =1440. (5.46)

We may now attempt to construct part of A beyond leading order. The key
equation (2.1) takes the form

dy AT = th,if}ﬁ,(f’ (5.47)
dy AT = qay T8 8% + ay 1) g%, (5.48)

Recall that TI(L?}) = udry, and T, ,52) will likewise be found to be proportional to the
unit tensor with some coefficient \. Working with a general theory, it now be-
comes obvious why no mixed terms in the metric were required in order to solve
(5.19): any such mixed metric terms of the correct loop order must necessar-
ily contain “pinched loops”*, which vanish in dimensionally regularised theories.

Solving (5.47) therefore gives the A-function coefficients

all) = Iad?,
a) =1nd”, i=2369,
a) =\, i=4510-14, (5.49)

4By pinched loops, we mean diagrams that may be separated into two disconnected regions
by cutting at a vertex - such diagrams must contain a factor of the form [ d?p (p?)* = 0.
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with 7, ,52) = \. These values, together with the schematic form of 55(/4 )(h), can be
substituted into (5.48), and the existence of a solution then predicts the following

relations between coefficients in 6,(12) and 51(/4 ).

ucH = )\alé2 : ucH = )\ng , ,ucH 2)\d42), ,ucH = 2/\d§f :
MCH 2)\d52), pcl) =2xd?,  pely) = Ay, pcky) = 2xdy),
,UCH9 = )‘d Mcgzo = 2)‘dn , Mcg)l = 2)‘0312 , NCEYJ)Q = 2)‘d13 )
pcly) = )\d14. (5.50)

Comparing the B@(h) coefficients in (5.43) and the B,(Lz) coefficients in (5.46),
we see that the predictions are indeed correct, provided we have A = &. This
linear relation between metric coefficients demonstrates that A continues to exist

beyond leading order, up to an overall scale p, with positive-definite metric

1 0
T}}:(O 1). (5.51)
%

The existence of a solution to the scalar-dependent part (5.41) of A, up to the
overall scale p and with correctly-predicted relations between [-function coeffi-
cients, therefore provides very strong evidence that the construction of A will

hold for the general theory beyond leading order, involving the full 6}(3 ),

5.3.2 Pure Yukawa terms

From here, due to the complexity of the calculation, we shall drop gauge inter-
actions. Despite the non-gauge case being trivial at leading order, we shall see
that at next-to-leading order there are a large number of consistency conditions
that must be satisfied in order for A to exist, and we shall check each condition
via direct computation. Combining the non-gauge terms in (5.41) with our re-
sults for Ag) below will give a complete calculation of the next-to-leading order

A-function for a completely general scalar-fermion theory.

The pure Yukawa contributions lead to a highly non-trivial system of linear
equations, listed in Appendix (C.1-C.5). The pure Yukawa terms in A can be

parametrised as
52

AP =3 "a"A7, (5.52)

i=1
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depicted in Tables 5.3 and 5.4, and the pure Yukawa terms in 55(/4 ) as

105

51(/4) Y) = Z 01(;4)(U,§4))abz‘j7 (5.53)

p=1

where the tensor structures U éégj

their external legs and to have an overall weight of one. As with (5.41), rather

are again understood to be symmetrised over

than attempting to list all 105 possible S-function terms, we have simply labelled
the corresponding vertices in the tables of tensor structures Ag). Any vertex
denoted by an X indicates that there is no associated tensor structure in 55(/4 )(Y),
according to the usual criteria. Finally, the next-to-leading order metric T\ 5(/55;

takes the form "

T =) 67 (T )y, (5.54)
i=1

with the corresponding tensor structures depicted in Table 5.5. As in the four-
and six-dimensional cases, the tensor structures are most easily depicted as con-
tractions between dY and By, denoted by a cross and diamond respectively.
While the leading order metric TS) was trivially symmetric, we can see from the
diagrams in Table 5.5 that T 1(3) is also symmetric, confirming our intuition that
the three-dimensional A-function has exactly the same behaviour as in four and

six dimensions.

The A-function terms have been arranged such that substituting into (5.48)

produces consistency conditions in the following order:

e Diagrams 1-6 simply relate the A-function coefficients ag_)ﬁ to the 63(/4) co-

efficients, and give no consistency conditions.

e Diagrams 7 and 8 relate tensor structures that appear in 63(3) to tensor
structures that do not appear in ﬁl(f ), hence setting the corresponding (-

function coefficients to zero.

e Diagrams 9-21 relate tensor structures that appear in 6}(3 ) but not in any

higher-order metric contributions, giving simple consistency conditions.

e Diagrams 22-47 relate tensor structures which appear both in 63(/4 ) and in

metric contributions, giving non-trivial consistency conditions.

e Diagrams 48-52, along with metric terms (Tl(g),lg)yy form a closed set of

equations independent of the rest of the system.

For convenience, we shall set the scale parameter © = 1, so that Tf/?’} = 1;

recall that the consequence of the scale factor is simply an overall factor of u
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pre-multiplying A and T;;. Examples of equations from the first four categories
are:

(4)

e Substituting Ag) gives 6a§ =¢}"”, so that oD — 1.4

1~ = g€ in a similar manner

to the lowest-order calculation.

e Substituting Ag) gives 2a§) = cg4 and 4a§7) = 0, hence cé4) =0.

e Substituting Ag) gives Qag) = cg), 2a(7) = cgl) and Qag) = cgl), hence
PRCORNN ORI C))
T =G =G

e Substituting A25 and A s gives a set of nine equations:

(M _ (4 (M _ (4 (7) (4)

(o5 = Cu5 5 A5 = Ca6 5 Qo5 = Ca7 s
7 2),(5 7 2),(5 4 7 2),(5
)~ LMD, o <P 4D, o
SR Y R Y )
(5.55)
leading to the consistency conditions tfl ) =0 and 045) = cgjé) = cg;) = cgjé) =

)
Cé8
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X X
X X
1 X X
(7) (7)
A41 AS
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9 9 12 12
Q) )
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20
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20
(7)
A14
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(7)
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4
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.M
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42
(7)
Ay,
59 59 61 61
60
00 61 61
) (7
Adg Ay

Table 5.3: Contributions to Ag) - terms 1 to 30
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63 63 65 65

76

76 X

Table 5.4: Contributions to A@ - terms 31 to 52
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(2) (2) (2)
(Téo))yy

i
K
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Qﬂﬂ
=
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©
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=
g
=

(2) (2)
(Tff>)YY (Tl(é)))yy
(2) (2) 2)
(Tl(g))yy (Tl(%)))YY (ng)m

Table 5.5: Contributions to TSQ,
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The full list of consistency conditions is given below. In the interest of easily
verifying that these consistency conditions hold, we have rewritten certain condi-
tions such that we have expressed as many anomalous dimension type coefficients
as possible in terms of non-anomalous dimension coefficients. Our reason for do-
ing so is that the anomalous dimension terms are typically harder to evaluate, as
the diagrams are linearly or quadratically divergent, whereas the rest of the terms
are logarithmically divergent, and (using integration by parts) can be calculated
from the master integrals in [52]. We therefore have a list of consistency con-
ditions relating terms originating from logarithmically divergent diagrams, and

twelve predictions for anomalous dimension contributions.

The simple consistency conditions obtained from AS)-AQ are

cé4) =0, cé4) =0, c$4) = cg4) = 05(94),
I N

2l = &) 2 =, e =D,

¢ = 265, 20 = 57 che = chy

2l = &) L R )

¢t = cig i = cho (5.56)

while those resulting from AQ-A? are

4 4 4 4 4 4
Cz(m) - Cz(ag) = Ciz) - CSA) = Cgo) - Cig)

4 4 4 4 4 4
= Cé2) - Céﬂ) = 3<C$0) - ng)) = 62(37) - 02(36)7

4 4 4 4 4 4 4 4
’34(10) - Cz(n) = 0512) - 0513) = Céo) - Cél) = Céz) - Cé:s)

4 4 4 4 4 4
= 6(0@0) - ng)) - C((Sl) + Cé2) = Cg7) - Cg8)7
4 4 4 4 4 4 4 4 4
Cé5) - 40((5 ) = %(Cé(i) - 20&8))7 3(0(70) + C(72)) + 02(35) = 02(38) + 12057)7

4 4 4 4 4 4 4
C$5) = 12(Cz(so) - Céw))a 02(35) - 02(39) = 2(2054) - 055)% (5.57)
and

cg;) — cg? — 60&? + 120&? + 60%) + cgé) — cg;) — 120(34) =0,
3+ 3l — 69—+l 64 =0,

60%) — 30%) + 30%) — 120%) — c%) — c%) + 20&? =0,

seld + 39 =0

40((;;) — cédg) + 20(7211) + Gcg{]) + 40&? — 20%) — 605(;;) =0,

4 4 4 4 4 4 4 4 4 4 4
2’3;6) = Cgﬂ) = 2’3;8) = 0515) = 0516) = ’34(17) = 04(18) = Cés) = 2’35()1) = 05(92) = 2’35()3)- (5.58)
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—_+— — = = =
\ N // /
N /
Integral for c(%) Integral for céé)

Table 5.6: Feynman integrals for terms undetermined by (5.48)

The condition resulting from Agg)—Aé? is

4 4 4 4 4
65(98) = Cs(ag) = Cgo)o = 0101 = 60102 = 40%0)3 = 60104 = 40%0)57 (5.59)

and the predictions for twelve out of fourteen anomalous dimension type coeffi-

cients are

) = el — 2l + 12l 208 Bl el ek + gk — 3 — k)
=l 12 k) D ) 43D k] o)

8 = 3+ 6l + el + bl — 3+ 3l — 3 — 3

D 12 10 ) ) )

o = 126 5l + 2l + 2l Sl -l

o = el 6+ ol i+ 3l — 2l 2

8 = bl 2l + 4D,

o = 3l 89+ 22

o = 30+ 6l + 38— 3t -

o= 2l

ol = 2l

chg = 6y + ey — et — Y, (5.60)

the undetermined coefficients being cgg and cgé). To obtain all fourteen anomalous

dimension coefficients, we therefore need only evaluate the two Feynman integrals

in Table 5.6, then deduce their associated [-function coefficients.

We have calculated the non-anomalous dimension terms in MS via integration

by parts, using [52]>:

054) = =8, cgl) = 32, c§4) =—-4

5With the exception of five integrals involving double propagators that must instead be
calculated directly. We shall discuss new relations between these remaining integrals shortly.
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cé4) =0, cgl) =0, c$4) = 4(7* - 8), cgl) = 4(7* - 8),
o) =4(x* -8),  cf =16, oy = 16, ol = 16,

c%) = =8, cgi) = —4, c%) = 472, c%) = 472,

&Y = 472, o) =2(n*=8), o) =4z -8), &) =16(% -2),
cgi) =32 (%2 — 2) , cg;) = 7%, cg;) = 27%, cgi) = 16,

o5 =8, chg = 32, cs) = 64, o5y =0,

c%) =0, cg(l)) =2, ci(ﬁ) =212, cg;) = 212,
Mo, e e dem

cg;) =212, cgg =72, cg;) =g, cffé) = 16,

i =0, chd =8, chy = =8, i =0,

C%) =272, cffé) = 272, cé(é) = 272, c%) = 272,

c%) = 16, cgé) =24, céﬁ) =38, cg;) =38,

o = -8, i =0, s = 16, g =0,

4 =0, Mo dbow oo
=0 N . = B
A= S R
=0, Moa b=y dieo

el = 16, o) = 24, s =8, ol = 24,

cgé) = 24, c(gli) = 72, Cs(;;) = 272, c(g? = 72,
T

& = or R

iy = (5.61)

From these results, one can verify that (5.56 — 5.59) are all satisfied. After evalu-
ating the integrals in Table 5.6, subtracting the central two-loop subdivergences

and deducing the associated g-function coefficients, we find

4 4
=5 p =2 (5.62)

hence the other anomalous dimension coefficients are predicted by (5.60) to be

=t des deh gy
G-t @oy dom des
Cé(;i) = _%7 Cé(;il’,) = %2 Cé(;zll) = %27 Cgé) = %7
Bz di-% o
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We have checked the majority of these predictions by explicit computation, and

found them to be correct.

A final check on the consistency conditions is that they should be scheme-
independent. This can be verified (as in even dimensions) by deducing the changes
in coefficients under a coupling redefinition, corresponding to a change in renor-
malization scheme, and checking that all consistency conditions are invariant

under such changes. The change in 63(/4 )(Y) is given by

@ _ 50, 9 s sy, 9 40
68 = By o YD — oY . - B, (5.64)
so writing
5
oY@ =35, (5.65)
1

we see that the induced changes are

dely = 2(61 — 40y) Ocky = 2(6) — 40,) Ocly) = 4(46; — 61) dely = 2(455 — 6y)
debg = 4(48; = 61) Sel) = 28, —482) Sely) = 36, — 80, de) =88, — 30y
degg =501 — 80y Oy =801 — 301 degg = 5oy — 4y degg = 404 — 50
ok = 301 — 885 Och =80 — 30 ocly = 30— 885 el = 805 — 20y
Scsy) = 4(05 — 6y) Ok =16(8, — 85) dcly = 40, — 303 oty = 505 — 404
Sk =45, —05)  ocky = 2(05 — 64) dely = 502 — 405 ey = 405 302
(465 — 81) Bclg) = 2(61 —485) Scld) =26, —48) Scly = 2(6, — 43)
dcy = 2(40; — 61) Fegq) = 2(405 — &1) dcly =405 — 305 Feg = 305 — 455,
(5.66)

while all other coefficients are scheme-independent. Omne can then verify that
(5.56 — 5.60) are invariant under these changes, and hence hold in any renormal-

ization scheme.

By verifying all consistency conditions deduced from (5.48), and checking
their scheme-independence, we have verified that it is possible to construct an A-
function satisfying (2.1) at next-to-leading order for a general three dimensional
scalar-fermion theory, with very strong evidence that the construction exists be-
yond leading order for a general abelian gauge theory. This function takes the
form (5.40), with the scalar terms expressed as (5.41) and the purely Yukawa parts
expressed as (5.52). The coefficients for the scalar-dependant part are given by
(5.49), with MS values deduced from (5.46) and leading order metric given by
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(5.51), while the MS coefficients of the pure Yukawa part are

W=t a=® =t =
ag) = —% + ia, ag) = % + ia, ag) =0, ag) =0,

al! =272 —16,  alf) =8, o) = -2, a\y = 272,

ag) =% -8, aﬁ) = % — 1677, ag) = %2 ag? =4,

a7 =8, ay =0 ay =%, ay =,

agl) =2, ag) =72, ag? = —1—26 + 3a, agl) = —? + 3a,
ag? = 2%, ag? = —% + 3a, ag?) = —5—:? + 6a, aé? = 72,

ay ==Y ta, ay=-F+3 ay=-Frae ay=-5+ia
aé? = —% + %a, agl) = —5i4 + ia, ag? = S + a, a:(,,? = % + a,
all) = —2 + g, all) = —2 + Za, aly) = 2+ 5a, all) = —2 + 2a,
e . = T s
o) =, ) =—i+la,  df =i+le a2
@-n -7 WP-n - o

and the next-to-leading order metric coefficients in (5.54) are

t§5) =84 3a, tg5) =404 3a, téS) = —% + 3a,

3 3
=0 = W =)+ de

(5) (5) 2 .1 () _ 13 , 3 G) _ 14, 3
f=-jrie =Pl W=}l

5 5 5 2 5

0+ = o H =7 W =0,

5 72

) = (5.68)

As was found in even dimensions, A and T are determined up to the arbitrariness
a present in (5.40); there is also some additional arbitrariness in the definition of
Tg)/, since only the sums t§5) + tff), tﬁ) + tg? are determined. Finally, it is worth
noting that tz@ is scheme-independent for i = {4,5,13,14, 15,16, 17,18}, hence

tf’) and tf}) are both zero in an arbitrary scheme.

5.3.3 Relations between Feynman integrals

As mentioned previously, with the exception of five integrals involving double
propagators, the non-anomalous dimension contributions to 63(/4 )(Y) were all de-
termined from the master integrals in [52], using integration by parts. By this

method alone, one can reduce the basis of Feynman diagrams to ten, shown in
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e & @

I 4bbb I 42bbe I 42bblde

COE S

Table 5.7: Feynman integrals that appear in the non-anomalous dimension con-
tributions to B)(/A‘)(Y)

[N
w

Z

Table 5.7. The first five integrals are named following the conventions of [52],
while the latter five require new labels. As far as we can tell, there is no simple

process of integration by parts that will further reduce this basis of integrals.

Having constructed an A-function in three dimensions beyond leading order,
an intriguing consequence is that such a function can not only be used to predict
the coefficients of various terms in Sy, as seen in (5.60), but can also be used
to derive relations between the Feynman diagrams from which these f-function
terms originate. The consistency conditions (5.56) are all derived from equations
containing no higher-order metric coefficients, hence for these relations to hold

there must exist analogous relations between the Feynman diagrams.

To derive the relations between the Feynman diagrams, one need only express
the f-function coefficients as multiples of the simple poles in the Feynman dia-
grams, then use the consistency conditions (5.56). By doing so, we obtain the

following conditions:

Iy — 1 1os = Lgye = =2V = —2W,
Ly = —2Ls0pp10e = 4X = —8Y,
Z =0 (5.69)

We see that all Feynman integrals used to deduce the non-anomalous dimension
terms in 6)(3 ) (Y') have now been reduced to three simple integrals with no momen-
tum running through. These relations appear to be completely new, and appear
to showcase a rather remarkable feature: the existence of a function restricting
the behaviour of renormalization-group flow can infer new relations between the
divergences encountered in Feynman integrals. The conditions for diagrams X

and Y are predicated on the vanishing of tf), but as was noted at the end of the
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last subsection tf) = 0 is a scheme-independent result.

Combined with the deduction of the anomalous dimension terms using (5.60),
one can summarise the situation as follows: to derive the pure Yukawa part of
6}(3 ) for a general theory, one may construct the next-to-leading order A-function
and evaluate a total of five simple Feynman integrals; the rest follows from simple

integration by parts.

5.4 General N = 2 supersymmetric gauge the-

ory

Throughout this chapter, we have attempted to construct, for three-dimensional
quantum field theories, an A-function satisfying (2.1). After explicitly demon-
strating the existence of such a function for particular theories, we showed that
the A-function exists to leading order for a general Abelian theory in three di-
mensions, and to next-to-leading order for a scalar-Yukawa theory. Clearly, the
obvious next step is to include gauge interactions and attempt to construct A for
a completely general theory at next-to-leading order, but this would be a very
involved calculation. We may instead attempt to demonstrate that A does in-
deed exist for a general N' = 2 supersymmetric gauge theory,® providing evidence
that it may then be possible to construct A for a general non-supersymmetric
gauge theory. In a supersymmetric theory, one may take advantage of the non-
renormalization theorem to significantly reduce the number of potential contri-
butions to 63(/4); furthermore, we need only consider Yukawa-dependent terms,
as any Yukawa-independent contributions may easily be shown to satisfy (2.1)

without imposing any consistency conditions.

The action for a general N' = 2 supersymmetric gauge theory takes the form
[54]
S = Ssusy + Sar + Sau, (5.70)

where Sgysy is the supersymmetric action
Ssrsy = / dx / d*0 (k / dt Tr[D" (e7" Dyet")] +<1>J(eVARA)Zj<1>i)
0

T (/ d%/oﬂe W () +h.c.) : (5.71)

6The required four-loop B-function, 53(,4 ), was calculated in [53], with the exception of one
term corresponding to a non-planar integral. We shall comment on this integral at the end of
this section.
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Sar the gauge-fixing term (with gauge-fixing parameter &) [55]

Sar = —& / PO ulf]] - £ / Brd?i 0l ), (5.72)

and Sgpy the ghost action [69], which we omit as we do need to consider dia-
grams with ghost propagators. In the action, V' = V4T, is a vector superfield
in the adjoint representation, with 74 being the generators of the fundamental

representation satisfying

(T4, Tg] = ifapcTe,
Tr (TATB) = 5,43. (573)

® is a chiral matter superfield (with the convention ®* = ®;*) that may be in a

general representation, with gauge matrices R4 satisfying

[Ra, Rp] = ifapcRe,
Tr (RARB) = TRéAB. (574)

W (®) is the superpotential, which for renormalizability must be quartic in three

dimensions, and takes the form
W (®) = LYMP, 0,0, (5.75)

The Yukawa coupling Y “* is dimensionless in three dimensions, and we introduce
the further convention Y;j; = (Y¥*)*. Finally, to satisfy gauge invariance, the

gauge coupling £ is quantized such that 27k is an integer.

We shall now attempt to construct A. As mentioned previously, the only
B-functions in a general N = 2 theory are those corresponding to the Yukawa

coupling and its conjugate; therefore, at leading order, we may expand (2.1) as

6) — gy 7® 5@
dy A® = dyT? 3%
dy A®) = dY TS B2, (5.76)

Both S-functions are given (as described above) by the chiral superfield anomalous
dimension, which at two loops takes the form

Yo =10V Y 4 AP C(R)FC(R)] + 4 C(R);. (5.77)

7

Since Jp = v, we see that the coefficients of the corresponding tensor structures

appearing in 63(,2 ), B(?Q) will be equal. The two-loop S-functions may therefore be
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expressed as

3
By = ()Y =3 P,
i=1
: (2)
2 2 2)~
i=1

with tensor structures

Cf) _ Yijkm?mpqrypqu _'_Yijml?mpqrypqu
+Yimkl?m rypqrj +ijkl? qrypqri’
C = Y"C(R),MC(R),! + Y™ C(R),"C(R),*
+Y"MC(R) "C(R),] +Y™HC(R),"C(R),,
0§ = YU C(R),! + Y™ C(R),
+Y™MCO(R), T+ Y™MC(R),} (5.79)

Similarly, we may parametrise the leading order A-function as

A® = (POyukly o Yy, 4 o) YIRO(R), M C(R),Y sk
+a§YIMC(R), ™Y i, (5.80)

and the lowest order metric 7' I(i) such that

AYTEBE = p (dY)7H(BD) i,

Y

d?T;3 B — 1 (dY) (B2 H, (5.81)

Given that the leading order metric in the non-supersymmetric theory is simply
proportional to the unit matrix, we would expect to find that p = 1. Substituting
(5.78), (5.80) and (5.81) into (5.76) then gives the solution

af’ = 2¢7 oy =4c oy = 4cp
=277, =477, =47, (5.82)

so we see immediately that indeed u = [z, and therefore the leading order metric
is proportional to the unit matrix as expected. Due to the simplicity of the
construction, the terms in A® and 63(,2 ) are in one-to-one correspondence, hence

there are no consistency conditions.

We now turn to the next order. The Yukawa-dependant part of the four-loop
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chiral superfield anomalous dimension can be expressed as

(4) 1~(4)
s = § j% T + (5.83)
where the tensor structures

F(4 ]:?zklm<YY) Y-l’clnj7

1 7
IS5 = Vi Y™ (C(R)C(R)),’?
(

‘klmylmpq?pqrstkj )
P17 = Vi (C(R)C(R))™ Y P,
(

)

); 7,

I)/ = YViunC(R)" Y " C(R) 7 !
M)

)

);

(
(
(
(
(
(

P74 lj - ?’klm(RAR )" Yklnp(RBRA)pja F84) ij = Yikmn(RARB)n}n(RARB)ankqua
P(4 zj — ( ) ( ) J F%) ij _ ?iklmC(R)m;LYklnj,

1 (

2

9
)7 = SrYYRaRp(Ra Rp)),) . (T9)7 = Vigwa(Ra) T (Ra)", C(R), Y,

(5.84)

i

form a basis of terms with four gauge matrices, and we have defined
(YY) ;= YNV g, (YY);! = YiamY ™™,
(C(R)C(R))'; = C(R) . C(R)Y;,  (RaRp)'; = (Ra)'y(Rp)";.  (5.85)

Strictly speaking, Fg) is superfluous as it can be expressed as

iy = 408 —irf —1in — ir — Leerd! (5.86)

but it appears naturally in several diagrammatic calculations and gives a van-

ishing contribution to v, hence its presence does not affect our calculation of

A.

Expanding (2.1), we wish to solve

dy AT = dy TP Y + ay T 82 + dy 1) %,
dy AT = dYTE) B + dYTE) BY + dY TSR, (5.87)

where again the S-functions are given by
51(/4) (7(4) (i y jkl)m 204)0(4
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A AL A AL A
A B
B A
A B
A0 Plig N e A0
A A A

Table 5.8: Contributions to A for N' = 2

The A-function at this order takes the form

14
AT — Zal(?)Al(?) + a(ﬁg))ijkl(ﬁ(;))ijkl ..., (5.89)
i=1

where Aﬁ)w are depicted in Table 5.8, Aﬁ) is given by
AY) = 2er[YY{Ra, Rp}] tr[YY{Ra, Ry},

and we neglect terms that originate from Yukawa-independent contributions to

vo. As previously alluded, for any Yukawa-independent contribution SL’(4)XZ~j €

4
"

(5.87) gives a(” = 4pux™ with no further consistency conditions. Diagrammati-

, one may simply add to A a term VY ¥+ X (imij 1ym» and substituting into

cally, Yukawa couplings are represented by the four-point vertices; the convention
for chirality is that arrows always point from a Y to a Y. Cg insertions are rep-
resented by boxes, and insertions of gauge matrices R4, Rp are represented by
labels A, B respectively. As an example, diagram Ag) corresponds to the tensor
structure

AP = YIRY 4 Y™ (R RA), (R RA),*Y ngsi-

The leading order metric was shown to be proportional to the unit matrix, TI(L?}) =



CHAPTER 5. THREE DIMENSIONS 167

D@L O@
> @ 0§

Table 5.9: Contributions to T®), K® for N' =2

1ory. The next-to-leading order metric may be expressed as

2
TP = Z O 75 =Y kK
i=1
5) (5 =0)
® 5 (6) _ N~ 707
Ty Zt T T2 =Y kK, (5.90)
=1

(®)

with the tensor structures T, K Z@ depicted in Table 5.9, again contracted in the

form dY'T. 1(;%5(?2), etc. The corresponding tensor structures TES), FES), contracted
in the form dY'T. ;5; 65(/2 ), etc may be obtained by reversing the arrows of each term
in Table 5.9.

Substituting (5.78), (5.81), (5.88), (5.89) and (5.90) into (5.87) gives a large

system of equations (C.6), from which one can deduce the consistency conditions

(4 _ (4 4 _ @ (5.91)

and the metric constraints

P =77 vi#2,
)

() &) + () - &) =0,
KD =1 = 0. (5.92)

The coefficients téS), EQS), k§5), Ef), while constrained to satisfy the above equality,
are otherwise arbitrary. Consequently, we are free to choose that the metric be

symmetric by imposing tf) = ES”, which then forces kf’) = Ef)). Having imposed
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symmetry, we obtain the following solution for the A-function coefficients,

ol = 2, o = 4, 0 = 24D,
2D D), A e, D — i
o = 4, (7) ), ol — 4y
7 2« 7 e 7 4 4
ago) =4%; (2) NC; )7 agl) = 4% (2) NC; )7 agz) = N(3C§() ) + C( ))
7 4 7 4
aty = 4uc§o>, al) = 2uc§3, (5.93)
and metric coefficients
th) (2) ,ucl )+ 4b;a, t(S) + k;f’) = 8c§2)a,
5 4 5 ) @ 2 5 4
0 = o A = el - D) 4P o = Bt

2)
O = . = 2 D) a0, G

301

where fz@

= tl@, EEEJ) = k:f’). We see that, as in four and six dimensions, there is
a correspondence between the freedom in the definition of A and an arbitrariness

in the metric.

As always, due to the method of construction, we expect the consistency con-
ditions (5.91) on the S-function coefficients to be scheme-independent. Given a

coupling redefinition (§Y)®), the induced change in 55(/4 ) is

0 0
oy —( Yooy T8 3—7) (6Y)®
@. 9 L s7@. 9 ge
— | (oY) - PG + (oY) 7 O (5.95)
hence given a two-loop redefinition of the form
(5Y)® Za YUk (@) D), (5.96)

=1

we obtain the following changes in the coefficients of 6}(3 ),

5C§4) = 2(b261 — b162), 5@(14) = 6(b201 — b162),
505()4) = 2(bséy — b163), 50%) = 6(b3dy — b103), (5.97)

and so we see immediately that (5.91) are indeed scheme-independent.

To verify that the consistency conditions hold, we therefore need only evalu-
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ate the MS values of the S-function coefficients.” Table 5.10 shows all diagrams
that may contribute to the Yukawa-dependent part of ¥, and their individual
contributions are listed in Table 5.11. The results are presented such that to
obtain the contributions from a particular diagram, one sums the weighted con-
tribution from each master integral (columns Iy, Ie, Ly, W), then multiples by
the symmetry factor and overall group factor; for example, diagram (a) gives a

contribution
(a) = —% 1, TV

to v, while diagram (I) gives

(1) = (=214 + 4Tu) (%rg“) - %F§4)> .

"For a detailed exposition, see chapter four of [48].
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Bh-G-®
BOBD

(CE=RORSRGRE
(9D (B @

B
B

Table 5.10: Four-loop diagrams contributing to the Yukawa-dependent part of
the N' = 2 superfield anomalous dimension
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symm Iy I Iy W overall group factor
| -5 1 0 0 0 ri
by | =& 0 0 0 r{Y
©| = =2 0 o0 0 Y — 10T
@ - o o 1 0 Y — Loty
(@ | -1 0 0§ 0| =30 =3 - $0ery + {Calyy
@] 1 0 0 -2 0 Iy + Loary? — Loariy
@ | -+ 0o 0o -2 o0 T+ Loary? — Loarty
| s 0 0 —F 0 T8+ T =T 4 T
| 1 -2 0 1 0 Y — Logr
W] -1 -2 0 0 o0 Y — Logrs)
m| 1 -2 0 4 0 ip) —1pi
m)| —& -2 0 0 0 Y — 1ogrgY
@ | -+ 1 0 -1 o (7 +4cq) (38" - 1)
] -2 o L 0 0 T+1cq) 1
| & 0o L o0 o0 T+1Cq) T8y
(@| -5 0 1 0 -2 Iy
)| 1 1 0 0 -1 )

Table 5.11: Results for diagrams listed in Table 5.10 in terms of master integrals
(see Table 5.7) and invariants involving Yukawa couplings of Eq. (5.84)

AN
AN
LA
ARRRXER,
XK
o

KRR

LR

(a)
Table 5.12: Classes of diagrams that do not contribute to v
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Table 5.12 shows diagrams that do not contribute to 7 [56]: any diagram
of the form 5.12(a) is finite by power counting, whereas the diagrams of the
form 5.12(b) contain fewer than two Ds and two Ds and hence give a vanishing
contribution. Summing all contributions, we therefore find the MS results for the

Yukawa-dependent part of ¥, and hence the corresponding coefficients of 63(/4 );

4 4 2 4 2 4 2
cg)——é, cg)———4, cé)——%(l——B), ci)—23 4,

4 4 4) 2 4) 2
Cé) = U, Cé) = O, Cr(7 =73 Cé = "3

Ay = -4, (5.98)

It is worth noting here that the calculation of contributions from diagram (h) is
very involved, requiring the evaluation of a new master integral at three loops
(shown below in Figure 5.1). Nevertheless, it is possible to do, and was rather

surprisingly found to be finite.

Finally, as in the non-supersymmetric case,
one may attempt to derive relations between
the underlying Feynman integrals. The ba- m
sis of Feynman integrals for the S-function of v
the general N' = 2 gauge theory is in fact \<>)Z

the same as that of the non-supersymmetric

scalar-fermion theory (see Table 5.7), with the Figure 5.1: € - the new non-
addition of one new non-planar diagram (), planar Feynman integral for
shown in Figure 5.1. This integral has an im- N = 2 gauge theory

plied spinor trace over the six outer propaga-

tors, where the arrows indicate a factor § in the numerator, and we use three-
dimensional gamma matrices with tr(1) = 2. Expressing the S-function coeffi-

cients in terms of the underlying integrals, one has

cé4) =0, cé4) =0, C§4) = & Lavb; Cgl) = g Lawmp + ki,

where w is the singular part of the new integral €2, and k is some non-zero con-

stant.® As a consequence of the consistency conditions (5.91), we see immediately

8Specifically, k is the product of the symmetry factor for (h), the ”weight” factor from the
master integral €2, and the group-theoretic factor proportional to F§4).
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that we must have
w =0, (5.99)

and hence our A-function predicts that the new integral €2 must be finite. It is
somewhat remarkable that a simple first-order differential equation with (as of
yet) no theoretical justification is sufficiently powerful to determine that a highly

non-trivial three-loop integral must in fact be finite.

5.5 Summary

In this chapter, we have investigated the possibility of constructing an A-function
for general three-dimensional QFTs, satisfying the same gradient-flow equation
as in even dimensions. Generically, such a function is determined only up to
an overall multiplication constant, since the Euler density conventionally used
to fix this scale in even dimensions vanishes identically in odd dimensions. We
first calculated A explicitly for a range of theories, showing in each case that
the leading-order metric is positive-definite, up to the overall constant. Next
we considered general theories, finding that while the leading-order A-function
for a general scalar-fermion theory is somewhat trivial to construct, the Abelian
gauge theory leads to a number of simple consistency conditions, which are triv-
ially scheme-independent and satisfied in MS. We then demonstrated that the
three-dimensional A-function may be constructed beyond leading order, in direct
analogy with the even-dimensional case, by deducing the mixed scalar-Yukawa
contributions to A, and deriving the associated consistency conditions. These
conditions were again automatically scheme-independent, and (as in four dimen-
sions) fixed a ratio between the leading-order metric coefficients such that if either

coefficient is positive, then the leading-order metric is positive-definite.

Having shown that the A-function continues to exist beyond leading order,
we completed the calculation of the next-to-leading order A-function for a gen-
eral scalar-fermion theory by deducing all purely-Yukawa contributions to A,
This required determining all possible terms in the A-function, four-loop Yukawa
[S-function, and next-to-leading-order metric, leading to a very large set of consis-
tency conditions. To verify these conditions, we first calculated all non-anomalous
dimension contributions to 63(/4 ) in MS using integration by parts, and found that
each condition was indeed satisfied. While we did not calculate all anomalous
dimension contributions, we did calculate two out of the fourteen possible terms,
then deduced the remaining twelve using the consistency conditions; we were

later able to independently verify most of these predictions. We then ensured
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that each condition was scheme-independent, again by deducing the effects of a
coupling redefinition. Since there were so many simple consistency conditions, it
was possible to deduce the relations between the poles of the underlying Feyn-
man integrals; by doing so, we found that the existence of an A-function for a
three-dimensional scalar-fermion theory was sufficient to reduce the basis of mas-
ter integrals, up to four loops, to just five very simple diagrams. Given that there
are 105 pure Yukawa terms and a further 6 scalar terms in 6}(3 ), this is a truly

dramatic simplification.

Finally, in order to provide more evidence for the existence of an A-function
for general three-dimensional gauge theories beyond leading order, we consid-
ered a general N' = 2 supersymmetric gauge theory. This was again trivial at
leading order, but at next-to-leading order resulted in a number of consistency
conditions. The conditions relating [-function coefficients were again satisfied in
MS and shown to be scheme-independent via calculating the effects of a coupling
redefinition, whereas the conditions on the tensor 77; automatically imposed sym-
metry for all but two terms. It is easy to see that these last terms may indeed
be chosen so that T7; = G, without imposing any extra consistency conditions.
We then again deduced the relations between the required Feynman integrals, of
which all but one had been calculated in [53], and found that the required basis of
integrals was the same as for the non-supersymmetric scalar-fermion theory, plus
the extra integral not previously calculated. Our relations required that this final
integral be finite: a rather powerful statement, given that the integral in question
is a highly non-trivial, three loop, non-planar integral. The result is even more
surprising given that it is ultimately predicated on the as-yet-unjustified existence
of an A-function in three dimensions, satisfying the same gradient-flow equation

as in even dimensions.



Chapter 6
Conclusions

Throughout this thesis, our aim has been to construct a function satisfying (2.1),
then deduce consequences of the existence of such a function, for a range of general
QFTs in various numbers of spacetime dimensions. In each case, the existence of
this function led to consistency conditions, relating coefficients of the g-functions
of each theory across multiple loop orders. By expressing all S-functions as sums
of general tensor structures with arbitrary coefficients, and using the equivalence
of a coupling redefinition and a change in renormalization scheme, we have been
able to show that all such consistency conditions are invariant under the changes
induced by a coupling redefinition, and hence hold in arbitrary renormalization
schemes. We have also addressed the question of whether the tensor 77; that
appears in (2.1) may in fact be chosen to be symmetric, reducing to the metric
G'1; we have explicitly shown this to be possible in each theory considered. For
the six-dimensional ¢? theory, this possibility was contingent on a new consistency

condition being satisfied, and we have shown that this is the case.

We have also considered less obvious consequences of the existence of a func-
tion satisfying (2.1). In the case of four-dimensional N' = 1 supersymmetry, we
have extended a proposed all-orders expression for the a-function to a general
gauge theory. This proposal is reliant on a new equation being satisfied, the
A-equation, and we have deduced the implied consistency conditions for the co-
efficients of the chiral superfield anomalous dimension. In six dimensions, we
have shown that the existence of an a-function is sufficient to determine the first
non-trivial contribution to B, the shifted g-function that determines whether a
theory is conformally invariant. Finally, in three dimensions, we have shown that
the consistency conditions are of a simple enough form that one can derive rela-
tions between the underlying Feynman integrals themselves, rather than just the

coefficients of the S-functions. The power of these conditions was demonstrated

175
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by considering a general three-dimensional AN/ = 2 supersymmetric gauge the-
ory, and showing that the final non-planar Feynman integral, left undetermined
by [53], must in fact be finite. Since our three-dimensional work was carried out
last, we have not gone back and re-assessed whether the consistency conditions
of our four- and six-dimensional theories also lead to relations between Feynman
integrals; such an undertaking would therefore be a straightforward line of further

inquiry.

Throughout our investigations, we have encountered several obvious questions
that we feel merit further study. As mentioned above, in each example we have
shown that one may impose symmetry of the tensor 77; up to the order consid-
ered, and that this imposition is renormalization scheme-independent. However,
it was claimed in [9] that, in the case of a four-dimensional scalar-fermion theory,
imposing symmetry at the first non-trivial order is only possible for particular
schemes. The first question is therefore, is it always possible to choose T7; = Gy,
and if not, why not? While symmetry of 77, in our calculations was manifest
at lower orders of perturbation theory, and imposed with no consequence in all
four- and three-dimensional theories considered, the six-dimensional ¢* theory
essentially relied on fixing some of the arbitrariness present in the definition of
the a-function away from RG fixed points. It is possible that there is simply
insufficient arbitrariness in the a-function for the four-dimensional scalar-fermion
theory, but nevertheless we feel that this particular case should be revisited, using
the completely general perspective employed in this thesis; at the very least, if
the conclusions of [9] are upheld, then the four-dimensional scalar-fermion case
would form a concrete counterexample to the suggestion of always being able to

impose symmetry of 17;.

The next question raised was the potential for 1PR contributions to the (-
function of six-dimensional ¢3 theory in general non-minimal renormalization
schemes, arising specifically from antisymmetric contributions to the anomalous
dimension. By construction, these 1PR contributions are of the same form as the
tensor structures present in the “v-term” (that is, the shift to the B function),
and hence would be expected to arise for any theory with a global symmetry,
in any number of spacetime dimensions. The work of [41] demonstrated how
to remove these antisymmetric contributions, but made no mention of whether
this has an effect on the potential 1PR contributions to the v-term. One can
therefore ask, after re-defining the anomalous dimension to remove antisymmetric
contributions, what effect (if any) does this have on 1PR contributions to the v-
term? Our prediction for the coefficient of the 1PI contribution to the v-term

was predicated on the vanishing of 1PR contributions in MS, hence we cannot
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make any statement regarding their presence in non-minimal schemes.

Further questions that one may ask are of a much more general nature. We
have provided perturbative calculations supporting an extension of the A-equation
to supersymmetric gauge theories, but this obviously does not address whether
the A-equation is actually true. As mentioned in the summary of chapter 3,
the authors of [35] used Weyl consistency conditions to derive an equation that
appears very similar to the A-equation. Is their equation precisely the A-equation?
If so, then the conjectured all-orders expression for the a-function in N' = 1

supersymmetric gauge theories will have been established.

A glaring issue is, of course, the question of what we are calculating in three
dimensions. There is no Euler anomaly in three-dimensional theories, and so
the function we have constructed cannot reduce to the usual coefficient a at
RG fixed points. The most promising notion is that we are in fact construct-
ing the F-function proposed by [44,45]. The F-function is intended to satisfy a
three-dimensional analogue of the a-theorem known as the F-theorem, and for
free theories has indeed been shown to satisfy the equivalent weak formulation
Fyy > Fig. As noted by the authors of [44,45], it is difficult to calculate the F-
function for interacting theories, or even to evaluate it numerically, and so if our
construction is indeed reproducing the F-function, then we have a method of cal-
culating F' perturbatively for a completely general, interacting, three-dimensional
QFT.

Broadening scope beyond immediate questions, the existence of an a-function
may be of use in constructing asymptotically safe theories; that is, theories that
possess a non-trivial interacting RG fixed point, rendering them finite at high
energy. Classes of such theories have been constructed by [57], and rely on can-
cellations between [-functions at different loop orders in exactly the same per-
turbative ordering used to construct an a-function. Given that our consistency
conditions are valid for general four-dimensional theories, and are independent
of renormalization scheme, one may ask: is it possible to utilize such relations
between [-function coefficients to demonstrate that a more general theory is
asymptotically safe? If so, it may be possible to entertain the notion of asymp-
totic safety for theories in spacetime dimensions other than four, using similar

consistency conditions.

Finally, we return to the use of the basic consistency conditions that we de-
rive for each case. A major weakness of our approach is that there appears to
be no predictive quality to the generation of consistency conditions; although
we know that the conditions will relate some [-function coefficients, there is no

indication of which coefficients will appear in any one condition. Furthermore,
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with present understanding, there does not seem to be any way to determine
the number of conditions generated at any loop order. As an intermediate step,
instead of counting consistency conditions, one could hope to count the number
of combinations of S-function coefficients that are scheme-invariant, of which the
consistency conditions are simply linear combinations. Unfortunately, even at-
tempting to count such invariants is counter-intuitive: for example, one might
suppose that the number of invariants is simply the number of independent (-
function coefficients minus the number of parameters present in the variations
induced by a coupling redefinition. However, in chapter 4, we found that ¢3
theory has five independent two-loop S-function coefficients and two redefinition
parameters, but four independent combinations (including scheme-independent
coefficients). It has been noticed that, while there are two independent redefini-
tion parameters, the induced changes in the S-function are given in terms of only
one linear combination of the parameters. It would be tempting to speculate that
the correct counting method is therefore the number of independent coefficients
minus the number of independent linear combinations of redefinition parameters,
but one would need to conduct a much deeper analysis of the invariants to provide

evidence that this would be the case.

A potential way forward in counting the number of consistency conditions may
lie in treating the problem more mathematically. Some predictions for scheme-
independent combinations of S-function coefficients were noted in the PhD thesis
of [58], as a consequence of treating Feynman integrals and their subdivergences
from the perspective of a Hopf algebra. In particular, Panzer demonstrated that
given a Feynman graph G; with subgraphs g; and associated [-function contri-
bution b;G; € (3, there will exist scheme-independent combinations of coefficients

b; according to the following criteria:

e If a graph G has a subgraph ¢ such that G = g, then its associated -

function coefficient is scheme-independent;

e If two graphs (G;, G5 have corresponding subgraphs g;, g» such that the
quotient graphs satisfy G1/g1 = ¢go and Gy/gs = g1, then xb; + yby is

scheme-independent for some x,y > 0;

e If two graphs G, G5 have the same subgraph g, such that the quotient
graphs satisfy G1/g & G/g, then xb; — yb, is scheme-independent for some
x,y > 0.

One will immediately notice that our consistency conditions are, in many cases,

substantially more complex than these pairwise invariants, and so provide ample
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opportunity to generalise these criteria. If we were to sufficiently generalize the
criteria to encompass our consistency conditions, then we would have a new sys-
tematic method of deducing scheme-independent combinations of S-function co-
efficients for general theories; furthermore, combined with the potential relations
between the Feynman integrals, it may be possible to develop a novel approach to

integral reduction that extends beyond methods reliant on integration by parts.



A: Four-dimensional equations

Here we list the systems of linear equations generated when solving (2.1) for a

general four-dimensional gauge theory.

Equations for A(®

4 2
20" =

daf” = pe?

6a514) = ,ucg )

6a<4> +12(c <1>) 0= Cg) (#9449 4 49
20V + 4()%a ¢

da” +8(c")%a = 2uc e 1)
20 + 8N eMa = 2c® 1 (D 149

2a<4> 80l = D4 4 2D
2a Y4 802 )c Vo = uc(;) + 2051)(75(3) + t(3))

60 + 6(c0)2a = D (D) 4 1® 44O

208 4+ 8eD Mg = (VD) 4 04O

2a{" + 8¢V elVa = 2uc® + V(268 + 1))

2a(4) + SCgl)cgl)a = 2,uc(2) + cg ’(tf’) + t:(;’))

10 + 4(cP)2a = 2402 1 (D4®

261%) +2(c (1)) a= ,ucé ) + cg )t(3)

20 4+ 460 eDq = e 1 DD 44O

20 ) 4D eDg = 4O 4 4

20 ) FPRON uc(f) 0

4(1(4) +16ccMa = 2pc'? + Pt + 6 + 6Py 4 el
2a(4) + SCgl)cil)a = 2,uc§4) + cfl )(t(3) + t(3))
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269 4 80 eMa = 2c® 4 (DD 4 D4

= ]+ 00 1)
(1) (2)

+ 802 c'a =2uc; + Cé )t(3) + QC(I)t(?’)
+ 801 c4 Mg = 2,uc§8) + cfl )t(3) + cg )t(3)

2(1%3 + 801 c4 ) = 2,uc§9) + cfl )(2t§ ) + t(3))

269 4+ 460eW g = e 1 D) 4 D4

2a(4) + 4c§1)cé Ja = ucéz) + cél)tgg)
4a§8) = Zuc(z)
+ 803 c, Mg = QC(I)tf) + (l)té?’)
5 +8c e a = el + 207 (15 + 1Y)
4a§‘é +8cVelVa = el + (1 + ) 41y 4 St
2ag§) + 4(0(1)) a= 2/,40(2) + c(l)t( )
208 + 4(e) P = D + V1Y
2a(4) +2(c (1)) = ,uc§7) +cé1)t(3)
2a(4) +8c(1) (1)a = 2uc? e +cé1) (3) +2c8 (1) (3)
2a§6) = 2/,40(2) + eg )r®

Qag;) = ,ucgg) + e(l) (3) (A.1)

Additional equations for constraints on 6553)

4 1) (3
20f) = of)ef?

20 + 86D g = oVe® 4 7OV
2a14 _'_ 862 C4) — 0_51)62(; ) + 7';1(3)651)
D, = (1)()+2(3) (1)

2a15 +802 c5
2a§7 +4c§”c§}) _ oW +T(g) o

2a§4) _ 0(1)6(3)
2 ( +8c(1) il) _ (1) ()+7_1(3) (1)
2a§0) + 4c§1)cg) = agl)eé ) + 7'2( )cgl)
4a@ — ;DB

21 — 01 €1p

4 3 ~(3) (1
4ol + 8 = o) + 70l
4 3 3) (1
das) +8(ciV)?a = oVely + 7V
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1) 1 4(W)2q = oe® 4 7

10 + 1660 cWq = Vel 4 7 ~<3) ROMPYIORS

Equations for A®)

1 4 80P = o We (3) r o (2) f) + oV
4a§7 861 eé )i = ol ’eﬁ? + (Q)eé ) + 053)e§1)

%Aﬁ)—v +92>71>+9(2 M
%Ag) —”Yz +93 ’71
%A:(a) —’Ys +91 ’71 +94 ’Yl
A = 7&3)
1090 =2 4200 00 Pl o0
%A((ﬁg) e 93 72 9((52)%1
I =+ ol! 72 )+ 204
A =) + 05 72 + 0570917 — 2917 5”
A = 79 "0 74 '+ 057"
%As()s) = ’Y10 +0”
%As()s) = 711 + 295 ’Y2 + 96 ’72 - 2752)751)
A0 =5 + o 742) + 057075 — 295775 — 29479
0=113 + 2)\(3 + ¢y
A =17 +200) 7(2 +¢t? d“
AR =Y + 000787 + 9874l — 24P 41Y
0= 4@ _ 9y,
0 =17 +2)\(3 +¢>
0= 7(3 + 957 27(2)75”
0= 719 + 2)‘(3 + ¢ 1 ¢§1)d(2)

A 0(2 1) +9 (2) (1

A 0%1 5 2) + 9 (2) (1 0;2 + (1) + 9 (2) (1 2’7/:&2)

2 1
= 6" + 26 % N

— 2pPAD) 4 g2, m _ @,

2 1
—95172 +291 72 ) AP0

2 1
D =20y 4 9P — A4

=

- >
NG Y on NG 9D —:

=

= D= D= W O O

(1)

(1)

71
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B: Six-dimensional equations

Here we list the systems of linear equations generated when solving (2.1) for a

six-dimensional ¢* theory.

Equations for A®)

(4)

2(1,55) —+ 1204(4)0(1,4)6(2(1) = C(lA)tYl) + C(lA)tg 3)

+ Cceats
2a§5) + 12a(4)c(1A)c(2d) = C(Qd)tgg) + C(Qd)tf’) + 3Ac@r)

4a (5) + 240z(4)c(1A)c(2d) = 20(1,4)75&4) + 30(1,4)7554) + 20(1A)té4) + 3Ac3p)
3a( +6aWcaacen = canty’ +cuats’ + 33X

3a( -+ 6a( C(1a)C(2d) = C(2d)t§3) -+ 3)\0(33)

2a§ ) + 4ot )C(la)c(2d) = C(la)tgl) + )\C(gr)

8a§5) = 3)\0(3u)

Saf) + 8C(1A)C(1A) (5) + 8C(1A)C )Oéég))

= C(lA)t( ) + C(lA)tgg) + C(lA)t( ) + C(lA)tgﬂ}) + C(lA)t%)

2a ( ) + 12a )C(lA)C(QC) + 120(1,4)0(1A)aé5) -+ 80(1,4)0(1A)a§5)

= C(lA)th) + 20(1A)t%) + 20(114)15%) + C(gc)tgg) + C(2C)t§3) + 3)\0(3N/) — 3)\01()3]\7)

2a (5) + 12a1 )C(IA) Cie) + 120(1A) (1A)a§5) + 80(1A)c(1,4)oz§5)

= C(1A)t( ) + C(1A)t;(J,o) + 26(1A)t§7) + 26(1A)t( ) + C(gc)tf’) + 3)\0(3]\/) + 3)\61()3]\7)

2a ( ) + 12a )C(lA) Cic) + 120(1A) (1,4)04; + 8C(1A)C(1A)Oé§5)

= C(1A>t§7) +caytsy + 2catly + 2ty

2a (5) + 12(1( )C(lA)C(QC) + 120(1A)c(1,4)oz§ -+ 80(1,4)0(1A)a§5)
= C(1A>t§8) + camti +cantis + cantis +3icer)
4aé + 48 )C(lA)C(Qc) + 160(1A)c(1,4)a§5)

= 20(114)15%) + 20(114)75%) + 20(20)75:())3) + 20(20)t513) + 3)\0(3}()

4a§” + 480 cqayc0) + 16c0a)caa0s”
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= 20(1A)tg;) + 20(114)75%) + 20(1A)tﬁ) + 20(20)7553)

6a” + 12camcanal” = cantsy + cantiy + 3w

2a$5) + 4C(1A)C(1A)a§5) = C(lA)t%)

8(1,2(35) = 3)\0(3,5)

2a5” + 120 Veqa)cm) + 2c0acany” +Acaacun s’ +Acuacnas’

= C(lA)t( ) + C(la)t%) + C(la)t%) + C(QB)tg?’) + C(QB)tég) + 3)\0(3M’) — 3)‘01(}3M)

2a ( ) 4 1201 )C(lA)C(QB) + 20(1A)C(1A)04§5) + 40(1A)C(1a)aé5) + 40(1@)0(114)@;(1,5)

= camts” + cantsy +caatis + cantls + cemts + 3Ac@an + Ak

2a5(95) + 1204(4)0(“1)0(23) + 26(1A)C(1A)Oé§5) + 40(1,4)6(1@)0455) + 4C(1a)C(1A)Oz§5)

= C(1A)tgé) + C(lA)tgi) + C(lA)tgl) + C(la)tﬁ)

2a§5) + 1204(4)0(1,4)6(23) -+ 26(1A)C(1A)()é§5) -+ 4C(1A)C(1G)OJ§5) —+ 40(1(1)0(1,4)04;5)
= C(lA)t( ) —+ C(lA)tgé) -+ 3)\0(371)
40> + 24aWe 4 5)

10 (10)C2B) T 2C(1a)C(1a) ¥3
= C(la)tgl) + C(la)tgé) + C(la)tgi) + C(QB)tgg)
4(1550) + 24a(4)c(1a)c(23) + 40(1a)c(1a)a§5)

= C(la)t%) + 20(23)t§3) + 3)\0(3J)

Qaﬁ) + 12a(4)c(1a)c(gc) + 2404(4)0(1,4)0(23) + 80(1a)c(1A)a§5)
= 2camts? + cantsy + caatsy + 2c@pts)
Qaﬁ) + 12a(4)c(1a)c(20) + 24a(4)c(1A)c(23) + 80(1a)c(1A)a§5)
= 20(1A)tgé) + 20(1,4)755? + C(1a)tﬁ) + 0(20)75?)

a®

201y + 120 c0)c00) + 240 cq 4y cen +80<1a>0<1A>

= C(la)t%) + C(la)tgg) + QC(QB)tg ) + 26(23)t4 + 3)\0(3[_])
(5)

2a{7 + 120W (1) cac )+24a(4) ca)cep) + 8c1a) a0

= 26(1A)t§2) + 26(20 —|— 3¢ (3m)

2a ( ) + 12 )C(la)C(Qb) + 20(1a)c(1a)a§5) = C(la)t514) + C(gb)t§3) + 3)\0(36)

2(l§5) + 12(1( )C(la)C(Qb) + 20(1a)c(1a)a§5) = C(la)té4) + 3)\0(39)

4(15 -+ 240 )C(la)C(Qb) + 40(1a)c(1a)a§5) = C(la)té4) + 26(2b)t§3) + 6)\0(3f)

ag) + 62 )C(la)c(2c) +12aWe C(14)Ce2v) T 4C1a)C14)0 al?

= C(lA)t((; ) + C(la)tg + 3)\0(3h)

0/13 + 6a@ C(1a)C(2¢) T 12a(4)c(1A)C(gb) + 4c(1a)c(1A)a§5)
= C(lA)té ) + C(Qc)tgs) + 3)\6(31)
2033 +120¢(14) 020 + 240D ey + Benacanal”

= 20(1A)t514) + C(lA)tgl) + ZC(QC)tgg) + 6)\0(3@
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Qag +12a® C(1a)C(2¢) T 24a(4)c(1A) Cap) t 80(1@0(1,4)&&5)
— cant$ + caatst) + 2comts

Qag) +12a® C(1a)C(2¢) T 24a(4)c(1A) C2p) + SC(la)c(lA)af)
= c(la)tgi) + 20(21,)15;())3) + 26(2b)t513) + 3Ac@3p)

207 + 120 eqa e + deaacanar” + 260acaa s
= canty’ + cants’ + cants’

2037 + 120 Veqaycn + deaacanar” + 200 canas’
= caatis + Caatss + cants’ +conty’ +3Acan)

4a§i) + 24a(4)c(1A)c(2b) + 80(1a)c(1A)a§5) + 4c(1a)c(1a)a§5)
— cantt? + cantd? + cawtsy + e

all) + 120 ¢y 4)C2e) + 60(1A>C(1A)Of§5) + 4C<1a>0<1A>Oé§5)
= c(lA)tgé) —+ 26(1A)t!(94) + 3)\0(30)

at? + 12aWc e + beaacanot” + degaycanod’

= C(IA)tgé) + C(la)ty(l))

2053 + 240Wcqa e + 12c0caa 08 + 8caacaaal’

= 26(1,4)75%) + C(lA)tgi) + C(la)t:(;é) + 26(20)754(13) + 3)\0(30) + 3)‘61(}36‘)

2ag? + 2404(4)0(1A)C(20) + 120(1A)C(1A)Oé§5) + 8C(1a)C(1A)Oz§5)

= C(lA)tgi) + 20(1,4)15&? + C(la)tg;) + QC(Qc)tgs) + 3)\0(3@/) — 3)\01(}36')

2(1&? + 24(1(4)0(1,4)0(25) + 120(1A)c(1,4)oz§5) + 80(1(1)6(1,4)(155)

= caaty + 2camty’ + caatsy + 2ce0ts
4a§%) + 240/ C(14)C2¢) + 80(1,4) c(lA)af’)

= C(IA)tgi) + C(zc)t;(»,s) + C(2c)t4(13) + 3Ac@ir)

4a§%) + 24 C(14)C(2¢) + 8c(14) C(lA)Oz?)

= C(lA)t%) + C(lA)té4) + C(gc)tgs) (Bl)



C: Three-dimensional equations

Here we list the systems of linear equations generated when solving (2.1) for a

general three-dimensional Abelian gauge theory.
Equations for A - Pure Yukawa terms

6a§7) = 4,uc§4)

6a§7) = 2,uc§4)

6a§7) = ucgl)

6af) = ucffl)

6aé7)+12( i)) _ ()( (5)+t(5)+t(5))

6ay’ + 12(c)2a = & (15) + 7 + 1) (C.1)

2a$ = 2uc(4)

4a$ '=0

2aé ) = 2uc(4)

10 =0 (C.2)
2a( = 4uc(4)

2a£() = 4uc %

2a5() = 4uc(4)

2a§0) = 4uc(4)

2a§0) = 4uc(4)

2“50 = 4M012)

4a§71) = 4uc(4)

4
2“51) = NC§4)
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(4)
(4)

2a§2 = 4pcys
2a§2) = 4pcig
2a§2) = 4uc(4)

20f) = e

4a§3) 4uc(4)
2a§7) 2uc(4)
4a§ 4uc(4)
7 4
2‘155) = NC§2)
4a§5) = 4uc(4)
4a§6) = 4uc(4)
4
20 = el
4a§ ) = 2uc(4)
7 4
20l = iy
4a§ 2u0(4)
7 4
201y = pcsy
4
20) ]
4a§9) = 4uc(4)
4
20 = el
4a§0 = 4uc(4)
4ag1 = 4uc(4)
4
2a5) = pcly (C.3)

7 4
o = 2l

Qag) =2 /,cc(4)

20f) = 1P

a;; — opcd 4 24

208 + 8(ci”)%a = 4pcky + 7t
+8(ci”)’a = ducly) + 7'ty
(052 )?a = 4/~LC41) + Cg )t:(a )
(052 )?a = 4,“042) + Cg )tg )

2&&1 + 8(C§2 )’a = 4,“043) + Cg )té )

207 + 8(c)%a = 4pucl?) + Pt

(7)

ay5 = 4,uc(
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(7)
(7)

EQUATIONS

4
Qo5 = 4#’34(16)

4
o5 = 4M6517

)

(D _ (240

Qo5 = Cy

(M) _ (

Qg5 = 4,uc48) + 20(2)t( )
(7) (2 )t(5)

(a5 = €1
8(0%2 )Va = 4,uc + § )3
8(c”)%a = dpucg) + ¢ §>
(cg2 )a = 4,uc + cg )3
)

5P e+ 1

(7)

Qy7 + 801 cg ) = 4uc(4) + cg )tg )

(7)

a27 + 801 02 a = 2pcsy

a27 + 801

2 (1) | 9c40)

2 = dpc + 4040

( 7+ 805 c( a= 2uc(4) + 20(2)75%)

( ) 1 8ePe®q = el 4 (DO

2a§8) = 4uc(4)

23 = 15

2(1%) _ 205 )t(5) + (2)15(5)

2azg) + 1667 = dpcg) + P (17 +157)

205 + 1662 (2) PCHONPWCNO
205 +1662cPa = 2 MC(4) N Cg)(t(a 1)
4a:%) + 16(05 V2a = 4uc(4) + c(z)( G 4 t( ))

2&:%) + 8(c (2)) a= 2,uc( )+ c( ) (5)

2a + 162 cPa = 4,uc( )+ )(t(5) + t(5))
2a + 16c1 )a = c( )t(5) + 2c¢ (Q)t( )

2a§71 + 16c1 Vg = 2,ucé4) + 20(2) (tg )40
20 + 8P o2 )a = 2l 4 264D 4 (D40)
2a(7) + 8090@@ =
2a(7) + 805 )ci Ja = 2414€ éﬁ) + (2)(75(5) + t( ))

26D + 2?2 = pcld + 24

1] + 4o = 2 + P
i
4057 + 8(c)2a = 2ucly) + @ (8 + 1)

200 + 1660 a = 4 4 DD 4 19

(2) (5)Jr (Q)t(5)
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26D + 1660 q = (D40 4 240

2a§? + 1605 1Pq 2,uc$1) + 20(2)( ®) 4 tg%))
2a + 162 a = 4,uc(2) + Cé )(t@ + t:(f))
2a + 16c1 05 )a = c( )t(5) +2c (2)t§?
2a§2 +16¢PcPa = 2,uc§3) + 2825 4 tg?)
200 + 4P )a =)
2a(7) + 4ng)cé2)a _ (Q)t(5) +e (2) (5)
2a<7> N 4ng>cgz>a NN y (5)
+ 803 P = 2/,40(4) + 0(2) (t(5) + té(;’))
Y+ 8 ePa =) 1 20D
2&% + 803 ¢, @ = ,uc$7) + 20(2)15(52)
DD = 2 4 26 (1) 1 4
20 + 160§2>c§?) 2P0 4 9,240
200 + 1662 q = 2pclh ) 2@ (1) 1 49

207 +80(2) ) — el 4 96240
@40) | (2,0

2&% + 16c

—l— 862 05 a = 2c
o +8c7ca = 2ucl) + ) (1) +117)
2a”) + 4<c<2>> a= Pt
10D 4 8(c®)2a = 2uc? + @D 419
2ay) = 2717 + Q1)
2a(2) _ Cf) (5)
ZQEQ = 2MC(4)
2a{y) = 224 4 (2
20D = (D40

43 = G5
2ai? = 2uc(4)

( 4t SCg cg a= 4ucé5) +4c (Z)tﬁ)
( 4+ 805 cé a = 4uc(4) + 0(2) (5)

afm + 805 c:(,, a= 4uc(4) +c ( )t( )

a514) + 801 cg Ja = 4uc(4)

a514) + 801 cg Jq = 2pucgg

a514) + 801 cg Vo = 2pcy,

oD = 2 4 (D4

20D — D4l

+ cg )tg )
(4) +9 0(2)t(5)

(@) | 9,2)4(9)
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2afl5) = 2u0(4)
a5175) — QMC( )
2a(7) +2(c (2)> a0 = Mcgi) + 0(2)t(5)
4a(7) +4(c (2)> = 2/~LC(5) +c§, )tg)
+ 803 cs @y = céQ)t@ + 0(2)t(5)
2a(7) + 8c§ )cé Vg = 2MCs(;6) + (2)(t§5) + t(5))
2a(7) + 8c§ )cé Ja = Zuc{(ﬂ) + 2c (Q)tﬁ) + céQ)tg) (C.4)

7 2),(5
o = 4?1
7 2),(5
o = 4?1
(M _ (4)

gy = 4ficg
ai? _ 4/~LC(4)
(M — 4,,0D

agg = 4pcigg

a = pcip) + 477
2 (7) _ 20(2)75(5)
2a519) _ 2051 )(t(5) + t(5))
2l = 2pcio)

20l = 64

QG(? _ C( )( ) t(5))

4
2aé0) = MCgo):s

20 = 22 (153 + 1Y)
20} = 21
24} = 2y,
20y = P (1Y) + 1))
20y = 1Y

4
2“@2) = NC§0)5 (C.5)
Equations for A - A/ =2 supersymmetric gauge theory
24\ + 24(c§ )) a = 4pct? + 3L ( + E® )

2a{" + 24(c$)2a = 4pct? + 3¢l (t_(5 + B
(7) +12(c¢?)%a = 32
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(7) + 12( (2 ))2(1 — 3052)ﬂ5)
ag) ()

o7 = 4y

= 4pcy
= 4puc,
oD = 2P
oD = 264 4+ 4P )
aé?) — 4 Q)k (5) 20&2)%5)
ag) %2 ( ) (5)

3a§, + 12(05 ))2a = § )(t(5 + t(5
3a§,7’ +12(c¢)2a = ¢ ’(5(5 - 5(5
2a4 + 16c1 022)a = 4uc

2a4 + 16c1 Cs g = 4uc
<7)+24c§>” = dpct + 3¢5
(7) + 2405 @) 4,uc + 30

(7) + 2462 E

(7)+24c§ ( a:30(2) (5) + 3¢ ()
(7) _ 4MC(4)
(7) _ 4MC(4)

o =210
oD — 2@
(7) (4)

(7) (4)

= 4dpcg
= 4pcy
) — 227
oD — 2249
ag) (4)

ag) = 4uc(4)

ag) — 9% (2)5(5)
ag) %2 (2) (5)

= 4pcy

ag) = 4uc(4)
ag) = 4uc(4)

ol — 20
(7) _ 9 < )49

a%) = QC; 10+ acl kS

aig = 467k + 26715

2
2
(ty
{G:

)+ kY

)+ kY

tg 4 tz 5) k;(5 ) (2)t51)

ﬂt’) 5(5 k§5 ) + C§2)i(15)
+ k)

%5) + k:(5 )

_ 3270 4 3270

(5)
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