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1 Introduction

In black hole physics, superradiance is a process that can extract mass and angular momentum
from a spinning black hole. It is triggered when a wave that scatters by the black hole
satisfies the condition [1]:

ω < mΩH , (1.1)

where ω is the frequency of the wave, ΩH is the angular velocity of the black hole and m is
the azimuthal number with respect to the rotation axis. In addition, if the bosonic particles
that make up the wave have a small mass, such as axions or axion-like particles [2, 3], they
can form hydrogen-like bound states around the black hole, hence the term “gravitational
atom” (GA) [4, 5]. Using the measurements of black holes’ spins in X-ray binaries, constraints
have been placed on these light particles [6–13].

Searches for exotic bosons by gravitational wave (GW) emissions from the GA in an
isolated black hole system have been done in two main channels. These are the annihilations
of the GA into gravitons to produce GWs with frequency 2µ, where µ is the boson’s mass, and

– 1 –



J
H
E
P
1
1
(
2
0
2
5
)
0
6
2

the spontaneous transition between two superradiant states, producing GWs with frequency
equal to the energy difference between the states. These types of signals can be searched for
in LIGO and LISA [6, 14–16]. The inclusion of self-interactions of bosons induces mixing
between superradiant states that leads to a GW signal in the deci-Hz frequency range and
can also be searched for in ground-based interferometers [12, 17–19].

The GA presents rich and intriguing phenomena when perturbed via a companion
compact object [20]. The tidal field of the companion induces resonant transitions between
the growing and decaying states of the cloud, causing its demise. The question is: are there
any observable signals from these transitions? By using conservation of angular momentum, it
has been shown that a transition can back-react to the orbit, causing the orbital frequency to
either “float” or “sink”, depending on the type of transition. This can leave distinct imprints
on the binary’s waveform, a smoking gun signature for the presence of a GA [21–30]. Another
distinct effect of the back-reaction is the increase of the orbit’s eccentricity, while the orbit is
within the resonance band. This will drastically alter the distribution of black hole masses
and eccentricities in black hole binary systems that are expected to be observed by LISA [31].
Off-resonant mixing between growing and decaying states may also prevent superradiance
altogether or cause the decay of the GA, if it has grown, while the back-reaction can, also
in this case, leave observable imprints on the inspiral’s waveform [32].

Whereas most of the literature on this topic has focused on the signatures that a GA
imprints on the inspiral GW signal of the binary, in this paper, we point out a novel GW
signal that comes from the tidally perturbed GA itself. The GWs are generated by the
time-varying quadrupole moment of the GA due to the interference of two states during level
transitions and we classify them as a monochromatic signal.

We study the waveform and spectrum features of this GW signal in a binary system,
including duration, strength and peak frequency. We focus on hyperfine and fine transitions,
which occur at small orbital frequencies, when the companion is at a much larger distance than
the size of the GA and analytical results for the GW waveform and spectrum can be obtained.

The frequency of these types of events can be in DECIGO’s and LISA’s frequency band,
from milli-Hz to deci-Hz, and so we scan the parameter space of black hole masses, mass
ratios of companions, and boson masses to determine which type of systems produce the
most promising signal-to-noise ratio (SNR). For these computations, we assess the validity of
the non-relativistic approximation that we employ throughout for the cloud’s wavefunction
and the superradiant rates and use the relativistically computed quantities in the parameter
space where that approximation fails.

The paper is structured as follows: in section 2, we review in brief some basic properties
of the GA, the Landau-Zener transition of a two-state system, and the effects of the decay
rate of the second mode. In section 3, we present the formalism for the computation of
the GW strain waveform and frequency spectrum produced during a given transition and
compare our signal to that of the inspiral and of the annihilations of the GA. In section 4, we
discuss the detectability of the GW signal from a GA-binary system and show the SNR for
various model parameters. We conclude in section 5 with some remarks on the prospects
for future investigations in this topic.
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2 Gravitational atoms in isolation and in binaries

2.1 The gravitational atom

In this section, we give a brief overview of the GA, establishing also the conventions we will be
using throughout. An important quantity is the “fine-structure” constant of a GA, defined as
the ratio of the gravitational radius of the black hole to the Compton wavelength of the boson:

α ≡ rg

λc
= µM, (2.1)

where we use the Planck unit throughout the paper, G = c = ℏ = 1, µ is the boson mass
and M is the host black hole mass. In the case where the particle is non-relativistic we can
approximate ω ≃ µ. The angular velocity of the Kerr black hole is given by ΩH = ã

2r+
, where

ã = a
M ≤ 1 is its dimensionless spin and r+ =M +

√
M2 − a2 is its outer horizon [33]. The

condition of superradiance eq. (1.1) can be re-expressed as an inequality for α:

α <
m

2
ã

1 +
√
1− ã2

. (2.2)

Thus, eq. (2.2) determines the upper bound of the fine-structure constant α given the spin of
the black hole ã and the azimuthal quantum number m of the GA. For maximally spinning
black holes, ã = 1 and the m = 1 states can only grow for α < 0.5. The saturated spin of
the black hole can be obtained by rearranging eq. (2.2),

ãcrit =
4mα

m2 + 4α2 . (2.3)

The equation of motion of the non-relativistic scalar field produced by superradiance is
described by a Schrödinger-like equation in the limit r ≫ M and α ≪ 1 [4]:

i∂tψ(t, x⃗) =
(
−∇2

2µ − α

r

)
ψ(t, x⃗). (2.4)

The size of the cloud is characterized by its Bohr radius rc = M
α2 . The bound states are given by:

ψnlm(t, x⃗) = e−i(ωnlm−µ)tRnl(r)Ylm(θ, φ), (2.5)

where n, l,m are the principal, angular, and azimuthal quantum numbers respectively, ωnlm

is the eigenfrequency of the eigenstate |nlm⟩, which is generally complex due to the purely
incoming boundary conditions at the black hole’s outer horizon, Rnl(r) is the hydrogenic
radial wavefunction, and Ylm(θ, φ) are the spherical harmonics. This non-relativistic ap-
proach holds very well if α ≲ 0.1, while it starts to break down for larger values of α and
numerical approaches are required to solve the equation of motion [5].1 The real part of

1By numerically solving the full relativistic equation of motion, one can find that the relativistic wavefunc-
tions and eigenenergies (the real part of the eigenfrequencies) align with the non-relativistic ones if α ≲ 0.3
while the decay rate (the imaginary part of the eigenfrequencies) starts to deviate from the non-relativistic
one when α ≳ 0.1 (see also section D).
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Figure 1. Superradiant timescale in years for the |211⟩ state for two different initial black hole spins
as a function of the α parameter. The dashed lines are the non-relativistic approximations eq. (2.7).
The black hole mass is set to 150M⊙.

the eigenfrequencies gives the energy levels of the gravitational atom, while the imaginary
part gives the instability rates [4–6]:

ωR,nlm =µ

(
1− α2

2n2−
α4

8n4+
( 2
n
− 6
2l+1

)
α4

n3
+ 16ãmα5

n32l(2l+1)(2l+2)+O(α6)
)
, (2.6)

Γnlm ≡ωI,nlm = 2r+
M

Cnlm(α, ã)(mΩH−µ)α4l+5, (2.7)

where Cnlm are coefficients that can be readily found in [5]. The first two terms in eq. (2.6) are
the same as those of the regular hydrogen atom. The fourth term is what will be relevant for
the so-called fine transitions (∆n = 0,∆l ̸= 0) while the fifth term, in which the black hole’s
spin breaks the degeneracy of the third quantum numbers m, is relevant for the hyperfine
transitions (∆n = 0,∆l = 0,∆m ≠ 0). Since we are in the limit α ≪ 1 and Γ strongly
depends on l, eq. (2.7) implies that the fastest growing superradiant levels are those with
l = m, with the l = m = 1 being the fastest. An estimate for the growth timescale of the
fastest growing mode, around a maximally spinning black hole, is

Γ−1
211 ≃ 0.3days

(
M

150M⊙

)(0.3
α

)9 ( 0.6
1− 2α

)3
. (2.8)

Figure 1 shows the superradiant timescale for the |211⟩ state for two different initial
black hole spins, ãin = 0.8, 0.99, comparing the relativistic result using the numerical code
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in [10, 34], with the non-relativistic result in eq. (2.7). The results agree up to O(1) factors
for α ≲ 0.25 with ãin = 0.8 and for α ≲ 0.30 with ãin = 0.99. In general, they diverge for
large values of α and large spins. We also note that the smaller the black hole spin is, the
smaller the range of α for which the superradiant condition is satisfied. Based on this result,
we restrict the analysis to α < 0.42 in what follows.

2.2 The perturbed gravitational atom

In this section, we start to consider the GA in a binary system setup and summarize the
results from the literature that are relevant to the later analysis. The companion in the
binary system induces a tidal field V∗(t, r⃗) on the GA that will cause it to undergo transitions
between states. We will assume that the companion is orbiting at a large distance from the
host black hole so that we can treat the tidal field perturbatively. The exact form of the
mixing between the states can be found in [20, 22, 24] and is summarized in section A.1 for
reference. For our purposes, it is important to note that if the companion is far from the GA,
the dominant multipole moment of the tidal field is the quadrupole moment, l∗ = 2. This
leads to mixing between two states and the following selection rules are derived:

mf −mi = m∗, (2.9)
|li − lf | ≤ 2 ≤ li + lf , (2.10)
li + lf = 2p− 2, p ∈ Z, (2.11)

where i, f represent the initial and final states respectively, and m∗ is the azimuthal number of
the spherical harmonics of the tidal field quadrupole. Throughout the paper, we make the fol-
lowing two assumptions to simplify the analysis and facilitate the analytical implementations:

• The orbit is quasi-circular.

• The companion is on the same equatorial plane as the cloud.

With these assumptions, only states that satisfy m∗ = ±2 = mf −mi couple to each other
as demanded by the selection rule, and the mixing between two different states takes a
simple form :2

⟨ψf |V∗(t, r⃗)|ψi⟩ = ηe−im∗φ∗ , (2.12)

where η denotes the amplitude of the mixing with its explicit expression given in eq. (A.6)
and φ∗ is the phase of the binary, whose derivative is the frequency of the orbit, φ̇∗(t) =
±Ω(t) [20, 22]. The plus (minus) sign is for co(counter)-rotating orbits. The matrix element
in eq. (2.12) is akin to a periodic, external driving force, and a resonance is expected to
take place when the frequency of this force is equal to the energy splitting of the two states
|m∗|Ω = ∆ωR ≡ ωR,i − ωR,f .

2Relaxing the assumption regarding the orbit being on the GA’s equatorial plane introduces higher
harmonics in eq. (2.12).
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The orbit of the companion evolves very slowly during the transition3 due to the emission
of GWs, so that the frequency can be linearized as a function of time t [22]:

Ω(t) = Ω0 + γt, (2.13)

where Ω0 is the reference frequency at t = 0 and γ is the change rate of the orbital frequency
due to GW emission,

γ

Ω2
0
= 96

5
q

(q + 1)1/3 (MΩ0)5/3, (2.14)

where q is the mass ratio of the companion. The linear approximation of the orbital frequency
is valid for the time within −Ω0/γ ≲ t ≲ Ω0/γ. The Hamiltonian that governs the evolution
of the coefficients of the initial and final states of a two-state system, ci(t) and cf (t), that
are mixed via the perturbing potential V∗, is given by

H =
(

−∆ωR/2 ηei∆mφ∗(t)

ηe−i∆mφ∗(t) ∆ωR/2− i|Γ|

)
, (2.15)

where ∆ωR = ωf − ωi, ∆m = mf − mi, and Γ is the instability rate of the final state
which characterizes the final-state decay due to black hole absorption (see eq. (2.7)). By
performing a unitary transformation of H to the co-rotating (or dressed) frame, one can
eliminate the fast oscillations of the off-diagonal elements, and the coefficients of two states
transform accordingly(

ci(t)
cf (t)

)
=
(
ei∆mφ∗(t)/2 0

0 e−i∆mφ∗(t)/2

)(
di(t)
df (t)

)
. (2.16)

Since it has been used widely in the literature, we provide the Hamiltonian in this dressed
frame directly in section A.2. When setting the reference orbital frequency to match the
energy splitting of the transition Ω0 = ±∆ωR

∆m and applying the linear orbital frequency
approximation, in eq. (2.13), the Hamiltonian H is reduced to the well known Landau-Zener
system [35, 36]. The main point is that a transition will take place at frequency Ω0. In this
paper, we will primarily deal with hyperfine and fine transitions, whose orbital frequency
can be found from eq. (2.6),

Ω0,hyp = 64miα
7

Mn32l(2l + 1)(2l + 2)(m2
i + 4α2) , (2.17)

Ω0,fine =
∆l
∆m

12α5

Mn3(2li + 1)(2lf + 1) . (2.18)

3Back-reaction effects affect the transition in two ways: 1. they shift the resonance frequency of the LZ
transition [15]; 2. they vary the change rate of the orbital frequency. For the |211⟩ hyperfine transition we
considered throughout the paper, the first effect renders the transition non-adiabatic for equal mass binaries,
while we will show in section 4 that our signal is mostly relevant for intermediate mass ratios. The second
effect stalls the orbital frequency around the hyperfine frequency, increasing the duration of the resonance [22].
When the decay rate is included, the resonance may break if the occupation number of the first state drops
below a threshold [23]. Even though back-reaction should be included systematically, we have checked that
the resonant breaking effect is small for the |211⟩ → |21-1⟩ transition, in the parameter space of interest.
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where we assumed for hyperfine transitions that the black hole’s spin is given by eq. (2.3),
and the subscript of l and m represents the associated initial or final state. An advantage of
working with hyperfine and fine transitions is that they take place when the companion is far
away from the GA, and so keeping only the quadrupole term in the tidal field is justified [37].
We will consider hyperfine transitions from the |211⟩ state and fine transitions from the |322⟩
state. The selection rules that we discussed above demand |211⟩ → |21-1⟩ and |322⟩ → |300⟩.
Since ∆m = −2 and ∆E < 0, only co-rotating orbits can induce these transitions, which
we will consider throughout the paper.

In addition, the orbital frequency of these transitions happens to fall in the mHz−Hz
range, depending on the particular transition, black hole mass and α. For example, the
frequency for the |211⟩ → |21-1⟩ transition, f0 ≡ Ω0/(2π):

f0,211 ≃ 10mHz
(
α

0.3

)7 (150M⊙
M

)( 1.36
1 + 4α2

)
. (2.19)

Similarly, for the fine transition |322⟩ → |300⟩,

f0,322 ≃ 46mHz
(
α

0.3

)5 (150M⊙
M

)
. (2.20)

An important parameter that characterizes the transition is the adiabaticity parameter:

z ≡ η2

|∆m|γ
. (2.21)

For the |211⟩ → |21-1⟩ hyperfine transition, the typical value of z is

z ≃ 0.7
( 1.36
1 + 4α2

)1/3 ( q

1/150

)(0.3
α

)11/3
. (2.22)

The remaining population of the first state long after the transition is given by |d1(t→
∞)|2 = e−2πz. If the adiabaticity z ≫ 1, the transition is adiabatic: the two states exchange
populations after the transition. When z ≲ 1, the transition is non-adiabatic and only
a fraction of the bosons is transferred. The evolution of the states in these two cases is
shown in figure 2.

In the co-rotating frame, the Hamiltonian is transformed to a simpler form H̄ (see
eq. (A.8)) and the coefficients d1 and d2 evolve according to

i
dda

dt
=
∑

b

H̄ab(t)db, a, b = 1, 2. (2.23)

The solutions with the initial conditions |d1(t→ −∞)|2 = 1 and |d2(t→ −∞)|2 = 0, ignoring
the decay rate of the final state Γ = 0, have an analytical form in terms of the parabolic
cylinder function [38],

d1(t) = e−
πz
4 Diz(e

3iπ
4

√
|∆m|γt), (2.24)

d2(t) =
√
ze−

πz
4 Diz−1(e

3iπ
4

√
|∆m|γt). (2.25)
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Figure 2. The adiabatic and non-adiabatic transitions for z = 20 (bold) and z = 0.2 (pale). The
horizontal dashed blue line shows the residual population e−2πz of the initial state for the second case.

2.3 The decay rate of the final state

So far, we have ignored the decay of the final state into the black hole. However, if the mixing
between the states is subdominant compared to the decay rate Γ, i.e. η ≪ |Γ|, the evolution
of the coefficients d1 and d2 will be significantly different from what we laid out above. In
eq. (2.26) we evaluate the ratio of the mixing strength η with the decay rate |Γ| [29]. The
latter is calculated assuming that the black hole is at the saturated spin of the corresponding
initial state and we may approximate it as |Γ21-1| ≃ α10/(6M), where we have used the
analytical expressions that can be found in [4–6] in the limit α≪ 1. The relevant ratios are

η211→21-1
|Γ21-1|

≃ 6× 10−3
(

q

1/150

)(
α

0.3

)( 1.36
1 + 4α2

)2
, (2.26)

and therefore, the decay of the second mode needs to be taken into account for a wide range
of parameters and especially when small mass ratios are considered (this ratio becomes even
smaller with the general relativistic computation of |Γ| [9, 10, 39]). There are analytical
results for the coefficients d1 and d2 in terms of the parabolic cylinder functions that can
be readily used [40, 41]:

d1(t) = e−
|Γ|t
2 −πz

4 Diz

(
e

3iπ
4

(√
γ|∆m|t− i

|Γ|√
γ|∆m|

))
, (2.27)

d2(t) = e−
|Γ|t
2 −πz

4
√
zDiz−1

(
e

3iπ
4

(√
γ|∆m|t− i

|Γ|√
γ|∆m|

))
. (2.28)
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Figure 3. Comparison of the numerical solution (solid) of eq. (A.8) and the analytical results in
eq. (2.29) (dashed). We have chosen z = 1 and η

|Γ| = 0.25. The horizontal grey dashed line is the
asymptotic value e−2πz.

Specializing to the case where η ≪ Γ, we can simplify these to [29]:

|d1(t)|2 = exp
[
−z

(
π + 2tan−1

( |∆m|γt
|Γ|

))]
, (2.29)

d2(t) = − iη

i|∆m|γt+ |Γ|d1(t). (2.30)

In the limit |d1 (t→ ∞) |2 → e−2πz, we recover the same result as in the Landau-Zener
system for the initial state. In the t→ ±∞ limit, the occupation number of the second state
is zero, while at t = 0 it is suppressed by the factor η

|Γ| , a reflection of the fast decay rate of the
bosons. In figure 3, we plot the numerical and the analytical solutions eqs. (2.29) and (2.30)
for a certain choice of the ratio η

|Γ| . The agreement is very good between the two. We notice
that the oscillations in figure 2 that are observed in the z ≲ 1 case are now suppressed.

3 Gravitational waves from transitions

In this section, we present the key results of our work, which is the derivation of the GW
strain from the tidal perturbation of the GA by the companion object, along with the
frequency spectrum. The signal’s peak frequency is set by the energy splitting of the level
transition, the adiabaticity parameter z and the decay rate of the second state |Γ|; the
frequency change rate is determined by the orbital frequency change rate of the binary; the
amplitude modulation of the strain waveform h(t) is determined by the LZ transition and
the evolution of the coefficients d1 and d2.

– 9 –



J
H
E
P
1
1
(
2
0
2
5
)
0
6
2

To start, we employ the quadrupole formula of GW emission, which is derived in detail
in section B:

hTT
ij (x, t) ≃ 2

r
Λij,lm(n̂)M̈lm, (3.1)

where Mij are the quadrupole moments of the GW source, given by:

Mij =
∫
d3xρ(t, x⃗)xixj , (3.2)

Λij,lm is a tensor that depends only on the GW propagation direction n̂ and projects the
quadrupole moments of the source onto the transverse-traceless (TT) gauge, and r is the
distance to the source. We work in the TT gauge and omit the superscript of the strain
in the following.

The quadrupole formula is valid in the limit where the wavelength of the emitted radiation
is much larger than the size of the source, which can be justified once we derive the frequency
of the GW signal, and is valid throughout our parameter space.

For a real scalar field ϕ with mass µ, the energy density is given by

ρ(t, x⃗) = ϕ̇2

2 + (∇ϕ)2
2 + µ2ϕ2

2 . (3.3)

In the non-relativistic limit α ≪ 1, we express the field ϕ in terms of the wavefunction ψ

by separating the fast-oscillation mode e−iµt from it,

ϕ(t, x⃗) = 1√
2µ
(
ψ(t, x⃗)e−iµt + c.c

)
, (3.4)

for which it holds that |∂tψ| ≪ µ|ψ| and |∇ψ| ≪ µ|ψ|. From eq. (2.5), one can find
|∂tψ| ∼ µα2 and |∇ψ| ∼ µα|ψ| and therefore the inequalities are satisfied when α ≪ 1. In
these limits, the energy density of ϕ is dominated by

ρ(t, x⃗) ≃ µ|ψ(t, x⃗)|2 + . . . (3.5)

where the dots include terms of O(α2) or higher.
The state of the GA ψ(t, x⃗) is in general a superposition of the two states that participate

in the transition

ψ(t, x⃗) =
√
N (c1(t)ψ1(x⃗) + c2(t)ψ2(x⃗)) , (3.6)

where N is the number of axions. The energy density is given by:

ρ(t, x⃗) =Mc

(
|c1(t)|2|ψ1|2 + |c2(t)|2|ψ2|2 + 2ℜ (c∗1(t)c2(t)ψ∗

1ψ2)
)
, (3.7)

where Mc = µN is the mass of the cloud. We stress that the usual normalization condition
|c1(t)|2 + |c2(t)|2 = 1 does not apply here because of the decay rate of the second state, in
which final-state bosons are dissipated by the black hole absorption.
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For the hyperfine |211⟩ → |21-1⟩ transition, the relevant quadrupole moments are

M11(t) = 12Mcr
2
c

(
1−ℜ

[
d∗1(tre)d2(tre)e−2i∆mφ(tre)

])
, (3.8)

M22(t) = 12Mcr
2
c

(
1 + ℜ

[
d∗1(tre)d2(tre)e−2i∆mφ(tre)

])
, (3.9)

M12(t) = −12Mcr
2
cℑ
[
d∗1(tre)d2(tre)e−2i∆mφ(tre)

]
, (3.10)

M33(t) = 6Mcr
2
c

(
|d1(tre)|2 + |d2(tre)|2

)
, (3.11)

where ℜ[ ] denotes the real part while ℑ[ ] denotes the imaginary part, we used the wave-
functions of the hydrogen atom [42], the unitary matrix from eq. (2.16) to express the
coefficients in the co-rotating frame, and defined the retarded time tre ≡ t − r, with r the
distance between the GA and the observer. The M13 and M23 coefficients are zero due to
the integral over the azimuthal angle.

The second time derivatives of the above quadrupole moments will determine the GW
strain from the transition, which eventually are dependent on the second time derivatives of
d1 and d2. The equations of motion for d1 and d2 in eq. (2.23) can be used to re-express their
second time derivatives in terms of the known solutions d1 and d2. The leading order term of
M̈ij , i, j = 1, 2, 3, can also be obtained in the following way: in the η ≪ |Γ| limit, when a
time derivative acts on d1,2 given by eqs. (2.29) and (2.30), the result is of order O

(
γ
|Γ|d1,2

)
.

When the time derivative acts on the exponential function e−2i∆mφ(tre), it brings down a
factor of Ω ∼ Ω0. By factoring out Ω2

0, the remaining terms are of order O
(

γ2

Ω2
0|Γ|2

, γ
Ω0|Γ|

)
,

which scale like O
(
α52/3, α26/3

)
for the |211⟩ → |21-1⟩ transition, so they can be ignored.

In the leading order, the relevant second-order derivatives are

M̈11(t) = −M̈22(t) = 12Mcr
2
cΩ2

0ℜ
[
e−2i∆mφ(tre)Q(tre)

]
, (3.12)

M̈12(t) = 12Mcr
2
cΩ2

0ℑ
[
e−2i∆mφ(tre)Q(tre)

]
, (3.13)

Q(t) = 4|∆m|2d∗1(tre)d2(tre) +O( γ

Ω0|Γ|
), (3.14)

where we have ignored M̈33 because it is suppressed by O
(

γ2

Ω2
0|Γ|2

)
relative to the other

components. Q(t) can be found analytically by eqs. (2.29) and (2.30) in the η ≪ |Γ|
limit. In this case, it is straightforward to find that the maximum value of |Q| occurs at
tmax = − 2z|Γ|

|∆m|γ = − z|Γ|
γ . This result persists for the more general formula as long as η ≲ |Γ|.

The strain of the plus- and cross-polarized GW is thus given by [43],

h+,211(t) = h0
1 + cos2(ι)

2 ℜ
[
e−2i∆mφ(tre)Q(tre)

]
, (3.15)

h×,211(t) = h0 cos(ι)ℑ
[
e−2i∆mφ(tre)Q(tre)

]
, (3.16)

where ι is the angle between the line-of-sight of the observer and normal to the orbital plane
of the system. The signal is therefore composed of a fast oscillating exponential term that
contains information about the phase of the binary and an amplitude modulation Q that
contains the details of the transition. The factor h0 is given by

h0 =
24Mcr

2
cΩ2

0
r

= 24qcM

r

1
α4 (MΩ0)2, (3.17)
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Figure 4. (left) The plus polarization of the GW signal eq. (3.15) versus time for the |211⟩ → |21-1⟩
transition. We have chosen α = 0.3, q = 1/150, and M = 150M⊙. The red dashed line is set at
tmax = −z|Γ|/γ. The inset shows the oscillations around tmax. (right) The frequency spectrum
|h̃(f)|/h0 versus frequency for the same parameters. The solid dark blue line is given by the stationary
phase approximation, while the pale blue line is obtained by the short-time Fourier transform. The red
dashed vertical line shows the peak frequency of the signal eq. (3.21), while the inset shows the fast
oscillations around that frequency. The black arrow shows the frequency width, which is equal to γTobs.

where qc ≡ Mc
M is defined as the GA mass ratio. qc can in general be computed numerically

using the SupeRrad package [39, 44]. For example, qc ≃ 0.085 for α = 0.3 and ãin = 0.99
at saturation. The characteristic value of h0 for the benchmark parameters is

h0 = 5× 10−23
(

qc

0.085

)(
M

150M⊙

)(100kpc
r

)(
α

0.3

)10
. (3.18)

The GW strain waveform is shown in figure 4 (left) for the benchmark parameters, α = 0.3,
q = 1/150, and M = 150M⊙. The GW signal is quasimonochromatic with its oscillation
frequency set by 2|∆m|f0, where f0 is the orbital frequency of the binary, because of the
exponential factor e−2i∆mφ(t), while the amplitude of the strain is slowly modulated by Q(t).

When the decay rate is included, the perturbation starts to act roughly at time tI ≃
− Γ

2γ (1 + 2z) [29]. If tI is earlier than the time when the binary enters the resonant band,
the linear approximation that we employed in eq. (2.13) no longer holds and we would have
to take into account the non-linear evolution of the binary. The condition for our analysis
to be self-consistent is therefore:

γ|tI |
Ω0

≃ |Γ|(1 + 2z)
2Ω0

≲ O(1). (3.19)

Equivalently, we require the duration of the transition, ∆t ≃ 2|Γ|(1 + 2z)/γ, to be smaller
than the merger timescale when the binary is at the resonant frequency Ω0:

tmerge =
5

256
M

(MΩ0)8/3
(1 + q)1/3

q
≃ 17 yrs

(
M

150M⊙

)(1/150
q

)(
α

0.3

)−56/3
, (3.20)

where Ω0 is set by Ω0,hyp, in eq. (2.17), and it gives the same order of magnitude as given
by eq. (3.19). In figure 5, we plot the contours of ∆t/tmerger in an α − q plane for the
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Figure 5. Contours of ∆t/tmerger in the α− q plane for two different transitions.

|211⟩ → |21-1⟩ and |322⟩ → |300⟩ transitions. We have used the relativistic computation
of the decay rate for the final state [10, 34]. The shaded regions represent the case where
∆t > tmerger. For the |211⟩ → |21-1⟩ transition, the linear approximation of the orbital
frequency is not valid for α > 0.35 and all values of q, while for smaller α values, the ratio
is q dependent. Based on this result, we limit our attention in what follows to α < 0.35
and mass ratios that satisfy the condition ∆t < tmerger.

The fine transition |322⟩ → |300⟩ covers a large parameter space because the |300⟩ state
has a large decay rate compared to the |21-1⟩ state. The parameter space for this transition
shrinks further when the effect of the termination of superradiance due to the off-resonant
mixing of the two states is considered, which excludes mass ratios that satisfy q ≳ 10−4 (this
affects all fine transitions while the |211⟩ → |21-1⟩ is unaffected) [32]. For the rest of the
paper, we will only consider the |211⟩ → |21-1⟩ transition in the parameter space that was
mentioned and leave the treatment of the |322⟩ state for future work.

In figure 4 (right), we show the frequency spectrum of the GW signal, derived using
the stationary phase approximation (see details in section C), and the short-time Fourier
transform (SFT) of the strain. The frequency width accessible by the Fourier transform
is equal to γTobs (we have chosen an unrealistically long observation time in the figure for
display purposes). We note the good agreement between the two, except for the edges of
SFT results due to the windowing effect [45]. The peak frequency, that is shown as a vertical
dashed line, is given by (derived in section C)

fp = fc −
2z|Γ|
π

. (3.21)
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Figure 6. The factor η
|Γ|g(z) in the α− q plane. Dashed lines show three values of the adiabaticity

parameter z. The upper right corner is not considered because of the duration time being larger than
the merger time.

Either in the case z ≪ 1 or when the final-state dacay timescale is much larger than the
orbital period at resonance, the peak frequency reduces to fp = fc = 4f0. The conclusion is
that the signal is monochromatic, something that is anticipated, given that we have linearized
the orbital frequency that drives the resonance around the corresponding frequency, offset
however by the decay rate. In the shaded regions of figure 5, a signal that spans many
frequency bins is expected, a possibility that we leave for future work.

We may now assess the validity of the quadrupole approximation that we have used
throughout. In the case where z ≪ 1, the comparison of the wavelength of radiation to
the size rc of the system gives:

λ

rc
= α2

4Mf0
≃ 2× 103

(0.3
α

)5
, (3.22)

and therefore the approximation is excellent. It becomes even better for larger values of
z, where the peak frequency is smaller.

Comparison to inspiral and annihilation GWs. It is intriguing to compare the strain
amplitude of the GW signal we have presented above to that of the other GW signals that
originate from the inspiral itself and the annihilation of the GA.
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Firstly, the order of magnitude of the maximum amplitude of the transition’s GW signal
is found by evaluating |h+| at tmax and averaging over the fast oscillations:

hmax = 4|∆m|2h0
η

|Γ|g(z), (3.23)

where g(z) is a function of the adiabaticity parameter:

g(z) = e−πz+2z tan−1(2z)
√
1 + 4z2

, (3.24)

. The quantity ηg(z)/|Γ| is plotted in figure 6 in the α − q plane. We notice that it is
maximized for α ∼ 0.3 and q ∼ 10−2.

The inspiral GW strain amplitude is given by [43],

h0,b = 4
r

q

(1 + q)1/3M
5/3Ω2/3

0 . (3.25)

For small z, the transition GW’s frequency fp is expected at twice the inspiral GW’s
frequency finsp from eq. (3.21), i.e., fp = 2finsp = 4f0.

We also consider the GWs emitted by the annihilation of the bosons in GA, with
frequency equal to

fann = µ

π
≃ 145Hz

(
α

0.3

)(150M⊙
M

)
. (3.26)

The SuperRad package allows us to calculate the GW strain amplitude for given α, M
and ãin [39, 44]. We calculate the ratio of hmax with these two amplitudes in figure 7 for
fixed q = 1/150 as a function of α ∈ [0.07, 0.35]. We observe that the amplitude of the
transition GW signal is much smaller than the amplitudes of the other two signals. The
ratio becomes very small in the small α limit, since z ≫ 1 in this limit (see eq. (2.22)) and
the g(z) function is exponentially suppressed. Varying the mass ratio within the parameter
space of figure 5 does not change this picture.

4 Detectability of a transition GW signal

4.1 Relevant timescales for a transition GW signal

The GA of initial mass Mc,0 continuously depletes its mass due to the annihilation of the
bosons into gravitons. 4 The evolution of its mass as a function of time is given by

Mc(t) =
Mc,0

1 + t/τann
, (4.1)

where an analytical estimate for the annihilation timescale τann is given by [7, 14, 16, 46],

τann ≃ 9.7× 105 yrs
(

M

150M⊙

)(0.1
α

)15 ( 1
ãin

)
. (4.2)

4This is only true for a real scalar field. A complex scalar field is expected to be long-lived [20].
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Figure 7. The ratio between hmax and the amplitudes of the GWs from the inspiral and the
annihilations of the GA for q = 1/150 and ãin = 0.99. The vertical dashed line shows the α value
where the adiabaticity z ≃ 1. For smaller α, z > 1 and the signal is suppressed by the exponential
function in eq. (3.24).

This formula underestimates the timescale for larger values of α and numerical results
are needed.

The relevant timescales in our case are the annihilation timescale τann, the superradiance
timescale τsr ≡ Γ−1

211, and the orbital evolution timescale during the resonant transition
τorb ≡ Ω0/γ, assuming the orbital frequency is changed only through GW emission. If
τsr ≪ τann, the |211⟩ state can form before it completely dissipates by annihilation; otherwise,
the |211⟩ state cannot form. We find that the condition for the formation of |211⟩ state is
always satisfied in the parameter space of interest. Similarly, we require τsr ≪ τorb in order
to build up the |211⟩ state before entering the resonance band, which is also always satisfied.
Furthermore, to have a long-lasting transition GW signal, we require τorb ≪ τann; otherwise,
the |211⟩ state can decay completely before the resonant transition happens. However, we
numerically find that τorb ≫ τann for most of the parameter space of interest, which places
a strong constraint on the formation time of the |211⟩ state: it needs to be formed right
before the resonant transition happens in order to have detectable transition GW signals.
The probability of this occurring would require a detailed study of the evolution history
of binary systems given a realistic astrophysical environment and their populations, which
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is beyond the scope of this work. In the following, we assume the above formation time
condition of the |211⟩ state is satisfied.

Even though the |211⟩ state can decay sufficiently fast by annihilation before the resonance
takes place, there is still a possibility that higher superradiant states can build up and survive
until the resonances occur. In particular, the growth timescale of the next superradiant state
|322⟩ is comparable to eq. (4.2) [47], which means that this state will have grown by the time
the |211⟩ state has decayed by the annihilations. We have left the treatment of transitions
for higher energy superradiant states for future work, and the formalism we have developed
can be straightforwardly applied to these cases as well.

In many previous works, given these uncertainties about the annihilation of the GA
and the mass of the cloud, its mass has been treated as a free parameter when performing
calculations [23, 29, 47]. In what follows, we have chosen to calculate the mass of the cloud at
saturation using the SuperRad package [39, 44] for a given boson mass, black hole mass and
initial spin, with the understanding that this serves as an upper bound for the mass of the GA.

4.2 The signal-to-noise ratio

A metric to estimate the detectability of our signal is the SNR, which for the monochromatic
transition GW signal has the form [48]:

SNR = A η

|Γ|h0
√

Tobs
Sn(fp)

g(z), (4.3)

where Sn(f) is the noise power spectrum of a detector, A is a numerical prefactor that
depends on the detector’s geometry with A =

√
512π/5 for LISA and A =

√
1024πNunit/15

for DECIGO, with Nunit the number of clusters in the detector [49], and g(z) is a function of
the adiabaticity parameter that originates from the frequency spectrum in eq. (C.4) when
it is evaluated at the peak frequency eq. (3.21) and it is given by eq. (3.24).

We used eq. (4.3) to compute the SNR for a variety of physical systems for given
α, black hole mass M , mass ratio q, initial black hole spin ãin, and luminosity distance
dL [43]. We numerically determined the mass of the cloud at saturation using the SuperRad
module [39, 44], as discussed in the previous subsection. The decay rate of the second state
was calculated numerically for all cases using the code in [10, 34] and assuming again that
the black hole’s spin has reached its saturated value. We used Tobs = 4yrs for all calculations.

Given the allowed parameter space for our analysis shown in figure 5, we have focused on
intermediate mass ratio binaries q ∼ 10−3 − 10−2 and intermediate-mass black holes (IMBHs)
M ≥ 150M⊙, which may be the massive host of such binary systems in dense nuclear and
globular clusters [50, 51]. In particular, if they form through successive mergers of lower
mass black holes, they can also have large spins, making them ideal for the superradiance
process [52, 53]. In fact, the LIGO event GW231123 has recently confirmed a discovery of
a binary system with a black hole remnant mass of 190− 265M⊙, resulting from a merger
of two ∼ 100M⊙ black holes with high spins ∼ 0.8 − 0.9 [54]. Regarding the detection
prospects in future GW experiments, LISA’s is expected to detect 0.02 − 60 such events
per year, while for DECIGO that number is 6 − 3000 per year, up to red-shift z ≈ 10
(figure 20 of [55]). There are also hints that point to the existence of IMBHs in globular
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Figure 8. SNR contours, using DECIGO’s sensitivity curve, on the α− dL (top), M − dL (bottom
left) and q − dL (bottom right) planes for initial black hole spin ãin = 0.99.

clusters in the Milky Way and in its satellite galaxies, though there is ongoing debate in
the literature surrounding these findings [56–61].

In figure 8, we plot the SNR contours for the DECIGO telescope in the α− dL, M − dL

and q − dL planes for an initially maximally spinning black hole. In general, we were only
able to find a detectable signal for systems within 100 kpc. In the α− dL plot, we observe
that the SNR increases as α increases, due to the strong dependence of GW strain amplitude
on α (eq. (3.18)) and the fact that the peak frequency fp = 4f0 − 2z|Γ|/π reaches the most
sensitive frequency range of DECIGO as α increases. In our analysis, we cannot increase α
past α ∼ 0.32 since in that case the duration of the signal would be comparable to the merger
timescale for these parameters (see figure 5). In the M − dL plot, we note that the strongest
SNR is produced by the smallest black hole masses, since larger masses imply smaller peak
frequency, outside of the experiment’s reach. Finally, in the q − dL plot, we observe that the
low mass ratios are favored for the particular choice of α and black hole masses.
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Figure 9. SNR contours, using DECIGO’s sensitivity curve, on the α− dL (top), M − dL (bottom
left) and q − dL (bottom right) planes for initial black hole spin ãin = 0.95.

In figure 9, we show the same plots for an initially smaller black hole spin, ãin = 0.95,
keeping all the other parameters fixed. This results in a smaller mass for the GA, hence
reducing the strength of the signal. Even smaller spins would restrict us to α < 0.3 (see
figure 1), further reducing the SNR.

Regarding the LISA experiment, we did not find detectable SNR values for the benchmark
parameters we considered above and chose not to report those results.

Overall, our results are not as promising as those reported in [62]. The combined effects
of the decay rate, which suppresses the SNR by the factor η

|Γ| , the initial black hole spin,
which for smaller values produces a less massive GA, and the annihilation of the GA into
gravitons would make this a challenging signal to observe, even for binary systems close to the
Earth, for which the merger rate is expected to be very small [55, 63]. A more complete study
that accounts for all these effects simultaneously is left for the future. Finally, in section D,
we establish where the non-relativistic approximation that we have employed throughout fails
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significantly in comparison to the full relativistic result. The biggest discrepancy is observed
in the decay rate, which deviates by an order of magnitude and would lead to a larger SNR if
the less accurate non-relativistic result is used. This establishes the importance of accounting
for relativistic effects in assessing the detectability of this signal.

Given the effectively monochromatic nature of the GW signals from level transitions
(within the parameter space considered), even if such a signal were detected, it could be
degenerate with other quasi-monochromatic astrophysical sources. It is worth further studies
in combining the inspiral GW signals and transition GW signals to break the degeneracy.

5 Conclusion

In this paper, we have developed a formalism to calculate the GW signal produced by the
resonant transition of a GA in a binary system. In the perturbative regime where the
companion’s orbital distance is much larger than the size of the GA, the dominant multipole
moment of the tidal field from the companion is the quadrupole moment l∗ = 2, which
gravitationally mixes two GA states and thus triggers the transition.

The two-state transition is modeled by the Landau-Zener system, which is characterized
by the adiabaticity parameter that depends on the fine-structure constant α, the mass ratio
of the companion q, and the decay rate of the bosons in the final state back to the black
hole. Under the assumption of a quasi-circular and equatorial orbit, the analytical formulae
of the GW strain waveform and frequency spectrum are derived in the linearized orbital
frequency evolution region. We validate the parameter region of (α, q) where the timescale
of the transition is less than the merger time of the binary for the |211⟩ → |21-1⟩ hyperfine
and |322⟩ → |300⟩ fine transitions. In the present work, we restrict our attention to the
|211⟩ → |21-1⟩ hyperfine transition for mass ratios q ≲ 10−2 and α < 0.35.

The GW strain waveform can be considered as a continuous signal with amplitude
modulated by the LZ transition. Its analytical formula is given in eq. (3.15) and it is plotted
in figure 4 for the benchmark parameters. We stress that the analytical waveform of the
signal can serve as the template used by the match-filtering technique for future GW searches.
The frequency spectrum of the strain is also derived analytically using the stationary phase
approximation and its peak frequency is derived in terms of the fundamental parameters
in eq. (3.21) and it is plotted in figure 4. In the parameter space of interest, the transition
GW signal is always monochromatic.

In terms of the detectability of the signal, we calculated the SNR for a variety of systems
and determined that the DECIGO experiment would be suited for detecting it from systems
that host IMBHs with M ∼ 150M⊙, and q ∼ 1/150, with α ∼ 0.3, which corresponds to
boson masses 10−13eV. The maximum distance that the signal can be detected at is 100 kpc.
We also explored the possibility of a smaller initial black hole spin and found that it reduces
the strength of the signal, as it implies a smaller mass for the GA.

Finally, we commented on the validity of the non-relativistic approximation. We deter-
mined that the relativistic radial wavefunction is well approximated by its non-relativistic
counterpart, even for moderately large values of α, and the same holds true for the energy
levels of the GA. We spotted the biggest discrepancy in the decay rate of the second state,
where the relativistic result deviates up to an order of magnitude from the non-relativistic
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approximation for large α. Given how sensitive the signal is to this decay rate, we high-lighted
the importance of including the accurate result in the calculations.

To streamline the analysis, several assumptions were made. We now discuss potential
follow-up studies in the future to improve it:

• An important continuation of the present study would be to extend its regime of validity
to the entirety of the parameter space of figure 5, by including the non-linear evolution
of the orbit throughout the transition.

• The simplifying assumption of quasicircular and equatorial orbits could be refined,
especially for extreme mass ratio inspirals, which are expected to be highly eccentric.
It has been found that if we relax these assumptions, transitions can occur at a variety
of frequencies [23, 64]. The detectability of the GA transition signal in this case is
something worth examining.

• Taking into account the back-reaction of the transition to the orbit is another important
topic. This is manifested through the conservation of angular momentum for the
entire system. The GWs that we have found will contribute to the total torque of the
system, possibly leading to non-trivial dynamics of the orbit. This interplay between
the back-reaction of the transition and the back-reaction of the emitted GWs might
lead to unexpected and interesting behavior for the binary’s orbit.

• In terms of environmental effects, since the black holes that would produce the largest
SNR are of intermediate mass that are typically found in dense globular clusters,
incorporating the perturbations to the GA from nearby stars and quantifying their
influence on the GA’s evolution, perhaps in the spirit of [65], would be an interesting
direction.

• Finally, a more complete treatment of the relativistic GA [9], the perturbations from the
companion [66] and the effects those would have on the signal, would be an important
addition to the present study.
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A Gravitational atom basics

A.1 Tidal field of the companion

We present in this appendix some of the formulae we used for the tidal field of the companion
and the Hamiltonian for the two state system. The tidal field is given as a sum over multipoles:

V∗(t, r⃗) = −qα
∑
l∗=2

∑
|m∗|≤l∗

El∗,m∗(ι∗, φ∗)Yl∗,m∗(θ, ϕ)
(

rl∗

Rl∗+1Θ(R∗ − r) + Rl∗
∗

rl∗+1Θ(r −R∗)
)
,

(A.1)
where R∗ is the distance of the companion from the primary black hole, El∗,m∗(ι∗, φ∗) is the
tidal moment (see appendix A of [22] for details), ι∗ is the inclination of the orbital plane
relative to the GA’s, φ∗ is the true anomaly and is related to the frequency of the binary
via φ̇∗(t) = ±Ω(t). We have also defined q = M∗

M as the mass ratio.
Assuming that the quadrupole dominates, the mixing between two states |ψi⟩ and |ψf ⟩

is given by

⟨ψf |V∗(t, r⃗)|ψi⟩ = E2,m∗(ι⋆, φ∗)IA

(
qMΩ

α3(1 + q)Iin + α7q(1 + q)2/3

(MΩ)7/3 Iout

)
, (A.2)

where the inner radial, outer radial, and angular overlaps of the initial and final wavefunction
mediated by the quadrupole moment of the tidal field are:

Iin =
∫ R∗/rc

0
dr̄r̄4R̄i(rcr̄)R̄f (rcr̄), (A.3)

Iout =
∫ ∞

R∗/rc

dr̄r̄−1R̄i(rcr̄)R̄f (rcr̄), (A.4)

IA =
∫
dΩYl∗,m∗(θ, φ)Yi(θ, φ)Y ∗

f (θ, φ), (A.5)

with new dimensionless quantities r̄ = r
rc

and R̄(rcr̄) = R(r)r3/2
c . The selection rules eq. (2.9)

are derived from the last angular integral. Taking ι∗ = 0, the amplitude of the mixing
normalized by the orbital frequency is:

η

Ω =
∣∣∣∣∣
√

3π
10 IA

(
qMΩ

α3(1 + q)Iin + α7q(1 + q)2/3

(MΩ)7/3 Iout

)∣∣∣∣∣ , (A.6)

and the matrix element is given in eq. (2.12).

A.2 Dressed frame Hamiltonian

In the dressed co-rotating frame, the Hamiltonian is given by:

H̄ =
(
−∆m

2 (∆ωR
∆m ∓ Ω(t)) η

η ∆m
2 (∆ωR

∆m ∓ Ω(t))− i|Γ|

)
. (A.7)

Choosing Ω0 = ±∆ωR
∆m and using eq. (2.13), we obtain the Hamiltonian of the Landau-

Zener system (for a co-rotating orbit),

H̄ =
(

∆m
2 γt η

η −∆m
2 γt− i|Γ|

)
. (A.8)
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The second order differential equations for d1(t) and d2(t) are

d′′i (τ) + di(τ)
(
τ2

4 − i

2 + z

)
= 0, (A.9)

d′′f (τ) + df (τ)
(
τ2

4 + i

2 + z

)
= 0, (A.10)

where we have defined τ =
√
|∆m|γt and set Γ = 0. The prime denotes the derivative

with respect to τ . The solutions to these equations are given in eqs. (2.24) and (2.25) and
are plotted in figure 2.

B Derivation of quadrupole GW radiation

In this appendix, we demonstrate the derivation of the quadrupolar radiation formula for
GW emission, in the limit where the wavelength of the radiation is much larger than the
size of the source. Our discussion follows closely that of [43].

The GW strain outside of a source in the transverse-traceless (TT) gauge is given in [43],

hTT
ij (x, t) = 4Λij,lm(n̂)

∫
d3x′

|x − x′|
Tlm(x′, t− |x − x′|), (B.1)

where Tlm is the stress tensor of the source, n̂ is the propagation direction of GW, and
Λij,lm(n̂) ≡ PilPjm − 1

2PijPlm, i, j, l, m = 1, 2, 3, with Pij(n̂) = δij − ninj the transverse
projector. In the far zone limit, r ≡ |x| ≫ |x′|max, the strain reduces to,

hTT
ij (x, t) ≃ 4

r
Λij,lm(n̂)

∫
d3x′Tlm(x′, t− r + x̂ · x′). (B.2)

It is convenient to rewrite the above integral in terms of the Fourier transform of the
stress tensor,

Tlm(x′, t− r + x̂ · x′) =
∫

d4k

(2π)4 T̃lm(k, ω)e−iω(t−r+x̂·x′)+ik·x′
, (B.3)

where the wavevector and frequency of the GW satisfy |k| = ω. If T̃lm(k, ω) of the source
peaks around a characteristic frequency ωc, with its inverse much larger than the size of
the GW source λ = 2π/ωc ≫ |x′|max, then it is valid to do the Taylor expansion of the
exponent in eq. (B.3). As we show in eq. (3.21), the GW wavelength associated with the
hyperfine transition is much larger than the size of the GA, λ ≃ π/(∆mΩ0,hyp) ≫ rc. So,
the exponent in eq. (B.3) takes the form

e−iω(t−r+x̂·x′) = e−iω(t−r)[1− iωx̂ · x′ +O(ω|x′|max)2], (B.4)

which, in the leading order, is equivalent to rewriting the stress tensor

Tlm(x′, t− r + x̂ · x′) ≃ Tlm(x′, t− r) + (x̂ · x′)∂0Tlm(x′, t− r). (B.5)

In the linearized theory, by neglecting the backreaction of the GW, the energy-momentum
tensor Tµν satisfies the conservation equation

∂µT
µν = 0, µ, ν = 0, 1, 2, 3. (B.6)
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The temporal component of the conservation equation indicates mass conservation,

Ṁ =
∫

V
d3x′∂0T

00 = −
∫

V
d3x′∂iT

i0 = −
∫

∂V
dSiT i0 = 0, (B.7)

where the boundary ∂V is chosen outside of the source, while the spatial component indicates
momentum conservation,

Ṗ i =
∫

V
d3x′∂0T

0i = −
∫

∂V
dSjT ji = 0. (B.8)

The higher order momenta of M and P i and their time derivatives can be derived similarly,
and the momenta of the stress tensor Sij can be expressed in terms of these quantities,

Sij ≡
∫
d3x′T ij = 1

2M̈
ij , (B.9)

where M ij ≡
∫
d3x′x′ix′jT 00(t, x⃗′) is the mass quadrupole moment. Therefore, in the leading

order, the GW strain is given by combining eqs. (B.2), (B.5) and (B.9) and is the result
of eq. (3.1).

The above derivation shows that the leading contribution to the GW strain is the
quadrupole radiation when the characteristic wavelength of the Fourier mode T̃ij is much
larger than the size of the source and energy-momentum conservation is satisfied.

C Frequency spectrum and stationary phase approximation

In this appendix, we go into more detail about the calculation of the frequency spectrum.
It is given by the Fourier transform of the strain h(t):

h̃+,×(ω) =
∫
dth+,×(t)eiωt, (C.1)

Focusing on the plus polarization,

h̃+(ω) = h0
1 + cos2 ι

2
eiωr

2

∫
dt
(
ei(ωt−2∆mφ(t))Q(t) + ei(ωt+2∆mφ(t))Q∗(t)

)
, (C.2)

where we have renamed tre → t.
For positive frequencies, the stationary phase approximation can be used to evaluate the

above integrals. The approximation is based on the fact that the integrals are dominated at
the stationary points, that is, the points where the first derivative of the phase is zero. Since
φ̇(t) = Ω(t) > 0, the first integral does not have a stationary point and the fast oscillations
average to zero. The stationary point of the second integral is t+(ω) = ω−ωc

2|∆m|γ , where we
defined ωc ≡ 2|∆m|Ω0 = 4Ω0.

Evaluating the Q factor at this stationary point, Taylor expanding the phase around
the it to order t2, and calculating the Gaussian integrals, we find

h̃+(ω) =
√
πh0(1 + cos2 ι)
4
√
γ|∆m|

Q∗(t+(ω))eiΨ+(ω), (C.3)
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with Ψ+(ω) = ωr + (ω−ωc)2
4|∆m|γ − π

4 . Using eq. (2.29) and eq. (2.30), we get

h̃+(f) = h0(1 + cos2 ι)
√
π|∆m|2ieiΨ+(f)

√
z

|Γ| − iπ(f − fc)
e−πze

−2z tan−1(π(f−fc)
|Γ| )

, (C.4)

where we re-expressed the frequency in terms of f = ω
2π . Similar results hold for h̃×(f)

that only differs by a phase of π
2 . The peak frequency of |h̃(f)| is easily found by taking a

derivative of eq. (C.4) with respect to f and setting it equal to zero, which yields eq. (3.21).

D Towards a relativistic computation

Since our findings indicate that the signal is maximized for rather large values of α, it is
important to check if the non-relativistic approximation that we have employed throughout
this paper holds and identify where it fails. Let us start with the comparison between the
relativistic and non-relativistic wavefunctions for different values of α. A deviation from the
non-relativistic approximation would result in different values for the amplitude η and hence
different values of z. In order to check this effect, we used the code available in [10, 34] to
calculate the energy of the 211 level and combined this with the analysis outlined in [9, 67] to
determine the normalized relativistic wavefunction R̃ =M3/2R as a function of the distance
r̃ = r/M from the black hole horizon. In figure 10, we show the relativistic wavefunctions
for three different values of α and compare to their non-relativstic counterparts. As it is
expected, the largest deviations are observed near the black hole horizon for all three cases,
while the results converge at the r̃ → ∞ limit. In addition, as α increases, the relativistic
wavefunction deviates more and more from the non-relativistic one, since the GA is much
closer to the black hole horizon. However, these deviations appear to be small and will
introduce an order one factor at the most.

The same behavior shows up for the real part of the energy eigenvalue of the 211 level,
shown in figure 11. The relativistic solution starts to deviate from the non-relativistic one
when α ≳ 0.3, but the overall deviation is negligible and should not affect our results.

The most important deviation of the relativistic results from the non-relativistic results is
in the decay rate of the |21-1⟩ state, shown in figure 12. As it is expected, the non-relativistic
computation matches well with the relativistic result in the small α region, α ≲ 0.15. However,
the two results diverge at most by an order of magnitude at larger α ≤ 0.35. This has an
important effect on the computation of the SNR, since it inversely proportional to |Γ| in
eq. (4.3). Employing the non-relativistic approximation in this calculation would significantly
overestimate the detectability prospects of the signal.
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Figure 10. Comparison between the relativistic wavefunctions (solid lines) with the non-relativistic
(dashed lines) for three different values of α. We have set ã = 0.99.
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Figure 11. The real energy eigenvalue of the 211 level as a function of α, using the relativistic and
non-relativistic computations. The black hole’s spin is set to ã = 0.99.
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Figure 12. The decay rate of the second mode as a function of α, comparing the relativistic and
non-relativistic computations. The black hole’s spin is set to the saturated spin ã = 4α

1+4α2 .
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