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Abstract We present the relativistic hydrostatic equilib-
rium equations for a wide class of gravitational theories pos-
sessing a scalar–tensor representation. It turns out that the
stellar structure equations can be written with respect to the
scalar–tensor invariants, allowing to interpret their physical
role.

1 Introduction

Scalar–tensor theories (STT) are a class of so-called extended
theories of gravity, whose main aim is to go beyond standard
theory of gravity formulated by Einstein in order to account
for certain phenomena that cannot be satisfactorily explained
by General Relativity (GR) itself [1–3]. They introduce an
additional mediator of gravitational interaction, a scalar field,
coupled non-minimally to the curvature and, possibly, matter
fields. Historically, this class of theories was considered first
by Jordan [4] and then by Brans and Dicke [5], who added
a scalar field in order to incorporate Mach’s Principle into
the theory; the massless field, sourced by matter distribution
(trace of energy–momentum tensor), acted as an effective
gravitational constant. The first attempts to include a new
field were, however, lacking theoretical motivation; only then
it was shown that such a field, coupled non-minimally to the
curvature, arises naturally in the low-energy limit of theo-
ries considered fundamental, such as string theory [6], for
instance.

STT found applications in various contexts. For example,
it can be demonstrated that f (R) theories of gravity [7–22],
where one replaces the Einstein–Hilbert Lagrangian with a
function of the curvature, have an equivalent scalar–tensor
(ST) representation. A noteworthy example of f (R) gravity
is the Starobinsky model [23], in which one adds a quadratic
correction in order to explain inflationary behavior of the
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early universe. This model corresponds strictly to a ST theory
with a specific potential. Other examples include attempts at
accounting for accelerated expansion of the universe, since
the field can act as quintessence [24].

The theories are analyzed both in the metric, and in the
so-called Palatini formalism (or metric-affine), where one
decouples metric structure from the affine structure of space-
time. Recently, the Palatini approach to ST gravity has been
gaining more attention [25–49]. Palatini STT theories were
analyzed in the context of inflation [31–42]. Also, a recent
paper proves that one can construct an f (R) theory à la Pala-
tini which evades Ostrogradsky’s instability, is renormaliz-
able and invariant under conformal change of the metric in its
high energy limit and reduces to GR for small energies [50].
It was also shown that for certain models, both approaches
lead to the same predictions regarding certain observables
related to inflation, such as tensor-to-scalar ratio and scalar
spectral index [51].

When analyzing STT, one usually makes an extensive use
of Weyl (or conformal) transformations of the metric tensor
[52]. Conformal transformations of the metric tensor estab-
lish a mathematical equivalence between so-called confor-
mal frames, but usually the description of physics is frame-
dependent, since Weyl transformations are not symmetries of
Nature. Therefore, in case of STT, it is important to establish
which frame is considered physical. The two most commonly
used in the literature frames are ‘Einstein’ and ‘Jordan’ [53–
60]; the main difference between them is the nature of cou-
pling of the scalar field. In the Einstein frame, the field is
coupled to matter part of the action, whereas in the Jordan
frame, the field is coupled to the curvature.

It is possible, however, to define certain quantities which
preserve their form under conformal transformations [61–
64]. Such quantities, introduced in [61], consist of functions
of the scalar field defining a conformal frame. One can also
construct an invariant metric and, in the Palatini case, an
invariant connection, allowing different conformal observers
to measure distances and calculate geodesics in the same way
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Table 1 Summary of quantities used in different frames

Frame Indication

General Wagoner parametrization Bar

Jordan (invariant) None

Einstein (invariant) Hat

[41]. The advantage of introducing such quantities is also of
different type: they allow to classify mathematically equiva-
lent theories, since a class of conformally-related frames will
yield the same values of invariants.

Stars in the scalar–tensor theories framework, relativis-
tic [65–77] and non-relativistic ones [78–88], were widely
studied in literature; however, the invariant theory has not
been applied yet to stellar objects. In this paper, we aim at
using the results of [61] in order to analyze stellar struc-
ture in ST theories in a way independent of the choice of
conformal metric. This will be achieved by expressing all
relevant equations describing structure of stars in terms of
invariants. Such a procedure will allow one not only to eas-
ily compare different conformal frames, but also inscribes in
the way of reasoning concerning the issue of physicality of
different frames described above.

The paper is organized as follows: first, we start by writ-
ing the action for STT in the most general parametriza-
tion and then, upon introducing transformation formulae for
the metric, scalar fields and functions thereof, we write out
most commonly used invariants. Having those, we obtain the
Tolman–Oppenheimer–Volkoff (TOV) equation in the invari-
ant Einstein frame, in which the calculations are particularly
simple. Then, we transform to the Jordan frame and obtain
relation between the pressure and other quantities entering
the theory. That should allow us to interpret the extra terms
written with respect to the invariants appearing in the modi-
fied/extended TOV equation.

For the reader’s convenience, we present physical quan-
tities, parameters and coordinates in different frames in the
Table 1 below:

2 Invariant quantities

2.1 General frame

The action for the class of scalar–tensor theories of gravity
written in the Wagoner parametrization takes the following
form:

S[ḡμν, �̄, χ] = 1

2κ2

∫
�

d4x
√−ḡ

[
Ā(�̄)R̄ − B̄(�̄)ḡμν∂μ�̄∂ν�̄

− V̄(�̄)
]

+ Smatter

[
e2ᾱ(�̄) ḡμν, χ

]
,

(1)

where {Ā, B̄, V̄, ᾱ} are four arbitrary functions of the scalar
field, providing, together with the choice of the metric and the
scalar field the so-called ‘conformal frame’. The function Ā
describes the coupling between the scalar field and the curva-
ture, B̄ is the kinetic coupling, V̄ – the self-interaction poten-
tial of the scalar field, and ᾱ – an anomalous coupling between
matter and the scalar field. The constant κ2 = 8πGc−4.
The equations of motion derived from this action are the
following [61]:

ĀḠμν +
(

1

2
B̄ + Ā′′

)
ḡμν ḡ

αβ∂α�̄∂β�̄

− (B̄ + Ā′′) ∂μ�̄∂ν�̄ − Ā′(ḡμν�̄ − ∇̄μ∇̄ν)�̄

+ 1

2
V̄ ḡμν = κ2T̄μν,

(2a)

2[3(Ā′)2 + 2ĀB̄]�̄�̄ + d[3(Ā′)2 + 2ĀB̄]
d�

(∂�̄)2

+ 4Ā′V̄ − 2ĀV̄ ′ = 2κ2 T̄ (Ā′ − 2ᾱ′Ā) .

(2b)

The action (1) is form-invariant under the conformal change
of the metric tensor, accompanied by a re-definition of the
scalar field:

ḡμν = e2 ¯̄γ ( ¯̄�) ¯̄gμν, �̄ = ¯̄f ( ¯̄�) (3)

if the four functions of the scalar field transform in the fol-
lowing way:

¯̄A( ¯̄�) = e2 ¯̄γ ( ¯̄�)Ā( ¯̄f ( ¯̄�)), (4a)

¯̄B( ¯̄�) = e2 ¯̄γ ( ¯̄�)

((d�̄

d ¯̄�
)2B̄( ¯̄f ( ¯̄�)) − 6

( d ¯̄γ
d ¯̄�

)2Ā( ¯̄f ( ¯̄�))

− 6
d ¯̄γ
d ¯̄�

dĀ
d�̄

d�̄

d ¯̄�

)
,

(4b)

¯̄V( ¯̄�) = e4 ¯̄γ ( ¯̄�)V̄( ¯̄f ( ¯̄�)), (4c)

¯̄α( ¯̄�) = ᾱ( ¯̄f ( ¯̄�)) + ¯̄γ ( ¯̄�). (4d)

It is possible to construct out of these functions quantities
which have the same functional dependence in every confor-
mal frame. Such quantities are called ‘conformal invariants’
[61], and their usefulness consists in possibility of express-
ing certain quantities in a frame-independent way. All math-
ematically equivalent frames (i.e. relatable by a conformal
transformation and a re-definition of a scalar field) will share
the same invariants, so it is possible to label classes of equiv-
alent theories by using them. The invariants which will be
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used in this paper are given below1:

I1 = Ā
e2ᾱ

, (5a)

I2 = V̄
Ā2

, (5b)

dĨ
d�̄

= e−ᾱ

√√√√±
(
B̄ − 6

(
dᾱ

d�̄

)2

Ā + 6
dᾱ

d�̄

dĀ
d�̄

)
, (5c)

dI
d�̄

=
√

±2ĀB̄ + 3(Ā′)2

2Ā2
. (5d)

The first invariant tells us if there is a non-minimal coupling
present in the theory. The second invariant generalizes the
notion of potential of the scalar field, while the third one can
play a role of an invariant scalar field in the Jordan frame,
and becomes zero for metric f (R) theory (but it does not
necessarily mean that the field has no dynamics). The last
one can be treated as a scalar field in the Einstein frame; if
it vanishes, then the scalar field is non-dynamical (as it hap-
pens in case of Palatini f (R) theories, where I = 0). In our
convention, we do not write any subscript in I for conve-
nience and to indicate its importance. The plus/minus sign
corresponds to positive and negative value of the expression
under the square root.

In what follows, we will examine a static, spherical-
symmetric objects whose metric is given as usually:

ḡμν = diag
(
−b̄(r̄), ā(r̄), r̄2, r̄2 sin θ̄

)
. (6)

Since all quantities are assumed to be dependent on the radial
coordinate only, the conformal transformation preserves the
static, spherical symmetric geometry. We will always write
down the coordinate transformations in the further parts of
the paper.

2.2 Einstein frame

In order to make use of the invariant quantities introduced
earlier in this paper, let us choose the following invariant
metric:

ĝμν = Āḡμν. (7)

Written in components, the metric ĝ reads:

ĝμν = diag
(
−Āb̄(r̄), Āā(r̄), Ār̄2, Ār̄2 sin θ̄

)
. (8)

We may want to introduce a new radial coordinate and re-
define the a, b functions in order to preserve the form (6) of

1 Please notice that the invariants are defined differently in [61], where

I1 = e2α

A , and the invariant I playing role of scalar field in the Einstein
frame is denoted I3.

the metric. Such a change of variables is defined as follows
(remembering that the scalar field is the function of the radial
component only):

r̂ =
√
Ā r̄ → dr̄ =

√
1

Ā

(
− r̂

2
∂r̂ ln Ā + 1

)
dr̂ . (9)

Let us notice that the new radial component is itself an invari-
ant. The new metric will take the form:

ĝμν = diag
(
−b̂(r̂), â(r̂), r̂2, r̂2 sin θ

)
, (10)

where the new metric components â and b̂ are related to the
general ones as:

b̂ = Ā b̄, (11a)

â =
(

− r̂

2
∂r̂ ln Ā + 1

)2

ā. (11b)

Let us notice that the following quantity:

1

â

(
d

dr̂

)2

= 1

Āā

(
d

dr̄

)2

(12)

is also an invariant. Therefore, if any equation contains (func-
tions of) invariant quantities and the derivative with respect
to the radial component precisely in the form shown above,
then it must be also conformally invariant.

The choice (7) of the invariant metric results in the fol-
lowing action for the theory:

S[ĝμν, I, χ ] = 1

2κ2

∫
�

d4x
√

−ĝ
[
R̂ − ĝμν∂μI∂νI − I2

]

+ Smatter

[
1

I1
ĝμν, χ

]
.

(13)

In this frame, the invariant I plays the role of the scalar field,
and all invariants are now functions of it.

As we can see, in the invariant Einstein frame, the action
takes a particularly simple form. The coupling between the
curvature and the scalar field is now non-existent, and the
kinetic coupling has a constant value. Such a simplicity is
achieved at a price: there is an anomalous coupling between
the scalar field and matter part of the action, which may lead
to undesirable consequences, such as violation of the Weak
Equivalence Principle. Nevertheless, it is convenient to per-
form the calculations in the Einstein frame and then transform
the result back to the frame which is deemed ’physical’.

The field equations resulting from this action can be
obtained quickly by comparing the action (13) with the action
(1) and identifying the corresponding scalar field functions
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in the field equations. The result is the following:

Ĝμν+1

2
ĝμν ĝ

αβ∂αI∂βI − ∂μI∂νI + 1

2
ĝμνI2 = κ2T̂μν,

(14a)

�̂I − 1

2

dI2

dI = κ2 1

I1

dI1

dI T̂ , (14b)

where T̂ = ĝμν T̂μν = −ρ̂ + 3 p̂ ≡ 1
Ā2 (ρ̄ + 3 p̄).

Information about different ST theories, characterized by
a particular choice of the functions {Ā, B̄, V̄, ᾱ}, is stored
in two invariants {I1, I2} being now a function of the third
invariant, I. Therefore, the knowledge of the functions I1(I)

and I2(I) allows one to reconstruct the original theory after
two of the four functions of the field have been fixed.

The energy–momentum tensor is not conserved2 in this
frame:

∇̂μT̂μν = 1

2
∂ν(ln I1)T̂ . (15)

The relation between the trace of the energy–momentum ten-
sor in different frames are given in (31c) and (32b).

3 Stellar structure equations

In the following section we will derive the Tolman–Oppenhei-
mer–Volkoff equation written with respect to the invariants of
the scalar–tensor theories. Considering the Newtonian limit
of TOV equations, we will also provide the non-relativistic
hydrostatic equilibrium equation.

In order to do so, let us notice that the field equations (14)
have a particular form discussed in [90–92], that is:

σ̄ (�̄ i )(Ḡμν − W̄μν) = κ2T̄μν, (16)

where Ḡμν represents the Einstein tensor while the factor
σ̄ (�̄ i ) is a coupling to the gravity, �̄ can stand for, for
instance, curvature invariants or other fields, like scalar ones
in our case. The tensor W̄μν is a symmetric tensor which
can be treated as an additional geometrical term, whose form
depends on theory of gravity one is interested in. The Eq. (16)
do not take into account other field equations which can be
obtained by varying a specific Lagrangian with respect to,
for example, scalar fields, or an independent connection.

2 See the review [89] on non-conservative theories of gravity.

For such a representation, the TOV equations can be writ-
ten in a schematic way as: [93]3:

(
�̄

σ̄

)′
= − GM

c2r̄2

(
c2 Q̄

σ̄
+ �̄

σ̄

)(
1 + 4π r̄3 �̄

σ̄

c2M

)
ā(r̄)

− 2σ̄

κ2r̄

(
W̄θθ

r̄2 − W̄r̄r̄

ā

)
(17)

with the mass function M defined as:

M(r̄) =
∫ r̄

0
4π r̃2 Q̄(r̃)

σ̄ (r̃)
dr̃ , (18)

appearing in the solution of the static spherical-symmetric
metric:

ā(r̄) =
(

1 − 2GM(r̄)

c2r̄

)−1

. (19)

The prime ′ in the equation (17) denotes the derivative with
respect to the radial coordinate r̄ . The quantities Q̄ and �̄

appearing in the above TOV and mass equations are called
effective energy density and pressure, respectively, and are
defined as:

Q̄(r̄) := ρ̄(r̄) − σ̄ (r̄)W̄tt (r̄)

κ2c2b̄(r̄)
, (20)

�̄(r̄) := p̄(r̄) − σ̄ (r̄)W̄r̄r̄ (r̄)

κ2ā(r̄)
. (21)

Here, the energy density ρ̄ and pressure p̄ are the ones related
by the barotropic equation of state, p̄ = p̄(ρ̄), and appear in
the perfect fluid form of the energy momentum tensor T̄μν :

T̄μν = (ρ̄ + p̄)ūμūν + p̄h̄μν, (22)

where ūμ is a vector field co-moving with the fluid while
h̄μν = ḡμν + ūμūν is a projector tensor on the 3-dimensional
hypersurface.

3.1 Tolman–Oppenheimer–Volkoff equation

Using the formalism briefly discussed above, we will write
down the components of the Ŵμν tensor considered in the
Einstein frame with respect to the metric ĝμν , which we will
use to construct the TOV equations. Its form in the general
frame can be found in the (Appendix A). On the other hand,
in the Einstein frame this tensor has a much simpler form

3 Let us notice that the authors of [93] use a different κ convention in
which κ is negative [94].
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written with respect to the scalar–tensor invariants as:

Ŵtt = 1

2

b̂

â
(∂r̂I)2 + b̂

2
I2, (23a)

Ŵr̂r̂ = 1

2
(∂r̂I)2 − â

2
I2, (23b)

Ŵθθ = −1

2

r̂2

â
(∂r̂I)2 − r̂2

2
I2, (23c)

Ŵ�� = sin2 θ Ŵθθ (23d)

which now can be used to construct the effective energy den-
sity and pressure given in the ST invariants’ terms as:

Q̂ = ρ̂ − (∂r̂I)2

2κ2c2â
− I2

2κ2c2 , (24a)

�̂ = p̂ − 1

2κ2â
(∂r̂I)2 + 1

2κ2 I2. (24b)

Let us remind that ρ̂ and p̂ are not considered as physical
quantities.

Consequently, we are now able to write down the TOV
equation in Einstein frame using the schematic way (17):

d�̂

dr̂
= − GM

c2r̂2

(
c2ρ̂ + p̂ − (∂rI)2

κ2â

)(
1 + 4π r̂3�̂

c2M

)

×
(

1 − 2GM
c2r̂

)−1

+ 1

κ2âr̂
(∂r̂I)2 ,

(25)

where the effective mass is defined as:

M(r̂) =
∫ r̂

0
4πr2 Q̂(r)dr. (26)

In order to rewrite it with respect to the Einstein frame pres-
sure p̂ and density ρ̂, we use the definition (24b) to get:

d p̂

dr̂
= − GM(r̂)

c2r̂2 (c2ρ̂ + p̂)

(
1 − 2GM(r̂)

c2r̂

)−1

(27)

×
[

1 + 4π r̂3

c2M(r̂)

(
p̂ − (∂r̂I)2

2κ2â
+ I2

2κ2

)]

+ T̂ ∂r̂ ln I1 − (∂r̂I)2

κ2âr̂
(28)

while the effective mass can be expressed as:

M(r̂) = M0(r̂) − η(r̂ , I, I2). (29)

We have defined the “General Relativity” mass in the Ein-

stein frame as M0(r̂) = ∫ r̂
0 4πx2ρ̂(x)dx and the additional

ingredient η(r̂ , I, I2) as:

η(r̂ , I, I2) = c2

4G

∫ r̂

0
x2

(
(∂xI)2

â
+ I2

)
dx . (30)

The Eqs. (27) and (29) are TOV equations written in Ein-
stein frame. In order to consider a physical stellar system, we

need to transform them to the (physical) Jordan frame, that
is, we need to express the TOV equations in terms of physical
metric components and quantities. Thus, they are defined as
follows (w.r.t. the initial Wagoner parametrization):

gμν = e2ᾱ ḡμν, r = eᾱ r̄ , (31a)

a = (1 − r∂r ᾱ)2ā, b = eᾱ b̄, (31b)

ρ = ρ̄

e4ᾱ
, p = p̄

e4ᾱ
, T = T̄

e4ᾱ
, (31c)

while the relations between the invariant Einstein and Jordan
frame quantities are now:

r̂ = √
I1r, â = I1a

(
dr

dr̂

)2

, (32a)

ρ̂ = ρ

I2
1

, p̂ = p

I2
1

, T̂ = T

I2
1

. (32b)

Therefore, the effective mass written as a function of the
coordinate r and Jordan frame functions ρ, p will be:

M(r) =
∫ r

0

4πr2

√I1

[
ρ − 1

2κ2c2

I1

a
(∂rI)2 − 1

2κ2c2 I2
1I2

]

×
( r

2
∂r ln I1 + 1

)
dr,

(33)

while the TOV equation can be rewritten as:

dp

dr
=

[
− GM(r)

c2r2I1/2
1

(c2ρ + p)

(
1 − 2GM(r)

c2rI1/2
1

)−1

×
⎛
⎜⎝1 + 4πI

3
2

1 r3

c2M(r)

(
p

I2
1

− (∂rI)2

2κ2aI1
+ I2

2κ2

)⎞
⎟⎠

− I2
1 (∂rI)2

κ2ar

] ( r
2
∂r ln I1 + 1

)
+

(
−c2ρ + 5p

)
∂r ln I1

(34)

The Eqs. (33) and (34) are mass and relativistic hydro-
static equilibrium equations, respectively, describing a
spherically-symmetric stellar system in the scalar–tensor the-
ory written with respect to invariants’ formalism given by
[61]. We recover the GR form for the above equations when
the invariant I1 = 1 and the remaining ones are set to zeros
(or I is a constant).

3.2 Non-relativistic limit of TOV equation

Let us consider now non-relativistic limit of the Eqs. (33) and
(34). Such equations are used to study, for instance, main-
sequence stars, or low-mass stars and substellar objects. In the
non-relativistic limit one assumes that the pressure is much
smaller then the energy density p � c2ρ, as well as that the
gravitational pressure can be neglected, r3 p � c2M0. The
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curvature effects are also neglected, that is, 2GM0/c2r � 1
holds.

Since we want to keep our equations as general as possible,
we will not assume any limiting form of the invariants I and
I2 when:

φ(r) ≈ φ0 + ε̄ϕ(r) (35)

is applied to the scalar field in the Jordan frame. However,
in order not to change significantly the physics of the Sun,
we cannot allow the coupling, which is represented by the
invariant I1, to be too strong in our case. Because of that
fact, one then requires that (we assume that ϕ(0) = 0 and
i1(0) = 0):

I1 ≈ 1 + εi1(r). (36)

such that the mass function (33) will have the form M =
M0(r)+μ(r, i1, I, I2). Thus, applying (36) to (33) and keep-
ing only the terms up to the first order, we may write:

M(r) = M0(r) + ε

∫ r

0
πr2ρ

(
2(ri ′1 − i1) (37)

− c2I2

8πGρ
(3i1 + ri ′1)

)
dr (38)

where:

M0(r) =
∫ r

0
4πr2ρ

[
1 − c2I2

16πGρ

]
dr. (39)

In the above expressions we have treated the term (dI/dr)2

as a term of the second order.
Then, in the similar way, the non-relativistic limit of the

TOV equations is given by:

dp

dr
= −GM(r)

c2r2 ρ

[
1 + ε

(
c2i ′1r2

GM0
+ i ′r − i1

2

)]
, (40)

where we have skipped the terms such as αI2/M0c2

etc. However, it may happen, similarly as with the terms
(dI/dr)2, that they will have a non-negligible contribution
but this depends on the relations between the invariants and
matter fields (thus on a particular theory under considera-
tion), given by the Klein–Gordon equation.

4 Examples

We will briefly discuss two models of gravity in both, metric
and Palatini approaches. Therefore, as a first example we will
consider f (R) gravity and then Brans–Dicke model.

Table 2 Invariant scalar field for f (R) gravity in different approaches

Invariant Metric Palatini

I
√

3
4 ln

(
�
�0

)
0

Ĩ 0
√

6(
√

� − √
�0)

4.1 f (R) gravity

Let us consider as an example the f (R) theory in order to
illustrate how the invariant quantities allow one to quantify
the difference between theories of gravity. In this section,
we will compute the invariants for both metric and Palatini
versions of the theory.

First, let us notice that f (R) gravity has a scalar–tensor

representation if d2 f
d R2 	= 0. Assuming this condition is satis-

fied, we can perform a Legendre transformation and identify
a scalar degree of freedom with the derivative of the f func-
tion w.r.t the curvature R. This procedure is canonical and
has been presented in a number of papers, for example in [7].
The result is the following:

S[gμν,�, χ ] = 1

2κ

∫
�
d4x

√−g
[
�R(g) + δ�

3

2�
gμν∂μ�∂ν�

− V (�)
]

+ Smatter[gμν, χ ].
(41)

Here, the parameter δ� assumes two possible values:

δ� =
{

1 for the Palatini theory

0 for the metric theory.
(42)

We can immediately identify the functions of the scalar field
defining the theory:

A(�) = �, B(�) = −δ�

3

2�
,

V(�) = V (�), α(�) = 0. (43)

The invariants I1 and I2 will be the same for both
approaches; however, we will be able to distinguish between
the two formalism by looking at the values of the invariants
I and Ĩ. Their values are given in the table below:

We can be more specific and take as an example the fol-
lowing model: f (R) = R+βRn , where n ∈ R, n 	= 1. Such
a choice will lead to the following parametrization in the ST
representation:
and, consequently, to the invariants:

I1(�) = �, (44a)

I2(�) = β− 1
n−1

(
n− 1

n−1 − n− n
n−1

) (� − 1)
n

n−1

�2 . (44b)

For the Palatini theory, scalar field is non-dynamical, so
the invariant I cannot be used in the theory. Therefore, the
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Table 3 Parametrization of the f (R) = R + βRn model

A B V α

metric � 0
(
n− 1

n−1 − n− n
n−1

)
(�−1)

n
n−1

β
1

n−1
0

Palatini � − 3
2�

(
n− 1

n−1 − n− n
n−1

)
(�−1)

n
n−1

β
1

n−1
0

relation between the field and the trace of energy–momentum
tensor will be purely algebraic, and the exact dependence can
be obtained from the Eq. (14b), with the derivative taken w.r.t.
the scalar field �. All the remaining invariants entering the
field equations and, consequently, the TOV equation, will
depend explicitly on T̂ .

In the Palatini case, the effective energy density and pres-
sure will have a simple form:

Q̂P = ρ̂ − 1

2κ2c2 I2(T̂ ), (45a)

�̂P = p̂ + 1

2κ2 I2(T̂ ). (45b)

The TOV equation in the Einstein frame will now read as:

d�̂P

dr̂
= −GMP

c2r̂2

(
c2ρ̂ + p̂

)(
1 + 4π r̂3�̂P

c2MP

)(
1 − 2GMP

c2r̂

)−1
,(46)

which agrees with [95]. If we set n = 2, we recover Starobin-
sky theory. For this particular choice, the invariants I1 and I2

can be expressed in terms of the trace of energy–momentum
tensor in the Jordan frame:

I1 = � = 1 + 4βκ2(c2ρ − 3p), (47a)

I2 = 4βκ4(c2ρ − 3p)2

(
1 + 4βκ2(ρ − 3p)

)2 . (47b)

The mass function will take the form:

MP (r) =
∫ r

0
4π r̃2 ρ − 2c−2βκ2(c2ρ − 3p)2

(
1 + 4βκ2(c2ρ − 3p)

)1/2

×
[

1 + r̃

2
∂r̃ ln

(
1 + 4βκ2(c2ρ − 3p)

)]
dr̃

(48)

In the non-relativistic limit, the TOV equation (34) for
quadratic Palatini gravity takes the form

dp

dr
= −GMP (r)

r2 ρ

[
1 + 4c2βκ2

(
rρ′ − ρ

2
+ c2r2ρ′

GM0

)]
.

(49)

whereas the mass reduces to:

MP (r) =
∫ r

0
4π r̃2ρ

[
1 + 2c2κ2β(−2ρ + r̃ρ′)

]
dr̃ (50)

The expression (49) has a slightly different form (in the
coefficients in the round bracket) than the result obtained in
[96]. This is because of the fact that in [96], the assumption
of the invariant polytropic equation of state for the quadratic
Palatini model was made, following the result given in [97].
In this work we do not set any particular relation between
pressure and density, neither we assume its behaviour under
the conformal transformation.

In the metric case, the relation between the scalar field and
the invariant I becomes relevant. It must be used to express
the invariants I1 and I2 as a function of I. The result is the
following:

I1(I) = �0e
2√
3
I
, (51a)

I2(I) = β− 1
n−1

(
n− 1

n−1 − n− n
n−1

) (�0e
2√
3
I − 1)

n
n−1

�2
0e

4√
3
I .

(51b)

Unlike in the Palatini case, it is now not possible to express
I as an algebraic function of ρ and p, as the relation between
these quantities is described by the Klein–Gordon equation
with a source. Applying the above forms to the Eqs. (33)
and (34), one obtains the mass function and TOV equation
for the f (R) metric gravity. Let us notice that the Eq. (34)
already includes the Klein–Gordon equation to get rid of the
second derivative of I. However, we do not write the TOV
equations explicitly because of their complex form in this
particular case.

It was shown in [98,99] that for f (R) gravity, one can use
multimessenger astronomy results to demonstrate the maxi-
mal mass and causal limit maximal mass of neutron stars, for
example in Starobinsky model. As the analysis is usually per-
formed in the Jordan frame, the use of invariants might help
to generalize the investigation by allowing one to express rel-
evant quantities in a frame-independent way, and transform
solutions easily between frames.

4.2 Brans–Dicke theory

Let us now consider a scalar–tensor theory which cannot be
derived from f (R) gravity, namely, a Brans–Dicke gravity
without the self-interaction potential, both in the metric and
the Palatini approach. The action for the theory is the follow-
ing:

S[g, �,�] = 1

2κ2

∫
�
d4x

√−g
[
ξ�R(g, �) − ω

�
gμν∂μ�∂ν�

]

+ Smatter[g, χ ].
(52)

Here, ξ and ω are parameters of the theory. We assume that
ξ > 0 and ω 	= 0, otherwise the scalar field would have no
dynamics in the Palatini formulation. Also, the action (52)
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is not specified to be either a Palatini, or a metric action;
therefore, we take a theory with the same functions of the
scalar field, but with different definitions of the curvature
scalar.

In the Palatini case, one needs to consider an additional
variation with respect to the independent conection. As a
result of this procedure, one discovers that the initially inde-
pendent connection is in fact Levi-Civita with respect to a
new metric tensor, conformally related to the initial one. The
connection introduces no additional degrees of freedom, and
can be eliminated from the action, modifying the kinetic cou-
pling of the scalar field, B, yielding effectively a metric the-
ory. The scalar field functions in this case can be written as:

A = ξ�, B = ω

�
− δ�

3ξ

2�
, V = 0, α = 0, (53)

where δ� was defined in the previous section. The invariants
are now:

I1(�) = ξ�, (54a)

I2(�) = 0, (54b)

I =
√

2ω + 3ξ(1 − δ�)

4ξ
ln

(
�

�0.

)
(54c)

How the scalar field varies will be now described by a
massless Klein–Gordon equation with a source term:

�̂I = κ2

√
4ξ

2ω + 3ξ(1 − δ�)
T̂ . (55)

As we can see, the invariant scalar field is sourced by
the trace of energy–momentum tensor. In case of radiation,
the trace vanishes, and the equation is of particularly simple
form.

The components of the Ŵμν tensor for this class of theories
are now:

Ŵtt = 1

2

b̂

â
(∂r̂I)2 , (56a)

Ŵr̂r̂ = 1

2
(∂r̂I)2 , (56b)

Ŵθθ = −1

2

r̂2

â
(∂r̂I)2 , (56c)

Ŵ�� = sin2 θ Ŵθθ , (56d)

and the effective energy density and pressure can be expressed
as:

Q̂ = ρ̂ − 1

2κ2c2â
(∂r̂I)2 , (57a)

�̂ = p̂ − 1

2κ2â
(∂r̂I)2 , (57b)

where ρ̂ = ρ

ξ2�2 , and p̂ = p
ξ2�2 . As for the metric case, we

do not write the hydrostatic equilibrium equation explicitly
because of its long form.

5 Discussion and conclusions

In the presented paper we have obtained the stellar struc-
ture equations for a general family of the modified gravity
theories, written with respect to the scalar field invariants,
introduced some time ago in [61]. We found out the invari-
ant representation very useful since it allows to study diverse
theories of gravity, such as for example f (R) and scalar–
tensor gravity in different approaches – metric, Palatini, or
hybrid, at one go [100]. The relativistic hydrostatic equilib-
rium equation (34) and the mass function (33) are thus the
master equations of our work, and their specific shape can
help us to understand effects arising by the presence of such
invariants, whose specific forms and characteristics, as shown
by a few examples in the Sect. 4, are ruled by gravitational
theories, which possess the invariant representation.

Therefore, one may also try to interpret the role of the
invariants, as it was presented for example in [101], where
the free parametrization of the TOV equation was discussed
together with physical meanings of the parameters. Let us
firstly notice that the invariantI, which carries an information
about the varying scalar field, and I2, which traces its poten-
tial, enter the part of the stellar equation (34) related to the
active gravitational effects of pressure (studied for instance
in [102]). In the case of GR, this pressure is a pure rela-
tivistic effect which does not appear in the non-relativistic
counterpart of the hydrostatic equilibrium equation. Thus,
modifications which can be related to the varying scalar field
and/or its potential, reinforce or impair, depending on their
nature, the effect of the gravitational pressure. Let us also
comment that the invariant I2 also appears in the TOV equa-
tion (34) throughout the mass function. We will discuss it in
a moment.

On the other hand, the non-minimal coupling, represented
by the invariant I1, clearly plays many roles in the stellar
structure. It also appears in the gravitational pressure part, in
a non-trivial way, strengthening or weakening this relativistic
effect. It acts, as already mentioned in the introduction, as an
effective gravitational constant which is also apparent in our
TOV equation. Moreover, it contributes to the inertial pres-
sure and intrinsic curvature contributions which are, similar
to the gravitational pressure, relativistic impacts, affecting
equation of state (see such an effect in some theories of grav-
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ity, for example [103–105]) and geometry, where the last one
is an expected result. Besides, the presence of I1 may also
be interpreted as anisotropies of the fluid (pronounced by the
last terms of (34)) [106,107].

Let us notice that the anisotropy of the fluid, as well as
the active gravitational effects of pressure provided by the
presence of the invariantsI andI1 arise in the Einstein frame,
too.

The mass equation (33) also provides some information
about the nature of the invariants. The most prominent one is
the fact that I1 cannot be a strong coupling; that is, it cannot
differ significantly from unity in order not to violate the solar
physics. It may happen, as it was discussed in, for instance,
[108–110], that the extra terms introduced by the invariants
provide a non-zero contribution to the mass function far away
from the star’s surface (when p(R) = 0, where R is the star’s
radius); that is, the mass function does not converge when
r → ∞ but can oscillate instead around a constant value.
This fact has following consequences: as proposed in [108]
and then discussed in more detail in [111], in the case of f (R)

metric gravity and general ST theories which introduce an
additional degree of freedom, this phenomena could be used
to test such theories against GR by the mean of the surface
gravitational redshift. It comes from the fact that mass mea-
sured by a distant observer (gravitational mass) differs from
the stellar mass, which is understood as a sphere bounded by
the star’s surface together with gravitational energy, in the
energy of the extra degree of freedom, which happens not
to be zero inside and outside the star. Moreover, it was also
demonstrated that the stellar mass appearing in the definition
of the mentioned redshift in the case of modified gravity is
smaller that its analogue in GR. Therefore, a high-precision
in the measurements of the surface redshift can be in future
a powerful tool to test and to discriminate different theories
of gravity.

On the other hand, the invariant I2 in the masses (37) and
(39), as well as in the TOV equation (34), can be identified
with the cosmological constant [112,113]; then, its contri-
bution is negligible to the solar gravitational mass M while
the input from i1 is also expected to be small, as already
mentioned.

It should be also highlighted that i1 is not an invari-
ant anymore. As in the case of the invariants, we do not
know its form without assuming any particular theory (in
that case, the potential of the scalar field), or without guess-
ing/adjusting its character by other means. Therefore, in
order to write down the non-relativistic hydrostatic equi-
librium equation in the terms of the matter fields only,
one should choose a particular model of gravity. Then,
the modified Klein–Gordon equation will provide the rela-
tion between the invariants (the scalar field) and the trace
of the energy momentum tensor, that is, the matter fields.
Equipped with this relation, it will be possible to write

hydrostatic equilibrium equation in such a form that it
would allow to study physical stellar system. However,
as briefly discussed in the example section, it might be
quite tough because of the complicated form of the equa-
tions.

Since the theories discussed in this work introduce an
additional scalar field permeating the space-time, it will
be necessary to invoke a screening mechanism effectively
hiding its effect outside stars. As it was shown in recent
papers, the mechanism can be broken inside stellar objects
in more general scalar–tensor theories, such us DHOST or
beyond Horndeski, where the gravitational potential is not
determined solely by the enclosed mass, but depends addi-
tionally on extra terms [76,114–116]. Moreover, another
issue concerns Noether symmetries in scalar–tensor theo-
ries, discussed for example in [117,118] in the context of
spherically-symmetric objects. In the most general case, the
invariant scalar field carries an additional degree of free-
dom that will have a non-zero contribution to Noether con-
served quantities. Because of the very nature of invari-
ants, all solutions would be relevant for whole conformally-
equivalent classes of theories. We did not investigate these
issues in this paper. Work along this line is currently under-
way.
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AppendixA:Components of the tensorWμν in thegeneral
frame

For the general case of metric scalar–tensor gravity, the tensor
W̄μν takes the following form:
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W̄μν = − 1

Ā

(
1

2
B̄ + Ā′′

)
ḡμν ḡ

αβ∂α�̄∂β�̄

+ 1

Ā
(B̄ + Ā′′) ∂μ�̄∂ν�̄ + Ā′

Ā (ḡμν�̄ − ∇̄μ∇̄ν)�̄

− 1

2

V̄
Ā ḡμν,

(A.1)

and the σ function can be identified with Ā.
For the spherical-symmetric object

ds2 = −b̄(r̄)dt2 + ā(r̄)dr̄2 + r̄2dθ2 + r̄2 sin2 θdφ2. (A.2)

the relevant components of the W̄μν tensor are given by:

W̄tt = 1

Ā

(
1

2
B̄ + Ā′′

)
b̄

ā

(
d�̄

dr̄

)2

+ Ā′

Ā

(√
b̄

ā

d

dr̄

√
b̄

ā
+ 2

r̄ ā
− 1

2ā

db̄

dr̄

)
d�̄

dr̄

+ Ā′

Ā
b̄

ā

d2�̄

dr̄2 + 1

2

V̄
Ā b̄,

(A.3a)

W̄r̄r̄ = B̄
2Ā

(
d�̄

dr̄

)2

− Ā′

Ā

(√
ā

b̄

d

dr̄

√
b̄

ā
+ 2

r̄
+ 1

2ā

dā

dr̄

)
d�̄

dr̄

− 1

2

V̄
Ā ā,

(A.3b)

W̄θθ = − 1

Ā

(
1

2
B̄ + Ā′′

)
r̄2

ā

(
d�̄

dr̄

)2

− Ā′

Ā

(
r̄2

√
1

ā b̄

d

dr̄

√
b̄

ā
+ r̄

ā

)
d�̄

dr̄

− Ā′

Ā
r̄2

ā

d2�̄

dr̄2 − 1

2

V̄
Ā r̄2,

(A.3c)

W̄�� = sin2 θ W̄θθ . (A.3d)

Thus, we are happy that we do not need to use them in order
to write down the TOV equations.
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