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Abstract

This thesis develops model reduction methods for open quantum system dynamics,
yielding efficient models for bipartite systems, with direct application to circuit QED
and broader applicability beyond this platform.

First, we consider dissipative dynamics characterized by timescale separation, which
translates to a gap on the real axis of the spectrum of the Liouvillian generating it.
This allows to compute the reduced evolution for a target subsystem by adiabatically
eliminating fast-decaying degrees of freedom. A Sylvester equation integral representa-
tion yields closed forms for the reduced generators and explicit reconstruction maps to
arbitrary order without a preliminary interaction-picture averaging step, providing a
linear center manifold description that separates long-lived from fast-decaying modes by
the real parts of the spectrum. The reduced dynamics takes place on the center manifold,
that is, the spectral subspace associated with eigenvalues whose real parts are small
(long-lived modes), while placing no restriction on imaginary parts, thus allowing for
fast unitary dynamics on the target subsystem. We further demonstrate the equivalence
of such a geometric approach to adiabatic elimination with the time-convolutionless
master equation framework, by showing that the maps defining the reduced model
satisfy the same invariance equation in both frameworks. The time-convolutionless
formulation of adiabatic elimination extends to cases where the target system undergoes
fast unitary dynamics and retains explicit time dependence in the reduced model, hence
capturing initial transients that are neglected in time-independent geometric reductions.

Second, we apply a unitary chain mapping of microscopic system—environment
Hamiltonians to a nearest-neighbor form, enabling efficient time evolution exploiting
tensor network time evolution algorithms based on the time dependent variational
principle. Accuracy of the tensor network representation, and thus the size of the
reduced model, is controlled by entanglement entropy growth, which we quantify
numerically. While the methods are general and apply beyond the specific platform
considered, we focus on dispersive readout in circuit QED (a qubit dipolarly coupled
to a driven, lossy cavity). We quantify the dependence of the relaxation time 77 of
the qubit on intracavity photon number 7 (and thus on the drive amplitude) and on
the spectral structure of the environment, and compute the emission spectrum directly
from environmental observables. Simulations including a Purcell notch filter predict
a decrease of T7 with increasing drive power, a qualitatively different behavior with
respect to Born—-Markov—secular GKSL predictions but consistent with experimental
trends, indicating that explicit filter modeling is required in this case. Together, the
results specify when reduced Liouvillian models under a dissipative gap are reliable and
when microscopic, non-perturbative simulations are required.
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Notation

Conventions

Operators on Hilbert space are bold (H, p, Ly).

Superoperators are calligraphic (£, £, P, Q). We may write L(e), or, in some cases,
we may omit the parenthesis to ease the notation Le.

Vectorized operators use double kets/bras (|A)), (4]).

Vectorized superoperators carry hats (£,P, Q); e.g. 4 (o) = L |p)).
Commutator superoperator denoted H*(e) := [H,e| with [H,e¢]=H e —e H.
Anti commutator superoperator is defined as {O,e} = O e+ 0 O.

Dissipators are defined as D[L](e) = Lo L' — 1{e, L'L}.

List of acronyms
1TDVP one-site TDVP.

2TDVP two-sites TDVP.

DMRG density matrix renormalization group.
DTDVP adaptive TDVP.

DUST drive-activated unwanted state transitions.
GKSL Gorini, Kossakowski, Sudarshan, Lindblad.

MPQO matrix product operator.

MPS matrix product state.



List of symbols

PEPS projected entangled pair state.

QED quantum electrodynamics.

QND quantum non-demolition.
RWA rotating-wave approximation.
SVD singular value decomposition.

T-TEDOPA temperature dependent TEDOPA.

TDVP time dependent variational principle.

TEBD time evolving block decimation.

TEDOPA time evolving density matrix using orthogonal polynomials algorithm.
TN tensor network.

TTN tree-tensor network.

List of symbols

0. Pauli Z operator; eigenstates |g) , |e) with eigenvalues +1 and —1, respectively.
o Raising (ladder) operator: oy = 1(o, + io,) = |e)(g].

o_ Lowering (ladder) operator: o_ = (o, —i0,) = |g)el.

N |

x Bond dimension for a MPS.

((A| Hermitian conjugate of |A)).

|A)) Column vector representation of an operator A.

h =1 Reduced Planck constant, set to 1 throughout this work.
|t)) Pure quantum state. Ray in a Hilbert space.

‘H Hilbert space.

' Invariant subspace for € = 0.

A9 Invariant subspace for ¢ > 0.

d Local Hilbert space dimension for a MPS.
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Chapter 1

Introduction

Contents
1.1 Contributions of this thesis . . . . . . .. .. ... .. .. ... ...... 2
1.1.1  Publications . . . . . ... 4
1.1.2  OQutline of this chapter . . . . . . .. .. ... ... ... ..... 5
1.2 Composite quantum systems . . . . . . .. ... 5
1.2.1 Postulates of quantum mechanics for closed systems . . . .. . .. 5
1.2.2  Composite systems and reduced quantum states . . . . . . .. . .. 6
1.2.3 Completely positive maps . . . . . . .. ... ... L. 8
1.3  Quantum dynamical semigroup evolution . . . . . . . . ... ... ... .. 10
1.4 Microscopic derivation of the GKSL equation . . . .. .. ... ... ... 11
1.4.1 Time-convolutionless master equation . . . . . .. .. .. .. ... 12
1.4.2 Time dependence and partial secularization . . . . .. .. ... .. 15
1.5 Time-dependent unitary linear system-boson model . . . . . . . ... ... 16
1.5.1 Unitary evolution in the presence of a bosonic environment . . . . . 17
1.6 OQutline of this manuscript . . . . . . . . ... ... 18

Model reduction is a central procedure in physics. Complexity is reduced by
exploiting the structure of a problem to define a prescription for the computation of
the effective evolution on a smaller state space. In this thesis we consider two kinds of
structures to achieve model reduction of open quantum systems. (i) Exploiting real-axis,
or dissipative, spectral gaps, we derive closed-form effective Liouvillians describing the
reduced evolution of a target system via adiabatic elimination of the rapidly-decaying
degrees of freedom; furthermore, we show the equivalence of such a geometric approach
to adiabatic elimination with the time-convolutionless master equation framework,
which can be straightforwardly applied to regimes with fast unitary motion and initial
relaxation with an impact on the subsequent reduced dynamics. (ii) We employ matrix-
product state compression to compute the unitary time evolution generated by a
microscopic Hamiltonian modeling experimentally relevant driven-dissipative systems.
The microscopic model is mapped by a unitary transformation to a Hamiltonian with
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only nearest-neighbor interactions, well adapted for matrix product state time-evolution
algorithms. We study in particular the problem of dispersive readout in circuit and cavity
quantum electrodynamics, where an indirect measurement of the qubit is obtained
by measuring the frequency of the cavity, which is shifted depending on the state
of the qubit. We analyze how the qubit energy relaxation time 77(n) depends on
the cavity photon number n and on spectral properties of the environment, and we
compute emission spectra directly from environmental observables. This provides a
non-perturbative method for the modeling of driven-dissipative quantum systems that
goes beyond the Born-Markov-secular master equations used in (i).

1.1 Contributions of this thesis

The development of experimental platforms to store and control quantum information—
such as for example trapped ions [1], neutral atoms [2], spin qubits [3, 4] and supercon-
ducting circuits [5]-is paving the way towards achieving coherence-enabled quantum
technologies [6, 7]. Despite rapid progress, the scalability [8, 3| of these platforms is
limited by unavoidable couplings to external degrees of freedom. Practical devices
are intrinsically open [9]: they interact both unintentionally, through noise causing
relaxation and dephasing [10, 11, 12, 13, 14], and intentionally, through the control and
measurement apparatus — drive and readout lines — which enable fast operations [15,
16, 17] and readout [18, 19, 20] but introduce additional leakage channels [21, 22, 23,
24]. Achieving fast and high-fidelity quantum control therefore requires suppressing
uncontrolled couplings [25] while maintaining strong, precisely engineered interactions
for operations. Open quantum systems theory [26, 27] provides the framework to model
such driven-dissipative effective dynamics.

Realistic models of the open quantum systems routinely stabilized and manipu-
lated in laboratories need to track the dynamics of many coupled degrees of freedom,
representing, for instance, in the case of circuit quantum electrodynamics (QED) [28,
29, 10], the various on-chip components: non-linear Josephson-junction based qubits
[30], readout resonators [31, 32], couplers [33], filters [19, 34, 35], or even undesired
impurities [36]. In general, the task is therefore to model a many body system of N
modes, where the Hilbert space size of each mode can itself be very large—or even
infinite, as in the case of harmonic oscillators. The exponential growth with N of the
number of parameters needed to describe a quantum system is ubiquitous in many-body
physics, and has motivated efforts in condensed matter physics to compute effective
dynamics for a smaller number of degrees of freedom than in the original problem; it is
also one of the main problems that quantum computing could potentially solve [37], by
simulating quantum systems with quantum systems [38].

Moreover, open systems should model the evolution of composite systems, in which
a controlled subsystem preserves coherence, while the remaining degrees of freedom are
ignored. Modeling such a situation, as we will detail, requires working with density
matrices (of dimension d?) instead of vectors (of dimension d), making the problem
even more sensitive to the Hilbert space size d. Furthermore, precise modeling of
the reduced evolution of a subsystem of a larger open quantum system is crucial in
reservoir engineering [1, 39, 40, 41, 42], where dissipation on the subsystem of interest
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is engineered by carefully designing the coupling within the open quantum system to
achieve stabilization towards a target state [43, 44, 45, 46, 47, 48]. The specific setups
engineered in this context are often composed of several components, whose dimensions
multiply and span several timescales. The “useful quantum information” represents
only a small, ideally non-decaying part of this system. Fast decaying degrees of freedom
are thus associated to auxiliary control signals [49]. Model reduction techniques would
thus seek to summarize the effect of these fast stabilizing degrees of freedom on the
dynamics of the target variables, preferably with operational principles and analytic
expressions to guide system design.

The need of dealing with a tractable number of degrees of freedom, and of computing
the induced dissipation on a subsystem of interest, motivates model reduction methods
for open quantum systems [50, 51, 52, 53]. In this thesis we develop two complementary
routes to model reduction for open quantum systems, exploiting spectral gaps (time-scale
separation) to achieve model reduction through adiabatic elimination and entanglement
constraints to simulate driven-dissipative circuit QED problems with tensor networks.

Adiabatic elimination of the fast-decaying degrees of freedom

Firstly, we exploit timescale separation of the dynamics to adiabatically eliminate
the fast-relaxing degrees of freedom [54, 9]. Specific approaches [55, 56, 57] enable
the computation of long-time effective time evolution, but lack generality. We follow
here the systematic formulation of adiabatic elimination introduced in [58, 59], valid
for those open quantum systems described by Liouvillians whose spectrum has a
gap on the real axis. The gap encodes the characteristic timescale separation for the
dissipation happening during the evolution, and defines the basis for the modes spanning
a lower-dimensional subspace where the reduced evolution of slowly decaying modes,
associated to eigenvalues with a small real part, takes place. Adiabatic elimination gives
a prescription on how to derive the effective linear reduced dynamics on this subspace
and how to map linearly the reduced parametrization back to the full state as series
expansions in the time-scale separation parameter.

We contribute to the development of adiabatic elimination in two ways. (i) We
consider the case when the reduced degrees of freedom undergo fast unitary dynamics,
associated to large imaginary parts, instead of just being slow (eigenvalues close to the
origin). Such a case was first treated in [60, 61], establishing the abstract expressions
up to second-order expansion in the timescale separation parameter, under assumptions
on the fast unitary dynamics. Here we develop a formulation of adiabatic elimination
that, exploiting stable Sylvester’s equation and adjoint dynamics, leads to systematic,
explicit expressions at high orders, without additional conditions on the fast unitary
dynamics [62]. This covers circuit QED settings [63] where the stabilized state rotates
unitarily at characteristic frequencies, allowing for in/out of resonance control, and
yields interpretable explicit expressions for the long-term dynamics on the invariant
manifold, which we discuss in several examples. (ii) We show the equivalence of adiabatic
elimination with the time-convolutionless (TCL) framework [26]. In this formulation
[64] the analytical treatment in the presence of fast unitary dynamics is straightforward.
Moreover, the TCL formulation explicitly deals with cases where short-time dynamics
preceding the decay of fast degrees of freedom influence the long-term dynamics. With
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examples we demonstrate a practical methodology to perform calculations and we discuss
how the initial relaxation phase relates to the properties of the reduced dynamics.

Compression of unitary dynamics applied to driven-dissipative problems

Secondly, we consider model reduction guided by entanglement constraints, efficiently
captured by tensor networks [65, 66]. Here the dynamics is compressed onto a nonlinear
low-entanglement manifold enabling efficient simulation when entanglement remains
limited [67]. Starting from the full unitary evolution of an open quantum system
interacting with a continuum of bosonic modes; as in the Caldeira-Leggett model [68],
we exploit chain mapping methods [69, 70, 71] to unitarily map the problem on a
Hamiltonian with only nearest-neighbor interactions. This yields a one-dimensional
Hamiltonian suitable for matrix product state [72] time evolution with the time-
dependent variational principle [73], where the accuracy of the reduced model can
be controlled by a convergence parameter that defines the manifold on which time
evolution is constrained, and thus the size of the reduced model.

In this thesis we build on tensor network [72, 65, 73] and chain mapping tools [69, 70,
74, 75] to treat realistic, structured environments and explicit time dependence in circuit
QED, and apply them to simulate the superconducting qubit readout [76] (T;-under-
pump setting [77]): a two-level system coupled to a driven harmonic mode (readout
resonator) that in turn couples to a bosonic environment [78]. We quantify how the qubit
relaxation time 7} (n) depends on the cavity photon number 7 and on environmental
characteristics (e.g., frequency-dependence, filtering), and we compute emission spectra
directly from environmental observables. This provides a non-perturbative benchmark
against Born-Markov—secular master equations used earlier in the manuscript. Keeping
the environment explicit (via the chain) preserves system—environment correlations
that master equations remove by construction, enables direct access to environmental
observables, and remains accurate in regimes with strong drives or long bath memory
where Markovian assumptions may fail. The price is entanglement growth; we monitor
it and report convergence criteria alongside results.

1.1.1 Publications

During the preparation of this thesis, I worked on the following publications:

o Angela Riva, Alain Sarlette, and Pierre Rouchon. “Explicit formulas for adiabatic
elimination with fast unitary dynamics”. In: 2024 IEEE 63rd Conference on
Decision and Control (CDC). 2024, pp. 755-760. DOT:

, presented in Chap. 2.

o Masaaki Tokieda and Angela Riva. “Time-convolutionless master equation applied
to adiabatic elimination”. In: Physical Review A 111.5 (May 2025). 1SSN: 2469-
9934. DOI: . URL:

, presented in Chap. 3.

o Thibaut Lacroix, Brieuc Le Dé, Angela Riva, Angus J. Dunnett, and Alex W.
Chin. “MPSDynamics.jl: Tensor network simulations for finite-temperature (non-


https://doi.org/10.1109/CDC56724.2024.10886784
https://doi.org/10.1109/CDC56724.2024.10886784
https://doi.org/10.1103/physreva.111.052206
http://dx.doi.org/10.1103/PhysRevA.111.052206
http://dx.doi.org/10.1103/PhysRevA.111.052206
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Markovian) open quantum system dynamics”. In: The Journal of Chemical
Physics 161.8 (Aug. 2024), p. 084116. 18SN: 0021-9606. DOI: .
URL: , the software paper companion to
the open-source Julia package MPSDynamics. j1 (Github:

), to which I contributed; MPSDynamics.j1l imple-
ments the methods presented in Chap. 4.

o Tensor network study of drive-induced relazation in circuit QED, work in prepara-
tion based on the results presented in Chap. 5.

Additionally, I contributed with minor theoretical support to the experimental paper by
B.-L. Najera-Santos et al. [63], from the group of Samuel Deléglise at Laboratoire Kastler
Brossel. This collaboration provided experimental motivation for the developments
reported in Chap. 2.

1.1.2  Qutline of this chapter

In the rest of this introduction we specify the open quantum system models to which
the model reduction methods developed in this thesis will be applied. In Sec. 1.2 we
recall the postulates of quantum mechanics for composite systems, leading to the notion
of complete positivity and its characterization. As we will see in Chap. 2 and Chap. 3,
the reduced models obtained from adiabatic elimination do not always conserve this
property. In Sec. 1.3, via the theory of quantum dynamical semigroups, we characterize
the Gorini-Kossakowski-Sudarshan—Lindblad (GKSL) equation—the starting point
for the reduction based on adiabatic elimination developed in Chap. 2. In Sec. 1.4
we reproduce a microscopic derivation of quantum master equations using the time-
convolutionless projection-operator formalism, which will be crucial in Chap. 3 for
developing model reduction of those same master equations. Finally, in Sec. 1.5 we
introduce the full time-dependent microscopic model whose dynamics we compress with
tensor-network methods described in Chap. 4. We will apply these methods to study
the readout problem in circuit QED setting in Chap. 5. We present the outline of the
remainder of this manuscript in Sec. 1.6.

1.2 Composite quantum systems

To specify the models to be reduced and the structure of their dynamics, we first recall
the basic postulates of quantum mechanics for an isolated system, then move on to
composite systems, and finally describe the most general state-to-state evolution. This
path naturally leads to the notion of complete positivity and to a first effective model
of open quantum system dynamics.

1.2.1 Postulates of quantum mechanics for closed systems

Quantum mechanics for closed systems is summarized by the Dirac—von Neumann
postulates [79].


https://doi.org/10.1063/5.0223107
https://doi.org/10.1063/5.0223107
https://github.com/shareloqs/MPSDynamics.jl
https://github.com/shareloqs/MPSDynamics.jl
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(i) Quantum states are described by rays in a Hilbert space, [¢) € H. If |¢1) and
|thy) are quantum states, then also their linear superposition

1) = alopy) + B ), with a, € C, [¢]* =1 (1.1)

is a quantum state (superposition principle). For a composite system made of
S1 and Sy, the state space is the tensor product of the individual Hilbert spaces
H=H ® H,.

(ii) Unitary time evolution is generated by the Hermitian operator H (t) appearing in
the Schrodinger equation’

. d
iy () = H(t) [¥(t)) . (1.2)

(iii) Projective measurements are represented by a projection—valued measure (PVM)
{11,} with I}, = I1,,, IL,II5 = §,4I1,, and >, II, = I. An observable O has
the spectral decomposition O = >, A\,I1,, where each )\, may be degenerate. For
a pure state [¢), the probability of obtaining outcome A, is

Pla) = (Y[IL, ),
and, conditional on that outcome, the post-measurement state (Liiders rule) is

IL. [¢)

" e
SRR

1.2.2 Composite systems and reduced quantum states

The postulates of Sec. 1.2.1 suffice to describe isolated systems. But to model con-
trol, measurement, and dissipation, we must include couplings to additional degrees
of freedom—whether engineered (measurement apparatus, ancillas) or uncontrolled
(environment). Let S be a system of interest, and E an arbitrary extension, with Hilbert
spaces Hg and Hg. The composite Hilbert space is the tensor product Heg = Hs @ HE
[26, 80, 79, 27].

Entangled states. With orthonormal bases {|i)¢} and {|j)}, the most general form
of a state in |¢)) € Hgp is

9) =Y e lids © 1) (13)

The singular value decomposition (SVD) decomposition of the coefficients matrix
C = (¢;5) yields the Schmidt decomposition [79]

) = Z Vel ® [on) . (1.4)

IHere and in the rest of the manuscript i = 1.
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where {|ug)q} and {|vg),} are orthonormal sets, » < min(dim Hg, dim Hg) is the
Schmidt rank, the positive coefficients A, € R™ are the Schmidt coefficients. The state
is separable (factorized) iff r =1, i.e., ¥ = |u)y ® |v); otherwise it is entangled. By
partial trace on the auxiliary system E, we obtain the reduced states, diagonal in the
Schmidt bases

ps = Trp ) ()] = Z)\k |ur) (u| pr = Trg ) (] = Z)\k o) (vel,  (1.5)

so spec(ps) = spec(pE) = {M\:}. A standard entanglement quantifier is the von
Neumann entanglement entropy,

S(ps) = — Tr[pslog ps] = Z A log A\ = S(pE) (1.6)

which vanishes iff = 1 and increases with the Spread of the spectrum.

Density operators. When r > 1 in Eq. 1.5, no ray in Hg represents the local state?,
that is, the state of the system S alone without conditioning on £. We must update
the postulates of Sec. 1.2.1 to work instead with density operators, starting with (i).
Let 7T (H) denote the trace-class operators with trace norm ||Alj; = Trv/ AT A3 States
are described by density operators in the convex set of operators with non negative
eigenvalues

SH) ={pe TH) | p>0, Trp=1}. (17)
Every p € S(H) admits a spectral decomposition
= S MKl 18)
K

interpretable as a statistical ensemble (the convex decomposition need not be unique).
The state is pure iff Tr(p?) = 1 (equivalently, there exists one and only one k such that
A = 1 and A = 0); otherwise it is mized. Any observable on S is represented as
Os ® Ig, where Og is a Hermitian operator. Hence

(Os) = Trg(psOs) = Trsp(pspOs @ Ig) = (]| Os @ I |1) (1.9)

where psp = [)¥]: the reduced state pg reproduces the local measurement statistics
on S, as it will be detailed below.

Time evolution. Replacing the state vector |¢)) by a density operator p in Eq. 1.2 of
the postulate (ii), we obtain the Liouville-von Neumann equation

Splt) = —i[H(®),pO],  plt) =TT (1) (1.10)

where U(t) = T el HOdm 5o the time-ordered propagator of the time dependent
Hamiltonian H(t).

When r > 1, the state |¢)) of Eq. 1.4 is a purification of the mixed state pg (or, equivalently, of

pPE).
3(T(H),| - 1l1) is a Banach space. The trace distance is D(p,o) = ||p — o||1. Its Banach dual is
B(H), the space of bounded operators with operator norm [|.X s = sup =1 [[X%||, via the pairing

(p, X) = Tr(pX) and Holder’s inequality | Tr(pX)| < [Ipll1 | X | co-
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Measurements. Finally, we can update the measurement postulate (iii). We consider
the measurement of an observable Og acting on Hg. By application of the Born rule
on a purification of a composite state |¢)) € Hg ® Hp the probability of measuring \; is

pi = (W IL @ I ) = TISE[ )| TT; ® IE} = Trg [HipSHZ] = Trg [Hips]. (1.11)

Similarly, the post-measurement state becomes

s 1
py = —IIpsIl,. (1.12)

2

If a measurement is made, but the result is not recorded, then the post-measurement
state is given by the proper mixture [81] pg = >, pip(;) = >, I;psI1;.* Consistently,
for a projective measurement, Og = >, N;IL;, p; = Tr(IL;pg).

1.2.3 Completely positive maps

We now restrict our attention to the evolution in time of the subsystem S. The relevant
object for prediction and control is the time-dependent reduced state

ps(t) = Teg[pse(t)],  pse(t) =U®) pse(0)U'(2). (1.13)

If correlations between S and E build up during the joint unitary evolution generated
by H(t), then the map dictating the evolution pg(0) — pg(t) is, in general, non-
unitary [26]. This motivates representing the reduced dynamics by a state-to-state
map® € : S(Hs) — S(Hs) that is linear, positive and trace-preserving (TP), without
imposing unitarity. To ensure physicality even when S is entangled with an arbitrary
auxiliary system E, the stronger notion of complete positivity [27, 80] can be introduced
and characterized via Kraus’s theorem, built on Stinespring’s 1955 dilation result [27].

Definition 1.2.1 (Complete positivity). A linear map € : T(Hs) — T (Hs) is positive if
X >0=&(X) >0. It is completely positive (CP) if the dilation

acting on the extended Hilbert space Hg @ Hp is also positive.

Remark 1.2.1 (Heisenberg adjoint). For any linear map & : T(H) — T(H), the
Heisenberg adjoint £T: B(H) — B(H) is defined by Tr(E(p) X) = Tr(p ENX)); thus
£ is trace-preserving iff £' is unital, i.e. it preserves identity.

4This holds in general, i.e. even for p = [¢)1)| € T(H), and gives another physical motivation for the
introduction of density operators: describing proper mixtures of possible state preparations. Projective
measurements can be generalized by relaxing orthogonality and idempotence. A measurement is
specified by a collection of positive semidefinite operators {E;} (“effects”) with >, E; = I, called
a positive operator-valued measure (POVM) [80]. Outcome probabilities are p; = Tr(E; p). If a
measurement instrument {M;} is specified with E; = M, M;, then the (selective) post-measurement
state is p() = M;pM /p;. See the Naimark’s dilation theorem [79].

5We denote superoperators with calligraphic characters.



1.2. Composite quantum systems

Theorem 1.2.1 (Kraus, 1971). Given a linear trace preserving map € : T (Hs) — T (Hs),
the following statements are equivalent:

1. £ is CP.
2. &€ admits Kraus representation

E(ps) = MypsM],  with Y MM, =1 (1.14)
k k

3. & can be expressed as

E(ps) =Trp {U(Ps ® PE)UT} ; (1.15)
where pg € T(HE) is an arbitrary state, and U € B(Hs @ HE)

Point (3) of Kraus theorem ensures us that a linear map is CPTP if and only if
it can be obtained as the partial trace of a unitary acting on a larger Hilbert space,
consistent with the composite-system viewpoint. In other words, CPTP maps describing
reduced dynamics are precisely those reduced evolutions obtained by unitary dynamics
on a larger space with a fized auxiliary state pg, independent of the input state pg.
Point (2) provides a practical representation of such maps. Eq. 1.15 should be read as
a single-step dilation. If correlations build between S and E, then it is not possible to
iterate the evolution of £. This motivates asking for more stringent properties for maps
to model open quantum system evolution, as we will see in Sec. 1.3.

To conclude this section, we report an important result by Choi, which gives a
useful criterion for testing complete positivity in finite dimension [27].

Theorem 1.2.2 (Choi, 1972). Consider the linear map € : Myxn(C) — Mgyxa(C)C.
Given the orthonormal basis {e;} of C*, & is completely positive iff the Choi matriz Cg
is positive semidefinite

Ce = 'i_lg<|€i><€j|)®|€i><€j| € Muaxna(C). (1.16)

From the Choi matrix C¢ it is possible to recover the Kraus representation of
Theorem 1.2.1: given that the Choi matrix is positive semidefinite, then it is possible
to write its spectral decomposition as

Ce =D M [Wih) (Wil (1.17)

where (Wy| is a vectorized operator”, related to the Kraus operators as |My)) =
V Ak |Wi). Recovering their operator form yields Eq. 1.14.

6Tn this thesis we mostly consider d = n.
"((A|, |B)) are row/column vectorized representations of operators, with inner product (A|B)) =
Tr(ATB)
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1.3 Quantum dynamical semigroup evolution

In Sec. 1.2 we motivated nonunitary reduced dynamics for composite systems and
required that the reduced map remain positive under arbitrary extensions. This led to
CPTP maps as the correct notion of physical reduced evolutions. Kraus’s theorem gives
equivalent operator-sum and unitary-dilation characterizations, while Choi’s criterion
tests complete positivity in finite dimensions. The next step is to identify generators of
continuous one-parameter families of CPTP maps (quantum dynamical semigroups).
The Gorini, Kossakowski, Sudarshan, Lindblad (GKSL) theorem provides the canonical
Lindblad form for open quantum system dynamics [27]. This will serve as our starting
point for model reduction with adiabatic elimination in Chap. 2.

Definition 1.3.1. A time-homogeneous quantum dynamical semigroup on T (H) is a
family {®;}1>0 of linear maps such that

« Semigroup composition holds: ®(t +s) = O(t) o O(s) Vt,s >0, &g =7
. &(t) is CPTP Vit

e O(t) =>Z fort—0

O(t) is continuous ¥Vt > 0

The generator £ of ®(t) is defined by the strong limit

Lip) = lim 2P =P (1.18)

t—0 t

and ®(t) = e'* in the semigroup sense. Setting p(t) = ®(¢)p(0), we have the following
master equation for the density operator ps € T (Hs)

Pt = L(p(t)). (1.19)

The generator of the semigroup dynamics can be characterized by the following theorem
(which can be extended to the infinite dimensional case).

Theorem 1.3.1 (Gorini, Kossakowski, Sudarshan, 1976. Lindblad, 1976). Letn = dim(Hs).
A linear operator L : T(Hs) — T(Hs) is the generator of a quantum dynamical
semigroup iff it is of the form

n2-1

£lp(t) = ~ilHs,plt)] + 3w (L)L~ 5 {p(0) EIL}). (120

with k; > 0, L; € B(Hg) are bounded operators not necessarily Hermitian, and Hg =
H.

10



1.4. Microscopic derivation of the GKSL equation

The super operators defined as D[L](e) = Lo LT — 2{e, L'L} are called dissipators.
We will call the operators L; jump operators [26, 27]. We note that it is also possible
to encounter the Lindblad equation in the non-diagonal Kossakowski form

L(p(t)) = —ilHs, p +th( oL =5 {p(), LiL}),  (21)

where the matrix H = (h;;) is positive semi-definite. Diagonalization of H yields the
diagonal form of Eq. 1.20. A time dependent GKSL form (with Hamiltonian Hg(t),
operators L, (t) and non-negative rates y,(t) > 0in Eq. 1.20) exists only for CP-divisible
evolutions, see [82].

Adiabatic elimination based model reduction. The GKSL equation is the starting
point for the adiabatic elimination model reduction technique, which will be studied
in Chap. 2 and Chap. 3. The reduced model resulting from adiabatic elimination is
a linear superoperator, which, when trace-preserving and Hermiticity-preserving, can
be put in the form given by Eq. 1.21. Not necessarily in GKSL form: checking the
positivity of the matrix H = (h;;) of Eq. 1.21 allows to check if the reduced evolution
can be put in GKSL form, and thus if it is CPTP. As it was shown in [83], and as we
will see in Chap. 2, 3, this is not always the case.

1.4 Microscopic derivation of the GKSL equation

In Sec. 1.3 we have retraced the steps that led to the GKSL Eq. 1.20 as an effective
model of open quantum system dynamics from a priori considerations on quantum
mechanics. This axiomatic derivation however does not give a precise prescription on
how to write the jump operators L; and rates x;. In practice, what is usually done is
to take an a posteriori path, that is, to write the Hamiltonian for the system S and
to add some realistic dissipators. The parameters of the time evolution, such as the
rates, are usually fitted. Two natural questions follow: (i) can k; and L; be derived
from first principles? and (ii) how should one treat time dependence (most notably,
in the context of circuit QED introduced by control drives), given that the semigroup
picture is time-homogeneous? (iii) When S interacts at discrete times ¢; and ¢, with
E, system—environment correlations build up, so that the evolution map from t; to ¢y
for the system S alone is not in general CPTP, unless the state of the environment
E' is reinitialized after each interaction with the system. How then can we obtain a
closed continuous time equation for pg(t), depending (approximately) only on pg(t),
and consistent with the exact unitary dynamics on SE?

To this end, it is instructive to recall the historical development of the GKLS
equation [84]. Master equations were first obtained microscopically by modeling the full
Hamiltonian on Hgg = Hs®HE and deriving a reduced evolution for S via projection
methods [85, 86, 87|, with the GKSL characterization coming later. The microscopic
route remains essential to address (i)—(ii). Microscopic derivations can be viewed as
model reduction by projection: the effective dynamics of the relevant degrees of freedom
is obtained by eliminating the irrelevant ones via a projection superoperator. This comes

11
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with a cost: namely, as we will see, one has to compute a memory kernel entering a
convolution integral, or, equivalently a time dependent generator, rather than a simpler
time-homogeneous linear superoperator. Through the Nakajima—-Zwanzig framework
this yields the time-convolutionless master equation, an exact representation that holds
in general settings with only weak assumptions [88, 26]. At weak coupling, the time-
convolutionless master equation kernel is determined by the environmental two-time
correlation functions; these are the same correlators that enter Kubo linear-response
theory [89]. We then show how the second order expansion of the time-convolutionless
generator, under the Markov limit and secular approximation, reduces to the GKSL
form (1.20), with jump operators and rates fixed microscopically by bath spectra.

1.4.1 Time-convolutionless master equation

We now rederive the weak-coupling Bloch—Redfield equation [26, 27] and, after sec-
ularization, the GKSL master equation in the Schrodinger picture using the time-
convolutionless projection operator formalism. We include this derivation both as a
worked example, that illustrates the assumptions required to obtain a master equation,
and as an introduction to the formalism we later apply in Chap. 3 to reduce these very
master equations.
Let
H=Hs®Ip+1Is® Hp+ e¢H; (1.22)

be the Hamiltonian for the total evolution of a composite system in 7 (H), where
H =Hs ® Hg. Typically, the subsystem E is identified as the environment interacting
through eH; (where € is a dimensionless coupling parameter) with the system S,
constituted by the relevant degrees of freedom. The Liouvillian (Eq. 1.10) decomposes
as
jtp(t):(Q)‘i‘EEl)P(t), Eo. E—Z[H5®IE+I5®HE,.], ﬁl.E—i[H[,.].
(1.23)
We then decompose the total Hilbert space using two projection super-operators, which
for now we keep general without specifying their action, acting from 7T (H) to T (H).
Let P be a projection superoperator satisfying P? = P. The superoperator projecting

onto the complementary subspace is given by Q =7 — P. From its construction, it is
evident that Q satisfies @ = Q and PQ = QP = 0.

Projected dynamics. The TCL master equation is an evolution equation for Pp(t)—our
reduced model, obtained by elimination of Qp(t). From Eq. 1.23, the coupled equations
for Pp(t) and Qp(t) can be written as

S Pplt) = PL(P + Qo).

y (1.24)
%Qp(t) = QL(P+ Q)p(t).
Solving the equation for Qp(t) formally (with initial time set to 0) gives
t
0p(t) = €2 Qp(0) + / ds QLU= QL P p(s), (1.25)
0

12



1.4. Microscopic derivation of the GKSL equation

To obtain a time-local equation, we write p(s) = e~ p(t) and substitute into Eq. 1.25:
T - S(]0p(t) = €222 Qp(0) + S(t)Pp(t). (1.26)

The expression of Eq. 1.26 links Pp(t), Qp(t) and Qp(0), and implicitly carries memory
via

t
S (t) = /0 dr eQLQT QL Pe T, (1.27)

The usefulness of this will become clear in the next paragraphs.

Canonical projection and factorized initial state. So far the TCL construction held
for an arbitrary projector P. From here on we specify the action of P as the canonical
system—environment projection

p+— Pp=Trplp| ® pr = ps ® pr, (1.28)
where we choose the environmental state defined by the projection P as a stationary
fixed environment state pg (e.g. the thermal state for Hg) such that [Hg, pg] = 0,

which implies [Lo, P] = 0 and e£0'Pp(t) = e~ HslpgetHst @ pp. We can then replace
QLP by QL P in Eq. 1.25 due to QP = 0:

¢
X(t) = 6/0 dr 29T QL Pe . (1.29)

We assume a factorized initial state p(0) = ps ® pg we have Pp(0) = p(0) and hence
Qp(0) = 0, so the inhomogeneous term in Eq. 1.26 vanishes.

Born approximation. Since X(t) = O(e), the inverse [Z — X(¢)] 7! exists provided its
Neumann series 3, X(¢)F converges, which is guaranteed for small € and short times ¢
[26]. With Qp(0) =0, Eq. 1.26 yields
Qp(t) = (Z-S®)]' = I)Pp(t),  p(t)=[Z— X)) Pp(t). (1.30)
Truncating to second order (Born) gives
t
p(t) = [T+ S1(1)]Pp(t) + O(),  Sa(t) =« /0 dr %7 QL Pe %7, (1.31)

Substituting into < (Pp) = PL p gives the TCL equation up to O(e?):

jth(t) =PL [I + El(t)}Pp(t) =PLP p(t) + 677£1/0th e“T QL P e T Pp(t),
(1.32)
where again, since [Lg,P] = 0, we have PLyQ = 0, so PL {I + El(t)}P = PLyP +
€PL|T + Sy (t)|P with PLy ¥ (t) P = 0.

13
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Bloch-Redfield. We now consider a system-environment interaction of the kind
eH; => A, ® B,, (1.33)

where we assume for simplicity that Trg[B,pg] = 0. It follows that PL;P = 0 and
QLP = L1P. We can write Eq. 1.32 explicitly, using Eq. 1.28, where the commutators
are given by the action of £

d ‘ t
5Ps(t) ® pi = —i[Hs, ps(t)] @ pr — 62/0 dr Trp {[Hy, [Hi(—7), ps(t) ® prl]} ® pp.
(1.34)
We remark that
eﬁm— £1 e—ﬁoT. — —i[H](—T), .L with H](T) — €+i(HS+HE)THIG—i(HS+HE)T7
(1.35)

while the state remains at the current Schrodinger time pg(t). Expanding the commu-
tators, and introducing environmental correlation function

Cap(T) = Trg(Ba(7)Bs(0)pE), (1.36)

with Ag(—7) = e T AgetHs™ and B,(7) = e e™B,e T we get the Bloch-
Redfield equation

cipS(t) = —i[Hg, ps(1)]

t (1.37)
+ XH:/O d7 [Cap(T)[Ap(=T7)ps(t), Aa] + Cpa(—7)[Aa, ps(t)As(—7)]].

Markov approximation. We now assume that the contribution of C,g(7) is negligible
for times larger than 7z, so that we can extend the integral support [; — [7° , which
yields a time-independent generator in the TCL equation [26, 27] (see Sec. 1.5 for
explicit timescales in a concrete model). This assumption reflects physically [26, 27] the
fact that the environmental correlation functions C,p decay on a short time compared
to the relaxation time of the system 75 < 7¢. By taking the eigen-decomposition of
the system operators A, = >, A,(w) with respect to the transition frequencies w (the
eigenvalues of the commutator superoperator —[Hg, o], [Hg, A, (w)] = —wA,(w)) and
by defining

+o0 . 1 )
Tagle) = [ dre™™Cas(r) = S75() + iSas(w) (1.38)
where 7,5 and S,z are respectively the real and imaginary part of I',s(w) we can write

the Bloch-Redfield master equation

jtps(t) = —i[Hs + Hys, ps(1)

+ 303 asl) [Aslw)ps() A () — S{AL) As(w), ps(0)}].

ww' a,fB

(1.39)

where Hrg = 3, 0.5 Sap(w)Al (w)Ag(w) is the Lamb-shift term. We quantify the
system relaxation time by the inverse dissipative gap [27],
-1

Tg =~ {mﬁm spect{Vas(w)}| . (1.40)

14



1.4. Microscopic derivation of the GKSL equation

Secular approximation. We retain only terms with w = W', since cross terms carry
phases e/’ =9 in the interaction picture with respect to Hg, where A, (w) is replaced by
A, (w)e ™! and average out over any coarse-graining window At with |w — w'| At > 1.
Equivalently, introduce the rate scale

I'= max Yap(w), (1.41)
and require
H;éin, lw—u'| > T. (1.42)

After secular approximation we obtain the GKSL form, guaranteed by the fact that the
matrix G = (7,4) is positive semi-definite for each fixed w [27] and can be diagonalized,

yielding
d )
%Ps(t) = —i[Hs+ Hpg, ps(t)]

(1.43)
+ 3 7() | Lu@ps i) — 5 {EL@)Law), ps(t)}]

1
2

1.4.2 Time dependence and partial secularization
Some remarks about this derivation are in order.

o There are textbook cases where microscopic derivations collapse to a single,
physically transparent jump operator (e.g., a driven damped harmonic oscillator
with single-photon loss dissipator D[a] [26]). In general, one obtains a sum
of dissipators over the transition frequencies D[L,(w)] weighted by rates 7, (w)
determined by bath spectra.

e The autonomous Bloch-Redfield equation 1.39 for pg is not in GKSL form due
to the presence of cross-terms w # w’. The associated Kossakovski matrix is not
in general positive semidefinite, and thus complete positivity is not guaranteed,
although often holding. Complete positivity can be recovered in practice by
either (i) retaining the finite-time upper limit in the time-convolutionless kernel
(Eq. 1.37) [90], (ii) dynamical coarse graining, which averages the generator over
a window and yields a GKSL form [91, 92|, (iii) partial secularization, which
clusters transition frequencies into blocks and discards inter-block terms, restoring
complete positivity [93, 94, 95] (iv) full secularization.

TCL approach to model reduction. The TCL master equations derived in this
section serve as the starting point for the time-convolutionless formulation of adiabatic
elimination, presented in Chap. 3, which enables model reduction of master equations,
not necessarily in GKSL form, characterized by a timescale separation by discarding
rapidly decaying degrees of freedom. We note that the results of Chap.2 as well apply
directly to Bloch-Redfield-type equations such as Eq. (1.39). In fact, complete positivity
is not a prerequisite for performing model reduction. Adiabatic elimination itself can
alter CP properties of the reduced dynamics, and care is required when interpreting
the resulting generator [83].
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Chapter 1. Introduction

1.5 Time-dependent unitary linear system-boson model

In Sec. 1.4 we have seen how effective master equations can be derived from a time-
independent microscopic model by application of successive approximations. The
treatment of driven-dissipative systems in full generality is, however, more challenging.
Adding time-dependence to the system Hamiltonian, such as in the case of a control
drive acting on the system, complicates the writing of the propagators. Additionally, in
realistic devices, the system contains multiple interacting modes that are simultaneously
driven and dissipative.

The microscopic derivation of master equations in the presence of time-dependent
Hamiltonians requires going to the interaction picture with respect to a time-dependent
Hamiltonian Hy(t) = Hg(t) + Hp,

H,(t) = U'OHU®)  U(t) = Te o drHo) (1.44)

so one must compute a time-ordered propagator rather than a simple exponential as in
the time independent case. For arbitrary time dependence, microscopic constructions of
time-dependent Markovian master equations [82] are available in the adiabatic limit of
slow drive frequency compared to the system’s timescales [55], and beyond the adiabatic
regime, for systems with clear time-scale separation conditions [96, 97]. The approach
presented in [98] consists of deriving a completely positive map for the reduced density
matrix by Dyson expansion of the propagator.

For periodic Hamiltonians, Hy(t) = Hy(t + T'), Floquet-Markov master equations
can be derived in the Floquet eigenbasis [99, 100, 101, 26]. However, when computing
numerically the propagator for resonantly-driven infinite-dimensional systems (e.g.
the closed driven harmonic oscillator, with no dissipation), the finite Hilbert-space
truncation leads to spurious avoided crossings, created by the cutoff-dependent level
repulsion [102, 103]. Analytically, in the resonant case, small frequency splittings in
the denominators make the perturbative expansion of U (t) ill-defined, requiring careful
treatment [78, 104]. Introducing a damping at rate k regularizes these denominators by
giving finite linewidths to the frequency transitions, enabling a perturbative expansion
of the master equation not plagued by small denominators [105, 106, 107, 108].

Moreover, when the system-environment coupling is strong or characterized by
a structured dependence on frequency, the environmental correlation time can be
comparable to the system’s: 7g ~ 75. System and environment then evolve and build
correlations on the timescales of interest. A faithful description must therefore track in
real time the system-environment correlations, pushing beyond Markovian models and
posing a substantial computational challenge [109, 110, 82, 111, 112, 113]. A structured
dependence on frequency is ubiquitous in circuit QED, as it will be analyzed in detail in
the next chapters. Even if the electromagnetic environment of a transmission line can
be modeled as Ohmic [29], cavity modes due to buffer modes, readout, or filters induce
“Lorentzian" peaks ([114, 29], see also the examples in Sec 2.3, Sec. 3.4). Moreover, it is
possible to engineer filters that cut Lorentzian notches in the spectral density of the
environment, adding further structure [19]. Under drive, “AC-Stark shifts" and power
broadening [29] move and widen system transition frequencies, sweeping them across
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1.5. Time-dependent unitary linear system-boson model

these environmental features and potentially bringing them into resonance. Accurately
capturing these effects is therefore essential.

These considerations motivate the need for tools that can deal automatically
with experimentally relevant driven-dissipative problems in the presence of structured
environments. In our contribution, see Chap. 5, instead of reducing the complexity
of the time evolution by partitioning the Hilbert space into a relevant set of degrees
of freedom (the system .S) and an irrelevant one (the environment E), we specify the
microscopic model for the full system-environment evolution, and we compress its
unitary dynamics using a combination of chain mapping [69, 70] and tensor network
methods [72, 73]. Computing the full unitary dynamics with tensor networks thus
serves as a non-perturbative benchmark: it flags when approximate master equations
break positivity and Markovianity, at the cost of entanglement-limited computational
effort. We now introduce the model used throughout.

1.5.1 Unitary evolution in the presence of a bosonic environment

We consider the time-dependent total Hamiltonian on H = Hs® Hp of the linear
system-boson Hamiltonian [26, 68]

H(t)=Hs®Ip+ Hy(t)® I+ Is® Hg + Hy, (1.45)

where Hy(t) is a time-dependent drive acting on the system, Hg is an arbitrary
Hamiltonian for the system. We specify the model of the environment as a continuum
of bosonic modes interacting via dipolar coupling with the system, as in the Caldeira-
Leggett model [68], which is often used to model a transmission line [29]

_ [ f _ - f
H; - /0 dowblb,,  H= Ag ®/0 dorJJ(W)(BE + b)), (1.46)

Here Ag = Al is a system operator, [b,,b],] = 6(w — '), and J(w) is the spectral
density function, defining the system-environment coupling. A counterterm is often
included to absorb the static renormalization term into the system Hamiltonian Hg
([68] see Appendix 7.6 for explicit derivation). At zero temperature, the sum on the
environmental correlation functions of Eq. 1.36 can be written as

O(t) = /0 " T (@)e (1.47)

From this, it becomes clear that the Markov approximation performed in Sec. 1.4 can
become invalid depending on the frequency bandwidth and structure of the spectral
density function J(w).

When [H, Ag] = 0, the time evolution starting from a pure factorized state of
system and environment

[¥(0))sp = [¥(0)s @ [¥(0) g (1.48)

can be treated analytically (for the time independent case see [26]). Closed form
solutions exist for bosonic Hamiltonians linearly coupled to the oscillators bath, which
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are examples treated in [115], . Otherwise, an analytical treatment becomes more
involved. Possible strategies are the formalism of Feynman-Vernon influence functional
[116]. Here, we resort to numerics. The numerical treatment has to be handled
carefully: the open quantum system problem is now formulated as a many-body
problem, and a series of approximations have to be introduced to enable converged
numerical simulations.

We note that, in contrast to master-equation based methods, computing the full
unitary time evolution leaves the environmental degrees of freedom open to inspection,
allowing for direct evaluation of environmental observables. Moreover, the full-unitary
approach is non-perturbative, making these methods interesting for benchmarking
of master equations. In other words, the same Born-Markov-secular approximations
applied in Sec. 1.4 can be applied specifically to Eq. 1.46, and the resulting master
equations can be quantitatively compared to the exact numerics. We also remark that
the full unitary evolution leads by construction to CPTP dynamics from the point
of view of the system; the reduced map from 0 to t obtained by tracing the chain is
therefore CPTP up to numerical error.

By choosing to keep the environmental degrees of freedom, the compression of
the unitary evolution generated by Eq. 1.46 will happen on a non-linear variational
manifold with dimension significantly larger than Hg (as in Sec. 1.4), but significantly
smaller than the dimension of the total Hilbert space H. This manifold captures the
entanglement structure of the many body state: the lower the entanglement, the more
efficient the compression, and thus the lower the dimension of the reduced model, as
we will detail in Chap 4. As we will see in Chap. 4, the accuracy of this reduced
model is controlled by entanglement: when entanglement is modest the compression is
faithful, whereas growing entanglement degrades the approximation unless the nonlinear
manifold is enlarged.

Open quantum systems as many-body problems. The Hamiltonian of Eq. 1.46
couples the (driven) system to all of the environmental degrees of freedom, creating
S — E correlations during the dynamics. The cost of the simulation depends on the
growth of the system-environment correlations during the time evolution. If such growth
is moderate, it is then possible to constrain the time evolution on a lower dimensional
manifold of the Hilbert space characterized by limited entanglement. To this end,
it is convenient to map instead the problem on a chain with only nearest-neighbors
interactions [70, 69, 71]. Such a one dimensional problem can be efficiently treated
with matrix product states algorithms [72, 117]. We present a short introduction to the
chain mapping and tensor network simulation methods in Chapter 4. We present their
application in Chapter 5, where we use them to investigate how a qubit’s relaxation rate
dependence on the drive amplitude can be influenced by environmental characteristics.
We exploit the access to the environmental degrees of freedom to simulate the emission
spectrum of the driven dissipative system.

1.6 Outline of this manuscript

The rest of this manuscript is organized as follows.
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1.6. Outline of this manuscript

In Chapter 2 we present a formulation of the adiabatic elimination of fast decaying
degrees of freedom in open quantum systems which can be performed with a series
expansion in the timescale separation. Exploiting Sylvester’s equation and adjoint
dynamics, we obtain systematic, explicit expressions at high orders.

In Chapter 3 we present the time-convolutionless master equation formulation of
adiabatic elimination. We show that the TCL formulation yields results equivalent to
those obtained from the standard formulation of adiabatic elimination. By applying
the TCL master equation formulation to typical examples, we demonstrate a practical
methodology for performing adiabatic elimination calculation.

In Chapter 4 we present a self-contained introduction to time evolving density
matrix using orthogonal polynomials algorithm (TEDOPA)/matrix product state (MPS)
methods for open quantum systems. After a brief overview of tensor networks formalism
(Sec. 4.1), we introduce the star-to-chain mapping and discretization (Sec. 4.2) for the
linear system-boson model, and extend it to finite temperature via T-TEDOPA. The
emphasis is on the concepts needed for reliable simulations. Implementation details,
practical convergence diagnostics, and a typical workflow are summarized in Sec. 4.3.

In Chapter 5 we apply the TEDOPA /MPS methods to simulate the dynamics of
a two-level system (qubit) coupled to a driven cavity, itself coupled to a bath with
structured frequency dependence. This setup allows for investigation of the role of
environmental degrees of freedom in the T vs n problem, that is, how the relaxation rate
of the qubit depends on the strength of the drive on the cavity, as well as the computation
of the emission spectrum of the driven qubit-cavity system into the environment.

In Chapter 6 we summarize the results and discuss future work.
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Chapter 2

Adiabatic elimination with fast unitary
dynamics
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Contributions. This chapter is based on joint work with my supervisor Alain Sar-
lette and Pierre Rouchon, both permanent members at the Quantic team and early
contributors to the geometric approach to adiabatic elimination [58, 59, 118]. The main
motivation came from a collaboration with the experimental team of Samuel Deléglise
at Laboratoire Kastler Brossel. In their experiment, a heavy Fluxonium qubit in the
few-MHz range is dipolarly coupled to a readout cavity in the GHz-range [63]. The large
detuning suggests eliminating the cavity mode while allowing potentially fast unitary
dynamics on the qubit. Adiabatic elimination has been developed via a series-expansion
formula, whose practical bottleneck is the inversion of the fast Lindbladian; closed-form
results in the presence of fast unitary dynamics on the target system remain scarce. I
initially derived the reduced dynamics by postulating an ansatz to solve the equations
defining them, following [60]. Later, P. Rouchon recognized that these equations can
be recast as Sylvester equations, which removes the inversion bottleneck and yields
general, explicit expressions. This reformulation also clarifies how adiabatic elimination
can be performed while avoiding a rotating-wave approximation. The propositions and
examples presented here synthesize these developments. Our work appears in: Angela
Riva, Alain Sarlette, and Pierre Rouchon. “Explicit formulas for adiabatic elimination
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Chapter 2. Adiabatic elimination with fast unitary dynamics

with fast unitary dynamics”. In: 2024 IEEE 63rd Conference on Decision and Control
(CDC). 2024, pp. 755-760. DOTI:

2.1 Model reduction for master equations

This chapter develops adiabatic elimination for bipartite open quantum systems with
fast unitary center dynamics. We begin with a concise overview of adiabatic elimination
for open quantum systems, and specify the bipartite setting in Sec. 2.1.1.

Using coherence-enabled quantum effects in practical platforms means balancing
two competing requirements: isolation (to protect coherences) and rapid control (to
implement operations). Modern devices are therefore composite, high-dimensional, and
multi-timescale. The useful quantum information represents only a small, ideally non-
decaying part of this system, while engineered auxiliary sectors provide fast stabilization
and control. Model reduction via adiabatic elimination aims to summarize the effect
of these fast, stabilizing degrees of freedom on the target dynamics, ideally with
interpretable formulas to guide system design [39, 40, 41, 48].

There are multiple formulations of adiabatic elimination for open quantum systems
described by master equations. One approach extends techniques from Hamiltonian
closed systems, applying the Born-Markov approximation [119, 120, 121, 57, 55],
Laplace-transform methods on projected master equations [122, 56, 108], and the
Schrieffer-Wolff transformation [123, 124]. Another approach exploits the linearity of
master equations for open quantum systems, which allows, in principle, a spectral
decomposition of the vectorized Liouvillian generator of the dynamics, very much like
Hamiltonian (block-)diagonalization, defining a lower-dimensional subspace to which
trajectories are attracted in the long-time domain [125, 126]. Such a geometric picture
led to a general and systematic formulation of adiabatic elimination for GKSL dynamics,
rooted in singular perturbation theory for dynamical systems [127]: identifying, via
series expansion, the variables and dynamics corresponding to a lower-dimensional
invariant subspace where dynamics is at the slowest timescale. The approach was
applied to perform model reduction inside a single system (Cartesian product, [58]) and
in more general composite systems (tensor product, [59]). Because the GKSL master
equation is linear, one can mirror the reduction in Heisenberg picture, which often
simplifies multi-partite settings and numerics [118, 128]. As demonstrated in [83], the
reduced dynamics is not guaranteed to be in GKSL form.

All previously mentioned studies address scenarios where a rapid relaxation, charac-
terized by eigenvalues with large negative real parts Re);, surrounds a slower evolution
on a slow invariant subspace associated with eigenvalues close to the origin of the com-
plex plane. However, like in the center manifold theory [129], the same model reduction
technique should also admit a rapid relaxation towards an invariant subspace featuring
large, almost purely imaginary eigenvalues, with magnitude in principle comparable to
Im); (unitary dynamics). This would fit practical situations where e.g. the stabilized
system rotates unitarily at characteristic frequencies comparable to Re);, allowing for
both in resonance and out of resonance control [63]. When the system frequencies are
in resonance, a unitary change of frame at the resonant frequency nearly cancels the fast
unitary dynamics, justifying a secular approximation; when out of resonance, in any
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2.1. Model reduction for master equations

rotating frame, a large frequency detuning survives, preventing such an approximation.
We illustrate both cases in Sec. 2.3 with Example 1 (in resonance) and Example 2 (out
of resonance).

A first study of adiabatic elimination in presence of fast unitary dynamics was carried
out in [60, 61], leading to abstract expressions up to second-order expansion, where
second-order expressions were obtained under explicit assumptions on the spectrum
of the Hamiltonian generating the fast unitary dynamics. In this chapter we provide
integral formulas for high order adiabatic elimination in the presence of fast unitary
dynamics on the target system, without any condition on it, other than being associated
to eigenvalues with real part close to zero (Section 2.2). We then highlight how, for
typical systems of interest, namely, eliminating a rapidly decaying harmonic oscillator
environment, these integral formulas also lead more easily to interpretable explicit
expressions for the long-term dynamics on the invariant manifold, where the integrals
can be computed in analytic form (see the physical examples of section 2.3). The two
key technical ingredients are the use of stable Sylvester equation solutions (Proposition
1) and the treatment of the typical dynamics on the adjoint state (Proposition 2). Our
key assumption, in contrast to [60, 61], is to be able to explicitly write the Heisenberg
dynamics of the fast system.

2.1.1 Adiabatic elimination for bipartite systems

This section recalls the setting and adiabatic elimination approach for bipartite Hilbert
spaces as used e.g. in [59, 60, 83]. To go beyond the case of bipartite systems see e.g.
[58, 118].

We consider a density operator p(t) at time ¢, defined over a bipartite Hilbert space
H = H, ® Hp. The time evolution of this operator is described by the linear dynamics:

jtp(t) = L(p(t)) = —i(Ha® Ip)"(p(t)) + Za ® Lp(p(t)) —igH[ (p(t)).  (2.1)

Here I,; is the identity operator and Z,, the identity superoperator, associated to
the Hilbert space Hy, and we use the notation H*(e) = [H,e] to represent the
commutator with operator H, i.e. [H,eo] = H e — ¢ H. The GKSL term for the mode
B takes the general form:

Lp(e) = —iHj(e) + ﬂZk:D[Lk]@), (2.2)

with s the damping rate and D[L](e) = L ¢ LT — 1(L'L e + ¢ LL) the dissipation
channel associated to operator L. The coupling between H 4 and Hp is weak and
Hamiltonian:

gHr =g Ay © By (2.3)
k

with Ay and By operators on H 4 and Hp respectively and g a small positive parameter.

The adiabatic elimination procedure is based on the assumption that the system
exhibits a clear separation of timescales, allowing for a perturbative expansion in the
small parameter € = g/k < 1. The dynamics for ¢ = € = 0 is assumed “relatively
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Chapter 2. Adiabatic elimination with fast unitary dynamics

easy to compute”, with L converging exponentially towards a unique equilibrium
state pp and subsystem A independently rotating with a Hamiltonian H 4; thus, Lp
then features a subspace .#?) spanned by {p = p, ® pp, for any p, on H4}, which
is invariant under the operation of Ly, that is, L(.# ) C .#®. All eigenvalues of
Lo on . are purely imaginary (center manifold [129]). For ¢ # 0, the interaction
Hamiltonian H; only acts as a perturbation on this situation. Classical results [127]
from the theory of dynamical systems guarantee the existence of .#Z(), a subspace
e-close to .#?) | invariant under the full dynamics £. The goal is then to efficiently
compute the long-term dynamics, taking place on .#(9). Such dynamics happens on
the subspace spanned by the eigenoperators of £ associated to eigenvalues with real
part close to zero, while relaxation is slow (small real part), fast unitary dynamics is
allowed.

When € # 0, the interaction Hamiltonian creates correlations between the two
subsystems A and B. As a result, the invariant subspace .#9 does not take the
same form as .#©) anymore. Still, it is convenient to parameterize states on .
by using p, ® pg € #'? as coordinates. Indeed, the dynamics are then reduced to
ps whose evolution can be interpreted in comparison to the case ¢ = 0. In order to
characterize the long-term behavior of the system, we then aim to find two linear,
time independent maps: L, describing the dynamics of the reduced system via its
coordinates %ps = L,(p,); and K, mapping p, to the solution p = K(p,) € .4 of
the complete dynamics 2.1. Expressing that the evolution of py must mirror the one of
K(ps) leads to the condition:

,C(Es(ps)) = ‘C:(,C(ps)) (24>

Following approximation theory, well-justified when the function to be found is
analytic, we solve 2.4 by expanding the maps £, and I in powers of € < 1,

La(py) = i ILus(p), Kips) = ieﬂ‘fcxps) , (2.5)

and requiring to satisfy the condition 2.4 separately at each order ¢/. Since the lowest-
order contributions are the dominant ones, usually only the solutions L, ;,K; for the
first few orders are computed explicitly, e.g. 7 < 2. The solution to 2.4 is certainly not
unique, as it involves a coordinate choice on .9, expressed via K.

The most natural solution to 2.4 at order €, is the one corresponding to € = 0, thus

‘CS,O(pS) = _iH: (Ps), ICO(pS) = ps Q pp . (2'6)

In this chapter, we further specify the coordinate choice by imposing the partial trace
gauge, namely ps = Trp(p) = Trp(K(p;)) at all orders of approximation, where Trg
denotes the partial trace over Hpg. This choice implies that Trg K1 = Trg Ks = ... = 0.

Note that when H4 = 0, we get L, = 0 and this simplifies all further orders (see
e.g. [59]). Our contributions are meant to address the difficulties appearing in solving
2.4, 2.5 at orders €', €2 for H, # 0.
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2.2. Explicit formulas for adiabatic elimination with fast unitary dynamics

2.2 Explicit formulas for adiabatic elimination with fast
unitary dynamics

Given the elements L, ¢, Ky specified in Eq. 2.6, we can solve the invariance equation 2.4
at higher orders by expanding Eq. 2.5. The computation of the first order contribution
to the reduced dynamics £, poses no particular problem, and yields

EES,l(ps> - _ig Z Tr(BkﬁBﬂAlm ps] (27)
k

We give the details of the derivation of Eq. 2.7 in the proof of Proposition 1 below. Our
results concern the next order. Proposition 1 derives a new integral closed form for the
map Ky by solving a Sylvester equation. In Proposition 2, the second-order reduced
dynamics L 5, involving the commutator between H; and K4, is re-expressed with this
form, putting the integral on a dual operator which is more systematically manageable
in typical situations. Examples illustrate the usefulness of these formulas in Section 2.3.
We start by defining some simplifying notation.

Definition 2.2.1. Operator By, on Hp is defined as
By = By, — Trg(Bpp)Is. (2.8)
Definition 2.2.2. Operator A, (t) on Ha is defined as
A (1) = e A (Ay) = e A A A (2.9)

(Note that this is the opposite propagation to the Heisenberg picture evolution under
H,, see Remark 2.2.1.)

Proposition 1. Consider model 2.1 and the adiabatic elimination expansion of Section
2.1.1 with partial trace gauge. The first order map Ky is given by

+oo
EK:l(ps) = —ng/O {A]; (t)ps ® etﬁB (BO,kﬁB) — psA];@) ® GtLB (ﬁBBQk)}dt
k
(2.10)

Proof. By inserting 2.5 in the general invariance equation 2.4 and grouping terms of
order €, we obtain the first order invariance equation:

—i[Ha ® I, eK1(ps)] + Za @ Lp(eKi(ps)) — ig[Hr, Ko(ps)]
= Ko(eLs1(ps)) + eK1(Lso(ps))-

This equation has two unknowns: Ly and K;. Two terms involving K; are due to
H, # 0 and therefore new with respect to [59]. Nevertheless, thanks to the gauge
choice with Trg(K;) = 0, we can much like in [59] apply Trp to 2.11 and directly
isolate L, in the form 2.7. To get this, we further observe that Trg(Lp) = 0 and
Trg(Hj (o)) = H;(Trp(e)). Next, inserting 2.7 into 2.11 yields the condition:

_i[HA ® Ip, €’C1(Ps)} +7Za® ‘CB(GICl(pS))
+ iEICI ([HA7 Ps]) = lg Zk: [Ak X BO,k? Ps X ﬁB] )

(2.11)

(2.12)
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Chapter 2. Adiabatic elimination with fast unitary dynamics

to be solved for IC;. At the level of superoperators, 2.12 is in fact a Sylvester equation
[130] of the form AX + XB = C, where ey plays the role of the unknown term
X. To be explicit: A — —i(Hy ® Ig)*(e) +Z4 ® Lp(e), B — iH(e), C —
i9 > k[Ar @ By, e ® pgl. The solution to this Sylvester equation can be written as

—+00
X = / OBt (2.13)
0

provided
lim e“Ce'® =0. (2.14)

t—4o00

Using that (super)operators acting on different subsystems commute, as well as
e (Q) = e Qe M | we obtain:

tAcetB(pS) /9
_ ZZe —iHAQIB)*+TAQLRB) [Ak ® BOIm itH ) (ps) ® ﬁB}

:Zz( (A ¢ (Boais) — pue (A @ ¢ (psBu) )

This last expression corresponds to the proposition statement. Since lim,_, ., ¢“2 (o) =
Tr(e)pp, we have lim;_, o, e'“2(Byxpp) = lim;_,, o, e“8(ppBy ) = 0, such that condi-
tion 2.14 is satisfied. O]

Remark 2.2.1. Note that A, (t) in the statement of Proposition 1 follows the opposite
dynamics to the Heisenberg evolution under Hy. We can understand this as follows.
According to Lso, ps already rotates with Hy. Inside the integral of 2.10, we must
replace it by (Agps) rotating with H 4, much like the second tensor factor takes (By xpp)
evolving under Lp.

Compared to previous work [60, 61], the proposition 1 avoids any technical conditions
and the need to solve several equations by treating the components of H 4 individually.
In turn, it does not guarantee positivity — whose importance has anyway been re-
evaluated since [83] — and it leaves a propagator equation to solve, for all ¢ and
separately for each subsystem. Instead of computing a large joint propagation on
Ha ® Hp, one can compute two lower-dimensional ones acting separately in A and
B, substantially easing the computations. In fact, without this formula Eq. 2.10, one
is left to solve Eq. 2.11 by positing ansétze for both Xy and L,; and then solving
additional consistency equations, as in [60], provided that the certain commutation
relations are satisfied by the fast unitary dynamics Hamiltonian H 4. Propagation on
subsystem A, with a fixed Hamiltonian H 4, is usually easily computable. Often, H 4 can
be diagonalized efficiently or commuted through typical operators to compute A, ().
Propagation on subsystem B, requiring diagonalization of a GKSL superoperator,
is computationally less convenient. Indeed, even for simple steady-state cases like
convergence towards a thermally broadened vacuum, it is not trivial to express the
state at any time along the trajectory starting from rather arbitrary initial states like
By .p5 [131]. The following result mitigates this difficulty.
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2.2. Explicit formulas for adiabatic elimination with fast unitary dynamics

Definition 2.2.3. The operator By(t) on Hp, evolving under the action of Ly in the
Heisenberg picture, is defined as:

By(t) = e'“5(By), (2.15)

with the adjoint L* of the GKSL defined as

£(0) = +ilH o] + 13 (Ll o Li - S(ELLiet o 1iLy)
k

Proposition 2. Consider model 2.1 and the adiabatic elimination expansion of Section
2.1.1 with partial trace gauge. The second order reduced dynamics is given by:

g oo
L,y =-L ; / {Tr{Bl(t)Bo,k,sB} (A1, A; (0)p.]

(2.16)
— Tr{B,(t)psBox} {Al, psAy (t)} } dt.
Proof. In the second order invariance condition:
—i[Hj ® Ip, 62’C2(ps)] +ZA® EB(62/C2(pS)) —i[gH7, eK1(ps)] (2.17)

= Ko(€’Ls2(ps)) + €K1(Ls1(ps)) + €Ka(Lso(ps)),

take the partial trace over subsystem B, like we did before Proposition 1 towards
getting L 1, in order to obtain:

¢Lsa(ps) = —i Trp{[gHT, K1 (ps)]}-
Substituting H;, and Ky from Proposition 1, yields:

L. o(ps) = (—ig)? Y { [Al, /0 cra(t) Ay () dt Ps} (218)
Lk 2.18

—+00

where )
Ck’l(t) = TI‘(BletLB (BO,kﬁB)) = Tr(et[’B (Bl)BO,kl_)B)
Cri(t) =Tr (BletEB(ﬁBBO,k)) = Tr(et%(Bz)ﬁBBo,k)-
On the right-hand side of Eqgs. 2.19, we have transferred the GKSL dynamics to the

adjoint, in other words evolving the partner operator inside the trace in Heisenberg
picture. Recalling Definition 2.2.3, this corresponds to the statement. O]

(2.19)

Remark 2.2.2. Proposition 2 does not claim that the resulting reduced dynamics preserves
positivity — thus taking the typical GKSL form with positive dissipation rates. This
property is proven in [59] for Hy = 0, and in [61] under more technical conditions;
it was demonstrated in [83] that there are examples of dynamics where no choice of
parametrization can restore complete positivity.

27



Chapter 2. Adiabatic elimination with fast unitary dynamics

The essential part of Proposition 2 is to replace, when computing £, 2, the GKSL
trajectory starting at (Bg;pp) by an adjoint GKSL trajectory on B;. As already noted
n [132], the latter is often much easier to compute in typical situations. For instance,
the operator propagation can be computed with little more effort than a classical system,
when both L and B; on subsystem B correspond to a so-called linear quantum system
[133].

The strategy followed by these two Propositions addresses the same major issue in
resolving the series expansion 2.4, 2.5, namely the inversion (in matrix inverse sense) of
the generator of the fast dynamics. When pursuing the expansion at higher orders, the
main computational issue remains the same, and we can reiterate the same procedure
to obtain explicit expressions.

Proposition 3. Consider model 2.1 and the adiabatic elimination expansion of Section
2.1.1 with partial trace gauge. Assume that the terms of the series expansion have been
computed up ton — 1. Then, for alln > 1,

Esn(ps = —Zgz [Ak s TI‘B ((IA & Bk)lCn_l(ps))] (2.20)

and €k, can be computed with an integral formula similar to 2.10.

Proof. The invariance condition at order " writes:

€K0<£s,n(ps)) =€ (_Z(HA ® IB)X +IA X »CB) (IC (ps>> - EICn (Ls,0<ps))
e z Ko (Lonm(ps)) — ig(HF) (K1 (py) - (2.21)

The last line contains only known terms at stage n. Like in Proposition 1, by taking
the partial trace over subsystem B, all the terms involving K,, vanish with the gauge
choice ps = Trg(p), while Trg Ky = Z;. The terms in K, also vanish by partial trace.
We thereby obtain the explicit expression 2.20 for L, ,,, assuming all previous orders
were known.

After this, the left-hand side of 2.21 is also known and the equation takes the
Sylvester form AX + X B = C like in the proof of Prop.1, with A and B unchanged,
ek, playing the role of X, and C' containing all known terms. There remains to
show that the integral form solution 2.13 converges at this order. Like in the proof
of Prop.1, this is ensured thanks to lim;, ., e(e) = U; 4(Trp(e)) ® pp with U; 4 a
unitary evolutlon, and the annihilation of terms under Trp. O]

When one is only interested in the dynamics L, ,, it is possible to also apply the
Heisenberg evolution trick of Proposition 2 iteratively at all orders. This simplifies
computations significantly, compared to computing each IC,, explicitly. Investigating
this possibility is part of ongoing work.

2.3 Examples

In this section, we give some practical demonstrations of the results presented in Section
2.2. The starting point is a harmonic oscillator B subsystem undergoing so-called
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quantum linear dynamics [133]:
Lp(e) = —iwp[b'b, o] + 1, D[b'b](e) + k(1 + ny,)D[b](e) + knyD[b'](e),  (2.22)

with b (b') the bosonic annihilation (creation) operator, b'b the number operator, wp
the undamped harmonic oscillator frequency, x the damping rate for the dissipator D,
and nyy, the residual thermal excitation. We note that the unique steady state such that
Lp(p) = 0 is the thermal state,

—+00 n
— n
pr= 3 ooyt Inkl (2:23)

in the number-basis |n), i.e. where bTb = 320 n |n)(n).
We couple this system to an arbitrary A subsystem, using a standard dipolar
coupling which is also linear:

gH; = gA® (b+b') . (2.24)

In the vast majority of cases [134], the timescale separation between wp and
g is so large that significant coupling effects on A only happen when H, contains
frequencies close to wg. This is what lies behind resonance conditions invoked in high-
level descriptions in cavity quantum electrodynamics [134], where fast-rotating terms
are discarded and energy-conserving arguments are invoked to simplify Hamiltonian
evolutions, as we will detail in Sec. 2.3.1. More precisely, going to a rotating frame
with wp and averaging the resulting time-dependent dynamics singles out the relevant
dominant long-term behavior [135]. Note that this is mathematically justified only if
wp > K as well. In physics terms [134], the resonance has a width of order «, thus
frequency selection only works for k < wg.

With the framework developed here, we are able to compare the results of adiabatic
elimination in both cases:

o Example 1: the physics traditional way, i.e. first averaging out the large part of
H 4 in a rotating frame, solved in Sec 2.3.1;

o Example 2: maintaining all terms in so-called “inertial frame”, with thus wg
and H 4 of the same order and non-negligible compared to . The results should
match those of Section 2.3.1 when wg and H 4 are close and large compared to k;
otherwise they are new, and discussed in Sec. 2.3.2. The same example is also
treated within the time-convolutionless framework in Chap. 3.

2.3.1 Jaynes-Cummings interaction

We now take the model introduced in Sec. 2.3, and specify the subsystem A as a qubit
linearly coupled to the subsystem B. In the lab frame we have

HA:——O'Z, ﬂ[:<0'++0'7>®(b+bT)7 (225)

where H 4 = span{|g),|e)} and o_= (o,)" = |g)e| the qubit lowering operator (from
excited to ground state), while the subsystem B evolves according to Eq. 2.22, where
we define

Hpy = wpb'b. (2.26)
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Derivation of Jaynes-Cummings Hamiltonian

The Jaynes-Cummings interaction is obtained by only keeping near resonant Hamiltonian
terms, see e.g. [134, Chap. 3.4], and corresponds to the canonical theoretical and practical
case of coupling subsystem B with a (quasi-)resonant qubit A. We make a change of
frame of the GKSL master equation so that p!(t) = U(t) p(t) UT(t), and the unitary
transformation U (t) is given by

U(t) = eties (=T elptlacblo)t (2.27)
so that, by inserting p’(¢) in the Liouville equation 1.10 we have
H!(t) =U@)HU'(t) +iU®)U'(t), Li(t)=U@t)LU(t). (2.28)

In particular, the jump operators L, =n, Ly = b and Ly = b’ in the lab frame
transform as Ly(t) = ¢' L,

Li(t)=mn, Lit)=e™“'d, Li(t)=e'pl (2.29)

so that the associated dissipators are unchanged: D[L;] = D[LL(t)] (invariance under
global phase), yielding

H(t) =0
Hi(t)=0,b+o_ b +o bet?™es! | g_pe2west (2.30)
HL(t) = Ab'd,

where we introduced the detuning A = wp — w,,. The terms rotating at 2w,, in Hf (t)
can be discarded by first-order averaging [131], provided that

G, A, K, KNy, Ky <K Weg, (2.31)
leaving the Jaynes-Cummings interaction
H =0c.,bto b (2.32)

This is the effective model on which we perform adiabatic elimination in Example 1.

Adiabatic elimination of the cavity mode

Example 1. Consider the bipartite system composed of a harmonic oscillator and a
two-level system (qubit), whose dynamics is described by

Lp(e) = —iA[b'b, o] + k(1 + ny)D[b](e) + knyD[b'|(e) + ks D[b'b](e) ,
H,=0,
H =0,2b+c_®b, (2.33)
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with Ha = span{|g),|e)} and o_= (a.)" = |g)e| the qubit lowering operator (from
excited to ground state). With Proposition 2, assuming k >> g, the second order reduced
dynamics is given by

d , 4Ng? (o,
P = Lo (ps) =—i(1+ 2”th)W [2> Ps}
2
+41+mwm+nw§}9w1ma (2.34)

s+ 50) 2 Do ()

il
where o,= |g)g| — |e)e| and v = k + Ky + 20A.

Solution. The coupling corresponds to our general setting with By = b, By, = bf,
A, =0, Ay = o_. The zeroth-order dynamics L, vanishes since H4 = 0. Note that
Lp in 2.33 still features the unique steady state 2.23, and since (n|b|n) = 0 for all
n we also have £,; = 0. To recover the second order reduced dynamics, we start by
computing the Heisenberg representation of the coupling operators (Definition 2.2.3):

d ol
b1 (1) = Ly(b7 (1) = =367 (1), thus b7 (1) = e"2'bH(0), with b(0) = b
(2.35)
and 7 defined as in the statement. By the same calculation,
Y1) = e Ftht, with (b)) (0) = b, (2.36)

In our notation, we keep b,b' as fixed (time-independent) operators; only their
Heisenberg-evolved copies b (t), (b)¥(t) carry the time dependence. In this step,
we highly benefit from assuming a linear quantum system [133] on B in order to
obtain such easy closed-form solution. Indeed, for a general quantum system B, the
computation of 2.15 in Definition 2.2.3 can be a significant bottleneck.

Exploiting the geometric series introduced by the thermal state pg, 3720 ¢* =
1/(1—¢q), with 0 < ¢ = ne, /(g + 1) < 1, we obtain the coefficients of the second order
reduced dynamics ¢y ;(¢) and ¢x,;(t) mentioned in 2.19 as

a(t) (t)
é1a(t) = Tr (b (t)psb) =
e21(t) = Tr(b™ (1)b' o) = (1 + muy)e 2
Eaa(t) = Te(b" (1) ppb!) = nye ™"
- (2.37)

c12(t) = Tr((6")" (t)bps) = nune™ 2"
() = T ) = (o + 1) 2

(

(
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Chapter 2. Adiabatic elimination with fast unitary dynamics

Since H4 = 0, the operators A, (t) = Ay are time independent so that we write

“+oo

+oo
Ck,l<t)dt [Al, Ak ps] — /0 5k,l<t)dt [Al, psAk] }

(2.38)

eLalp) = (i > { [

k=1

By inserting the coefficients of Eqgs. 2.37 in Eq. 2.38, we notice that the integrals to be
solved are simply.

+oo * +oo e~
/ e_sgds = % = 27‘2 / 6_872 ds =2 =2y (2.39)
0 0

We can thus define

oo 2 +oo 2 1
/ ca(tydt = "% = a, / Cra(t)dt = 2+ 1) B,
0 0

7 7 (2.40)
+o0 2 +00 2 1 .
/ o (t)dt = —h a’, / coa(t)dt = 2 +1) = p"
0 7* 0 fy*

With this we obtain

& Lo(ps) = —gQ{a [0'_0'+ ps — o psa_] + o {0‘+0'_ ps — O~ psaﬂ
(2.41)
_B [U_p50'+ - p50'+0'_} - 6* [U+psa_ - pso'_o'—i_} }7
which gives, rearranging the terms,
1
€ Lao(ps) = 29°Refs {U‘pstﬁ —5{ps 0+0_}} +2ig’Imflo* o™, p]
: (2.42)
+2¢9°Rea |0 pso™ — §{p8’ o o'} - 2ig’Imalo o', p).
We note that o~ = [gigl = 2225, oo~ = |e)e| = 152, and o, = |g)g| — [e)e].
we have
ImBloto™, p] — Ima[o~o™, p,] = —(Imf + Ima) ["2 ps} . (2.43)

Inserting the definitions of Eq. 2.40 in Eq. 2.42, and remembering that (=) = o*,
leads to Eq. 2.34. [l

General subsystem A. The reduced model 2.34 thus contains a unitary shift with B
pulling on the frequency of A (Hamiltonian in o,); and it translates thermal dissipations
on B into corresponding dissipations in o and o, on A, yet with decreasing effect as
k increases. This result is well-known [59]. It readily generalizes to a subsystem A of
higher dimension. One just replaces, in the model and in the resulting dissipator, o _
by A and o, by AT; in the resulting slow Hamiltonian, one replaces (1 + 2n4,) % by
(nthAAT — (1 + nth)ATA).
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2.3.2 Treatment with fast unitary dynamics in inertial frame

We now consider the same setting in inertial frame, i.e. without going to rotating frame
and averaging, but thus with Hamiltonian H, (and wp b'b) not small compared to .
The model corresponds to fast GKSL dynamics on the mode B generated by 2.22, and
the interaction Hamiltonian of Eq. 2.24 with, for a qubit, A = (0_ + 0,) = o, and Hy
proportional to o,.

Example 2. Consider the bipartite system described by:

Lp(e) = —iwg[b'b, o] + k(1 + ny)D[b](8) + knyD[b'](e) + KsD[n(e) ,
HA = _weg%a
H =0, (b+b"), (2.44)

with the energy gap weg = we — Wy, @2 = legl + lo)el, . = lg)al — le)el. With
Proposition 2, assuming k > g, the second order reduced dynamics is given by

. - . o,
.= Loalpl) + ELaalp) = =il 0] 19"V | T

T i
sT O pr + OO Py
+92 Z XU’ <0’g/p30'g— PsTeT¢ 9 (Iep > y (245)

Z,Z’E{—i—,—}

with the hermitian matrix X and coefficient Y defined by:

X@g/ =T +TZ+€Z’+€Z

2.46
Y =g(ri+e —ri—ef—r_—e_+15 +¢€), (2.46)
and the coefficients vy and ey, L € {+,—}:
2(1 2
= 2E00) 2 (2.47)
T+ T

where v+ = Kk + Ky + 2i(wp £ Weg).

Solution. The coupling corresponds to the general setting of Sec. 2.1.1 with the operators
in the interaction Hamiltonian of Eq. 2.3 A; = o,, B; = b+ b', and GKSL evolution
on the mode B given by Eq. 2.22. The zero order, given by Eq. 2.6, is

Loo(ps) = +i 20 (py). (2.48)
As in Example 1, Lp in 2.33 still features the unique steady state 2.23, and since
(n|b|n) = 0 for all n, in this case as well we have L, = 0.
To obtain the second order reduced dynamics, we proceed as follows. Via Definition
2.2.3, the time dependence for b (¢) is the same as in 2.35, except with wp replacing A
in the definition of 7, and hence

bI(t)=e2'b,  (BNH(t)=e T, vy =ktkyt2iwp  (2.49)
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Chapter 2. Adiabatic elimination with fast unitary dynamics

where again we keep the operators b, b' fixed; only their Heisenberg-evolved copies
carry t. We notice that b (¢) + (b") (t) = (b+ b")(¢). With this one can easily obtain
according to Eq. 2.19 the sole coefficients
enn(t) = TE[((B7 (1) + (617 (1) (b + b1)pi] = (s + e
en(t) = Tr|((0" (1) + () (1)) o (b + b1)] = en(t)”

Contrary to the case of Example 1, the operator A (t) conserves some time dependence,
due to the fast unitary dynamics H4 on A,

AL (t) = e ™Mi(g,) = g e el 4 g_etiest (2.51)

ot e
T2 +ngpe 2
h (2.50)

which we can insert in Eq. 2.16 from Proposition 2,
“+oo

“+o0o
ELo(ps) = —92{ /0 e (DAL (8)dt Ay ps — A, p, /0 er1 () AT (1)dt

- [ aamAr psAl} “pA 61,1(t)A1<t>dt},
yielding, with Eq. 2.50, the following time integrals to compute:

+o0 . +o0 .
/ efgtfzwegtdt — 1’ / efgtJr'Lwegtdt — i

0 Y+ 0 Y-

boo 4t 9 too 4t 9 (2.53)
/ 67 3 tfzwegtdt =, / 67 B} t+zwegtdt ——

0 Vi 0 gl

Therefore, by inserting Eq. 2.53 in Eq. 2.52, with A7 (t) expressed in terms of Pauli
matrices ot = (o7)1

/0 WA Bt = Y (et e,

te{+,-}

+oo
[ ammArwa = Y i+ el
0 le{+,—}

(2.54)

The statement then follows after plugging Eq. 2.54 in Eq. 2.52, collecting terms propor-
tional to oy pscj'g7 psagay, U}Lag/ ps, and adding the zero order contribution of Eq.2.48 [J

General subsystem A. The result generalizes to higher-dimensional subsystems A
without much difficulties. Replace o, by (A + AT) and Hy = %, w, |s)s| in the
problem statement. The computations of ¢;1(t) and ¢ (¢) involving exponentials remain
unchanged. The time evolution of the operators A, (t) will be given by

A (t) = XA: e~ Hwn=wmlt (n| Ay |m) [n)m| . (2.55)

n,m=1

With these expressions, we can compute the integrals

400 +00
/0 (DAL (H)dt and /O Gra(t) A ()dt, (2.56)

and easily obtain the second order reduced dynamics.
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Interpretation. The following observations are in order about the result in 2.45.

e One checks that for w., = wp large, averaging the reduced system in a frame
rotating with U (t) = e™s*?:/2_ yields back the result of Example 1 as expected.
Without averaging, terms in X;_ and X_, remain.

« Note though that the averaging condition now relaxes to wp, we, > €k, thanks
to confining ourselves to a manifold with slow dissipative dynamics, while with-
out adiabatic elimination the averaging condition was wg,w., > k. Adiabatic
elimination thus makes us win a factor €2.

e For we, = 0 instead, we have r, = r_ and e; = e_ such that Y = 0 and X is
proportional to the all-ones matrix. This singularity implies a single dissipation
channel, in o, i.e. proportional to the coupling operator, in agreement with the
result of [59] when H4 = 0.

e The formula 2.45 thus allows us to capture all intermediate scaling cases, where
the averaging approximation is less justified.

o To have a completely positive GKSL form, interpretable as a standalone open
quantum system, the matrix X in 2.45 should be positive. Here, X has a positive
trace, but its determinant is independent of ny, and negative as soon as weg 7 0.
Then such interpretation fails, as also happened in [83] for the partial trace gauge
(ps = Trp(p)). This raises the natural question of whether an alternative gauge
choice could restore a positive X, as seen in [58] for the second-order case with
H, =0, and in [61] for H4 # 0 under specific conditions. More recently, [83]
demonstrated that for H4 = 0 at 4th order and for a class of parameters, no
gauge choice can restore positivity. Further investigation into gauge choices and
the preservation of positivity is left for future work. See also next items.

I+zxo:+yoy+zo:

o The corresponding Bloch equations for p = 5

2n

. 2 th

— oo — Y —2

T (w g — g 1 2nth> Y

are:

) 2+2nth>
2 2
= (—w, y- ot —*(1+2 3
Y (wg+g T2, ) ” g (14 2n4) 7.y
= —g*(1 +2ny)r, (2 — 2) (2.57)
where
1 1 _ 2 = [y
TZ:4(H+H><+>, z= . (2.58)
Y\3 T 2 (742 + =) (1 + 2na,)

For wey # 0 this system converges to v =y = 0, 2 = z. For w.y = 0, the z
coordinate remains invariant and the two others converge exponentially to y = 0
and z = 0.

o The equations 2.57 can thus best be seen as just coordinates, because the evolution
can in general be non positive, and thus accurately describing the GKSL form
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Chapter 2. Adiabatic elimination with fast unitary dynamics

2.44 when restricted to an invariant subspace inside H 4 ® Hpg. In [83], a necessary
and sufficient inequality on the spectrum of Bloch equations is presented to decide
whether another coordinate choice (thus not imposing ps = Trg(p)) may yield
a completely positive reduced model, identifiable with a qubit. Remarkably, for
any parameter values, our particular result 2.57 appears to lie on the boundary
of these inequalities. Higher orders of the expansion thus have to be examined
before concluding on the existence of another gauge restoring the CPTP character
of the evolution.

2.4 Concluding remarks

We derived compact adiabatic—elimination formulas from the integral solution of a
Sylvester equation, covering gapped Liouvillians even when the modes to be kept carry
imaginary parts comparable to the dissipation rates of the variables to be eliminated (fast
unitary center dynamics). Formally, this completes the spectral block—decomposition
picture by requiring only a separation on the real parts of the spectrum; practically, it
avoids switching to an interaction picture and performing a preliminary averaging/RWA.

We postpone a more detailed discussion on future work to Chap. 6. Here, we limit
ourselves to remark that it should also be possible to generalize Proposition 1 beyond
the bipartite system case, to settings where £ = Ly + e£;, with the spectrum of £,
containing eigenvalues with large imaginary part. We also note that the GKSL form
is not required for Proposition 1 to hold, which applies also to evolutions where the
Kossakowski matrix of Eq. 1.21 is not positive semidefinite.

The time-convolutionless approach to adiabatic elimination presented in Chapter 3
provides a different formalism to perform adiabatic elimination, as we will see. In
particular, the TCL formulation does not assume a bipartite structure for the Hilbert
space, nor a dynamics generated by a Liouvillian not necessarily in GKSL form. A
discussion on the CPTP violation within the partial trace gauge for Example 2 can be
found in Chapter 3, where time dependence due to the initial relaxation phase is also
taken into account.
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Time-convolutionless master equation
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Chapter 3. Time-convolutionless master equation applied to adiabatic elimination

3.1 Projection methods for adiabatic elimination

In this chapter we introduce a time-convolutionless (TCL) master equation formulation
of adiabatic elimination, as in the geometric approach initiated in Refs. [58, 59, 118] and
further developed in Chapter 2 of this manuscript. The TCL master equation [136, 137,
88, 138] is a standard tool in the theory of open quantum systems: given a projection onto
degrees of freedom of interest, it yields an exact time-local evolution for the projected
state. As recalled in Sec. 1.4, TCL is typically derived for a closed system-environment
model. Here we apply the projection-operator technique directly to master equations
for open quantum systems with separated time scales (not necessarily in GKSL form
nor tied to a bipartite structure), and show that the TCL master equation framework
yields the same reduced model as the geometric adiabatic elimination construction,
establishing a methodological equivalence.

We demonstrate the equivalence in Sec. 3.3.2 by identifying the TCL projector onto
the relevant subspace and showing that it coincides with the geometric projector on
the invariant subspace .Z (9 of adiabatic elimination, spanned by the slowly decaying
modes. We then construct the TCL counterparts of (i) the reduced generator map F©
and (ii) the reconstruction map from the reduced state to the full state K, and we
prove that they satisfy the invariance equation under the same gauge condition. This
gives a geometric interpretation of the TCL formalism, which is usually presented purely
analytically, opening the possibility to import analytical techniques from projection-
operator methods into geometric model reduction.

The projection techniques in the TCL master equation framework also simplify
situations that are challenging to address using only the geometric approach: (i) fast
unitary center dynamics (non-negligible imaginary eigenvalues with small real part,
thus long surviving) and (ii) short time transients that influence the subsequent reduced
evolution. While both have been addressed by extensions of the geometric approach
(Chap. 2 for unitary dynamics; Ref. [118] for fast transients), the TCL master equation
framework offers a consistent and straightforward solution, as we will demonstrate by
analyzing the same model considered in Example 2 of Chap. 2.

In summary, this analysis bridges the two viewpoints: it places model-reduction
techniques from singular-perturbation theory and projection methods for reduced master
equations within a single framework, with the TCL asymptotic projector identified
as the geometric projector onto the slow invariant manifold. Since the main result of
this chapter is a proof of equivalence, we spend some time to introduce the formalism
of adiabatic elimination within the TCL framework. As a final remark, we note that
lot of the developments presented in this Chapter are a rewriting of the formalism
presented in Chap. 2 in a different language, in order to prove the equivalence of the
time-convolutionless approach with the geometric approach to adiabatic elimination.

3.2 Adiabatic elimination for gapped Liouvillians

In this section we specify the model we consider throughout this chapter. Instead of the
bipartite Hilbert space of Chap. 2, we consider a linear master equation on operators
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Figure 3.1: Typical spectrum of Ly [see Eq. 3.1] in adiabatic elimination. The presence of a
gap A is assumed between surviving modes proximate to the imaginary axis (represented by
the red crosses) and fast relaxation modes (represented by the blue circles).

p(t) € T(H), which was already considered in [58, 118, 139] for the setting of the
geometric approach to adiabatic elimination. Specifically, we take

d

2 P(1) = (Lo +eLa)p(t) = Lp(t), (3.1)

with € > 0. Ly is assumed to be diagonalizable and admitting a gap A on the real axis.

Vectorized notation. We use the Hilbert-Schmidt vectorization |A)) of an operator
A, with ((A| as its Hermitian conjugate, and inner product (A|B)) = Tr(ATB).
Superoperators are represented as matrices, denoted with a hat (*). The eigenvalue
problem of Ly reads

(Lo —NI) i) = 0, (L] (Lo — NI) =0, (3.2)

where J; is the eigenvalue and |r;)) and ((/;| are the right and left eigenvectors, normalized

as (lilr;)) = ;-

Surviving vs. fast relaxation modes. We assume the existence of a gap A in the
real axis of the spectrum of £j, which allows to divide the eigenvalues in to surviving
modes A; such that ReA; = 0 Vs, and fast relaxing modes A¢. As in Chap 2, we make
no assumptions on ImAg (which was assumed to be of order € in Ref. [118]). The gap
A can be written as

A= mfin Re(—=\y). (3.3)

As illustrated in Fig. 3.1, we split the eigenvalues {\;} of Ly into fast-relaxation modes
{Ar}, associated to strictly negative real part and surviving modes {\s}, which survive
asymptotically. The dynamics of a gapped Liouvillian £y begin with a rapid decaying
phase described by the fast relaxation modes. This phase is subsequently followed by an
evolution dominated by the surviving modes, as in the adiabatic elimination scenarios

of Chap. 2.
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Invariant subspace .Z(). Let .#¥ denote the subspace spanned by the surviving
modes of Ly; it is exactly invariant under Ly. For € > 0 small compared to the spectral
gap A (matrix elements of e£; in the eigenbasis of Ly are small relative to A), there
exists an e—close invariant subspace . for £ [127]. Starting from arbitrary initial
conditions, the component orthogonal to .Z(© decays on the fast timescale set by
A~' and trajectories contract onto .# (9 after an initial relaxation phase. Adiabatic
elimination targets the dynamics confined to .#(9, which involves fewer degrees of
freedom than Eq. 3.1.

Parametrization. We parametrize the degrees of freedom in .#(¢) as Z. As in Sec 2.1.1,
we need to obtain two linear, time-independent maps, denoted here as (¢, which
relates the parametrization to the solution to Eq. 3.1,

p(t)) = KOZ(t), (3.4)
and as F©! which describes the time evolution of the parameters Z,

d

%f(t) = }'(e)f(zﬁ). (3.5)

When € = 0, a state in .#% can be represented by a linear combination of {|r,)}.
Hence, we fix (=0 as

K=z = > g |rs) . (3.6)
Inserting the definitions of the maps into Eq. 3.1, we obtain the invariance condition,
KOF©O = £K©. (3.7)

Closed form solutions for (9 and F(9) exist in special cases [140, 83]. Generally however,
one solves Eq. 3.7 order by order in € to find an approximate solution, as shown in
Chap 2 for the bipartite system case, and in Appendix 7.1 for the general case.

Gauge degree of freedom. The solution to Eq. 3.7 is not unique. To see this, let
T be an invertible map (not necessarily a unitary map) of the same dimension as
FO. If K and F© satisfy Eq. 3.7, then the maps defined by KT = K and
T 1FEOT = F© also satisfy the invariance condition (K9 is consistent with Eq. 3.6
assuming lim. o7 = Z). Given the definitions in Eqs. 3.4, 3.5, we can show that
Ip(t)) = K©Og(t) and (d/dt)g(t) = FOF(t) with 7(t) = T '#(t). These identities
indicate that the solutions K@ and F(© are the maps for the different parametrization
y(t). Thus, the gauge degree of freedom is associated with the non-uniqueness of the
parametrization. In what follows, we consider only a gauge choice such that, with
Eq. 3.6,

(1, (K9 — K=z = 0, (3.8)
for any s and Z. In the bipartite setting, this corresponds to the partial trace gauge
considered in Chap. 2. This choice is equivalent to considering the parametrization
given by z,(t) = {(ls|p(t)). As we discuss later, this is a natural representation in
practice [see Eq. 3.37].

IThe linear map F(©) corresponds to the map £, of Chap. 2. While £, was acting on the reduced
density operator pg, F(¢) acts on vectors Z.
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3.3. Adiabatic elimination through the TCL master equation framework

3.3 Adiabatic elimination through the TCL master equa-
tion framework

In this section, we first review the TCL master equation in Sec. 3.3.1, We then show in
Sec. 3.3.2 that the geometric formulation of adiabatic elimination, presented in Sec. 3.2,
can be equivalently formulated using the TCL master equation.

3.3.1 TCL master equation

We begin by reviewing the TCL master equation, following [88, 26], which we introduced
in Chapter 1. Let P be a projector (P2 = P) and Q = Z — P. As shown in Eq. (1.26),
one has

Z-3(0] Qo(t) = %91 Qp(0) + (1) Po(®),
with .
X(t) = /OdTeQEQTQEPe_LT. (3.9)

which lead us to define the two distinct cases we examine in what follows.

Case 1. In the first case, we assume [P, Lo] = 0. We can then replace QLP by QL P
due to QP = 0:

t
S(t) = / dr 9L QL PeET. (3.10)
0
We assume the existence of [Z — %(¢)]7!, which is valid for small € and short times (the

Neumann series has to converge). By inverting [Z — X(¢)] and using [Z — X(¢)] ' X(¢) =
[Z—%(t)] ' —Z, we obtain an expression of Qp(t) without the time-convolution integral,

0p(t) = T()2p(0) + {[T S - T}Pp(t)

where
J(t) = [T — ()] eF2Q. (3.11)
This equation indicates
p(t) = T(H)Qp(0) + P(1)p(t), (3.12)
with
P(t) = [T — ()] 'P. (3.13)

We can show [P()]? = P(t) from PX(t) = 0. Hence, P(t) is also a projection. Inserting
Eq. 3.12 into the right hand side of (d/dt)Pp(t) = PLp(t), we obtain the TCL master

equation

SPplt) = PLI(1)Qp(0) + PLP(1)p(1). (3.14)

Note that, in Egs. 3.12 and 3.14, the terms involving J(¢) explicitly depend on the
initial condition in the complementary subspace Qp(0).
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Case 2. In the second case we assume 3(t) = 0. We obtain

Qp(t) = exp(QLAH)Qp(0), (3.15)

which yields
p(t) = €39 Qp(0) + Pp(t), (3.16)
and, by inserting it into the right hand side of (d/dt)Pp(t) = PLp(t),

jt??p(t) = PLe2“2Qp(0) + PLPp(t). (3.17)

3.3.2 Maps K£© and F©) from the TCL master equation

We show that the TCL master equation framework developed above provides an
alternative formulation of adiabatic elimination. For this purpose, the main task is to
show that the maps K(© and F(© can be computed using quantities in the TCL master
equation framework since the goal of adiabatic elimination is to evaluate those maps.
In the geometric formulation, those maps are obtained as a solution to the invariance
condition 3.7. The invariance condition is solved under two conditions: the boundary
condition 3.6 and the gauge fixing condition 3.8. These conditions determine the
parametrization of .#(©. Hence, we need to prove the existence of maps corresponding
to K and F(© within the framework of the TCL master equation, which we denote as

IC(Te)CL and fq(ﬂ%L, respectively, such that IC%%L satisfies the boundary condition and the

gauge fixing condition and that IC&%L and fé%L satisfy the invariance condition.

Initial states outside the invariant subspace .# ()

We first consider scenarios with p(0) & .# (), that is, the initial state p(0) is outside

the invariant subspace with € > 0. The geometric formulation, which assumes that the

initial state is in .# (), provides an approximate description of the long-time behavior.

To provide physical context, one example of this scenario is quench dynamics, where

the system evolves under £ for ¢t < 0, relaxing to the corresponding invariant subspace

such that p(0) € .Z(<=", and the perturbation e£, is abruptly introduced at ¢ = 0.
In this case, we adopt P = P,y with

75inv = Z |rs>><<ls| ) (318>

the operation of which is given by Pi.p = Y, tr(llp)r,. This is a projection onto
A= In fact, the orthonormality condition of the eigenvectors ensures the property
P2 = Pinv, which corroborates its nature as a projection. Furthermore, we have the
commutation relation [Lo, Piy] = 0, as expected from the fact that Py, is a projection
onto eigenspaces of Ly. This implies that the corresponding ¥ (¢) defined in Eq. 3.9,
which we denote as Ei(flz,(t), is given by Eq. 3.10 with P = Py, and ©Q =7 — Piyy = Qiny-
The corresponding J (t) [Eq. 3.11] and P(t) [Eq. 3.13], which we denote as AN (t) and
Pi(lfi(t), respectively, are given by

T () = [T = T

nv mv

()] teFmEanty ., (3.19)
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and
PLUt) = [T — S ()] P (3.20)

With these notations, Eqs. 3.12 and 3.14 read in the vector representation as
p()) = Ti (1) [Qinep(0)) + PEUE) [p(1))
d

ﬁp 10()) = P LT (1) | Qine(0))) + Pinn LPLL(E) |0(1))) -

Now we incorporate the gauge fixing condition 3.8. As discussed below Eq. 3.8,
it is equivalent to x4(t) = {(Is|p(t))) for any surviving modes s. For a more compact
description, let us introduce

(3.21)

(Lem]
xn = [Iree) race) -], xh = | (=2l (3:22)

We find xzxt = P, Xhxr = I, and Z(t) = X} [p(t)). Inserting these into Egs. 3.21,
the equations can be expressed with Z(t) as

p(t)) = T (£) | Qinvp(0)) + Pl (t) X RE (L)

d 2 Al a e B (3.23)
) = XLLTRE) | Qunep(0)) + XELPR (xR T(8).

Let us denote PL)(¢) in the asymptotic time limit as P = lim, oo P2 (). To

inv inv
proceed, we note the following two properties of Zg? (t) and 7#;3 (t) — Pi(rfi. First, for
small €, these superoperators decay exponentially in time;

Proposition 4 (Tokieda [64]). It follows that
1Pl (t) = Picll = O ((e/A)e™), (3.24)
and X
17 0] =0 (), (3.25)
as € — 0, where || ® || denotes a matriz norm.
For the second property, recall that Pi(;‘),(t) is a projection as shown below Eq. 3.13. In

this regard, the projection in the asymptotic time limit 731(1;), has a distinct geometric
interpretation as follows.

Proposition 5 (Tokieda [64]). The image of the projection P is O, that is, if )
is the right eigenvector of L associated with |rs)) in the limit e — 0, the projection Pi(rf\),
can be expressed as

Piw = 2 IrO) INT oo (o] (3.26)

with Ngg = <<ls|r§f) ). In particular, it satisfies

(- Pi(rf\)z)ﬁpi(;\)z = 0. (3.27)
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Chapter 3. Time-convolutionless master equation applied to adiabatic elimination

On the proofs. Proofs of Propositions 4 and 5 are unchanged from [64] and not part
of my contribution; the remainder of the chapter builds on these results. The arguments
of the proofs apply to finite-dimensional systems. For completeness, I remark that
the proof is obtained by assuming small € to maintain the gapped structure of the
generator £ = Ly + eLq, the spectral decomposition of L is employed to analyze the
time-dependence of Pl(va( t) and jmev)( t). The gap ensures decay of the time-dependent

terms, thereby establishing Propositions 4 and 5. Notably, the proof does not rely on
perturbation expansions and Eq. 3.27 is valid to all orders of e.

Invariance equation. Exploiting the Propositions, we replace Pi(rf‘),(t) by Pi(;i and
jmv( ) by zero in Egs. 3.23. As a result, we obtain

p(O) = KL Z(t) + exc(t),
d (3.28)

() = Filai(t) + ex(t)

where we have introduced
Ky = Pl d Fily = XL LPY) 3.29
TCL invXR all TCL XL inv X R- ( . )

In Egs. 3.28, ex(t) and ex(t) represent error terms due to the replacements. From the
exponential decaying factors in Eqgs. 3.24 and 3.25, those are negligibly small in the
long-time regime ¢ > A !, Without the error terms, Eqgs. 3.28 take similar forms to the
equations defining (¢ (Eq. 3.4) and F© (Eq. 3.5). This similarity implies that ICTCL
and ]:"(rec):L correspond to K© and F(, respectively. When € = 0, we find ICTCL = YR,
which yields IC(TESE):E’ =Y, 24 |rs). This confirms that IC(TEEE) adheres to the boundary
condition 3.6. As outlined at the beginning, hence, the remaining task is to show the
invariance condition 3.7, that is,

ICTCL‘F - CICTCL (330)
Inserting the definitions of IC(T%L and ]-"é%L, we obtain
FIC), — KK F = fPO s — P B
TCL TCLY TCL invXR — /Finv ll’lVX
- (j’- - 75i(rf\)/>£7)1nvx 07
where we have used Pi(rf\),Pinv = 731(2 in the first equality and Eq. 3.27 in the last equality.

Consequently, we confirm the invariance condition 3.30, which ensures that IC(T%L and
.FTCL in the TCL master equation formulation agree with /(¢ and F© in the geometric

formulation.
Initial states in the invariant subspace .7 (©)

Next we examine scenarios with p(0) € .#(9; the initial state p(0) is in the invariant

subspace with ¢ > 0. These scenarios are addressed in the geometric formulation,
where the relations |p(t))) = K©Z(t) and (d/dt)Z(t) = F©Z(t) hold for all times. We

44



3.3. Adiabatic elimination through the TCL master equation framework

confirm these relations in the TCL master equation formulation. To this end, we adopt
P =P From Proposition 5, p(0) in the present discussion satisfies p(0) = Pl(rfgp(())
or, equivalently, Ql(fl)vp(()) = 0 with Ql(rew =7- va Furthermore, the relation 3.27,

which reads 9 £P) =

vanishes. We hence consider Eqgs. 3.16 and 3.17, where the terms involving Qi(flz,p(O)
vanish from the above discussion. Consequently, Eqgs. 3.16 and 3.17 in the vector
representation simplify to |p(t))) = P |p(t))) and

0, ensures that the corresponding () defined in Eq. 3.9

- m\ () = PELPL |p(t))

respectively. Applying P, from the left side to the latter equation and using 771,0V73lnv =
Pinv, We obtain

d 5 B
7P [p(1)) = Pun LPL [0(1) (3.31)

Expressing with the parameter Z(¢) and inserting the definitions of IC&%L and Fé%L, we

obtain
(1)) = K0 T(0), (E) = Fiy ). (3.32)

In contrast to Eqgs. 3.28, Eqgs. 3.32 hold true for all times ¢ without error terms.
This is due to the absence of the fast relaxation phase when initially placed in .# ()
This analysis confirms that the TCL master equation formulation offers a consistent
description with the geometric formulation.

Remarks. The following remarks are in order.

mv mv
The relaxation of the former is well known in applications; by contrast, the role of
LZEW)( t) has been less emphasized, largely because one often assumes Qp(0) = 0.
In the geometric picture, trajectories contract exponentially to .# © for any initial
condition, so all contributions that depend explicitly on the initial component in
the complementary subspace must vanish at long times. Equation 3.25 makes this
precise. Proposition 5 further provides a geometrle identification of ’va as the

projection onto the invariant manifold .Z(©); the exact invariance relation 3.27 is
the non-perturbative extension of Q;,LoPiny = 0 to € > 0.

1. Proposition 4 quantifies the long-time decay of both va( ) — P and 7, E)( t).

2. The geometric formulation, while generally working for arbitrary Ay with ImA\; = 0,
has mostly been applied to the cases with Ay = 0, as discussed in Chap. 2, and
further detailed in Appendix 7.1. In this thesis (Chap. 2) we explicitly treat fast
unitary center dynamics with Im Ay # 0 and small Re )y, solving the invariance
equation via a Sylvester formulatlon at the superoperator level. On the TCL side,
the computation of ICTCL and fTCL proceeds unchanged whether A\; = 0 or not;
the method is agnostic to the presence of center dynamics once the slow spectral
subspace is fixed.
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Chapter 3. Time-convolutionless master equation applied to adiabatic elimination

3. The geometric approach describes the motion on .#(© but does not capture the
initial fast relaxation phase. The TCL formulation incorporates this transient
exactly through the finite-time projector Pi(rf‘),(t) and the term jlffv) (t) in Eq. 3.21.
Neglecting this short-time phase may lead to artifacts in the effective generator,
namely non-CP dynamics. In Sec. 3.4 we use the time-dependent reduced generator
]:%%L (t) to regularize such issues while remaining consistent with the long-time
limit, by analyzing the same model as of Example 2 of Chap. 2, which was yielding

non-CP dynamics.

4. To evaluate the maps fé%L and IC(T%L perturbatively, one has to expand the
asymptotic TCL projector Pi(rfi. Appendix 7.2 provides explicit expressions up
to third order in e. Once identified the specific operation of Py, for the system
under investigation, they can be readily applied, as we detail in the next section.

3.4 Example

3.4.1 Bipartite systems

In the TCL master equation formulation, the basic procedure to obtain a reduced model
consists in four steps:

1. Identifying £y and £ in the dynamics.

2. Identifying the surviving modes by solving the zero order problem.

3. Specifying the operation of the projection P;,, defined by Eq. 3.18.

4. Computing the maps Fé%L and IC(T%L, which define the reduced model.

To demonstrate these steps, we consider adiabatic elimination for a bipartite system,
which serves as a prototypical model for reservoir engineering. We show that the
projection Py, is given by the partial trace over the eliminated subsystem [see Eq. 3.36].
Furthermore, we apply this scheme to the Rabi model and discuss the positivity of the
reduced dynamics.

Consider a bipartite system consisting of two subsystems A and B, the dimensions
of which are denoted as d4 and dpg, respectively. Suppose that the density operator p
obeys a master equation of the form

d
PO = Lp(t), L=La®Tp+Ta® Ly+ Lin, (3.33)

where, for § = A, B, I, is the identity superoperator on &, L¢ describes the internal
dynamics on &, and L;,; represents the interaction between A and B. In what follows,
we assume that £, has a unique steady state and Lp generates unitary dynamics as
»CBP = —i[HB, p]
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3.4. Example

1. Timescale separation. The first step is to identify £y and e£; in the dynamics.
This procedure depends on the specific physical setting to be investigated. We consider
cases where a strongly dissipative subsystem A is weakly coupled to another subsystem
B via L;;. Owing to the weak coupling assumption, we can treat L;,; as perturbation.
Therefore, we set Lo =LA ®Ip+7Za® Lp and €L = Liy.

2. ldentification of the surviving modes. The second step is to identify the surviving
modes by solving the eigenvalue problem of L, for them. Suppose the eigenvalue
problem of L4 is solved as

(La—AaiZa) |ras) =0, (lail(La—AaiZa) =0, (3.34)

for i = 1,2,...,d%. The assumption of a unique steady state, denoted by p4, then
indicates Ay1 =0, 741 = pa, lag = T4 (I¢ the identity operator on £), and ReX 4 ;-1 < 0.
The form of the left eigenvector 14 follows from (14| La— Traly = 0, with Try the
trace operation over A. Note that the decay rate in A is characterized by min;~; |[ReX;|.
For the subsystem B, suppose that the eigenvalue problem of Hp is solved as

(HB - QB,mIB) |bm> = 07

form =1,2,...,dp. The (right and left) eigenvectors of Lp then read |b,)bn| = Epmn
with the eigenvalue i(Qp, — Qpm) = Qg mn. Assuming {|b,) }<m<d, to be an
orthonormal basis on B, we find the orthonormal relation (E5 mun|EBpq) = Ompong
and the resolution of identity Ip = Zf,fnzl \EB mn ) EBmn|-
Given these, the eigenvalue problem of Lo can now be solv2ed formally. The
1<i<d?,

right and left eigenvectors are given by {|ra:) ® |Epmn) b1<mmnza, and {{lai ®

; 2
(FE an”iif{%dy respectively, and the eigenvalues read A, = Aa; + Q25 mn. Note

that min;~q ., |[ReX;mn| = min;; [Reds;|, where min;~ |[ReA4 ;| is the decay rate in
A as mentioned above. The strong dissipation assumption on A implies that this decay
rate is much faster compared to the typical scale of e£;. In this case, we can take the
modes (i = 1,m,n)1<mn<dy as the surviving modes. This is the same identification
used in Chap. 2; here it is written in Liouville-vectorized notation to fix the TCL
conventions.

3. Operation of the projection. The third step is to specify the operation of the
projection Pi,,. The general definition of Py, is given by Eq. 3.18. Since the right and
left eigenvectors associated with the surviving modes are {|ra1)) ® |Epmn) F1<mn<ds
and {{(la1] ® (EB.mn|}1<mm<dy, respectively, we obtain

Puv =Y 1r41) @ [Epmn)) {la1] ® (Epmal
m,n=1
= [paN(Tal © Zp, (3.35)
the operation of which reads
Pinvp =pa® trA(P) (336)

We note that the abstract definition 3.18 naturally yields Eq. 3.36, which is commonly
assumed in the study of bipartite systems, and was also used in Chap. 2.
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Chapter 3. Time-convolutionless master equation applied to adiabatic elimination

4. Operation of the projection. The last step is to compute the maps ]—"é%L and
IC(T%L by inserting Piny into Eq. 3.29. This yields the reduced model.

Remarks. Two remarks are in order.

(o) As noted at the end of Sec. 3.2, the invariance condition 3.7 has multiple solutions
due to the nonuniqueness of parametrizing the invariant subspace .Z (. In this
chapter, we impose the condition 3.8, which is equivalent to the parameter choice
given by z; = (ls|p)). In the current setting, the left eigenvectors associated with
the surviving modes are { (41| ® (EBmn|}1<mn<ds- Accordingly, the parameters
read

Tmn = (EBmn|pB)) ,

with pp = trap the reduced density operator on B. Using the resolution of

identity, we find
dp

PB = Z xmnEan. (337)
m,n=1
Therefore, in bipartite systems, the gauge condition 3.8 naturally yields the
parametrization via the reduced density operator, which we used in Chap. 2.

(8) When the internal dynamics of B have a much slower timescale compared to A,
Lp can be treated as perturbation. We can then split £ as Lo = L4 ® Zg and
eL1 =T, ® Lp+ L. In this case, the right and left eigenvectors are given as
above with { Ep ymn b1<m.n<a, being arbitrary orthonormal operator basis. Hence,
the operation of Py, is similarly given by Eq. 3.36. For systems dictated by a
GKSL equation, such cases were investigated in Ref. [59]. In particular, the
authors proved that the second-order reduced dynamics of pg are always given
in the GKSL form. When Lz has a comparable timescale to A and needs to be
incorporated in Ly, however, the GKSL form is no longer guaranteed as we see
below.

3.4.2 Solving the Rabi model

We now give an explicit solution for the dipolar coupling case, already analyzed in
Example 2 of Chap. 2. Full computations are provided in Appendix 7.3. Once the
operation of P, is specified, it is possible to evaluate J:%%L and IC%%L. We present
explicit computations for the Rabi model including a damped oscillator mode. The
dissipative subsystem A is the system of a harmonic oscillator mode with dynamics
dictated by a GKSL equation

Lap = —iwpla‘a, p] + xDla]p, (3.38)

where wypy, is the frequency of the harmonic oscillator and « is the single photon loss
rate. The subsystem B is a qubit system spanned by the orthonormal basis {|g) , |€) }.
The internal Hamiltonian of B is assumed to be

=P

2

Hp =
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3.4. Example

with we, the energy difference between the two levels and o, = |e)(e| — |g)(g|. Hence,
Lp reads
Weg

Lpp = — 9

[0, p]. (3.39)

The two subsystems are coupled by the Rabi interaction
Linp = —ig |(a' +a) ® v, p]. (3.40)

with 0, = 0, + 0_ and 0, = ol = [e)g].

With £, given by Eq. 3.38, we find that A = min;~; |ReA4;| = /2. Accordingly,
the assumption of weak coupling reads g/k < 1. Under this condition, the maps
.Fé%L and IC(T%L can be evaluated perturbatively. Detailed calculations are provided
in Appendix 7.3. In what follows, we present the results and focus on their physical
significance.

For the parametrization pg in Eq. 3.37, the reduced dynamics up to the second-order
expansion read (d/dt)pg(t) = Fé%LpB(t) with [see Eq. 7.21]

. ;
f?&pB—-—z{%g+gﬁm(U7+—lﬁv)hampd

T T

0.0, + ppo.O;

D Kjk|:0'jpBa'l];_ A 5 g ]]7
Jyk==%

with 71 = (k/2) + i(wph £ wey) and K, = 1/v; + 1/v;. This result agrees with the
geometric approach, which we applied to solve Example 2 in Chap. 2, and with the
Redfield equation derived in Ref. [141].

CP violation of the reduced dynamics. The eigenvalues of the coefficient matrix in
front of the dissipator, K, read

LSRN P 1+—<‘h“%(}()) , (3.41)

2 vy tr

with tr(K) = k/[v+*> + &/|7=]* > 0. If weg # 0, one of the eigenvalues becomes
negative, as in Example 2 of Chap. 2. This implies that the second-order generator
is in a non-GKSL form violating complete positivity of the evolution. This issue was
pointed out in Ref. [141], where the authors showed that additional approximations
on the generator to obtain the GKSL form lead to qualitatively incorrect dynamics.
An approach that ensures complete positivity was developed in Ref. [142], where the
authors derive an effective master equation in the GKSL form.

Including the initial relaxation phase. Here we propose an alternative way to ensure
complete positivity of the reduced dynamics. In Ref. [90, 143], the authors demonstrated,
for composite Hamiltonian systems, that taking into account the time dependence of
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Chapter 3. Time-convolutionless master equation applied to adiabatic elimination

coefficients maintains the positivity of the density operator even in the short-time
regime. Following these insights, we propose to use

Filo () = XLLPE (), (3.42)

as the generator, rather than the asymptotic one Fi%; = limy_o Fiy (¢), when the
positivity violation becomes an issue. Assuming Qi,,p(0) = 0 as in previous studies,
the modified reduced dynamics are now given by (d/dt)pp(t) = ]-'é%L(t)pB(t). We
numerically demonstrate in Appendix 7.3.2 that this evolution is completely positive
at all times (see Fig. 7.1), and we expect this to hold generally, as long as the
coupling is weak enough so that the second-order approximation is justified. While the
time-dependent generator cannot be derived within the geometric approach, it can be
straightforwardly evaluated in the TCL master equation formulation.

Once the evolution of the parameter pp(t) is determined, the density operator of
the bipartite system can be obtained as p(t) = IC(jf)CLpB(t) with, up to the order of €,
the map IC(T%L given by [see Eq. 7.22]

KSerps = (I+W)(|0X0| ® pp)(I + W)
— (I ® 0)(|0)0| © pp)(In @ 7).

with I the identity operator on the total space, o, = o_/y_ + o4 /74, and

2
W=—igal®o, - —% —(a")2e T+ 79, (3.43)
K+ 2iwpn Y+ Y-

Note that IC(T%L is not a Kraus map due to the negative sign in the second line. This
can be interpreted as a signature of quantum correlation built up in states in .Z(© [83].

3.5 Concluding remarks

In this chapter we recast adiabatic elimination in the time-convolutionless framework:
we identified the TCL asymptotic projector with the geometric projector onto the
slow invariant manifold, built the TCL reduced and reconstruction maps, and showed
they satisfy the same invariance equation under the same gauge. We also discussed
through an example how complete positivity can be restored by taking into account the
initial phase of fast relaxation in the reduced dynamics. Together with Chap. 2, this
chapter contributes to the adiabatic elimination approach to model reduction for open
quantum systems, by formulating it in a way that is both geometrically transparent
and analytically tractable. We postpone a more detailed discussion on future work to
Chap. 6.
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Chapter 4

Tensor network and chain mapping meth-
ods for open quantum systems
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Contributions. This chapter provides a self-contained introduction to the tensor
network and chain mapping methods applied in Chapter 5 to the context of circuit
QED, and fixes the notation adopted in the thesis. Before my PhD, I worked on
finite-temperature chain mappings during an internship supervised by D. Tamascelli
and A. W. Chin, resulting in the publication [144]. During my PhD, I had the
opportunity to take part in the ongoing development and maintenance of the Julia
package MPSDynamics. j1, led by Thibaut Lacroix, Brieuc Le Dé, Angus Dunnett, and
A. W. Chin. The package implements the methods presented here; see the software
paper: Thibaut Lacroix, Brieuc Le Dé, Angela Riva, Angus J. Dunnett, and Alex
W. Chin. “MPSDynamics.jl: Tensor network simulations for finite-temperature (non-
Markovian) open quantum system dynamics”. In: The Journal of Chemical Physics
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Random states in H

Relevant states

Area-law states

Figure 4.1: The manifold of states that obey the area law of scaling for the entanglement
entropy is a (convex, exponentially small) subspace of the total Hilbert space H: arbitrary
states exhibit instead a volume law [65].
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4.1 Remarks on tensor networks

By promoting the bath modes to relevant degrees of freedom and evolving the combined
system—environment state unitarily, an open quantum system is recast as a many-body
problem. We use tensor network (TN) to efficiently represent and manipulate many-
body states. There are a number of tutorials on the subject [72, 145, 65, 146]. Here, for
completeness and to fix notation further used in this thesis, we provide an introduction
to the basic notions used throughout.

4.1.1 Quantum many-body states and the area law

A many-body state of N constituents (bosonic or fermionic) describing both the open
system and the environmental modes takes the form:

W)= D Wiy |11) @ i) ® .. @ |in). (4.1)

11,82, IN

Such a state will be represented by a radius in the Hilbert space H = H1 QHo ® ... Q@ H
where each single-particle Hilbert space is spanned by a basis {|ik>}§lk:1 € Hy, with d
being the local dimension, so that dim(#) = d”. In the fermionic case, d = 2 because
of Pauli exclusion principle, whereas in the bosonic case the local Hilbert space is
unbounded. This is the so-called curse of dimensionality [65].

For large N, exact diagonalisation of the Hamiltonian rapidly becomes infeasible.
From its earliest days condensed matter theory has relied on variational methods thank
[147]. These approaches rely on the assumption that, even if the whole Hilbert space H
is exponentially big, the set of relevant states—ground states, low-lying excitations, and
time-evolved states resulting from the dynamics imposed by a physical Hamiltonian—has
some structure that constrains them to a smaller subspace of the Hilbert space H [148].
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4.1. Remarks on tensor networks

Most many-body Hamiltonians couple only nearby degrees of freedom (e.g. nearest-
or next-nearest neighbor), and in systems with a spectral gap between ground and first
excited states, and with short-range interactions this locality implies an area law for
entanglement entropy [145, 67]: when dividing a D—dimensional lattice into region
A and its complement, the entanglement entropy S(A) scales with the boundary 0A
(growing like NP~1) rather than the volume (growing like N¥). Consequently, low-energy
eigenstates of such Hamiltonians lie on an exponentially smaller manifold parameterized
by O(N) degrees of freedom, with accuracy controlled by the entanglement entropy.
In one dimension D = 1 the entanglement stays constant: an efficient numerical
representation of large one-dimensional systems should be possible. Our objective
is thus to exploit the entanglement structure of a many-body state by representing
it explicitly with tensor networks. The internal tensor ranks bound the bipartite
entanglement these states can carry; increasing the ranks systematically improves
accuracy, and the truncation error is quantified by the discarded weight in the Schmidt
spectrum. This enables efficient representation and dynamics of low-energy states by
working directly within the “area law manifold” [67].

4.1.2 Diagrammatic notation for tensor networks

In the following, a tensor is an n—dimensional array of complex numbers. The rank
of a tensor is the number of indices of the tensor: a scalar is a rank-0 tensor, a vector
is a rank-1 tensor, a matrix is a rank-2 tensor, and so forth. Following Penrose’s
diagrammatic notation [146], a tensor is represented as a geometrical shape, with one
“leg" per index

J k
l ? l (4.2)

The dimension d of the k—th leg is the number of values that the index i, can take. An
index contraction is the sum over all the possible values of the repeated indices of a set
of tensors: the two indices must have the same dimension. For example, a contraction
is the matrix-vector product

d
U; = Z Mijvj~ (43)
j=1
In the graphical notation, such a contraction of two tensors is represented as

i—ul = (4.4)

Joining two legs of tensors corresponds to summing over their shared index, which
creates a bond. The number of values that index can take is the bond dimension Y.
Using this convention, arbitrarily complex multi-index contractions can be represented
as simple diagrams—so-called tensor networks. A tensor network (TN) is a collection of
tensors with a pattern for how to contract their indices. In the graphical notation, a
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tensor network is a collection of geometrical shapes (tensors), interconnected by lines
(bonds). The legs that do not connect one tensor to the other correspond to the free
indices of the tensor network. A simple diagram, for example,

(4.5)

represents the tensor contraction
X

Tij= Y Auiyis BigisisCjisie Dinisie- (4.6)
Although any tensor network can in principle be contracted into a single tensor—at an
exponential cost O(d"), where N is the number of sites and d the dimension of each
site—it is often far more efficient not to contract it immediately. Its algebraic structure
in fact can be exploited to encode the entanglement structure of a many-body quantum
state.

4.1.3 Matrix product states

Several tensor-network architectures have been proposed for representing quantum many-
body states [65]. In one dimension, matrix product state (MPS) were introduced in the
carly 1990s to study spin chains [149, 150]. Vidal later showed how the MPS framework
enables efficient classical simulation whenever the system’s bipartite entanglement
remains sufficiently small [151]. Extensions to higher dimensions include projected
entangled pair state (PEPS) in two dimensions [152] and various tree-tensor network
(TTN) [153]. Here we focus on MPS.

Historically, the notion of block decimation in Wilson’s renormalization group
[154]—coarse-graining a small cluster of sites into an effective block and discarding its
high-energy components—provides a first systematic way to reduce the Hilbert space.
However, when applied directly to one-dimensional quantum chains it fails, because
it ignores the entanglement between that block and the rest of the system. White’s
density matrix renormalization group (DMRG) [155] overcomes this by embedding each
block in its environment, finding the ground state of the combined system, and forming
the block’s reduced density matrix. By keeping only the eigenvectors with the largest
weights—precisely the Schmidt vectors across the block—environment cut—one retains
exactly those states that capture the most entanglement. Verstraete, Porras, and Cirac
later showed that this entanglement-guided truncation is mathematically equivalent
to a variational search over MPS, thus casting DMRG in the modern tensor-network
framework [66].

The information necessary to describe the many-body state |¢), defined in Eq. 4.1,

is contained in the rank—N tensor W, ;, ;.. In Penrose notation, we represent it as

Yein = | —T— | |
i i i3 S\ (4.7)
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This description is inefficient, as it requires to specify and store in the memory of the
computer each of the dV coefficients needed to specify the state. The complexity of the
description can be reduced by breaking the rank— N tensor into smaller rank tensors.
MPSs are tensor network states that correspond to one-dimensional arrays of tensors,
where each tensor corresponds to a site of the many body system; by replacing the
tensor ¥ with the following tensor network:

iy = AlTAZ AN = |A1|—|A2|—|A3|7...

11 19 13 iN (48)

v

we obtain the MPS representation of the corresponding quantum state |¢) as:

W) = S ADAR AW |iyig...iy) . (4.9)

i1ig..0N

An MPS is a TN constituted by a one dimensional array of N rank—3 tensors. The
tensors Ay are called sites of the MPS. Each site has a free leg, called a physical leg,
that runs over the values of the index 7. In addition to that, it is connected to the
tensors Aj_1 and Ayyq through virtual legs, of dimensions x;_; and xj respectively.
They are known as bond dimensions. The bond dimensions of the first and last dummy
virtual legs are set to 1: xo = xn = 1. We refer to the max{xi, x2, ..., xn—1} as the
MPS bond dimension.

Rather than storing all dV amplitudes explicitly, an MPS encodes them implicitly
via a network contraction. To recover a single amplitude Wy ;s = (iy1h...in|0), one
simply fixes each physical index and contracts the one-dimensional chain of matrices of
Eq. 4.8

(4.10)

This contraction, which has a cost that increases with the bond dimensions (in the
uniform case O(Nx?)), yields a single complex amplitude, no lookup table of d"V entries
is needed (cf. Eq. 4.7). Moreover, storing the entire MPS requires a total number of
complex parameters which scales only linearly, and not exponentially, with V:

N
# of complex parameters = »  di k-1 X&- (4.11)
=1

Assuming that all the local and bond dimensions are the same (xx = x, dx = d), the
number of complex numbers that we need to store is Nx2d. If x? o< exp N, the gain
of the MPS representation is lost. However, the bond dimensions are related to the
entanglement present in the system: for quantum states with low entanglement, the
MPS representation can be obtained with low values of bond dimensions y. As a
final remark, MPS are dense: they can represent any quantum state of the many-body
Hilbert space just by increasing sufficiently the value of the bond dimension. To cover
all the states in the Hilbert space, the bond dimension needs to be exponentially large
in the system size [145].
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Singular value decomposition

To actually extract and normalize the tensors that make up the MPS ansatz, we use
the singular value decomposition (SVD). Any matrix M € C™ ™ can written as:

M =USV, (4.12)

where U € C™™in(mn) ig a left unitary matrix (UTU = I, represented as a triangle
pointing to the right), V' € C™»(mm)xn js g right unitary matrix (VVT = I, represented
as a triangle pointing to the left), S € min(m,n) x min(m,n) is a diagonal matrix with
positive real numbers, represented as a diamond, called singular values. In Penrose’s
notation, with n > m (in the diagram we represent an increase in the dimension as a
thicker line):

m—{M—n = m%m@m@_n (4.13)

We note that from Eq. 4.7, by performing a sweep SVD, it is possible to obtain, for any
state, the MPS representation Eq. 4.8, by factorizing the coefficient tensor A into the
site tensors Ay (a step-by-step guide can be found in [72]). Of course, this is not what
it is usually done, as the goal of MPS representations is precisely to be able to avoid
writing the full tensor A. Crucially, each SVD step produces the two isometric matrices
U and V, that one can absorb into neighboring tensors to enforce orthonormality. In
other words, the same SVD sweep that builds the MPS chain also fixes its internal
gauge in a natural way, laying the groundwork for the canonical gauges of MPS.

Canonical gauges

Because one can always insert the identity X X! =1 € CX*X on any bond, an MPS is
gauge invariant. The SVD gives a natural choice of X (the singular vector matrices)
to define the gauges without any arbitrariness. Putting an MPS in a specific gauge
is particularly useful to evaluate operators on MPS sites, as we shall see. The most
important canonical gauges are the left canonical, where the matrices corresponding to
the sites L are left unitary:

Vi in = L’ilL?...LZ]'{}’ = I?«I?@ @
’il ig ig iN (

the right canonical, where the matrices corresponding to the sites Ry are right unitary:

Wi, = RORE LR =

N (4.15)

4.14)
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and the canonical gauge, first introduced by Vidal in [151], which is particularly useful
to obtain the Schmidt decomposition of an MPS across each bond, where we write the
MPS sites as A}¥ = I'}F Sy, with Si the diagonal matrix of the Schmidt coefficients, so
that

W,y = LESHTRSRTY . SYIRY = (4.16)
PoHem &«
| | | |
¢ g oo i

In fact, from the canonical gauge it is straightforward to obtain the so-called mixed
canonical gauge: we select the S; matrix at which we want to divide the MPS in two;

we contract the matrices to its left, Ly, 1 = Sk 1k11, and to its right, Ry = ['ySk:
\J = L SiTSere. .. SZN 1RZN = (4.18)

i1...IN

reshape — Ry reshape — Rj

PofieNe <
P@ﬂ -

= LU ShRERY Ry IRy (4.21)

By enforcing local orthonormality, canonical gauges turn any contraction of the
MPS with itself (e.g. computing norms, overlaps, or expectation values by contracting
the network with its conjugate) into a sequence of identity contractions—thereby
stabilizing numerical algorithms, isolating each bond’s degrees of freedom, enabling
efficient, localized tensor updates. Concretely, in the left-canonical gauge each tensor

L, satisfies
(L) L = 1, .

ik

(4.19)

so that contracting all tensors to the left of bond k collapses to the identity on the
remaining bond space. Similarly, in the right-canonical form each tensor R obeys

SR (RE) = Iy,

making the contraction of the right side of the MPS trivial. Since only the central
singular-value matrix Sy carries nontrivial normalization, any local update or truncation
on the corresponding bond does not propagate numerical error elsewhere in the network.
This isolation of each bond’s degrees of freedom ensures that all norm and overlap
calculations remain exact up to machine precision, thus making DMRG sweeps efficient.
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Schmidt decomposition and entanglement across bonds

In the mixed canonical form of an MPS, Eq. 4.18, the elements along the diagonals of
the S matrix correspond in fact to the Schmidt coefficients \; of the bipartition of the
system at the point where S is situated. We explicitly write the Schmidt decomposition
in the context of an MPS in the mixed canonical form:

¥) = Ao [RLH) @ @), (4.22)

where ‘CIDU "k]> and ‘q)[k“'"N ]> are the left and right Schmidt vectors describing the
subsystems composed of the sites 1,...,kand k+1,..., N, respectively:

@A) = ZL“ L iy i)

110k
. 4.23
‘fb’““ N}>_ SRR Jiggein) - (4.23)

lgt1--IN

Considering the bipartion at the matrix Si, the Schmidt coefficients are related to von
Neumann entanglement entropy of Eq. 1.6 as:

Z A2, log(A2,). (4.24)
ap=1
The entanglement entropy gives a measure of the correlations between the two partitions
of the system. It is possible to obtain a relation between the maximum value of the
entanglement entropy and the bond dimension x: from the positivity of the Schmidt
coefficients, A,, > 0 Vo, it follows that the Schmidt coefficients must be equal
(Ao, = A Vay) in order to maximize the entanglement entropy Sy in 1.6; from the

normalization condition, »-¥*_; A2 =1, it follows therefore that A2 = i Vay. The
maximum entanglement between two subsystems linked by a bond of dimension yy is:
max(Sy) = log(xx)- (4.25)

It follows that to correctly represent the entanglement in an MPS, it must hold that:
Xk > ek, (4.26)

The minimum bond dimension required to represent a wave function is therefore directly
related to the amount of entanglement between the individual sub-systems. It is clear
that if two subsystems are strongly entangled, then, to capture in a reliable way the
quantum state, the MPS will have exponentially high bond dimensions, and the gain
of the MPS representation will be lost. The relation 4.26 in fact, gives us a physical
criterion to assess if the MPS representation can efficiently describe a particular wave
function. As we have seen in Sec 4.1.3, to keep computationally tractable the number of
parameters necessary to the definition of the MPS, we need the bond dimension to scale
sub-exponentially with the size of the total system N. If we want the representation to
be even more efficient, we can impose the bond dimension to be constant for any size of
the total system: x ~ const, V N, a requirement that becomes, because of Eq. 4.26:

Sk ~ const, (4.27)
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which is the area law for a one-dimensional system, where specifically in one dimension
the area of the bipartition is a single site, i.e. independent of the size N of the total
system.

4.1.4 Matrix product operators

Another TN structure is matrix product operator (MPO), the operator analogue of
an MPS. MPOs are indispensable for evaluating expectation values on MPS-encoded
states. Just as any many-body wavefunction can be decomposed into an MPS, any
operator O admits an MPO representation:

O = Z C(ilmiN)(i'lmi'N) |21’LN> (lellNl

.,
11N, -y

= Z C(i1d))...(intly) Ji1.in) (i iy (4.28)
i1 1]l '

= S W W iy i) (.l
i i S il

The coefficients c(;,ir)...i Ny therefore define a single rank-N tensor whose kth leg carries
the combined index (i, }). By decomposing this tensor into a one-dimensional network,
as in the last line of Eq. 4.28, one obtains an MPO: a chain of rank-4 site tensors Wy,
each with two physical legs (ix, 7)) and two virtual legs linking to its neighbors.

i it i iy
| | | |
Cliri))...(inily) = Wi ;,NZGV = (W Wy Wy — - — Wy
| I Y I
o IN (4.29)

Applying an MPO to an MPS leaves the MPS form invariant, except for an increase in
the matrix dimension of the sites: bond dimension on each link is the product of the
original MPS and MPO bond dimensions. Concretely, if we consider an MPO of the

form of Eq. 4.29, and an MPS of the form of Eq. 4.8, by defining Nj* = 5, W, © Ajf

we obtain an MPS with site tensors V. ,Z’“ and bond dimensions djx:

OW)= S WWRE WV AR AL A Jiviy..in)
i @ il iy
= Y NPNZ.NY |ivig..in) (4.30)
1112...iN
= Y Py liniaein) = |9)
i1ig.in
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The same operation is depicted below using the diagrammatic notation (enlarged bond
dimensions are depicted with thicker lines):

Al | A2 | A3 — 7AN
\ \ \ \

Dy iy = NI 2 NW = Wy H Wy = Wy — - — Wy
T |

3} 12 3 IN

= Ny — No — N3 — - — Ny

i iy i3 iy (4.31)

A general procedure based on SVD compression for converting any operator into its
MPO form is detailed in [156]. Once in MPO form, operators can be applied to MPS
and expectation values computed entirely within the tensor-network framework. For
example, the expectation value of a single-site operator Os,

(O3) = (¥] Os ),

is obtained by contracting the MPS for |¢), the MPO for O3, and the conjugate MPS
for (1| into a closed tensor network. In practice this reduces to sweeping an “operator
sandwich” over the chain, absorbing the O3 tensor at site 3 between the corresponding
ket and bra tensors and contracting all the identity bonds. Diagrammatically:

(] Os[) = 35, iy (AT )TAY (A7) Ax(AF)TN5... (AR ) TAY

N3
Ay Ay — A3 — - —Axn
|
= @)
\
T Al Al — ... gt

In the mixed-canonical gauge with orthonormalization center at site j (see Eq.4.1.3),
all tensors to the left and right of site 5 contract to the identity:

SLLY =Ly, YRR =1,
ik i
As a result, the full network for
(0) = (Y| O [¥)
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collapses to a single three-node contraction at site j:

(W10;1¥) = O

g (4.33)

This local contraction can be carried out in O(x3d) time, making MPO expectation
values both exact (up to machine precision) and efficient when the MPS is in canonical
form.

4.1.5 Time evolution with the time dependent variational principle

At the end of Sec. 4.1.3 we have pointed out that any state of H can be brought to be in
a (not unique) MPS representation. In general however, we are interested in constructing
MPS of wave functions |¢(t)) that have evolved in time under a Hamiltonian H, after
having started from a known initial state [1(0)):

[9(t)) = U@) [4(0)) (4.34)

where the time evolution operator is U(t) = e~*. A simple initial condition is usually
given by a product state of the form:

¥(0)) = |¢1) © |¢2) @ ... @ [dn) (4.35)

with |¢;) as states of the individual subsystems. There are multiple time evolving
algorithms that exploit tensor network methods; a complete review is given in [157].
We can divide these methods in two main classes.

Suzuki—Trotter decompositions and TEBD

The algorithms of the first class are based on the approximation of the time evolution
operator U(t). Usually the algorithms exploit the Suzuki-Trotter decomposition of U(t),
thus breaking the time evolution into a number of finite time-steps:

U(t) = el = 700 o=l —_ 17(§)U(6)...U(6), (4.36)

and finding an MPO reduced expression for U(J). Once that is obtained, the MPS at
the next temporal step can be computed:

[t +0)) = U™(0) [ (1)) - (4.37)

As we have seen in Eq. 4.31, in applying the MPO, the MPS bond dimension will
increase by a factor of the MPO bond dimension, leading to an exponential growth with
the number of time steps and thus necessitating a truncation after each step. The most
famous algorithm that uses this approach is the time evolving block decimation (TEBD)
algorithm [158]. TEBD is particularly effective for short ranged Hamiltonians. The
main disadvantage is that the approximation of the time evolution operator introduces
a truncation error that breaks unitarity and does not conserve energy during the
dynamics.
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Dirac—Frenkel TDVP

Central to this work is the time dependent variational principle (TDVP), and its
algorithmic implementation. Such an approach falls in the second class of time evolution
methods, those that seek to find an approximation of the time-evolved MPS |o(t + dt)),
therefore preserving unitarity by definition, instead of finding an approximated version
of the time evolution MPO U. The TDVP applies the time dependent variational
principle to MPS, and efficiently simulates the dynamics of the system [73]. The time
dependent variational principle can be exploited to obtain the best possible description
of the time-evolved state within the space of MPSs, which is an ansatz for the wave
function, using the matrices A = {A;}Y, that form the MPS as variational parameters
[159]. If one fixes the bond dimension of the matrices, the states that the ansatz can
describe lie on a manifold M.

To obtain the time evolution of a quantum state, one must solve the time dependent
Schroedinger equation:

d .
S10(0) = ~iH (1) (1.3

The TDVP algorithm [160] is a projector-based method. As we said, the time evolution
is constrained to happen on a manifold M, constituted by the states described by
MPS with a fixed value of bond dimension. Given the fixed form of the wave function
|t(A(t))) TDVP seeks to obtain the set of parameters A (the matrices of the MPS)
that gives the best approximation to the true wave function |¢(¢)) without leaving the
present manifold M, of MPS with fixed bond dimension. The action of the Hamiltonian
H on |¢(A(t))), will in general lead to an increase in the bond dimension value of the
time-evolved MPS (as explained in Sec. 4.1.4), potentially taking time evolution outside
of the manifold M. The Dirac-Frenkel time dependent variational principle states that
the approximate solution of the Schroedinger equation, constrained to happen on the
manifold M, is given by:

S0 = ~iPlyqy B [(0). (4.39)

The projector defines an effective Hamiltonian, Heg = Py ) mH, under which the
dynamics are constrained on M. Constraining the dynamics on a manifold introduces a
projection error: the time evolution will obey to an effective Hamiltonian different from
the starting one. After the introduction of TDVP as a time evolution method for MPS,
in [117] Haegeman et al. pointed out that there exists an analytical decomposition for
the projector operator P that simplifies the resolution of Eq. 4.39, turning the problem
into one where each matrix A; can be updated with an effective on site Hamiltonian
H g via a Schroedinger like equation. The effective Hamiltonian H.g is a contraction
of the Hamiltonian MPO and the current state of the other matrices composing the
MPS. This allows to do a sequential update. For the details, see [117].

4.2 Mapping the linear system-boson model on a chain

Having introduced how tensor-network ansétze efficiently capture the entanglement
structure of many-body states, we now make them practical for open quantum systems
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4.2. Mapping the linear system-boson model on a chain

by mapping the Hamiltonian of Eq. 1.45 onto a one-dimensional chain.

4.2.1 TEDOPA chain mapping at zero temperature

Under the Hamiltonian of Eq. 1.45, the system couples star-wise to a continuum of
bosonic modes. Remarkably, one can show that this star geometry is unitarily equivalent
to a semi-infinite tight-binding chain [69, 71], in which the system interacts only with
the first site and all bath couplings become nearest-neighbor. In this chain picture,
entanglement can only spread locally along the chain, making the full system and
environment dynamics tractable efficiently with MPS methods—a strategy known as
time evolving density matrix using orthogonal polynomials algorithm (TEDOPA) [70].

The TEDOPA chain mapping is implemented by a unitary transformation on the
bosonic modes of the environment,

= /O”dw Un(@) b, Un(w) = /T (@) (), (4.40)

where the functions p,(w) are polynomials orthonormal with respect to the measure
dp(w) = J(W)dw, ie. [ Pm(w)pn(w) dp(w) = Gpmn, and ¢, ¢l are bosonic modes
such that [cg, clT] = 0i;. Applied to the star-geometry spin—boson Hamiltonian H =
Hg + Hp + Hj, this transformation yields a semi-infinite, nearest-neighbor chain
Hamiltonian [69],

Hg.i = Hg + H™ - |2, (4.41)
where
Han — i(en cle, +t,cl e, +t, CILan), (4.42)
n=0
H&Mn — f Ag @ (cg + co). (4.43)
Here

oo 1 e
I / dw J(w), e = ﬁ/ dw w J(w),
0 0 Y0

while all other on-site energies e, and hoppings ¢, follow directly from a recurrence
relation obeyed by the polynomials p,, [161]. The details of this construction can be
found in [69], but we make the important remark that the chain coefficients depend on
the orthogonal polynomials p,,(w) which, in turn, depend on the spectral density J(w).

Some properties of the chain coefficients (ko, e,, t,)

o The chain coefficients (kq, e,, t,) can be analytically computed in some interesting
cases, importantly for Ohmic spectral density functions at zero temperature [69].
In all other cases, stable numerical routines, such as ORTHPOL [161], are in
general exploited.

» Wave-like propagation. If the spectral density J(w) is strictly positive on its
finite support [Wmin, Wmax), then the chain parameters e,, and t¢,, approach constant
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values as n — 00, so that the tail of the chain becomes translationally invariant
[70, 71]:

€= ngrfm en = wmaX;—wmm t= nl_lgloo tn = — 1 (4.44)
Physically, Eq. (4.44) means that, beyond a finite region, excitations launched
into the chain propagate as delocalized plane waves—just as in a tight-binding
model—and are effectively lost downstream, mimicking irreversible decay. Equiv-
alently, only the first Ny, sites (where {e,, t,} deviate appreciably from (e, t))
carry memory effects of the original reservoir, whereas the asymptotic tail behaves
like a memoryless Markovian bath. In numerical simulations the chain is truncated
to a finite length: this implies that we can define a reflection time t,.q after which
the excitations reach the end of the chain and bounce back.

o The total excitation number in the chain basis is identical to that in the original
mode basis (this follows from the orthogonality of the polynomials):

—+o00

(Nuw) = [ (Blbode = 3 (elea) = (Nghee).

n=0

o The purely quadratic part of the chain Hamiltonian H&" commutes with the
total excitation number N8 5o that the system can create or annihilate
excitations only at the boundary n = 0, after which they propagate along the
chain. Studying the transport dynamics on the chain mapped environment can
reveal characteristic features (group velocity, dispersion, etc.) of the original
continuous environment [162].

Discretization of the environment and spectral density function

During a numerical simulation, a truncation on the number of chain modes (and
therefore chain length) is necessarily introduced, in order to work with a chain of finite
length, let us say N, instead of a semi-infinite one. The truncation introduces a sampling
on the modes in the original star-like environment. We can write the discretized version
of the environmental side of the Hamiltonian H of Eq. 1.45 as

N N
HE = Z wkbzbk, H[ = AS ® Z gk(bk + b;) (4.45)
k=1 k=1

The discrete parameters {wy, gr} encode a sampling of the continuous spectral density
J(w) in the sense that

J(w) = l; |gx[* 0(w — wi), (4.46)

with a generally non-uniform grid {wy}. This finite set fully specifies the bath used in
the simulation. Some remarks:
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The discrete star representation is also the usual starting point for microscopic
derivations of Markovian (GKSL) master equations under the Born-Markov
(secular) approximation [26].

To recover implicitly sampled frequencies in the orginial star representation,
diagonalize the Jacobi (tri-diagonal) Hamiltonian H® (on the diagonal the
on-site energies {e,}, on the upper and lower diagonals the hopping coefficients
{t,}): its eigenvalues are the sampled frequencies {wy}, and its eigenoperators
form the unitary U that maps between the star and the chain environment.

Conversely, one can decide to sample the relevant frequencies in the star represen-
tation, and apply the inverse transformation to construct the chain Hamiltonian.

To obtain the picture in the original environment J(w), the chain mapping must
be reversed. For example, for the occupation number in the environment:

n? =blb, = UsclaUs. (4.47)
ol

Once the problem is mapped on the chain, the MPO representation of the new
Hamiltonian follows straightforwardly.

At zero temperature, the dynamics dictated by H#" start from the initial pure
state

¥(0)) = |45(0)) @ [¢5(0)) . (4.48)

In our simulations, [¢(0)) will be represented as an MPS with the system as the
first site(s), followed by N environmental sites.

More chain coefficients for finer frequency sampling. If one starts from the
vacuum state of the chain, such that

c|vac) =0, (4.49)

since excitations on the chain propagate as plane waves, only the first £(t) sites
(set by the asymptotic group velocity ¢ of Eq. 4.44) can be populated at time t. We
exploit this “finite light—cone” to obtain a finer frequency sampling without adding
sites to the MPS of length N. To do so, one has to compute the chain coefficients
up to a longer length M > N, and embed the measured chain observables (N x N
matrices) into M x M matrices, by zero—padding the N — ((t) unreached sites
(still in vacuum). Using the corresponding M—mode star—to—chain isometry (e.g.
Eq. 4.47) then yields the observables on a denser frequency mesh {wy, }2 ;.

To summarize, the TEDOPA mapping provides a representation of the linear

system-boson model as a semi-infinite chain with only nearest-neighbor interactions,
and therefore local entanglement structure, a key characteristic for an efficient MPS
representation and time evolution (see Sec. 4.1). Moreover, for strictly positive J(w)
the asymptotic coefficients (e, t,) converge (Eq. (4.44)), so excitations injected by the
system are transported away and dissipated into the tail of the chain.
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4.2.2 T-TEDOPA: chain mapping at finite temperature

At finite temperature, we adopt the standard factorized initial condition

p(0) = ps(0) ® pi(0), (4.50)
with the environment in a thermal state at inverse temperature 5 [163]:

e_ﬂHE
pr0) = o 7 = Tr[e He]. (4.51)

For a discretized bath of bosonic modes (Eq. 4.45) this is equivalently

ph) = @ (1) 3 o (452

7

i.e. a classical mixture over all occupation configurations {n;} with Boltzmann weights.
The support of p% contains an enormous number of configurations even at modest 7"
Monte-Carlo sampling of initial pure states is prohibitively expensive, while evolving
the mixed state directly (as an MPO) typically incurs substantially larger local and
bond dimensions than pure-state MPS evolution. This motivates the introduction of
the temperature dependent TEDOPA (T-TEDOPA), by Tamascelli et al. in [164], an
extension of the chain mapping to finite temperature simulations which recasts the finite
temperature problem into a zero-temperature pure-state simulation without sacrificing
exactness under the usual Gaussian, linear-coupling assumptions.

Equivalence of finite-temperature and extended vacuum baths

Assumptions. Assuming the initial state of the system to be pure pg(0) = |1s(0))(¥s(0)],
and the initial state of the environment to be the thermal state at inverse temperature

B=(ksT)™"
o—Buwblb o—Buwblb,
pr(0) = (? Tople—Patlt] =Gy = @Pw(ﬁ), (4.53)

by tracing out the environment we recover the reduced state of the time evolving system
as

ps(t) = Trp {U(t)ps(0) @ pe(0)UT (1)}, (4.54)

where the time evolution is dictated by the linear system-boson Hamiltonian of Eq. 1.45.

Equivalence of correlation functions. The bi-linearity of the interaction operator H
of Eq. 1.46 and the Gaussian character of p%(O) guarantee that reduced state pg(t) of
the system at time ¢ is completely determined by the environment’s two time correlation
function [116]

Colt) = [~ du ez [pu(9)0.(1)0.(0)]

= /OOO dwJ (w) [e‘i“t(l +n,(8)) + emnw(ﬁ)}, (4.55)
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where the interaction operator on the bath side O, = /J(w)(b], + b,,) is time evolved
in the interaction picture,

O, (t) = /J(w)(e ™"l (0) + ¢™'b,(0)), (4.56)

and n,, () is the Bose-Einstein occupation number at frequency w and inverse tempera-

ture f3:
1

no(B) = Trg [pa(DULb] = ——

As shown in [164], it is possible to replace the finite-temperature bosonic bath E by
another bath, with support on an extended range of frequencies. The extended bath is
characterized by a new spectral density function Jg(w) such that its pure vacuum state
correlation function matches the thermal state correlation function (Eq. 4.59) exactly.

(4.57)

Idea of derivation. We refer the reader to [164] for full detail on the derivation;
here we limit ourselves to mention two key points of the T-TEDOPA construction.
Firstly, negative frequency modes are added to the environment, by dilating the range
of frequencies of the spectral density function’s domain. Secondly, the temperature
dependence is moved from the thermal distribution of the statistical ensemble p%(()) to
the spectral density function:

To(w) = ;sign(w)J(|w|) l1 + coth (%")] | (4.58)

A thermally weighted, extended spectral density function with support on the whole
real axis is thus defined. The crucial consequence is that Cy(t) of the original thermal
environment is obtained from the factorized vacuum state of the positive and negative
frequency modes which make up the extended environment, i.e.

cs) = [ ;°° dus (vac| O (1)0P (0) [vac) (4.59)

+o0 .
= [ dwds(@)e
with

O = /Js(w) (b, + b,), [|vac) =) [0),, b,[0), =0 VweR, (4.60)

w

so that the system-extended bath interaction Hamiltonian reads:

Hl = Ag® /_+°° dwn/J5(w) (B, + by). (4.61)

The equivalence result of [164] ensures that the system’s reduced dynamics determined by
the interaction with the original bath J(w), with initial thermal state of the environment,
is equivalent to the reduced dynamics determined by the interaction of the system
with the extended bath Jg(w), with initial (pure) vacuum state. T-TEDOPA therefore
shifts thermal contributions from the initial state of the environment to the interaction
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strength with the harmonic oscillators of the extended environment. Instead of being
encoded in the statistics of the initial thermal state, thermal detailed balance is encoded
in Jg via
T
Jp(+w) <bwbw>ﬁ b

= = €

(4.62)

Jp(—w) < wa>ﬁ

S ¢ 61 tl 62 t2 63 | e e ¢

()

Figure 4.2: A schematic of T-TEDOPA. (a) Star geometry: the system .S couples linearly to
a continuum of positive frequency bosonic modes (w > 0). The coupling is encoded by the
discretized spectral density J(w). (b) Finite-temperature embedding: the mode continuum
is extended to negative frequencies (w € R), yielding a temperature-dependent spectral
density Jg(w) that reproduces bath correlations at inverse temperature . (c¢) Chain mapping:
applying the orthogonal polynomial mapping, now dependent on Jg(w), maps the problem
to a semi-infinite nearest-neighbor chain of harmonic oscillators, whose on-site energies and
couplings depend on temperature through Jg(w). The system couples only to the first site.

The T-TEDOPA chain mapping

Given the equivalence above, the chain mapping proceeds exactly as at zero temperature,
with the orthogonality measure replaced by

dus(w) = Js(w) dw. (4.63)

Consequently the chain mapping isometry U and the coefficients (ko, e, t,,) inherit a
temperature dependence. This temperature-aware chain is then written as an MPO,
and dictates the time evolution of a pure-state MPS, retaining the numerical advantages
discussed in Sec. 4.1. A schematic of the procedure is shown in Fig. 4.2. Two practical
questions arise: (i) inverting the chain map U (Eq. 4.47) yields mode occupations and
correlators in the extended bath characterized by Js(w), which includes both positive
and negative frequencies. How can one consistently recover the same observables for
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4.2. Mapping the linear system-boson model on a chain

the original positive-frequency bath J(w)? (ii) is there any additional computational
cost due to finite temperature? We summarize the answers (see [144] for details).

Extended bath with support on negative frequencies. As the temperature
increases, the support of Jg(w) extends to negative frequencies; for a spectral density
function J(w) supported on [0, w.], the thermalized Jz(w) approaches a symmetric
support [—w,, +w.| in the high-temperature limit 5 — 0. Via Eq. 4.44, this enlarges
the asymptotic hopping:

=% L% _§B > ) (4.64)
2 4

implying a larger group velocity of bath excitations along the chain at higher temperature,

and hence increased computational cost for finite-temperature simulations. Importantly,

at any fixed finite time the local chain occupations remain bounded, so T-TEDOPA

admits controllably accurate simulations for arbitrary times and temperatures.

Unbounded excitation growth in Js(w). It is observed that finite-temperature
T-TEDOPA simulations require more numerical resources, i.e. higher bond, local
Hilbert space dimensions, chain lengths [165, 166]. A contributing factor, observed in
[167, 144], is the unbounded growth in the total number of excitations in the extended
environment for all finite temperatures. This continuous growth of excitations in the
initially empty environment was shown to occur even after the system observables
had completely relaxed to their (thermal) steady-state values, raising concerns about
the numerical efficiency of T-TEDOPA for long-time simulations, but does not signal
physical “heating” of the original thermal reservoir.

The heating cycle instability. A qualitative explanation for the unbounded growth
of excitations in the extended bath, referred to as the ‘heating cycle’ instability, was
proposed in Ref. [167] and later confirmed in Ref. [144]. This posits that bath dynamics
must continue, even after system relaxation, in order to capture the thermal fluctuations
characteristic of the thermal state. For a simple two-level system interacting with a
bath in the extended representation, both energetically downhill and uphill system
transitions appear as emissions into opposite sectors of the extended bath: positive-w
modes for downhill processes and negative-w modes for uphill ones. Persistent pair
creation peaked at +w (consistent with detailed balance) yields a steady growth of
excitations in the extended environment while system observables remain stationary.
This picture naturally predicts two-mode correlations between the 4+w sectors.

Back to the original environment with the thermofield transformation. A
further implication of the heating cycle is that the creation of positive and negative
frequency excitations occurs in pairs, so that quantum pair correlations should sponta-
neously develop during the dynamics. The results presented in Ref. [144], explicitly
reveal the existence of such correlations in the extended environment, and relate these
back to the thermofield approach of De Vega and Bafiuls which is based on the use of
two-mode squeezed vacuum states to mimic the effect of a mixed thermal environment
[168]. By inverting the thermofield transformation, we are finally able to ‘close’ the
triangle of environment representations shown in Fig. 4.2, allowing the numerical results
in the T-TEDOPA chain and the underlying extended environment to be expressed in
the original (physical) thermal environment. Details on how to invert the thermofield
transformation are provided in the Appendix 7.4, following [144].

t(B —0)
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4.3 Numerical simulations with MPSDynamics.jl

The numerical implementation of the methods here presented can be found in the open-
source package MPSDynamics. j1. The code performs tensor-network time evolution for
open quantum systems in the chain-mapped representation (TEDOPA /T-TEDOPA),
using matrix product states MPS and, where appropriate, tree tensor network states.
Written in Julia, it provides several TDVP schemes—including bond-adaptive one-site
variants [166]—together with utilities to (i) construct chain mappings from arbitrary
spectral densities J(w) at zero and finite temperature, (ii) handle time-dependent Hamil-
tonians and long-range couplings, and (iii) measure single- and multi-site observables
efficiently, including joint system—environment quantities. The package supports bosonic
and fermionic environments, and multiple baths.

MPSDynamics. j1 [74], is distributed under the GPL-3.0 license and publicly available
and under development at

Y

with documentation and tutorial examples, including various analytically solvable
models for benchmarking. An archived record is provided in [75].

4.3.1 Simulation workflow

We simulate finite-temperature open-system dynamics with T-TEDOPA and MPS,
leaving environmental observables open to inspection. For a single bosonic bath, the
workflow is:

1. Microscopic model. Specify Hg, H;, and the temperature-dependent spectral
density Jg(w) (Sec. 4.2.2).

2. Chain mapping. Compute the chain coefficients (ko, ey, t,) from Jz(w) (e.g.,
chaincoeffs_finiteT); use them to build the system+chain MPO.

3. Initial state. Prepare the initial state of system-environment as an MPS

[Vsp(te))= S — — — — -
| | | | | (4.65)

4. Time evolution. Evolve with TDVP (one-site, two-site, or bond-adaptive) and
log one- and two-point observables on system and chain sites.

5. Post-processing. Invert the chain mapping to obtain frequency-resolved bath
observables in the extended bath; when using T-TEDOPA, optionally invert the
thermofield mapping to recover the original physical bath (Sec. 4.2.1, App.7.4).

4.3.2 Convergence checks

Reliable results require systematic convergence assessments:
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4.4. Concluding remarks

» Spectral cutoff w. and chain asymptotics. A finite high-frequency cutoff w,
is necessary to ensure that the chain coefficients converge to asymptotic values

(Eq. (4.44)).

o Chain length N. N should be chosen so the simulation time t,,, is shorter than
the first reflection time, tye ~ (N —10) /Umax With vmay = 2|¢| for a nearest-neighbor
chain and ng the initially excited region. The utility findchainlength provides
a priori estimates from either ¢ or explicit {e,, t,}.

o Local Hilbert-space truncations. Local Fock dimension should be chosen so that
tail weights of the expected distributions (e.g., coherent-state Poisson tails for
driven cavities) are below a set tolerance; monitor commutators (e.g., ([a, a']))
and on-site moments for drift.

« Bond dimension and truncation error. Converged observables are insensitive to
increasing the maximum bond dimension. The growth of entanglement entropy
can be tracked to obtain its max value Sy.: once converged, we have that
Xmin > €@ For the DTDVP algorithm, which adaptively grows bond dimensions
at each site and timestep, check convergence for multiple tolerance values on the
projection error (or proxy), which the algorithm tries to minimize.

o Time-step stability. Check that halving dt leaves observables within tolerance.

o Sampling resolution. After inverting the chain mapping, frequency resolution
can be increased by zero-padding as described in Sec. 4.2.1.

4.4 Concluding remarks

This Chapter provides a self contained introduction to the chain mapping and MPS
methods used throughout this thesis, as implemented in the Julia package MPSDy-
namics.jl. The package is under active development and is already documented and
updated on GitHub. Benchmark tests and tutorial examples are added routinely. The
next technical updates to be introduced in the package and broader perspective are
discussed in Chap. 6. While the methods here presented are general, we will apply
them to a circuit QED setup in Chap. 5.
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Chapter 5

Tensor network study of drive-induced
relaxation in circuit QED
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Contributions. This chapter contains my original results, which form the basis of an
article in preparation. This project is the last part of my thesis, under the supervision
of Alexandru Petrescu and Alain Sarlette. From the start, we have had particularly
useful discussions with Prakritish Gogoi, Brieuc Le Dé and Alex Chin, all at Sorbonne
Université in Paris, and with Serge Florens (Institut Néel in Grenoble) and Nicolas
Gheeraert (Krea University in India). I carried out the numerical simulations using the
CLEPS infrastructure at Inria Paris, to which I am grateful for providing resources and
support.

5.1 The 17 vs n problem in circuit QED

Superconducting circuits are among the leading platforms for quantum technologies
[29, 10], leveraging the Josephson effect [169, 170] to endow electrical circuits with the
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nonlinearity required to realize quantum bits. As deliberately engineered open quantum
systems [3], their practical scalability hinges on balancing two competing demands:
suppressing coupling to uncontrolled environmental noise while enabling fast, high-
fidelity operations. Engineered control and readout lines deliver the drives that enable
state manipulation of qubits with high-fidelity gates [171, 33|, reservoir-engineered
stabilization of bosonic encodings [44, 43, 42], and qubit state measurement [76, 18,
172, 173].

A persistent obstacle to quantum control is the presence of incoherent errors—energy
relaxation and dephasing induced by the electromagnetic environment—which degrade
the fidelity of all these tasks [11, 15, 16]. While stronger drive power can, in principle,
shorten operation times, and thus reduce the error probability, it also acts a strong
perturbation on the dynamics of the system. One widely observed example of such
drive-activated effects is T} -under-pump degradation, where the qubit’s relaxation time
decreases with increasing drive power, as it has been observed in transmon [174, 175]
and fluxonium readout [176, 31], single-shot resonator photocounting [35], in cat-qubit
lifetime saturation [177, 178], and in single microwave photon detection [179].

5.1.1 The dispersive approximation for QND readout

Although Ti-under-pump is generic to driven—dissipative dynamics across gates, active
reset, stabilization, and readout, we focus on dispersive readout, which is a minimal but
practically relevant case of driven—dissipative dynamics. Reliable qubit measurement is
an essential block for fault-tolerant architectures, yet in practice readout errors remain
a sizeable fraction of the system error budget [17, 180]; drive-induced T; degradation
directly undermines measurement fidelity.

Within circuit QED, readout is mediated by a driven resonator dispersively, i.e. off-
resonantly and weakly, coupled to the qubit [28]: the cavity frequency shifts depending
on the state of the qubit. In the ideal dispersive case the cavity-qubit coupling allows
to measure the state of the cavity without disturbing the qubit, as we will detail
more precisely in the next paragraph. When considering a non perfectly dispersive
coupling, hybridization with the lossy cavity makes the qubit acquire a finite linewidth,
and thus dissipation [134]. Minimal dispersive models (two-level system coupled to a
driven cavity with a single, frequency-independent loss channel [29, 114], see the next
paragraph) capture much of the measurement physics, but they do not account for the
often-observed increase of the qubit’s relaxation with drive; in fact, they can predict
the opposite trend (suppression of the relaxation rate with power) [77, 181, 182].

Derivation of the dispersive Hamiltonian. Starting from the Rabi model
_ Y t i
HRabi — ?Uz_'_waa a+gax(a+a )7 (51)

where a qubit described by the Pauli operator o, = |e)(e| —|g)(g| is dipolarly coupled to
a harmonic oscillator, described by the operators a, a', the RWA (valid for ¢ < w,, w,)
yields the Jaynes-Cummings Hamiltonian

Hjc = %az +w.a'a+glao, +alo.). (5.2)
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In the dispersive regime A = w, — w, > g, a Schrieffer-Wolff transformation U = €%,
where Ut = 5" = ¢=5 generated by S = Mo, a—o_a')in A = g/A block-diagonalizes
the Hamiltonian up to second order in A. Namely, using the Baker-Campbell-Hausdorft
expansion up to O(A\?) gives

Hyg=c¢"He S =H +[S, H|+ ;[S, (S, H]] + é[s, [S,[S, H]|] + ..., (5.3)

and writing H = Hy + Hyy, with Hy = Sto, + wea'a and Hyy = g(ao, +alo_), we
have that
[S, H()] = _Hint7 so that [S, [S, Ho]] = —[S, Hint] (54)

and thus

) 5 wq + X g

Heff:H0+§[S,Hint]+O(>\ ) ~ (wa+xo'z)aTa—|— 5 O,, = —K. (55)
Since [Heg, 0] = 0, this enables quantum non-demolition (QND) measurement [183]
of o, via the dispersive shift y on the cavity frequency [114]. The state of the qubit can
be measured by driving the cavity with a microwave pulse at a frequency near its own
resonance, and by recording the change in phase or amplitude of the transmitted (or
reflected) signal, which depends on the state of the qubit [10]. In this ideal dispersive
limit, such a measurement does not disturb the state of the qubit, since the coupling
term commutes with the individual Hamiltonians of qubit and cavity (on dispersive
readout see e.g. [28, 114, 10]).

Dissipation can be introduced as single-photon loss at rate x on the cavity, e.g.
adding single-photon loss at rate k to the Jaynes-Cummings Hamiltonian:

d .

7P = —i[Hjc, p] + £Dla]. (5.6)
In the undriven case, adiabatic elimination of the weakly populated cavity gives the
standard Purcell rate [134] of relaxation for the qubit

d W _ 2 K
%Pq = _Z?q[o-zapq] + ’YPD[U ]Pq TP = |9| ma (5-7)

i.e. the qubit’s inherited emission is filtered by the cavity Lorentzian at w,. In Chaps. 2
and 3 we generalized this by second order adiabatic elimination of the cavity. In
particular, in Chap. 2 we treated a cavity—qubit system with both the Jaynes—Cummings
Hjc (Example 1) and Rabi Hgap,i (Example 2, covering also the case where cavity and
qubit are off-resonant) couplings, in the presence of additional cavity noise channels
(thermal noise and dephasing), which induce additional dissipation on the qubit.

Drive-dependence of Purcell rate. A drive acting on the bare cavity mode, such as
the readout drive Hy(t) in Eq. 5.10, acts as a perturbation, modifying the spectrum of
the coupled system Eq. 5.11, and hence the Purcell rate. In [77], Sete, Gambetta, and
Korotkov analyzed the drive dependence of the Purcell relaxation rate for the dynamics
governed by

7P = —ilHic+ Ha(t), p| + rDlalp. (5.8)
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Importantly, their analysis is based on the rates computed with respect to dressed
observables. To define them, one has to associate to each bare factorized state |i,n)
(1 € {g,e}, n € N) a dressed partner ’17777/> belonging to the eigenbasis of the interacting
qubit—cavity Hamiltonian (Hjc in the case of [77], Hgap; in this chapter, see Sec. 5.3.1).
Both the numerical and analytical results presented in [77] show that the Purcell
rate should decrease as the mean photon number n = <aTa> in the resonator increases,
in contradiction with the experimental results mentioned in Sec. 5.1. In fact, for a
driven-dissipative cavity (¢ = 0) we have (see e.g. [78, App. BJ, [63, App. C])
_ €5
" (Wa — wa)? + 5 (59)

so that the average cavity population n directly depends on the drive amplitude €,.
The result of Sete et al. means that faster readout (stronger drives) should lead to a
decrease in the relaxation rate of the qubit, and thus longer lifetimes of the qubit.

5.1.2 Beyond the dispersive approximation

The discrepancy between some of the experimental data (see Sec. 5.1) and the theoretical
prediction of Sete et al. has motivated a broad effort to model driven-dissipative circuit
QED systems more faithfully—especially in the context of readout. Two complementary
routes have emerged for explaining the dependence of energy relaxation time 77 on
drive power.

The first explicitly resolves the system beyond the two-level approximation, incor-
porating its multi-level structure [105] or even the full cosine potential of the Josephson
nonlinearity in the superconducting circuit. Dissipation is then modeled as a GKSL
master equation. In this vein, several works have identified leakage out of the computa-
tional subspace [24, 22, 175] due to drive-activated unwanted state transitions (DUST)
and ionization [21, 184] as key contributors of decreased fidelity for a transmon under
strong drive, as well as the emergence of chaotic dynamics [23].

A second approach to dissipation consists of including extrinsic degrees of freedom,
either as impurities directly coupled to the qubit, and translating into added decay
channels [36], quasiparticle excitations [185, 186, 107], or as the inevitably present on-
chip components, such as the transmission line, modeled as a bosonic bath of harmonic
oscillators [29]. From such linear system-bath models one can, by successive application
of perturbation theory and Born-Markov secular approximations [181, 187, 188], derive
effective GKSL equations for a transmon [78, 188], for a cat qubit [104], and for a
two-level system coupled to a structured bosonic environment [110, 181]. As reviewed in
Sec. 1.4, these derivations often rely on time-scale separation assumptions which are not
realistic under strong, resonant drives, or in the presence of structured environments
with long memory (breakdown of secular/Born-Markov approximations). Periodic
drives can be treated with Floquet—-Markov approaches [101], but when the drive is
resonant with the frequency of the system, numerically finite Hilbert-space truncation
produces spurious avoided crossings [102]; analytically, near-resonant denominators
make perturbative expansions divergent [78, 104]. Adding weak damping can regularize
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these denominators by giving finite linewidths to transitions [106], however these
approaches only use a phenomenological dissipator.

5.1.3 A microscopic approach to dissipation

The recent experimental observation in [22] of strong spectral structure of the on-chip
impedance network seen by a qubit-marked by resonances due to spurious cavity modes
that can mediate inelastic scattering processes at enhanced rates—further motivates
the need for microscopic treatment of dissipation during readout, in which the elec-
tromagnetic environment is modeled explicitly. Beyond the additional modes of the
transmission line, filters and engineered notches are routinely employed during readout
[173, 35, 19, 34, 20], with recent examples of metamaterials implemented as cascaded
resonators [178, 189, 190], and broadband bandpass filters constituted by multiple har-
monic oscillators [191]. Such structure reshapes the spectral function of the environment
J(w) (introduced in Sec. 1.5 of Chap. 1, and further discussed in Sec. 4.2 of Chap. 4)
and, under periodic readout drive, can interact with it in nontrivial ways; indeed,
it has been shown that bath-mediated error propagation can compromise dynamical
error-suppression protocols even for a qubit coupled to an Ohmic bath [109]. Finally, as
detailed in Chap. 1, Sec. 1.4, the dissipation determined from a microscopic model of the
environment [192] requires the application of successive approximations, which might
not be valid for strongly-driven composite systems, whose eigendecomposition (and thus
emission spectrum) is not simply given by factorized states. Predicting the dynamics
resulting from the interaction between a driven system, whose resonant frequencies are
thereby shifted (AC-Stark shift [29]), and a structured bath is therefore challenging
even qualitatively; a quantitative analysis requires a non-perturbative treatment of both
the system to environment coupling, under different noise assumptions, and of the time
dependence [193, 194, 195].

In this chapter we tackle that interplay microscopically. Starting from a linear
system—boson Hamiltonian, we model the transmission line as a structured bosonic
bath with spectral density J(w) and compute the full unitary dynamics of system
and environment. This approach allows us to (i) identify when a master equation
characterized by single-photon loss dissipator (Eq. 5.6, with the Rabi Hamiltonian of
Eq. 5.1), is sufficient to describe the relaxation dynamics of the qubit, (ii) identify
additional, drive-enable relaxation pathways that are missed by the approach in the
previous item. We find that the readout-power dependence of qubit relaxation rates
can be finely dependent on the structure of the bath spectrum, to which we have direct
access in our simulations of the microscopic model. In particular, our main finding is
that there exist regimes in which 77 can decrease with readout drive n. This is at odds
with previous work, such as [77].
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Figure 5.1: Schematic of the model, an abstraction of a readout circuit. (a) A two-level
system of transition frequency w, is Rabi-coupled, with strength g, to a driven cavity mode of
frequency w, (drive frequency wy). The cavity is coupled to an electromagnetic environment.
We model it as a discrete bosonic bath of non-interacting harmonic oscillators with frequencies
wi and couplings to the two-level system g, determined by the spectral density function
J(w). (b) Chain-mapped representation of the same system: the TLS + driven cavity part is
unchanged, while the bosonic bath is mapped onto a semi-infinite chain of harmonic oscillators
with onsite energies e; and nearest-neighbor couplings t, the cavity interacting only with
the first site via coupling ko. The dependence of the chain coefficients on J(w) is detailed in
Sec 4.2.

5.2 Dynamics of the microscopic model

We consider unitary time evolution in the full system-environment Hilbert space H =
Hs ® Hp under a linear system-boson Hamiltonian

H(t)=Hgs+ Hy(t)+ Hg + Hy, (5.10)

and set h = 1 throughout. The system S is an abstraction of the standard circuit-QED
readout subsystem: a two-level system (qubit) Rabi-coupled to a single-mode resonator,

Hg = %o‘z—l—waaTa—i—ga‘x@ (a+ a'), (5.11)
where o; are Pauli operators on the qubit, and a, a' are bosonic ladder operators
of the cavity mode, [a,a'] = 1. Modeling the qubit as a two-level system allows to
isolate environmental effects from effects related to higher levels which have already
been identified as a source of infidelity in dispersive readout, as discussed in Sec. 5.1.2.
The cavity is driven coherently by a classical tone at frequency wy, which we choose
to be resonant with the cavity frequency; provided that the drive amplitude is weak
against the drive frequency, ¢; < wy, a rotating-wave approximation on the drive allows
to write

Hy(t) = ¢4 (ae““’dt + aTe_i“dt) : (5.12)

with amplitude €;. The rotating-wave approximation is justified when the drive am-
plitude is weak relative to the drive frequency. We choose to make it to reduce the
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oscillations in the observables for the system, and to make simulations more tractable.
We leave a fully ab-initio treatment for future studies.

Dissipation arises from the capacitive coupling of the readout cavity to a transmission-
line. Instead of modeling readout of the system as a master equation [114], we choose
to model the transmission line microscopically, as a continuum of harmonic modes, as
in the Caldeira-Leggett model [68]. Such a model for the transmission line is in fact
often used as a starting point to derive master equations on system variables [29, 26].
The environment is thus a continuum of bosonic modes

+o0
H; = / dwbl b, (5.13)
0

with [b,,,b!,] = §(w — «’), where 4 is the Dirac delta. We take a linear, quadrature-
quadrature cavity-bath coupling and do not apply the secular approximation on this

interaction,
+oo
H, = T/dJ b, +bl), 5.14
r=(a+ahe | doyJ(w) (b +0bl) (5.14)

where J(w) is the spectral density function encoding the coupling strength and bath
mode density [26], which has units of frequency given that i = 1, the specific form
of which we specify below. Following the Caldeira-Leggett construction, the linear
quadrature coupling induces a static renormalization of the cavity potential, yielding
the reorganization energy term [68]

oo J
HS — HS + )\reorg (G, + CLT)2, /\reorg = / ﬁ dw, (515)
0 w
see App. 7.6 for more details.

Chain-mapping and MPS simulation. The spectral density J(w) defines the chain-
mapping [69, 70], introduced in Sec. 4.2 of Chap. 4, an isometry from the linearly
coupled system to a bosonic environment Hamiltonian, where the readout mode couples
to each bath mode (star-like configuration), to a Hamiltonian where the readout mode
only couples to the first mode of a nearest-neighbor, semi-infinite chain of harmonic
oscillators. We define new bosonic modes ¢y, c,:, with [eg, c;f] = i by

el = /0” doUn(@) b, Un(w) = /T (@) fulw), (5.16)

where p,, are orthonormal polynomials with respect to the measure du(w) = J(w) dw.
The U unitary transformation recasts the linear system-boson Hamiltonian of Eq. 5.14
into a semi-infinite nearest-neighbor chain Hamiltonian

H — Fg + > <en cle, +t, CLch +t, clan) +ko(a+al) (co+cb), (5.17)
n=0
with

o) 1 o)
ki = / J(w) dw, e = —2/ w J(w) dw, (5.18)
0 kg Jo
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and the rest of the chain coefficients {e,, t, }»~0 given by the three-term recurrence of
Pn. While for the flat (Eq. 5.20) and Ohmic (Eq. 5.21) spectral densities the chain
coefficients have simple analytical form [69], for the Purcell case (Eq. 5.22) we compute
them numerically with the routines available at [75]. The nearest-neighbor coupling
structure makes the MPO representation straightforward.

Discretization and sampling. For MPS simulations we truncate the chain to length V.
In the original (star) picture this corresponds to replacing the continuum by N effective
modes at (generally nonuniform) frequencies wy with couplings gx. The associated
spectral density is then, approximately

J(w) =~ ];]gk\25(w—wk), (5.19)

where the frequencies are not equally spaced and '’ is in the quadrature (weak)
sense: for any smooth function f supported on the sampled band, we have that
o f(w)J(w)dw ~ SN |gel>f(wy), ie. the discrete measure approximates under
integration. The sampled frequencies {w;} are the eigenvalues of the N x N Jacobi
(tridiagonal) matrix with diagonal {ey,...,exy_1} and off-diagonal {¢¢,...,ty_2}. The
one-dimensional finite chain is well suited to the application of tensor-network time
evolution methods, in particular TDVP for MPS [72, 73] (see also Sec. 4.1). A sketch
of both representations is given in Fig. 5.1.

Bath models. J(w) characterizes the electromagnetic environment to which the cavity
is coupled. Throughout this manuscript we consider three bath models:

Jhat (W) = 20280 (Wimax — W)O(W — Wnin) (5.20)
JOhm(w) = 2a0hmw0(wc — w), (521)
Jor(w) = Jown(w) (1 — De~omen/29)), (5.22)

where 6 is the Heaviside step function, « is a dimensionless coupling constant, wy,;, and
Wmax define the flat passband, w, is a high-frequency cutoff, and D € [0, 1], o set the
depth and width of a Gaussian Purcell notch centered at the bare qubit frequency wj,.
Despite their simplicity, these choices yield qualitatively distinct relaxation dynamics for
the driven qubit-resonator subsystem. While ideal transmission lines are approximately
Ohmic [196], real chips see a frequency-dependent impedance due to device geometry,
material defects [36], spurious electromagnetic modes [22], and intentional filtering [34],
so J(w) can have significant features (peaks, notches, band edges) creating non-linear
frequency dependence.

GKSL comparison. For a fair comparison with a single-photon GKSL model, we
choose parameters so that the cavity linewidth has the same numerical value regardless
of which bath spectral function is chosen. According to Fermi’s golden rule [11, Eq. E24],
we set

K =27 Jonm(Wa) = 27 Jpp(wa) = 27 Jat(wa) (5.23)
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holds in each configuration, with w, inside the support of the spectral density. We write

d
dt”
where k gives the single-photon loss rate of the cavity and implicitly assumes a flat bath

(which can be sampled by a single scalar). For a fair comparison with MPS simulations
we include a frequency shift proportional to the reorganization energy

= —i[H§"™" + Hy(t), p| + wDlalp, (5.24)

W

HS®U = Eqaz + (Wa + Areorg)a’a + go,(a + a'), (5.25)
For the drive to be resonant in the GKSL case, the frequency has to be set at
We label p the proportionality factor

€4 = PEd, (5.27)

where €, is defined in Table 5.1.
Configurations for simulations. Because the qubit is coupled to the bath through
the cavity, which acts as a filter of the electromagnetic environment, another parameter
defining the environment perceived by the qubit is the qubit—cavity detuning A. In
particular, it was shown that the behavior of relaxation rates with respect to drive

power can depend on the sign of A [105]. We investigate the effect of changing its sign
for the Ohmic case. Throughout, we study the following configurations:

o A > 0 with flat bath: J(w) = Jgat(w).

o A >0 with Ohmic bath: J(w) = Jopm(w).

o A < 0 with Ohmic bath: J(w) = Jopm(w).

o A > 0 with Purcell-filtered bath: J(w) = Jpp(w).

5.3 Simulation setup

We investigate the dynamics of the driven qubit-resonator subsystem for the bath
models of Sec. 5.2, with the parameters listed in Table 5.2, and system parameters set in
Table 5.1. The chain Hamiltonian H#" (Sec. 5.2) is represented as an MPO and time-
evolved exploiting the time-dependent variational principle [73] (see also the discussion
in Sec. 4.1.5) on a pure-state MPS, starting from the unentangled system-environment
state

[4(0)) =

N
in) @ |vac)y, |vac), = @ [0k, (5.28)
k=1

where

m> denotes the dressed eigenstates of Hg, labeled following [187, 21], by
associating to each bare factorized state |i,n) (i € {g,e}, n € N) a dressed eigenstate
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Symbol Meaning A>01] A<O0
Wy qubit frequency 5.304 7.500
Wq cavity frequency 7.500 5.304
g qubit—cavity coupling | 0.3165 | 0.3165
K cavity linewidth 0.050 0.050
€4 drive amplitude 0.001 0.001
A = w, —w, | detuning +2.196 | —2.196

Table 5.1: System parameters used throughout, for both the A > 0 and A < 0 configurations
(units: 27 GHz).

Symbol | Meaning Value

We cutoff frequency for Eq. 5.21 15
Wmin | low frequency cutoff for Eq. 5.20 3
Wmax | low frequency cutoff for Eq. 5.20 12

D height of notch filter for Eq. 5.22 | 0.1

o width of notch filter for Eq. 5.22 | 0.050

Table 5.2: Environmental parameters used throughout (units: 2w GHz).

m> of the interacting qubit—cavity Hamiltonian Hg. We report observables in the
dressed basis, in particular for the dressed cavity photon number N, and dressed qubit
z Pauli operator X, and evaluated as Os®Ig on the MPS. The construction of dressed
states/observables is summarized in Sec. 5.3.1. Crucially, the time evolution of the
environment is also left open to inspection, enabling spectroscopy of the qubit-cavity
subsystem. To obtain it, one- and two-site observables on chain-modes are also computed
at specific timesteps, and related to the original frequency modes by inverting the chain
mapping (Sec. 4.2). Additional simulation details are summarized in App. 7.8. MPS
simulations use the open-source package MPSDynamics.jl, to which I have contributed
[75, 74].

5.3.1 Dressed system observables and initial condition

We define dressed basis observables following the approach outlined in Ref. [187], and
adopt the labeling criterion introduced in Eq. (4) of Ref. [21]. Concretely, we associate
to each bare factorized state |i,n) (i € {g,e}, n € N) a dressed partner ’2,7> belonging
to the eigenbasis of the interacting qubit—cavity Hamiltonian Hg.

State identification. We diagonalize numerically the Hamiltonian Hg |\) = E) |\) to
obtain its eigenbasis. The dressed ladder is constructed by identifying the ground-state
as |g,0). Higher rungs are generated by applying the cavity creation operator a' to
the previously identified dressed state, producing a candidate for the next rung. This
candidate is projected onto the eigenbasis of Hg, and the eigenstate with the highest

82



5.3. Simulation setup

' 1.00 [
0.95
0.90 0.95¢
__0.85¢ 090}
N N
) W
0-807 0.85
0.75
0.80 1
0.70 t. . . . L1 . . . . .
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Kt/(2m) Kt/ (2m)
(a) Bare observable (o). (b) Dressed observable (X.).

Figure 5.2: MPS simulation, A > 0, J(w) = Jonm(w). Comparison between the bare
observable (o) and the dressed (%) of Eq. 5.31 for multiple drive powers €; = pég, the
legend is shown in (a).

overlap is selected. We identify the dressed state |g,n + 1) as the state with index

(A af|g;7)
(77l aal [7,7)

The excited state ladder is obtained by first applying the qubit’s raising operator
o™ to the ground state to identify the candidate for |e,0), i.e. the eigenstate with
maximum overlap, and subsequently applying the same iterative procedure. Although
the procedure does not strictly preclude duplicate selections near quasi-degeneracies,
for the parameters used here no duplicates were observed and the dressed ladders are
uniquely identified.

(5.29)

‘97 n+ 1> = argmaXP\) eigenvector of Hg

System observables. The state-identification procedure provides a systematic way
to define observables in the dressed basis. For instance, we define the cavity photon
number operator in the dressed basis as

N, = Z dz_:ln

i€{g,e} n=0

(5.30)

z',n><z',n ,

and similarly the dressed two-level system z Pauli operator (which is equivalent to o,
when g = 0) as

22 - |€7 n><67 n| - |g7n><ga nl ) (531)

83



Chapter 5. Tensor network study of drive-induced relaxation in circuit QED

where ‘m> denotes the dressed state corresponding to the bare state |i,n), d is the
cutoff in the Fock space of the cavity. The dressed observables allow us to interpret
dynamics and decay processes directly in terms of physically meaningful quantities,
even in regimes where the bare basis no longer provides a good description due to strong
qubit—cavity hybridization.

Observables and dynamics. We evolve a pure state |1)(t)) € Hg ® Hp. Placing the
MPS in right-canonical form with the orthogonality center on the system block [72]
collapses the bath trace, so

(Os)(t) = ((t)| Os@Ip [¢(t)) = Trs[Os ps(t)], (5.32)

with the system reduced state ps(t) = MM, where M, is the center tensor reshaped
as a matrix over the composite system index s and the (right-)environment index «a.
For context, the quality factor of the readout cavity is

Wa
Q = — =150, (5.33)
K
and the qubit-cavity coupling is moderately strong compared to the cavity linewidth:
g ~ 6k, which motivates using dressed system operators.

Bare/dressed comparison Using dressed observables over bare ones is advantageous,
as can be seen in Fig. 5.2, where we compare the A > 0 case for both GKSL and MPS
simulations with Jopm(w). The GKSL simulations agree well with the MPS results; the
small late-time deviations are consistent with the fact that the MPS model retains the
full (non-RWA) system—bath coupling, while the microscopic derivation (with g = 0)
of the single-photon loss dissipator D[a] implies the secular approximation on the
system-bath coupling [26]. The oscillations clearly visible in the bare observables o,
arise primarily from qubit—cavity energy exchange. By switching to dressed observable
3., expressed in the eigenbasis of the Rabi Hamiltonian, and initializing the simulation
in an eigenstate of the Rabi Hamiltonian, we remove these oscillations [77], and obtain
a clean decay rate, even at short times—useful because MPS runs are computationally
heavy. The oscillations in the bare observables grow in amplitude with the drive power.

5.4 Results

We now present the results of our simulations. In Sec. 5.4.1 we analyze the undriven
results, which serve us to calibrate the drive frequencies. In Sec. 5.4.2 we move on to
the driven case, comparing both the spectroscopy of the environment and the relaxation
rate of the qubit for multiple drive powers.

5.4.1 Undriven spectroscopy of the environment

We first characterize the bath seen by the cavity (and indirectly by the qubit) in
the undriven setting, with ¢; = 0. Details of the calibration scheme can be found in
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0.12 |
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Figure 5.3: Calibration spectroscopy for A > 0, Jopm(w). The system is initialized in a dressed
Fock state |i,n) with i € {g,e} (here n = 2) and the bath vacuum |vac) . After relaxation
of the cavity photon number (IN,) to time xt/(27) = 1, shown in the upper-right insets, we
plot the frequency-resolved bath occupation (n,). The cavity-window peak positions define
Wq,e = argmax, (n,) = 7.475271GHz for the e-like initialization and w, 4 = 7.546 2rGHz for
the g-like one; the drive is set to the midpoint @ = (wq,e +wa,g)/2 = 7.51 2rGHz. Bottom-right
insets around w, show the a peak in (n,,) corresponding to the emission of the qubit and the
corresponding spectral density J(w).

Appendix 7.7. Starting from dressed Fock states |g;m) or |e;7) with the environment in
|vac) ;, we let the system relax and reconstruct the frequency-resolved bath occupation
(n,) by inverting the chain mapping. Each resulting spectrum exhibits a peak near the
cavity resonance. The frequency of the peak depends on the qubit state, as discussed
in Sec. 5.1.1: the cavity frequency acquires a dispersive shift due to the qubit. We plot
together the curves resulting from the two initial conditions, and from the maximum of
the peaks we obtain the g-like and e-like cavity frequencies; we take their midpoint as
the frequency for the drive,

Wg=w = %(ng + Wa.e)- (5.34)

In Fig. 5.3 we report the calibration results for the Ohmic case. The initial state is
a dressed eigenstate of the Rabi Hamiltonian, factorized with the vacuum of the chain
as in Eq. 5.28 with n = 2. The cavity starts from a two photon-like states, as it can
be clearly seen by the inset representing the time evolution of (IN,(t)), which starts
at (IN,(0)) = 2, while the qubit is initialized respectively in a e—like and g—like state.
We note that the peak corresponding to the e—like initial condition, shifted to lower
frequencies, is slightly lower than the g—like peak, due to the Ohmic dependence of
the spectral density function. A smaller peak close to the bare qubit frequency is also
clearly visible in the e—like case, while it is absent in the g—like state, as the qubit has
no energy to relax into the environment. We report in Appendix 7.7 the results for the
other environmental models considered.
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(b) GKSL, A > 0.
Figure 5.4: Dressed cavity population dynamics (N, (t)) for both MPS and GKSL simulations,

for multiple drive power values e; = peg. The dashed lines represent the steady state population
of the cavity n(p) of Eq. 5.9.

5.4.2 Computing the relaxation rate at varying drive power

In this section we report the results for the driven simulations, at varying drive power.
The initial condition is

e m)g ® [vac),,  n=0. (5.35)
The drive frequencies are taken from the calibration results of Sec. 5.4.1, with w, defined
in Eq. 5.34.

Comparison of the Ohmic/GKSL long-time dynamics

We start this section by comparing GKSL and MPS results for the Ohmic case Jopm(w),
A > 0 for long-time simulations, reaching xt/(27) = 1. In Fig. 5.4 we report the time
evolution for the dressed cavity population (IN,(t)). As expected, both GKSL and
MPS show an initial transient from the dressed vacuum of the cavity, (IN,(0)) = 0,
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followed by saturation to the steady-state population n(p), that increases with p. To
estimate the steady-state cavity population n(p) for the MPS simulations, we insert
the frequency w, . of the peak corresponding to the e—like initialization, obtained from
the calibration scheme (see Fig. 5.3), in Eq. 5.9. By st/(2m) = 1, (IN,(t)) reaches the
estimated value at lower drive powers, while the transient lasts longer as the drive
amplitude is increased. For GKSL, we estimate the qubit-dependent shifted cavity
frequency by numerical diagonalization of the Rabi Hamiltonian. With the labeling
criterion detailed in Sec. 5.3.1, we write
wﬁfSL = We,1 — We,0, where  HRyapi |ﬁ> = We,1 |€,71> ; HRani |€,70> = We,0 |€770> )
(5.36)
and input it in Eq. 5.9 to estimate n(p) for GKSL.

As shown in Fig. 5.2, the long-time dynamics of the dressed qubit observable (X, (%)),
defined in Eq. 5.31, exhibits the beginning of an approximately single exponential decay,
and the extracted rates I'.;(p) decrease with drive power (the qubit relaxation rate
T = Fggl increases). The trend is already visible from early times. The Ohmic MPS
and GKSL simulations show good qualitative agreement, confirming that, for this choice
of parameters, which we chose according to dispersive readout circuit QED setups,
the single-photon loss GKSL of Eq. 5.24 models well the dissipation induced by an
environment characterized by an Ohmic spectrum (e.g. a transmission line [29)]).

Relaxation rate of the qubit at varying drive power

In this thesis we deliberately retain the minimal model of qubit Rabi-coupled to a
cavity in the dispersive readout circuit QED parameter regime, but we introduce
structure in the environmental spectral density function J(w). This alone suffices
to produce qualitatively different trends for I'.,(p) at varying drive amplitude. As
noted in [36], qualitatively different trends of I'.4(p) reflect how drive-induced AC-
Stark shifts and power broadening sweep the system frequencies through features of the
spectral density function J(w), motivating a frequency resolved description of dissipation.
While [36] demonstrated how I'.,(p) increases with p due to spurious two-level systems
becoming resonant with the AC-Stark shifted/power broadened qubit, here we show
that engineered spectral features, specifically Purcell notches, produce the same effect.
To test this hypothesis, we compare the spectroscopy results and the (3,(t))
dynamics for the configurations specified in Sec. 5.2. Convergence tests and a discussion
of the details of the numerics can be found in Appendix 7.8. Given the dispersive
Hamiltonian of Eq. 5.5, we can estimate the AC-Stark shifted frequency of the qubit as
29]
w?C_Stark(p) =w, + 2xn(p), X=-% (5.37)
with n(p) the steady-state cavity population at drive amplitude ¢; = pé€; of Eq. 5.9.
Thus the sign of the shift is fixed by the detuning: for A > 0 we have x < 0 and w,(p)
moves downward with power; for A < 0 we have x > 0 and w,(p) moves upward with
power. This is directly visible in the bath spectroscopy of Fig. 5.5, which depicts the
bath occupation numbers as a function of frequency (n,) at final time xt/(27) = 0.5.
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Figure 5.5: MPS simulation results for the spectroscopy of the qubit, for the Ohmic case
J(w) = Jonm(w). The plots on the left show the bath mode occupations (n,,) at final time.
On the right, the time evolution of (X,), for multiple drive powers ¢; = pég. The legend is
common for Fig. (a), where A > 0, and (b), A < 0.

The qubit-emission peak, initially near the bare w,, drifts to lower frequencies as p
increases when A > 0, and to higher frequencies when A < 0, as predicted by Eq. 5.37.

We now relate such a sampling of the environmental spectrum J(w) to the relaxation
rate of the qubit itself. We therefore analyze the time-dependence of (X,(t)), and extract
I'., by single-exponential fits. For the Ohmic case Jonm(w) we observe in Fig. 5.5 a
decrease of the decay rate of the qubit I's, with increasing drive power for both detuning
signs, A > 0 and A < 0, in qualitative agreement with the GKSL benchmark. By
contrast, in presence of a Purcell notch in the spectral density Jpp(w) case, we observe
the opposite behavior: T, increases with drive power. The decay rates I'c, of (2,(1))
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Figure 5.6: MPS simulation results for the spectroscopy of the qubit, for the Purcell filter
case J(w) = Jpp(w). The plots on the left show the bath mode occupations (n,,) at final time.
On the right, the time evolution of (X.), for multiple drive powers €5 = pé,.

are summarized in Fig. 5.7 as a function of n (and thus of ¢;). This shows what we
advertised in the beginning of this chapter: that the behavior of the qubit energy
relaxation rate with increasing readout drive power depends sensitively on the details
of the bath spectrum.

Such qualitative behavior should be related to the effective environment seen by the
qubit. In fact, in a weak-coupling, single-photon loss picture one expects the relaxation
rate of the qubit to be proportional to the effective spectral density of the environment
filtered by the cavity,

Feg (p> X Jeﬁ( wge (p) ) ) (538)

Here JT(w) denotes the external J(w) filtered by the cavity response (a Lorentzian
of width k centered at w, as we saw in Sec. 5.1.1). This explains why, in the Ohmic
case with A < 0, I, still decreases with power even though Jonm(w) grows with w: the
upward Stark shift moves the transition further away from the cavity center w,, and
the cavity filter dominates, reducing J(w). Similarly, for A > 0 the transition shifts
downward, both lowering Jonm(w) and moving off the cavity peak, again decreasing
JM(w). In the Purcell-filter case, however, J&&(w) has a notch centered near w,; any
Stark shift away from the notch minimum samples the shoulders where the effective
density is larger, so Jﬁ%(wge (p))—and hence I'c;—increases with drive.

J(w) can be computed using the chain-mapping. In general, given a set of
chain coefficients {e;, t;, ko}, by inverting the chain mapping it is always possible to
reconstruct the spectral density function of the corresponding environment, as described
in Appendix 7.5. Since the cavity is just another harmonic oscillator, we can consider
it as part of a chain defined by the following chain coefficients

[wcueOyela ]a [k07t07t1a ]7 g, (539)

and reconstruct the corresponding spectral density, which we denote as J&k(w). We
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Figure 5.7: T} vs. n, given by Eq. 5.9 with wgy = w,. We show the relative change in
relaxation rate I'cg(n) /T'eq(0) for all the configurations here, with a comparison to GKSL and
to the theoretical prediction of Sete et al. in [77, Eq. 33]. Different spectral densities give rise
to distinct relaxation dependence of the qubit on drive power, with a change in qualitative
behavior at increasing drive power for the Purcell filter case, the only case among the ones
here considered where T} decreases with 7.

stress that this is not exact, as the coupling between chain modes is assumed to be
Jaynes-Cummings like, while in general the cavity-chain coupling is dipolar.

The plot of JE(w,(p)) in Fig. 5.8 makes the qualitative trends in Fig. 5.7 immediate:
for a Purcell notch any Stark drift off the minimum samples the notch shoulders and
increases I'¢y. The same inversion of the chain mapping can be used to compute the
effective environment J°f(w) produced by multiple harmonic modes concatenated in
series, and to arbitrary spectral density functions. We note that similar analytical
computations can be found in [197, 198, 36]. An effective master equation for the qubit
could also be derived microscopically, assuming a bath described by J°T(w). Still, the
definition of the dressed observables of Sec. 5.3.1 would be more complicated.

5.5 Concluding remarks

In this Chapter, we studied drive-induced degradation of the relaxation time of a qubit
in the dispersive readout of circuit QED. Our analysis relied on the tensor network and
chain mapping methods presented in Chap. 4 to numerically simulate the full unitary

dynamics generated by a microscopic Hamiltonian describing the transmission line used
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Figure 5.8: Effective spectral density function J&(w) for the qubit. The environmental
spectral density is given by Eq. 5.22, and the Lorentzian centered close to the cavity frequency
w, is due to the effective environment produced by the cavity. The inset shows JS%(w) around
the bare frequency of the qubit w,: a small dip due to the notch filter is visible.

for reading out the state of a qubit in superconducting circuits. We considered multiple
profiles for the spectral density defining the system-bath coupling.

For the Ohmic Jopm(w) and flat Jg.e(w) spectral densities, we obtained converged
results qualitatively agreeing with the single-photon loss dissipator GKSL model of
Eq. 5.24: the relaxation rate of the qubit decreases with drive power, in agreement
with previous analytical results [77]. When a Purcell notch is introduced, Jpp(w), the
relaxation rate dependence on the drive power reverses: the AC-Stark—shifted qubit
samples steep spectral features and its relaxation rate increases with drive power. Our
environmental spectroscopy results confirm this picture, showing a drive-dependent
emission spectrum of the system in the environment. Analyzing the emission spectrum
of the driven system in particular might provide design and mitigation strategies for
realistic setups. We postpone a more detailed discussion of future research directions to
Chap. 6.
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Chapter 6

Conclusion and prospects

In this thesis we developed complementary analytical and numerical tools to efficiently
model the time evolution of bipartite open quantum systems, motivated by and applied
to quantum-hardware settings.

Analytically, we extended the geometric approach to adiabatic elimination to
Liouvillians that may exhibit fast unitary dynamics, deriving compact reduced generators
and reconstruction maps from the Sylvester equation integral solution (Chap. 2). From
a formal viewpoint, this provides a unified treatment of spectral block-decomposition
for generators with a real-axis spectral gap, assuming only a time-scale separation in
the real parts of the spectrum (fast-decaying versus long-lived modes) while allowing
for modes associated to eigenvalues with large imaginary parts. This corresponds
to the linear version of a center manifold with non-trivial motion in general systems
theory. From a practical viewpoint, we have illustrated how our results eliminate
the need of the preliminary transformation to the interaction picture and the use of
averaging approximations prior to model reduction. In Chap. 3 we established the time-
convolutionless master equation approach to adiabatic elimination, and demonstrated
its equivalence with the geometric approach considered in Chap. 2. We demonstrated
how the time-convolutionless approach enables treatment of cases where rapid unitary
dynamics persist on the target system. We also showed that within this formalism it is
possible to retain the explicit time dependence of the reduced model, thus capturing
the initial transient dynamics that the geometric approach to adiabatic elimination
neglects.

On the numerical side, we contributed to the open source Julia package MPSDy-
namics.jl, the chain mapping and tensor network toolkit presented in Chap. 4 and
used throughout Chap. 5, enabling simulations of driven systems coupled to structured
environments. We focused on the dispersive readout setting in circuit QED: a two-level
system dipolarly coupled to a driven, lossy cavity. In Chap. 5, we analyzed the depen-
dence of the relaxation time of the qubit on the drive strength. As discussed in Sec. 5.1,
experiments report a decrease of the relaxation time of the qubit 7} with increasing
drive amplitude, in contradiction with predictions from standard GKSL master-equation
models. With a Purcell notch filter at the qubit frequency, our simulations predict T}
decreases with drive power, consistent with the experimental trend, indicating that
filtering can mediate the observed 77 degradation. These results indicate that precise
modeling of filters is required for quantitative descriptions of driven-dissipative circuit
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QED dynamics.

We conclude with perspectives for future work.

Adiabatic elimination of the fast decaying degrees of freedom

Future work building on Chap. 2 should allow us to determine if alternative gauge
choices restore complete positivity of the reduced dynamics in Example 2, as it was
the case in [61], in our generalized setting too. It should also be possible to generalize
Proposition 1 beyond the bipartite system case, to settings where £ = Ly + e£;, with
the spectrum of Ly containing eigenvalues with large imaginary part. We also note
that the GKSL form is not required for Proposition 1 to hold. Finally, as already
mentioned, the Heisenberg evolution trick of Proposition 2 may be applied iteratively
to simplify the computation of higher orders without explicitly computing the map .
The treatment of this case is work in progress.

Additionally, the formulas here derived, although valid for a more general class
of problems, could be directly applicable to any linear quantum system [133]. In this
case, the Heisenberg equations for the operators B(t) are closed, so that the kernel in
Proposition 2 can be explicitly written in terms of all the system parameters (frequencies,
dissipation rates and couplings), providing insights on how the system’s various tunings
can be integrated into quantum dissipation engineering.

We would also use this tool to further explore corrections to averaging approxima-
tions, also called rotating-wave approximation (RWA), and ubiquitous in quantum engi-
neering, where the frequencies are set to be on/off-resonant in order to enhance/suppress
terms contributing to the dynamics. Indeed, while averaging expansions can in principle
be carried out at higher order, they are a priori not converging, unlike the block-spectral
decomposition here considered.

The formulation presented in Chap. 3 opens the possibility of applying techniques
already developed for the time-convolutionless master equation to adiabatic elimination
problems. For instance, diagrammatic techniques that simplify the evaluation of
higher-order contributions, such as those developed for computing the generator of the
dynamics [199] and for steady states [200, 201], might now be employed. It would also
be interesting to exploit the explicit formulas of higher orders corrections to develop
numerical schemes for reduced model computation, as done in [128] for the geometric
approach.

An immediate application of the TCL formalism could be to obtain reduced models
of many-body systems, which thus have a multipartite structure, a setting naturally
handled in this framework. One such example could be to compute the reduced
polarization dynamics for spin systems in nuclear magnetic resonance, as done in [122]
by Karabanov et al..

Finally, it would be interesting to check if it is possible to exploit the Heisenberg
formulation employed in Chapter 2 to compute the reduced evolution also in the time-
convolutionless formulation. This would allow to easily obtain symbolic expressions, as
in Proposition 2 of Chap. 2.
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Unitary dynamics compression applied to the readout problem in circuit QED

A first objective of future work on the numerical methods presented in Chap. 4 would
be to update the Julia package MPSDynamics.jl to allow for multithreading, which
is currently not supported. This would allow to add GPU backends enabling parallel
computing. A second objective is to include in the package the implementation of the
Markovian closure introduced in [202, 203] for bosonic environments, and in [204] for
fermionic ones, which proved the equivalence between the multi-time expectation values
of an open quantum system interacting with either a unitarily evolving environment or
a discrete set of damped modes obeying a GKSL master equation.

If the timescale separation conditions which allow for adiabatic elimination are
respected, the Markovian closure of [202, 203] might also allow for model reduction of the
GKSL dynamics through adiabatic elimination. Such possibility could be investigated
in future work, which would connect the two approaches to model reduction of open
quantum systems pursued in this thesis.

The results presented in Chap. 5 motivate a microscopic treatment of frequency-
dependent system-environment coupling in circuit QED settings. Such structure can
be introduced by filters. Our setup can model multipole filters [191], metamaterials
[178, 189, 190] and spurious harmonic modes in the electromagnetic environment
[22]. Future work should thus consider realistic spectral density functions, to compare
quantitatively experimental [35] and numerical results of the relaxation time of the
qubit T} dependence on the population in the cavity n, in the presence of a notch filter
at the frequency of the qubit. This could lead to engineering alternative designs for
filters, mitigating the drive-induced 77 relaxation. Future work might also extend our
model to incorporate 1/f noise [205, 206, 207], possibly using tree tensor networks to
include multiple environments with different couplings to the open quantum system,
inducing relaxation and dephasing [208, 209], and repeat the analysis here presented to
assess the impact of low frequency noise on the drive dependence of T7.

Another important question is how the relaxation time dependence on drive power
would change for a superconducting qubit modeled as an anharmonic oscillator, and
thus as a multi-level system, instead of as a two-level system. Our setup could be
extended to treat such a case, and provide non-perturbative benchmarks for the results
presented in [78] for a transmon and in [104] for a cat qubit, obtained by deriving
effective master equations from a microscopic model, and predicting a degradation of
the relaxation time T} at increasing drive power, even in the absence of a frequency
dependent spectral density function.

We expect that finite temperature effects should be included when applying the
methods of Chap. 4 to low frequency superconducting qubits, such as fluxonium [63],
whose transition frequencies can be only a few megahertz, leading to non-negligible
thermal occupation. In addition, a system constituted of a voltage-biased Josephson
junction directly coupled to a high-impedance transmission line has been shown [210]
to exhibit drive-induced overheating of the photonic modes, with qualitative impact
on the observables of the junction, motivating a non-perturbative study within the
framework of Chap. 4 as future work. Since these methods allow for treatment of
general driven-dissipative systems, they could be applied to model multi-mode quantum
hardware setups not limited to circuit QED.
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7.1 [Chap. 3] Perturbative solution to the invariance
condition

In this appendix, we present a way to obtain a perturbative solution to the invariance
condition Eq. 3.7. For this purpose, we expand the maps K9 and F(© with respect
to € as K© = Yol €', and F © = o2 €' Fn, respectively, where K,, and F,, are
independent of €. Inserting these into the invariance condition Eq. 3.7, the zeroth-order
of € reads

KoFo = LoKo.
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Note that Ky = K=, From Eq. 3.6, we find Ky = yz with xz defined in Eq. 3.22.
Using XTLXR = 1, the above equation yields F(<=0 = Fj = XTL»COXR-
For n > 1, the invariance condition at the order of €” is given by
n—1
KoFn + KnFo+ > KnFaem = LoKp + L1K,—1. (7.1)

m=1
This can be solved for IC,, and F,, straightforwardly when Fy = 0 or, equivalently, when
As = 0 for any surviving modes s [118]. In this case, Eq. 7.1 reads

n—1

KoFn+ 3 KnFnm = LoKn + L1Kn 1. (7.2)

m=1

Applying XTL from the left yields
n—1
Fn = XE [‘Cllcn—l - Z ,Can—m]a
m=1

where we have used Xer;ﬁO = 0, which is true when \; = 0. Eq. 7.2 can be rearranged as

n—1
LoK, =KoFn+ Y KinFnom — L1K_1.
m=1
By inverting Ly, thus, we obtain IC,,. Since L is singular, the solution to this linear
equation is not unique. This leads to the gauge degree of freedom discussed in Sec. 3.2
(see Ref. [83] for details).
When \; # 0, Eq. 7.2 similarly yields

n—1
Fo=xb|Lokn + L1Kwy — 3 ICm]-“nm], (7.3)
m=1

which depends on IC,, that has not yet been determined. To find IC,, and F,, in this
case, the authors of Ref. [60] guessed the form of K, with an unknown quantity. By
determining the unknown quantity so that the resulting /C,, is consistent with Eq. 7.1,
they successfully obtained XC,, and F,,. However, they calculated only up to the second
order of € and the analysis was limited to bipartite systems. A systematic method for
solving Eq. 7.1 with Ay # 0 was developed in Chap. 2 in the case of bipartite systems.

7.2 [Chap. 3] Perturbation expansion of 79553@)

In this appendix, we provide several formulas that are useful in a perturbation calculation
of Pi(rfz(t). By considering P\ = limy_,o Pi(rfg(t), one can evaluate IC(T%L and ]:%%L
defined in Egs. (3.29). With finite ¢, the dynamics including the transient regime can
be discussed (see Appendix 7.3.2).
In what follows, we use the expression (3.20), that is, PL(t) = [T — S\ ()] Puw
with .
Sin(t) = ¢ [ dr Q0T @ L1y,
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To expand Zl(fl)v(t) with respect to €, we note the following identities;

e(A—l-eB)(t—s)
3 ~
e/ dTB(T)]}e_AS,

A+eB)(s—t)

=M TF{ exp

and

el
3 ~
= TH{ exp {— e/ dr B(T)] } e,
with T,_ and T_, denoting the chronological and the antichronological time-orderings,

respectively, and B(7) = exp(—A7) B exp(A7). These identities can be verified by

considering the differential equations with respect to ¢t and s. Using these, the above

expression of El(fl)v(t) can be recast into the following form,

t
Sia(t) = ¢ [ d7 G(7) Qu L1 P G(7), (7.4)
0
where we have introduced (¢ > s),

g(t — 5 = 7—0) — eginvcginv’r()

r 0 TO Tn—1
=9+ E e”/ dry- / dr,
n=1 0 0

Lo(T0— L —1—Tn LoTn,
€ o(mo 7-I)Qinv‘cl---e 0(Ta—1-7 )Qinv‘cle o7 Qinva

and
Gt —s=m)=ekm

t ~
= ekos Tﬁ{ exp { — e/ dr ,Cl(T)} } e~ kot

e’ﬂOTnﬁle’EO(T”‘l’T") .. .Lle’[’O(TO’Tl).

Let us expand S (1) as B9 (1) = 320, €'S,,(t). Inserting G(7) and G(7) into Eq.
(7.4), we obtain, up to the order of €3,

t
2jl(t) :/0 dTQEOTQinv'ClPinve_EOTa

t T
EQ(t) :/0 dT1/0 ldTg
{€£0 (Tl 772) Qinvﬁl eLOTQ Qinv‘ﬁltljinveiﬁm-1 (75)

—eF0TQu Ly P L0 Ly e Folm =) }7
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and

t T1 T2
Zg(t) :/0 dTl,/() dTQ/O d’7'3

{eﬁo(ﬁﬁ) Qinvﬁl eﬁo(TQ*T:a) Qinvﬁl €£0T3
—L L —L
X Qiny L1 Pinve” ™ + €70 Qi L4 Pipye™ 0
xﬁleﬁo(TzTS)L‘leEo(ﬁ‘rz)}

t T1 T1 r r
—/ d’Tl/ dTQ/ dT3€ O(TI_TQ)Qinvﬁle 072
0 0 0
X QinV*Cl,]Dinve_ﬁom‘Cle_ﬁ0 (r1=73) .

Up to the order of €3, [T — £ (£)] ! can be expanded as

[T —S00] 7 =T+ i (t) + 2 5(1)
+é Ya(t) + 2a(8) 21 (8) | + 0(64).

From this, we can evaluate Pi(rfi(t) perturbatively. Expanding as Pi(rf\),(t)
S €"Py(t), we find

Pl (t) = Z]1(15),Pir1va
Pa(t) = Z2(t) Pinv,
P3(t) = [23(t) + Lo(6)21(t) | Piay,

- 7)inv +

When the limit ¢ — oo is taken, a simpler expression of 731(;\), can be found as follows.

Note first that P;(t) reads

t
Pl(t) :/0 dr GLOTQinvﬁle_EOTPiHV.

(7.7)

Let P,, = limy_,00 Py (t). For {P,}, we can find relatively compact expressions by using

the fact that

P = S r )l =310, and Oy = ; e ; 11

(7.8)

are projections onto the eigenspaces of Ly. For instance, P, reads from Eq. (7.7) as

0
L L
7Dl = /0 dre™" Cginv»cl,ljinv6 07—7)inv

-y ( I dTe(Af/\S)T> A
sf 0

1
= Hfﬁlﬂs,
; Asy
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where we have introduced Ay = Ay — Ay, which has the positive real part as ReAgy >
A > 0. Similar calculations yield higher-order contributions as

1 (o]
1, {eﬁl YT, fs]ns, (7.9)

Pl(nﬁ\)l = Py + Z
sf Asf n=2

with
Qinv El . El Pinv

F pu—
2 = Fis T Lo— ),

L, (7.10)

and

Qinv Qinv
Tay. =
3,fs El )\5 — »C()El /\5 — £0£1

7Dinv Pinv
L L L
+Lq Lo— s 1 Lo— s 1

Qinv 7Dinv
_El)\s—ﬁoﬁlﬁo—AfEl (7.11)

7Dinv Qinv
B S Vet Wy

A, M, . 1L
L Ay

_ZA

s f! s’ f! ASf’ As’f

7.3 [Chap. 3] Adiabatic elimination for the Rabi model
including a lossy photon mode

In this appendix, we present details of the second-order adiabatic elimination calculation
for the Rabi model considered in Sec. 3.4. The computation is similar to the one
presented in Example 2 of Chap. 2, so we put it in appendix. The generator reads
L=Ly+eLy with Lo = L4 @I +Ts® L and €L = L. The generators Ly,
Lp, and L;, are respectively defined in Eqgs. 3.38, 3.39, and 3.40. In this case, the
eigenvalue problem of £4 can be solved analytically as (see Appendix C of Ref. [83])

('CAA - )\A,mnj) |TA,mn>> = 07 <<ZA7mn| (ﬁA - )\A,mn-,z—) - O,

for m,n € Zs(, where the eigenvalues are given by Ag , = —(km + k*n)/2, with k =
K + 2iwpp, and the right and left eigenvectors are given by |74 mn)) = exp(—fl) [|m)Xn]|),

(L a,mn| = (|m)n]|| exp (.Zl), respectively, with {|n)}nez., the Fock states of the photon

mode and Ap = apa’. The mode m = n = 0 is the only mode with the eigenvalue of 0.
Hence, the steady state p4 is unique and is given by

Pa=Ta00 =|0)0].

As we mentioned in Chap. 2, solving the eigenvalue problem for L, is usually the
bottleneck of the computation.

101



Chapter 7. Appendix

As shown in Eq. 3.35, the projection P, in the current example reads

A

Pine = 1a)(1a] © Zp = |0XON(La] © L.

From this, we can show

Piny L1 Piny = 0, (7.12)
as L1 is in the odd power of @ and a. In addition, we find the expression of Qy,y = Z—Piyy
as -

Quv = X Irasmnlasmnl ® L.
N

Since |r4mn)) are the right eigenvectors of £ 4, this yields, for an arbitrary qubit operator
X,

e“' Qv (Im)n| ® X + (H.c.))

= Y e D e (Im)in)) ) e A (B)al) @ €7 (X) + (He),  (T13)

k,q=0
k+g>0

where H.c. denotes the Hermitian conjugate of the preceding terms. We remark that
expressing the propagator e~ is usually hard, and avoiding such computation motivated
the Heisenberg formulation presented in Chap. 2.

Our goal is to evaluate Pi(rf\),(t) up to the second-order of e. The perturbation
expansion of P (1), PY(t) = Puy + X0, €"P,(t), is performed in Appendix 7.2. The
second-order contribution, Ps(t), is given by Eq. 7.6 with ¥4 (t) defined in Eq. 7.5. Using
Eq. 7.12, it reads

t T
EPy(t)p = € / dm / 1 dry e (M=) Q. Lom QinyL1Pive “0T p. (7.14)
0 0

The expression of the integrand can be simplified using Eq. 7.13. For later use, we
calculate it sequentially as

€e“ ™ QL1 Pive T p = —z'ge*’_’”2/2 |1)0] ® 65372(0me*£5“(p3)) + (H.c.), (7.15)
and
62 eﬁo (Tl —7'2) Qinv£1 e[:OTQ Qinv'Cl,])inve_EOT1 P

= gre /e IR 1] —0)0]) © 2T P e E (pu)o)

_i_\/ﬁefk(nfm) |2><0‘ ® 663(7177'2)(0.16[137'2 (O,xefﬁsn (pB)))} + (HC)

(7.16)
It follows from Lpp = —i(weg/2)[0, p] that the operation of exp(Lpt) is given by

et (p) = Up(t)pUf(t),

with Up(t) = exp(—i(wegt/2)o.) being the unitary operator UL(t) = Up(—t) =
Up(t)~!. By unitary transformation, o, is transformed as

UB(t)awU;(t) — o et | g, o et

Using these relations, we can evaluate the parts involving pp in Egs. 7.15 and 7.16.
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7.3.1 Second-order expansion of J-"é%L and IC(T%L

We now evaluate the maps fé%L and /C(T%L up to the second-order of €. As a parametriza-
tion, we consider pp = Tra(p) [see Eq. 3.37 for its validity]. It then follows that the
operations of yg and X} defined in Eq. 3.22 are given by xzps = |0)0| ® pp and
XTL p = Tra(p), respectively. Inserting these into the definition of the maps f%é();L and
IC(T%L, Eqgs. 3.29, we find, up to the second-order of e,

]:éE()JLpB = TrA(»CPi(nE\);P) = Lppp + €2TTA(£1P1P), (7.17)
and
Kibups = Phap = (Puy + €P1 + €Py)p, (7.18)

with P, = limy_,o, Pp(t) (n = 1,2). Note that we have used Eq. 7.12 to derive Eq. 7.17.
The first-order contribution P;(t) is given by Eq. 7.7, the integrand of which is
given by Eq. 7.15 with 7y = 75 = 7. Accordingly, we obtain

ePi(t) = —ig|0X0| ® o, (t)pp + (H.c.), (7.19)
where we have introduced
oy(t) = c-(t)o- + ci(t)oy,
with cy(t) = [1 — exp(—7+t)]/7+ and v+ = K/2 £ iwey. This then leads to
e tra(L1Pi(t)p)
— ~¢*{o0. (t1ps — o (Dpsor f + (Hec)
ig?

= == Im(cs(t) = c-(t))[o. p]

] T
0.0, + PpO.O;
+g? D Kil(t) [UJPBU;T@— _— 5 -

] (7.20)

with K, (t) = ¢;(t) + ci(t). We thus obtain from Eq. 7.17 the second-order reduced
dynamics (d/dt)pp(t) = Fid pp(t) with

¢ 1
]:%%LPB = —2{Weg +g°Im(cy — C—)}[027 p5]

7.21
olo.os + psolo; (7.21)

2

bl

+92 Z Kjk O'jpBO']I:—
k=

where ¢ = limy o ¢4 (t) = 1/v4 and K = limy_,o Kji(t) = ¢; +¢f. We note that F©
at second order is obtained from the first order P;. We need P5 to obtain K@ at order
two. This is the same complexity as in the projective approach to adiabatic elimination

of Chap. 2, where we only need k£ — 1 inversions of £, to obtain the reduced dynamics
L, at order k, but we need % inversions of Ly to compute K.
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The second-order contribution P, can be evaluated by inserting Eq. 7.16 into
Eq. 7.14. As a result, we obtain

o_0 0,0 _
EPyp = Xpp — o \/5\2><0|®< T T >p3+(H.c.) ,
K4 Rry_
with
O_ppO-— O+PBO+
Xpp = g*(|1)1] — [0X0 ®( : *
(LK1} = 10X0D Y-(-+71) (s +97)
O'—PBU+* U+PBO'—* >+(H.C.)
V== +77) (v +1)

= g*(l1X1] = |0)0]) ® o 5o,

with o, = lim;_,o 0 (t) = c_o_ 4+ c;o. Inserting this and Eq. 7.19 in the limit ¢ — oo
into Eq. 7.18, we find

K$LLps = [0)0] ® pg + W(0)0] @ ps) + (|0)0] @ ps)W' + X pp,

with

X o_0O O,0_
WZ—ZgaT®07—92(aT)2®< + T+ )

K+ Ky—
Note that

KieLps = (I+W)((0X0| ® pp)(I + W) X ps — W(0)0| @ ps) W',
where I is the identity operator on the total space and

Xpp — W(|0X0| @ pp)WT = —¢20)0| ® ou,pBa'L + O(g®).
Therefore, within the accuracy of the second-order expansion, we obtain p(t) =
K\Lups(t) with
Kienps = (I+W)(0)0| © pp)(T + W) (722)

—g* (14 © 7,)(|0)0] © pp) (14 @ o).

7.3.2 Recovering complete positivity by incorporating the time-
dependence

As discussed with Eq. (3.41), the generator ]—"é%L given by Eq. (7.21) is not in the
GKSL form and the evolution is not completely positive. Here we numerically show
that the evolution generated by the time-dependent counterpart ]-'é%L(t) defined by Eq.
(3.42) is completely positive.

As the second-order contribution is given by Eq. (7.20), ]-'é%L(t) can be ob-
tained by replacing cy and Kj; in Eq. (7.21) by c4(t) and Kj;(t), respectively. Since
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Figure 7.1: Nonnegativity of the smallest eigenvalue of the Choi matrix C(t) [see Eq. (7.23)].
The inset is a zoom in on the region 0 < xt < 1.05.

[F (1), FS (£2)] # 0 (¢, # t5) in general, the propagator from 0 to ¢ is given with
the chronological time-ordering T’ as

(€)
drFas
{efo rer( }7

which approximates the exact reduced propagator.
To confirm its complete positivity, we consider the Choi matrix representation

)= X InMal @ T el 7 (gl (7.29

p,g=e,g

which is positive semidefinite if and only if the propagator is completely positive [79].
The Choi matrix C(t) can be evaluated by solving (d/dt)pp(t) = ]-"%%L(t)pB(t) with
different initial states pp(t = 0) = |p)Xq| (p,q = e,g). For numerical computations, we
arbitrarily set wpn = wee = k and g = 0.1x. The differential equation was solved using
the fourth-order Runge-Kutta method with the time step size 103k 1.

Figure 7.1 shows the smallest eigenvalue of C(t) as a function of time. Except for
the infinitesimal time region, the smallest eigenvalue is positive. In the infinitesimal
time region, note that

K(dt) = 2dt G i) + O(dt?).

Accordingly, the matrix K is positive semidefinite to the leading order, ensuring complete
positivity of the infinitesimal evolution. For the parameter set considered we observe
numerically that the Choi matrix remains positive over the simulated time interval. We
do not claim CP for all parameters or all times.
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7.4 [Chap. 4] Inverse thermofield transformation to
recover original bath results from T-TEDOPA sim-
ulations

In [168], De Vega and Banuls present the thermofield transformation approach to
obtain finite-temperature simulations from pure states. The idea is to double the
environmental degrees of freedom and then to apply a Bogoliubov transformation:
the real environment in a thermal state is transformed into two virtual environments
in the vacuum state, defined as the thermofield vacuum. For any operator of the
real environment, the expectation values in the thermal state are equivalent to those
calculated in the thermofield vacuum. Behind the thermofield approach there is the
concept of purification: the initial mixed state of the environment can be represented as
the partial trace of a pure state (the thermofield vacuum) defined on the larger Hilbert
space of the modes of the two virtual environments at zero temperature. The interaction
of the system and each one of the two environments is then mapped on two separate
chains, using the TEDOPA chain mapping to define a unitary transformation that
can be applied to the bath modes, in order to define new modes for the environment,
mapping it from a star-like to a one-dimensional chain-like configuration.

7.4.1 Thermofield for finite temperature simulation with pure initial
states

In [168], the first step is to introduce an auxiliary environment of non-interacting
bosonic modes of negative frequencies:

N
H™=H - wielc, (7.24)
k=1

where the Hamiltonian H is the bosonic Hamiltonian:

N N
H=Hs+ wblb + % © 3 gu(b], + by). (7.25)
k=1 k=1

The two environments, of positive and negative frequencies, are assumed to be in a
thermal environment at inverse temperature J3; the second step is to apply a thermal
Bogoliubov transformation to change the basis. The applied transformation produces
two-modes squeezed states:

ay, = e Cbre™® = cosh ()b — sinh(ﬁk)cL

1G

. 7.26
ag, = e Ccre® = cosh(y) e — sinh(@k)bl, ( )

where the exponent of the squeezing operator is G = i), Qk(bzcz — ¢;by), and 6y, is
dependent on the temperature as in the following relations, where the average number
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simulations

of excitations in the k-th mode is (n;) = 1/(e* — 1):

cosh(fy) = /1+ (ny,) = 1_igw (7.27)
7.27
sinh(05) = \/(ny) = ewwl_l

The Bogoliubov transformation defines a new squeezed vacuum state, which we write
in terms of the vacuum state |[2) of the bosonic modes (original and auxiliary) of the
operators by, c;:

Q) =€ 1Q), aw|Q) =0,ay|Q) =0. (7.28)

From the vacuum state, we can obtain the thermal state of the original environment:

pr = Traund[€2) (2}, (7.29)

and it can be now used as pure an initial state for both of the environments.

7.4.2 From the extended to the physical environment

As shown in [144], the matrix M defining the transformation of Eq. 7.26 is invertible:
it is therefore possible to obtain the modes of the original (bs) and auxiliary (cy)
environments as linear combination of the Bogoliubov-transformed modes a;; and asgy.
We explicitly write the transformation:

ay cosh 0, 0 0 —sinh 6,7 | bk
as| 0 coshf, —sinhd, 0 Ci,
al,| — 0 —sinh 0, cosh 0y 0 bl |’ (7.30)
a; A — sinh 0, 0 0 cosh 0, CL
and its inverse:
by, cosh 0, 0 0 sinh 0,7 a1k
cr| 0 cosh @, sinh 6, 0 asp
bl| 0 sinh 6 cosh 6y 0 al, | (7.:31)
c;fg sinh 6, 0 0 cosh 0, agk

It is now possible to obtain the mean value of the number operator for the physical
modes as a function of mean values that we already have evaluated:

(blby) =  cosh Oy sinh 6 <<a2ka1k> + <a{ka;k>) + (7.32)

+ sinh? 6y, <1 + (agkagk)> + cosh? O (al, ay,),

where we exploited the bosonic commutation relations to obtain: alkaik =1+ ai L Q-
In the thermofield case, a negative frequency wsqy, is associated to each positive frequency
wig. The sampling is therefore symmetric around zero. This marks a difference with
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T-TEDOPA, where the sampling of frequencies is obtained through the thermalized
measure du(f) = y/J(w, f)dw, and is not symmetric. To recover the results for the
physical bath of frequencies starting from the results of T-TEDOPA simulations, we
need to do an extrapolation for all of the mean values appearing in Eq. 7.32, in order
to have their values for each w at —w as well. Given this need, the enlarged grid of
frequencies of the remark 4.2.1 is particularly useful.

7.5 [Chap. 5] Reconstructing the spectral density from
chain coefficients
Given a set of arbitrary chain coefficients {ey, tx, ko}, it is possible to reconstruct the

corresponding spectral density function. We remark that the N x N Jacobi matrix of
the chain coefficients implies a tight-binding (nearest-neighbors) structure of interaction.

1. Diagonalize the N x N Jacobi matrix of the chain coefficients, obtaining the
eigenvalues {w;} and corresponding eigenvectors {v®)}

2. Given k2 defined in Eq. 5.18, we compute the weights (with g, = \/wy) as

2

%, (7.33)

Wy = kg‘zé

where v%k) is the first element of the k—th eigenvector.

3. To obtain a smoother function, we convolve the discretized spectral density of
Eq 5.19 with a Gaussian or Lorentzian kernel f,, where n gives the broadening

Jsmooth (W) = (J * fp))(w) = Zwkfn(w — Wg). (7.34)

7.6 [Chap. 5] Reorganisation energy term from Caldeira-
Leggett

We derive the reorganisation energy term from the microscopic Caldeira-Leggett Hamil-
tonian. Following [211], we suppose that the cavity quadrature = (a + a')/v/2mw,

couples linearly to a bath of harmonic oscillators of coordinates {qy, px}, masses my,
frequencies wy and couplings cy:

Hy+ Hy =Y (Pt St - e)?). (7.35)

We express the same Hamiltonian with the second quantization ladder operators by, bL

by setting X
G = (br+bl), pr=1iy 5 (b + ), (7.36)
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and we obtain the discretized version of the interaction Hamiltonian by setting

CrpWE [ MW

9= 5N (7.37)
plus the additional term
2
Ik t)?
Ek: L (atal), (7.38)

which, exploiting the definition of Eq. 5.19 to go from the discrete to the continuum,
can be rewritten as
Areorg (@ + at)?, (7.39)

with )
too - J(w
Areorg = / dw 2 (7.40)
0 w
The coupling of the system to environmental modes introduces a static renormalization

of the cavity potential. In the Caldeira-Leggett formulation this appears as the quadratic
“counterterm”

Areorg (@ + @2, Aveorg = / OOJE:J) dw, (7.41)
0

which we must include in the system Hamiltonian so that the resonance of the cavity is
kept fixed
Hs — Hg+ Aeorg (a +a')%. (7.42)

Using (a + a)? =2a'a + I + a® + a'?, one sees that the counterterm both corrects
the number-conserving dispersive shift (via 2\ eorg @'a@) and balances residual quadratic
(squeezing-like) contributions proportional to a, a’. We remark that this term is
not included in the textbook spin-boson model [26], because in that case it is just
proportional to the identity (¢? = I). In this case, our boson to bosons coupling
imposes us to keep it.

7.7 [Chap. 5] Calibration scheme to select the drive
frequency

Calibration scheme. To select the drive frequency wy for each configuration, the
protocol goes as follows:

1. Set the drive to zero ¢; = 0.

2. Prepare the qubit-cavity system in a e—like dressed Fock state, and the environ-
mental vacuum: |e;7) @ |vac)p, here n = 2.

3. Let such a state relax into the environment so that the population of the cavity
N, converges to near zero.

4. Compute the two-sites observable (c!¢,,) at final time.
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Figure 7.2: Calibration of the cavity drive frequency by undriven relaxation (¢4 = 0). In each
panel the system is initialized in a dressed Fock state |i,n) with i € {g,e} (here n = 2) and
the bath vacuum |vac) . After relaxation of the cavity photon number (IN,), computed up
to time kt/(2m) = 1, shown in the upper-right insets, we plot the frequency-resolved bath
occupation (n,). The cavity-window peak positions define w, . = arg max,,(n,,) for the e-like
initialization and w, 4 for the g-like one; the drive is set to the midpoint w = (wa,e + wa,g) /2.
Bottom-right insets around w, show the qubit peak and the corresponding spectral density
J(w). A displacement of & from w,, reflects a Lamb shift induced by the environmental modes.
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Bath spectroscopy, Aw = 0.07 2r GHz, 2y = 0.09 2r GHz
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Figure 7.3: A >0, J(w) = Jonm(w). Multiple timestamps showing the frequency-resolved
bath occupation (n,), for the two initial conditions |e,2) (magenta) and |g,2) (blue). The
frequency of the peaks does not depend on the simulation time.
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Figure 7.4: Jonm(w), A > 0. Checks on the cavity observables. In the left panel we show a
comparison between the evolution of (IN,) for both GKSL and MPS, which for this undriven
case perfectly agree. In the right panel, we show some small (~ 107%), high frequency
fluctuations of the (p) quadrature of the cavity.

5. Invert the chain mapping as in Sec. 4.2 to obtain the bath occupation number
(n,) and extract from the cavity peaks

Wae = arg mgx(n@ (7.43)

6. Repeat steps 2-4 for the g—like initial state |g,7) ® |vac) , obtaining w, 4.

7. Set the drive to the midpoint

o= w;“’g (7.44)

Wy
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Calibration results. Calibration results for the flat, Ohmic-inverted, and Purcell
configurations are shown in Fig 7.2, where we plot the bath spectroscopy in each case,
with an inset showing the relaxation dynamics of IN, and another inset centered around
the qubit peak. The frequency of the cavity peaks is shifted depending on the state of
the qubit, but does not depend on the simulation time, as it is shown in Fig. 7.3. In
Fig. 7.4.a we compare cavity dressed population IN, for both the Ohmic case Jopm(w),
A > 0, and GKSL simulations. We find good agreement. In Fig. 7.4.b, we report an
example of small (~ 107%), high frequency fluctuations of the (p) quadrature of the
cavity, which is equal to zero for the GKSL simulations. We note that it should hold
exactly that (p) = 0, as the undriven Hamiltonian of Eq. 5.17 commutes with the global
parity operator

I =0. % (—1)** @ [[(—1)%, (7.45)

since Ilo, Il = —o,, and our initial state is an eigenstate of II. We conclude that such
small oscillations are due to numerical truncation errors. We also note that adding the
drive Hamiltonian breaks the parity conservation.

7.8 [Chap. 5] Numerical simulations details

Units. All Hamiltonian parameters as well as the spectral density function J(w) are
defined in 2rGHz (rad/ns). The decay rate is computed using

Kk =2mJ(w),

which yields & in radians/ns (angular frequency units). MPS and Lindblad simulations
remain consistent because both treat x numerically, without enforcing unit semantics.
As a result, simulation outputs agree. When plotting, the time is rescaled as

Kt

KGHzt = %7

to express dynamics in a-dimensional units of cavity linewidths (Hz).

Computing the dynamics. The simulation workflow is detailed in Sec. 4.3.1. The
MPS simulations are conducted using the 1'TDVP algorithm (see Sec. 4.1.5), which
constrains the evolution on a manifold in the Hilbert space characterized by those
states that can be represented as matrix product states of a fixed bond dimension Yy,
set at the beginning of the simulation. We choose the 1TDVP algorithm because of its
advantageous scaling with respect to the local dimensions d of the MPS sites: 1TDVP
~ d? while 2TDVP ~ d3.

Since the same Y is set at the beginning of the simulation, and for every bond of the
MPS, such strategy is non-optimal. To improve efficiency, future simulations might rely
instead on DTDVP [212], that adapts bond dimensions at each time-step and chain site
following entanglement growth. The adaptive TDVP (DTDVP) has been introduced
in [212, 167]. DTDVP is advantageous in comparison to both the one-site (1TDVP)
and two-site (two-sites TDVP (2TDVP)) version of TDVP. The main advantage of the
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one-site 1 TDVP algorithm is that it preserves the unitarity of the MPS during the time
evolution. Its main problem, conversely, is that the time evolution is constrained to
happen on a manifold constituted by tensors of fixed bond dimension, a quantity closely
related to the amount of entanglement in the MPS, and such a bond dimension has
therefore to be fixed before the beginning of the time evolution. The scaling of 1T TDVP
is O(2d*w? + x3dw + x3d?), where w is the MPO bond dimension. This strategy will
necessarily be non optimal: the growth of the bond dimensions required to describe
the quantum state should ideally mirror the entanglement growth induced by the time
evolution. 2TDVP allows for such a dynamical growth of the bond dimensions, and
therefore better describes the entanglement in the MPS. It suffers however of other
drawbacks: first of all, a truncation error is introduced (by the means of an SVD
decomposition), which entails a loss of unitarity of the time-evolved MPS. Moreover,
2TDVP has bad scaling properties with the size of the local dimensions of the MPS,
O 2d3w? + x3d*>w + x3d®): this is a major issue when dealing with bosons, as it is
the case in this work. The DTDVP algorithm combines the best features of 1" TDVP
and 2TDVP: it preserves unitarity, it has the same scaling properties of 1 TDVP, and
it adapts the bond dimensions to the entanglement evolution at each site and at each
time-step. DTDVP does not suffer from a truncation error, but introduces a projection
error.

7.8.1 Checking convergence

A big part of running simulations is to make systematic convergence tests. It is hard to
distinguish between an ill-converged result and a qualitative change in the behavior
of X,(t). It is thus essential to make extensive tests. Beyond being a necessary sanity
check on our numerics, a global view of the requirements for convergence can be a
useful guideline for allocating a correct amount of resources for future simulations (e.g.
longer-time simulations). In this section we report some of the tests we made to validate
the results presented in Chap. 5. We focus on the sanity checks detailed in Sec. 4.3.2 of
Chap. 4, where we detail how to choose the chain length N, local dimension of the MPS
site, cutoff frequency w,., and sampling resolution for spectroscopy. The chain length
depends on the chain coefficients and on the simulation time. For the simulations at
kt/(2m) = 0.5 we have:

e Jonm(w): chain length of N = 471

o Jhat(w): chain length of N = 289

o Jpr(w): chain length of N = 472.
We choose to only report the convergence tests made for the simulations at strongest
drive amplitude, as this is the most unfavorable case. We can provide the same plots
showing convergence for all other drive amplitudes as well.
Saturation of local dimensions d
In driven simulations with bosonic sites, we size the local Hilbert spaces from an analytic

estimate of the steady-state photon number and add some margin for Poisson tails and
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Figure 7.5: The error dg,(t) of Eq. 7.49 as a function of time for multiple drive powers
€4 = peg. In the worst case (Ohmic with A < 0), the error is of the order 1077.
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transients. For the cavity, resonantly driven at amplitude ¢; = pé€,, we set the local
dimension as
42 4(pey)?
d, = [10 + Ve + ﬁaw, g = — = (pij) (7.46)
K K
i.e. mean +70 for Poisson-like fluctuations (¢ ~ v/7) plus some constant. For the
bosonic chain sites, which are not directly driven, we estimate the average occupation
of the first site from the chain coefficients of Eq. 5.18
t
Nchain = s Ng, (747)
ko
where kg is the cavity—chain coupling and ¢y the hopping between the first and second
chain sites. We then choose a uniform Fock cutoff for all chain sites

dchain = ’72 + 577Lchain—‘> (748)

where the constants where chosen after some convergence tests.
To check that the simulations are not saturating the Hilbert space, a useful quantity
to monitor is

Sar(t) = 1= ([a, al](t)), (7.49)

which could deviate from zero due to the finite truncation d, of the Hilbert space, so
that the creation and annihilation operators are now projected a = P, aP,,. Figure 7.5
confirms that the cavity Hilbert-space truncation does not bias our results: dg,¢(t) stays
essentially zero for all J(w) and both detunings at the highest drive, so neither the
transient filling nor the steady-state plateau pushes probability mass against the cutoff.

Convergence with varying bond dimension y

We report in this section convergence tests for varying bond dimensions y. The drive
amplitude is set to be ¢; = pey, with p = 40.0. In Fig. 7.6 the Ohmic spectral density
with A > 0, in Fig. 7.7 the Purcell filter spectral density, in Fig. 7.8 the Ohmic
spectral density with A < 0, in Fig. 7.9 the flat spectral density results. Top panels
show the entanglement entropy, from which we estimate the minimum value of bond
dimension required to capture the entanglement in the MPS as ymin = €. Center-row
panels show the dynamics of (X.(¢)), bottom-row panels show the dynamics of (IN,(1)).
Different columns represent different time discretization steps, specified on top of each
column.
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