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After reviewing the sound speeds in various forms and conditions of matter, we investigate the sound speed of hadronic matter
that has decoupled from the hot and dense system formed during high-energy collisions. We comprehensively consider factors
such as energy loss of the incident beam, rapidity shift of leading nucleons, and the Landau hydrodynamic model for hadron
production. The sound speed is related to the width or standard deviation of the Gaussian rapidity distribution of hadrons.
The extracted square speed of sound lies within a range from 0 to 1/3 in most cases. For scenarios exceeding this limit, we also

provide an explanation.
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1. Introduction

In high-energy collisions, the hot and dense system gener-
ated in regions with violently compressed participant
nucleons exhibits a wealth of characteristics. Quantities such
as pressure, energy density, entropy density, temperature,
and volume can be measured or extracted using appropriate
methods. In addition to the equation of state, which defines
the ratio between pressure and energy density, both sound
speed (c,) and square speed of sound (c?) are important
extractable quantities that contribute to our understanding
of collision system evolution processes as well as accelerated
expansion phenomena in cosmology. For hadronic matter
resulting from decoupling within a hot and dense environ-
ment, ¢ can be determined by taking the partial derivative
of pressure with respect to energy density at constant

entropy density; alternative formulations may arise due to
relationships among thermodynamic quantities [1].

The values for ¢? vary across different models and types
of matter while maintaining similar definitions. Beyond just
high-energy collision systems characterized by their hot and
dense state, other forms and conditions—such as neutron
stars [2, 3], dark matter [4], dark energy [5-7], magnetized
nuclear matter [8], gas composed of closed strings [9], and
adiabatic evolution in heavy fields [10]—exhibit significant
differences in their respective ranges for ¢2. Qualitative dis-
cussions on the various ranges of ¢ in different forms and
conditions of matter are essential for enhancing our under-
standing of the ranges of ¢? associated with hadronic matter
decoupled from hot and dense system.

Within neutron stars, a quantitative Bayes factor analysis
indicates that the conformal bound 0 <c¢? <1/3 is violated
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[3], despite applying the same definition of ¢? as used for
hadronic matter. As energy density increases, ¢ initially
rises before exhibiting fluctuations—either large or small
[2, 3]. The range of ¢ for neutron stars is found to be 0 <
¢2 < 1. For dark matter sound speed constrained by galactic
scales, cases involving modified and extended Chaplygin
gas yield values such that 0<c? <107 [4]. This value is
indeed very small and presents a more competitive con-
straint compared to previous limits derived from anisotropic
cosmic microwave background measurements and baryonic
acoustic oscillations which exhibit power spectra.

Using a constant linear equation of state, the behavior of
dark energy perturbations during radiation and matter
epochs in both synchronous and conformal Newtonian
gauges has been analytically studied in reference [5]. It was
demonstrated that the range for sound speed can be con-
strained to 107* < ¢Z < 1, which contradicts results obtained
from dark matter studies. Employing the Markov chain Monte
Carlo method, a global analysis based on current observational
data from anisotropic cosmic microwave background suggests
that constraints on cf remain quite weak. Furthermore, if
sound speed becomes negative, the system exhibits instability
due to divergent classical perturbations [6]. Predictions across
all scalar field models featuring standard kinetic terms indicate
that ¢ = 1. However, models such as k-essence predict an
effective sound speed significantly greater than one. Although
it remains challenging to quantitatively measure the value of ¢
associated with dark energy directly, it can influence measure-
ments related to other parameters [7].

Within the framework of the nonlinear Walecka model,
a calculation for nuclear matter subjected to a background
magnetic field at finite temperature and baryon chemical
potential reveals that the presence of a magnetic field
induces anisotropy in ¢Z. Consequently, the parallel (or lon-
gitudinal) and perpendicular (or transverse) components,
denoted as cf(H) and cg(l), respectively, can exhibit variation
[8]. Furthermore, related calculations indicate that 0 < ¢z < 1
in nuclear matter at high baryon chemical potential, irre-
spective of whether a magnetic field is present or absent
[8]. According to reference [9], matter in string gas cosmol-
ogy can be conceptualized as a gas of closed strings, which
suggests that 0 < ¢Z < 1. In accordance with the framework
of adiabatic evolution in heavy fields [10], ¢? can be
expressed in terms of the effective mass of heavy fields and
the turning rate of the background trajectory within multi-
field space. This leads to a suppressed sound speed charac-
terized by 0 < ¢ <« 1.

From this introduction—which provides only select
examples regarding sound speed—it is evident that values
for ¢ span a wide range. Even within nuclear matter, one
finds that 0 < ¢ < 1. It is therefore intriguing to investigate
¢ further and constrain its range during high-energy colli-
sions. In this paper, we study ¢? under conditions prevalent
in high-energy collisions based on energy loss from incident
beams, rapidity shifts observed in leading nucleons, and uti-
lizing Landau hydrodynamic model for hadron production.
We elucidate its significance according to its defined ranges.
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The remainder of this minireview article is organized as
follows: Section 2 gives formula description of square speed
of sound; Section 3 presents possible range of square speed
of sound and related explanation; finally, Section 4 provides
a summary.

2. Formula Description of Square
Speed of Sound

Let us denote by Eqeum> Eppeam» a0d 1y the energy of the
target beam, energy of the projectile beam, and mass of
protons, respectively. During collisions, we assume an
energy loss rate denoted by k for either incident target or
projectile nucleons. Following these collisions, we can express
both energy (E;r) and momentum (p) for leading target
nucleons alongside their counterparts—energy (E;p) and
momentum (p; ,)—for leading projectile nucleons through

ELT = (1 - k)ETbea.m (1)
brr=v/ Efy - mg (2)
ELP = (1 - k)EPbeam (3)

Prp =1/ Efp —my (4)

respectively. For the same size of target and projectile, one has

j

SNN
ETbeam = EPbeam = P (5)

where /sy denotes the center-of-mass energy per nucleon
pair.

For the leading nucleon, its transverse momentum is
nearly zero, while its longitudinal momentum is approxi-
mately equal to its total momentum. In comparison with
midrapidity, typically defined by y. =0, the rapidity shifts
of the leading target and projectile nucleons are denoted as

1 E1+p
oty (Frr LT> 6
M=y (ELT —Prr ©)
1 Eip+p
~_|n M) 7
=3 (ELP_PLP @)

respectively. The total rapidity shift from the leading target
nucleon to leading projectile nucleon can be given by

L=y yir~ 1 In |:<ELT tPLT> (ELP tPLP):l (8)
2 Eyr = Prr/ \Erp ~ Prp
The total rapidity shift represents the distribution range
of particles in one-dimensional rapidity y space. According
to the Landau hydrodynamic model for hadron production
in high-energy collisions [11-15], y follows an approximate
Gaussian distribution characterized by a width or standard
deviation ¢ [14, 15]. Based on properties of Gaussian distri-
butions, it can be expected that approximately 99.7% of
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particles will fall within the rapidity range of [-30,30]. If
one considers a range of 60 as representing the total rapidity
shift L, then one has

o= EL 9)

The Landau hydrodynamic model for hadron pro-
duction results in the relationship between o and ¢’ to
be [11, 16-21]

az\/gli In (*2/:”1“_5) (10)

S

Then, the square speed of sound is expressed by

= 3%2 l—4 In (ﬁ) + \/16an <@> +9a4] (11)

my 2my

or

s —\ 12
czz—iz In (YoNN) 2 In (YONN) 14 (12)
30 2my 30? 2my

It is important to note that an analytical solution for non-
conformal and viscous Landau hydrodynamics has been
presented, along with a proposed form of the speed of sound
in ref. [22]. This proposed solution can be generalized to ideal
and conformal cases when appropriate limits are applied.
Furthermore, this solution successfully describes the rapidity
spectra observed in existing experimental data and offers a
novel approach for probing the equation of state as well as
extracting the speed of sound during heavy ion collisions. In
ref. [22], another general relationship between o2 and ¢? can
also be found. When compared to conformal solutions [11,
16-21], the nonconformal solution exhibits a slightly lower
peak and a marginally larger o2 in rapidity distribution.

3. Possible Range of Square Speed of Sound and
Related Explanation

Building upon these discussions, one can conveniently study
the relationships between L and V3NN as well as between cf
and /sy To determine L, value for parameter k is required.
In proton-proton collisions, the binary (nucleon-nucleon)
collision number (v) naturally equals 1. However, in pro-
ton-nucleus and nucleus—-nucleus collisions, the maximum
binary collision number (v,,,) associated with a specific
incident nucleon significantly exceeds 1, for instance, in pro-
ton-aluminum (p-Al), proton-copper (p-Cu), and proton-
uranium (p-U) collisions where events exhibit maximum
binary collision numbers of 9, 12, and 16, respectively; these
correspond to fractions in their respective v distributions
being approximately 0.004%, 0.002%, and 0.010% [23]. Con-
versely, for these three specific types of collisions at v =1,
corresponding fractions are found to be about 47.177%,

34.479%, and 23.000%. It is evident that from v=1 to
v=v_.., there is a significant decrease in corresponding
fractions.

Some investigations indicate that, in multiple binary col-
lisions, at least one instance experiences an energy loss of
50%, while the remaining instances incur an energy loss
ranging from 10% to 25% [23-26]. To conduct a compre-
hensive study, it is advisable to consider as many values as
possible within the range of 0.5 < k < 1. The dependence of
L on /sy is illustrated in Figure 1. For comparison pur-
poses, we set k values at 0.5, 0.6, 0.7, 0.8, and 0.9; these cor-
respond to various curves marked with different colors in
the panel. It is evident that L increases significantly with ris-
ing /sy for all selected k values. Additionally, in the initial
region of /5y, L exhibits a linear increase with respect to
In  /syx- Naturally, smaller k values result in larger L.

Figure 2 presents the relationship between ¢} and ,/syy
at o = L/6, which reflects the required and reasonable corre-
lation between ¢ and L. For comparative analysis, we again
utilize k values of 0.5, 0.6, 0.7, 0.8, and 0.9 corresponding
to distinct curves represented by different colors within the
panel. The results demonstrate that ¢? increases markedly
with increasing ,/syy across various k values; however, in
some cases—specifically above hundreds of gigaelectron
volt—the growth rate of ¢? begins to gradually decelerate,
where smaller k leads to larger cf outcomes; notably, many
calculated ¢} remain below 1/3. Only when /sy exceeds
approximately 10TeV do some instances yield ¢’ greater
than 1/3.

The dependence of ¢ on /syy is illustrated in Figure 3
for different values of o, specifically o =0.2L (a), 0.4L (b),
0.6L (c), and 0.8L (d). In each panel, the parameter k=0.5,
0.6, 0.7, 0.8, and 0.9, corresponding to various curves repre-
sented by different colors, is employed. Notably, all four
values of o used in Figure 3 are greater than the value
of 0 =L/6 utilized in Figure 2; however, it should be noted
that 0 =0.2L is closest to this reference point. In all cases
examined, there is a significant increase in ¢ with rising values
of /syn- Furthermore, at energies exceeding hundreds of
gigaelectron volt—even down to approximately 10 GeV—the
growth rate of ¢ begins to decelerate gradually. It is evident
that while ¢Z > 1/3 holds true for most scenarios considered
here, it remains less than one throughout the analysis pre-
sented in Figure 3; however, it must be emphasized that the
values depicted are not physically realizable under standard
conditions but serve primarily as a means to explore broader
trends when parameters exceed physical limits.

Although the relationships between ¢ and L shown in
Figure 3 may lack physical justification, the mathematical
dependence of ¢ on /sy can still be derived analytically. This
study proposes a reasonable relationship: namely, o =L/6,
which establishes a connection between Gaussian distribution
width o and rapidity shift L. If rapidity does not conform to
Gaussian distribution at very high energies (e.g., above several
hundred gigaelectron volts), yet adheres instead to a superposi-
tion model comprising two or three Gaussian distributions,
then one would identify two or three emission sources along
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0.6, 0.7, 0.8, and 0.9 which corresponds to various curves with
different colors marked in the panel.
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with their respective widths o and square speed of sound cZ.
Although each ¢ can be obtained from the relationship with
o (Equations (10)-(12)), each o can no longer be obtained
from the relationship with L (Equation (9)).

When two Gaussian distributions are required, they may
be interpreted as contributions from target and projectile
sources, respectively. Conversely, if three distributions are nec-
essary, these could correspondingly represent contributions
from target, central, and projectile sources where ideally, the
contribution from the central source should dominate. This
approach yields maximal values for ¢, in relation to central
source while resulting in lower values for both target and pro-
jectile sources. At the energy levels currently achievable in lab-
oratories, three Gaussian distributions are sufficient, and there
appears to be no necessity for a fourth.

Regardless of the relationship between ¢? and L, there
exist explanations regarding the magnitude of 2. Let d
denote the spatial dimension; it is established that ¢ = 1/d
for matter produced in high-energy collisions [27, 28], irre-
spective of whether this matter exhibits liquid-like or gas-
like characteristics. It should be noted that the distinction
between liquid-like and gas-like states is not sharply defined;
however, particles in a liquid-like state typically have a mean
free path smaller than those in a gas-like state. For an ideal
gas composed of massless particles with zero shear modulus
in three-dimensional space, one finds that cf =1/3 [29-38].
Generally speaking, for ideal gases containing massive parti-
cles, it holds that ¢ < 1/3.

In certain specific scenarios—such as when matter formed
from noncentral collisions resides within a thermalized cylin-
der aligned along the beam direction while exhibiting trans-
verse flow without having expanded into other directions—or
when considering matter situated within the reaction plane
[39, 40]—it can be observed that ¢? = 1/2 for massless particles
and ¢ < 1/2 for massive particles. Conversely, if matter gener-
ated from central collisions exists within such a thermalized
cylinder without expansion beyond its boundaries, then one
finds that ¢Z =1 for massless particles and ¢? < 1 for massive
ones. Both cases where ¢ < 1/2 and where ¢ < 1 correspond
to early hadron production.

As time progresses, the matter or thermalized cylinder
resulting from noncentral collisions expands into additional
dimensions; this leads to a decrease in ¢, reducing it from
below 1/2 to below 1/3. Furthermore, as the matter or ther-
malized cylinder originating from central collisions also
expands outwardly beyond its cylindrical confines, this
results in an accelerated decline of ¢Z from below 1 to below
1/3. In general terms, the particle measurements obtained
through experiments pertain to final states which arise after
sufficient expansion has occurred, corresponding to values
of ¢ that fall beneath 1/3.

However, the situation becomes more complex when
strongly coupled quark-gluon plasma (sQGP) is formed in
central heavy ion collisions at high energy. The formation
of sQGP leads to a longer duration of the central collision
system, resulting in greater expansion and a lower ¢ com-
pared to noncentral collision systems. In our view, the

U801 SUOWILLOD BANERID) 3|0l dde U} Aq PaUBAOB a1 SBDILE WO ‘88N J0 S9N J0) AIRIGIT BUIIUO ABIA UO (SUOIPUOO-PLE-SWLBILIOD™AB | M ARG 1[BU[UO//:StY) SLOIPUOD PUe SWiB 1 au) 885 *[SZ02/70/T] U0 ARIqiauliuo A8|IM SPUIONQIAEIUSZ - AS3A AQ G/S9/66/00U8/SSTT OT/I0p/L0D A IM AleIq1[Bu1U0//SdNY W) POpEOjUMOQ ‘T ‘GZ0Z ‘Z89T



Advances in High Energy Physics

0.5
c=02L
0.4
0.3
g /
/
0.2
0.1
0.0 '
10 102 10° 10* 10°
sy (GeV)
— k=05 — k=08
— k=06 k=0.9
— k=07
(a)
g=0.6L
1.0
0.8
0.6
Rt
0.4
0.2
0.0 !
10! 10? 10° 10* 10°
sy (GeV)
— k=05 — k=08
— k=06 k=0.9
— k=07

(0

5
0.9
oc=04L
0.8
0.7
0.6
0.5
R
0.4
0.3
0.2
0.1
0.0
10! 10% 10° 10* 10°
Vs (GeV)
— k=05 — k=08
— k=06 k=0.9
— k=07
(b)
1.2
c=08L
1.0
0.8 1
0.6
0.4 1
0.2
0.0 . . . .
10! 10? 10° 10* 10°
sy (GeV)
— k=05 — k=08
— k=06 k=09
— k=07

(d)

F1GURE 3: Dependence of cg on ,/syy at different o, where 0 = 0.2L (a), 0.4L (b), 0.6L (c), and 0.8L (d), respectively. In each panel, k=0.5,
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extraction of ¢? is highly dependent on the assumed physical
models. It is crucial to adopt a reasonable and reliable phys-
ical framework along with its model representation if one
aims to extract an accurate value for ¢. This work presents
an alternative method for extracting cZ.

In our previous study [39], based on the Landau hydro-
dynamic model [11-15], we investigated ¢? in both central
and noncentral gold-gold (Au-Au) collisions at ,/sqy =
19.6, 62.4, 130, and 200 GeV, as well as in copper-copper
(Cu-Cu) collisions at VNN =224, 624, and 200 GeV by
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analyzing pseudorapidity distributions of charged particles.
Our findings indicated that ¢ in central collisions is slightly
lower than that observed in noncentral collisions; however,
both values are approximately within the range from 1/3 to
1/2. When examining leading nucleons within the target and
projectile regions, we found that ¢? drops significantly below
1/3 due to these nucleons being in a gas-like state. These
results align with those from our other prior research [40],
which focused on proton-proton (pp) (proton-antiproton
(pp)) collisions at gigaelectron volt and teraelectron volt ener-
gies. Both the works [39, 40] gave o and ¢? each to each; then,
the connection between L and ¢? is established due to L = 60.

Before the summary, we would like to emphasize that the
underlying physical reason for the relationship between c?
and d can be attributed to varying number densities of mat-
ter. In central collisions, a thermalized cylinder without
additional expansion indicates a high particle number den-
sity, which should lead to a large value of ¢2. However, in
scenarios involving sQGP, prolonged expansion significantly
reduces both density and 2. Conversely, in noncentral colli-
sions, a thermalized cylinder exhibiting transverse flow but
lacking other forms of expansion suggests an intermediate
density, resulting in an intermediate value for 2. As the
collision system undergoes sufficient evolution, there is a
notable decrease in density that causes ¢ to diminish to
comparatively small values. The values of ¢ extracted at
fixed ,/syy, as obtained in this work, pertain to the final
stage of system evolution.

4. Summary

The square speeds of sound in various forms and conditions
of matter within the universe have been reviewed, with a
particular focus on the square speed of sound in hadronic
matter that decouples from hot and dense systems formed
during high-energy collisions. This study comprehensively
considers factors such as energy loss of the incident beam,
rapidity shifts of leading nucleons, and the application of
the Landau hydrodynamic model for hadron production.
Notably, the square speed of sound is correlated with the
width or standard deviation of the Gaussian rapidity distri-
bution observed in hadron production.

The extracted values for the square speed of sound range
from 0 to 1/3 in most cases. For scenarios where this value
exceeds 1/3 but does not surpass 1/2, we interpret these
results as indicative of noncentral collisions. In such cases,
hot and dense matter is generated within a thermalized cyl-
inder aligned along the beam direction while exhibiting
transverse flow; however, it has yet to expand in other direc-
tions. Conversely, when values exceed 1/2 but remain below
1, we attribute these findings to central collisions wherein
hot and dense matter also forms within a thermalized cylin-
der oriented along the beam direction without having
expanded beyond its cylindrical boundaries. Over time,
these concerned values rapidly decline into a range from
1/3 to 1/2 and even further down into a range from 0 to
1/3 due to substantial system expansion.

Advances in High Energy Physics

Appendix A: PACS Numbers
PACS: 12.40.Ee; 13.85.Ni; 13.87.Ce
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