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1 Introduction

Yang-Mills theories are at the center of elementary particle physics to describe fundamental
laws of interactions. Topological solitons in these theories, such as instantons, monopoles,
vortices, calorons, merons, played central roles in the study of non-perturbative aspects,
duality structures, quark confinements and so on. (See e.g. [1, 5, 8, 10, 13, 16, 24, 26, 29].)
To study these topological solitons, the anti-self-dual (ASD) Yang-Mills equation would be
in the most important position. For instance, the instantons are global solutions of this
equation with a special boundary condition such that the action is finite. For mathematical
aspects, the instantons are described very elegantly by the ADHM construction [2].

On the other hand, the anti-self-dual Yang-Mills equation has a very close relation-
ship with lower-dimensional integrable equations, such as the KdV equation, the Toda
equations, the Painlevé equations and so on [18, 30]. Energy densities of some soliton so-
lutions to these equations are localized on hyperplanes in the whole space-time dimensions
and hence they can be interpreted as domain walls in the space-times. Existence of these
solitons solutions also relate to their integrability, such as existence of infinite conserved
quantities and existence of hidden infinite symmetries. For anti-self-dual Yang-Mills equa-
tions, the domain wall type soliton solutions exist as well and can be constructed from the



't Hooft ansatz and the Atiyah-Ward ansatz. However, already known soliton solutions
given in section 4 always lead to trivial action densities as we will see.

In this paper, we construct exact soliton solutions of anti-self-dual Yang-Mills equa-
tions for G = GL(2) and calculate the action densities of them on four-dimensional real
spaces with the Euclidean, Minkowski and Ultrahyperbolic signatures. We find that these
type Soliton solutions lead to real-valued action densities which can be interpreted as non-
trivial domain walls in four-dimension. This beautiful result is a successful application of
the Darboux transformation developed by Nimmo, Gilson and Ohta [21]. More surpris-
ingly, integration of these non-trivial action densities over the four-dimensional spaces are
suggested to be not infinity but zero. We also discuss in details whether gauge group could
be unitary on our solition solutions or not and find that G = SU(2) could be realized in
one kind of the Ultrahyperbolic signature.

This paper is organized as follows. In section 2, we introduce the anti-self-dual Yang-
Mills equations on four-dimensional complex spaces and give exact soliton solutions to-
gether with action densities of them. In section 3, we present exact soliton solutions with
real valued action densities by taking some dimensional reduction conditions on the com-
plex spaces and discuss the possibility of realization of unitary gauge group on each real
space. In section 4, we review some already known soliton solutions of the anti-self-dual
Yang-Mills equations and show that they are all trivial in the sense of action density while
our solutions are non-trivial. Section 5 is devoted to conclusion and discussion.

2 Soliton solutions on four-dimensional complex spaces

In this section, we give a complex version of four-dimensional anti-self-dual Yang-Mills
equations which is a unified treatment of section 3. In section 2.1, we introduce a for-
mulation of anti-self-dual Yang-Mills equations on four-dimensional complex spaces which
relates to the twistor theory, following the conventions close to that in the book of Ma-
son and Woodhouse [18]. In section 2.2, we calculate a complex-valued action density of
exact soliton solutions [11] generated by the Darboux transformation [21]. This complex-
valued action density would be reduced to four-dimensional real spaces with three kinds
of signatures in section 3 and the reduced action densities could be real-valued by taking
some conditions.

2.1 Anti-self-dual Yang-Mills equations

Let (z,z,w,w) be a double null coordinates on four-dimensional complex spaces with metric
defined by

ds® = gmndz™dz" = 2(dzdZ — dwdw), m,n=1,2,3,4. (2.1)
010 O
1 ~ ~
where gmnn = 08 8 _01 (24,2223, 2Y) = (2,7, w, ).
00-10



We can recover three kinds of real spaces by taking some suitable reality conditions on
z,z,w,w as follows. Concrete realizations are given in section 3.

e Reality condition:z =z, w = —w gives the Euclidean real space E.

= w gives the Minkowski real space M.

S

e Reality condition:z, z € R,
e Reality condition:z = Z, w = w gives the Ultrahyperbolic real space Uj.
e Reality condition:z, z,w,w € R gives the Ultrahyperbolic real space Us.

Note that U; and Uy are different real slices even though their signature are the same.
Let us consider a gauge theory on the complex space and assume gauge group to be
G = GL(N). The field strengths are defined by

Fon = OnAy — 0nAp + [Amv An]a (22)

where A,,(z) denote gauge fields which take values in the Lie algebra of G. The anti-self-
dual Yang-Mills equation on the complex space is defined as follows:

szzoa FZ{E:()a FzZ_Fwﬁzoa (23)

which reduces to the standard anti-self-dual Yang-Mills equations on real slices in the sense
of Hodge dual as we will see in section 3.
In order to find the solution of the anti-self-dual Yang-Mills equations, let us begin
with the Yang equation:
0x(J10.J) — 0g(J 10, J) = 0, (2.4)

where the N x N matrix is called Yang’s J-matrix. Then ASD gauge fields could be obtained
from a solution J of the Yang equation by decomposing J into N x N two matrices h and
h such that J = h~'h,! and setting:

A, = —(0.h)h7Y, Ay = —(0uh)h™", Az = —(0zh)h™ ", Ag = —(0zh)h~". (2.5)

Note that the gauge transformation acts on h and has h gh, h gﬁ, g(z) € G and
hence Yang’s matrix J is gauge invariant. If we take a special gauge h = 1, gauge fields
become a simpler form in terms of J:

A, =J710,J, Ay =J19,J, As=Az;=0, (2.6)

and satisfy the anti-self-dual Yang-Mills equation. Hence, we can define the following
quantity and called it the action density in this paper:

TrF? = TrFpp F™ = —2Tv(F2 - + F% 4 2F5, Fog + 2F.0 Fsg), (2.7)

where F™" := g™k gl [y, For ASD gauge fields, TrF? = 4Tr(FzF.5 — F2-).

'Note that the relation between .J and h, h is different from J := hh~" in [11].



2.2 Soliton solutions and action densities for G = GL(2)

From now on, let us focus on soliton solutions for G = GL(2) generated from a trivial seed
solution J =1 by the Darboux transformation [21].
The following 2 x 2 complex matrix J is a solution of the Yang equation [21].

J=-QA Q7 (2.8)
where A is a constant 2 x 2 matrix and @ is a 2 X 2 matrix satisfying
0uQ = (0:Q)A, 0.Q = (0zQ)A. (2.9)

Soliton solutions are given by setting @ and A as follows [11]:

L -L M -M
Q_<CL1€ + asge bie™ + bse >’ A—(A()), (2.10)

crel + cpe b dieM + dyeM 0w

L := A3z + az + Aaw + fw, M = péz + vz + pyw + dw, (2.11)

where a1, a9, by, bs,c1,co,d1,ds, o, 8,7,0, A\, u are complex constants. Note that we only
consider this type of solution in this paper from now on, that is, J and @ in (2.8) and (2.10),
respectively.

After a little bit lengthy calculation, we can obtain explicit form of the action density
with respect to this solution (For the details, see appendix.):

2¢181 sinh? X — 26985 sinh? Xo — 08¢
TrF2:8()\—u)2(a6—5’y)26050 €1€1 81N 1 €2€9 SN 2 8084? (2.12)

<(51§1)% cosh X7 + (5252)% cosh Xg)

where
X :=M+L+ %IOg(€1/gl)a Xo:=M—-L+ %log(@/?g) (2.13)
€0 1= ac1 — a1C2, €0 1= badi — bidy, (2.14)
€1 := ard; — bycy, €1 1= azdy — bacy, (2.15)
€9 := agdy — byca, €9 1= aidy — bacy. (2.16)

Note that the action density vanishes identically when A = p or ad = B~ or goég = 0.
Furthermore, €161 = e265 <= &£p9eg = 0. This means the singularities appear on the
locus D := {(Z,E,w,@) e CH| (6151)% cosh X1 + (5252)% cosh Xo =0, 167 # 52?52} and
D is clearly nonempty because X; =i (n;+ 1/2) 7 (I = 1,2, ny € Z) satisfies cosh X; =
cosh Xo = 0. To find other singularities, for example, we can impose a simple constraint:
g1 = keg, &1 = kéa, k € R\ {—1,0,1} satisfying the condition €187 # €282 so that phase
shift factor 1/2log(e1/€1) = 1/2log(e2/€2) =: ¢. Then some classes of singularities would
appear on the sub-locus of D:

Dy := {(z,z,w,w) € C* | tanh Ltanh(M + ¢) = —(|k| +1)/(|k| — 1)}, (2.17)



and a special class of them can be found explicitly on the intersection of complex hyper-
planes defined by L = i{arctan((|k|+1)/(|k| — 1)) + nrw} and M = i(ny + 1/4)7 —
¢ (ng,ny € Z). Next let us consider another example of sub-locus of D:

Dy:=Dn {(2,Z,w,w) € C* | ImX; = nym,n; € Z,1 = 1,2}, (2.18)

which would greatly simplify the problem of locus D to a homogeneous system of two
linear equations of cosh(ReX7) by the argument formula: cosh X; = cosh(ReX; + inym) =
Re(filgl)l/z Re(figgz)l/z
Im(e181)"/? Tm(e982)"/?

singularities of action density are removed successfully since the singular sub-locus 152

(—1)"7 cosh(ReX;). Then under the condition: A := # 0, the

becomes empty.

Classifying all the singularities of the complex action density (2.12) in details is a
rewarding job, however, we would like to discuss this issue in a separated paper because
our aim in this paper is to study the real-valued action density for physical purpose. In fact,
we can exclude all the singularities on each real slice by adjusting parameters ay, by, ¢y, dy
in (2.10) and taking reality conditions on (2.11). The remaining details are discussed in
section 3.

On the other hand, we also find that the action density has two principal peaks lie on
ReX; = 0 and ReX2 = 0 on the no singularity region, as we mentioned in (2.18). This
fact is very interesting and quite different from our experience in the lower-dimensional
soliton equations. More precisely, the principal peaks of soliton configurations of lower-
dimensional soliton equations usually lie on the ReL = 0 or ReM = 0 (up to phase shift
factors), however, our principal peaks lie on Re(M + L) = 0. Let us consider the same
analysis of the anti-self-dual Yang-Mills equation, like that for lower-dimensional solition
equations. Firstly, we take a limit of r2 := |32} _ 2™2™|? — oo so that |L| is finite in
the solution (2.10). Then |e}| goes to infinity or zero and e~ | goes to zero or infinity,
respectively. That is,

0 TQi;O arel + ase™L breM or arel + ase™L bye ™M (2.19)
crel + cqe L dieM crel + coe L doe™™ | '

Note that the former and latter cases correspond to (bs2,d2) = (0,0) and (b1, d;) = (0,0),
respectively. By comparing (2.12), the resulting action density vanishes in the both cases
while in the lower-dimensional soliton equations, the configuration has its principal peak
on ReL = 0 by similar analysis.

Inspired from the above analysis, let us focus on one principal peak of (2.12) and set
as = by = c¢1 = dy = 0. Then we can obtain a reduced form of our soliton solution

L —M
Q:(ae be ) a,b,e,d e C, (2.20)

ce ™t deM
which leads to a simpler form of action density:

TrF? = 8(X — p)*(ad — 7)* (2sech®X — 3sech?X) , (2.21)

1 ~ ~ ~
where X := M + L + 5 log(—ad/bc). (Note that eggg = €161 = —abed, 982 = 0.)



Now let us discuss the singularity problem of the reduced action density (2.21) by the
following argument formula of hyperbolic functions:

cosh2z cos2y+1 . sinh2x sin2y
-1 :
(cosh2z + cos2y)?  (cosh2z 4 cos2y)?

sech?(x + iy) = 2 (2.22)
We find that (2.21) has periodicity on the slice spaces: X = a + i ImX for any given
real number a, and the singularities appear periodically in the case of a = 0 because
sech?X = sec?(ImX) if X = ¢ ImX. Therefore, (2.21) has no solitonic behavior on slice
spaces if the real part of X is fixed. On the other hand, to remove the singularities and
periodicity, we can impose some constraint on the imaginary part of X. For example,
taking the condition X = ReX + inm for n € Z would achieve this goal as the following:

TrF? = 8(A — p)*(ad — Bv)? (2sech?(ReX) — 3sech!(ReX)), (2.23)

which possesses real-valued solitonic behavior up to complex constants. For other nontrivial
examples, we can use formula (2.22) and consider the slice spaces: X = ReX +i(n+1/4)x
for n € Z to get the result:

2sech?X — 3sech?X =8 (2sech2(2ReX) - 3sech4(2ReX))

(2.24)
+ 4i(6sech(2ReX) — 1)sech?(2ReX )tanh(2ReX).

Note that (2.24) which belongs to a new class of solutions, is quite different from (2.23)
because the solitonic behavior appears in both real part and imaginary part.

Finally, we remark a condition for J-matrix such that J is unitary. We hope that
our understanding of J-matrix would be helpful for the realization of G = U(N) since the
action density becomes real-valued and fit to physical interpretation when G = U(N). Let
us put a condition on the solution @ in (2.8) as follows

A B A0
Q= (_BA>, A= <0u>‘ (2.25)

Then Yang’s J matrix becomes

= (@NIAR+)IBE (1= 1/0)AB 2.26)
APLBE\  (/u—1NAB  (1/)]AP+(/N|Bf ) |

Hence, we can find that under the condition (2.25), J € U(2) < |\ = |u| = 1 and
JeSU@2)e u=X and |\ =1.

We will see it soon in the next section that the ansatz (2.25) gives a magical way to
construct ImX = 0 type action densities (3.10), (3.22), (3.33), and (3.44) belonging to the
same class (n = 0) of (2.23).

3 Soliton solutions on four-dimensional real spaces

In this section, we construct soliton solutions on four-dimensional real spaces with three
kinds of signatures and the corresponding action densities could be realized to real-valued



functions by taking the reality conditions in section 2.1 and condition (2.25). More pre-
cisely, ¢ = —b1,cp = —by,dy = @1,dy = Gy and M = L. The latter condition gives
rise to relations between parameters a, 3,7, d, A, i on each real slice. After these replace-
ments, the action density TrF? reduces to the standard one: TrF),, F* with respect to
local coordinates z# (u = 0,1,2,3) on the four-dimensional real spaces. We can even show
that the action density TrF),, F'*¥ is real-valued because X7 becomes real and X3 becomes
pure imaginary.

More interestingly, the soliton solutions (2.20) represent domain wall solutions and the
integration of the corresponding action densities over the real spaces are suggested to be
infinity but zero. We put the proof in section 3.1. This property might shed light on a new
study area of domain walls in cosmology.

On the other hand, we will see that G = U(NN) can be realized only on the Ultrahy-
perbolic space Uy in section 3.4 because both gauge fields A, and field strengths F},,, must
take values in anti-hermitian N x N matrices when G = U(XV).

3.1 On Euclidean real space E

To realize the Euclidean real slice condition: z = Z, w = —w, we take the following
combination of the real coordinates z°, 2!, z2, z® on E:
1 _ 1 1 — 1
z=—(2"—iz!), 7= =" +izh), w=———(2® —iz?), v = —=(2® +iz), (3.1)

V2 V2 V2 V2
which satisfy the Euclidean metric ds? = (dz°)?+ (dz!')?+ (d2?)*+ (dz?)?. Then eq. (2.3) re-
duces to the anti-self-dual Yang-Mills equation: Fp1+Fb3=0, Fpo—Fi3=0, Fys+F12=0.
Further, the condition M = L gives rise to the relations v = A3, § = —\@, pu = —1/X,
and the soliton solution (2.10) could be represented by

L —L b L b L A
Q= aie L+age - —1ef+—26_f A= 0 7 (3.2)
—bie” —boe™ " @e” + aqe 0—1/A

where L = (AB)z + az + (Aa)w — fw. The real coordinates expansion of it is

L=1lz2" 1I,= \2 (a+ A8, i(a—AB), B—Aa, i(B+ Aa)). (3.3)

Under these setting, the action density of the soliton solution (3.2) is

2¢127 sinh? X; — 2 |52|2 sinh? X5 — |50]2

7
((6151)% cosh X; + |e2| cosh X2>

"y 2 2711 (2 2
TxFyo F =8 [(ja*+ |B2) AP+ 1) ol

where
_ 1 " — 1 _
X1:L+L—|—§10g(€1/61), XQIL_L+§IOg(€2/€2),
€0 = a152 - a251,
e1 = |a1]® + |b1)?, &1 = lag)® + |b2]* € R,
€9 = aias + b152.

Note that the action density vanishes identically when o = 8 =0 or ¢g = 0.



To realize the gauge group to be G = U(IV), the action density TrF),, F'*” should be
negative definite because F),, is anti-hermitian and eigenvalues of it are pure imaginary.
However, the action density (3.4) is not negative definite at any point on E. This implies
that the gauge group cannot be unitary.

However, action density TrF),,, F'*” could be real-valued even though gauge group
is not unitary. Note that this configuration has solitonic behavior in the Xj-direction
and periodic behavior in the Xs-direction because X; is clearly real and X, is pure-
imaginary, implying cosh X5 = cos (ImX3),sinh Xy = isin(ImX5). By this property
and (3.5)~(3.8), TrF,, F" is clearly real-valued. Furthermore, since cosh X; > 1, —1 <
cosh Xo = cos (ImX3) < 1 and £187 > |e2)%, all singularities appear on the locus D :=
{a:“ € R* | cosh X7 =1, cosh Xy = cos (ImXs) = —1, g1 = |€2\2}. As we mentioned in
section 2.2 below (2.16), the final condition €181 = |e2|? in D implies TrF,, F* = 0.
Therefore, there is no singularity in the action density. The same discussion is also valid
for other signatures.

Another surprising thing comes when we focus only on solitonic behavior part by
setting ag = b; = 0 in (3.4). Then the soliton solution

ael  be L
Q= ( G-l @ ) ; (3.9)

leads to a simpler form of action density:
2
TeF,, F' =8 [(ya\Q F1B2) (A +1) } (2sech®X — 3sechX) , (3.10)

where X = L + L + log(|a| / |b]). (Note that |eo|* = £18] = |ab|*, |ea|* = 0.)

We find that the action density has its principal peak on a three-dimensional hyper-
plane defined by X = L + L + log(la|/|b]) = 0 with normal vector I, + [,. Therefore,
it’s a domain wall in R*. More surprisingly, integration of this action density over E is
suggested to be zero. In order to explain this property, let us introduce three independent
axes X', X2, X3 in the directions orthogonal to the X-axis (normal direction of the do-
main wall (DW)). Then, integration of the action density would be performed naively by
the following finite box regularization:

/ TvF,, F*d*z o [Jim / / / dXtdx?dx? / (2sech®X — 3sech?X)dX
E
= / dx'dx?dx? / (2sech?X — 3sech® X)dX
DW —00

_/ dX'dX?dX? (tanhX -sech®X)| * =0. (3.11)
DW

This result suggests that the soliton solution (3.9) belongs to the sector of instanton number
zero. The same discussion is also valid for other signatures. We note that the present
discussion lacks mathematical rigor. In order to justify the integration, we have to solve the
anti-self-dual Yang-Mills equation originally with a suitable boundary condition compatible
to the box regularization.? This issue will be reported elsewhere.

2The authors thank an anonymous referee to point this out.



6
Finally, we remark that J € U(2) & A = ( 60 0i9> and J € SU(2) & A =
—e

+ OZ ") 0eRr) mE.

—i
In this section, we call solutions like (3.2) one-soliton solutions and solutions like (3.9)
pure one-soliton solutions to distinguish them.

3.2 On Minkowski Real Space M

As discussed in the Euclidean case, we can take the following combination of real coordi-

nates 2%, 2!, 2%, 3 on M to realize the real slice condition: z,Z € R, w = w

1 1

N > 0 1 2 .3\ -~ 2, .3
—z), z2=—4( +2), w=—4( —1x°), w=—(z°+1x°), 3.12
) \/5( ) \/5( ) \/5( ), (312)
which satisfy the Minkowski metric ds? = (dz°)? — (dz')? — (d2?)? — (dz3)%. Then eq. (2.3)
reduces to the anti-self-dual Yang-Mills equation: Fy; + iFo3 =0, Fpo —iF13 =0, Fps+
iF12 = 0. Due to the ASD equation, the realization of gauge group G = U(NV) is impossible

1

since gauge fields Ag, A1, A2 and Az could not be all anti-hermitian.
Further, the condition M = L yields relations 3 = fic, 7 = @, 6 = Aa (Relation be-
tween A and f is not necessary.) and the one-soliton solution (2.10) could be represented by

L -L L -L
are” + aqe bie™ + boe A0
—bie” — by aie” +age 0 p
L = (A\na)z + az + (Aa)w + (pa)w (3.14)
1
=2t L, =—=((1+ o), (1-Ip)o, (B+ N, i(—Na). (3.15)

V2

Under these setting, the action density of the solution (3.13) is

26187 sinh? X7 — 2 ]52\2 sinh? Xo — ]&70\2

TrF,, F* = 8|a(X — w)|* ol - 1
((5151)5 cosh X7 + |e2] cosh X2>

. (3.16)

where

— 1 - — 1
X1 :L+L+§log(51/51), X2:L—L+§log(52/§2),
€0 = 0152 - a251,
e1 = |a1[* + |b1]?, &1 = lao)® + |b2]* € R,
€9 = a1a2 —I—blgg.

Note that the action density vanishes identically when A = p or a = 0 or g = 0.
The pure one-soliton solution is given by the same trick as in the Euclidean case:

ael e_f
Q= ( b, I > ) (3.21)

—be L ae



which leads to the action density
TrF,, F*" =8 }az()\ - ;1,)‘2 (2sech®X — 3sech®X), (3.22)

where X = L + L +1log(|a| /|b]). (Note that |eo|* = 181 = |ab|?, |e2]* = 0.) Once again,
integration of the action density (3.22) over M vanishes by the same reason as in (3.11).
e 0

Finally, we remark that J € U(2) & A = .0
0 €™

0
( ‘B ef)w) (61,02 € R) on M.

)andJESU(Q)@A:

3.3 On ultrahyperbolic real space U;

The discussion of Uy is quite similar to the Euclidean case. We can take the following

combination of the real coordinates 2, 2!, 22, 23 on U; to realize the real slice condition:

Z2=Z, w=w

—izh), 7= \}5(560 +izl), w= \}i(ﬁ —ixd), w = E(.Iz +iz®),  (3.23)
which satisfy the Ultrahyperbolic metric ds? = (dz°)? + (dz!)? — (dz?)? — (dz3)?. Then
eq. (2.3) reduces to the anti-self-dual Yang-Mills equation: Fy; — Fhg =0, Fpe — Fi3 =0,
Fos + Fio = 0.

Further, the condition M = L yields the relations v = A3, § = A\a, u = 1/), and the
one-soliton solution (2.10) could be represented by

1

L -L L -L
Q- are L—i— ae - Elef+22€_f A= A 0 ’ (3.24)
—bre” — boe™" @re” + age 01/A
L=(\3)z+az+ (A\a)w + fw (3.25)
1
=l 1= —7(a+ A3, i(a=AB), B+ Ao, i(B— Aa)). (3.26)

V2

Under these setting, the action density of the solution (3.24) is

2| 2,27 sinh® X7 — 2 |Eg[281nh2 X5 — ]50\2

1
((6151)% cosh X + |e2| cosh X2>

TxFyo F* =8 | (o= |8) (1A= 1)leol

(3.27)
where
_ 1 . — 1
X, :L+L+§log(€1/€1), X5 :L—L—|—§log(€2/52), (3.28)
o = algg - CLQB]_, (329)
er = lar|* + b1, &1 = |as® + |bo)* € R, (3.30)
€9 = aia2 + blgg. (3.31)

Note that the action density vanishes identically when |a| = || or |A| =1 or g9 = 0.
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The pure one-soliton solution is given by
ael e L

which leads to the action density
v 2 2 2 2 2 4
TvF,, F" =8 [(\04 BRI - 1)] (2sech?X — 3sech’X) (3.33)

where X = L+ L +1log(|a| /|b]). (Note that |eo|® = 181 = |ab]®, |e2]* = 0.) Integration
of the action density (3.33) over Uj is zero again by the same reason as in (3.11).

Finally, we remark that the condition J € U(2) implies TrF),, F* = 0 on U;. In fact,
the gauge group can not be unitary under the gauge condition Ay = Az = 0 on Uy as well
because V2As = Ag — iA1,V/2A5 = Ay — iAs implies Ag = iA;, Ay = iA3. Hence under
this gauge, only one possible solution is A, = 0 for G = U(N), that is, F},, = 0. The
vanishing field strength leads to the trivial action density TrF),, F*" = 0 which is valid in
arbitrary gauge. Therefore there is no G = U(N) ASD gauge fields which give non-trivial
action density.

3.4 On ultrahyperbolic real space U,

Finally, we discuss another real slice of the Ultrahyperbolic signature, say Us. We take

0,1 .2 .3

the following combination of real coordinates x”, x", x%, x° on Us to realize the real slice

condition:z, z,w,w € R
), T (@), w= (e - 2%, = (2 a?),  (334)
) \/i Y \/i Y \/5 )

which satisfy the Ultrahyperbolic signature ds? = (dz")? + (dzt)? — (dz?)? — (dz?®)?. Then
eq. (2.3) reduces to the anti-self-dual Yang-Mills equation: Fy; + Fog = 0, Foo + Fi3 =
0, Fp3— F12 =0.

Further, the one-soliton solution (2.10) is reduced by the condition M = L (= v =
@, 8 =B, ;= \) to the following:

L ~L T —-L
Q:<ale + age bie” + bae L>7 A:<)‘O>’ (3.35)

—51€L - BzefL alef + age 0 A
L= (\3)z+ az+ (A\a)w + pw, (3.36)
1
=t 1, = (a+ A8, B—Aa, a—AB, B+ ), (3.37)

S

which leads to the action density

2 2€1g1 Sinh2 X1 -2 |52|2Sinh2 X2 — |€0‘2

TrF,, F* =8 [(aB—aB) (A=) |eo]] - T |
((6151)5 cosh X7 + |e2| cosh Xg)

(3.38)
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where

_ 1 . — 1
X1 :L+L+§10g(51/€1), X :L—L—|—§10g(52/§2), 3.39

3.40

3.41
3.42

€0 = a152 - azgl,
2 2
e1 = |a1|” + [b1]

€9 = a1a2 + blgg.

, g1 = |ag* + |bo]* € R,

~ o~ o~ o~
~— ~— ~—  ~—

Note that the action density vanishes identically when a3 € R or A € R or g9 = 0.
The pure one-soliton solution is given by

- ( act bt ) (3.43)

—be L ael
and the action density becomes
TrF,, F* =8 [(aB —aB) (A — X)f (28€Ch2X - 3sech4X) , (3.44)

where X = L + L +1log(|a| / |b]). (Note that |eo|* = €181 = |ab|*, |e2]|* = 0.) By the same
reason as in (3.11), integration of the action density (3.44) over Uy is zero.
e 0

0 e—iG
we even find that the gauge group can be unitary in this case! First of all, gauge fields
A, and A, are anti-hermitian on Uy naturally (See (A.5), (A.6)). On the other hand,
\@Az = Ay + Ao, \/iAjg = Ay — Ao, \/§Aw = A1 + As, \/iAﬂ; = A; — As together with
Az = Ay = 0 implies all gauge fields A, must be anti-hermitian. That is, G = SU(2) gauge

Finally, we remark that J € U(2) & J € SU(2) & A = on Us. In fact,

theory is realized on Us successfully.

4 Comparison to already known soliton solutions

In this section, we review already known soliton solutions of the anti-self-dual Yang-Mills
equation. The four-dimensional complex coordinates (z,z, w,w) used here is defined as in
section 2.1.

4.1 Atiyah-Ward ansatz solutions (G = GL(2))
Firstly, we begin with the Atiyah-Ward ansatz solutions [3]. The simplest one is [7]:

0 -1
(1) "

with a scalar function Ag(z) and the Yang equation reduces to a simpler linear equation

(005 — 00w) Ao = 0. (4.2)
A natural one-soliton solution is given by
1 ~ -
Ay = 3 (eL + e_L) =coshl, L= (\3)z+ az+ (Aa)w + pw, (4.3)

and the corresponding action density vanishes: TrF? = 0 by simple calculation.
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The second simplest one is given in the following ansatz:

(4.4)

S [ Do- AIAGTA ) —AAG?
- AytA A

which relates to Yang’s R-gauge [32] and include the non-linear plane wave solutions in the
Minkowski signature [9]. By substituting J-matrix into the Yang equation, it reduces to
the following chasing equations

0. A =05 Ajt1, Ow Ay =07 Ajya, (4.5)

which implies that Ay solves the Laplace equation: (030, — 050y )Ag = 0.
A natural one-soliton solution is given by

Ag = coshL, A; = XcoshL, A_; = A !lcoshL, (4.6)
and the corresponding action density is trivial again: TrEF? = 0 by simple calculation.

4.2 ’t Hooft ansatz solutions (G = SU(2))

The 't Hooft ansatz [29] (or known as the Corrigan-Fairlie-'t Hooft-Wilczek ansatz [6, 31]) is
very important for the study of G = SU(2) gauge theory on the four-dimensional Euclidean
space and is given by

A, = inl(j,j)aaa@” log o, (4.7)

where 7),(;)‘1 (e = 1,2,3) is the self-dual 't Hooft symbol and o, is the Pauli matrices.

Under the 't Hooft ansatz, the anti-self-dual Yang-Mills equation reduces to the Laplace
equation

(920 + Fwdu)p = 0. (4.8)

A natural one-soliton solution is given by

(e + e ) =coshK, K :=k,at, (4.9)

N | —

gp:

where k, are real constants which satisfy k? = kyk* = 0 due to (4.8). By using some
formulas on the 't Hooft symbol, we can easily show that

TeF? = —3(k?)2(4sech K — 5sech?K + 2) ¥=° 0. (4.10)

In conclusion, the action density of the natural one-soliton solutions (4.3), (4.6)
and (4.9) are all trivial.

5 Conclusion and discussion

In this paper, we constructed exact soliton solutions of four-dimensional anti-self-dual
Yang-Mills equations for G = GL(2) which possess real-valued action densities. Our results
showed that such type of solitons can be interpreted as domain wall in four-dimensional
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spaces and G = U(2) solitons exist on the Ultrahyperbolic signature Us. This fact has a
strong connection with N=2 string theories [17, 22, 23].

In N=2 string theories, the equation of motion of the effective action is the Ultrahy-
perbolic space Uy version of anti-self-dual Yang-Mills equation for G = U(2). Therefore,
our soliton solutions obtained in section 3.4 might give us a hint for finding the correspond-
ing physical objects in these theories. On the other hand, the Euclidean and Minkowski
signature version of such kind of G = U(2) domain wall solutions (or the non-abelian plane
waves [4] of the Yang-Mills equation) are still unknown and worth investigating for our
future work. These studies might perhaps relate to new perturbative aspects of quan-
tum field theories, new invariants in the four-dimensional geometry or the origin of dark
matters someday.

For multi-soliton solutions, we presented these discussions on noncommutative Eu-
clidean spaces explicitly by the noncommutative Darboux transformation in [11] and the
noncommutative Bécklund transformation in [12, 14]. Asymptotic behaviors of these
noncommutative soliton solutions were also proved to be the same as in commutative
spaces [11, 14]. It might be an interesting future work to confirm our conjecture that n
soliton solutions in [11, 12, 14] have n isolated localized lumps of energy and preserve their
shapes and velocities on each localized solitary wave lump. In addition, explicit analysis
of these n soliton scatterings would be expected to give the phase shifts in the scattering
processes as discussed in the standard soliton theory (e.g. [19]).

Another interesting problem is to compare the asymptotic behaviors of our solu-
tions [11, 12, 14] with multi-soliton solutions in [9]. All of these studies might lead to
a general formulation of Kodama’s Grassmannian approach to the study of soliton scatter-
ings [15], and give a new insight into Hirota’s bilinear forms [25] or other formulation of
integrable hierarchies [20, 27].
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A Calculation of action density (2.12)

Yang’s J-matrix

~1 (A'AD - 'BC (pt-2"1)4AB
—_QAN 1ol = = * Al
J=-QA0 A < At —puHCD ptAD - N"'BC )’ (A1)
A B
Q_<CD>,A._detQ_AD—BC (A.2)
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Derivative of J-matrix

W21 (B F E = (AC' — A'C)BD — (BD' — B'D)AC
T="—a_p F=—(AC' — A'C)B*+ (BD' — B'D)A>  (A.3)
G = (AC' — A'C)D? — (BD' — B'D)C?

Gauge field (f' := 0 f, k = z, w).

1 (R S
_ 71y _
A =T J—A2<T_R> (A.4)

R = (u/)\—1)(AC" — A’C)BD — (1 — \/u)(BD' — B'D)AC
S =—(u/X—1)(AC" — A’C)B? + (1 — \/u)(BD' — B'D)A?
T = (u/A—1)(AC" — A'C)D? — (1 — \/u)(BD' — B'D)C?

Note that if we take (@, A) as mentioned in (2.10), then a simple form of Ay would be
found from the result AC’ — A'C =2\p, BD' — B'D = 2uq:

2 _ _ _ 2 2
Ak:(u)\)<pBD gAC —pB? 4 qA ) A5)

A2 pD? — qC? —pBD + qAC
{(p, q) := (ago, ve0) if m=w, (p, q):= (Beo, 6c0) if m =2

EQ ‘= agC1 — aj1ca, go = b2d1 — bldg

Moreover, if we consider the Ultrahyperbolic signature Uy (Take (Q,A) mentioned
n (3.35)), then gauge fields become anti-hermitian naturally:

2(\ — AB AB —pB? +pA?
A = ()‘72)‘) pAL +P pbT+Dp (A.6)
A pA —pB —pAB — pAB
{p =aegy, if m=w, p:=pfey, if m=2z ep:=aiby — asby,
Field strength (f := &,f, | = 2, w)
B 20— (U V
Fu=-0A; = A (W U> (A.7)

U=p [BD +BD - QBD(A/A)] —q [AC +AC - QAC(A/A)]
V= =2 BB - BXA/A)| +2¢ |44 - 42(A/A)]
W =2p [DD D2(A/A) ] — 9 [C’C‘ - CQ(A/A)}

Note that p, ¢ are defined as in (A.5) and A; = 0 as mentioned in (2.6).
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Action density
16()\ — ,u)2€0g0

TrF,zF,q = A {4e00aBy0 + (ad — Bv)%(AD — BC)(AD — BC)
+ afyS[(AD — BC)(AD — BC) 4 (AD — BC)(AD — BC)]},
16(\ — p)2e08
Ter%w - M{QSogo(OzQ(SQ + 5272)4_

A4
+ afyS[(AD — BC)(AD — BCO) 4 (AD — BC)(AD — BC)]},
TrF? = TrFypy F™ = 4(TrFy5Fog — TrF2,)
_ 64(X — p)*(ad — B)*c00
= N
Finally, substituting (2.10) into the above formula, we get (2.12).

[((AD — BC)(AD — BC) — 2¢020)
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