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ABSTRACT Constructing effective mixer Hamiltonians is essential for enhancing the performance of the
quantum approximate optimization algorithm (QAOA) in solving combinatorial optimization problems. In
this work, we develop a systematic methodology for designing QAOAmixers that align with the symmetries
of the classical objective function, with the goal of achieving values (mean, median, and minimum over mul-
tiple runs) that are closer to the true optimum. Our main idea is to design QAOA operators that are explicitly
adapted to the action of symmetry groups on the Hilbert space. We focus on subgroups of the symmetric
group Sd , where d = 2�, to ensure compatibility with qudit-based quantum architectures. In particular, we
construct QAOA mixers invariant under the full symmetric group Sd as well as its cyclic subgroup Zd ⊂ Sd .
These constructions are natural in that they respect the decomposition of the Hilbert space into isotypic
components under the symmetry group action. Notably, to the best of the authors’ knowledge, the QAOA
algorithm based on the Zd-invariant mixer provides the first example of a QAOA protocol whose dynamics
(up to final measurement) are confined entirely within a nontrivial irreducible representation of a symmetry
group of the objective function. Although our work does not investigate the benefits of exploiting such
subspaces as computational resources, we think that the very realization of a variational algorithm whose
evolution is restricted to a nontrivial symmetry-adapted subspace is of fundamental conceptual interest. We
provide closed-form expressions for these mixers, together with explicit quantum circuit implementations.
To empirically evaluate our approach, we compare QAOA variants employing the standard mixer B =∑Xi
with those using our proposed Hamiltonians HM and Hχ on edge coloring and graph partitioning problems.
Across multiple graph instances, our symmetry-adapted mixers consistently yield objective values closer to
the optimum, demonstrating statistically significant improvements over classical baselines.

INDEX TERMS Mixer Hamiltonians, quantum approximate optimization algorithm, warm-start quantum
approximate optimization algorithm (QAOA).

I. INTRODUCTION
Variational quantum algorithms, a type of hybrid quantum-
classical algorithm, are regarded as leading contenders for
showcasing quantum advantage in fields like optimization
and machine learning across diverse applications [13], [16],
[21]. These algorithms consist of parameterized quantum
circuits, with parameters updated through classical com-
putation. The quantum approximate optimization algorithm
(QAOA) [6] is a variational algorithm designed to solve com-
binatorial optimization problems. In the domain of optimiza-
tion on graphs, it has been demonstrated on NP-hard prob-
lems, such as MaxCut [6], community detection [24], and
partitioning [29], usually, by mapping these problems onto a

classical spin-glass model (the Ising model) and minimizing
the corresponding energy, which is itself an NP-hard task.
Demonstrating the practical quantum advantage in future us-
ing QAOA class of algorithms depends on several factors,
such as the quality of qubits, fidelity of quantum gates and
entire circuits, circuit depth, connectivity of the quantum
hardware architecture, and classical optimizer to find the
best variational parameters to mention just a few. Recent
studies have further investigated the technical capabilities of
the algorithm through the lens of dynamical Lie algebras,
providing a deeper understanding of its expressive power and
limitations (see, e.g., [7] and [17] for details). One of themost
significant factors is the way to construct the efficient mixer
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FIGURE 1. Quantum circuits for e−iβZe,0Zf,0 and e−iβZe,0Zf,0Ze,1Zf,1 .

operator (will be explained later) to accelerate the variational
algorithm. Constructing the efficient mixer and providing a
theoretical explanation of its performance with respect to
fundamental graph problems, as well as several aspects of
popular quantum-classical heuristics, are the central goals of
this article.
We consider the optimization problem of finding extremal

values of a functionF : Dn→ R, whereDn represents the set
of n-element d-ary strings and S is the group of permutations
acting on these dn elements. The QAOA is a widely used
approach for solving the quantum version of the optimiza-
tion problem. Consequently, there is a growing interest to
enhance its performance. To bridge the classical and quantum
realms, one employs the following correspondences.

1) D
n � vector space W of dimension dn with basis |x〉

indexed by elements x ∈ D
n.

2) Objective function F � linear operator HP acting on
W .

3) Minima of F on D
n � lowest energy states of HP in

W .

Here, the Hamiltonian HP represents the objective func-
tion F , meaning it satisfies the equation HP(|x〉) = F (x)|x〉
for any string x ∈ D

n. Another important component of the
QAOA approach is an operator referred to as the mixer
Hamiltonian HM . This operator plays a pivotal role in the
optimization process, as it possesses an easily identifiable
ground state, which aids in initializing the optimization
process.
The QAOA algorithm involves a multistep transformation

of HM into HP, aiming to obtain a lowest energy state for the
latter Hamiltonian. This is achieved by alternately applying
exponentials of HM and HP, with the number of iterations
denoted by p (known as QAOAdepth).We express this trans-
formation as

Qp = e−iβ1HMe−iγ1HP . . . e−iβpHMe−iγpHP . (1)

The algorithm concludes with ameasurement of the resulting
state in the standard basis.

While the problem Hamiltonian HP is uniquely deter-
mined by the classical original problem (unless it is decided
to be changed, e.g., by sparsification [18]), there is a flexibil-
ity in choosing the mixer Hamiltonian HM . The convergence
of QAOA is ensured by the adiabatic theorem if HM satisfies
certain conditions. For example, the assumptions outlined
in the Perron–Frobenius theorem (see Theorem III.1) are
sufficient.
A commonly used mixer Hamiltonian consists of Pauli

X-gates, B =∑�−1
j=0 Xj, where � is the number of qubits re-

quired for the problem. However, this choice may not exploit
problem-specific attributes. The choice ofmixer Hamiltonian
has been discussed in the literature. Hadfield et al. [11] intro-
duced a quantum alternating operator ansatz to allow more
general families of Hamiltonian operators. The mixers dis-
cussed in that article are particularly effective for optimiza-
tion problems involving hard constraints that must always be
satisfied, thereby defining a feasible subspace ofW and soft
constraints, which must be violated as little as possible.
In [10], it was experimentally verified (via numerical sim-

ulations) that linear combinations of X- and Y -Pauli gates
as mixers can outperform the standard low depth QAOA.
More examples can be found in [1], [8], [25], and [34] and
subsequent references.
Constructing an effective mixer for QAOA Hamiltonian is

crucial for enhancing the performance of QAOA in solving
combinatorial optimization problems. effective mixers not
only enforce hard constraints and align with the initial state
for improved performance but also contribute to the uni-
versality and computational efficiency of QAOA, enabling
the algorithm to exploit the structure of optimization prob-
lems for significant speed-ups and to adapt effectively to
constrained problems. Here, are a few of the examples as
follows.

1) Enforcing hard constraints: The application of QAOA
to problems with constraints presents a notable chal-
lenge, especially for near-term quantum resources. Uti-
lizing XY Hamiltonians as mixers has been shown to
enforce hard constraints effectively. These mixers can
be implemented without Trotter error in certain cases,
and they demonstrate significant improvement in per-
formance over traditional X mixers in solving graph-
coloring problems, a known challenge for classical
algorithms [31].

2) Alignment with initial state: The improvement in
QAOA performance has been linked to better align-
ment between the initial state and the ground state of
the mixing Hamiltonian. This alignment, mimicking
the adiabatic algorithm’s requirements, has been par-
ticularly beneficial in constrained portfolio optimiza-
tion, showcasing that an effective mixer enhances re-
sults across different QAOA depths [12].

3) Universality and computational efficiency. The uni-
versality of QAOA with effective mixers extends its
applicability across a broader spectrum of problems.

3101013 VOLUME 7, 2026



Tsvelikhovskiy et al.: EQUIVARIANT QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM Engineeringuantum
Transactions onIEEE

FIGURE 2. Graphs �1, �2, �3, and �4 considered for edge coloring
problem.

effective mixers contribute to the quantum computa-
tional universality, enabling the solution of complex
optimization problems with high efficiency and preci-
sion. This universality underpins QAOA’s potential in
leveraging quantum computing for practical applica-
tions [19].

4) Exploiting problem structure for speed-up: Recent
studies have provided numerical evidence that QAOA,
with appropriately chosen mixers and phase opera-
tors [18], can significantly outperform classical un-
structured search algorithms in finding approximate
solutions to (un)constrained optimization problems.
This suggests that effective mixers are key to leverag-
ing the structure of optimization problems for compu-
tational speed-up [9].

5) Custom mixers for constrained problems: For con-
strained optimization problems, particularly those re-
lated to network flows, specialized mixers based on

FIGURE 3. Graphs �5 and �6 considered for edge coloring problem.

quantum electrodynamics have been demonstrated to
maintain flow constraints, resulting in an exponential
reduction in the search space. This adaptation results
in higher quality approximate solutions, underscoring
the importance of mixer customization [33].

Let G denote the symmetry group of the problem Hamil-
tonian. Recent work (see [22] and [25]) has shown that incor-
porating the G-action can both enable reductions of QAOA
to symmetry-invariant subspaces ofW and improve fidelity.
In this article, we extend various investigation into tailoring
the mixer Hamiltonian to accommodate groups of classical
symmetries inherent in the objective function. In particular,
our exploration builds upon the groundwork laid out in [28],
where we detailed the construction of mixer Hamiltonians,
along with their corresponding ground states, designed for
cases where the group of classical symmetries includes the
symmetric group S�, encompassing permutations of string
elements. While we presented compelling arguments advo-
cating for the adoption of such mixer Hamiltonians over
classical counterpart, practical validation was hindered by
the challenge of implementing the suggestedmatrices as con-
crete quantum circuits. Our current focus is on cases where
the group of classical symmetries involves a different sym-
metric group, Sd , acting by simultaneous permutation of all
factors in Dn

σ (d1, d2, . . . , dn) := (σ (d1), σ (d2), . . . , σ (dn)). (2)

Remark I.1: We highlight a key distinction between the
symmetry groups considered in [28] and in the present work.
The mixers in [28] are tailored to the action of the symmetric
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FIGURE 4. Graph G considered for graph partitioning problem.

group S�, which permutes qubits (or qudits) among them-
selves. In contrast, our focus is on symmetry groups cor-
responding to simultaneous permutations of standard basis
states within each individual qudit.
Considering such cases offers the following two signifi-

cant advantages.

1) Many optimization problems exhibit these symme-
tries (e.g., several versions of graph coloring and
partitioning).

2) We can construct a mixer Hamiltonian that commutes
with the action of Sd onW , which can be easily imple-
mented as a composition of basic quantum gates.

The rest of this article is organized as follows for clear
and systematic exposition. Section II offers an overview of
the main results to orient the reader. In Section III, a con-
cise review of QAOA fundamentals relevant to this study is
provided.
Section IV presents formulations of the main results and

delineates properties concerning the newly proposed Hamil-
tonian. The subsequent Sections V and VI, respectively, ex-
plore the classical optimization problems under considera-
tion and provide simulation results for three QAOA versions:
one utilizing the classical mixer and the others employing the
newly proposed mixers.
In Section VII, the impossibility of tailoring a mixer

Hamiltonian that satisfies the Perron–Frobenius theorem
within the context of warm-start QAOA is discussed. Ap-
pendix offers a conceptual overview of the construction pro-
cess and provides rigorous verification of the claims made
throughout this article.

II. MAIN RESULTS
In this section, we present a summary of our principal contri-
butions. The focus lies on constructing symmetry-respecting
mixer Hamiltonians for QAOA, analyzing their mathemati-
cal properties, and evaluating their empirical performance.

A. MIXER HAMILTONIANS WITH Sd SYMMETRY
We introduce a systematic approach for constructing a mixer
Hamiltonian in QAOA that respects certain symmetries of
the objective function in the underlying classical optimiza-
tion problem. Specifically, we construct an operator that

FIGURE 5. Histograms illustrating the frequency distributions of
Ep-values for algorithms utilizing mixers HM and HM .

commutes with the action of the symmetric group Sd , as
defined in (2).

We rigorously verify that the proposed operator HM sat-
isfies the conditions of the Perron–Frobenius theorem (see
Theorem III.1), ensuring its suitability as a mixer Hamil-
tonian. We also provide both a concrete analytic formula
and a corresponding quantum circuit for its implementation
[see (6) and Fig. 7 for examples with d = 2 and 3].

In contrast, we show that the classical mixer B commutes
only with a subgroup of Sd of order 2� · �! (when d = 2� is a
power of two). This is significantly smaller than d!, the order
of Sd (see Proposition B.4), thereby highlighting the stronger
symmetry properties of our proposed mixer.
Remark II.1: The use of Sd symmetry in designing QAOA

mixers for qudits appears to be novel, despite its natural
appearance in the qudit setting.

3101013 VOLUME 7, 2026
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B. Zd-INVARIANT MIXER Hχ AND CONFINEMENT OF
QAOA TO A NONTRIVIAL REPRESENTATION
Next, we examine the cyclic subgroup Zd ⊂ Sd , generated
by the element g= (23 . . . d1), which acts by cyclically per-
muting the symbols: 1 �→ 2 �→ 3 �→ · · · �→ d �→ 1.

We construct an operator Hχ whose action on W com-
mutes with this Zd subgroup (see (7) for the explicit for-
mula). The operator Hχ admits a unique ground state

|ψ〉 := ∣∣−+ . . .+︸ ︷︷ ︸
n�

〉
which lies in the subspaceWd/2 of the decomposition

W =
d−1⊕
j=0

Wj

under the Zd-action.
Importantly, during the execution of QAOAwithHχ as the

mixer Hamiltonian, the evolution of |ψ〉 remains confined to
Wd/2 until the final measurement (see Appendix A for the
precise statements).
Remark II.2: This construction provides, to the best of the

authors’ knowledge, the first example of a QAOA algorithm
that is executed entirely, aside from the final measurement,
within an isotypic component (i.e., a direct sum of isomor-
phic irreducible representations) of a nontrivial symmetry
group of the objective function.

C. BENCHMARKING: NUMERICAL PERFORMANCE
COMPARISON
We evaluate the performance of three QAOA variants em-
ploying different mixer Hamiltonians: the conventional B =∑

i Xi, and our proposed HM and Hχ . The benchmarks in-
clude edge-coloring and graph-partitioning problems across
diverse graph families.
For edge-coloring, we employ depth parameter p = 9, and

for graph partitioning, p = 7. In each setting, we perform
at least 50 independent trials. The results reveal statistically
significant differences in mean objective values at the 1.5%
level, with the proposed mixers consistently yielding lower
means. Furthermore, both the median and minimum values
observed with HM and Hχ are substantially lower than those
achieved with the conventional mixer (see Section VI for
details).

SIGNIFICANCE AND POTENTIAL IMPACT
The results presented in this manuscript highlight how nat-
ural symmetry considerations can be leveraged to design
fundamentally new QAOA mixers. On the practical side,
our proposed mixers HM and Hχ demonstrate tangible im-
provements in numerical experiments on standard combina-
torial optimization problems. The empirical improvements
we observe suggest that the proposed symmetry-respecting
mixers are not merely of theoretical interest but may lead
to more resource-efficient quantum algorithms that achieve
better performance at shallower circuit depths.

Various QAOA implementations for qudit systems have
recently appeared in the literature (see, e.g., [4] and [32]).
While the practical realization of the constructions proposed
in this article has so far been limited to d = 2� due to exper-
imental constraints (see Remark IV.1), an interesting future
direction is to explore their realization in more general qu-
dit settings. In particular, one could investigate how QAOA
circuits for arbitrary qudit dimensions, described in the afore-
mentioned works, could be adapted to implement analogous
symmetry-respecting mixers. Such implementations may en-
ablemore resource-efficient quantum algorithms that achieve
better performance at shallower circuit depths, extending the
empirical advantages we observed forHM andHχ in standard
combinatorial optimization problems.
BeyondQAOA itself, themethodology developed here has

the potential to impact a broader class of variational quantum
algorithms. Consequently, our results offer not only immedi-
ate insights into QAOA but also a roadmap for symmetry-
guided strategies in quantum algorithm design more
generally.

D. OBSERVATIONS ON WARM-START QAOA
Finally, we address an intriguing observation regarding the
subpar performance of warm-start QAOA variants, a phe-
nomenon recently documented in the literature. Warm-start
strategies involve initiating QAOA from a promising classi-
cal solution generated by a classical algorithm, with the aim
of further refining it through quantum optimization. While
this approach has garnered a lot of attention in recent stud-
ies [5], [20], [26], our investigation sheds light on its funda-
mental limitations.
In a recent study in [3], extensive numerical experiments

across a range of problem sizes and depths uncovered a
significant finding. Notably, when QAOA initializes from a
single warm-start string, it demonstrates minimal progress.
We provide a conceptual elucidation for this observation.
Specifically, we identify the absence of an operator satisfying
the assumptions of the Perron–Frobenius theorem while also
possessing a superposition of classical states with identical
objective function value as its ground states. This absence
undermines the convergence guarantee of any warm-start
QAOA variant to an optimal solution, even in the limit as
the depth parameter approaches infinity (p→∞).
Consequently, the convergence of somewarm-start QAOA

variants to an optimal solution hinges entirely on the classical
optimizer’s ability to avoid being trapped in parameter sets.

III. OVERVIEW OF QAOA
Let Dn := {0, 1, . . . , d − 1}n be the set of n-element strings
and S the group of permutations of these dn elements. A
classical optimization problem can be formulated as follows:
given a function F : Dn→ R, find the elements in D

n on
which it attains min (max) values. If a permutation g ∈ S is
undetectable by F , i.e. F (g(x)) = F (x) for any x ∈ D

n, then
g is symmetry of F . Such elements form a subgroup G ⊂ S
and F is invariant with respect to this subgroup.

VOLUME 7, 2026 3101013
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One of the widely employed algorithms for tackling the
quantum version of the optimization problem is the QAOA,
introduced in [6]. In the QAOA framework, the Hamiltonian
HF is commonly referred to as the problem Hamiltonian and
is denoted by HP (as per Farhi’s et al. paper [6]). We will
adopt this notation consistently.
Central to QAOA is the mixer HamiltonianHM , character-

ized by a distinct lowest energy state |ξ 〉 ∈W and adherence
to the requirements of the Perron–Frobenius theorem (refer
to Theorem III.1). The core idea behind the QAOA algorithm
lies in iteratively transforming the mixer Hamiltonian HM
into the problem Hamiltonian. This process ensures that the
image of the lowest energy vector from the preceding step
becomes the lowest energy vector in the subsequent one.
The algorithm initiates by preparing the state |ξ 〉, the

ground state for the mixer Hamiltonian HM , and then pro-
ceeds with multiple alternating applications of (certain expo-
nents of) the problem and mixer Hamiltonians. The number
of iterations is conventionally denoted by p (also known as
QAOA depth), and we use Qp to express the entire compo-
sition of operators

Qp := e−iβ1HMe−iγ1HP . . . e−iβpHMe−iγpHP . (3)

The final step of QAOA involves performing a measure-
ment of the state obtained after applying Qp in the standard
basis. For an in-depth description of the algorithm, we direct
the reader to Section II and the references therein.
While the Hamiltonian HP, representing the objective

function, is uniquely determined by the classical problem,
there is some flexibility in choosing the pair of mixer Hamil-
tonian and initial state. The convergence of QAOA to a clas-
sical state representing an element on which F attains a min-
imum value is guaranteed by the adiabatic theorem, provided
the mixer Hamiltonian satisfies the conditions of the Perron-
Frobenius theorem (see below and [14, Thm. 8.4.4]) and the
initial state is the ground state for it.
Theorem III.1 (Perron–Frobenius): Let M = (mi j ) ∈

Matn(R) be an irreducible matrix with mi j ≥ 0.

1) Then, there is a positive real number r, such that r is an
eigenvalue of M and any other eigenvalue λ (possibly
complex) has Re(λ) < r.

2) Moreover, there exists a unique real vector v =
(v1, v2, . . . , vn) such that M(v) = rv and v1 + v2 +
. . .+ vn = 1. This vector is positive, i.e., all vi are
strictly greater than 0.

The standard and most common choice of mixer Hamil-
tonian involves Pauli X-gates and is given by B =∑

0≤ j≤�−1 Xj, where � is the number of qubits needed for the
(re)formulation of the original problem. The corresponding
ground state is |ξ 〉 = |+〉⊗l . While this choice offers certain
advantages, it does not consider any specific attributes of a
given problem, in particular, the group of symmetries G.

IV. SYMMETRIES OF THE MIXERS
In this section, we offer a broad, high-level overview of our
approach to selecting the mixer Hamiltonian based on sym-
metries inherent in the objective function of the optimization
problem being addressed. A more comprehensive and con-
ceptual discussion is deferred to the appendix.
When determining the symmetries, it is natural to start by

considering the group S consisting of all permutations of
the elements within the set of all d-element strings Dn. This
action naturally extends to an action on classical states, and
by linearity, to the vector space W associated with D

n. The
group of classical symmetries for an optimization problem
forms a subgroup G comprising elements g ∈ S that remain
“undetectable” by F , meaning that F (g(x)) = F (x) for any
x ∈ D

n. It is straightforward to observe that elements in this
subgroup commute with the action of the problem Hamil-
tonian (representing F) on W . It is natural to seek a mixer
Hamiltonian that satisfies the necessary technical require-
ments of the Perron–Frobenius theorem (see Theorem III.1),
ensuring convergence as p→∞ and commuting with the
largest subgroup ofG, ideally encompassing the entire group
G. Given that the latter condition implies that the correspond-
ing unitary operatorQp, which is the product of p alternating
applications of mixer and problem Hamiltonian operators,
commutes with G, it is natural to refer to the corresponding
QAOA as G-equivariant.

WithinS , there exists a subgroup Sd = Perm(D), compris-
ing permutations of elements within a single copy of the sym-
bol set D. This subgroup acts by simultaneously permuting
elements of Dn in the same manner across all copies

g(d1, d2, . . . , dn) := (g · d1, g · d2, . . . , g · dn).

In many optimization problems (as discussed in the fol-
lowing sections), the objective function contains Sd as a sub-
group of its classical symmetries, i.e., Sd ⊆ G.
Remark IV.1 (Convention): The proposed construction of

the mixer Hamiltonian applies to arbitrary values of d. How-
ever, for the sake of clarity in exposition and in view of
practical realizations (such as circuit decompositions), we
will henceforth assume that d is a power of two, i.e., d = 2�

for some integer � ≥ 1. This assumption simplifies imple-
mentation and simulation, while the underlying mathemati-
cal framework remains valid for general d.

In this case, two subgroups of Sd will play a fundamental
role in our discussion. To describe them, it is convenient to
consider the set D as a union of � bits.

The group K� := Z2 × . . .× Z2︸ ︷︷ ︸
�

, which is a subgroup of

S , represents the bit flips for each of these bits. Meanwhile,
S� ⊂ Sd is the subgroup responsible for permuting the bits.
In the appendix, we elaborate on the construction (and

the reasoning behind it) of a mixer Hamiltonian HM , whose
action on W (the vector space corresponding to D

n) com-
mutes with the action of the entire group Sd . Importantly,HM
satisfies the assumptions of the Perron–Frobenius theorem.
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Similar to the classical mixer Hamiltonian B, the operator
HM has a uniform superposition of all classical states

|ξ 〉 = 1

2n�
H⊗n�(| 00 . . . 0︸ ︷︷ ︸

n�

〉) = |+ + . . .+︸ ︷︷ ︸
n�

〉

as its unique ground state. However, we also highlight a
significant difference between the two operators, B and HM .
Specifically, the action of the classical mixer Hamiltonian
B only commutes with a smaller subgroup, which is the
semidirect product of the groups K� and S�, and has an order
of 2� · �!. This is notably less than the order of Sd , which is
d! = 2�!, as demonstrated in Proposition B.4 and the subse-
quent Corollary B.6.

We now outline an explicit circuit-level implementation
of the unitary operator e−βHM corresponding to the mixer
Hamiltonian HM . For the derivation, justification, and a dis-
cussion of the relevant commutation properties, we refer the
reader to the Appendix. A Qiskit implementation can be
found in [27].

Step 1: Apply a Hadamard gate to each qubit, transform-
ing the basis from standard to Hadamard.

Step 2: For each block of � qubits encoding a single qu-
dit (see Remark IV.1 for the convention d = 2�),
apply a controlled phase of−4β to the state |0⊗�〉
in the standard basis. This is done as follows.
2.1 Apply X gates to all � qubits to map |0〉 to
|1〉.

2.2 Apply a multicontrolled P(−4β ) gate to
the �th qubit, controlled on the remaining
�− 1 qubits being in the |1〉 state.

2.3 Apply X gates again to revert the basis to
the original.

Step 3: Apply Hadamard gates to each qubit to return to
the standard basis.

Remark IV.2: It follows from the construction above that
the mixer Hamiltonian HM can be implemented without any
auxiliary (ancilla) qubits. The circuit fragment for applying
a single instance of e−βHM has depth 5 under the assumption
that the multicontrolled phase gate on � qubits is available
as a primitive operation. However, in a setting where only
single- and two-qubit gates are allowed, this gate must be
decomposed into elementary operations, typically resulting
in a circuit depth of order �2. In typical applications, the
local dimension d = 2� is fixed, and thus � is treated as a
constant. In this case, the circuit depth required to implement
e−βHM remains O(1), even when decomposing multicon-
trolled phase gates into standard 1- and 2-qubit gates.
We proceed by examining the cyclic subgroup Zd within

Sd , generated by the element g := (23 . . . n1), which cycli-
cally shifts the elements from 1 to 2, 2 to 3, and n to 1. We
then construct an operator Hχ whose action onW commutes

with Zd and has the state

|ψ〉 := 1

2n�
H⊗n�(| 10 . . . 0︸ ︷︷ ︸

n�

〉) = |− + . . .+︸ ︷︷ ︸
n�

〉

as its unique ground state.
Remark IV.3: The ambient Hilbert space W admits a de-

composition into a direct sum of subspaces

W =
d−1⊕
j=0

Wj

according to the Zd-action. It is interesting to note that the
state vector |ξ 〉 resides in W0, while |ψ〉 is located in Wd/2.
Moreover, the images of these vectors during the execution
of their respective QAOAs remain within these subspaces
prior to the final projection (see Remark A.3 for a precise
statement).
Let us reiterate that we defer the verification of the exis-

tence of the operators HM and Hχ satisfying the aforemen-
tioned properties to the appendix. Instead, our focus in the
subsequent sections will be on demonstrating its practical
advantages over the classical mixer.

V. OUTLINE OF THE TWO PROBLEMS
In this section, we elucidate two significant classical opti-
mization problems and their reformulationswithin the frame-
work of QAOA. These problems find numerous applications
across various domains [2], [15].

A. PROBLEM 1: EDGE COLORING
One class of optimization problems with objective function
having the aforementioned group of symmetries, Sd , is col-
oring of the vertices or edges of a graph in d colors.
Definition V.1: A vertex coloring of a graph 
 = (V,E ) is

a map C̃ : E → C, where C is a set of colors with |C| = d.
A coloring C̃ is called proper if C̃(v1) �= C̃(v2) for any two
adjacent vertices v1, v2 ∈ V .

Similarly, an edge coloring of a graph 
 = (V,E ) is a map
C : E → C. A coloringC is called proper ifC(e) �= C( f ) for
any two adjacent edges e, f ∈ E.
To represent d colors, we employ � = �og2(d) bits through

the following encoding:

color0←→ 0 . . . 00

color1←→ 0 . . . 01

. . . .

In this section, we focus on the edge coloring. Each edge e ∈
E is assigned � bits e0, e1, . . . , e�−1 whose values uniquely
determine the color of the edge. The characteristic function
of a color C ∈ C is defined as follows:

χc(c
′) :=

{
1, if c′i ≡ ci for all i ∈ {1, . . . , �}
0, otherwise.

VOLUME 7, 2026 3101013



Engineeringuantum
Transactions onIEEE

Tsvelikhovskiy et al.: EQUIVARIANT QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

This function, denoted as χc(C(e)), is explicitly given by

χc(C(e)) =
�∏
i=1

(ciei + (1− ci)(1− ei)).

This defining property ensures that the characteristic func-
tion equals 1 on the specific colorC and 0 on all other colors.
We define the objective function

F
 (C) :=
∑
e• f

∑
c∈C

χc(C(e))χc(C( f ))

where the notation e • f represents adjacent edges. This
function calculates the number of adjacent edges with the
same color.
Remark V.2: A coloring C is proper if and only if

F
 (C) = 0.
It is evident that the action of the group Sd , permuting the

colors, preserves the values of the objective function

F
 (σ
−1(C)) = F
 (C) ∀σ ∈ Sd,C ∈ C.

Definition V.3: The chromatic index χ
 of a graph 
 is
the minimum number of colors needed for a proper coloring
of 
.

The following result was proved in [30].
Theorem V.4: Let 
 be a simple undirected graph with

maximum degree �(
). Then, �(
) ≤ χ (G) ≤ �(
)+ 1.
Definition V.5: Graphs that can be colored with �(
) are

called class one graphs. Graphs that require at least�(
)+ 1
colors are called class two graphs.

In order to resolve the dichotomy in TheoremV.4, whether
the minimal proper coloring of edges involves k or k + 1
colors, it suffices to find out if a proper k coloring exists.
The operator representing the characteristic function χc is

given by

χ̃c(e) :=
{
e, ei ≡ ci ∀i ∈ {1, . . . , �}
0, otherwise

and is expressed as

χ̃c(e) = 1

2�

�⊗
i=1

(1+ (−1)ciZe,i).

In the case � = 2, this expression simplifies to

Ze,0Z f ,0Ze,1Z f ,1 + Ze,0Z f ,0 + Ze,1Z f ,1 + λ1.

Meanwhile, the problem Hamiltonian representing F
 is

HP =
∑
e• f

∑
c∈C

χ̃c(e)χ̃c( f ).

The building blocks for the quantum circuit representing
the exponent of the latter operator

e−iβHP =
∏
e• f

e−iβ(Ze,0Z f ,0Ze,1Z f ,1+Ze,0Z f ,0+Ze,1Z f ,1)

=
∏
e• f

(e−iβZe,0Z f ,0Ze,1Z f ,1e−iβZe,0Z f ,0e−iβZe,1Z f ,1 )
(4)

are presented in Fig. 1 below.

B. PROBLEM 2: GRAPH PARTITIONING
The second optimization problem explored in this article
is the balanced graph partitioning problem. This problem
appears in numerous applications [2] and has been a sub-
ject of several investigations in QAOA and other frame-
works [23], [29]. Given a graph 
 and a fixed integer k that
divides the number of vertices in 
, the objective is to find
a partition of the vertices: V = V0 �V1 � . . . �Vk−1 into k
disjoint subsets of equal cardinality that minimizes the to-
tal number of cut edges. A cut edge is defined as an edge
with endpoints in different subsets. The requirement of exact
equality of sizes ofVi’s for all i is often referred to as perfectly
balanced graph partitioning.
This problem bears some resemblance to the vertex color-

ing problem for k colors. Specifically, we can refer to vertices
in subset Vi as colored with the ith color. However, unlike
the coloring problem where we aim to minimize the number
of adjacent vertices with the same color, here we seek to
maximize this number. In addition, we must account for the
restriction on the cardinalities of the Vi’s.

We will examine examples with k = 4 and the number of
vertices in the graph being a multiple of 4. As before, we
encode the four colors using 2 bits. We define the objective
function F (C) as follows:

F (C)= −
∑
v−v′

∑
c∈C

χc(C(v))χc(C(v
′))+

(
2E
∑
v∈V

(v0 − 0.5)

)2

+
(
2E
∑
v∈V

(1− v0)(v1 − 0.5)

)2

+
(
2E
∑
v∈V

v0(v1 − 0.5)

)2

where the notation v − v′ is used for adjacent vertices. The
first sum evaluates the number of pairs of adjacent vertices
belonging to different subsets of the partition, while the
remaining three ensure that |V0| = |V1| = |V2| = |V3| = |V |4 .
Specifically, (

∑
v∈V (v0 − 0.5))2 equals zero if and only if

the numbers of vertices with the first color bit equal to 0 and
1 coincide; otherwise, it is positive. Similarly, (

∑
v∈V (1−

v0)(v1 − 0.5))2 and (
∑

v∈V v0(v1 − 0.5))2 equal zero if and
only if the numbers of vertices with the second color bit equal
to 0 and 1 coincide, respectively, for the first color bit being
fixed at 0 and 1.
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The corresponding problem Hamiltonian is given by

HP = −
∑
v−v′

∑
c∈C

χ̃v (c)χ̃v′ (c)+ E
(∑

v∈V
Zv,0

)2

+ E
(∑

v∈V
(1− Zv,0)Zv,1

)2

+ E
(∑

v∈V
(1− Zv,0)Zv,1

)2

and is equivalent to

−
∑
v−v′

∑
c∈C

χ̃v (c)χ̃v′ (c)+ 2E
∑

v,v′∈V
(Zv,0Zv′,0 + Zv,1Zv′,1)

+ 2E
∑

v,v′∈V
Zv,0Zv′,0Zv,1Zv′,1.

VI. DUEL: EQUIVARIANT HM, Hχ VS CLASSICAL B
In this section, we contrast the performance of QAOA algo-
rithms using different mixer Hamiltonians: the classical one,
B =∑Xi, and the newly introduced equivariantHM andHχ .
We analyze their effectiveness on the problems discussed in
the preceding section, primarily comparing HM and Hχ with
HB. We implement the algorithms iteratively. The algorithms
begin by establishing the initial state

|ξ 〉 = 1

2n�
H⊗n�(| 00 . . . 0︸ ︷︷ ︸

n�

〉) = |+ + . . .+︸ ︷︷ ︸
n�

〉

for HM and HB, or

|ψ〉 = 1

2n�
H⊗n�(| 10 . . . 0︸ ︷︷ ︸

n�

〉) = |− + . . .+︸ ︷︷ ︸
n�

〉

forHχ . The initial pair of parameters (β1, γ1) is randomly se-
lected from the uniform distribution on the set [0, 0.25π ]×
[0, 2π ]. Subsequently, the algorithm iterates through runs:
after completing the p = 1 run, optimal values (β∗1 , γ

∗
1 ) are

determined with the aid of a classical optimizer. The subse-
quent QAOA run is then executed with starting parameters
(β∗1 , γ

∗
1 , 0, 0) for p = 2, and this process continues itera-

tively. The objective of the classical optimizer is to minimize
the energy, which is defined as the average value of the ob-
jective function on the states output by the algorithm over
multiple runs

Ep :=
∑m

i=1 F
 (Qp(|si〉))
m

. (5)

Remark VI.1: In case of the edge coloring problem, if the
energy Ep < 1, it implies that at least one of the obtained
valuesF
 (Qp(|si〉)) is zero. Consequently, the corresponding
coloring is proper, indicating that 
 is a class one graph.

On each successive step, the starting parameters consist of
the values converged by the classical optimizer on the pre-
ceding step, complemented by two zeros for the additional
angles that did not appear in the previous step. This deliberate
choice ensures that the energy values E1, E2, . . . obtained in
subsequent steps are nonincreasing, as outlined in [6]. The
algorithm’s depth for the edge coloring problem was set at

TABLE 1. QAOA Performance Comparison for Edge Coloring Problem

TABLE 2. QAOA Performance Comparison for Graph Partitioning Problem

TABLE 3. Table of p-Values for Student’s t-Test

p = 9 and for the graph partitioning problem at p = 7. We
conducted multiple independent simulations, ranging from
50 to 56, for various graphs (see Figs. 2–4) using the qiskit
codes available at [27].
The main characteristics of the outcomes are summarized

in Table 1 and Table 2, while the histograms displaying the
average Ep-values across sample runs of the equivariant al-
gorithms, as compared to the classical one for each graph,
are depicted in Figs. 5 and 6.
Based on Table 3, which presents the Student’s t-test val-

ues for testing the hypothesis that the means of energy values
for the two algorithms are equal, we reject this hypothesis
at a significance level of α = 1.5% for all graphs analyzed
(with the exception of graph 
2 for the mixer Hχ ). This
indicates a statistically significant difference in the energy
values between the algorithms across all examined graphs.
Furthermore, we consistently observe lowermedian andmin-
imal energy values (columns 3 and 4) for the newly proposed
mixers.

VII. MIXER HAMILTONIANS FOR WARM-START QAOA
The standard QAOA typically begins in the uniform super-
position of all classical bit strings. Its primary objective is to
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FIGURE 6. Histograms illustrating the frequency distributions of
Ep-values for algorithms utilizing mixers HM and Hχ.

enhance the objective function’s value beyond the expected
value in this initial state. A natural extension involves run-
ning a classical algorithm to generate a promising string
(i.e., a good solution for certain practical goals, e.g., opti-
mizing time/quality tradeoff), then initializing the QAOA in
the corresponding computational basis state to seek further
improvement. This approach, known as warm-start QAOA,
has been explored in various studies.
In a recent paper [3], extensive numerical experiments

involving both small and large instances at varying depths
revealed a notable observation. Specifically, when the QAOA
commences from a single warm-start string (or superposi-
tion of strings with equal energy level), it exhibits negligible
progress. The authors further emphasize that these results
hold even when QAOA is initialized with a single classical
string, and the unitary operators used in QAOA are indepen-
dent of the specific initial string chosen.
We aim to further explore this topic by offering additional

insights into the limitations of warm-start QAOA. We start
by observing that any mixer Hamiltonian with a nontrivial
spectral gap possesses a one-dimensional eigenspace cor-
responding to the smallest eigenvalue λ. Let |s〉 denote a
state spanning this subspace. It follows that |s〉 cannot be
an eigenvector for the problem Hamiltonian HP. If it were,
both Hamiltonians would merely scale |s〉, and executing the
corresponding QAOA starting with the state |s〉 would result
in the identical state (up to a phase). Subsequently, measuring

in the standard basis would yield a standard state with the
same energy as the starting one.
In addition, as emphasized in the second assertion of

Theorem III.1, every irreducible matrix with nonnegative
values ensures that the vector corresponding to the highest
eigenvalue has coordinates that are all nonzero (positive) in
the standard basis.
This crucially implies that the ground state for a mixer

Hamiltonian, satisfying the assumptions of the Perron–
Frobenius theorem, must be a superposition of all classical
states with nonzero amplitudes. Consequently, the standard
argument for guaranteeing the convergence of QAOA as
p→∞ to an optimal classical solution is inapplicable un-
less the initial state is a superposition of all classical states
with nonzero amplitudes.

APPENDIX
PROOFS AND TECHNICAL DETAILS
In this section, we introduce and detail the construction, ma-
trix representation, and quantum circuit for the newly intro-
ducedmixer HamiltonianHM , which is employed throughout
this article. We demonstrate that HM satisfies the Perron–
Frobenius theorem, ensuring the convergence of the corre-
sponding QAOA as the number of iterations, p, tends to in-
finity. In addition, we revisit essential definitions and provide
a concrete representation of the result concerning subgroups
of S that commute with the actions of the operators HM and
B onW .

A. NEW MIXERS:HM AND Hχ

The symmetric group Sd discussed in previous sections is
also known as W (Ud ), the Weyl subgroup of the unitary
group acting collectively on all qudits. A mixer Hamiltonian
HM , which commutes with this group’s action, can be con-
structed as follows.
Consider the sum of all transpositions, ζ =∑
1≤i< j≤n(i j) ∈ C[Sd], where C[Sd] denotes the group

algebra of Sd . The group algebra is a vector space with a
basis indexed by group elements, where multiplication is
defined by the group operation of the underlying group. This
element ζ commutes with all permutations and, therefore,
resides in the center of the group algebra. The matrix
representation of ζ in the standard basis of a vector space
representing a single qudit is given by ĤMi j = 1 for i �= j,

and ĤMii =
(d−1

2

)
. A notable practical observation is that, in

the Hadamard basis, this matrix becomes diagonal

H⊗�ĤMH⊗� = diag

(
d(d − 1)

2
, ν, . . . , ν

)
where ν := (d−1)(d−2)

2 − 1, or, ignoring the addition of a

scalar ( (d−1)(d−2)2 − 1) · Id operator

H⊗�ĤMH⊗� = diag(d, 0, . . . , 0)

resulting in e−βH⊗�ĤMH⊗� = diag(e−dβ, 1, . . . , 1).
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FIGURE 7. Quantum circuit for e−βH⊗�̂HMH⊗�
with d = 4 and d = 8.

Example A.1: The quantum circuits for e−βH⊗�ĤMH⊗�

with d = 4 and d = 8 are illustrated on Fig. 7.
We define the mixer Hamiltonian HM as

HM :=
n∑
i=1

Ĥi
M (6)

the sum of individual terms Ĥi
M , where

Ĥi
M := Id ⊗ . . .⊗ Id ⊗ ĤM ⊗ Id ⊗ . . .⊗ Id

represents the action ofHM on the ith copy of the vector space
V corresponding to the ith copy of the setD. Wewould like to
remind the reader thatW = V ⊗ . . .⊗V is the n-fold tensor
product of such vector spaces.
It is straightforward to verify that the operator HM de-

fined in this manner satisfies the assumptions of the Perron-
Frobenius theorem (see Theorem III.1), thereby qualifying as
a mixer Hamiltonian. Notably, its ground state |ξ 〉 coincides
with that of the classical mixer B.

This time, we start with the element

η =
∑

1≤i< j≤n
(−1)i+ j(i j) ∈ C[Sd].

We then examine the cyclic subgroup Zd ⊂ Sd , generated by
the element g= (23 . . . n1), which cyclically permutes the
elements from 1 to n.
Lemma A.2: The element η commutes with the group Zd .
Proof: To demonstrate this, we calculate gηg−1 =∑
1≤i< j≤n(−1)i+ j(g(i)g( j)) =

∑
1≤i< j≤n(−1)i+ j((i+

1) mod d)(( j + 1) mod d) =∑1≤i< j≤n(−1)i+ j(i j) = η,
where i+ j + 2 ≡ i+ j (mod 2). Hence, gηg−1 = η
implies gη = ηg, indicating that η and g commute. �

The matrix representation of η in the standard basis of a
vector space representing a single qudit is given by Ĥχi j =
(−1)i+ j for i �= j, and Ĥχii =

(d−1
2

)
. Furthermore, in the

Hadamard basis, this matrix becomes diagonal

H⊗�ĤχH⊗� = diag

(
ν, . . . , ν,

d(d − 1)

2
, ν, . . . , ν

)
or, ignoring the addition of a scalar ( (d−1)(d−2)2 − 1) · Id
operator

H⊗�ĤχH⊗� = diag(0, . . . , 0, d, 0, . . . , 0)

acting with multiplication by d on the 1-D vector space
spanned by the vector | − + . . .++︸ ︷︷ ︸

�−1
〉 Resulting in

e−βH⊗�ĤχH⊗�= diag(1, . . . , 1, e−dβ, 1, . . . , 1).
We define the mixer Hamiltonian Hχ by the formula

Hχ := Ĥχ ⊗ Id ⊗ . . .⊗ Id +
n∑
i=2

Ĥi
M. (7)

The operator Hχ , defined in this manner, does not meet
the assumptions of the Theorem III.1. Nevertheless, it is
straightforward to verify that it possesses a 1-D eigenspace
with the minimal eigenvalue, and therefore, a nonzero spec-
tral gap. This eigenspace is spanned by the state |ψ〉 :=
| − + . . .++︸ ︷︷ ︸

n�−1
〉.

Let ζ := e
2π i
d be the primitive dth root of unity. Under

the action of the cyclic group Zd , the Hilbert space W de-
composes into a direct sum of vector spaces:W =⊕d−1

j=0Wj,

where eachWj has dimension dn−1. The action of Zd onWj

is given by the equation g · w j = ζ jw j, for all w j ∈Wj.
It is worth noting that ζ d/2 = eπ i = −1, and the vector |ψ〉

resides inWd/2.
Remark A.3: Since the actions of both operators HP and

Hχ on W commute with that of the group Zd , it follows
that the operator Qp preserves each subspace Wj, meaning
Qp(Wj ) ⊆Wj. Specifically, this implies Qp(|ξ 〉) ⊆W0 and
Qp(|ψ〉) ⊆Wj.

B. GROUP ACTIONS AND MIXERS
Recall that the symmetric group S acts on the set of all states
D
n by permutations. This action can be uniquely extended to

a linear action on the state vector spaceW . Said differently,
there is a homomorphism ϕ : S → GL(W ).
We elucidate key properties concerning the interaction of

Sd , K�, and S� (see Section III for the definitions of these
groups) with the objective function F and the Hamiltonians
HP, B, and HM .

Suppose A : V → V is a linear operator. We denote by
ZSd (A) the subgroup of elements in Sd whose action on V
commutes with that of A.
Proposition B.4: Suppose the objective function F :

D
n→ R is invariant with respect to the action of symmetric

group Sd .

a) ZSd (HP) = Sd .
b) ZSd (HM ) = Sd .
c) ZSd (B) = K� � S�, where K��ZS2� (B) is normal.
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Proof: The statement in (a) is an immediate consequence
of the initial assumption. The assertion in (b) follows from
the fact that the element

∑
1≤i< j≤d (i j) is in the center of

the group algebra C[Sd]. We focus on justification for the
statement in (c).
As the action of Sd is identical on all qudits, it suffices to

verify the assertion for n = 1. In this case the standard mixer
Hamiltonian can be written as

B =
�∑
i=1

Xi =
�∑
i=1

ϕ(σi)

where σi ∈ K� denotes the involution that flips the ith bit in a
binary string b ∈ B

� = D, i.e., σi(b) = b̂i, where b̂i is b with
the ith bit flipped.
Let g ∈ S be a permutation ofB� such that ϕ(g) commutes

with B. Then

ϕ(g)Bϕ(g)−1 = B ⇐⇒
�∑
i=1

ϕ(gσig
−1) =

�∑
i=1

ϕ(σi).

This implies that the set {gσig−1}�i=1 must coincide with
{σi}�i=1. In particular, each conjugate gσig−1 must again act
as a single-bit flip on some bit.
To see this, note that the action of σi on B� is an involution

swapping each string b with b̂i, differing from b in exactly
one bit. Since σi is a bit flip and conjugation preserves cycle
structure of permutations, gσig−1 is the involution that swaps
g(b) with g(b̂i). Moreover, as gσig−1 is in {σi}�i=1, it must
also flip exactly one bit of its input. Hence, g(b) and g(b̂i)
must differ in exactly one bit. Therefore, conjugation by g
permutes the σi, i.e.,

gσig
−1 = σπ (i)

for some permutation π ∈ S�, and hence g belongs to the
normalizer of the subgroup K�, generated by {σi}.

Define τ := π−1 ∈ S�, and let h := τ · g ∈ Sd , then
hσih

−1 = τgσig−1τ−1 = τσπ (i)τ−1 = σ(τ◦π )(i) = σi.
Hence, h ∈ StabSd (σi) is in the stabilizer of σi, which is pre-
ciselyK� � S�, since all elements of Sd that fix every σi under
conjugationmust preserve the bit structure and act by bit flips
and permutations.
Therefore, g= τ−1h ∈ S� · (K� � S�) = K� � S�, proving

that the normalizer is contained in K� � S�. The reverse in-
clusion is clear, sinceK� � S� normalizesK� by construction.
Thus

NormSd (K�) = K� � S�.

Finally, K� is normal in K� � S�, as the symmetric group
S� acts on K� by permuting the bit indices. We conclude that
the centralizer of B in Sd is the subgroup K� � S�. �
Remark B.5: It is interesting to point out that K� � S� is

W (B�), the Weyl group for root system of type B�.
Corollary B.6: The subgroup of symmetries of the mixer

HM surpasses that of B. For instance, when � = 2, W (B2)
equals the dihedral group of order |D4| = 8, while |S4| = 24.

For � = 3, |W (B3)| = 48, and |S8| = 8! = 40320. As � in-
creases, the disparity in orders becomes more pronounced:
|W (B�)| = 2� · �! and |Sd | = 2�!.
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