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Abstract: The swampland criteria in string theory assert the no eternal inflation scenario. This work
studied the impact of generic gravitational quantum corrections on eternal inflation. In particular, we
find that the Starobinsky model of inflation should receive higher-order corrections stemming from
quantum gravity. In this work, we studied the effect of the R3/2? and R* corrections on the eternal
inflation conditions for the Starobinsky model.
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1. Introduction

The swampland conjectures state that not every consistent quantum field theory can
be UV completed by string theory [1]; for reviews, see [2,3] and the references therein. In
the cosmological context, one of the most-prominent swampland restrictions is the de-Sitter
conjecture, which states that there is no stable de-Sitter vacuum'. In mathematical terms,
the de-Sitter conjecture states that given potential V(¢),

!/
Mpm >c~0(1), 1)
14
has to hold.

On the other hand, the most-popular Early Universe cosmological scenario is inflation,
which relies on the quasi-de-Sitter phase. During inflation, an effective scalar field caused
the accelerated expansion of the Universe. The inflaton evolution starts at the flat potential
region, then the field “rolls” down to a local minimum, where it oscillates, producing
the Standard Model particles. On top of the classical evolution, quantum fluctuations
induce spatial inhomogeneities that can be in principle observed. The smoking gun of the
inflationary scenario would be a detection of the primordial gravitational waves (which, so
far, have not been discovered); see the Planck Collaboration’s results [9]. Furthermore, the
time evolution of the scalar field is stochastic in nature due to the quantum fluctuations. This
local, stochastic behavior can drive the field “upwards” the inflationary potential, leading
to pocket Universes. Regions of space that cease to inflate are rapidly dominated and, after a
sufficiently long time, become a measure zero set. In particular, for a stochastic evolution
to dominate the classical rolling, one requires the effective potential to be sufficiently flat:
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On the other hand, eternal inflation is potentially problematic since it spoils the pre-
dictive power stemming from the inflationary scenario. It creates causally disconnected
patches of the Universe where inflation ends at various times, creating different initial
conditions. In principle, the other patches are impossible to probe from our own patch.
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For a summary of the arguments, see [10,11], and for other views, see, e.g., [12]. Further-
more, there is a clear tension between eternal inflation (2) and the swampland de-Sitter
conjecture (1).

Thus, the (no) eternal inflation principle was put forward [13] within string theory.
It is then important to study whether other quantum gravity approaches also forbid the
eternal inflation scenario. In particular, the above equations provide a simple test of
whether the swampland conjectures hold within the postulated theory. In our previous
work [14], we verified the applicability of Condition (2) (and further conditions stemming
from the no eternal inflation principle) for a handful of asymptotically safe (AS) inflationary
models [15-18]. Effective inflationary potentials derived from AS theories are generally flat
at large field values. In turn, eternal inflation occurs, given the field’s initial value is large.
This conclusion is compatible with a direct numerical simulation of the Langevin equation
and the semi-analytical approach of the swampland conditions.

Here, we extend our analysis by studying the generic quantum corrections to the
Starobinsky inflation, which are expected to play a role when approaching the Planck scale.
The following sections discuss how the Starobinsky model fits into the eternal inflation
picture and consider its extensions.

2. Mechanism of Eternal Inflation

In this section, we briefly introduce the mechanism for eternal inflation. The action of
the scalar inflaton is given by

5= [ aty/=3(3MER+ 35" 2000~ V(#) ). o

The effective potential may be derived from a strictly gravitational action (containing
no matter fields) by transforming from the Jordan to the Einstein frame [19]. Assuming a
homogeneous distribution of the field ¢(t, ¥) = ¢(t), one obtains the following equations
of motion:

. aV_ 2 2_1 1-2
4>+3H4>+%—0, H*M —3(249 —l—V((P)), 4)

which, in the slow-roll approximation, become [20]
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Inflation ends once one of the so-called slow-roll parameters becomes of order one:

M3 (Vg\? 4
622P<V¢>/ 77le23$/ 6)

and enters the oscillatory, reheating phase. The standard treatment of eternal inflation relies
on the stochastic inflation approach [21], and for the remainder of this section, we follow [13].
One splits the field into the classical background and short-wavelength quantum field:

¢(t, %) = ¢a(t, %) + 0¢(t, X). )

Since the action is quadratic in the fluctuations, one may approximate the late-time
evolution with Langevin equation:

3H¢ + ?,Z = N(t), 8)
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where N(t) is a normally distributed noise term with mean equal to 0 and variance
o= f—;t [22]. With this setup, the probability density P[¢,t], that at time ¢, the field
has value ¢ governed by the Fokker—Planck equation:

. 1/ H3\aP[p,t] 1 ;
Pl t] = 5 <47T2) 999 + ﬁai (a V(¢)P[e, t]), )
where P[¢,t] :== & P[¢,t]. For a constant potential, the Fokker-Planck equation reduces

to the heat equation and follows an unbiased Gaussian distribution. The linear potential
leads to a Gaussian distribution with p = ¢,5(f), where ¢4 is the value of the field in
the classical potential. Furthermore, most of the inflationary potentials are flat at ¢ — oo
and, hence, can be Taylor expanded around infinity, which considerably simplifies the
analysis®. Then, for large field values, the solutions will be approximately exponential, and
the probability, that the inflation is still ongoing, is

PE[g > Pona, 1] = /47 " dpP[p,t] ~ C(t) exp(—T), (10)

where function C(t) is a polynomial and parameter I is the decay rate. It is then clear that,
at the large-time limit, the inflation should stop, since

Pri¢ > ¢ena, t] — 0 ast — +oo. (11)

However, during inflation, the scale factor grows exponentially, and the size of the
Universe depends on time according to:

U(t) = UpeH, (12)

where Uy is the initial volume of the pre-inflationary Universe. One then interprets the
probability Pr[¢ > @eng, t] as a fraction of the volume Uj,,¢(t) still inflating, that is

Ui (t) = Upe® ' Pr(p > Pona, t], (13)

then, in order for the Universe to inflate eternally, the positive exponential factor 3H in
Equation (13) and the exponential factor —I' must satisfy:

3H >T. (14)

One may show that this stochastic bound is equivalent to (2), assuming that we
approximate the effective potential with, a respectively, a linear and quadratic hilltop.
Numerical investigations based on the Langevin equation give the same conditions for
eternal inflation as the analytical criteria (2) [14].

3. Eternal Inflation in Starobinsky-like Models
3.1. Starobinsky Inflation

The Starobinsky model of inflation was proposed as an alternative to General Relativity,
which could describe the non-singular beginning of the Universe [23]. It is one of the most-
promising theories of inflation when it comes to the CMB measurements of the spectral
tilt ns and predicts the low value of the tensor-to-scalar ratio r. In the context of quantum
gravity, the action of Starobinsky inflation should be understood as the lowest-order
expansion of the full gravitational effective action:

_ M3 4 1 3
S— 7/dx «/—g(R+6mzR ) +O(RY), (15)
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where m is the inflaton mass. The effective potential obtained in the Einstein frame is
V() = s (1—1)? (16)
TV

where

y=exp (—ﬁ;ﬁp) 17)

and the CMB data fix m = 10> Mp for the constraints on inflationary models; see [9]. The
60 e-folds are realized for the initial value of the field, given as ¢g = 5.5 Mp. Applying the
eternal conditions (13) results in the ¢r; = 16 Mp bound for eternal inflation. The super-
Planckian values of the field suggest that strictly classical theory (15) may not be valid in
the regime of quantum gravity. This leads us to considerations of modified Starobinsky
models with higher curvature corrections.

Recently, several models extending Starobinsky inflation have been proposed [24].
These models derive the inflationary potential from the Lagrangian terms of higher-order
in the Ricci scalar. In this section, we briefly introduce the R + R?2+ R32and R + R2 + R*
models and their effective inflationary potentials. The quartic model® does not lead to the
multiverse scenario, while being in good agreement with the CMB data.

3.2. Eternal Inflation for R3/2 Correction

The R3/2 term appears in the chiral modified super-gravity and the asymptotic safety
fixed point effective action [16] with A = 0. The action is given by

My [ 1 2 932,32
S:T/dx,/—g R - R2 +22p3/2), (18)
\W_J
Starobinsky model

Parameter J3,, describes the strength of the coupling. The effective potential is
given by

V- 4V0(7(3(53/2\/E +7) , (19)
(6 +9 + 330/ +25)2
where
__3(-y) , 95 B 2
o= (9632 — /3y(2763 oy — 16y +16) | (20)

and y is given by (17). After matching to the amplitude of scalar perturbation, the coupling
037 is the only free parameter in the theory. The left panel in Figure 1a shows the shape of
the potential. In the limit §53,, — 0, the original Starobinsky model is recovered. Increasing
63 /5 shifts the slope towards greater field values. This is important from the eternal inflation
point of view, since the quantum fluctuations dominate at the potential plateau. A minimal
initial value of the field, above which inflation becomes eternal, is ¢ = 16.7 Mp;, for
03,2 = 0. Figure 1b shows how this value changes with the coupling. This result can
be directly computed with (1). However, as is usually the case, the first condition is the
most-restrictive one. The conditions for higher derivatives do not give new information.
It was found in [24] that the CMB data allow for values even of order d3,, = 100. We can
see that eternal inflation “kicks in” at extremely large values of ¢; for d3,, = 0.15, it is
around ¢ = 30 Mp;. It is still possible, however, for a different set of initial conditions (in
a neighboring pocket Universe) to allow for eternal inflation creating a multiverse.
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Figure 1. (a) The R%/2 model effective potential for various é. (b) Plot of the minimal initial value
¢r1, above which the inflation becomes eternal as a function of the coupling value.
3.3. Eternal Inflation for the R* Correction

We now move our attention to a R* theory also described in detail by [24]. The action
of the Starobinsky model corrected by a quartic term is

M3 4 M3 1 2, 04 4

where ¢, is a dimensionless parameter. For é; > 0, the mass spectrum is positive, thus
avoiding the ghost degrees of freedom. The effective potential is

(8 4 300,)
V=W 22
V(12146 + 6,5%)% (22)
where
z 4 !
F=— —— = 52/3 -1_ “1_1)2 —1
7= —5 and 2=} <162(y 1) +6v3,/243(y1 — 1)% + 160, > @3

Parameter y is given by (17). The shape of the above potential is depicted in Figure 2a.
The slow-roll inflation here is qualitatively different from the 64 = 0 case. Inflation starts
around the maximum of the potential and may roll down both to the right and to the left
of the top. Slow-roll conditions are always violated at the bottom of each branch. This
means that classical inflation lasts a finite time. Quantum fluctuations, however, could,
in principle, “hold” the inflaton around the peak. The condition on the first derivative
(2) is depicted in Figure 2b. Both conditions are satisfied in the range between (1,11) Mp.
In the presence of multiple minima, tunneling between vacua can occur due to Gaussian
fluctuations, modeled by the Langevin Equation (8).

In particular, for a model discussed in [17], the conditions (2) implied that there is no
eternal inflation. However, at the same time, an explicit simulation revealed that there is a
possibility of eternal inflation.

Interestingly, for the model with the R* corrections, field rolling to either of the
minima leads to the inflationary period’s end. Hence, inflation has a well-defined end
in both branches, and the quantum tunneling phenomena described above cannot drive
eternal inflation. One may consider initial conditions at different points in the very Early
Universe to be scattered around Figure 2a including the large field values. The region of the
Universe with the initial value ¢y around ¢, will grow exponentially fast and dominate
regions with ¢g > ¢ax, Wwhere the slow-roll does not occur. This means inflation will not
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Notes

become eternal regardless of the initial conditions and the value of the only free parameter
in theory 64 > 0. To the authors’ best knowledge, this is the only known inflation model
agreeing with the CMB data, which generally does not produce eternal inflation, at large
field values.
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Figure 2. (a) The R* model effective potential. The yellow line corresponds to the J; = 0 limit
of Starobinsky inflation. Non-zero J4 introduces a right branch of the inflationary potential (blue
curve). In such cases, the slow roll may be realized in both directions. (b) Plot of the first of the
conditions (1). Eternal inflation does not dominate large field values. It can only occur around the top
of the hill. However, this effect is unstable: quantum fluctuations cannot “keep” the rolling around
the maximum for an arbitrarily long time.

4. Conclusions

Eternal inflation is a conceptual issue of the inflationary birth of the Universe [11].
Our analysis revealed no obstruction for the eternal inflation scenario in the effective
quantum-gravity-safe models. On the other hand, quantum corrections lift the scale of
eternal inflation. In particular, for the R* correction, there is no eternal inflation regime at
large field values.
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The model with the correction R leads to a similar shape of the potential. Its agreement with the CMB, however, is restricted to a

much narrower range of the coupling values.
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