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Abstract

The AdS/CFT correspondence relates quantum gravity in asymptotically AdS space-
times to conformal field theories living on the boundary of that spacetime. Here,
we initiate a new perspective on the AdS/CFT correspondence. In particular we
study relativistic quantum tasks, which are quantum computations with inputs and
outputs occurring at specified spacetime locations. We note that the AdS/CFT cor-
respondence implies the same tasks are possible in quantum gravity in AdS space-
times as are possible in the dual CFT. Using this, we find a relationship between the
existence of overlaps in certain light cones in the bulk spacetime and entanglement
in the boundary CFT. This complements the usual perspective on geometry and
entanglement in AdS/CFT, which relates minimal surfaces in AdS to entanglement
in the CFT. Further, we point out various instances where this bulk/boundary tasks

relationship implies novel statements about tasks.
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Lay Summary

Is there a single theory that describes space, time and all forms of matter, and if so,
what is it? How did the universe begin, and what happens inside of black holes?
These are the ambitious questions behind the field of quantum gravity. Operat-
ing in an apparently distinct realm is quantum information, a subject driven by
practical questions: what are the limits of computing? How can we communicate
efficiently and securely? Despite the distinction in motivation, techniques from
quantum information have driven significant progress in quantum gravity.

This thesis gives a novel framework for the application of quantum information
to quantum gravity. This framework captures aspects of quantum information that
are only apparent in the context of spacetime, where information cannot travel
faster than the speed of light. Using these aspects of quantum information reveals

new aspects of quantum gravity.
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Preface

The work presented in this thesis has been carried out in collaboration with many
collaborators, and by making use of valuable discussions with many research com-
munity members. This work appears in the publications [43, 63, 67, 68, 70]. 1
outline the contributions of myself and various coauthors to these works below.
Also during the course of my PhD I completed the publications [26, 65], which are
not described in this thesis.

The earliest paper which is included here is [43]. This paper has an unusual
history, in that it was begun in collaboration with Patrick Hayden while I was a
third year undergraduate at McGill, around 2013. The initial idea for the project
was Patricks, and had grown out of our earlier paper [42]. I completed the proof of
the main theorem early on, but the paper did not appear until 2018. The efficient
procedure which is given in the current form of the paper and which appears here
emerged from a conversation with Sephr Nezami and Patrick Hayden. The use of
the one-time pad (rather than a less efficient use of teleportation) was suggested
to me by Daniel Gottesman. Patrick observed that our result could be used to
construct arbitrary secret sharing schemes early on, and later that the efficiency of
our construction improved on earlier ones.

Chronologically the second paper which is included here is [63]. This paper
intitiated the topic of quantum tasks in holography. The early ideas for this paper
and the calculations in it were my own, including the conjecture of the connected
wedge theorem, but benefited from conversations with Mark Van Raamsdonk, Do-
minik Neuenfeld, Eliot Hijano, Felix Hael and David Wakeham. The first version
of this paper contained some errors, which were found out in real time during a

seminar at Stanford. Following that seminar and further conversations with Patrick



Hayden, Jon Sorce, Geoff Penington and others various improvements were made.
Mark Wilde also found an error in a related paper which lead to further improve-
ments. Immediately following the same seminar a conversation with Jon Sorce,
Geoff Penington, and Aaron Wall lead to the initial focusing construction which
we later used to prove the connected wedge theorem. This proof was published
in [70], which is coauthored by Geoff Penington and Jon Sorce. That paper also
contains a number of other results. We observed there that AdS/CFT implies some
improvements in the efficiency of non-local quantum computation; this observation
was initially due to Patrick Hayden. Another result there was that the ‘scattering
region’ sits inside of the relevant entanglement wedge. This was observed by Geoff
Penington and the proof was detailed by myself and Jon Sorce.

The next included paper is [68]. This was carried out independently, but ben-
efited from feedback from Jon Sorce, Kfir Dolev, and Jason Pollack. The key
contribution in this work is to synthesize ideas from [43] and [63] to broaden the
set of quantum tasks that can be considered holographically. This work improved
on the framework developed in [63] and on the connected wedge theorem. For this
reason it is the presentation developed in that reference which I have followed most
closely here.

The final paper included here is [67]. This paper was done in collaboration with
David Wakeham. We also benefited from early conversations with Jamie Sully
which lead to a conjectured connected wedge theorem in the context of end-of-
the-world branes. I then constructed the quantum tasks argument and relativistic
proof of the theorem. David Wakeham carried out the CFT calculations verifying
the theorem in simple cases, and contributed to the discussion of the relevance of
this theorem to the islands phenomena. In the context of islands, this work also
benefited from from discussions with Henry Lin, Juan Maldacena, and Mark Van

Raamsdonk.
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Figure 1.1

Figure 1.2

(a) The quantum teleportation protocol. Before the beginning
of the protocol, there is a quantum state |¢)) held on the left
and an entangled state |¥1) shared between left and right. At
the end of the protocol, the state |¢) is held on the right. (b)
A quantum information processing task which happens in a
spacetime background, taken to be 241 dimensional Minkowski
space for concreteness. Alice is given a quantum state [¢)) at
c1, and a bit ¢ at c. Her goal is to bring |¢) to r,. This can
be achieved by sharing a maximally entangled state between
c1 and ¢y and using the quantum teleportation protocol. . . . .
Minimal surfaces (shown in blue) enclosing the union of two
intervals Ry and Ry (shown in green). The entanglement wedge
Ew (R1 U Rs) (shown in grey) is the region whose bound-
ary is the union of the regions R; and Ry and their minimal
surfaces. For large separations or small intervals the entan-
glement wedge of the region R; U Rs is disconnected, while
for small separation or large enough regions, the entanglement
wedge becomes connected, as shown at right. The entangle-
ment wedge being connected indicates the mutual information
is large, while a disconnected entanglement wedge indicates

the mutual informationissmall. . . . . . .. ... ... ...



Figure 1.3

Figure 2.1

Figure 4.1

Figure 4.2

Figure 5.1

(a) When a set of four boundary points {c;, c2,71,72} has a
bulk scattering region, associated boundary regions (black di-
amonds) must share large correlation. (b) When there is no
scattering region in the bulk, the boundary regions need not

share large correlation. This figure is reproduced from [63].

The port-teleportation protocol. A state |¢)) is held in sys-
tem A’, along with N entangled systems |[¥1) 4. 5.. A POVM
{A*} is performed on the A’A system producing output k €
{1,..., N'}. The state |1)) then appears on the By, system with
a fidelity controlled by 1/N. . . . . . . ... ... ... ...

A typical set-up for position-based cryptography. By challeng-
ing Alice to complete a certain quantum task, Bob will try to
verify Alice is performing quantum channels within the space-
time region X, shown in grey. An honest Alice acts as in (a),
where quantum channels occur at the yellow circles. In order
to cheat, Alice must complete the task using a strategy of the
form shownin(b). . . . ... ... . ... ... ... ...
Circuit diagram that completes the Bgy task. Blue lines indi-
cate classical inputs and outputs. The protocol uses one EPR
pair, ¥ p g, = %(\00} +11)) as aresource. b is a function

of the classical measurement outcomes according to (—1)° =

s'fs;_qszz,. Importantly, the operations performed in the circuit

can be placed in the nonlocal form showninb). . . . . . . ..

Two geometric notions used in the text. a) Two causally con-
nected regions. Two spacetime regions >; and X; are said to
be causally connected if there is a point ¢; in X; and ¢; in X;
such that there is a causal curve from g; to g;, or from g; to
gi- b) The domain of dependence (light grey) of a spacetime
region Y (dark grey). The domain of dependence is defined
as the set of all points p in the spacetime such that all causal

curves passing through p must alsoenter . . . . . . . .. ..
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Figure 5.2

Figure 5.3

An arrangement of two authorized regions that has the mini-
mal requirements to satisfy the conditions of theorem 4. By
the first condition o) and <% are causally connected. This
guarantees the existence of a point p; in 7] which is in the
causal future of some point po in % (up to relabelling). The
second condition gives that each region have at least one point
in the future light cone of s. However, the regions <7 and .o%
may be disconnected (as shown here) and so satisfy this re-
quirement while having the points p1, p2 be outside the future
light cone of s. To localize a system to both regions a maxi-
mally entangled state |¥) 5,7 is shared between s and p;. Near
to s the A system is teleported using this entanglement, and
the entangled system at p; is sent to po. Meanwhile, the classi-
cal measurement outcomes from the teleportation protocol are
sent to the points in /) and &% which are in the causal future
of s. Each region has both the classical measurement outcomes
and the entangled particle pass through it, so the A system is
localizedtoeach. . . . . . ... ... ... ... .. ...
An example of a task with three authorized regions 7], 9%
and 273. (a) The arrangement of the regions in spacetime, no-
tice that each region consists of two disconnected ball-shaped
regions. (b) The corresponding graph of causal connections,
used in the proof of theorem 5 to construct the error-correcting

code needed to complete the task. . . . . ... ... ... ..
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Figure 5.4

Figure 5.5

Illustration of the error-correcting code used in theorem 5. a)
A directed graph that describes the causal connections between
the authorized regions of a localize task. In this case the task
involves four authorized regions. b) To complete the task,
we employ an error-correcting code that associates a share to
each edge in the corresponding undirected graph. The encoded
qubit can be reconstructed from the shares associated with the
edges attached to any one vertex, corresponding to the sets of
edges crossed by the purple arcs. For a single logical qubit,
the shares on each edge consist of two qubits. A detailed con-
struction of the code can be found in [42], and a more efficient
version using only one qubit per edge in [100]. For infinite
dimensional versions see [45]. . . . . . . . ... ... . ...
Four impossible localize-exclude tasks: (a) An authorized re-
gion is entirely outside the future light cone of s, so system
A can’t be localized there without violating the no-signalling
principle. (b) The initial location of the quantum system is in
the domain of dependence of an unauthorized region %4, so
can be reconstructed from data in %4. (c) A quantum system
cannot be localized to both the spacetime regions o) and 2%,
due to the no-cloning theorem. (d) A quantum system can-
not be localized to ©7 without passing through the region %/,
since there is no causal curve which passes through <) and not
7. The red shaded region indicates the domain of dependence
of the unauthorized region %;. The yellow shading indicates

the future light cone of the start point. . . . . . . .. ... ..
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Figure 5.6  Illustration of the protocol for completing a localize-exclude
task with two authorized regions and one unauthorized region
that satisfies the conditions of theorem 6. In the distant past,
Alice prepares copies of the classical string k. She brings one
copy of k to each of @7 and .o% along a path which does not
cross 7/ — this is always possible by condition (3). She must
also bring the classical string to the start point s, and encode
the A system using the quantum one-time pad [9]. The overall
state on A and it’s purifying system R is then (U, ® Z)|¥) ag.
The encoded system A is sent through both authorized regions.
Following this protocol both authorized regions contain k and
the encoded A system, while the unauthorized region contains
the encoded systemonly. . . . . ... ... ... ....... 72

Figure 5.7  The sufficiency proof of theorem 6. In three steps, the proof re-
duces completing the localization task on the system A with n
authorized sets and m unauthorized sets, denoted by (A, s, {A, ..., @, } , A%, ..., Um}),
to completing (5) instances of (S;;, s, {#%, /;},0) on quan-
tum shares, and 3m (Z) instances of (k:éj, —00, R, 74) on clas-
sical shares, where the region R; may be either the start point
or an authorized region. The notation —oo indicates the share
is available at early times. The first step in the protocol is to
recycle the error-correcting code from theorem 5 to encode the
A system into shares S;;. At the second step, the one-time
pad is applied to each of the S;;. This allows the unautho-
rized regions to be avoided by introducing additional classical
shares, but without the need for further uses of quantum error-

correctingcodes. . . . .. ... 73
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Figure 5.8

Figure 5.9

Figure 6.1

Figure 6.2

An example of a localize-exclude task and illustration of the
protocol provided by theorem 6 for its completion. Near the
start point the system A is encoded using the quantum one-time
pad and sent (along the blue curve) through both authorized
regions. The string k satisfies k = ki @ ko, so that ky, ko
form the two shares of a ((2,2)) secret sharing scheme. k;
is sent through <% and .@% while avoiding %, while ks is sent
through 7] and .25 while avoiding %%. Consequently, each 7
contains all of the classical shares k; along with the encoded A
system, while each %; is missingone k;. . . . . . . ... ...
Example of the embedding of a secret sharing scheme with
arbitrary access structure into a localize-exclude task. We con-
sider a secret sharing scheme that involves three parties, and
has authorized sets 51 = {1,2}, So = {2,3} and S3 =
{1,2,3}, with all other subsets of parties deemed unautho-
rized. In the corresponding localize-exclude task, the three par-
ties become three causally disjoint spacetime regions X1, >.o
and X 3. Further, this localize-exclude task has authorized re-
gions @) = X1 U X9, @b = 3o UXgand @3 = 31 U9 U X3,
The start point s has been placed at an early enough time that

all the X; are in its future lightcone. . . . . . . .. ... ...

(a) Global AdSs 1, described by metric 6.6. (b) The conformal
boundary of global AdS,1. The left and right boundaries of
the strip are identified. . . . . . . ... ... ...
The Poincaré patch is shown in blue. It consists of a portion of

global AdS. The boundary geometry is 1 4+ 1 dimensional flat
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Figure 6.3

Figure 6.4

Figure 6.5

Figure 6.6

Global AdS2; with an ETW brane. We’ve shown the T' = 0
case for simplicity. Poincaré patches are shaded in blue. (a)
An edge centered choice of Poinaré patch. In the associated
Poincaré solution the ETW brane is flat, described by equation
6.19. (b) A Poincaré patch centered at ¢ = 0. In Poincaré
coordinates the brane trajectory is a hyperbola, described by
equation 6.20. . . . . . ... L.
(a) Poincaré-AdSs,; with a constant tension ETW brane, as
obtained by taking an edge-centered patch of the global space-
time, as shown in figure 6.3b. (b) Poincaré-AdSoy; with a
constant tension ETW brane, as obtained by taking a patch
as shown in figure 6.3a. The brane forms a hyperbola, and
the two edge trajectories are = ++/1 + 2. The horizons
o = =v chosen in the global geometry map to x = =+£t,
z = (1 —sin ©)/ cos © in Poincaré coordinates, which we’ve
showninred. . . . ... ... ... .. L oL,
A portion of the boundary of the past 9.J (R;), showing two
cross sections Y1, Yo, and the end-of-the-world brane 5. Null
geodesics generating the lightcone are shown in blue. The
outward pointing normal to the brane is labelled 7, while the
tangent vector to the null geodesics is labelled Jy. (a) When
7 - 0y > 0, the brane removes area. (b) When 7 - 95 < 0, the
braneaddsarea. . . . . . . ... ... oL
The lightsheet 0J~ (R;) where it meets the brane. For 7i- 0y =
ny > 0 initially, a change in sign requires that the extrinsic
curvature be positive somewhere along the brane (as shown
here), which is ruled out by the NEC applied to the brane stress

TENSOL. . . . . . . . o e e e e e e e e e
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Figure 7.1

Figure 8.1

Figure 9.1

Extremal surfaces (shown in blue) for two intervals Ry and R»
(shown in green) of equal size x sitting on a constant time slice
of AdS,1. The intervals are separated by an angle 2a.. The
entanglement wedge £(R1R2) (shown in grey) is the region
whose boundary is the union of the regions R and Ry and
their minimal surfaces. For large o and small x the entangle-
ment wedge of the region R; U Rs is disconnected, while for
small « or large enough z, the entanglement wedge becomes
connected, as shown at right. The entanglement wedge being
connected indicates the mutual information is O(N?), while a
disconnected entanglement wedge indicates the mutual infor-
mationis O(NO). . . . ... ... ... .. . . ... ..

The quantum task discussed in section 8.2. A quantum state
is received at a point on the boundary ¢; and must be returned
at the point 1. Equation 8.1 implies that signals cannot travel
faster through the bulk than through the boundary, consistent

with the usual statement of boundary causality [28, 35].. . . .

(a) A view of the boundary of AdSs;. Left and right edges
of the diagram are identified. Shown is an example choice of
input regions C; and output regions R;. This particular choice
is maximal for the regions V; defined by C; = Vi. (b) Bulk
perspective on the same choice of regions, showing the entan-
glement wedges C; and R;. Only one of the out regions is
shown, to avoid cluttering the diagram. In the bulk there is a

non-empty entanglement scattering region J& .15, . . . . . .
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Figure 9.2

Figure 9.3

Figure 9.4

Figure 9.5

A counterexample to the converse of Theorem 8. (a) Vacuum
AdSo1 with regions 1>1 and f}g chosen antipodally and to each
occupy 7 /2 of the boundary. Choosing the maximal consis-
tent input and output regions, the entanglement scattering re-
gion is exactly one point, and the Ryu-Takayanagi surface is
on the transition from disconnected (blue) to connected (red).
(b) Spherically symmetric matter is added to the bulk. Now
the entanglement wedges V1 and V, reach less deeply into the
bulk [47], and the light rays sent inward normally from their
extremal surfaces are delayed. This closes the entanglement
scattering region. By spherical symmetry however the Ryu-
Takayanagi surface remains on the transition. Deforming Vi to

be larger ensures we are in the connected phase, and for small

enough deformation ensures the scattering region remains empty.113

A typical choice of regions él = ]}1, ég = )}2, 7@1, 7@2 in the
boundary of Poincaré-AdS which leads to a non-trivial conclu-
sion in the connected wedge Theorem 8. Region R2 consists
of two wedges which each extend to infinity. . . . . ... ..
Boundary view of the Bgy task. Input regions V; and Vs are
shown in dark gray. The regions X;, shown in light gray, sit
between the input regions and add some complications to the
boundary proof of Theorem8. . . . ... ... ... ... ..
The null membrane. The blue surface is the lift £, which is
generated by the null geodesics defined by the inward, future
pointing null normals to vy, U 7yy,, where ~yy, is the Ryu-
Takayanagi surface for region V;. The red surfaces make up the
slope Sy, which is generated by the null geodesics defined by
the inward, past directed null normals to vy, U~r,. The ridge
'R is where null rays from 7y, and 7y, collide. The contradic-
tion surface C; is where the slope meets a specified Cauchy

surface 2. . . . ... L L
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Figure 10.1

Figure 10.2

Figure 10.3

IMlustration of Theorem 9, shown with a zero tension brane.
The input region is taken to be a point C; = c¢;, while the
output regions are the light blue half diamonds attached to the
edge. The decision region V) is shown in black. a) When
a boundary point ¢; and two edge points 71, 73 have a bulk
scattering region which intersects the brane, the entanglement
wedge of an associated domain of dependence (black shaded
region) attaches to the brane. b) When there is no such scatter-
ing region, the entanglement wedge need not be connected. . .
The M task, which we employ to argue for the 1 — 2 con-
nected wedge theorem. At C; the quantum system A is re-
ceived which holds a state H¢|b). For the task to be completed
successfully, b should be produced at both r; and 2. We show
that completing the task with a high success probability re-
quires the bit ¢ be available in the region V; = J1(C;) N
J (RO)NT (Ra)e oo
The null membrane. The red surface is the lift £, the blue
surfaces make up the slope. The ridge R, is where the lift
meetsthebrane. . . . . .. .. ... L oL oL

XiX
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Figure 10.4

Figure 11.1

Figure 11.2

A counterexample to the converse of Theorem 9. (a) A con-
stant time slice of a solution with a T' = 0 brane sitting in pure
AdS. We choose a region Vi of size 7 /2 and which is centered
between the two edges. This region sits exactly on the phase
transition between brane-attached (red surface) and brane de-
tached (blue surface), and the scattering region consists of a
single point. (b) The 7' = 0 solution can be viewed as a
Zs identification of global AdS with the identification across
p = 0. (c) In the unfolded geometry, we consider adding
a spherically symmetric matter distribution (shown in grey).
This delays light rays travelling from c; to the brane by some
finite amount, closing the scattering region. Due to spherical
symmetry, the region V) remains on the phase transition. In-
creasing its size infinitesimally then keeps the scattering region
closed, while also ensuring the red, brane-attached surface is

minimal. . . ...

Choosing an appropriate Poincaré patch of the global space-
time, we find a two-sided black hole geometry (on the brane)
coupled to two flat regions (wedges of the CFT). The end points
of the two flat regions are coupled in the global picture. Note
that we are most interested in the case where 1" ~ 1 and gravity
localizes to the brane. We have drawn the 7' = 0 case however
to simplify the diagram. . . . . ... ... ... ... ....
Theorem 9 along with time reversal implies a 2 — 1 connected
wedge theorem. We can view the light rays beginning at
and ro as defining the horizons of a black hole. The region
V) is then the radiation system. (a) When a light ray reaches
]A)l from the black hole interior, the entanglement wedge of ]>1
must connect to the brane, so that l>1 reconstructs a portion of
the interior. (b) When the black hole is causally disconnected
from the black hole interior, the entanglement wedge of Vi

may be disconnected from the brane. . . . . . ... ... ...

XX



Figure 11.3 (a) The radiation system R (time-slice in green) picked out by

Figure 12.1

the connected wedge theorem sits outside the Poincaré patch.
(b) A nearby region Rp inside the patch has R, inside of its
domain of dependence, so that R p has an island whenever Rl
does. The entanglement wedge of Rp (shown in light gray)
will include a small portion of the black hole exterior in its

entanglementwedge. . . . . .. ... ... L.

Schematic diagram of the boundary causal structure in 2-to-3
holographic scattering. The regions j12_>jk are all nonempty,
meaning it is possible for signals to travel from c; and co meet,
and then get to either of r; or r. There are also causal curves
that travel directly from ¢; to r; without passing through any of
the regions j12_>jk. This fact is crucial for the entanglement-

free procedures. . . . . . . . .. ...
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Chapter 1

Introduction

1.1 Quantum tasks in holography

Quantum information theory is the study of how the rules of quantum mechanics
dictate how information can and cannot be processed. Importantly, quantum in-
formation theory is largely uninterested in specific physical systems: it does not
assume a particular Hamiltonian or action, or a specific set of symmetries. This
gives quantum information theory wide applicability to all quantum mechanical
systems, from particles in ion traps to conformal field theories.

Beyond quantum mechanics, additional restrictions on information processing
come from relativity. In particular, in a relativistic context there is a spacetime
manifold, and each quantum system we consider has some trajectory in this mani-
fold. From an information processing perspective this amounts to a set of allowed
communications: information can travel from a point p to point ¢ when ¢ is in the
causal future of p and not otherwise.

In this thesis, we study quantum information theory in a spacetime context, and
apply this to a particular system, AdS/CFT. Our broadest goal is to better under-
stand how quantum information can and cannot be processed in the presence of
the communication restrictions enforced by relativity. In keeping with the quan-
tum information theorists creed, we abstract away from particular Hamiltonian’s

or actions!.

!This distinguishes the approach taken in this thesis from what is usually given the name ‘rel-
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Figure 1.1: (a) The quantum teleportation protocol. Before the beginning of
the protocol, there is a quantum state |¢) held on the left and an entan-
gled state |¥") shared between left and right. At the end of the protocol,
the state |¢)) is held on the right. (b) A quantum information processing
task which happens in a spacetime background, taken to be 2 + 1 di-
mensional Minkowski space for concreteness. Alice is given a quantum
state |1)) at ¢;, and a bit ¢ at co. Her goal is to bring |¢) to r,. This can
be achieved by sharing a maximally entangled state between c; and ¢
and using the quantum teleportation protocol.

Some features of quantum information are unique to a spacetime setting. To
develop an example, begin with a classic topic in quantum information theory,

the quantum teleportation protocol. In teleportation, a quantum system” A; in a

ativistic quantum information’, where the dynamics of objects studied by information theorists are
studied in a particular chosen field theory.

2Each quantum system we refer to, denoted with capital letters X, Y, A1, etc. refers to a different
physical system which can be separately manipulated and moved through spacetime. For example
X may describe a spin 1/2 particle. Mathematically, quantum systems are described as vectors in
a Hilbert space, so that system X is described by a Hilbert space Hx. When describing multiple
quantum systems, say X and Y, we use the Hilbert space composed from the tensor product of each
systems separate Hilbert space, Hxy = Hx ® Hy. The |-) notation denotes vectors in a Hilbert
space, and we add a subscript like |-) x to denote vectors in the Hilbert space H x



state |¢) 4, is sent from one location to another using a combination of classical
communication and an entangled state between the two locations. This is illustrated
in figure 1.1a. To perform the teleportation, an entangled state |¥™) g, g, is shared
between two locations. Then, the A; F; system is measured, producing a classical
measurement outcome. After this, the system FE is in the state Ps|t)), where P
is one of the four Pauli operators {Z, X, Z, Y'}. On the receiving end, the classical
data s can be used to undo Ps and produce the original state |¢), now residing on
the E5 system.

Quantum teleportation has an important consequence in the context of space-
time. To see this, consider the set-up shown in figure 1.1b, which shows an example
of a quantum task. In a quantum task, one party, call them Alice, receives various
quantum and classical systems at a set of input locations, and must process them in
some way before returning them to another set of output locations. In the particular
example shown Alice receives a quantum system A; in the state [1)) 4, at ¢1, and a
classical bit ¢ € {0,1} at co. Alice’s goal is to return [)) to r,. We will refer to
this as the routing task.

Naively, it is difficult for Alice to complete this task. Consider in particular her
dilemma at ¢;: she holds [¢) there, but ¢ is far away. Since [¢)) is quantum, she
can’t copy and send it to both r; and ro. Further, she can’t wait to find out ¢ and
then send it to the appropriate location. This is because we’ve chosen the points
c1, c2, 71,72 in such a way that there is no spacetime location which is in the future
of ¢; and ¢y (so that |¢) and ¢ can be there) and in the past of r; and ry (so that
Alice can send [t} to the correct location once she knows it). Apparently, Alice’s
best strategy is to guess g, in which case she succeeds with probability 1/2.°

Using a maximally entangled state | ¥ ™) i, , however, Alice can complete this
task with probability 1 [42, 55]. To do this, Alice measures A; F1, using the same
measurement as in the first step of the teleportation protocol. Doing so she obtains
the measurement outcome s. This partly solves her problem: since s is classical,
she can copy it and send it to 71 and r5. Additionally, the state on Fs is now Ps|1))
for some Pauli Ps, and which Pauli is fixed by s. Since F is located near cs, Alice

can send the quantum part, Ps|t)), to r,. Thus both s and Ps|t)) arrive at r,. Alice

3In general she can succeed with somewhat higher probability by using an approximate cloning
procedure [38]. She succeeds with probability half in the case where A; is d — oo dimensional.
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Figure 1.2: Minimal surfaces (shown in blue) enclosing the union of two
intervals R; and Ry (shown in green). The entanglement wedge
Ew (R1UR2) (shown in grey) is the region whose boundary is the union
of the regions R; and R> and their minimal surfaces. For large separa-
tions or small intervals the entanglement wedge of the region R; U Ry
is disconnected, while for small separation or large enough regions, the
entanglement wedge becomes connected, as shown at right. The en-
tanglement wedge being connected indicates the mutual information is
large, while a disconnected entanglement wedge indicates the mutual
information is small.

can then undo Ps and hand in [¢) at r,, completing her task.

This protocol for completing the task shown in figure 1.1b highlights an inter-
esting feature of quantum information, and in particular of the quantum teleporta-
tion protocol.* In particular, the task reveals that quantum information can be sent
to an unknown spacetime location by exploiting entanglement.

One of the exciting areas quantum information theory is now applied to is
the AdS/CFT correspondence [60]. There, ideas from quantum information have
played an important role. A key result in relating quantum information and Ad-
S/CFT is the Ryu-Takayanagi formula, which gives the entropy of a subregion of
the CFT in terms of the minimal area of a bulk surface anchored to that portion of

*As a historical note, a similar observation is made in the original paper on teleportation [16].



the boundary,

S(A) = min Arealya] + O(GY)). (1.1)
YA 4G N
An example is shown in figure 1.2. The O(G?V) term is in general much smaller
than the O(1/Gy) term, since we work in the Gy — 0 limit. Closely related to
the Ryu-Takayanagi formula is entanglement wedge reconstruction. In particular
the region enclosed by 7’}1““ U A is called the entanglement wedge, Ey (A). The
entanglement wedge of A is the portion of the bulk which is fully fixed by the
boundary subregion A. Since a particular point in the bulk will be in the entan-
glement wedge of many different boundary subregions, this gives AdS/CFT the
structure of an error-correcting code [4, 40].

Of particular relevance in this thesis will be the case where A is chosen to be
two intervals, R1 U Rs. Then, the minimal surface enclosing R U R2 can take
on two configurations, shown as figure 1.2a and 1.2b. In the first configuration the
entanglement wedge is a connected region, while in the second it is disconnected.

A convenient diagnostic for this transition is the mutual information,
I(Rl :RQ) :S(Rl)—I—S(Rg) —S(Rl URQ). (1.2)

When the entanglement wedge is disconnected, the minimal surface enclosing
R1 U Ry is just the minimal surface for R alone union the minimal surface of
Ry alone. This gives a O(G%;) mutual information. On the other hand, when the
entanglement wedge is connected the mutual information has a O(1/G ) term.

In AdS/CFT relativity plays an obvious and important role; the correspondence
is a description of how quantum field theory along with gravity in d+ 1 dimensions
can be described as a conformal field theory in d dimensions. A central claim of
this thesis is that it is important to apply an understanding of quantum information
theory in a spacetime context to AdS/CFT. In particular, we obtain some simple
but previously unnoticed features of AdS/CFT by doing so.

As an example of how spacetime-unique features of quantum information play
a role in AdS/CFT, see figure 1.3. There, we’ve embedded the routing task into

an asymptotically AdS spacetime. The input and output locations are points at the
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Figure 1.3: (a) When a set of four boundary points {c1, c2, 71,72} has a bulk
scattering region, associated boundary regions (black diamonds) must
share large correlation. (b) When there is no scattering region in the
bulk, the boundary regions need not share large correlation. This figure
is reproduced from [63].

boundary of AdS. In the AdS/CFT correspondence, we can look at this task from
two perspectives. First, consider a bulk perspective. There, given the way in which
we’ve chosen the four points ci, co, 71, 72, We can use a naive strategy to complete
the task in the bulk: bring |¢)) from ¢; and ¢ from cy together at p, then route
|4) towards 74. In the boundary however there is no such point p that sits in the
future of ¢ and cg, and the past of 71 and 2. Consequently an entanglement based
strategy is necessary to complete the task. Since the boundary CFT describes the
bulk, we can conclude that whenever p exists in the bulk, the boundary will have
the necessary entanglement to complete the task. This leads to two associated
boundary regions necessarily having large mutual information, and consequently a
connected entanglement wedge.

A refinement of this reasoning leads to the connected wedge theorem, a central

result to be discussed in this thesis.



Theorem 1 (2 — 2 Connected wedge theorem) Pick four regions él, éQ, 7@1, 7%2
on the boundary of an asymptotically AdS spacetime. From these, define the input

regions

J~(Rs). (1.3)
Assume that C; C V. Define the entanglement scattering region
JE 10 = JT(C1) N TT(C2) N T (R1) N T~ (Ra), (1.4)

where C; = Ew (C;) and R; = Ew (R;). Then, J&, 15 # & implies that I(V; -
Vo) = O(1/Gy), or equivalently that Ey (V1 U Vy) is connected.

It is interesting that the connected wedge theorem provides a relationship between
causal features of the bulk geometry and boundary entanglement. This is qualita-
tively distinct from the Ryu-Takayanagi formula, which relates spacelike surfaces
in the bulk to boundary entanglement.

More broadly, in this thesis we develop and argue for the utility of a general
framework relating relativistic quantum tasks in the bulk and boundary perspec-
tives. The 2 — 2 connected wedge theorem is one output from this framework.
A related application of the same framework also leads to a variant of the con-
nected wedge theorem that applies in AdS spacetimes featuring an end-of-the-
world brane. Beyond these examples, there may be many more connections be-
tween the bulk and boundary descriptions in AdS/CFT to be found by reasoning
about quantum tasks. This adds further motivation to our initial goal, stressed
above, of better understanding quantum information theory in a relativistic con-

text.

1.2 QOutline of this thesis

We begin in chapter 2 with an introduction to quantum information theory, covering
core topics including quantum channels, distinguishability of states and channels,
entropy, and quantum error-correction. An unusual inclusion is port-teleportation,

which plays an important role in section 4.4 and chapter 12.
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Chapter 3 presents a handful of topics in quantum cryptography: secret sharing,
the one-time pad, and monogamy games. Each of these serve as tools later in the
thesis. In particular secret sharing and the one-time pad are used in chapter 5 to
construct localize-exclude protocols, and the one-time pad appears again in section
9.3 when we discuss a loophole in the quantum tasks argument for the connected
wedge theorem. Results on monogamy games are essential to the necessity of
entanglement proof given in section 4.5 and the information theoretic argument for
the connected wedge theorem.

Chapter 4 presents an overview of relativistic quantum tasks, the first exam-
ple of which we saw in figure 1.1b. A core idea will be making precise when a
quantum system is or is not inside of a given spacetime region. We then discuss
a particular class of quantum tasks relevant to another topic in quantum cryptog-
raphy, position-based cryptography, and the non-local computation based cheating
strategies. This detour culminates in section 4.5, where we give lower bounds on
the mutual information present in resource states used for non-local computation.
These bounds form the technical core of the information theoretic arguments for
the connected wedge theorem.

Chapter 5 presents a contribution towards better understanding relativistic quan-
tum tasks. In particular we study a class of tasks which require Alice localize a
single quantum system to a collection of spacetime regions, while keeping that sys-
tem out of (excluding it from) a second collection of regions. We give a complete
characterization of when this is possible. Using a combination of teleportation,
quantum error-correction, classical secret sharing, and the one-time pad, we also
construct explicit protocols for completing the task whenever it is possible.

Chapter 6 presents some background material in general relativity, including a
discussion of AdS space and the area theorem. The area theorem is used in chapter
9 to prove the 2 — 2 connected wedge theorem geometrically. We also give the
area theorem in the presence of an end-of-the-world brane, which is used in chapter
11 to prove the 1 — 2 variant of the connected wedge theorem. We have not seen
the area theorem discussed in that context previously, though it is a straightforward
application of Stokes’ theorem.

Chapter 7 gives a brief overview of the AdS/CFT correspondence. To make the

correspondence precise, we discuss the identification of the bulk field content from



the boundary operator content, and give a path integral perspective on the map-
ping between bulk and boundary. Then we discuss the Ryu-Takayanagi formula,
which we introduced above as equation 1.1 and which relates bulk areas to bound-
ary entropy. We also discuss the entanglement wedge Eyy (A), which is the bulk
region which can be recovered by using the boundary density matrix p 4. Finally,
we discuss AAS/BCFT, an adaptation of the AdS/CFT correspondence to the case
where the CFT lives on a manifold with a boundary. The 2 — 2 theorem applies
to AdS/CFT, while the 1 — 2 theorem applies to AdS/BCFT.

Chapter 8 gives our framework for applying relativistic quantum information
theory to AdS/CFT. To do so, we give a prescription for identifying a quantum task
in the bulk with a quantum task in the boundary. Then, we argue that the boundary
task always has at least as high of a success probability as the bulk one. We give
a few basic examples of this and some simple conclusions we can draw from it.
These examples already are known in the literature but we point out how they fit
into our framework.

Chapter 9 focuses on the 2 — 2 connected wedge theorem. We give the quan-
tum tasks argument, outlined in the introduction, and discuss in detail a possible
loophole to this argument. Then we give the proof of the connected wedge theorem
from general relativity, which uses the discussion of the area theorem from chapter
6.

Chapter 10 focuses on the 1 — 2 connected wedge theorem. We give the
quantum tasks argument, highlighting the qualitative distinctions from the 2 — 2
theorem. Next we give the relativistic proof of this theorem, which is similar to
the proof of the 2 — 2 theorem but uses the area theorem in the presence of a
boundary.

Chapter 11 discusses the formation of islands in the Ryu-Takayanagi formula,
which are disconnected regions in the entanglement wedge. Islands form in partic-
ular in the evaporation of black holes. Intriguingly, the 1 — 2 theorem can be used
to give a causal perspective on when an island forms, at least in certain models of
black hole evaporation based on AdS/BCFT. We first give the relevant background
on islands and black hole evaporation before explaining how the 1 — 2 theorem
can be applied.

Finally, in chapter 12 we discuss possible insights into quantum information



theory stemming from the AdS/CFT duality. In particular, the connection between
AdS/CFT and non-local quantum computation (NLQC) revealed by the connected
wedge theorem suggests improvements in existing NLQC protocols should exist.

We discuss prospects for better understanding this in the future.

10



Chapter 2

Quantum information

This chapter is review material, the key sources used are [49, 85, 86, 99].

In this chapter I review some ideas in quantum information theory. While many
of these topics are well known to many researcher in AdS/CFT, the presentation
here is slightly non-standard in emphasizing operational aspects of these topics.
This emphasis is consistent with the operational perspective taken in the quantum
tasks framework we develop later on. We also describe port-teleportation, a topic

which is largely unknown in the AdS/CFT community.

2.1 Quantum channels and measurements

States in quantum mechanics are described by vectors in a Hilbert space, and the
dynamics of those states is described by unitary operators. More generally, we may
be interested in the dynamics of a subsystem, say the A subsystem of a Hilbert
space H a4 = Ha ® Has. In this case the state is described by the density matrix
PA.

How do we describe the dynamics of a subsystem in quantum mechanics?

Quantum mechanics allows evolution according to a quantum channel.

Definition 1 A map Na_. g from H 4 to Hp is said to be a quantum channel if it

11



can be written in the form

Nassp(pa) = trax(Uasx (pa ® [0)0|5x)UN 4 x). 2.1)

The state |0) apx is fixed and independent of p 4.

In words, a quantum channel consists of doing a unitary on the system of interest
plus some ancilla system, then tracing out all but the output system.
A more compact and often useful representation of quantum channel is given

by its Kraus decomposition,

Nasp(pa) =) EepaBl. (2.2)
k

The operators Ej, can be calculated from the unitary Uspx according to Fj =

(k|axUapx|0) Bx, which we can see from a simple calculation,

Nassp(pa) = tax(Uapx(pa © [0X0[5x)UN 5x)s
= ((klaxUapx|0)5x)pa((0lBxUapx|k) ax)- (2.3)
k

From this we immediately learn that ), E};Ek = 7. Equation 2.2 along with the
condition ) E,Z E, = I is in fact another, equivalent, way to define a channel.

Notice that while unitary evolution is always reversible, quantum channels
need not be. For instance a channel where the unitary U x ® Zp swaps p 4 with the
|0X0|x ancilla erases all information on A and is irreversible. Understanding how
well, if at all, a quantum channel can be reversed will be one theme throughout this
introduction.

Quantum channels describe the dynamics of quantum systems when we can
add and trace out subsystems. We can describe measurements in the same setting.
Considering only an isolated quantum system A in state p4, measurements are
described by a set of projectors {II;} satisfying >, II; = I. We obtain outcome
|1;) with probability

pi = tr(Il;pa), (2.4)

12



and after measurement the state is

I p ATl
i)l = '; A (2.5)

1

If we have access to an additional subsystems, we can do a more general class of

measurements.

Definition 2 A quantum measurement is described by a set of operators {M;}
such that )", MZTMi = 1. The probability of an outcome 1 is given by

pi = tr[MipaM]] (2.6)

and the post-measurement state is

MM
piy = =0 2.7)
pi
To understand how this type of measurement arises by adding subsystems, consider
that after adding in an ancilla |0)(0|p and applying a joint unitary Up the joint

state is
Uan(pa @ |0)0|p)UT, (2.8)

After doing this, we can do a projective measurement on the AP system. Then the

post measurement state is

Py = IUap(pa ® 0)0|a) U, I
= I;U 4/ |0) 4 (pa) (0] ar Uy T
_ ijM]T (2.9)

where we defined M; = I1;U4.4/[0) 4r. The relation M;Mj = [ is then satis-
fied because ) | ;1j = I and Uy is unitary.

In some settings it is not important what the post-measurement state is. In this
case we need only keep track of MZ-T M;, since this is the object needed to calculate

the probabilities p; of each outcome. This leads to our next definition.

13



Definition 3 A POVM (or ‘positive operator valued measure’) is defined by a set
of positive operators A; > 0 such that ), A; = I. Performing a POVM leads to
outcomes i with probabilities p; = tr(\;p;).

To illustrate POVMs we give a useful example below.

Example 1 The pretty-good measurement is a POVM which is useful in distin-
guishing among a set of non-orthogonal states, call them {o'}. We would like to

ensure that the guessing probability

Pguess = Ztr (Hzaz) (2.10)

(2

is high, and need to choose 11; appropriately. A simple way we might do this is to
take the T1; to be the states o* themselves — this seems like a sensible step towards
maximizing the overlap between 11' and o'. The o* are indeed positive operators,

but they are not normalized. To define normalized POVM elements we define
A, = oV Pgiem /2 (2.11)
with

o= Z o' (2.12)

and the inverse defined as inverting the support of o and leaving the zero compo-
nents unchanged.
We can wonder how good the pretty-good measurement actually does at maxi-

mizing the guessing probability. One can show that

pguess(optimal) < \/pguess(PGM) (213)

that is, we only lose out by a square root. For this reason the pretty-good measure-

ment is also sometime called a square-root measurement.

Finally, we note that quantum measurements can themselves be described as

14



quantum channels. Given a measurement {1/ }, define Kraus operators
Ej=M;®|j)p. (2.14)

The condition _; M j M; = I then gives that E}Ej = I as needed. Then the

associated channel is

M(p) =" MipM! @ |j)jlp 2.15)
J

It is also helpful to write this in terms of the post-measurement states 2.7,
M(p) = pir’ @ 1i)ilp- (2.16)
J

Thus we can understand the channel as preparing a statistical mixture of the post
measurement states along with the measurement outcome recorded into P, weighted
by each outcomes probability. Finally, we can note that because a measurement
can be described as a channel, it can understood as unitary evolution with a larger
system followed by the trace.

In this section we have understood the most general form the dynamics of a
quantum subsystem can take, which is a quantum channel. Building on this, we
will be interested throughout this thesis in how quantum systems can (and cannot)

be evolved in a spacetime setting.

2.2 Distinguishability of quantum states

Here we will develop a number of tools that quantify how similar or different two
quantum states are. These quantities will be used in a number of places in this the-
sis, including our lower bound on the entanglement required in non-local quantum
computation, as we discuss in section 4.5.

Our first measure of how similar two quantum states are will be a guessing
probability. In particular, suppose that you are given either the state py or the state
p1, each with probability 1/2. Then, we will allow you to make any measurement

in an attempt to learn if the state is pg or if it is p;. The most general possible
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measurement is described by a POVM with two elements {Ag, A1}, so that

. 1
Plauess (P05 p1) = 5 Dnax (tr(poAo) + tr(A1p1)) . (2.17)

0,431

Recall that all POVMS have >, A; = I, which here is just Ag + A; = I, so that

we can rewrite the above

1 1
Pauess(P0, p1) = 5 + 5 H}\%Xtr(AO(ﬂo - p1))- (2.18)

While the guessing probability is nicely physical quantity, our expression for it
right now involves an optimization. It would be mathematically more convenient
to find a closed form, which in particular means finding the optimal Ay. Doing so

will lead us to the following definition

Definition 4 The trace distance ||po — p1||1 is defined by

lloo = palls = tr/ (o — p1)T (60 — ). (2.19)

The trace distance is, mathematically, a good notion of ‘distance’ between quantum
states in that it satisfies the usual properties of a distance function: it is 0 when
po = p1 and positive otherwise, symmetric, and satisfies the triangle inequality.
Conveniently the trace distance appears in the closed form for the guessing
probability, giving the trace distance an operational interpretation, in addition to its

nice mathematical properties. This is the content of the next lemma.

Lemma 1 The guessing probability for distinguishing correctly between two den-

sity matrices pg, p1 is given by

11
Piuess(P0> P1) = 5+ ZH/JO —p1lh (2.20)

A proof is given in [99].

There are many other notions of distance between quantum states, which in
certain settings may be more useful than the trace distance. A second natural object
to consider is the overlap of two pure states |(1)|¢)|. For |1)) = |¢) this overlap is

1, and for similar states we expect it is close to 1.
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To turn this idea into a useful quantity we first need to generalize the overlap

to mixed states. The generalization of the overlap to mixed states will be called the
fidelity.

Definition 5 The fidelity is defined by

F(p,0) = max [(plo)| (2:21)

where the maximization is over all purifications of the mixed states p and o.

It is useful to note that the maximum value is achieved also for a fixed purification
of p and maximizing only over the purification’s of o, or vis versa.
Similar to the trace distance, the fidelity also has a convenient closed form in

terms of the density matrices p and o. This is given in the next lemma.

Lemma 2 The fidelity is given by

F(p,0) =tr\/\/po+/p. (2.22)

In many cases it is more convenient to work directly with the maximization for-
mula, but it is satisfying that there is also this simple expression for the fidelity.
To establish that the fidelity is a good measure of the similarity of quantum

states we can note a relation between the fidelity and trace distance [32].

Lemma 3 The trace distance and fidelity are related by

1
I F(p,0)§§||p—0'||1§ \/1—F(p,0‘). (2.23)

From this we have that when the trace distance is near O the fidelity is close to 1,
and when the fidelity is close to 1 the trace distance is near 0.

Next we give a third object used to measure how distinguishable quantum states
are, called the relative entropy. The relative entropy, like the trace distance, has an
operational interpretation, though now the setting is changed. We suppose that
Alice receives either p,, = p®™ or o, = 0®™. Alice would like to determine which
of the two states she has received, and will use a POVM {Af,, AZ}. There are two

types of error that Alice can make,
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* Type I: Alice identifies the state as o when it is p. This occurs with proba-
bility p(c|p) = tr(p,A7).

» Type II: Alice identifies the state as p when it is 0. This occurs with proba-
bility p(p|o) = tr(a,AL).

We will suppose that Alice is particularly concerned about type I errors, and so
will require that tr(p,A%) < ¢, and then will choose her POVM so as to minimize
the type I error subject to this constraint. Notice that it is always possible to
reduce the type I error below the given value of e, since Alice could for instance
simply always declare the state to be p.

The quantity we are interested in then is
Pen(p,0) = rIAlgn{p(p\a) | p(olp) < €} (2.24)

We would like to turn this into a measure of how distinguishable p and o are.
To do this we need to remove the n dependence of the above probability. To see
how to do this, notice that we expect this error to go to zero exponentially in n.
This is because in a simple case where we test each tensor factor individually and
correctly identify the state with some probability over 1/2, our error probability in

—nD(pl||o)

identifying the state goes to zero like an exponential, p. , ~ e . Given this

we expect we can remove the n dependence by studying the following quantity.

Definition 6 The relative entropy is defined by

1
D(pllo) = — lim —logpen (2.25)

Notice that it follows immediately from this definition that the relative entropy is
non-negative.
A classic result called Steins lemma gives a closed form expression for the

minimal error.

Lemma 4 The relative entropy is given in closed form by

D(p|lo) = tr(plogp — plog o). (2.26)
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The proof can be found in [46].
We should relate the relative entropy to the fidelity and trace distance, our two

earlier measures of distinguishability.

Lemma 5 The fidelity and relative entropy are related by

D(pllo) = —logy F(p,0). (2.27)

Combining this with Lemma 2.23 then completes the set of relationships among
the trace distance, fidelity, and relative entropy.

Finally, we note an important property of a measure of distinguishability, which
is its monotonicity under the action of a quantum channel. In particular, the fol-

lowing three inequalities hold.

lp=oll = IV (p) = N(o)]l1,
F(p,0) < F(N(p),N(0)),
D(pllo) = DN (p)|IN (o). (2.28)

While each of these can be proven mathematically from the closed forms for these
quantities, they also follow immediately from their operational meanings. In par-
ticular under the action of a quantum channel states must becomes less distinguish-
able, since any procedure for distinguishing p and o could begin with applying the

channel.

2.3 Distinguishability of quantum channels

In the last section we focused on distinguishing between quantum states. In many
settings we will instead be interested in distinguishing between quantum channels.
For example, we might want to reproduce the effects of one quantum channel with
another. If we can show the ideal and approximated channels are nearly indistin-
guishable, we’ve shown we’ve reproduced the ideal one well.

As with quantum states, there are various different objects which describe the
distinguishability of quantum channels. We will be most interested in the diamond

norm distance, which is closely related to the trace distance introduced in the last
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section.

The setting for the diamond norm distance is as follows. Alice is given a usage
of either channel M or channel AV, each with probability 1/2, but is unaware of
which channel she is using. She can choose which quantum state to input to the
unknown channel, and then will perform any measurement on the channels output
in an attempt to determine which channel she used.

Her success probability in guessing the channel is

Plucss (M N) = max Paucss([r @ M(|¥)ga), I @ N([¥)Ra)) (229
RA
Note that we have Alice maximize over her choice of input state. Further, she can
in general input the A subsystem of some pure state |¥) g4, and then measure both
the R and A systems in her attempt to identify the channel.
Using the expression for the guessing probability between states in terms of the

trace distance, we can rewrite the guessing probability for channels,

1 1
Pauess (M, N) = o + — max [[[r @ M(|¥)ga) — IR @ N (W) ra)ll1 (2.30)
2 4|V)ga

This leads to the following definition of the diamond norm distance,

Definition 7 The diamond norm distance between two channels M, N is defined
by

M= N|o = ‘I\I%ax 1Ig @ M(|W)ga) — IR @ N (1) ra)| 1 (2.31)

The diamond norm distance satisfies the triangle inequality, is symmetric, and is
zero if and only if M = N/, as needed for a distance function. Note that there is
no known closed form for the diamond norm distance, though efficient algorithms
are known for computing it [15].

Next, we discuss a channel analogue of the fidelity.

Definition 8 The entanglement fidelity F'(E, F) is defined by

Fo(€,F) = F(Ir® E(W YU |ra), Ir ® F([TNTT|Ra)) (2.32)
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where F(p, ) is the fidelity defined for quantum states, and |U+) g4 is the maxi-

mally entangled state.

In words, the entanglement fidelity F'(€, F) looks at how similar of a state £ and
F produce when acting on one end of a maximally entangled state.

Notice that while the entanglement fidelity is defined by acting the channels
on one fixed state, the maximally entangled one, the diamond norm distance was
defined by optimizing over states. Despite this, there is a relationship between the

entanglement fidelity and the diamond norm distance.

Lemma 6 The diamond norm distance and entanglement fidelity are related by

[|€ = Fllo < dav/1— Fe(E,F). (2.33)

Reference [13] contains a proof of this, see corollary 2.2 there. Heuristically, this
follows because if the channels are similar on the maximally entangled state, by
linearity they must be similar on each element in the superposition which forms the
maximally entangled state. But the maximally entangled state is a superposition
of each basis element in the Hilbert space, so the channels must be similar for all

states.

2.4 Entropy and mutual information

In this section we review the von Neumann entropy and a few related quantities.
Because these objects are by now familiar to the AdS/CFT community we keep
our discussion brief.

We begin by defining the von Neumann entropy.
Definition 9 Given a density matrix p 4, the von Neumann entropy of A is defined
by

S(A), = —trpalogpa. (2.34)

This object has an important operational meaning: given a state pf”, nxS(A),is
the number of uses of the identity channel Z 4, p needed to reproduce p on the B

subsystem. Since each use of the channel lets us transmit one qubit of information
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to Bob, we see that S(A), is measuring the number of qubits of information stored
in A. For a review see for example [99].
To gain some intuition for the von Neumann entropy, notice first that the en-

tropy of any pure state is 0. Second, the maximally mixed state

I
p d (2.35)

has von Neumann entropy log d, which is its maximal possible value.
Another object we will make use of in this thesis is the mutual information,

defined in terms of the von Neumann entropy below.
Definition 10 Given a density matrix p op, the mutual information is defined by
I(A:B),=5(A),+ S(B),— S(AB),. (2.36)

The mutual information is related to the relative entropy given in lemma 4. Indeed

a simple calculation reveals that

I(A: B), = D(pasllpa ® pp). (2.37)

In words, the mutual information is a measure of distinguishability between a quan-
tum state p 45 and the product of its marginals p4 ® pp'. This indicates that the
mutual information measures how correlated the A and B subsystems are. To gain

some intuition for the mutual information, consider the maximally entangled state

(100)ap +[11) aB) . (2.38)

N | =

U ) ap =

The reduced density matrices for A and B are maximally mixed, while the state on
AB is pure. Thus the mutual information has a value of 2. On the other hand if we
inserted the product state [00) 4. Then the mutual information would return 0.

Importantly, the mutual information measures classical correlation, not just en-

'In fact, the product of the marginals is the closest product state to pap, so I(A : B) p =
ming , g0z D(paB|loa @ op).
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tanglement. For instance suppose we had the state

pas = 5(10X014 ® 0015 + 11114 ® [1)1]5) (2.39)

This corresponds to Alice and Bob holding a single perfectly correlated classi-
cal bit. Then the mutual information is 1, so that the classical correlation is still

counted, although at half the value.

2.5 Inverting quantum channels

A basic feature of the dynamics of quantum mechanics is that, if we consider the
full system, it is reversible. This is because the dynamics is implemented by a
unitary U, which always has an inverse UT. This corresponds to the fact that in-
formation is preserved in quantum mechanics. In the context of quantum channels,
which capture the dynamics of subsystems, information may be lost. Acting with
some channel A4, we can ask if some of the information in A is lost to some other
system, call it F/, potentially preventing A4 from being reversible.

Our goal in this section will be to understand when a channel N4 is reversible.
In doing so, we will introduce a number of techniques that will prove valuable later
in this thesis. As well, we will simplify the discussion of quantum error correction

in the next section. Our presentation loosely follows [85, 86].

Channel acts on a fixed, known state

We will first of all consider the case where the channel acts on a single, fixed
state. We will assume further that the state is known, and ask when we can undo
the effect of AV4. Naively, the problem is trivial: if we know the state we could
just toss out the channels output and prepare a new copy of the state. However,
there is a complication. The channel acts on a subsystem A, and we want to undo
its action by acting again only on A. If the input to the channel is a joint state
|¥) g4 however, in general we cannot prepare this state by acting on A alone.
Indeed if | V) r4 is entangled and N4 breaks the entanglement between R and A,
by for instance throwing out A and replacing it with a fixed state, we cannot hope

to recover |¥)r 4. This means the question is non-trivial, and we will search for
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a condition that expresses when the action of A4 on some state |W)r4 can be
undone.

We use the Schmidt decomposition [73] to write the state in the form
W) rg = Y VAklk)rlk)a. (2.40)
k

The channel A4 will act on the A subsystem of this state, while the R system will
remain untouched. Recall that quantum channels can be implemented as unitaries

acting on some larger system, then performing a partial trace,
Na() = rpUap(- @ [0)X0|g)UT ;. (2.41)
We will postpone taking the trace, and think about the state

|®)rar = Uag|¥Y)ral0)E. (2.42)

We would like to understand when, by acting on A, we can undo the effect of U g
and restore the state |¥) z4. It will be convenient to understand this in terms of
features of the state |®) par.

To understand when we can reverse the channel N4, it is helpful to recall our
original intuition for when this might not be possible. If information escapes from
A into the FE system, it won’t be possible to act on A alone and restore the original

state. This suggests a natural condition to study is
I(R: E)p =0. (2.43)

That is, when the reference system, initially correlated with A, remains uncor-
related with £ we expect A has not lost information to £ and we can undo the
channel. We claim that we can undo the channel A acting on |¥) if and only if this
is zero.

To understand this in more detail, recall that

I(R: E)e = D(®re||Pr ® ®g), (2.44)

24



so that zero mutual information means
Prp=Pr® Pg. (2.45)

We know also know that the state on RAF is pure. These two facts suffice to show
that |®) is in the form

B rae = Y/ Ak k)R [Wr)a D (2.46)
k,l

where all of the sets of states {|k)r}, {|l) g} and {|1x;) 4} are orthonormal. This
is sensible, as the above form has correlations between R and FE, but only though

Y.

From the form 2.46, we can understand how to invert the effect of the channel
N4 and recover |¥) p4. It is helpful to think about this recovery in two steps. First,
apply a measurement { M}

MYy = k) vrlo- (2.47)
k
After doing so, we hold one of the states
> VR R ) a ll) e (2.48)
k
and we know the value of /. Then, we can trace out the F system, leaving

> VAR R [$r) a- (2.49)
k

Finally, apply the unitary U; defined such that

Ullbr)a = |k)a (2.50)

which recovers |W)ra. This shows that if I(R : E) = 0 we can recover the
original state.

Since measurement and the conditional unitary are both channels, we can com-
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pose these together and describe the entire recovery procedure as a channel Ngl.
We refer to this as a recovery channel, as it recovers the state on A after the action

of the channel N 4. Another way we can summarize this is to write
Nty o Na( )P ra) = [O)XP|ra. 251)

We can also show the converse, which is that if we can recover the original state
then I(R : E) = 0. To see this, we express the mutual information in terms of
the relative entropy, then use monotonicity of the relative entropy (equation 2.28)
to find

I(R:E)y-19-y < I(R: E)xw—o < I(R: E)y (2.52)

Then note that in the ¥ state F is not correlated with R, so that /(R : F)g = 0,
and so I(R : E)e = 0 as needed.

Unknown state

In the last section we developed a recovery channel which works for a specific
choice of input state. In general, we may not know the input state, and are interested
in understanding when an inverse exists, that is when there is a channel ./\/X1 such
that

NitoNs=1. (2.53)

To understand when this exists, we can actually notice that choosing |¥) to be
a maximally entangled state produces a channel that works for all states. This

observation is summarized in the next theorem.

Theorem 2 Inverse channels: Given a quantum channel Ny, an inverse channel

exists if and only if

I(R:E)p =0 (2.54)
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where the state ® is defined by

1®)rap = (Ir @ Uag)(|¥")ra ®|0)) (2.55)

and U A is any unitary extension of the channel N 4.

To understand this theorem, consider choosing |¥) = [¥1) p4 (the maximally
entangled state) and acting with the channel A/4. Then from the last section, we
know that

Ny oNa(UFN T ga) = [UFNTH pa. (2.56)

But, now consider teleporting some system A’ in state 1)) 4 using the entangled
state on RA. First suppose that we perform the teleportation after Xiw has been
performed. Then the state on RA is maximally entangled, and we reproduce the
input state on the A system, so the final state is |1)) 4.

Next suppose that the we perform the Bell basis measurement on A’ R before

applying the inverse or direct channels. Then the state on A is
XM 77 0 Ny s o Na(XM Z521) 4). (2.57)

Our measurement on A’ R must commute with the action of the channel on A, so

we find
)4 = X" Z82 o Ny o Na(XF1 ZP2[9) 4). (2.58)
Moving the Pauli’s to the left and redefining X*1 Z*2|¢)) — |¢), we learn
)4 = Npgr oNall)a)  VIY) (2.59)

From here, it is straightforward to show that /\/Z{I, + o N4 also acts trivially on

subsystems of a larger pure state. Doing so requires that we show
N+ o Na(lkXt) = [kXI] (2.60)
It is straightforward to do this by studying the action of the channel on |+) =
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(k) +11))/2 and | =) = (k) —[1))/2.

Unknown state, approximate decoupling

Finally, we will show that an approximate version of theorem 2 also holds. That
is, if the channels output is nearly decoupled from the environment, then there is a

channel that nearly reverses it.
Theorem 3 Inverse channels: Given a quantum channel N 4, suppose that
I(R:FE)p <e¢ (2.61)
where the state P is defined by
1) par = [r @ Uap) (¥ ) ra ® |0) k) (2.62)

and U 4 is any unitary extension of the channel N 4. Then there exists an approx-

imate inverse channel N=' such that
F(9)ra, ZONT o NW)pa) = 1 = Ve (2.63)
Proof. Recall that
I(R: E)e = D(prE : PR ® PE). (2.64)

So that the relative entropy above is small. Relating the relative entropy to the trace
distance by Pinskers inequality, and then the trace distance and the fidelity by the
Fuchs van de Graff 2.23 inequalities, we learn that

F(pre,pr® pg) > 1 — /e (2.65)

We know that some particular pure states will realize this fidelity,

F(prE, pr ® pp) = |(®|®) gaE|. (2.66)

The state |<i>> RAE 1s a purification of pr ® pg, so has zero mutual information
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I(R : E)s = 0. This means the recovery channel described in the last section
works perfectly for this state, so there exists a channel £ which recovers |¥) g4
from this state. Our basic strategy is to use the fact that ® is close to d to show that
this map approximately recovers ¥ from & as well.

We know that the fidelity increases under the action of a channel, so
F(wpa, |¥)ra) > [(D|D) pore| (2.67)
where wp 4 is the state we recover from |®) by applying £. Then use

F(wra, W) ra) > [(¥|9) gag]
= F(prE, PR ® PE)
—1- e (2.68)

Thus the state we recover is approximately the original one, as needed. m

2.6 Quantum error correction

In the context of performing useful tasks with quantum information, it is some-
times necessary to protect against the loss of information. To do this, we encode
a quantum system 7y, into a larger Hilbert space Hp, via an encoding channel
&1 p. Then, some noise channel occurs, which acts on the H p space and maps it
into some space P’. In this thesis we will only be concerned with the case where
the noise channel consists of tracing out some subsystem of P, which we call an
erasure error, so that P’ is a subsystem of P. The hope is that by choosing the
encoding channel appropriately we can reverse the effect of at least some erasure
errors and recover the L system (which also lets us recover the P system, since we
can re-apply £, p). A choice of encoding channel £ defines an error correcting
code.

We can use the recovery condition from the last section to understand when we

can correct the error channel. We consider the maximally entangled state |U1) gy,
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kEe{l,...,M}

II; With high fidelity, |1)

/~ appears on the By, system.

V) ar
N

N
®z’:1 |\I]+>A7;Bi

Figure 2.1: The port-teleportation protocol. A state |t) is held in system
A’, along with N entangled systems |[UF) 4.5.. A POVM {A*} is per-
formed on the A’ A system producing output k& € {1, ..., N}. The state
|1) then appears on the By, system with a fidelity controlled by 1/N.

and apply the encoding channel,
@) pp =1 ®Ep|PT)RL (2.69)

Theorem 2 tells us we can recover L exactly when R is unentangled with the en-
vironment. For the erasure channel considered here, the environment is just the

traced out subsystem P \ P’, so we can recover when
I(R: P\ P)e =0. (2.70)

Thus given an error correcting code, we can understand which subsystems it is
possible to recover the logical system from by encoding a maximally entangled
state and then calculating the mutual information of various subsystems with the
reference system. Similarly, we can define an approximate error correcting code by
requiring the state be approximately recovered, and the corresponding condition is

that the mutual information above be small.
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2.7 Port-teleportation

In this section we describe the port-teleportation protocol, first introduced in [49].
Port-teleportation will be important in understanding the non-local quantum com-
putation protocols described in section 2.7.

The basic steps of any teleportation are as follows.

1. Distribute an entangled resource state | V') 45 between Alice and Bob, where
Alice holds A and Bob holds B. Further, Alice prepares the state |1)) 4/ she
would like to send to Bob.

2. Alice performs a POVM measurement M = {F, }, on the AA’ system.

3. Alice sends Bob the classical measurement outcome x.

4. Bob applies some channel C,, to B.

The teleportation is successful when the final state on B is |¢) .

The most familiar example of a teleportation procedure is occurs when A’ is a
qubit, |¥) 4 = |¥T) 44 is the maximally entangled state, and the measurement
is in the Bell-basis,

M= {0 44, Xal O ) ara, ZalY Y ara, XaZa| W) ara} (2.71)

We will call this Bell-basis teleportation, or just teleportation when it is clear from
context that we mean this procedure specifically. An important fact about Bell-
basis teleportation is that after Alice’s measurement the B system is in one of the

states
Zp XF ) B (2.72)

Bob’s correction operation is to apply Z5' X7, which he can do once he receives
T = x129 from Alice.

Now consider a different teleportation procedure, known as port-teleportation
and illustrated in figure 2.1. In port-teleportation the entangled state is

(W) ap = @[ WH) 4,8, (2.73)
The measurement will produce an outcome x € 1,..., N, and the correction op-
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eration will be to trace out all but the xth subsystem B;. We will discuss below
how the measurement can be chosen to achieve this. The key distinctions between
port-teleportation and Bell-basis teleportation are that 1) N may be quite large, so
that the dimensionality of the resource system is much larger than the input system
A’ and 2) The correction operation is the trace, which has the interesting feature
of commuting with unitaries ®;Up, acting on each output ‘port’ B;. We discuss
below why this is a valuable feature.

Lets understand how to choose the measurement step to achieve the desired

functionality of port-teleportation. Let’s begin by writing the entire teleportation

) Bk—>B/

The final subscript indicates that we relabel the By, system as B’ after taking the

procedure as a quantum channel,

N
<® ‘\II+><\IJ+‘A1'B¢> ® UZI’
=1

N
Tasp(0) = ttyup, (A]ZXA’
k

trace. System By, refers to By...By \ B. We can take the trace over By, explicitly,
leading to

7j4/_>b(0fﬁ) = ZU‘AA/ (AIZA’ [O'ZB & Ufﬂ]) , 2.74)
k

where the states affl p are defined by

N
ohip = trp, <® |‘1’+><‘1’+|Ai3i> »

1=1
= [UFNUF |45 ® g, - (2.75)

Note that we’ve already done the relabeling to B’.
We will use the entanglement fidelity introduced in section 2.3 to quantify how
close our teleportation channel 7 is to the identity. When one of the inputs in the

identity, the entanglement fidelity simplifies to

Fo(T, 1) =t (Vg (Io @ Tarsp) (¥ia)) - (2.76)
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Later we will try to make this as large as possible by a careful choice of measure-

ment { Ay }. We can insert the form of our channel into the expression above,

k

To simplify this further, we can move the A ,, operator to act on AB’. To see how

to do this, we can make the observation
(I @Oy xy = (0% @ D)9 xy (2.78)

where the T superscript indicates the transpose. In our case Alj‘ 4 18 acting on the
left of \IIJCC 4> SO We can use a (partial) transpose to write this as an operator on the
AC system. Then note that A 4¢ is acting on the right of 1112“j > S0 we can undo

that same transpose to write it on the AB’ system. This gives

Fo(T. 1) = (Ul Mg (ohip @ L),
k

g Z tr(\I/Z/BIA,’ZB/ (O-IIZB/))7
k

k

Notice however that this is a guessing probability: it’s the probability of guessing
o® correctly using the POVM {A*}. In section 2.1 we discussed a sensible way to

do this called the pretty-good measurement, which uses POVM elements
AF = o726k 0712, (2.80)

Using the explicit form of the states o given in equation 2.75, we can calculate
the entanglement fidelity when taking A* to be defined by the pretty-good mea-
surement. This turns out to be bounded below by

a2 -1
FAT,I)>1— N (2.81)

Using lemma 6, we can also bound the diamond norm distance between this tele-
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portation channel and the identity,

4d?
IT=Zllo < —= (2.82)
*T VN
Because the diamond distance measures how distinct the two input channels are
maximized over input states, this bound shows that the teleportation channel works
well for all input states.
To gain further intuition for port-teleportation, it is helpful to write out the

POVM elements explicitly,
Mg =02 (WU g0 @Tg) 02 (2.83)

Ignoring for a moment the normalizing o—1/2 factors, these are intuitive: they are
projecting in an EPR pair between A’ and the A; system, which just means mapping
the A’ to the B; system identically. The addition of the o—'/2 factors smears these

projectors such that this forms a complete measurement basis.
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Chapter 3

Quantum cryptography

In addition to the topics in quantum information theory described in the last chap-
ter, this thesis will also make use of a number of topics in quantum cryptography.
In particular chapter 5.1 deals with a spacetime generalization of quantum secret
sharing, and the quantum one-time pad will be a key tool employed there. As well
our technical handle on entanglement requirements in non-local quantum compu-

tation, discussed in section 4.4 begins with monogamy games.

3.1 Classical and quantum secret sharing

A secret sharing scheme distributes classical or quantum information among sev-
eral parties in such a way that only certain subsets of those parties can learn the
information. We will start out by discussing the classical case, before moving on

to the quantum case.

Definition 11 A classical secret sharing scheme is defined by a list of parties
Bob... Bob,,, along with

* A list of authorized subsets of parties, A;
* A list of unauthorized subsets of parties, U;

Successfully implementing the scheme requires sharing classical keys k., to each
Bob,,, such that keys {k;}jc A; can be used to reconstruct s, while simultaneously

keys {kl}leuj cannot be used to learn anything about s.
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To fully understand this definition, we should make precise what we mean by
some subset of the keys not holding any information about the secret. To do this,
we consider random variables S, K = Kj...K, which hold the secret s in variable
S, and keys k; on variables K;. There is some probability distribution Pgy which
describe the values of these variables. Then we say {;};cy; cannot be used to

learn anything about s if

I(S : {Ki}ieu;) = 0. (3.1
In this case the variables {k; };c; are uncorrelated with s.

Example 2 Consider a secret sharing scheme with two parties Bobi and Bob,
where we require each Bob separately to be unauthorized but both together to be
authorized. This is realized by picking a random key k1 and then defining ko such
that

s=ki D ko 3.2)

Since this ensures Boby and Bobs can indeed calculate s if they collaborate, we
see that this construction is correct. If we assume s is also randomly distributed,
this defines Psg. From this we can straightforwardly calculate I(S : K1) = I(S :

K9) = 0, establishing this procedure is also secure.

Now we define a quantum secret sharing scheme.

Definition 12 A quantum secret sharing scheme is defined by a list of parties
Bob... Bob,,, along with

* A list of authorized subsets of parties, A;
* A list of unauthorized subsets of parties, U,

Successfully implementing the scheme requires sharing quantum systems K, to
each Bob; such that systems { K} jea; can be used to reconstruct S, while simul-

taneously systems { K} jeu; cannot be used to learn anything about S.
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To define what it means precisely for I/; to not contain any information about S,

consider taking S to be one half of a maximally entangled state | U ") gg. Then if
I(R: {Ki}icu;) =0 (3.3)

theorem 2 tells us S can be recovered from K \ U{;. Intuitively, since quantum
information cannot be cloned, we can then say that this also means I{; contains no
information about S. We can also define the secret sharing scheme to be secure if
the above is small, and apply the results in section 2.5 on approximate recovery.

Quantum error correcting codes that correct erasure errors and secret sharing
schemes are closely related. To see why, consider a quantum error correcting code
where the physical space P is divided into subsystems P ...FP,. Suppose that the
code corrects errors on subsets P;. Then this also defines a quantum secret sharing
scheme with authorized sets A; = P\ P; and U = P;.

A particularly simple type of secret sharing scheme is a threshold scheme,
where a quantum state is divided among n parties in such a way that any k& of
them can reconstruct the state, but no set of £ — 1 can. We denote such a threshold
scheme by ((k,n)). It is clear that a threshold scheme can exist only for k > n/2,
since otherwise there would be two disjoint subsets of size k, who could each con-
struct a copy of the quantum state, in violation of the no-cloning theorem. In fact
this is the only condition on a threshold scheme, and they always exist whenever
k>n/2.

We can also ask when a secret sharing scheme with a more general access

structure can exist. There are two conditions which clearly must be met:

AiNA; # o
A \U; # @ (3.4)

The first condition follows from no-cloning: there cannot be two disjoint autho-
rized sets. The second condition expresses that an unauthorized set cannot contain

an authorized one. Gottesman [39] proved that these conditions are also sufficient.
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3.2 The classical and quantum one-time pad

In addition to quantum secret sharing, an additional tool from quantum cryptogra-
phy we will make use of in this thesis is the quantum one-time pad [9].

To introduce the quantum one-time pad, it is instructive to review the classical
one-time pad. There, the scenario is as follows. We have three parties, call them
Alice, Bob, and Eve. Alice’s goal is to send a message to Bob, and furthermore
for that message to be concealed from Eve. We will take Alice’s message to be a
string of bits 3.

Assume Alice and Bob share a public channel, which means Eve gets to act
on any messages sent from Alice to Bob. In particular, she might make copies of
the bits. With this public channel alone as a resource, clearly Alice’s goal is im-
possible. To see this, we need only note that Bob and Eve hold the same resources
(a public channel connecting them to Alice), so there can not be a protocol which
favours Bob over Eve.

To break the symmetry between Bob and Eve and allow Alice and Bob to
communicate privately, we should give Bob some additional resource. Our strategy
will be to give Alice and Bob copies of a string of random bits k, which we call
the secret key. Then Alice and Bob can follow a simple protocol to send a private

message.
Protocol 1 Classical one-time pad:
» Alice computes ¥ = m @ k

* Alice uses the public channel to send X to Bob and Eve

* Bob computes T k=nm
Clearly this works correctly, as & @ k=m®k®k =m. Itis also secure, since
Z is independent of 171. A classic result by Shannon [88] shows that this is optimal
— it is impossible to perfectly conceal a classical message of length n with fewer
than n shared random classical bits.

We will be interested in a quantum analogue of the above communication task.

To define this, we need a notion of a public quantum channel. In this case we allow
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Eve to act on any qubits sent from Alice to Bob with her own channel, which might
involve removing the message qubits and replacing them with other qubits.

We will be interested in the following quantum analogue of the communication
task described above. Alice holds n qubits, &), |¢;) 4,. She wishes to send the n
qubits to Bob, but wants to do so secretly. In particular it should be impossible
for Eve to learn anything about the message qubits. However, Alice and Bob share
only a public quantum channel.

To achieve this we can again have Alice and Bob hold a secret key, call it k.
Now though, it is not clear how large of secret key they need to hold to safely
transmit n qubits, or how Alice should act on her qubits to conceal them from Eve.

We can answer both questions by considering the (Bell basis) quantum telepor-
tation protocol [16]. Recall that in teleportation Alice holds a quantum state [1))
which she wishes to send to Bob. Alice and Bob share a maximally entangled state
Ut a4p = %UOO) + |11)), and the transmission is achieved via the following

steps.
Protocol 2 Bell-basis teleportation:

1. Alice measures the AA’ system in the Bell basis, obtaining two bits of mea-
surement outcome b1bs

2. Alice sends bibsy to Bob.

3. Bob applies X" 72 to system B.

At the end of the protocol Bob holds [)) 5.
To see why this tells us how long of a key is necessary in the quantum one-time
pad, consider the states held by Alice and Bob after the Bell basis measurement

has been performed in the teleportation protocol. The overall state is
lb1bo) s @ X1 Z%2|9) 5. (3.5)

where M is Alice’s measurement apparatus. At this stage in the protocol no in-

formation has been sent to Bob from Alice. Consequently, Bob’s state must be
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independent of 1, and it follows that

1 I
==Y xbigb Xhigbe — = 3.6
pB =1 % XY 5 (3.6)
102

We can also verify this with a direct calculation. The above reveals that just two
classical bits suffice to hide a qubit, and that the encoding procedure is to apply
one of the four unitaries X% Z%2 to each qubit.

With this insight in hand we can give the protocol for the quantum one-time
pad.

Protocol 3 Quantum one-time pad: For each qubit |1);),

1. Alice uses two bits from the key k to prepare the state X ¥t Zki2 [1i) 4,

2. Alice inputs A; to the public quantum channel N s, ;.
3. Bob applies X*1 Z%2 10 B;.

At the end of the protocol Bob holds |1;) g, as needed. Security of the one-time

pad follows from equation 3.6.

3.3 Monogamy games

In this section we study a class of games called monogamy games, which are played
by three players, call them Alice, Bob, and Charlie. They are called monogamy
games because they explore operationally the monogamy of entanglement, and
indeed are one way of giving monogamy a precise meaning. Monogamy games
are relevant to quantum key distribution, which is perhaps the most well estab-
lished area of quantum cryptography, but our interest will be in a a second appli-
cation of these games to position-based cryptography. We explore the connection
to position-based cryptography in section 4.3. Our presentation follows [93] and
appendix A of [63].

A monoganty game is defined by a set of measurements { M?}, on a d-dimensional
system, along with a winning condition, which we define below. We will be inter-
ested in the case where d = 2, so each measurement is on a qubit, but the gener-
alization to d dimensional systems is obvious. To carry out the game, Alice, Bob,

and Charlie implement the following steps.
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Protocol 4 Monogamy game:

* Preparation phase: Bob and Charlie prepare a quantum state papc. They
then send system A to Alice, where A consists of n qubits. Bob holds B
and Charlie holds C. Once this is done, Bob and Charlie may no longer

communicate.

* Question phase: Alice chooses a random string of length n, call it 0 =
01...0,,. She then measures her ith qubit using measurement MY, obtaining

outcomes r = x1...x,. Alice then announces 0 to Bob and Charlie.

» Answer phase: Bob and Charlie each act on B and C respectively to form

independent guesses xy, x. of Alice’s measurement outcomes.

We define Bob and Charlie to have won the game if some condition on z, xp, z. is
met. Typically the requirement is that Bob and Charlie both guess Alice’s outcome
correctly, that is x = x;, = .. We will also consider a relaxation of this where
Bob and Charlie correctly guess some fraction 1 — ¢ of Alice’s n measurement
outcomes.

A standard monogamy game considered in quantum cryptography is the BB84

game, where we choose

M= {]0Y0], [1)(1]},
M? = {J+)+, =)=} (3.7)

We will denote the corresponding game by Gppsgs. The following bound con-

strains Bob and Charlies success probability.
Lemma 7 The success probability ps,.(Gpps4) is upper bounded by cos?(r /8).

We refer to [93] for the proof. To understand why this success probability should
be bounded above however, consider the statistics of measuring a maximally en-
tangled state |UT) 4 x. Performing identical measurements of both ends of such a
state always produces identical outcomes, regardless of which measurement is per-
formed. In the context of completing the G g4 task, Bob and Charlie can make
use of this by preparing |¥*) 4x and giving the A system to Alice. Unfortunately
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though, they must split up before they learn Alice’s measurement setting. If one of
them holds X, and so is maximally entangled with Alice, that person can correctly
guess Alice’s measurement outcome. Bob and Charlie cannot both be maximally
entangled with Alice however, and so the probability of both guessing correctly
will be limited.

The bound in lemma 7 is actually tight. To achieve it, Bob and Charlie prepare
|U*) 4x, give A to Alice, then measure X in the basis {|1), [1)1) } where

[1ho) = cos( ) |0) +sm( ) 1),

o) = cos (%5 ) 10} sn (57 ) 1 (338)

After doing so they obtain the classical measurement outcome z’, which they copy
and both hold after separating. They then both guess 2’ in the guessing phase. A
straightforward analysis reveals this leads to the cos?(7/8) success probability.
The G'ppss task defined above has A consisting of only one qubit. We can
extend this task to it’s parallel repetition G '5e, on n qubits by specifying that
Alice will measure each of her n qubits in one of the two bases 3.7 as specified
by the string 6 = 6,...0,,. There are different ways now however of defining the
winning condition for Bob and Charlie. We will declare Bob and Charlie successful
if they both guess Alice’s outcome correctly in a fraction 1 — ¢ of the n rounds. We
call the corresponding game G(;g; ps4- The success probability is bounded in the

next lemma.

Lemma 8 The success probability of the G}, 5.BB84 task is upper bounded according

to

Psuc(G5 Bpst) < <2h(5) cos’ (%))n = <2h(5)6)n (3.9)

where the second equality defines [3, and h(x) is the binary entropy function h(z) =
—zlogx — (1 — x)log(l — x).

Again we refer to [93] for the proof.

42



Chapter 4

Quantum tasks

This chapter is a mix of original and review material. Each subsection cites the

relevant sources.

In this chapter we introduce relativistic quantum tasks, which are similar to
quantum channels, but their input and outputs occur at designated locations in
spacetime. As we will see, this seemingly simple modification adds a large amount
of complication. For instance, while the Kraus decomposition of quantum chan-
nels characterizes all operations that can be implemented in the context of quantum
mechanics, it is not yet understand what the full set of achievable quantum tasks is.

After introducing a language for discussing quantum tasks, we review some of
the basic results that are known in this area. One key result originates in position-
based cryptography, a topic we take up in section 4.3. Position-based cryptography
motivates a larger subject of non-local quantum computation, covered in section
4.4.

4.1 Localizing information to spacetime regions

This section appeared first in [68], which itself drew on my earlier work [43].

We will discuss quantum tasks where Alice is given inputs that are initially

recorded into extended spacetime regions, and must be output at extended output
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regions. To make this more precise, we define a notion of quantum information

being localized to a spacetime region. Our definitions are adapted from [43].

Definition 13 Suppose one party, Alice, holds system X of a quantum state | V) x x.
Then we say the subsystem X is localized to a spacetime region R if a second party,
Bob, for whom the state is initially unknown can prepare the X system by acting

on R with some channel Mz _,x.

If system X is localized to region R such that a channel M%_, x recovers X, we
will say that X is localized to R relative to My _, x.

It will also be convenient to say a quantum system X is excluded from a space-
time region R if Bob cannot learn anything about X by accessing R. One way to
specify this precisely is to consider |¥) x x- to be in the maximally entangled state.
Then X is excluded from R when I(R : X’) = 0.

We should point out several features of these definitions. First, note that a sys-
tem X is localized to R if and only if it is localized to the domain of dependence of
‘R, and similarly it is excluded from R if and only if it is excluded from the domain
of dependence of R. This follows because all the classical and quantum data in the
domain of dependence of R is fixed by the data in R by time evolution. Conse-
quently we will identify regions with their domains of dependence throughout this
thesis.

Second, note that a quantum system X can be neither localized to nor excluded
from a region R if some but not all information about X is available in R. As well,
notice that given a Cauchy surface > a quantum system can be excluded from both
Y NR and 3\ R. To do this, encode system X using the one-time pad (see section
3.2) using a classical key k. This hides the state on X, which can only be revealed
if k is known. The X register can then be passed through ¥ N R and k through
¥\ R, and system X will be excluded from both regions. Of course, X will still
be localized to the full Cauchy surface ..

There are many possible ways in which a quantum system can be localized to
a given spacetime region, and a single quantum system can be localized to many
different spacetime regions. Which sets of spacetime regions the same quantum
information can be localized to is restricted however. In particular, if X is localized

to a region R then it follows that X is excluded from the spacelike complement
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‘R°. This is because otherwise we could act independently on R and R¢ to produce
copies of X, in violation of the no-cloning theorem.

As a simple example of how a single quantum system can be localized to many
regions, suppose we have three subregions X, X2, X3 which are all spacelike sep-
arated. Then define R4 = A1 U Xy, Ry = AL U A3, and Rg = A3 U Ay, To
localize a quantum system X to all three regions {¥1, X2, X3}, encode X into an
error-correcting code on three subsystems 515953 that corrects one erasure error.
Send system S; to X;. Then each of the R; contain two of the .S; subsystems, and
X can be recovered from each of them.

Given a quantum system X, we can specify how it is localized in spacetime
by specifying two sets of regions, call them {A% }; and {U% };. We specify that
X is localized to each of the regions A%, and excluded from each of the regions
U’ Tmplicitly, each region A% comes with a specification of a channel A/ Al X
that specifies how X can be recovered from .AfX.l We summarize this in the next

definition.

Definition 14 A quantum system X is encoded into an access structure Sy =
({ A%}, {ULY) if X is localized to each of the regions { A’y }; and excluded from
each of the regions {U }.

The term “access structure” is borrowed from the subject of quantum secret shar-

ing, discussed in section 3.1.

4.2 The quantum tasks framework

This subsection first appeared in my work [68].

Next, we give a definition of a relativistic quantum task. Note that the notion

of a quantum task was introduced in [55], although our definition follows [68].

Definition 15 A relativistic quantum task is defined by a tuple T = {M, oSy, B,Sz, Ny 2},

where:

* M is the spacetime in which the task occurs, it is described by a manifold

equipped with a metric.

'In general there could be many such channels, though this will not be important for our purposes.
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o of = Ay... A, is the collection of all the input quantum systems, and So; =

{841y, 84, } is the set of all access structures for the input systems.

* B = By...By, is the collection of all the output quantum systems, and Sz =

{SB,,---,S Bu, } is the set of all access structures for the output systems.

* Ny % is a quantum channel that maps the input systems </ to the output

systems AB.

Bob encodes the input systems A; in such a way that the access structures S 4, are
satisfied. To complete the task, Alice should apply the channel N ;;_,  and localize

each of the systems B; according to the access structure Sp,.

To verify Alice has completed the task successfully, Bob will access one or more
of the regions A} 0 Z/{fgj and attempt to recover system B;. If Bob is able to pro-
duce B; from the authorized region A%j he declares the task successful. Similarly
if he is unable to produce B; from the unauthorized region Z/{fgj he declares the
task successful. The probability that Alice’s outputs pass Bob’s test is her success
probability. Alice’s success probability maximized over all possible protocols for
completing the task is the tasks success probability, psy.(T).

Note that if Bob acts on one of the output regions A} = L{gj in performing
his test, we no longer require Alice have the correct outputs (or exclusions from)
regions in the causal future of the accessed region. Similarly, Bob will localize the
inputs A; to regions Af4j so long as Alice never interferes. She may choose to
access some region Ailj however and obtain A;, in which case Bob is no longer

expected to localize A; to regions in the future of .Af4j.

4.3 Position-based cryptography

This section is review material. Our principal sources are [18, 57].

One of the initial applications which lead to the development of quantum tasks
is position-based cryptography. This application motivated better understanding
the dependence of a tasks success probability on features of the geometry M, a

subject we take up in more depth in the next subsection.
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Figure 4.1: A typical set-up for position-based cryptography. By challenging
Alice to complete a certain quantum task, Bob will try to verify Alice is
performing quantum channels within the spacetime region X, shown in
grey. An honest Alice acts as in (a), where quantum channels occur at
the yellow circles. In order to cheat, Alice must complete the task using
a strategy of the form shown in (b).

In position-based cryptography we consider two parties, Alice and Bob. Bob’s
goal is to verify that Alice can perform non-trivial quantum channels within some
designated spacetime region, call it X. To do this, Bob sets up a quantum task
which has inputs and outputs at regions C; and R; located outside of X, but chooses
the task in such a way that (he hopes) Alice will be forced to act inside of X to
complete it. Alice, if she is honest, acts inside of X to complete the task (see
figure 4.1a). However, Alice may also try to cheat by attempting to complete the
task by acting non-trivially only outside of X, and potentially sending quantum
or classical signals across X (see figure 4.1b). Note that we will assume C; C
J7(R1) N J~(Rs2), where J~()) denotes the causal past of a region ). This
ensures that information in C; can reach either of R or Ro.

Using the language introduced in the last section, we denote the inputs at C;
and Cy by A; and As, and the outputs required at R; and Ro by By and Bs. Bob,
in an effort to force Alice to use a protocol involving a non-trivial channel applied
within X, will specify some channel N4, 4, 5, B, Alice should apply.

It is instructive to consider various possible choices of channel, and understand
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if Alice is able to cheat, and if so how. To begin consider what we will call the

“routing task”, with inputs

V) ays 1) A, (4.1)

where ¢ € {0,1}. Alice’s goal is to send |) to region R,.”> The most naive
strategy to complete this task would be to copy the inputs A; and As, send both
to R1 and Rg, then return the local copy of Aj at the correct output. Of course,
since [¢)) is a (unknown) quantum state this isn’t possible. Nonetheless we will
see below that using entanglement it is still possible to complete the task without
acting non-trivially inside of the X region.

To cheat in the routing task, Alice’s protocol is as follows. For simplicity we

assume A is a qubit, the generalization is obvious.

Protocol 5 (Routing task cheating strategy)

Preparation phase:

1. Arrange for a maximally entangled state |VV) g, g, to be distributed such
that Fy is in C1 and Fy is in Co.

Execution phase:

1. At Cq, measure A1F} in the Bell basis. Send the two bits of measurement
outcome b1bs to both R1 and Rs.

2. At'Ro, send Fs to R,

3. AtRy, apply X b1 7% to Iy, then relabel Fy as Ao and return it to Bob.

To check this protocol is correct, and completes the task, we have to check 1)
that each step in the protocol can be performed, in particular that the information
needed for each step is available at the spacetime location that step occurs and 2)
that carrying out the steps produces the correct outputs. It is straightforward to do
this for the above protocol and see that it is correct.

To understand this protocol better, notice that since A; cannot be copied, and
is located far from the information ¢ which indicates where it should go, so Alice

is unable to directly send A; to the correct location. Instead, she measures A1 F

2We could write this as a channel, but its not necessary.
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in the Bell basis, such that Fy is in the state X' Z%2|+)). Now the information
in |¢)) has been effectively split into a classical part, her outcomes b1bo, and a
quantum part. The advantage gained is that the quantum part is located with g, the
information about where the system needs to go. The classical part is still located
far away, but it can be copied, allowing it to be sent to both possible locations.
Lets now consider a somewhat more challenging task, which we call the Bgy

task. The causal set-up is still as in figure 4.1. The inputs are

HI|b) 4y, |q) a, (4.2)

where ¢,b € {0,1} and H is the Hadamard operator’. As outputs, Alice should
return b to both R; and Ry. Again Alice has been put into a challenging situation:
without knowing which basis the state on A; is in, she cannot measure in a way
that lets her find out b reliably. If she brings A; to one of R; or R, say R, where
she finds out the correct basis, she will fail to return the correct value of b at Rs.
Nonetheless, Alice can cheat in the Bgy task, again by exploiting entanglement

shared between C; and Cs. The following protocol gives a cheating strategy.

Protocol 6 (Bgy cheating strategy)

Preparation phase:

1. Arrange for a maximally entangled state |V") g, g, to be distributed such
that Iy is in Cy and F is in Co.

Execution phase:

1. At Cq1, measure A1 Fy in the Bell basis, producing measurement outcomes
S1, S9.

2. Send sy, s9 to R1 and Rs.

3. At Co, apply H? to F». Then measure in the Z basis, producing measurement
outcome S3.

4. Send q, s3 to R1 and Ros.

5. At Ry and Ry use (—1)" = 553 s3 to calculate b. Output b to Bob.

3The Hadamard operator is specified by H|0) = |+), H|1) = |-).
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Figure 4.2: Circuit diagram that completes the Bgy task. Blue lines indi-
cate classical inputs and outputs. The protocol uses one EPR pair,
U pp, = %(\Om + |11)) as a resource. b is a function of the

classical measurement outcomes according to (—1)* = s’fs;qs;;. Im-
portantly, the operations performed in the circuit can be placed in the
nonlocal form shown in b).

The diagram shown in figure 4.2 shows the steps of this protocol. It is straightfor-
ward to verify that each step in this protocol uses only locally available informa-
tion. It is also straightforward, though tedious, to directly verify that the steps in
the protocol produce the correct outputs. To verify this efficiently one can use the
stabilizer formalism*.

While we have shown the routing and Bg,4 tasks do not act as secure position-
based cryptography schemes, we have not yet understood in this section if such a
scheme exist. In the next section we will understand that in fact there does not exist

a secure position-based cryptography scheme.

4.4 Non-local quantum computation

Note: This section is not necessary to understand the core results of this thesis

presented in chapters 5,9, 10, and 11, It is relevant background for the discussion

*See [73], chapter 10 for a pedagogical review of the stabilizer formalism.
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in chapter 12 however.

In the context of position-based cryptography, we have been motivated to ask
if tasks which can be completed locally, as in figure 4.1a, can always be completed
non-locally, as in figure 4.1b. If so, there is no secure position-based cryptography
scheme.

Considering the arrangement of two input locations and two output locations
in figure 4.1, it will be convenient to relabel indices 1 — L and 2 — R, so that the
input points are Cy, and Cr, the output points are Ry, Ry, etc.’ In the last section
we studied two simple choices of channels that define tasks on this arrangement
of inputs and outputs, and found that in both cases entanglement could be used
to perform these channels non-locally. More generally, we will consider a more
general channel N4 . Ar— By B and look for a non-local strategy.

We will make a naive attempt at performing NLQC, which will illustrate the
difficulty. Lets attempt to perform a unitary U, 4,. Inspired by protocols 5 and 6,
a natural first step is to make use of an entangled state |U") s, pr,, shared between
Cr, and Cg, then measure Ay F, in the Bell basis, as if teleporting Ay, to Cr. This
leads to the state (P}}R ® I)|t)) pp 4y, held at Cg, and the index i fixing the Pauli P°
being held at Cr,. Now, at Cr, Alice might like to apply the desired unitary U. The
trouble though is the appearance of the Pauli P?, which, at C, Alice is unable to
remove.

Protocols for doing NLQC fall into two categories, based on how they handle
the appearance of the P?. The first strategy is to restrict attention to a subset of
unitaries U which somehow interact with the Pauli U in a ‘nice’ way. In particular,

the property one hopes for is that
UP' = Vi, @ V4, )U. (4.3)

This suffices for NLQC to be accomplished, because if this is the case Alice at Cr
can apply U, and then send Ay, to Cy, and Ag to Ri. From Cy, send i to both Ry,
and R . At Cr, Alice applies VjL and at Cr applies foR- The second approach to

NLQC involves finding a form of teleportation such that the correction operation,

SNote that Cr, sits to the left of region X, Cr to the right, which motivates this temporary con-
vention.
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which above was the Pauli P, actually commutes with all unitaries U. This is
exactly what we devised when we described port-teleportation in section 2.7.

We will discuss the restricted U approach first. To define the type of unitaries
we consider, first recall the definition of the Pauli group on n qubits.

Definition 16 The Pauli group on n qubits P" is defined by the generating set (Sy;)
where the S; are all elements of U(n) of the form

Sk =Py ®...® P, (4.4)

for P, € P, the Pauli’s on a single qubit, and U(n) is the unitary group on n
qubits.

Next we define the Clifford group as the normalizer of the Pauli group.

Definition 17 The Clifford group C?) is defined as
C?® ={X eUn): XPX' e P} (4.5)

The Clifford group is a set of unitaries which satisfy 4.3, where in particular the
unitaries (Vj L ® VjR) are just Pauli’s, and in fact are tensor product across every
qubit, not just across Ay, and Ag.

We can actually do a bit better than the Clifford group. Towards this we define
the Clifford hierarchy.

Definition 18 The kth level of the Clifford hierarchy is the set of unitaries
ch = {X eU(n): XPXxt e Cclh} (4.6)

Note that for £ > 3 the kth level in the hierarchy is not a group. The Oth level
of the hierarchy is defined to be the Pauli group, which is consistent with the way
we’ve defined the Clifford group above. The Clifford group and Clifford hierarchy
play important roles in the theory of quantum error correction and fault-tolerance
[73].

Returning to non-local quantum computation, we will give a protocol for im-

plementing unitaries in C®) non-locally. Our strategy assumes that Alice’s agents
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at Cr, and Cr, both know the choice of unitary, call it U®), to be implemented. With
this assumption, we are able to implement U3) non-locally using O(n) EPR pairs,
where U®) acts on n qubits.®

Call the input state [¢) 4, 4, and assume logdim A;, = logdim Ap = n.

Protocol 7 NLQC - Fixed unitaries in Cs:

Preparation phase:

1. Distribute the state Y1), | g, with logdim F; = logdim Fr1 = n
and Fr, 1 held on the left and F'g 1 held on the right.

2. Distribute the state |97 g, ,p,, with logdim F1 5 = logdim Fro = 2n
and F7, 2 held on the left and F'g 5 held on the right.

Execution phase:

1. Measure the Ar Fr, 1 system in the Bell basis. Then Alice holds

(P @ D)) ppyAr 4.7)

with Fr 1 AR on the right, and the index j on the left.
2. Apply U ) on the right. Alice now holds

UP(P, @ D) praan = VO UD) s ap 4.8)

on the right with Vi(2) € C(Q), where we've used the U®) is in C(3), and the
index 1 is held on the left.
3. Measure (Fr2)(Fr1AR) in the Bell basis. Alice now holds the state

ARSI (4.9)

with F'p, o and index i on the left, and index j is held on the right.

6 Another possibility is to consider a setting where keys z 1, and xr are announced at Cr, and Cr
which fix the choice of unitary. In this setting a similar strategy to the one given here allows the
unitary to be performed non-locally and using O(n) EPR pairs, but only if the keys x 1, zr specify
a unitary in c®,
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4. Apply (VZ-(2))1L on the left. Alice then holds the state
VY PVEUD ), , = PUO ), (4.10)

with system Fr, o and index i on the left, and holds index j on the right.

5. Relabel the 2n qubits composing Fy, o to be B, Br. From Cy, send By, to
Ry and Br to Rp. As well, send i to both R, and Rr. From Cg, send j to
both R, and R . Alice now holds

Py @ Py 1Y) B, By 4.11)

with i, 3, By, at Ry, and 1, j, B at Rp.
6. Apply PgL at Ry, and return By, there. Apply PgR at Ry and return Bgr

there.

This protocol uses 3n EPR pairs: n pairs to send Ay, to the right, then 2n pairs to
send the full state back to the left.

It is interesting to ask if we can use a similar strategy to perform unitaries at
higher levels of the Clifford hierarchy. Indeed one can, but an exponential entan-
glement cost is incurred beginning at C¥). A discussion of this is given in [19].

For an arbitrary channel A4 . Ar—Bj Bp» DOt necessarily a unitary in C3, we
need a protocol which doesn’t rely on any special commutation properties of the

unitary to be applied. We can use the following protocol, based on port-teleportation.

Protocol 8 NLQC - Arbitrary channels using port-teleportation:

Preparation phase:

1. Distribute a maximally entangled system |V)p.p, consisting of n EPR
pairs, with Fy, sent to Cr, and Fr to Cpg.

2. Distribute a set of N maximally entangled systems @n_, |V ) g, , py, , con-
sisting of n EPR pairs, with all Er, ;. sent to Cr, and all Eg . to Cr.

Execution phase:

"This reference uses an unknown unitary, in which case the exponential cost starts already at
C®), but otherwise the strategy is the same.
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1. At Cy, measure ArFr 1 in the Bell basis, obtaining outcome i. Then Alice
holds the state

(PIZ%RJ ® IAR)|,(7Z}>FR,1AR (4.12)

at Cg, and the index 1 is held at Cy,.

2. Perform the “pretty-good” measurement described in section 2.7, as the first
step in port-teleporting Fr 14, to Cr, using the N maximally entangled pairs
") B, Bp, Call the measurement outcome j. Then j is held at Cr and
the state

U (PP DY)e,; ©pe ., (4.13)

is held at Cy,.
3. AtCy, apply N o (P @ I) to every subsystem Ey, 1. Then Alice holds

U N([Y)e,,) @ NN D (pg g, ) (4.14)

with all Ey, systems at Cr,, and j at Cg.
4. Relabel the Ey, . qubits as B, 1, Br, and send all of the By}, systems to
Ry, and all of the BR ), systems to Rg. Send j from Cg to both R, and R g.
5. At Ry, trace out all but the By, ; system, and return By, j to Bob. Similarly
at R trace out all but the By, ; system, and return B ; to Bob.

This completes the arbitrary channel non-locally, although the use of port-teleportation
means this performs the intended channel only approximately. Using the bound

2.82 derived for port-teleportation in section 2.7, we can show that

IV = Al < 2
Vi

where N is the intended channel, and A/’ is the applied channel. We are interested

(4.15)

in fixing the closeness with which the channel is performed, and understanding

how the entanglement required scales with n, the number of input qubits. Thus we
fix e = %, and find that N = O(287+4/€2), so that an exponential number of

EPR pairs are required to perform the port-teleportation protocol.
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4.5 Lower bounds on mutual information for non-local
quantum computation

All of the protocols discussed in the last two sections for completing quantum
computations non-locally use entanglement shared between Cy, and Cg. This is not
by accident, and in fact we can prove that entanglement is necessary to complete
at least some computations non-locally. The basic strategy will be to relate the
monogamy games discussed in section 3.3 to non-local computations, which will
allow us to show that any strategy which does not use entanglement will have a low
success probability. Then, we use some of the entropy inequality tools discussed in
section 2.2 to show that any strategy which has a high probability must use a large
amount of entanglement.

We discuss in particular the Bg, task in detail. We’ve chosen this task because
it is closely related to the Gppg4 monogamy game, which was studied in detail in
[93], whose results we make extensive use of. It should also be possible to prove
bounds on entanglement for the routing task, though we have not done so in detail.

Recall that the Bgy task has C; and C, as authorized regions for inputs A; and
Ag, and R and R as authorized regions for outputs By and Bs. Alice will be
given a guarantee that A; is in one of the states H?|b), and A, stores the classical
data g. Both g and b are bits, ¢,b € {0, 1}. Alice’s task is to localize b to both R4
and Ro.

We can also consider repeating the Bg4 task n times in parallel. Call this re-
peated task Bg;". This repeated task has inputs A1 = Q" | H%|b;) , A = {¢i }s,
and required outputs {b;}; at both R; and R,. The ¢; and b; are random and inde-
pendent. We will declare the task to be completed successfully if a fraction 1 — 2¢
of the n tasks are completed successfully.

We will primarily be interested in bounding the entanglement required for the

non-local strategy to succeed, but it is helpful to first briefly discuss the local strat-

cgy.

Local strategy for BJ," task

The causal features of the task in the local strategy are captured by figure 4.1a.

In this case, there is a protocol which completes the task with high probability.
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In particular, Alice should bring H?|b) from C; and ¢ from Cy together inside the
scattering region, which is the spacetime region defined by

J1912 = J+(Cl) N J+(CQ) N J_(Rl) N J_(RQ). 4.16)

This is the region in the future of both C; and Cs, and in the past of both R and
R2. Then, she applies H to obtain (H?)2|b) = |b), measures in the computational
basis to learn b, and then sends b to both R and R5. Assuming this can be carried
out as described this completes the task with probability ps,. = 1. More physically
we will allow for the presence of noise in carrying out this protocol, and say the
success probability satisfies psuc(Bg4) >1—ce

Now consider the parallel repetition task, Bg,". Recall that we declare this task
successful if a fraction 1 — 2¢ of the individual tasks are completed successfully.
If each task is completed with probability ps,. = 1 — ¢, then this occurs with
probability

Psuc(BY") =1 — 2%, (4.17)
This is the success probability for the Bg;* when a local strategy is available.

Non-local strategy for BJ;" task

In the non-local case, where no scattering region is available, we will be interested
in strategies of the form shown in figure 4.1b. Recall that protocol 6 gives a con-
crete method for completing this task non-locally. We are interested here in the
more general question of bounding the entanglement required for any non-local
protocol.

To begin, recall that the protocols given above used entanglement between the

regions C; and Co. However, it suffices to have entanglement between the regions

Vo = J+(CQ) N J_(Rl) N J_(Rz). (4.18)

This is because these are the regions in the future of one of the input regions, and
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past of both output regions. Thus the steps carried out in C; above can be delayed
to occur in V;. Our earlier assumption that C; C R N Ry means that C; C V.

We begin by assuming I(V; : Vo) = 0, that C; C V;, and considering a single
instance of the task, B§41. We will see that this leads to a success probability

bounded strictly below 1.

Lemma 9 Consider the BSX41 task with 1 (l)l : 92) = 0. Then any strategy for
completing the task has psm(]éng) < cos?(m/8).

Proof. We will show that completing this task amounts to completing the monogamy
game G ppsq discussed in section 3.3. To see this, consider that Bob can prepare

the inputs for Alice in the following way.

1. Prepare a maximally entangled state | &™) AL Ap» and give Alice Ay atCy, as
her input.

2. Measure A’ in the {|0),|1)} basis if ¢ = 0, and in the {|+), |—)} basis if
q = 1. Call the outcome b.

3. Give g to Alice at Cp.

After measuring in the second step, the post measurement state on Ay, is H4|b), so
this prepares the correct inputs.

Now however imagine that Bob waits to measure A’,, performing steps 1 and
3 above but holding off on performing 2. Then consider Alice’s situation at Cr..
She holds one end of a maximally entangled state, with the other end held by Bob.
Since she does not share entanglement with Cg, she acts in a way independent of q.
She can act on Aj, and produce some output systems, call them X and Y, sending
X to R and Y to Rp. But this is exactly the preparation phase of a monogamy
game, as detailed in protocol 4, where p AL XY is the state p4pc described there.
The question phase corresponds to Bob performing his measurement on A’ . The
data q reaching Ry, where X is and R where Y is initiates the answer phase.

Notice that the success probability for the Bgy task is actually less than or equal
to the corresponding monogamy task. This is because in the monogamy task the
shared state p4pc is chosen to maximize the success probability, whereas in the
Bg, task this state is always of the form pa; xy = MA’L—>XY(“I’+>ALA’L)- From
this and lemma 7, which bounds the success probability for the monogamy game,
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we have
Psuc(Bsa) < cos?(7/8) (4.19)

as needed. m

Next we consider the parallel repetition of the Bgy task, B;Ln, and require
a fraction 1 — § of the individual tasks are successful for the repeated task to be
deemed successful. This is straightforwardly related to the parallel repetition of the
G pps4 monogamy game using the same argument as we gave in the last lemma.

This leads to the following lemma.

Lemma 10 Consider the B, task with I(V; : Vo) = 0, assume that C; C V; and
allow only non-local strategies. Require that a fraction 1 — § of the individual By

tasks are successful. Then any strategy for completing the task has

Pouc(BX) < <2h(5> cos? (g))" = (2h(5)ﬁ>n, (4.20)

where h(9) is the binary entropy function h(§) = —dlogy d — (1 — 0) logy(1 — 0)
and the second equality defines 5.

For small enough § we have that 2h9) 3 < 1, so this gives a good bound on the

success probability.

From success probability to bounds on mutual information

Note: The content in this section is original (first appearing in [63]), though is a
simple combination of standard tools.

Lets suppose that we know there exists a strategy using a resource state py,y,
which completes the Bg, task with probability

Psuc(Bsa, pyyvy) > 1 — 26217 (4.21)

we’ve chosen this particular bound to agree with 4.17, that is, we are supposing
Alice can do the task non-locally with as high of a probability as she can do it
locally.
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We showed above that for any resource state with zero mutual information, the
success probability goes to zero like an exponential in n, according to 4.20. In

particular we can note that

Peuc(Bsa, p, @ pv,) < (24908)" (4.22)

Since an unsuccessful strategy has a small mutual information, we might expect
successful strategies must have large mutual information. To show this, it is in-
structive to recall that the mutual information is a measure of distinguishability
between py,p, and the product of its marginals, py, ® py,. As well, we can think
of the success probability of this task as a measure of distinguishability as well, as
we explain below. Using this, we can find bounds on mutual information via the re-
lationships described in section 2.2 between various measures of distinguishability.

This is done in detail in the proof of the next lemma.

Lemma 11 Suppose the Bygy task is completed with probability pe,. > 1 — 2€>T",

using a non-local strategy with resource state py,y,. Then

A~ ~

%I (V1 : Vo) > n(—10g2"9B) — 1+ O((¢/B)"). (4.23)

Proof. We can view the success probability of the task in terms of distinguisha-
bility as follows: suppose Alice is given either py,y, or py, ® py,, each with
probability 1/2, and not told which state she has received. By assumption, there is
a protocol which completes the Bg," task with high probability when using the state
Py, v, Alice will feed her unknown state into this protocol. Then, if the protocol
succeeds, she guesses that the state is py,y,. If it fails she guesses that the state is

Py, @ py,. This leads to a probability of distinguishing the states successfully of

1 1
Pdist = ipsuc(B84> pV1V2) + 5(1 - psuc(B847 Py & pVQ)- (4.24)

Recall from section 2.2, lemma 1, that the maximal success probability for distin-

guishing states can be written in terms of the trace distance. This leads to

11
Pdist < Dijst = 5t Zl\ﬂvlvz =Py @ pyylla- (4.25)

60



To relate this to the mutual information, recall from lemma 3, lemma 5 and equa-
tion 2.37 that

1
Sl —oll < VI~ F(p0), (4.26)
D(pagllpa ® pp) = I(A: B),. (4.28)

Combining inequalities to lower bound the relative entropy, and hence the mutual

information, in terms of success probabilities

I(fjl : 1}2)13 > =2 log[l - |psuc(pV1V2) - psuc(pV1 ® PV2)|2]- (4.29)

Finally using our bounds on success probability 4.21, 4.22 we obtain

~ ~

%I(Vl Do) > n(—log 2029 B) — 1+ O((¢/B)™) (4.30)

as claimed. m

4.6 Correlation or entanglement?

Suppose that the resource state has only classical, and not quantum correlation.

This means the state takes the separable form
pvive = Y Pibh, ® P, (4.31)
i

In this case, can the resource state be used to perform the Bgy task with high
probability?
It is straightforward to see that the answer is no. First note that the tasks success

probability is necessarily convex in the input state,
Pouc(Y_pitk, @ p) < pibsuc(ply, © pis,)- (4.32)
i i

We can see this must be the case operationally: on the left is Alice’s success prob-

ability if she is given a probabilistic mixture of the states p%,l ® pﬁ',Q and not told
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which state she is given; on the right is her success probability if she is given the
same random mixture and told which state she is given. Clearly Alice has more
power in the later case. Using the above and our existing bound on the success

probability for product states, we have
psuc(z PiP%}l & P%) < Zpipsuc(p€)1 ® p%/g) < ﬂn Zp’i = ﬁn (4.33)

We see that the bound on success probability in lemma 10 actually applies when-
ever the resource state is separable.
Using that the success probability is small for any separable state, we can show

that any state with large success probability is far away from a separable state.

Lemma 12 Suppose the Byy task is completed with probability pe,. > 1 — 22T,

using a non-local strategy with py,y,. Then
01'161127 D(PV1V2 | |UV1V2) > n(_ 1Og 2h(26)ﬁ) -1+ O((e/ﬁ)n) (434)

The proof is analogous to the proof of lemma 11. The quantity appearing on the
left of this inequality is known as the relative entropy of entanglement [95, 96].
The above bound will apply to the holographic states of CFTs in the AdS/CFT
correspondence, showing that such states have a large amount of entanglement (and
not just large correlation). This claim is subject however to the loophole discussed

in section 9.3.
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Chapter 5

Localizing and excluding

quantum information

Note: The work in this chapter first appeared in [43], and covers section 2 of that

publication.

In this section, we present a partial result towards the general problem of un-
derstanding which quantum tasks can be implemented in the context of quantum
mechanics and special relativity. In particular we define localize-exclude tasks, and

fully characterize which such tasks are possible and how to do them when they are.

5.1 The localize-exclude task

We begin by defining the localize-exclude tasks.
Definition 19 A localize-exclude task is a quantum task where

e There is only one input system, call it A, which has an access structure

Sa = ({s}, @), where s is a point.
e The channel N'a_. g is the identity.
* The output system is associated with an access structure Sp = ({ A1, ..., A}, {U1, ..U })

We describe a localize-exclude task using a tuple (A, s, { A1, ..., An}, {U1, ... Un }).
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In the localize-exclude task, Alice is given a quantum system A which she then
must move through spacetime in a way that puts A into all of the authorized re-
gions and keeps A out of all the unauthorized regions. Thus understanding when
a localize-exclude task is possible gives a very general answer to the question how
can quantum information move in spacetime?

Answering this question is important for a number of reasons. First, it seems a
reasonable first step towards answering our bigger question of how quantum infor-
mation can be processed in spacetime. Second, understanding this has a number of
cryptographic implications. Indeed there are relativistic bit commitment protocols
[53, 54, 56, 59], which are one example', and we gave a proposed novel applica-
tion in [43]. Third, a number of puzzles in quantum gravity concern the movement
of quantum information in spacetime [77]. It seems reasonable to expect that an-
swering the above question will provide a good general grounds from which to
approach those problems. Indeed, the work we present below on quantum tasks in
holography and the connected wedge theorem makes progress in this direction.

To analyze the localize-exclude task it is useful to introduce some language.
We give the following definition which specifies a relation between pairs of space-

time regions.

Definition 20 Two spacetime regions ¥; and X are said to be causally connected
if there is a point q; in X; and q; in X such that there is a causal curve from q; to

qj, or from q;j to g;.

We illustrate this definition in figure 5.1a. If two regions are not causally connected
we say they are causally disjoint.

We will also need one further definition relating to spacetime geometry.

Definition 21 Given a spacetime region 3., the domain of dependence of 3, de-
noted D(X), is the set of all points p such that every causal curve through p must

also enter ..

This definition is illustrated in figure 5.1b.

'In fact bit commitment can be implemented using summoning tasks, of which localize-exclude
tasks are a generalization.
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(a) (b)

Figure 5.1: Two geometric notions used in the text. a) Two causally con-
nected regions. Two spacetime regions X; and X; are said to be causally
connected if there is a point ¢; in X; and g; in XJ; such that there is a
causal curve from g; to g;, or from g; to g;. b) The domain of depen-
dence (light grey) of a spacetime region > (dark grey). The domain of
dependence is defined as the set of all points p in the spacetime such
that all causal curves passing through p must also enter ..

5.2 Characterization of the localize task

As a first step towards the general scenario, which involves authorized as well as
unauthorized regions, we will consider tasks with only authorized regions. Further,
we begin by consider the localization of a quantum system to only two authorized

regions .7 and .o%.

Theorem 4 Given a quantum system initially localized near a spacetime point s,
the system may be localized to each of the spacetime regions 2y and <75 if and only
if the following two conditions hold.

1. o/ and a5 both have a point in the future light cone of s.

2. @ and <5 are causally connected.

Proof. First, note that if an authorized region is entirely outside the future light
cone of the start point, then successfully localizing the system to that region would

constitute superluminal communication. Thus, the first condition is necessary.
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Figure 5.2: An arrangement of two authorized regions that has the minimal

requirements to satisfy the conditions of theorem 4. By the first condi-
tion o7 and .o, are causally connected. This guarantees the existence of
a point p1 in 2/; which is in the causal future of some point ps in 27 (up
to relabelling). The second condition gives that each region have at least
one point in the future light cone of s. However, the regions <7 and <%
may be disconnected (as shown here) and so satisfy this requirement
while having the points py, p2 be outside the future light cone of s. To
localize a system to both regions a maximally entangled state |V) 7 is
shared between s and py. Near to s the A system is teleported using this
entanglement, and the entangled system at p; is sent to p2. Meanwhile,
the classical measurement outcomes from the teleportation protocol are
sent to the points in @7 and .27, which are in the causal future of s. Each
region has both the classical measurement outcomes and the entangled
particle pass through it, so the A system is localized to each.
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Figure 5.3: An example of a task with three authorized regions .7, % and
3. (a) The arrangement of the regions in spacetime, notice that each
region consists of two disconnected ball-shaped regions. (b) The corre-
sponding graph of causal connections, used in the proof of theorem 5 to
construct the error-correcting code needed to complete the task.

To see necessity of the second condition suppose there exists a protocol for
localizing a quantum system to two causally disjoint regions .2#; and .o%. Then by
definition it is possible to construct the system by accessing the region 7, and by
accessing .o%. By causality however accessing region ) cannot affect the system
constructed from 2%, and vice versa, so it would be possible to construct two copies
of the quantum system. But this constitutes cloning, so no such protocol can exist.

To understand sufficiency we construct a task with the minimal properties spec-
ified by the two assumed conditions. Such a task is shown in figure 5.2. There, a
point p; € &4 is causally connected to po € o, and each of o and o have a
point in the future light cone of s. However, p; and p» sit outside the future light
cone of s. Nonetheless it is straightforward to complete such a task. To do so, a
system F is maximally entangled with E, then E is brought to s while £ is brought
to p1. At s, E is used to teleport the A system onto the £ system. The measure-
ment outcome from the teleportation is sent to <% and % from s. Meanwhile, E
is sent from p; to p2. Each authorized region contains the classical measurement
outcome and the system [, so accessing either region allows reconstruction of A.
]

We can now move on to understanding localize tasks with arbitrary numbers of
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authorized regions. We find in particular that it is only the structure of causal con-
nections between pairs of regions and the start point that are needed to characterize

a task as possible or impossible.

Theorem 5 (Localize) Given a quantum system A initially localized near a space-
time point s, the system may be localized to each spacetime region < in a collec-

tion { A, ...., o} if and only if the following two conditions hold.

1. Each region <f; has at least one point in the causal future of s

2. Each pair of regions (/;, <7;) is causally connected.

Proof. Necessity of the two conditions follows from the same arguments as in the
two region case given as theorem 4: localizing a system to a region outside of
its future light cone violates no signaling, and localizing a system to two space-
like separated regions would allow two copies of the system to be produced. To
demonstrate sufficiency we construct an explicit protocol for completing any task
satisfying the two conditions. To this end it is useful to introduce a directed graph
G which describes the causal structure of the task: for each authorized region 7
introduce a vertex, also labelled .7, to the graph. For each pair of regions (.7, 7;)
such that there is a point in .27; connected by a causal curve to a point in .27 intro-
duce a directed edge (.; — <7;). An example of a task and its associated graph is
given as figure 5.3.

From the no-cloning theorem it follows that some quantum information must
be shared between every pair of authorized regions. In our construction, these
quantum systems that move between pairs of authorized regions form the shares of
an error-correcting code. In particular, for each edge in the graph G we associate
one share. In theorem 4 and figure 5.2 we showed how to localize a quantum
system to two authorized regions whenever they share a causal connection. We
can execute this protocol on the shares of our error-correcting code to ensure the
share associated to edge 27 — 7; is localized to both <7 and 7;. To complete
the task then, our error-correcting code should have the property that, given any
vertex, the set of shares associated to the edges attached to that vertex are sufficient
to construct the initial system A. We illustrate the requirement on this code in
figure 5.4.
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Figure 5.4: Illustration of the error-correcting code used in theorem 5. a) A
directed graph that describes the causal connections between the autho-
rized regions of a localize task. In this case the task involves four autho-
rized regions. b) To complete the task, we employ an error-correcting
code that associates a share to each edge in the corresponding undi-
rected graph. The encoded qubit can be reconstructed from the shares
associated with the edges attached to any one vertex, corresponding to
the sets of edges crossed by the purple arcs. For a single logical qubit,
the shares on each edge consist of two qubits. A detailed construction
of the code can be found in [42], and a more efficient version using only
one qubit per edge in [100]. For infinite dimensional versions see [45].

In fact, given that every pair of vertices in this graph share an edge, which
is guaranteed by condition (2), such error-correcting codes have already been con-
structed. To encode finite-dimensional quantum systems we constructed such codes
using the codeword-stabilized formalism in the context of a similar summoning
problem [42]. Constructions for continuous variable systems have also been given
[45] and then adapted to the finite-dimensional case [100]. In the code-word sta-
bilized construction a single logical qubit is recorded using 2 physical qubits for
each edge in the graph, resulting in a total of 2 (g) physical qubits for n the number
of authorized regions. m

This result is particularly simple and expected from earlier work on summon-

ing, see [42].
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5.3 Characterization of the localize-exclude task

Now that we have an understanding of when and how a quantum system can be
localized to many spacetime regions, we can approach the localize-exclude task,
where unauthorized regions are included.

As an initial approach to understanding the localize-exclude task we can list the
most basic restrictions that we expect to apply. First, the two restrictions occurring
in the context of the localize task are still relevant: the start point should have a
point from each authorized region in its future light cone, and there should be no
causally disjoint pairs of authorized regions. There are also additional restrictions
relating to the unauthorized regions however. In particular, we can never have an
authorized region 7 be contained in the domain of dependence of an unautho-
rized region gZ/]-, since then all information which enters 7 also enters gZ/J Finally,
the start point too should not be contained in the domain of dependence of any
unauthorized region. We illustrate each these conditions in figure 5.5. Remark-
ably, a localize-exclude task (A, s, {e, ..., @ },{?, ..., %y }) will turn out to be
possible to complete so long as none of the four situations in figure 5.5 occur.

As a warm-up to the general case, consider the example given in figure 5.6.
There, a single unauthorized region blocks the path between two authorized ones.
To complete this use the following protocol. Near the start point, A is encoded
using the one-time pad using a classical key k. Once encoded, the A system is
sent through both authorized regions by allowing it to pass through the unautho-
rized region. An access to the unauthorized region then only sees the maximally
mixed state. The classical key k is also sent to both authorized regions, but along
trajectories that avoid the unauthorized one.

A similar technique can be applied to the general case of many authorized and
many unauthorized regions. As we show in the proof of theorem 6 given below,
the strategy is to first encode the A system into an error-correcting code so that it
can be localized to each authorized region. Then each share in that error-correcting
code is encoded using a classical string and the quantum one-time pad. We then
leverage classical secret sharing to allow us to get the encoding string to the needed
authorized regions while avoiding all the unauthorized regions.

We are now ready to state theorem 6 and give the proof. The proof of suffi-
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Figure 5.5: Four impossible localize-exclude tasks: (a) An authorized region
is entirely outside the future light cone of s, so system A can’t be local-
ized there without violating the no-signalling principle. (b) The initial
location of the quantum system is in the domain of dependence of an
unauthorized region %/, so can be reconstructed from data in %4. (c) A
quantum system cannot be localized to both the spacetime regions <7
and %, due to the no-cloning theorem. (d) A quantum system cannot
be localized to o7 without passing through the region %, since there is
no causal curve which passes through .2; and not %. The red shaded
region indicates the domain of dependence of the unauthorized region
%, . The yellow shading indicates the future light cone of the start point.
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Figure 5.6: Illustration of the protocol for completing a localize-exclude task
with two authorized regions and one unauthorized region that satisfies
the conditions of theorem 6. In the distant past, Alice prepares copies
of the classical string k. She brings one copy of & to each of <7 and
75 along a path which does not cross % — this is always possible by
condition (3). She must also bring the classical string to the start point
s, and encode the A system using the quantum one-time pad [9]. The
overall state on A and it’s purifying system R is then (U, ® Z)|V) aR.
The encoded system A is sent through both authorized regions. Fol-
lowing this protocol both authorized regions contain £ and the encoded
A system, while the unauthorized region contains the encoded system
only.
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(A, s,{A, ...}, {%, ..., %m})X1
{ Localize theorem

(Sij, s, { e, i} {, ..., ﬁZ/m})X(Z)

/ \ One-time pad

Sija'S?{'Q{ia'Q{j}v@)Xl (kij,—OO,Ri,{%l,...7%m})X3

Teleportation ((m,m)) classical
secret sharing scheme

k!

50 —0Q, Ria %)Xm

Send string on causal
curve through R; \ %

Figure 5.7: The sufficiency proof of theorem 6. In three steps, the
proof reduces completing the localization task on the system A
with n authorized sets and m unauthorized sets, denoted by
(A, s,{A, ..., } {%, ..., %n}), to completing (}) instances of
(Sij,s,{,<;},0) on quantum shares, and 3m(},) instances of

(k:ﬁj, —00, R;, %)) on classical shares, where the region R; may be ei-
ther the start point or an authorized region. The notation —oo indicates
the share is available at early times. The first step in the protocol is to
recycle the error-correcting code from theorem 5 to encode the A sys-
tem into shares S;;. At the second step, the one-time pad is applied to
each of the S;;. This allows the unauthorized regions to be avoided by
introducing additional classical shares, but without the need for further
uses of quantum error-correcting codes.

ciency is somewhat lengthy, so we have provided figure 5.7 which summarizes the

key steps taken.

Theorem 6 (Localize-exclude) Given a collection of authorized regions { <, ..., <y},
unauthorized regions {7, ..., %y}, and start point s, a localize-exclude task is

possible if and only if the following three conditions are satisfied.

1. The starting location of the system A (a) has at least one point from each

authorized region in its causal future, and (b) is not in the domain of depen-
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Figure 5.8: An example of a localize-exclude task and illustration of the pro-
tocol provided by theorem 6 for its completion. Near the start point the
system A is encoded using the quantum one-time pad and sent (along
the blue curve) through both authorized regions. The string k satisfies
k = k1 @ kg, so that k1, k2 form the two shares of a ((2, 2)) secret shar-
ing scheme. k; is sent through & and % while avoiding %4, while ko
is sent through &) and %, while avoiding %. Consequently, each <7
contains all of the classical shares k; along with the encoded A system,
while each %; is missing one k;.
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dence of any unauthorized region.
2. Every pair of authorized regions (<7;, </;) are causally connected.
3. For every pair (;, %;) of authorized and unauthorized regions, <; is not

contained in the domain of dependence of U;.

Proof. The necessity of conditions (1)(a) and (2) follow from the same arguments
as in theorem 5. To argue the necessity of condition (3), notice that if <7 is con-
tained in the domain of dependence of %, then the state of the quantum fields
within .¢7; is determined by unitary evolution from the fields within %4. Then
whenever the A system can be determined from .7 it is also possible to recover it
from %;. Condition (1)(b) is necessary for the same reason.

To demonstrate sufficiency we construct an explicit protocol to complete the
task in the case where all three conditions are true. It is useful to recall the no-
tation (A, s, {HA, ..., 4}, { %, ..., Un}), which describes a localize-exclude task
by specifying the system on which we must complete the task, the start point, au-
thorized regions, and unauthorized regions. As a first step in constructing our pro-
tocol, we encode the system A into the error-correcting code used in theorem 5. Us-
ing this code and localizing each share in the code to its two associated authorized
regions would localize the system to each authorized region. However, here we
also need to exclude the system from all of the unauthorized regions. To do this, we
will localize each share S;; to % and <7; while also avoiding every unauthorized
region. In other words, encoding A into the codeword stabilized code reduces com-
pleting the original task to completing the tasks (S;;, s, {<%, %}, {7, ..., Um})
for every share S;;.

By using the quantum one-time pad and classical secret sharing it is possible to
further reduce completing the (S;;, s, {<%, </;},{?, ..., % }) task. In particular,
at s use the quantum one-time pad to encode the share S;; using some classical
string k;;. We may freely send the encoded share through %7 and .<7; so long as the
classical string k;; is kept out of all of the unauthorized regions, and is made avail-
able at s, o7, and .<7;. Thus, the task (S;j, s, {%, ; },{?, ..., %n}) is equivalent
to completing (S;;, s, {, «7; }, 1) along with (k;j, —o0o, {s, i, i}, { %, ..., Un})*

2We’ve introduced the notation —oo to indicate the start point is located in the distant past. This
is the appropriate task to consider completing on the classical system k;; as Alice may prepare these
strings at some early time.
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To finish the protocol, we first notice that theorem 5 shows that we can com-
plete any task of the form (.S;;, s, { %, </;}, () given that conditions (1)(a) and (2)
hold. The task (k;;, —oo, {s, <%, /;},{?A, ..., %n}) is also easily handled. Note
that since the task is to be completed on a classical string, we can produce three
copies of k;; and worry separately about sending the string to s and each of <7
and <7, so we have to complete three instances of (k;j, —oo, R, {%, ..., %n}),
where R can be s, <7 or 27;. To complete these, encode k;; into an ((m,m)) secret
sharing scheme? with shares k:ij Then complete the tasks (k‘ﬁj, —00, R, 7). This
completes the task with all m unauthorized regions since the classical string is kept
out of % so long as at least one of the shares in the ((m,m)) scheme is.

It remains to complete the tasks of the form (kﬁj, —o0, R, 7). When R is
one of the authorized sets, condition (3) guarantees that R is not in the domain of
dependence of %4, which means there is a causal curve passing through R which
does not enter %4. To complete the task, simply send kﬁj along this curve. When
R is the start point s, condition (1)(b) guarantees there is a causal curve passing
through s and not %4, so again we can complete this task. m

An example implementation of the protocol used in this proof is given as figure
5.8

Earlier we mentioned the similarity of conditions (2) and (3) to corresponding
conditions for quantum secret sharing. A quantum secret sharing scheme [39] is
specified by an access structure, with the access structure consisting of subsets of
parties deemed authorized and subsets deemed unauthorized. Recall from section
3.1 that a quantum secret sharing scheme can be constructed under two conditions
[39]: (a) (no-cloning) no two authorized sets can be disjoint and (b) (monotonicity)
no authorized set can be contained within an unauthorized set. Conditions (2) and
(3) of the localize-exclude theorem are exactly these conditions rephrased in a
context appropriate to spacetime.

Beyond this similarity, we can embed any secret sharing scheme into a localize-
exclude task. Consider n parties, Boby,...,Bob,,, who each can potentially access

an associated spacetime region ;. Take the authorized and unauthorized regions

A ((k,n)) secret sharing scheme is one where any k of the 7 total shares can be used to recon-
struct the secret while any k — 1 shares reveal nothing about the secret. A ((m, m)) scheme is the
appropriate one here because we want every share to be needed to reconstruct k;;.
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Figure 5.9: Example of the embedding of a secret sharing scheme with ar-
bitrary access structure into a localize-exclude task. We consider a se-
cret sharing scheme that involves three parties, and has authorized sets
S1 = {1,2}, So = {2,3} and S5 = {1,2,3}, with all other subsets
of parties deemed unauthorized. In the corresponding localize-exclude
task, the three parties become three causally disjoint spacetime regions
1,29 and X3. Further, this localize-exclude task has authorized re-
gions &y = X1 U X9, o = 3o U N3 and o5 = 31 U X9 UX3. The start
point s has been placed at an early enough time that all the 3J; are in its
future light cone.

to consist of unions of ¥;’s, so that a full authorized region <% can be accessed
only if some collection of Bobs agree to cooperate. Choose the regions ; to be all
causally disjoint. In this setting two authorized regions being causally connected
occurs if and only if they share a 3;. Then condition (2) of theorem 6, which
requires causal connections between authorized regions, reduces to the requirement
that every pair of authorized regions share at least one ;. This is exactly the
no-cloning requirement on secret sharing. Further, condition (3) reduces to no
U; = ¥ U...UE;), containing as a subset some .o7; = X1 U...UX o under the same
restriction of having causally disjoint ¥;, which is just the monotonicity condition.
Finally, to embed our quantum secret sharing task into a localize-exclude task we
should ensure that condition (1) becomes trivial, which we can do by sending the
start point s to an early time. We illustrate the embedding of a secret sharing task

into a localize-exclude task in figure 5.9.
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Theorem 6 shows that completing a localize-exclude task with unauthorized
regions requires only the same quantum error-correcting code as used in the case
with no unauthorized regions. Hiding the system from the unauthorized regions can
be accomplished using only the quantum one-time pad and classical secret shar-
ing. This is similar to the approach taken in [51], where quantum error-correcting
codes are combined with the quantum one-time pad to yield quantum secret shar-
ing schemes. By using the efficient error-correcting code underlying our protocol
however, we arrive at a particularly efficient construction of quantum secret shar-
ing schemes. In particular we find that there is a universal quantum error-correcting
code with 2(3) shares for n the number of authorized sets which, along with uses
of the one-time pad and classical secret sharing, constructs quantum secret sharing
schemes with arbitrary access structures. Using Shamir’s method [87], the 3m (Z)
instances of the ((m,m)) secret sharing scheme will each require O(m logm)
bits, where m was the number of unauthorized sets. In total, O(n?) qubits and
O(m?n?logm) classical bits are used in the construction. This provides the first
construction of quantum secret sharing schemes using a number of qubits poly-
nomial in the number of authorized sets. Previously, efficient constructions were
known for threshold schemes and certain other special access structures. (See,
e.g. [51, 61, 84].) Since the number of unauthorized sets can grow exponentially
with n, the classical bits used can be exponentially large. This is to be expected
since it is conjectured to be impossible to construct classical secret sharing schemes

for arbitrary access structures without consuming exponential resources [14].
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Chapter 6

Gravitation

Note: This chapter reviews standard material in general relativity, see for example
[31] for a detailed discussion of AdS space, and [76] for the focusing theorem..
The discussion of the focusing theorem follows the approach of [67, 70] however,

which emphasizes the role of Stokes theorem.

As we begin discussing in chapter 8, reasoning about quantum tasks leads to
geometric consequences for the AAS/CFT correspondence. In this chapter we lay
the groundwork for understanding those statements. First, we review anti-de Sitter
space, which our theorems will apply to. Second, we review the focusing theorem,
from which we can actually prove these theorems geometrically, independent of

the tasks argument.

6.1 Anti-de Sitter space

We will be interested in asymptotically Anti-de sitter spacetimes, and in some cases
these spacetimes will feature end-of-the-world (ETW) branes, which are locations

where the spacetime ends in some way.
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We begin with the action

Touik + Torane = 167rlGN / d e /g(R — 2A + Linager)
e, /B Ay Vh(K + LE ) - (6.1)
This action leads to Einsteins equations,
Guw +Agu =87G T, (6.2)

along with a boundary condition at the location of the ETW brane,
Koy — Khgy = —87GNTE . (6.3)

The brane stress tensor Tg) is found by varying the brane matter Lagrangian with
respect to the metric. We will first of all discuss solutions to Einstein’s equations
6.2, and then consider solutions which feature an ETW brane and solve additionally

the boundary condition 6.3.

Anti-de Sitter space

Anti-de Sitter (AdS) space is a solution to the vacuum Einstein equations 6.2 with a
negative cosmological constant. We usually reparameterize the constant A in terms

of what is called the AdS radius ¢ 445. The relation between the two is

d(d—1)

A=—
20 ads

(6.4)
when working in AdS with total dimension d + 1.

A convenient description of AdS is as a hyperbola sitting in a higher dimen-
sional space with two time directions. Specifically, global AdS is the surface in
R+ with signature (—, —, +, ..., +) defined by

d
X2 - Xg+ Y X) =~y (6.5)
=0
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Different coordinate systems for AdS correspond to different parameterizations of
this surface. We set £ 445 = 1 for convenience.

In this thesis we will usually use AdSo.1 as our explicit example. For concrete-
ness, we can write down a few coordinate systems that describe this spacetime. For

instance, using the parameterization

X_1 = cosh pcost,
Xo = cosh psint,
X1 =sin¢sinh p,
X9 = cos ¢ sinh p,

we obtain global coordinates
dS%_,’_l = —cosh? pdi + dp?® + sinh? pd¢? . (6.6)

In the context of AdS/CFT, we are interested in the conformal boundary of AdS
space, which is where the dual CFT description will live. To find the conformal
boundary, we take fixed, large p in the above metric

g €

dsj = = (—dt? + d¢?) o (—dt* + d¢?). (6.7)

Thus the conformal boundary is S* x R. Global AdSs, 1 is depicted in figure 6.1.
A second set of coordinates we will make use of is the Poincaré parameteriza-

tion,

1
X 1= (42212 +1),

2z
t
XO =
z
1
Xi = 5(7;2 +a?—t2 1),
Xy = x (6.8)
z
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(a) (b)

Figure 6.1: (a) Global AdS,1, described by metric 6.6. (b) The conformal
boundary of global AdSs;. The left and right boundaries of the strip
are identified.

which leads to a metric
2 1 2 2 2
dsy | = ;(—dt +dz® +dz7) . (6.9)

Poincaré coordinates cover only a portion of the full hyperbola 6.5, whereas the
global coordinates above cover the entire spacetime. This is illustrated in figure
6.2.

The metrics given above describe pure AdS, which has no matter present.
We can also consider a more general class called asymptotically AdS spacetimes.
These may feature matter, but the matter content occupies a finite region of space-
time, and decays away from that region. Far away from the matter then the metric

can be put into the form 6.6.

AdS spacetimes with ETW branes

In chapter 11 we will be interested in AdS spacetimes that feature ETW branes.
We briefly described an example of such a spacetime in this section. Note that the
ETW brane will extend to the AdS boundary; where the ETW brane reaches the
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Figure 6.2: The Poincaré patch is shown in blue. It consists of a portion of
global AdS. The boundary geometry is 1 + 1 dimensional flat space.

AdS boundary we will refer to as the edge.

Consider the parameterization of AdS,

X_1 = cosh p coshr cos v, (6.10)
Xop = cosh p coshrsinv, (6.11)
X1 = sinh p, (6.12)
X5 = cosh psinhr, (6.13)

which leads to the “slicing” coordinates

alsgJrl = cosh? p (— cosh? rdv? + dr2) +dp? | (6.14)
= cosh? pdsi 4 + dp® (6.15)

where the line element ds? 41 1s for a 1 + 1 dimensional global AdS space. To
cover the full AdS spacetime the coordinate p has range (—oo, +00). We can also

consider spacetimes that end at p = pg. A straightforward calculation shows that

Ko — Khgpy = — tanh pghgp. (6.16)
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Figure 6.3: Global AdS,; with an ETW brane. We’ve shown the 7' = 0
case for simplicity. Poincaré patches are shaded in blue. (a) An edge
centered choice of Poinaré patch. In the associated Poincaré solution
the ETW brane is flat, described by equation 6.19. (b) A Poincaré patch
centered at 0 = (0. In Poincaré coordinates the brane trajectory is a
hyperbola, described by equation 6.20.

Thus we can solve the boundary condition 6.3 if we choose

LB o =— 87T1GN / d% V/hT. (6.17)
and set 7' = tanh pg. Such a solution is illustrated in figure 6.3a.

The slicing coordinates are convenient in that the brane’s embedding equation
has the simple form p = py. We may also be interested in viewing this solution in
other coordinates, for instance in Poincaré. In fact, because the Poincaré coordi-
nates cover only a patch the global spacetime, there are different ways to view the
brane in Poincaré space. Two choices are shown in figure 6.3.

In figure 6.3a, the Poincaré patch is chosen to be centered on one of the edges.
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Figure 6.4: (a) Poincaré-AdS2,; with a constant tension ETW brane, as ob-
tained by taking an edge-centered patch of the global spacetime, as
shown in figure 6.3b. (b) Poincaré-AdS,; with a constant tension ETW
brane, as obtained by taking a patch as shown in figure 6.3a. The brane
forms a hyperbola, and the two edge trajectories are © = ++/1 + t2.
The horizons ¢ = v chosen in the global geometry map to z = =£t,
z = (1 —sin©®)/ cos © in Poincaré coordinates, which we’ve shown in
red.

The associated Poincaré coordinates are related to slicing coordinates by

. sin v v cos o tanh p L cos osechp 6.18)

cosv —sing’ cosv —sino’ cosv —sino

Under this transformation the boundary becomes the half line z > 0, with one edge
located at x = 0. The other edge is at x = co. The ETW branes trajectory is

%zsin@, (6.19)

where O is related to the tension 7" by T' = tan ©. Solutions of this form are
shown in figure 6.4a.

The second Poincaré patch we will be interested in is centered at ¢ = 0, as
shown in figure 6.3b. The choice of Poincaré patch implicit in equation 6.8 actu-

ally corresponds to this choice, so we can compare 6.8 and 6.10 to find the brane
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equation in these Poincaré coordinates,
2% —t* + (2 + tan ©)? = sec? O. (6.20)

The edge trajectories are described by ¢ = ++/22 — 1. This solution was studied
in [81] in the context of brane models of black holes and island formation, which

we will also take up in section 11. A solution of this type is shown in figure 6.4b.

6.2 The area theorem

In this section we review the area theorem, which gives that the areas of certain
null congruences decrease as we move along the null geodesics. The area theorem
in various forms plays an important role in general relativity, for instance it is how
Hawking proved that the area of a black hole always increases (at least classically).

Consider a null codimension 1 surface N'. We assume N is foliated by null
geodesics v* which start on a spacelike codimension two surface 31, and end on
another spacelike codimension two surface >Jo. Call the affine parameter along the
null geodesics A, which we scale so that A = 0 on ¥; and A = 1 on ¥,. Then,

using the fundamental theorem of calculus,

A(S9) — A(D)) = /dY\/ﬁAzo - /dY\/ﬁ,\zl = /Old)\/dYﬁA\/ﬁ 6.21)

where h is the determinant of the induced metric on a constant \ slice of A/, and
Y =dy' A Adyt2

Define the expansion, ¢, and a d — 1 form € by

1
0=—0o\wh |, =Vhd\AdY. 6.22
\/E)\ € (6.22)

Then the area difference can be written as

A(Eg)—A(Zl):/NEH. (6.23)

Expressing the area difference in this way is convenient, since the expansion is
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Figure 6.5: A portion of the boundary of the past 9J~ (R;), showing two
cross sections 3.1, 9, and the end-of-the-world brane 3. Null geodesics
generating the lightcone are shown in blue. The outward pointing nor-
mal to the brane is labelled 7, while the tangent vector to the null
geodesics is labelled 0y. (a) When 7 - 9y > 0, the brane removes area.
(b) When 7 - 3y < 0, the brane adds area.

constrained in certain situations if we assume the null energy condition (NEC),
ErEY T, > 0. (6.24)

In particular, consider an extremal surface . Then the boundary of the future or
past of v, J%(7), is generated by a congruence of null geodesics. Assuming
the NEC, this congruence has non-positive expansion when moving away from
v, as can be shown using the Raychaudhuri equation [76]. We will call surfaces
with non-positive expansion light sheets. Considering N to be a portion of either
OJ T () or J*(v) then allows us to conclude A(33) < A(X7). That is, the area

of a cross section of the congruence decreases as we follow the geodesics.

6.3 The area theorem with boundaries

Next, we consider the area theorem in the setting where N intersects the brane. The
situation is shown in figure 6.5. The null surface N is still foliated by a null con-
gruence, but some geodesics end or begin on an additional portion of the boundary,
N N B. To prove an area theorem in this setting, we will need to assume the NEC

holds both for the bulk stress tensor and for the branes stress tensor. This later
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statement is
TE > 0, (6.25)

where ¢ is a null tangent vector to the brane. This is satisfied with equality for
constant tension branes. Using the boundary condition 8mG Ty, = — (K —
Khgp) we can also express this as (20K 4, < 0.

We will reconsider | € and write this as a boundary integral. A simple ap-
plication of the fundamental theorem of calculus sufficed to derive 6.23, but this
was only because the null geodesics meet >J; and Y2 normally. For the additional
portion of the boundary we need to use Stokes theorem in a more general form. To
begin, note that

€0 = (WWVh)dANAY = d(VhdY) = dw (6.26)

so €0 is closed. The last equality defines w. Now we will use Stokes theorem in

the form

/ dw = / A2 AtV (6.27)
M oM

where v is the induced metric on the boundary, n* is the normal vector to the
boundary', and V,, = (—1)471(sw),, where * denotes the Hodge dual.

The one-form V in 6.27 is simple to compute, V = (—1)9"txw = (—1)1adA.
Along ¥ we have n* = —(0))*, and along Y9 we have n* = (J))*, which
recovers the two boundary terms appearing in 6.23. The boundary B N A returns

an additional term,

/ €l = A(X2) — A(Xy) +/ d* 2z YT (6.28)
N NN

We will need this more general statement in chapter 11 when we prove the con-
nected wedge theorem in the presence of an ETW brane.
For 6.28 to relate A(X2) and A(X1) we would like to fix the sign of ny. In

"For spacelike boundaries we should choose the outward pointing normal, while for timelike
boundaries we shoose the inward pointing one.
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Figure 6.6: The lightsheet 0.~ (R;) where it meets the brane. For 7 - 9y =
n) > 0 initially, a change in sign requires that the extrinsic curvature be
positive somewhere along the brane (as shown here), which is ruled out
by the NEC applied to the brane stress tensor.

particular, n > 0 along with 6 < 0 would imply A(X2) > A(X;), recovering the
usual area theorem. This is illustrated in figure 6.5. In fact we can show ny > 0
in one particular but important situation. Suppose that A\ is a portion of 9.J~ (R;),
for R; the entanglement wedge of an edge anchored region.” Then we have that at
A=07

ny = 0. (6.29)

This holds because the entangling surface yz, meets the brane normally, which
means the normal vectors of vz, N B will be tangent to the brane.
We claim the NEC imposed on the brane stress tensor ensures n) > 0 every-

where. To see this, study the derivative of n) as we move along the brane,

OV u(ny) = 'V, (ngk®) = KON ymg + 0Py V7 k°. (6.30)

>THe reader unfamiliar with entanglement wedges should skip the below, and refer back to this
section after reading chapter 7.

*More generally we need only that ny > 0. We may have ny > 0 in some cases when 7 is a
point in the AdS boundary and not on the edge, but it is not clear in general when this occurs.
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Using

k% =nyn + £,
0=n"V,n,,
0= k'V,E", (6.31)
this becomes

N y(ny) = M7V g — nantng V k. (6.32)

Since initially n) = 0, if we establish that V\n) > 0 whenever n) = 0, we are

done. But when n, = 0 the above is just
Vany = 0V ing = —(U Ky > 0 (6.33)

where the minus sign in the second equality is introduced because K is defined
using the inward pointing normal vector, whereas the normal vector appearing in
Stokes theorem was outward pointing. The inequality is just the NEC imposed on
the brane. How the curvature in the brane prevents a sign change in n), is illustrated

in figure 6.6.
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Chapter 7

The AdS/CFT correspondence

This chapter is review material. The original reference for the AdS/CFT corre-
spondence is [60], while a useful review with an entanglement focused perspective
is [79]. The Ryu-Takayanagi formula was first proposed in [83], and entanglement
wedge reconstruction in [24]. AdS/BCFT was proposed in [92].

In this chapter we review the AdS/CFT correspondence, emphasizing quantum
information theoretic aspects. In particular we discuss the Ryu-Takayanagi for-
mula and its covariant generalizations, which relates the von Neumann entropy of
boundary subregions to areas of extremal surfaces in the bulk. We then discuss the

entanglement wedge and the role of quantum error-correction in AdS/CFT.

7.1 Statement of the correspondence

The AdS/CFT correspondence states that two physical theories are equivalent. The
two theories are a particular type of conformal field theory, the CFT, and quantum
gravity in asymptotically AdS spacetimes.

To understand what it means to say these theories are equivalent, consider that

we can describe the two theories as a Hilbert space along with a Hamiltonian,
Herr, Horr  and - Hags, Hads. (7.1)

One way to formally state the equivalence of these theories is to specify that there
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exists a unitary mapping

V i Horr — Hads (7.2)

which preserves time evolution,
VIH4sV = Horr. (7.3)

Given such a mapping V', we can calculate any correlation function in the CFT
using the bulk AdS picture, or vis versa.

Before we can understand what is known about the map V', we should describe
the bulk (AdS) and boundary (CFT) pictures in more detail.

Lets begin with the CFT. A conformal field theory is a quantum field theory
with additional symmetry. In particular the Poincaré group is extended to the con-
formal group, which contains two additional generators. The dilation corresponds

to a simple rescaling of coordinates,
= Azt (7.4)

There is also the special conformal transformation

" o + ata?
FH

= . 7.5
1+ a,z? + a?z2 (7.5)

A general CFT is described by a set of primary operators {O; }; along with associ-
ated conformal weights A; and a set of coefficients C;;, that appear in three point
functions. Some CFT’s also have an action description, which we will assume we
have for the CFT’s of interest here. The primary operators are singled out by their

simple transformation property under dilations,
Oi(Az) = \"2i0;(x). (7.6)

All operators in the CFT can be built from the primaries by acting with derivatives,
multiplication or addition of primaries, etc, so we are particularly interested in

understanding primary operators and their correlation functions.
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There are two parameters in the CFT which we will keep track of. The first is
the central charge, labelled c. The central charge appears in a number of places
in the CFT, including in the description of the algebra of symmetries of the CFT.
Focusing on conformal field theories in 141 dimensions, we will be most interested
in the appearance of the central charge in the von Neumann entropy of a subregion
of the CFT. In the CFT vacuum state, and considering a subregion of size L, this is

given by

S@)ngg% (7.7)
where € is a length scale set by choosing a UV regulator. From this expression, we
interpret the central charge as measuring the number of degrees of freedom in the
CFT.

The second parameter in the CFT we will keep track of is a coupling constant,
A, controlling the strength of interactions in the CFT. In general the CFT will not
have just one coupling, but we will be heuristic. We will be interested in limits of
the parameter A, which we would then have to make sense of in any specific CFT.

Next lets discuss the AdS bulk physics. In the most general case, the bulk is
described by an interacting string theory. We will be focused however on a limit

where this is well described by classical gravity. This occurs in the limit
c>>1, A—oo. (7.8)

which will be the setting we will always work in. The bulk action then takes the

form

1
167Gy

Saas = / P /=G (R — 2A + Loaer) - (7.9)
M

Away from a strict A — oo limit higher curvature terms also enter the action above.
It is common to express the cosmological constant A in terms of the AdS length

Uads,
3

A= (7.10)
AdS
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The central charge is related to the gravitational parameter Gy, £a4s by

3l ads
= . 11
¢ 2G N (7.11)

Since we’re working in the strict A — oo limit it doesn’t enter in fixing the gravi-
tational parameters we’ve kept, but away from this limit \ fixes the length scale of
the higher curvature corrections to the action above.

It will be helpful to have a gauge-fixed description of the bulk gravitational
degrees of freedom. A suitable gauge is Fefferman-Graham, where the metric
takes the general form

62
ds?® = A%‘le(dz2 + T (z, z)datdz”). (7.12)
z

The function I';,,, has the form
T = nu + 0z (7.13)

where 7 is the metric of the conformal boundary.

With this background on AdS and CFT physics, we can now return to discuss
the map V. The most basic aspect of the correspondence is that the CFT lives on
the conformal boundary of the AdS spacetime. This will be described by the metric
N introduced in 7.13. The conformal boundary will always topologically take the
form B x R, where R is the Lorentzian time direction and B is the spatial manifold.

Next we relate the operator content of the bulk and boundary theories. The
CFT stress tensor is dual to the bulk metric, in the sense that 7}, can be computed
from boundary limits of the bulk metric. See [31] for explicit formulae. Since all
field theories have a stress tensor, and the bulk always has a metric, these objects
can always be dual. Additionally, there will be a set of bulk fields ¢; dual to the
primary operators O; with

Oi(x) = lim 2~y (x, 2). (7.14)
This fixes the field content in the bulk given the CFT data.

Next, we need to understand the state of the bulk fields given the state in the
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boundary. In the classical limit defined by 7.8 this map is specified implicitly by
a path integral. It is convenient to first discuss the case where the state of the bulk
fields has a moment of time symmetry, so that 9,¢p = 0. Later we discuss the more
general case.

Choose a manifold M, equipped with a Euclidean metric, which has a coordi-
nate 7 that we will identify as Euclidean time. We require M to be Zy symmetric
around 7 = 0 and the 7 = 0 slice to be 5. Next take the Euclidean version of our
CFT and consider it on the manifold M. For each operator in the CFT, consider
a source J;(z, 7) also defined on M and required to satisfy J(z,7) = J*(z, —7).
To find the bulk state, solve the bulk field configurations subject to the boundary

condition

J(z) = lim 227 9¢(z, z). (7.15)

z2—0

In this solution look at the 7 = 0 slice. Then the bulk field at 7 = 0 is described by

¢i(r,0) = ¢oi(x),
d-¢ = 0. (7.16)

This describes the state of the bulk fields at time 7 = 0. To obtain the full
Lorentzian spacetime, we take this as initial data on a ¢ = 0 slice and set 0.¢ =
—i0y¢. Meanwhile in the CFT, the initial dual state is described by the path integral

=P
(Pol)orT = / ’ d® o SEpr @+ [ T ad (2)0(x) (7.17)

where ® denotes schematically the various fields in the CFT. The path integral is
performed over the portion of the Euclidean boundary manifold with 7 < 0. One
can use this state as initial data to evolve into Lorentzian time in the CFT.

To relate bulk states with non-time symmetric field configurations, we begin
with one of the dual pairs of bulk and boundary time symmetric states, then add

additional time evolution with Lorentzian sources to obtain a larger class of states.
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In the CFT we do a Lorentzian path integral with |¢) as the initial data,

o= . 241 Q== E 3
D®, eiScrr(®u+] EH @)L (@) / 4D ¢~ SErrl@sl+] Pl (@)

(@1[y)err = /

=0
In the bulk, we evolve the bulk fields using a similar bulk path integral. For in
depth discussion of Lorentzian AdS/CFT see for example [89].

This path integral construction succeeds in identifying the bulk dual of a large
class of CFT states. The construction does not immediately answer many of the
possible questions we may ask about how the bulk and boundary states are related.
In particular, we may be interested in identifying how objects other than primary
operators or the stress-tensor in the CFT are described in terms of bulk physics.
We take up one such object in the next section, the von Neumann entropy, whose

bulk description is related simply to the bulk geometry.

7.2 The Ryu-Takayanagi formula

Of particular interest to us will be the Ryu-Takayanagi formula, which is a pre-
scription for calculating the von Neumann entropy of a boundary subregion given
bulk data.

To motivate the formula, lets begin by discussing black holes. As Hawking
showed, a black hole radiates, and consequently has a temperature and a thermo-
dynamic entropy. As a classical object the state of the black hole is described by a

Boltzmann distribution,
1 3R
PBH = EZe BE B E;|. (7.18)
1

For a diagonal density matrix such as this, the von Neumann entropy is just the
thermodynamic entropy. The thermodynamic entropy of a black hole is, to leading
orderin 1/Gy,

_ Arealyppy|

= 7.19
SBH G (7.19)

where vpp is the black hole horizon, so that at least in this special case the von
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Neumann entropy of a spacetime region (the black hole) is given, at leading order,
by the area of the region.

The above formula accounts for the entropy of the black hole in the setting
where no quantum fields are present. Including additional fields in our spacetime,
there is an additional contribution to the entropy of the black hole. In particular
we should add to the above a von Neumann entropy of the subregion of the fields
inside the black hole,

_ Area[ypp]

e + Sqrr[BH interior]. (7.20)

SpH

This is called the generalized entropy of the black hole. By replacing the black
hole interior, we can also define the generalized entropy of any subregion of our
spacetime.

The Ryu-Takayanagi formula is a broad generalization of the black hole en-

tropy formula. It states that

Area[y4]

S(A) =min  ext ( G

S Ew(A . 7.21
YA ya€Hom(A) + QFT( W( ))> ( )

Understanding this formula requires some unpacking. A denotes a subregion of
the CFT, whose entropy we are interested in calculating. To calculate it using bulk
data, we look for extremal surfaces which are homologous to A. Surface 7 4 is said
to be homologous to a boundary region A if A U 4 forms the boundary of some
region, which will be called the entanglement wedge of A, &y (A).

A simple example of the RT formula is shown in figure 7.1. There, we consider
AdS,1/CFT14; and a boundary region A which is the union of two intervals, call
them a1 and as. There are two extremal surfaces homologous to A = a1 U as.

First, we can have

VarUas = Yaz U Yas- (7.22)

This is an extremal surface composed of two pieces, one homologous to a; and the
other homologous to ay. This is shown in figure 7.1a. A second extremal surface

will of the type shown in figure 7.1b, which we will call v, Jq,. This surface is also
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Figure 7.1: Extremal surfaces (shown in blue) for two intervals R; and Ro
(shown in green) of equal size x sitting on a constant time slice of
AdSs41. The intervals are separated by an angle 2. The entangle-
ment wedge (R Re) (shown in grey) is the region whose boundary
is the union of the regions R; and Ry and their minimal surfaces. For
large v and small x the entanglement wedge of the region R; U Ry is
disconnected, while for small « or large enough z, the entanglement
wedge becomes connected, as shown at right. The entanglement wedge
being connected indicates the mutual information is O(N?), while a
disconnected entanglement wedge indicates the mutual information is

O(NO).

xr
[/// ”""‘\\ \
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(a) (b

composed of two components, but each component is connected across a; and as.
The RT formula says that we should choose between these two possible surfaces
by taking the one associated with smaller generalized entropy. One way to capture
the qualitative distinction between these two surfaces is to notice that in the first
case the entanglement wedge is a disconnected region, while in the second case it
is connected.

There is a second, equivalent formulation of the RT formula which we will use

in proving the connected wedge theorem. It is

Area[y4]

Y y4a€X

+ SQFT(gw(A))) . (7.23)
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The maximization is over choices of Cauchy surface through the bulk which in-
clude A in their boundary. The minimization is over surfaces 4 that sit inside of
Y. Reference [3] showed that this is equivalent to the extremal surface formula-
tion when the quantum focusing conjecture holds. To establish equivalence when
considering only the 1/G terms it suffices to consider the null energy condition
[97].

7.3 The entanglement wedge

We’ve seen that given a state in the boundary CFT, we can determine the bulk AdS
state, and vis versa. It is also interesting to ask if there is a more fine grained
duality: given the density matrix of a subregion A of the CFT, what portion of the
bulk can we learn about?

The RT formula can be used to suggest one possible answer. The von Neumann
entropy S(A) can be calculated from the density matrix p4. In the bulk picture,
the RT formula reveals that a qubit sitting anywhere inside of the entanglement
wedge Ey (A), affects the value of S(A),. This suggests that the density matrix
pa describes the entire entanglement wedge Eyy (A),.

This is nearly a correct statement, but comes with a caveat that we can state
once we make the problem more precise. We will specify a subspace of the full
bulk Hilbert space, which we will call H.,4.. This code space is chosen to consist
of bulk states with a well defined geometry and possible quantum fields living
on that geometry. Further, we will assume that all states in the code space have
approximately the same quantum extremal surfaces. Except in certain finely tuned
cases, this will be the case in a classical geometry with n < O(1/Gy) qubits
moving through the spacetime. This is a strong assumption, and it is both possible
and interesting to relax it.! This assumption will suffice for our purposes in the

chapters below.

lDoing so leads to the notion of the reconstruction wedge [2, 44], and is important in understand-
ing black hole evaporation, where the entropy of Hawking radiation becomes O(1/G ) at late times
[75].
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Given this assumption, we can write the RT formula in the form

Arealy 4]

S(A) =min  ext <4GN

S Ew (A 7.24
YA ~ya€Hom(A) >+ QFT( W( )) ( )

In this setting we simply refer to the surfaces 4 as extremal surfaces, since they
do not involve extremizing the quantum entropy term.

We state our main claim for this section as follows.

Theorem 7 Suppose that a small number” of qubits are in an unknown state and

sit inside of the entanglement wedge of A, defined by
O(Ew (A)) =74 U A (7.25)

where vy 4 is the extremal surface for the boundary subregion A. Then it is possible

to recover the state of those qubits given access to the density matrix p 5.

To understand this, our first step will be to argue for an operator level version of

the Ryu-Takayanagi formula. In particular we define the modular Hamiltonian
HX = —logpx (7.26)

of any density matrix. Then consider the relative entropy between a density matrix
p and a nearby state p + dp. Because the relative entropy is always non-negative,

and S(p||p) = 0, we learn that
S(p+dpllp) = O(6p%) (7.27)

Writing the relative entropy our using the closed form S(p||o) = tr(plogo)—S(p),

we obtain
S(p+6p) — S(p) = tr(6pH,) + O(5p%) (7.28)

this is sometimes also written as 6S(p) = tr(dpH,) and called the first law of

entanglement.

2As above this means n < O(1/Gn).
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Now begin with the RT formula,

S(pa) =t (paw> + 5(pa) (7.29)

where 74 is the minimal extremal surface, and we’ve introduced a shorthand a =
Ew(A). Note that the area is just a number, but we will think of it here as an
operator proportional to the identity. Now take a variation of both sides of this

expression, and apply the first law of entanglement to both the entanglement terms,

tw(6paH,,) = tr <(5pa (Azegm} + Hp>> . (7.30)
N

Now, p4 and its dual p, are arbitrary states in the code space. Lets fix one par-
ticular choice. Then consider some other state in the code space, call it o4 with
corresponding o,. If we decompose o 4 into a sum of many small terms do 4 ; then

choose 6p4 = do 4, in the above, we can conclude

tr(oaH,,) = tr <0a <Aream] + H,,)) , (7.31)
4Gy

for any state o in the code space. Thus, we get the operator level statement

_ Area[y,)]

Hy = =15+ Hy, (7.32)

which holds on the code space. This was initially discussed in [50] and is often
referred to as the JLMS formula.

Lets return now to consider the relative entropy. Applying the JLMS formula,
we find that this is equal to the bulk relative entropy

S(palloa) = S(palloa) + O(V/Gw) (7.33)

The correction term arises from small variations in the location of the extremal

surface for different states in the code space.’

3We didn’t quantify what we meant by keeping the extremal surface approximately fixed in the
code space, for simplicity we will take 7.33 to quantify what we mean by an approximately fixed
extremal surface.
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The equality of bulk and boundary relative entropy actually implies p, can be
recovered from p 4, and vis versa. To establish this carefully involves the theory of
approximate recovery channels, and would take us too far out of our progression
towards the results in later chapters. However, our discussion of decoupling and the
reversal of quantum channels in section 2.5 suffices to provide a correct intuition
for these results.

Define a channel
Nasalpa) =tz (Vi(pa © Xa)V) (7.34)

where X; is some fixed state in the code space. We will argue this channel has
an inverse. From our error correction theorem 3, we want to argue that a unitary
extension of this channel (which here we take to be V') does not correlate its output
(which here is A) to the environment (which here is A). The JLMS result means
pA,04 and pg, 0, are, up the small correction, equally distinguishable. This sug-
gests A and A must be uncorrelated, since otherwise information from a escapes
to the environment, A, and distinguishability would decrease under the action of
the channel. Then from theorem 3 we have that an inverse channel to NV,_, 4 exists.

See [23] for a complete argument.

74 AdS/BCFT

In chapter 11, we will also use a variant of AdS/CFT wherein the conformal field
theory is replaced with a boundary conformal field theory, or BCFT.

A BCFT is a conformal field theory living on a manifold with boundary, along
with a conformally invariant boundary condition. For appropriate BCFTs, the Ad-
S/BCFT [33, 92] correspondence suggests a bulk dual description, which consists
of an asymptotically AdS region along with an extension of the CFT boundary
into the bulk as an end-of-the-world (ETW) brane. To avoid confusion with the
bulk-boundary language of the AdS/CFT correspondence, we will refer to the CFT
boundary as the edge.

Recall from chapter 6 that a bulk AdS spacetime with an ETW brane is de-
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scribed by the action

1
Touik + Torane = 167Cn /dd+1x VI(R — 2A + Liager)
e /dey Vh(K + Lijaer) (7.35)

where Lyaer and LB, ... are matter Lagrangians for fields in the bulk and brane

respectively. As usual, R is the Ricci curvature and A the bulk cosmological con-

stant, while K is the trace of the extrinsic curvature of the brane,
Kap = Vany , (7.36)

for outward normal n; to B, and a, b refer to brane coordinates y“. This action

leads to Einstein’s equations in the bulk, along with the boundary condition

1

- (Kgp - K = TB 7.37
87TGN( ab hab) ab ( 3 )

In AdS/BCFT, the Ryu-Takayanagi formula [82] and its covariant generaliza-
tion the HRT formula [48] continue to calculate the entropy of boundary subre-
gions, provided the homology condition is appropriately adapted [91]. In the con-
text of AdS/CFT, and assuming the null energy condition, the HRT formula is
equivalent to the maximin formula [97]. We will assume this remains the case in
AdS/BCFT. Recall from above that the maximin formula states that

Arealy 4]

$(4) = maxmin (4GN> +0(1).

The maximization is over Cauchy surfaces that include A in their boundary, and
the minimization is over spacelike codimension 2 surfaces v4 which are homolo-
gous to A. In spacetimes with an ETW brane we should understand the homology

constraint as
0S8 =y4UAUD (7.38)

for S a spacelike surface in the bulk, and where b is allowed to be any portion of the
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ETW brane. For a single interval in the CFT, this allows two qualitatively distinct
classes of entangling surface: those which do not include a portion of the brane to
satisfy the homology constraint, which we call brane-detached, and those which

do, which we call brane-attached.
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Chapter 8

Quantum tasks in holography

This chapter is based on original material, first appearing in [64]. Similar earlier

work also appeared in [63].

In this chapter we introduce a framework for applying quantum tasks to Ad-
S/CFT. The next two chapters discuss concrete applications of this framework,

which leads to the 2 — 2 and 1 — 2 connected wedge theorems.

8.1 Framework for holographic quantum tasks

In our definition of a quantum task in chapter 4, we used an operational framing
— Bob gives Alice some quantum systems, Alice performs some computations,
and Alice returns some other systems to Bob. This language is convenient, and
indeed it is natural when discussing quantum cryptographic applications such as
position-based cryptography.

It is possible to remove the operational language however. In particular, the
protocol Alice carries out is in fact just a feature of some initial state |¥). All
the instructions for her protocol are by necessity recorded there, all that happens
during the execution of the protocol is time evolution according to the underly-
ing theory’s Hamiltonian. While Alice’s protocol is the internal dynamics of the
theory in question, Bob preparing the inputs and collecting outputs correspond to

couplings to some external system. Viewing quantum tasks in this way motivates
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understanding them as probes of the underlying theory they are defined in.

Because tasks probe the underlying theory, if we are given an equivalence be-
tween two theories it is natural to try and interpret this equivalence in the language
of tasks. In particular we will consider the bulk and boundary theories in AdS/CFT.
Within each theory, there is a set of tasks that can be defined and associated success
probabilities, {(T;, psuc(T;))i}. The equivalence of bulk and boundary theories
suggests that for each task T defined in the bulk there is some corresponding task
T in the boundary, and further that psuc(’i‘) = psuc(T). We will make this more
precise below.

Our first step will be to restrict attention to a bulk described by classical ge-
ometry along with quantum fields living on a curved background (which may be
coupled to the geometry). This means that while the boundary theory completely
describes the bulk, the converse is not true. Consequently we will expect an in-
equality,

Psuc(T) < psue(T). (8.1)

Before understanding this in more detail however, we need to specify how a bulk
task should be associated with a boundary task.

Given a task in the bulk T = (M, o/, Sy, B,S%, Ny 2), we should iden-
tify the boundary dual of each element of the tuple. Beginning with M, the bulk
geometry, we define T to be in the geometry M, the boundary of M. The in-
puts <7, outputs %, and channel N, _, » we may identify trivially across bulk and
boundary. This is because while the bulk and boundary degrees of freedom look
very different, we can record the same quantum states into these different degrees
of freedom.

Next we need to discuss how to identify an access structure in the bulk with a
corresponding access structure in the boundary. Note that in principle, because the
AdS/CFT correspondence fixes the boundary description given the bulk, the bound-
ary access structure ({/lf%}, {Z/Alilz }1}) is fixed by the bulk one ({Af;‘i }, {Z/lfqz}}})
We have not understood how to do this in the most general case, but can make

some statements which will be sufficient for the applications discussed here.
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First, notice that given bulk authorized regions {A{% };, we have

(Al 3 2 X A C (X)) (8.2)
J

This is because the entanglement wedge Eyy (X)) is the portion of the bulk which
X can be used to recover, so when Af;‘i C SW(X ) the boundary region X can be
used to recover A;, which implies X is an authorized region. The other inclusion
does not follow in general since there may be some boundary regions AJAZ whose
entanglement wedge includes a portion but not all of A{% and which still construct
A;.

Given a bulk unauthorized region, we can say that

{Uh 1o 2 | {X 1), 2 Ew(X)} (8.3)
j

This follows because Ey (X)) is the largest bulk region whose quantum information
can be reconstructed given X, so L{ili 2 EW(X ) means X does not reconstruct
A;. Note that unless one or more of the Z/{ﬁ‘i are anchored to the boundary, the set
{X: L{ii D Ew (X))} will be empty.

In the context of the connected wedge theorem, we will be interested only
in a special case, where the bulk tasks access structures all have only authorized
regions, and where those authorized regions are points. In this case the inclusion
8.2 becomes an equality, fully specifying the boundary authorized regions from the
bulk ones. Further, there will be no boundary unauthorized regions'. Nonetheless
we have described the identification of bulk and boundary access structures in as
much generality as possible, as future applications may exploit more of it.

Given a bulk task T and associated boundary task ’i‘, we’ve claimed pgy,(T) <
psuc('i‘). This follows because any protocol that completes the task in the bulk with
some probability p will be mapped under the AdS/CFT duality to a protocol in the
boundary. The bulk task’s success probability is determined by the information

localized to the regions ({Aﬁi}, {Z/{iz}}}) In the boundary description the same

'Of course the spacelike complements [.A'ﬁ,i}c do not contain any information about A;, but it
is not necessary to designate these as unauthorized, since this is immediate from the A'j;i being
authorized.
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Figure 8.1: The quantum task discussed in section 8.2. A quantum state is
received at a point on the boundary c; and must be returned at the point
r1. Equation 8.1 implies that signals cannot travel faster through the
bulk than through the boundary, consistent with the usual statement of
boundary causality [28, 35].

information will be available in the regions ({/Ali‘l}, {Z/Alil}}}), so the boundary
protocol will complete the task with probability p as well. Note that we claim
only an inequality, rather than an equality, because many protocols in the bound-
ary theory will correspond to bulk protocols that change the geometry M, which
we assumed should be fixed and unaffected by the protocol. Worse, some bound-
ary protocols might correspond to leaving a semi-classical description of the bulk
altogether.

8.2 Basic holographic quantum task examples

Bulk and boundary causality

A simple but non-trivial quantum task consists of a single input point c¢; and single
output point 71, both located at the AdS boundary. We specify that at ¢; Alice

receives a quantum state [¢)) which she must return at r;. Call this task S in the
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bulk, and the corresponding boundary task S.

In the bulk picture, Alice can complete this task with high probability whenever
c1 < 11, 80 that pg,c(S) > 1 —e. Using inequality 8.1, we get that psuc(g) >1—¢
as well, which implies ¢; < 7 (i.e. the same two points are causally connected in
the boundary geometry). In summary then, we learn ¢c; < r; in the bulk geometry
implies ¢; < 71 in the boundary geometry: a signal cannot travel faster through the
bulk than through the boundary. This is just the usual statement relating bulk and

boundary causality [28, 35].

Properties of entanglement wedges

We can use Theorem 6 characterizing localize-exclude tasks to recover well known
features of entanglement wedges.

First, consider two boundary regions A; and Ay, which we take to be causally
disconnected. Then Theorem 6 gives that a localize task L which includes A; and
A, as authorized regions is not possible, meaning it has low success probability,

psuc(L) < e. Using inequality 8.1, we get that the corresponding task in the bulk
also has low success probability,

Psuc(L) < e (8.4)

The corresponding bulk task has the entanglement wedges .A; and A5 as authorized
regions. Since this task has low success probability, these bulk regions should also

be causally disconnected. In other words,
A A Ay = A A As. (8.5)
In the case where /11, /lg are spacelike separated, we can write this as
ANdy=0 = ANA=0. (8.6)

This is equivalent to the better known property of entanglement wedge nesting [1],
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which is
XCYy = XC). (8.7)

To see the equivalence, take Y to be the spacelike complement of As, denoted
[/lz]c =Y and take X = A;. Then use that for any two spacetime regions A, B,
we have A C [B] <= ANB=0.

110



Chapter 9

The 2 — 2 connected wedge
theorem

The presentation in this chapter follows [68]. However, an early version of the con-
nected wedge theorem where the input and output regions are taken to be points

was conjectured in [63] and later proven in [70].

In this chapter we discuss the 2 — 2 connected wedge theorem. We begin
by stating the theorem formally in section 9.1, where we also discuss the converse
statement and how to choose the input and output regions to make best use of
the theorem. In section 9.2 we give the quantum tasks argument for the theorem.
Section 9.3 discusses the remaining loophole in this argument. Section 9.4 gives

the relativistic proof of the 2 — 2 connected wedge theorem.

9.1 Statement of the 2 — 2 connected wedge theorem

We state the connected wedge theorem below.

Theorem 8 (Connected wedge theorem) Pick four regions él, éQ7 7@1, Ry on the
boundary of an asymptotically AdS spacetime. From these, define the decision
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Figure 9.1: (a) A view of the boundary of AdSs,;. Left and right edges of
the diagram are identified. Shown is an example choice of input regions
C; and output regions R;. This particular choice is maximal for the
regions V; defined by Ci = V. (b) Bulk perspective on the same choice
of regions, showing the entanglement wedges C; and R;. Only one of
the out regions is shown, to avoid cluttering the diagram. In the bulk
there is a non-empty entanglement scattering region J%, ., .

regions
Vi=JHC) NI (R)NJ™(Ry),
Vo= JH(Co) N T (R1) N J ™ (Ry). 9.1)

~ ~

Assume that C; C V;. Define the entanglement scattering region

Jizo1e = JH(C) N TH(C2) 1T (R1) N T (Ra), 9:2)
where C; = Ew (C;) and Ri = Ew (R;). Then, JE, 1o # @ implies that Eyy (V) U
Vs) is connected.

It is interesting to consider starting with a choice of regions V1 and Vs, then pick
regions él, ég, 7@1, 7@2 to understand if )}1 and 1>2 share a connected entanglement
wedge. In AdSo.4 1, and for )91, Vs single intervals, there is a unique ‘best’ way to

do this, in the sense that one particular choice of regions will conclude there is a
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(a) (b)

Figure 9.2: A counterexample to the converse of Theorem 8. (a) Vacuum

AdSsy 1 with regions V1 and Vs, chosen antipodally and to each occupy
7 /2 of the boundary. Choosing the maximal consistent input and output
regions, the entanglement scattering region is exactly one point, and the
Ryu-Takayanagi surface is on the transition from disconnected (blue) to
connected (red). (b) Spherically symmetric matter is added to the bulk.
Now the entanglement wedges V) and V reach less deeply into the
bulk [47], and the light rays sent inward normally from their extremal
surfaces are delayed. This closes the entanglement scattering region.
By spherical symmetry however the Ryu-Takayanagi surface remains
on the transition. Deforming V1 to be larger ensures we are in the con-
nected phase, and for small enough deformation ensures the scattering
region remains empty.

connected wedge whenever any choice of regions does.

To find the optimal choice of éi, 7@2-, we note first that there is a maximal choice

of regions él imposed by the constraint éz c f)z choose CAZ = VZ Further, there

is a maximal choice of 7%,» consistent with a given f)l, ]}2, which is illustrated in
figure 9.1a. Since any other choice C/, R/ has C/ C C; and R, C R; these maximal

. £ . .
choices have J'{5_ 15 C J§, .5, S0 whenever a non-maximal choice has a non-

empty entanglement scattering region the maximal choice will. Thus whenever

CA{ , 7@; can be used to conclude ]}1 U )}2 has a connected entanglement wedge, the

maximal choice will conclude the same.

We can also consider the converse to Theorem 8: given two regions Vi, Vs,
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Figure 9.3: A typical choice of regions él = f/l, ég = 1>2, 7@1,7%2 in the
boundary of Poincaré-AdS which leads to a non-trivial conclusion in
the connected wedge Theorem 8. Region Ro consists of two wedges
which each extend to infinity.

does their entanglement wedge being connected imply an associated scattering re-
gion is non-empty? The most interesting version of this question uses the maximal
choice of regions (fi, R; so that the scattering region is as large as possible. Even
taking the optimal choice of regions however the theorem does not have a converse,

as we argue in figure 10.4.

Connected wedge theorem in Poincaré-AdS;

The connected wedge theorem applies to any asymptotically AdS spacetime, in-
cluding global AdS and Poincaré-AdS spacetimes in arbitrary dimensions. To ap-
ply the theorem meaningfully however, we need to find configurations of regions
él,ég,ﬁg,'ﬁ,g such that the bulk entanglement scattering region is non-empty,
while the boundary scattering region is empty.

It is not immediately clear how to find non-trivial configurations of input and
output regions in Poincaré-AdS2, 1. Indeed, at least for pure Poincaré-AdS21 no
such configurations exist when the input and output regions are chosen to be points.
One way to see this is to start with non-trivial arrangements of points ¢, ca, 71,72
in global AdSo41, and chose a Poincaré patch which includes regions V1 and Vs.
Doing so one always finds that one of the four points sit outside the patch, and

consequently we cannot state the non-trivial instances of the theorem using points
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directly in Poincaré AdS.

For extended regions it is straightforward to find non-trivial configurations in
Poincaré AdSs 1. An example configuration is shown in figure 9.3. Importantly,
region Ry consists of two disconnected parts, where each connected component
consists of a half line. In an appendix of [64] non-trivial configurations in Poincaré
have been explicitly given in the case where the bulk is pure AdS. Since many of
these configurations have extended entanglement scattering regions, and the scat-
tering regions should be deformed only a small amount for small perturbations to
the bulk geometry, there will also be many non-trivial configurations when matter
is added.

9.2 Quantum tasks argument

In this section we give the quantum tasks argument for the connected wedge theo-
rem. The basic idea is to consider a Bg, task embedded into AdS space. We use

the results on necessity of entanglement from section 4.5 to argue for the theorem.

Argument. Consider two cases. First, supposed that VNV, # @. Then we
immediately have that the entanglement wedge of ViU Vs # @ is non-empty, and
we are done.

Next, assume that V; NV, = @. This is just the statement that the boundary

scattering region

j12_>12 = j+(él)mj+((?2)ﬂji(7é1)ﬂjf<7—\’,2) 9.3)

is empty. By assumption however, the bulk entanglement scattering region Jlg2 12

is non-empty. This implies the existence of four points ¢y, ¢, 71, 2 such that
Jte) NI () NI (r1)NJ (1) # 2. (9.4)

Choose a Bgf task in the bulk with c;, co as input points and 71, 79 as output

points. Then because the above region is non-empty, we can use the local strategy
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(discussed in section 4.5) in the bulk, and we obtain a high success probability,
Psuc(Bas) > 1 — 26277, 9.5)

Next, we should discuss how large we can take n. The obstruction to taking n
arbitrarily large is that if we make use of too many qubits, the bulk protocol may
change the geometry, deforming the geometry we are attempting to study. To avoid
this we choose n to be any order in 1/G v less than linear. Then if each qubit carries

some energy AF, Einstein’s equations dictate that the coupling to geometry is
Guw = O(GNAEN). (9.6)

Choosing n < O(1/G ) ensures that in the Gy — 0 limit we have no backreac-
tion, as needed to ensure we are studying the intended geometry.

Starting with B,", we label the corresponding boundary task by B; 4n. Follow-
. . . . . A XN .
ing the discussion in section 4.2, we know By, has the same inputs and outputs as

the corresponding bulk task. Further, we have by assumption that

c; € gw(éi),
ri € Ew(Ri). (9.7)

Thus CAZ is an authorized region for A; in the boundary task, and 7@1 is an authorized
region for B;. Since Ci C Vi, and by assumption the boundary scattering region
ViNVyis empty, the boundary uses a non-local strategy. Lemma 11 of section 4.5

then applies and we can conclude
1. - -
§I<V1 :V2) 2 n(—logy B) — 1+ O((¢/B)"). 9.8)

Since n is any order less than O(1/Gy), we can conclude that I(V; : V) =
O(1/Gy), which occurs only when Eyy (V; U V) is connected. m

We should note that there is a gap in this argument, which was noted also in
[70]. In particular the causal diagram 4.2b does not include the regions that sit
between 1>1 and ]>2. Call these 2(’1 (which is the portion of the complement in the

past of R1) and X, (the portion of the complement in the past of Rs). In general,

116



Figure 9.4: Boundary view of the Bgy task. Input regions V) and V, are
shown in dark gray. The regions X;, shown in light gray, sit between
the input regions and add some complications to the boundary proof of
Theorem 8.

these regions can be made use of to complete the B 8X4n task without entanglement,
as we show in the next section. However, such strategies require GHZ correlations
in the CFT, which are not expected [71]. As well, it seems possible to rule out
such strategies by keeping Alice ignorant of the location of the regions C; before
the beginning of the task, in which case she cannot coordinate actions with the
intermediate regions. We leave better understanding this to future work, and for
now rely on the gravitational reasoning of section 9.4 to provide a complete proof.

It is interesting to understand why the connected wedge theorem lacks a con-
verse from the tasks perspective. There are two reasons. First, the mutual infor-
mation being large does not imply Vi and V; are entangled, instead they could
just share classical correlation, which doesn’t suffice to complete the task (see sec-
tion 4.6). Second, even if there is sufficient entanglement between the regions,
it doesn’t imply that the boundary procedure will correspond to a bulk procedure
which has a simple geometric description. This is associated with equation 8.1
being an inequality when we restrict to a low energy effective description in the
bulk.
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9.3 Quantum tasks loophole

In the last section we commented that if Alice can make use of the complemen-
tary regions X, and X» in her protocol then it becomes possible to complete the
By task non-locally without large correlations between the input regions. In this
appendix we briefly explain how this is possible.

The protocol is based on the quantum one-time pad (see section 3.2). Recall
that a one-time pad is a set of unitaries {Uy }, such that averaging over k returns

the maximally mixed state,
1 7
szkpAUli = a (9.9)
k

for any p 4. For instance, when A is a single qubit, the Pauliset { P, } = {Z, X, Y, Z}
works as a one-time pad.
To understand how to do the Bg4 task non-locally and without correlation be-

tween f)l and 1>2, define the state

1
[¥) = m Z ‘k>a:1 ® ‘k>w2 ®(Z® Pk)‘q!+>v1v2 (9.10)
k

on C* ® C* ® (C?)®2, where |UT) is the maximally entangled state (|00) +
111))/+/2. Treating the two single-qubit subsystems as a composite four-dimensional
subsystem, |¢)) is a three-party GHZ state for systems 1, x2, and vy vs.

The state [¢)) has zero mutual information between v; and v9, but can still
be used as a resource for the Bgy task as follows. First, we send systems zx; to
spacetime regions X;, and systems v; to spacetime regions Vi (cf. Figure 9.4).
When the nonlocal circuit of Figure 4.2a is applied to the state Z @ Py|¥™T), the
classical measurement outcomes of the circuit are related to ¢ and b in a way that
depends on P, = X™Z", in particular (—1)® = (s51)%(s9)' " %s3(—1)™(1-0)+ng,
If we apply the nonlocal circuit to [¢) in systems vjvs, and measure |¢)) in the
k-basis in the x; subsystems, the combined classical output of both measurements
is sufficient to complete the Bgy task with zero information between v, and vs.

Importantly, in the context of holography, the three-party GHZ entanglement
between 1, x2 and vyve cannot be created by acting locally at ¢; and co, since X
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Cs Vi

Figure 9.5: The null membrane. The blue surface is the lift £, which is gen-
erated by the null geodesics defined by the inward, future pointing null
normals to vy, U ~¥y,, where vy, is the Ryu-Takayanagi surface for re-
gion V;. The red surfaces make up the slope Sy, which is generated
by the null geodesics defined by the inward, past directed null normals
to Y, U YRr,. The ridge R is where null rays from 7y, and 7y, col-
lide. The contradiction surface C'y; is where the slope meets a specified
Cauchy surface .

and )32 are not in the future lightcone of either c; or co. Instead, the entanglement
must already exist in the initial semi-classical state. It is not expected that this is

ever the case.

9.4 Relativistic proof

In this section we prove the 2 — 2 connected wedge theorem for asymptotically
AdS spacetimes. The proof relies on the null energy condition holding in the bulk.

The outline of the proof of Theorem 8 is as follows. We suppose, by way
of contradiction, that Jis5_,15 # & and the HRRT surface for region ]>1 U fil is
disconnected. Call this surface vy, U yy,. According to the maximin procedure,
this surface is minimal in some Cauchy slice 3. We’ll use the focusing theorem
and the fact that J§, ,;, # @ to construct a smaller area surface in . which is
connected, called the contradiction surface Cy,. This provides a contradiction with
Yy, Uy, having been the HRRT surface, showing the correct HRRT surface must
be connected.

To begin, we consider two cases, corresponding to the boundary scattering
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region

j1€2~>12 = j+(él) N j+(CAQ) N ji(ﬁ,l) N Jf(']ég) = f/l ﬂfjg 9.11)

being empty or non-empty. If it is non-empty, then V1 UV, is a connected region,
so its entanglement wedge is also connected and we are done. If it is empty, we
proceed with the proof below.

Define the null surface
L=0JTViUuW)NJ (R1)NJ (Ra). 9.12)

which we call the /ift. This is defined by taking the inward pointing null orthogonal
vectors of -y, and 7y, as generators for a null congruence, and extending those
geodesics until they reach the past of R or Rs. Additionally, geodesics should
not be extended past any caustic points — defining the lift in terms of 0J(V; U
V) implements this for us, as geodesics leave the boundary of J*(V; U V) after
developing a caustic.

There are two features of the lift that will be important. The first feature is that

the region
R=0JT(V1)NoJ (W) NJ (R1)NJ (Ra), (9.13)

which we call the ridge, is non-empty. To see this, recall that by assumption Ci C

]A/Z-, which means
J s CITOV) NI NI (R) N T (Ry). 9.14)

By assumption Jng _,19 1s non-empty, so the region on the right is also non-empty.
But this region being non-empty means J (V) and J*(V,) must meet in the past
of R1 and R9, which means the ridge is non-empty.

The second important feature of the lift is that its boundary has a component
A along 9J7(R1) and a component A along J~(R2) which are separated by
the ridge. The other possibility would be for the ridge to extend to one or more

of the edges. This cannot occur however, which follows because the ridge is a
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subregion of the bulk scattering region, which by assumption does not extend to
the boundary.

Next define a second null sheet which we call the slope,
Sy =0[J (R1) UJ ™ (Re)|NJ~[0JT (V1 U W) N JT (D). (9.15)

The slope is generated by past-directed null geodesics beginning as the inward,
past directed null normals to vz, and ygr,, and extended until they reach . We
will be particularly interested in

Cy=S5xNX (9.16)

which we introduced above as the contradiction surface. The lift, ridge, slope, and
contradiction surface are shown in figure 9.5.

Now, we apply the focusing theorem in the form of equation 6.28 to the lift
and to the slope. The lift is a portion of the boundary of the future of an extremal
surface, J*(V1), so the focusing theorem applies and 6 < 0 there. We choose
a parameterization such that the null generators begin on 7y, U vy, and end on
R UA; UAs U B, where B is any caustics present in the lift. This leads to

area(Az) + area(A;) + 2area(B.) + 2area(R) — area(vyy, Uyy,) = /69 <0.
9.17)

Similarly, we can apply 6.28 to the slope, which is a portion of the boundary of the
past of an extremal surface, 0[J~(R1) N J~(R2)], so again we have § < 0 there.
Choosing the parameterization such that generators begin on .A; U A5 and end on

Cs; U Bg,,, where Bg,, is any caustics present in the slope. We have then

area(Cy) + 2area(Bs,,) — area(Ag) — area(A;) = /69 <0. (9.18)
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Adding these two inequalities and rearranging terms we obtain

area(yy, U~y,) > area(Cy) + 2[area(R) + area(Bs,,) + area(Bz)]  (9.19)
> area(Cy) (9.20)

This ensures that the disconnected surface vy, U 7y, is not of minimal area in
the Cauchy slice ¥, so from the maximin procedure cannot be the correct HRRT
surface, completing the proof.

We can also note that the proof gives a lower bound on the mutual information.

In particular,

I 5 %2) = o lareaay, Unns) — a4 0(1) (92D
> L farea(yy, Unvy) — Cs] + 0(1) 9.22)

4G N
> 2R. (9.23)

In the second line we used the maximin formula to compare the area of C'y, and
YV, UV, and in the third line we used 9.19. Notice that we also removed the terms
coming from caustics, which in general are dependent on the choice of Cauchy
surface 3. We find that the area of the ridge lower bounds the mutual information.
This means that not only does a non-empty scattering region imply an O(1/G y)
mutual information, but a larger scattering region implies a larger mutual informa-

tion.

9.5 The scattering region is inside the entanglement
wedge

In the context of the connected wedge theorem with input and output regions taken
to be points, the authors of [70] noted that the scattering region sits inside of the
entanglement wedge of f)l U f/g, at least in the context of 2 + 1 bulk dimensions.
We can straightforwardly adapt their argument to our context to see that the larger
entanglement scattering region is also inside of the entanglement wedge, again in
2 + 1 bulk dimensions.
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To see this, define the region

X = JH[ViuWlen [V U Vgle. (9.24)

This is the closure of the spacelike complement of f)l U f/g. In 2 + 1 dimensions,
this consists of the domains of dependence of two intervals which we call X and
)32. Note that f)l U )A)g U 2?1 U 2?2 is a complete Cauchy slice of the boundary, which
we extend into the bulk to some Cauchy slice . We will choose this extension
such that yx, and yx, are contained in X.

Next we note that 7@1 is inside the domain of dependence of f/l U/'%l UVAG, which
we label D1, while R sits inside the domain of dependence ViUXpU Ve, which
we label Ds. Because of this, J~(R;) will be inside .J~ (D), while J~(Ry) will
be inside J~(D3). Consequently we learn

JT(R1)NJ™(R2) € J (D1) N J™(D2). (9.25)

Notice that, assuming the entanglement wedge Eyy (1}1 Uf/z) is connected, the future
boundary of J~(D1) N J~(Dy) is also the future boundary of EW(Vl U f)g). This
is because the entangling surface for &y (191 U 1}2) consists of two components,
one of which is homologous to X, and the other homologous to Xo, and so these
two components are the entangling surfaces for Dy and D respectively. Thus
equation 9.25 gives that J~(R1) NJ~(Rz2) is in the past of the future boundary of
Ew (V1 U V). Since the scattering region is a subregion of J~(R1) N .J ™ (Ry), it
follows that this also holds for the scattering region.

It remains to show that the scattering region is to the future of the past boundary
of SW())I U f)g) This is immediate, because the past of vy, and 7y, meets the
boundary along the past boundaries of V1 and V. Thus any points in the future of
V1 and V, must be in the future of this past boundary.
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Chapter 10

The 1 — 2 connected wedge
theorem

This chapter reproduces the results of [67].

In this chapter we prove the 1 — 2 connected wedge theorem, which is a
connection between bulk causal features and boundary entanglement which applies
specifically in the context of AdS spacetimes with ETW branes. Such geometries
are relevant to the emergence of spacetime [66, 94], holographic approaches to
cosmology [10, 22, 41], and the black hole information problem [5, 6, 8, 20, 21,
36, 37, 80], where they model the formation of islands. In the island context, our
theorem establishes that a causal connection from the black hole interior to the
radiation system implies the existence of an island, a subject we take up in chapter
11.

10.1 Statement of the 1 — 2 connected wedge theorem

We state our main result of this chapter as follows.

Theorem 9 (1 — 2 connected wedge theorem) Consider three boundary regions

(fl, 7@1, Ry inan asymptotically AdSo1 spacetime with an end-of-the-world brane.
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(a) (b)

Figure 10.1: Illustration of Theorem 9, shown with a zero tension brane. The
input region is taken to be a point C; = ¢, while the output regions
are the light blue half diamonds attached to the edge. The decision
region Vi is shown in black. a) When a boundary point ¢; and two
edge points r1, 72 have a bulk scattering region which intersects the
brane, the entanglement wedge of an associated domain of dependence
(black shaded region) attaches to the brane. b) When there is no such
scattering region, the entanglement wedge need not be connected.

Define the decision region
Vi =JHC) NI (R1)NJ ™ (Ry). (10.1)

Require that él - lA)l, and that 7@1, 7%2 touch the brane. Define the entanglement

scattering region,

JE e =JT(C) NI (R)NJT (Ry). (10.2)
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X

Figure 10.2: The M task, which we employ to argue for the 1 — 2 connected
wedge theorem. At C; the quantum system A is received which holds
a state H7|b). For the task to be completed successfully, b should be
produced at both r; and ro. We show that completing the task with
a high success probability requires the bit ¢ be available in the region
f/l = J+(él) N J7<7€1) N Jf(’}ég).

Then if Jl‘g 19 IS non-empty, the entanglement wedge of V1 is attached to the brane.

This theorem is illustrated in figure 10.1. Note that the converse of this theorem is

not true, as we discuss in section 10.4.

10.2 Quantum tasks argument

In this section we give the quantum tasks argument for Theorem 9. Several aspects
of the argument follow the argument of the 2 — 2 connected wedge theorem, but
we emphasize that the qualitative picture of how the boundary completes the task
is distinct in the two cases. In particular, in the 2 — 2 theorem the boundary
uses a quantum non-local computation to complete the task, whereas in the 1 — 2

theorem the boundary employs bulk reconstruction, as we will see below.
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The monogamy task

To argue for the 1 — 2 connected wedge theorem, we introduce a task called the
monogamy task, which is related to but distinct from the Bgy task. In this task
there is one input region C, and two output regions Ri1, Ro. System A is in one of
the states H?|b) 4 and is localized to region C,. H is the Hadamard operator, and
b,q € {0,1}. There is an additional system () which holds the bit ¢, and we leave
unspecified for the moment where () is located in spacetime. To complete the task
the bit b should be localized to 7%1 and 7@2. This task is illustrated in figure 10.2.

We will need to introduce an equivalent formulation of M that we refer to as
purified M. The purified task is modified in two ways: (1) a second system @ is
introduced, and placed in the maximally entangled state with (; and (2) the in-
put qubit H?|b) 4 is replaced with the A system of a maximally entangled state
| W) 4 1. We refer to the QA system as the reference system. Notice that Bob can
now perform measurements on the reference system to return this to the original
task. To do this, Bob first measures the () system, and obtains some output g.
Then, he measures A in the computational basis if ¢ = 0, and in the Hadamard
basis if ¢ = 1. Bob obtains one bit b of output. Meanwhile, the post-measurement
state on QA is |q)g ® HY|b) 4, so that the inputs are as in the unpurified task.
Notice that Alice’s success probability is unaffected whether Bob performs these
measurements before or after Alice returns her outputs, since the QA and QA sys-
tems never interact. Thus, the purified and unpurified tasks have the same success
probability.

The three regions C1,R1, Ry have a naturally associated spacetime region

which we label ]}1’ defined according to
Vi=JHC) NI (R)NJT ™ (Ry) . (10.3)

V) is natural to consider because it is where it is possible to act on A and reach
both of R and Ro. We will be in particular interested in two situations: (1) the
setting where () is localized to VY, and (2) the setting where () is excluded from V0.

Let us consider first the case where () is localized to V1. For convenience,
take the unpurified task. Then within V1 Alice should apply H? to A to obtain
(H9)2|b) 4 = |b) 4, measure |b) 4 in the {|0), |1)} basis, and then send the outcome

127



to each of 1 and 3. Doing so, she can complete the task with high probability, say
Psuc = 1 — €. We introduce the parameter € to account for the effect of any noise
present in carrying out this protocol.

We can make a stronger statement by introducing a parallel repetition of the
monogamy task, which we call M*"™. We consider n states { H%|b;) }; being input
at Cy, with the @; and b; drawn independently and at random. To complete the task,
a fraction 1 — 0 of the b; should be localized to both 7@1 As discussed in the last
paragraph, Alice can complete each of the n runs with a probability pg,.(M) =
1 — €. For € < 4, the probability that this leads to more than a fraction 1 — § of the
runs being successful will be high. For concreteness take § = 2¢. In this case we

have, at large n,
Psuc(MX™) = 1 — 262" (10.4)

In particular we see that the success probability converges to 1 exponentially in n.
Next, consider the case where ¢ is excluded from Vl. More precisely, we con-

sider purified M and state this assumption as

~

IV, :Q)=0. (10.5)

Then Alice will be limited in her ability to complete the task, a fact we formalize
in the following lemma.

~ —

Lemma 13 Consider the M task [cf. figure 10.2] with I(Vy : Q) = 0. Then any
strategy for completing the task has pg,.(M) < cos?(7/8).

To see why this is true, consider that Alice holds the A subsystem of a maximally
entangled state on AA in the region V1. After applying a quantum channel to A,
she will send part of the output, call it By, to 7@1 and part of the output, call it Bo,
to 7@2. At best, Alice will learn () in the regions ﬁz At each of the R; then she
can use B; along with ¢ to produce a guess for b. This is exactly the guessing game
analyzed in [93], which we discussed in section 3.3. The above bound was stated
there.

Notice that if By and A are maximally entangled, Alice can measure in the ¢

basis and produce an output at R1 which is perfectly correlated with Bobs mea-
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surement outcome. Similarly if By A is maximally entangled she can produce the
correct output at Rs. The monogamy of entanglement however ensures that there
will be a trade-off, and no perfect strategy will exist. This explains our naming
convention M for the task.

We can also consider the parallel repetition of the task M *"™ in the case where
I(V : Q) = 0. Following the reasoning of Lemma 13, this can again be reduced to
the monogamy of entanglement game, who proved that this parallel repetition of

the task satisfies the following lemma.

Lemma 14 Consider the M™*" task with I()>1 : Q) = 0, and require that a frac-
tion 1—46 of the individual M tasks are successful. Then any strategy for completing
the task has

Psue < (2"(5) cos? (g))n = (2h(5)5>n (10.6)

where h(0) is the binary entropy function h(§) = —d0logd — (1 — §)log(1l — ¢)
and the second equality defines (.

For small enough § we have that 29 3 < 1, so that with zero mutual information
the success probability is small. Our next result will be to show that a large success
probability implies a large mutual information.

In fact, this argument was already completed in section 4.5, albeit in a changed
setting. To apply the bond proven there to the present problem, the systems V) and
@ in the M task play the role of systems V1 and Vs for the Bg, task. Applying

lemma 11, we obtain

Lemma 15 Suppose that the M*" task is completed with success probability psy. =
1 — 2€2t™. Then the bound

A~

%I V1:Q) > n(—1og2"?93) — 1+ O((e/B)") (10.7)

holds.

This will be the key technical result in the argument from quantum tasks for the

connected wedge theorem, which we present in the next section.
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We should highlight an important assumption made in proving Lemma 11. In
addition to the region V), there is also a complementary region X = [J*(V;) U
J _(f)l)}c. Lemma 14, on which Lemma 15 relies, assumes that information from
this region is not made use of in Alice’s protocol. If it were, one could use protocols
of the type considered in section 9.3 to perform the M*™ task without entangle-
ment between V; and Q. As discussed there, it seems sensible to assume such
strategies are not allowed. In particular they require large amounts of GHZ type

entanglement in the CFT, which is not expected to exist [72].

Tasks argument for the 1 — 2 connected wedge theorem

With Lemma 11 in hand, we are ready to complete the tasks argument for the

1 — 2 connected wedge theorem.

Theorem 9: (1 — 2 connected wedge theorem) Consider three boundary regions
C1,R1, Ry inan asymptotically AdSo1 spacetime with an end-of-the-world brane.

Define the decision region
Vi =JHC)NJT (R1)NJ ™ (Ry). (10.8)

Require that él - 1>1, and that 7@1, 7%2 touch the brane. Define the entanglement

scattering region,
T2 =JHC) NI (R1)NJ ™ (Ra). (10.9)

Then if Jig 19 1S non-empty, the entanglement wedge of Vi is attached to the brane.

Argument. Using our assumption that J¢ |, # &, we have that there exist bulk

points ¢y, r1, 72 such that
JHe)NJ (r))nJ (r2) N B (10.10)

with ¢1 € C1, 71 € R1,r2 € Ro, where recall X = EW(X), with X a boundary
region. We will consider a M[*™ task in the bulk such that the input system A =

Aj.... A, is input near ¢, and each bit b; should be brought near 1 and ro. Further,
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system () will be recorded into the brane degrees of freedom.

It is easy to see that the M ™™ task can be completed in this case with high
probability. To see this, note that a simple bulk strategy is to bring A to the brane,
learn the ¢;, and use them to recover the b;. The b; are then copied and sent to
both r; and 3. Doing so we can complete each M task with some probability
p = 1 — ¢, leading to a success probability psye = 1 — 22T for the M*™ task.
Since the boundary reproduces bulk physics, the boundary must also complete the

task with the same probability. Lemma 11 then gives
1. - _
5112 Q) > n(—1og2"®IB) — 1+ O((¢/B)") (10.11)

so that when the entanglement scattering region is non-empty, we have large mutual
information.

This bound on mutual information actually requires the entanglement wedge
of V) to attach to the brane. To see this, consider that in the purified M *"™ task
there are n Bell pairs ), ; with A = A;... A, inputat Cy, and A = A;... A,
held by Bob. There are an additional n Bell pairs \\I’JF)QiQZ_, with Q = Q1...Qn
stored on the brane, and Q = Q1...QQ,, held by Bob. We can choose n to satisfy
0O(1) <n < O(1/GN), so that n grows as Gy — 0 but does so more slowly than
1/Gn.

Suppose that SW(IA/l) is not connected to the brane. Then the entropies of the

region V; and of system (Q satisfy

S(V) = ﬁ’N +n+0(1),
S(Q) =n,
S(VQ) = ng +2n+ O(1). (10.12)

The first statement is just our assumption: the disconnected surface calculates the
entropy of V1, and then we add the entropy of the n Bell pairs shared between Vi
and A, along with any O(1) contribution. The second statement is due to QQ be-
ing in the maximally entangled state. The third statement follows from the discon-

nected surface being of minimal area along with our choice to take n < O(1/Gy).
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This is because the other option, of having the connected surface calculate the en-
tropy, would imply that the quantum extremal surface has moved to enclose the n
qubits of @), which would happen only if n > (Agis — Acon)/Gn. Using these
statements about the entropy, the mutual information is

I(Q:V)=5(Q)+S(V)-S(VQ) =0(1), (10.13)

so that in the disconnected phase the mutual information O(1). Since 10.11 implies
the mutual information is O(n) > O(1), we find that the entanglement wedge must
attach to the brane. m

It is interesting to consider this result in the context of entanglement wedge
reconstruction. We can observe that when the entanglement wedge connects to the
brane () is reconstructable from V1. This clarifies how the boundary completes the
task. Whenever the task can be completed in the bulk, the entanglement wedge
connects to the brane, which means (@) is available in V1. Thus the boundary dy-
namics can recover the bits g; and use them to decode the b;, then forward the b; to
both output points.

We should contrast this boundary picture with the analogous feature of the
connected wedge theorem in AdS/CFT. In that setting there are two input regions
f/l and f)g, with 1>1 associated with the input H9|b) and )}2 associated with the
input g. In that case, even in the connected phase, V1 does not reconstruct q. To
complete the task then the boundary must make use of a different strategy. Indeed
in [69] the authors argued that the boundary dynamics should be understood as a

quantum non-local computation.

10.3 Relativistic proof

In this section we prove the 1 — 2 connected wedge theorem for asymptotically
AdS spacetimes with an ETW brane. Our proof follows the earlier proof for the
2 — 2 connected wedge theorem appearing in section 9.4 closely, since a minor
modification of the proof given there suffices to prove our theorem. We repeat the
full proof in order to explain this modification clearly.

The proof relies on three assumptions: i) that the null energy condition holds

in the bulk ii) that the null energy condition holds for the branes stress tensor iii)
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Figure 10.3: The null membrane. The red surface is the lift £, the blue sur-
faces make up the slope. The ridge R, is where the lift meets the brane.

that the maximin procedure [62, 97] for finding HRRT surfaces is correct even in
the context of AdS/BCFT.

Given these assumptions, the outline of the proof of Theorem 9 is as follows.
We suppose, by way of contradiction, that J;_,1o # @ and the HRRT surface for
region V) is brane-detached. Call this surface ’y{,l. According to the maximin
procedure, this surface is minimal in some Cauchy slice 3. We’ll use the focusing
theorem and the fact that J{ ,;, # @ to construct a smaller area surface in ¥
which is brane-connected, called the contradiction surface Cx,.. This provides a
contradiction with ’y{,l having been the HRRT surface, showing the correct HRRT
surface must be brane-attached.

To begin, we consider two cases, corresponding to the boundary scattering

region
JE e =JTC)NJT (R)NJ (Re)NB=V1NB (10.14)

being empty or non-empty. If it is non-empty, then V) is attached to the brane in
the boundary, so its entanglement wedge is immediately brane attached and we are
done. If it is empty, we proceed with the proof below.

Define the null surface

L=0JT(V))NJ (R1)NJ (Ra) (10.15)
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which we call the /ift. This is defined by taking the inward pointing null orthogonal
vectors of &y as generators for a null congruence, and extending those geodesics
until they reach the past of R or Ro. Additionally, geodesics should not be ex-
tended past any caustic points — defining the lift in terms of J 7 ()} ) implements
this for us, as geodesics leave the boundary of J* (V) after developing a caustic.
There are two features of the lift that will be important. The first feature is
that the lift has a non-empty intersection with the brane. To see this, recall that by

assumption

J e =J(C) NI (R)NJ (Re) N B # . (10.16)
Then, recall that since éz - )AJZ-, we have also C; C V;. Thus we learn

JS CT W) NJT (R)NJ (Ro)NB # @. (10.17)

This gives that J T ());) meets the brane while in the past of R and R5. In partic-
ular then the ridge, defined by

R=LNB+#D. (10.18)

is non-empty.

The second important feature of the lift is that its boundary has a component
A, along 9J7(R1) and a component A along J~(R2) which are separated by
the ridge. The other possibility would be for the ridge to extend to one or more
of the edges. This cannot occur however, which follows because the ridge is a
subregion of the bulk scattering region, which by assumption does not extend to
the boundary.

Next define a second null sheet which we call the slope,
Se =9[J (R1)NJ (Ra)|NJ [T (V)] NJTT (). (10.19)

The slope is generated by past-directed null geodesics beginning as the inward,

past directed null normals to vz, and yR,, and extended until they reach X. We

134



will be particularly interested in
Ce=5:nY (10.20)

which we introduced above as the contradiction surface. The lift, ridge, slope, and
contradiction surface are shown in figure 10.3.

Now, we apply the focusing theorem in the form of equation 6.28 (which in-
cludes the additional boundary term) to the lift and to the slope. The lift is a portion
of the boundary of the future of an extremal surface, 3.J " (V;), so focusing applies.
We choose a parameterization such that the null generators begin on vy, and end

on R U A; U Ay U By, where B is any caustics present in the lift. This leads to

area(Az) + area(A;) + 2area(Bg) + area(R) — area(yy, ) = /60 <0.
(10.21)

Similarly, we can apply 6.27 to the slope, which is a portion of 9[J~ (R1) N
J7(Rz2)]. Choosing the parameterization such that generators begin on .A4; U Ay
and end on Cx;, U Bg,,, where Bg,, is any caustics present in the slope. We have
then

area(Cy) + 2area(Bgs,, ) — area(Ay) — area(A;) + /
S»NB

d 2z Vna = /69

<0.

Adding these two inequalities and rearranging terms we obtain

area(vyy, ) > area(Cy) + area(R) + area(Bs,,) + area(Bg) + / A2 \/yny,
SsNB

> area(Cly) (10.22)

where we’ve used that ny, > 0, as shown in section 6.3. This ensures that the
brane-disconnected surface 'y{,l is not of minimal area in the Cauchy slice X, so
from the maximin procedure cannot be the correct HRRT surface, completing the

proof.
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We should highlight the modifications made from the similar proof of the 2 —
2 connected wedge theorem. In that case, there were four regions C1,Co, R1 and
Ro, and two in-regions V; and Vs. The lift was formed by a null congruence
of geodesics starting on vy, U yy,. Points on the ridge corresponded to where
a geodesic starting on 7y, collided with a geodesic starting on ~yy,, whereas in
our setting the ridge is formed by generators from 7{,1 colliding with the brane.
Another distinction is the occurrence of the boundary Sy, N B and associated term
in 10.22. This is handled in our case by assuming the NEC holds for the brane

stress tensor.

104 Comments on the 1 — 2 connected wedge theorem

The scattering region is inside the entanglement wedge

In the context of the 2 — 2 theorem, section 9.5 showed that the scattering region
J12-512 is inside of the entanglement wedge of f/l U Vg. It is straightforward to
adapt either of the proofs given there to the 1 — 2 theorem, where the analogous
statement is that J¢ |, is inside the entanglement wedge of V1. Since J¢ 15 lives
in the brane, we can be more specific and say that J¢ . |, is inside the island formed
by V1 N B.

Relationship to 2 — 2 theorem and interface branes

It is possible to describe ETW brane geometries as a Zsg identification of an inter-
face brane geometry. In particular, consider a spacetime M described by metric

guv () and satisfying the boundary condition
Kay — Khay = —87GNTE (10.23)

at the ETW brane. Then we can define a doubled geometry featuring an interface
brane, with metric g, (2/,) on one side of the brane and a copy of that metric

guv(2") on the other. At the interface brane Einsteins equations require we satisfy

136



the Israel junction conditions

hty=h,, (10.24)

(K — K] — [Kt — K™ |hay = —87GNTL,. (10.25)
Setting TaIb = 2T£ satisfies this condition. Identifying points x; = z_ then
recovers the ETW brane geometry.

We can apply the 2 — 2 connected wedge theorem to this interface brane
geometry, and in limited cases recover the 1 — 2 theorem. To do this choose
(fl and 52 to be mirror images across the interface brane. Choose 7@1 and 7@2
to be intervals centered on the two CFT interfaces. Notice that the brane anchored
scattering region J{ . |, is not empty if and only if the bulk scattering region J$, 1,
in the interface geometry is not empty. Further, the entanglement wedge of ViUV,
will be connected if and only if the entanglement wedge of V1 connects to the
brane in the ETW brane geometry. Thus, when the doubled geometry satisfies the
conditions for the 2 — 2 theorem — in particular when the NEC holds in the
doubled geometry — the 1 — 2 theorem follows from the 2 — 2 theorem.

Recall however the conditions for the 1 — 2 theorem: the bulk stress tensor
and brane stress tensor should separately satisfy the NEC. There are many cases
where these conditions hold, but in the associated interface brane geometry the

NEC is violated. Consider for instance an ETW brane solution with

T =0,
TB = —The,. (10.26)

Then in the interface brane geometry the stress tensor is
" = —Th“be’a‘ez d(x — xo) (10.27)

where the delta function is turned on at the interface. To study the NEC for T, il,,

it’s convenient to rewrite this using the completeness relation,

g =ntn" + habegeg (10.28)
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so that
T, 0, = =T (g" — n'n), 0, = T(n"l,)? (10.29)

We see that the NEC is satisfied if and only if 7' > 0. However, in the ETW brane
geometry, the 1 — 2 theorem holds even for 7' < 0. Consequently we find that the
2 — 2 theorem applied to the interface geometry only recovers the 1 — 2 theorem

in special cases.

Counterexample to the converse

We claimed in section 10.1 that the converse to Theorem 9 is false. In figure 10.4,
we gave a counterexample to the converse of the 2 — 2 theorem. By taking a
Zs identification of the solution used in there it is straightforward to construct a
counterexample to the converse of the 1 — 2 theorem. This is shown in figure
10.4a.

The out regions are not entangled

In the 2 — 2 connected wedge theorem, time reversal implies that in addition to
the ‘in’ regions having a connected entanglement wedge, the ‘out’ regions do as

well, where the out regions are defined by'

Wy =J (Ra) N JH(C1) N JT(Co). (10.30)

In the context of the 1 — 2 theorem one can define similar ‘out’ regions. To do so,
we define points x1, xo as the points where aJ+ ((?1) reaches edge 1 and edge 2,

respectively. Then we define

~(Ra). (10.31)

"We are interested here in the case where WZ - 7%1-, analogous to our condition (fl - VZ on the
in regions.
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Figure 10.4: A counterexample to the converse of Theorem 9. (a) A con-

stant time slice of a solution with a T" = 0 brane sitting in pure AdS.
We choose a region V) of size 7 /2 and which is centered between the
two edges. This region sits exactly on the phase transition between
brane-attached (red surface) and brane detached (blue surface), and
the scattering region consists of a single point. (b) The 7" = 0 solution
can be viewed as a Z identification of global AdS with the identifica-
tion across p = 0. (c¢) In the unfolded geometry, we consider adding
a spherically symmetric matter distribution (shown in grey). This de-
lays light rays travelling from c¢; to the brane by some finite amount,
closing the scattering region. Due to spherical symmetry, the region
V), remains on the phase transition. Increasing its size infinitesimally
then keeps the scattering region closed, while also ensuring the red,
brane-attached surface is minimal.
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We can ask if W{ and W, must also be entangled when the entanglement scattering
region is non-empty.

In fact, these out regions do not need to be entangled. For an explicit coun-
terexample, begin with the example shown in figure 10.4a, where V1 consists of
an interval of size 7/2 centered between the two edges. Then the scattering region
consists of a single point, and the minimal surface enclosing W{ U W is on the
transition from giving a connected and disconnected entanglement wedge. Now
decrease the tension, moving the brane inward. This shortens the light travel time
from él, so increases the size of the scattering region. Meanwhile, the discon-
nected surface enclosing Wl U WQ loses area and becomes dominant, so that there

is a non-empty scattering region but only O(1) correlation between the out regions.

1 — 1 theorem

For completeness, we also point out a 1 — 1 connected wedge theorem, which
follows from a simple tasks argument or from geometric observations. We consider

two regions C1,R1, both in the AdS boundary. We define the scattering region,
JE . =JHC)NJ (R NB, (10.32)
and the input region,
Vi =JT(C)NJ(Ry). (10.33)

By analogy with the 1 — 2 theorem, we expect that .J lg _,1 being non-empty implies
the entanglement wedge of V)| is brane-attached. To verify this, we can give both a
tasks and geometric argument.

From tasks, we consider an input H?|b) qat C; and output b at Ry, with ¢
recorded into the brane degrees of freedom. If Jlg _,1 1s non-empty, then one can
use a simple bulk strategy: travel to the brane, learn ¢, then send ¢ to the output
point where it can be used to undo H? and recover b. In the bulk picture knowing ¢
is necessary to successful recover b, so f)l must know ¢, so f}l must have the brane

in its entanglement wedge.”.

%A more rigorous argument for this would follow the strategy of section 10.2,
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To understand this from the geometric perspective, note that J*(C1)NJ ™~ (R1)
is inside the entanglement wedge of Vi, 0 J{g >,1 hon-empty means the brane is

inside the entanglement wedge of Vi
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Chapter 11

Islands and the connected wedge
theorem

In this chapter we point out that, in certain models, the 1 — 2 connected wedge
theorem reveals the existence of islands in the Ryu-Takayanagi formula. Islands
are disconnected components of entanglement wedges, and have proven essential
to the correct calculation of black hole entropy and have advanced the understand-
ing of the black hole information problem. The 1 — 2 theorem provides a novel

perspective on these topics.

11.1 Islands in the Ryu-Takayanagi formula

Recall that the complete RT formula states that

S(A) = max min

Y ya€X

Arealy 4]
4G N

+ SQFT(SVV(A))) (1L.1)

When the entropy of bulk matter fields is small, with some finely tuned exceptions,

this is well approximated by

Area[y 4]

S(A) ~ max min ( e

DEEINGS ) + Sqrr(éw(A)) (11.2)
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a fact we made use of above in discussing the entanglement wedge. When the
entropy of bulk matter fields becomes large however, in particular O(1/Gy), the
bulk matter entropy term can affect the position of the quantum extremal surface
v4- In this case the above approximation fails.

This shifting of the quantum extremal surface plays an important role in the
understanding of black hole evaporation [7, 75]. To understand this, consider an
asymptotically AdS Schwarschild black hole. The black hole releases Hawking
radiation, which travels towards the AdS boundary. We set absorbing boundary
conditions at the boundary, and store the escaped Hawking quanta in an external
system which we will call the radiation system, labelled R. Then we ask, what is
the entanglement wedge of the radiation system?

This is a somewhat unusual system to calculate the entanglement wedge of,
since it is not part of the AdS boundary. Nonetheless we can apply the RT formula,
we just need to be careful to satisfy the homology constraint correctly. Since A,
the portion of the boundary included in the radiation system, is empty, we actually

need

That is, vz should be a closed surface. This means the entanglement wedge of
R, which is just the domain of dependence of S, will not be attached to the AdS
boundary. For this reason entanglement wedges such as this one are called islands.

Lets begin by considering early times, where only O(1) Hawking quanta have
reached the radiation system. Then, the minimal quantum extremal surface ho-
mologous to R will just be the empty surface. This has zero area, and an empty
entanglement wedge. The entropy of the radiation system will just be the O(1)
value of the entropy of the Hawking quanta that sit inside of it. As more quanta
reach the radiation system, the entropy will increase.

Next, consider late times, where O(1/G ) Hawking quanta have reached the
radiation system. The Hawking quanta in the radiation system are entangled with
the interior of the black hole. When there are many quanta, we may get a reduced
generalized entropy by taking a non-empty surface yr. This will enclose some

portion of the black hole interior. Then, the entanglement wedge is no longer
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empty — it consists of an island inside of the black hole. From our discussion
in section 7.3, this reveals that information inside of the island can be recovered
by acting on the escaped Hawking radiation. Now, as more and more Hawking
quanta reach the radiation system, more and more of the radiation system is pure,
and the entropy of the Hawking quanta actually decreases. This reproduces the
characteristic behaviour for the entropy of a black hole predicted by Page [74].

To make the discussion above precise, the most challenging component is find-
ing the location of the quantum extremal surface after the transition. [75] was able
to argue for the existence of the non-empty candidate surface and for the transition
described above. Another approach which affords better analytic control, but relies
on analogue models instead of 4 dimensional black holes as in [75], is to consider a
holographic BCFT. By making some appropriate choices outlined below, the edge
degrees of freedom can be dual to a brane with the geometry of a black hole. The
CFT then serves as the radiation system — degrees of freedom in the edge inter-
act with the CFT and information escapes the black hole. This is the model we

consider here.

11.2 The black hole and the radiation system

We will focus on the solutions described in section 6.1, which have a constant ten-
sion brane ending a pure, global, AdSs.; spacetime. Recall that this was described

by a metric
dsflﬂ = cosh? pds%ﬂ + dp* (11.4)

with the brane sitting at constant py = arctanh(7"). We will use the coordinates

(v, o) on the brane, with metric

—dv? + do?
cos? o

dst,, = (11.5)

We are most interested in the case where 7' =~ 1, since in this case there is an
effective, lower dimensional description of gravity in the brane [78].
For constant tension solutions light rays run tangent to the brane. This allows

us to define horizons in the brane by choosing points 7; and 72 on the edge, and
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(b)

Figure 11.1: Choosing an appropriate Poincaré patch of the global spacetime,
we find a two-sided black hole geometry (on the brane) coupled to two
flat regions (wedges of the CFT). The end points of the two flat regions
are coupled in the global picture. Note that we are most interested in
the case where 17" ~ 1 and gravity localizes to the brane. We have
drawn the T' = 0 case however to simplify the diagram.

considering their forward light cones,

H, = [8J+(T1)]3,
Hy = [0J " (r9)]- (11.6)

These horizons intersect at pg = (0 = 0, = 0). From these horizons, define
regions I — IV as in figure 11.1. Region I1 is the black hole interior, while I and
1V are the right and left exteriors.

To make the black hole features of these constant tension brane solutions more
explicit, consider going to the Poincaré patch shown in figure 11.1a. This patch
includes the entire black hole, along with two wedge shaped portions of the CFT
and a portion of the AdS bulk. Forgetting the bulk and focusing on the brane
coupled to CFT, we have the spacetime shown in figure 11.1b.

Recall from section 6.1 that explicitly the Poincaré patch is described by a
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metric

62
ds® = ;(—dt2 +d2? + sz) 11.7)

with brane located at
22 — 1% + (2 + tan ©)% = sec? O, (11.8)

where O is related to the tension 7" according to 1" = sin ©. The Poincaré patch
includes only the —7/2 < v < /2 portion of the brane. The points 7 and ry are
mappedtoxr =t = —ocoand —x =t = —o0.

In Poincaré coordinates the edge trajectory is = ++/1 + t2. These trajecto-
ries asymptote to the light rays x = +¢. Mapping the horizons v = +o to Poincaré
we find horizons

~1-sin®

= = +¢. 11.9
¥ cos © ot (11.9)

One can also verify directly in the Poincaré geometry that these are the horizons
by studying null geodesics in the brane geometry [80].

Next we should identify the radiation system. The entire CFT is coupled to
the black hole at the two edges, and information can escape from the black hole
into anywhere in the CFT. It seems sensible however to not consider the portion
of the CFT which reconstructs the black hole exterior regions as being part of the
radiation system. It is straightforward to identify the CFT dual to the left and right
exterior black hole regions. The interval Y; = {0 € (—7/2,0), v = 0} has region
I inside its entanglement wedge. Similarly the interval Yo = {0 € (0,7/2),v =
0} has region /7 inside its entanglement wedge. This excludes D (Y1) and D(Y2)
from the radiation system.

The remaining portion of the CFT is the future and past of the point
r=wv=0,0=0p=00). (11.10)

The future of x reconstructs region I of the brane, so we should identify this with

the radiation system. To specify that radiation has been collected only up until a
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certain time, we can choose a second point ¢; and define

R=J ()N J (c1). (11.11)

For c; at an early time so that R is small, the entanglement wedge of R will be
disconnected from the brane, and R does not see inside of the black hole. At
late enough times though, &y (R) connects to the brane. Where this transition
occurs will be controlled by the connected wedge theorem. Note also that since
the minimal surfaces are at constant o, they will in fact lie exactly on the horizons.
This is illustrated in figure 11.2.

11.3 The connected wedge theorem and behind the
horizon

Finally, we can apply the connected wedge theorem to this black hole on the brane.

In fact, we need a time reversed variant of the theorem, which follows immediately

from Theorem 9 (we also specialize to the case where the in and out regions are

points),

Theorem 10 (1 — 2 connected wedge theorem) Consider three points 1,712, C1
in an asymptotically AdSo.1 spacetime with an end-of-the-world brane, with c; in

the boundary and r1,r2 on the edge. Then if
J19s1 =J+(T’1)QJ+(7’2)QJ_(01) (11.12)

is non-empty, the entanglement wedge of

~

R=JT(r)nJ*(re) N J (1) (11.13)

is attached to the brane.

The two input points of the theorem we identify with the points r; and ro we
used above to define the black hole horizons H; and Hs. The region fil becomes

the subsystem of the radiation which has been collected since J* () N J*(ry) =
JT(z).
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(a) (b)

Figure 11.2: Theorem 9 along with time reversal implies a 2 — 1 connected
wedge theorem. We can view the light rays beginning at r; and 75
as defining the horizons of a black hole. The region V) is then the
radiation system. (a) When a light ray reaches Vi from the black hole
interior, the entanglement wedge of ]A/l must connect to the brane, so
that fil reconstructs a portion of the interior. (b) When the black hole
is causally disconnected from the black hole interior, the entanglement
wedge of Vi may be disconnected from the brane.
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(b)

Figure 11.3: (a) The radiation system R (time-slice in green) picked out by
the connected wedge theorem sits outside the Poincaré patch. (b) A
nearby region Rp inside the patch has Ry inside of its domain of de-
pendence, so that R p has an island whenever R1 does. The entangle-
ment wedge of Rp (shown in light gray) will include a small portion
of the black hole exterior in its entanglement wedge.

Applying Theorem 10 along with its converse (which holds because we are
in the constant tension solutions) gives a simple condition for when the radiation
system reconstructs a portion of the black hole interior: an island forms if and only
if there is a causal curve from the black hole interior into the radiation system.

This causal picture for island formation immediately reveals a set of simple op-
erators that probe behind the black hole horizon. In particular consider an operator
Oy, which is localized near a point y, with y in R and in the future of the black
hole interior (such points exist by our theorem). These operators directly probe the
black hole interior by virtue of being in the future of the interior.

Notice that the radiation system R sits outside of the Poincaré patch we iden-
tified above. Thus it sits outside of the black hole spacetime. Ideally, we would
understand which subregions of the Poincaré patch reconstruct the black hole in-
terior. To do this, we need only note that a nearby subregion Rp of the Poincaré

patch includes R in its domain of dependence. See figure 11.3. Evolving the state
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on this subregion forward using the global Hamiltonian, we can construct the state
of the earlier radiation system V1. Notice that Vp is slightly larger than VY, and will
include a small portion of the black hole exterior in its entanglement wedge.

To write operators which probe behind the black hole horizon in the Hilbert
space of Vp, we can start with the operators O, which live in V) and time evolve
backward using the global Hamiltonian. We continue this time evolution until O,
is some non-local operator O, p living on Vp.

It is interesting that such simple operators can be used to probe the black hole
interior. However, we should perhaps be unsurprised, as the situation is analogous
to the traversable wormhole [34]: in both cases we have a left and right CFT (or in
our setting, BCFT), which we couple and then time evolve to find that information
from behind the black hole horizon has emerged at the boundary. In the traversable
wormbhole the coupling is a double trace term which can be understood perturba-
tively, while in our setting the coupling is due to time evolution with the global

Hamiltonian.!

"We thank Henry Lin for pointing out this analogy to us.
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Chapter 12

Towards implications for
quantum information theory

Section 12.1 of this chapter is based on unpublished material, while section 12.2
appears partly in [70].

The basic observation leading to the connected wedge theorem is that AAS/CFT
necessarily implements non-local quantum computations (NLQC). Given this, we
can use the necessity of entanglement results for NLQC to learn about AdS/CFT,
namely we arrive at the connected wedge theorem.

We can also consider thinking in the other direction. Given that AdS/CFT
defines a protocol for doing NLQC, what do we learn about NLQC? We take this
up in section 12.1 below, and argue that AdS/CFT implies a large class of channels
should have efficient non-local implementations, though many of these are not yet
understood.

More generally, the AdS/CFT correspondence gives us relationships between
pairs of corresponding quantum tasks. In particular, we learn that for dual tasks
T, T,

psuc(T) < psuc(T) (12.1)

This represents a potentially large amount of data about quantum tasks themselves.
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We study one example beyond NLQC in section 12.2.

12.1 Efficiency of non-local quantum computation

In section 4.4 we discussed protocols for performing quantum channels non-locally.
For arbitrary channels, we gave the port-teleportation based protocol which re-
quired O(2™) EPR pairs to implement a channel acting on O(n) qubits. This is the
best construction known in the literature for arbitrary channels. We also proved in
section 4.5 that the B, task requires O(n) EPR pairs. If we define

x(n) = v, max (#EPR pairs needed to implement N4, 4,5, B, non-locally),
142—B5152

we can summarize the state of the art in NLQC then by saying
O(n) < x(n) < O(2"). (12.2)

Viewed in this way, very little is known about NLQC: the upper and lower bounds
on the required entanglement suffer an exponential gap. An interesting comment
is that [17] showed that the non-signalling correlations given by Popescu-Rohrlich
boxes allow NLQC to be performed with linear entanglement, so that the above
gap collapses in that setting.

A more fine grained question we can ask is about the entanglement cost of
implementing specific unitaries, rather than the worst case measure y(n) given
above. We define

E.(U) = (minimal number of EPR pairs needed to implement U non-locally)

There is some information known about E.(U) for certain unitaries. For instance
our proof that O(n) EPR pairs are needed to do the BZ," task non-locally, along
with the explicit protocol 6, means

E.(H®") =n (12.3)

More generally, we showed in protocol 7 that unitaries in the third level of the

Clifford hierarchy can be performed non-locally with linear entanglement. One
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additional fact is known: [90] constructed a protocol for unitaries whose entangle-
ment cost scales exponentially in the number of layers of T' gates in the unitaries
circuit implementation.

How efficient is AdS/CFT at implementing NLQC? What can it tell us about
x(n) or E.(U)? To understand this, we first note that any unitary which can be
performed inside of the bulk scattering region can be performed non-locally using
linear entanglement. If we can understand one of these classes of unitaries better,
we learn something about the other.

Lets first of all think about the class of unitaries that can be performed inside
of the scattering region. To begin we should revisit some of the comments made in
the tasks argument for the connected wedge theorem (section 9.2). Recall that we

argued the bulk gravitational picture allows
n=0(1/Gn) (12.4)

qubits to be sent into the bulk scattering region. Sending more qubits than this
risks changing the bulk geometry. In the context of the argument for the connected
wedge theorem we need to avoid changing the bulk geometry at all, since we want
to prove a statement about the original geometry. In our context now, we want to
avoid closing the bulk scattering region, preventing the task from being completed,
so the settings are somewhat different, but in general we expect these both occur at
O(1/Gn).

Given that we can send O(n) qubits, what is the class of operations we can
perform in the bulk scattering region? Naively this is U(n), any unitary on n
qubits, but this is actually incorrect. Gravity couples to all qubits sent into the bulk
region, not just the ones the unitary acts on. In particular any data sent into the
bulk to describe the unitary itself, or how that unitary can be implemented, is also

counted. This means
n+ K(U,) < O(n) (12.5)

where IC(U,,) is the Kolmogorov complexity, which is just the minimal number of

bits needed to describe the unitary. More speculatively, some [58] have conjectured
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that the circuit complexity, which is the number of elementary gates needed to
implement a unitary, is constrained in gravity. For instance, suppose each gate
performed required an additional unit energy be added to the spacetime region'.
Then an upper bound on complexity is placed by the need to avoid adding so much

energy to the region that a black hole forms. This leads to a bound
n+C(U,) < O(n) (12.6)

The circuit complexity of a unitary acting on n qubits is always at least O(n), so
we can drop the first term on the left above. Supposing the complexity is low, there
is no known obstruction to completing the unitary in the bulk. Via the AdS/CFT
correspondence, we then expect low complexity unitaries can be performed in the
boundary, where the implementation is non-local. This leads to the following con-

jecture.

Conjecture 1 The entanglement cost for performing a unitary U 4, o, hon-locally

is bounded above by the complexity of that unitary,
EC(UAlAz) < O(C(UAlAz))' (12.7)

It is clear that the conjectured inequality above cannot be an equality. A sim-
ple counterexample is a product unitary U, 4, = Va, ® V4,, which can be im-
plemented non-locally with zero entanglement and can have complexity of up to
o(2"/?).

It is interesting to understand if there may be loopholes to our reasoning above,
and consequently how conjecture 1 may be violated. The key step in the above
reasoning is the claim that, aside from keeping the total number of qubits present
under O(1/G ), there are no obstructions to completing the unitary in the bulk.
This may be too strong of a claim, and other more subtle constraints could be
present. Alternatively, the complexity may be too weak of a constraint. For in-
stance, some combination of the finite speed of light and the holographic bound

might give a tighter constraint.

'In fact [52] constructed methods to perform arbitrarily fast quantum computations at arbitrarily
low energies. Further, it relies on the system having an unbounded spatial extent. We suspect for
bounded spacetime regions an energy-time relationship holds in performing a gate.
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Figure 12.1: Schematic diagram of the boundary causal structure in 2-to-3
holographic scattering. The regions Jias jx are all nonempty, meaning
it is possible for signals to travel from c; and ¢, meet, and then get to
either of 7; or ry. There are also causal curves that travel directly from
¢; to r; without passing through any of the regions j12_>jk. This fact
is crucial for the entanglement-free procedures.

Another possibility is to instead try to understand the set of unitaries which can
be performed in gravity by studying non-local quantum computation. In particular,
we can ask from a quantum information perspective what the set of unitaries with
E.(Ua,4,) < O(n) is. Then we can assert from AdS/CFT that the set of unitaries
that can be performed inside of the scattering region are constrained to be a subset
of these. If there are any unitaries which provably require entanglement more than
linear in their complexity, this would represent a surprising constraint on quantum

computation in the presence of gravity. No such unitaries are known however.

12.2 2 — 3 tasks

In arguing for the connected wedge theorem, we have discussed 2 — 2 tasks and,
in the context of spacetimes with ETW branes, 1 — 2 tasks. We can also consider
more complicated arrangements of input and output locations. One interesting
arrangement is shown in figure 12.1. There, we have two input locations and three

output locations. Choosing the inputs and outputs to be points and placing those
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points on the boundary of global AdSs. it is possible to have causal features in
the bulk as shown in figure 12.1a, and causal features in the boundary as shown in

figure 12.1b. To describe this succinctly, define the notation

JicT—jeg = (ﬂ J_(Ci)> N m J(rj) ] . (12.8)

i€l JjeT
Then the bulk has
J125123 # @ (12.9)
while the boundary has
2k # 2 (12.10)
j12—>123 = J. (12.11)

Quantum tasks of the 2 — 3 form, and methods for performing them using only the
weaker causal features of figure 12.1b, have not been well studied in the quantum
information literature. What is known, from the general theorem proven by Dolev
[25], is that any channel which can be performed using the bulk causal features
can be performed using only the boundary causal features along with exponential
entanglement shared between Ji_,123 and Jo_,123.

AdS/CFT and inequality 8.1 tells us that any quantum task which can be per-
formed using the bulk causal features can also be performed using only the bound-
ary causal features, along with linear entanglement among the various relevant lo-
cations. Regarding the 2 — 3 task, this suggests only liner entanglement between
input locations is required, along with linear entanglement between the intermedi-
ate locations Jyo_, k.

To better understand these tasks it is helpful to consider an explicit example.
We will consider a generalization of the routing task (see section 4.3) to the 2 — 3
setting. At ¢, a quantum system R is input; at co a classical trit ¢ € {1,2,3}
is input. The requirement is that R be output at 7,. In the bulk picture, where
J12-5123 is nonempty, there is an obvious procedure to complete this — bring R

and ¢ into Jis_,123 and route R towards the appropriate output point based on
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q. In the boundary, where j12_>123 is empty, there is actually a procedure which
does not require entanglement between the input regions J;_+123 nor between the
intermediate regions jlgﬁjk. This goes beyond the requirement from AdS/CFT
that only linear entanglement is necessary.

To see this, begin with the following naive procedure. At ¢y, record R into an
error correcting code that has three shares and corrects one erasure error. Call the

three shares ABC, and label the system purifying the state on R by R, so that

V)RR = |¥) RaBC- (12.12)

Now send A to j12_>12, B to j12_>13, and C to j12_>23. At s, create copies of ¢
and send one copy to each of the j12_>jk. At each of the j12_>jk, forward the share
of the error correcting code to r, if ¢ € {7, k}. This will be possible at two of the
three regions, so that two of the three shares will arrive at the correct output point
rq. The quantum system 2 can then be recovered from these two shares.

The procedure above avoids using entanglement between the input regions
Ji_s123. However, quantum error correcting codes record information into highly
entangled states. In particular the above procedure would create entanglement
among the boundary regions j12_>jk. This entanglement too can be avoided how-
ever. To do this we exploit an additional feature of the boundary causal structure
shown in Figure 12.1b: In the boundary, there are causal curves from the input
points to the output points that avoid the intermediate regions.

These intermediate region avoiding curves can be used to hide the entangle-
ment between the intermediate regions. Begin by again recording R into an error
correcting code as in equation (12.12), but now additionally exploit the quantum
one-time pad [9] (see section 3.2) to encrypt each of the shares A, B and C. Thus

at co we encode R according to

%) g — ST Jkake)x, @ lkake)x, ® [vke)x, ® [USURUE]| W) rase
ka,kb,kce{o,l}””

(12.13)

The one-time pad provides a way to choose the sets of unitaries {U*} such that av-

eraging over k produces the maximally mixed state. The procedure now is to send
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the A, B and C shares through the intermediate regions as before, but now addi-
tionally send the systems X; to the corresponding r; directly along the intermediate
region avoiding curves. Now the intermediate regions remain unentangled, since
the state on ABC' is maximally mixed. Following the same routing procedure as
before, two shares from the error correcting code will again arrive at the appropri-
ate output points. The systems X; can be used to undo the action of the one-time
pad before recovering R from the shares of the error correcting code.

We have also studied generalizations of the Bg, task to the 2-to-3 setting and
found entanglement-free protocols in that case. As with the “routing” task de-
scribed above, these protocols involve use of a one-time pad. Those protocols
however rely on the only quantum operation performed being a Hadamard, which
happens to be in the Clifford group. Clifford operations have simple conjugation
properties with Pauli operations, and we can chose the one-time pad to involve only
Pauli’s. These coincidences allow an entanglement-free procedure to be designed
simply. For more general tasks we do not know how to construct entanglement-free
protocols, or if they exist.

It is interesting that an extremal surface calculation may resolve this question.
This is because if we can check by calculating extremal surfaces that we can embed
three regions into the boundary of AdS such that the causal features of figure 12.1
hold and both I(Jj_,1923 : Ja—123) = O(1) and all of the I(Ji2-512 : Jia—23) =
I(J12-12 = J12513) = I(J12-512 : J12593)... = O(1), then the existence of a bulk
procedure would imply the existence of a boundary entanglement free procedure.

There is one subtlety in applying the above reasoning. The regions Ji2_, i, are
in the future of the points ¢y, co. Thus the protocol might involve entangling them,
but its not apparent that this entanglement had to be in the initial state. To see
that this is the case, consider that the mutual informations I (J12—12 : J12-523) etc
are either O(1) or O(1/Gy), and are fixed by the bulk geometry. Then we can
consider a protocol involving O(n) qubits for 1 < O(n) < 1/G . Then our O(n)
bulk qubits cannot change the geometry, and so the mutual informations cannot
change order on account of the protocol happening. This shores up our reasoning
above, and implies that the existence of a bulk protocol and O(1) boundary mutual

informations implies entanglement free protocols of the form in figure 12.1b.
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Chapter 13

Final remarks

In this thesis, we have described the theory of relativistic quantum tasks and their
application to AdS/CFT. As argued in the introduction, these tasks capture space-
time specific aspects of quantum information.

In the AdS/CFT context, these aspects of quantum information lead to the con-
nected wedge theorem. More broadly, we have found a relationship between en-
tanglement in the boundary theory and causal features of the bulk. This is a quali-
tatively distinct connection between entanglement and geometry than the usual one
captured by the Ryu-Takayanagi formula, which relates entanglement and space-
like surfaces. While the Ryu-Takayanagi formula has lead to a wealth of insight
into quantum gravity, the causal geometry-entanglement connection has been less
explored.

There are many directions one can pursue the quantum tasks and quantum tasks

in holography research directions.

Future directions for quantum tasks

The localize-exclude theorem represents our main contribution to better under-
standing the general theory of quantum tasks. Other recent progress has been made
in understanding how entangled states can be distributed in a spacetime context
[26]. There is still not a general understanding however of which quantum tasks

are possible, and further what the resource requirements are for completing them
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when they are. This resource requirement question is related to holography, as we
discussed in detail in chapter 12.

One interesting direction is to understand if resources other than entanglement
are helpful in completing some quantum tasks. For example, it is plausible that
magic states are helpful in doing NLQC for unitaries beyond C2. For instance,
it would be interesting to understand if having distributed magic states decreases
the entanglement requirements for performing certain unitaries non-locally. This
may be related to a recent suggestion that conformal field theories contain large

amounts of magic [98].

Future directions for holographic quantum tasks

Towards a causal structure-entanglement theorem with a converse

From a tasks perspective the failure of Theorem 8 to have a converse is tied to the
fact that we are interested in a fixed bulk geometry. While protocols that take place
in that fixed geometric background have a boundary description, many boundary
protocols will deform the geometry. Because of this, the bulk and boundary success
probabilities are related by an inequality, pg,.(T) < psuc(’i‘), so that sufficient
entanglement to do the task in the boundary does not imply the task can be done in
the bulk fixed geometry, and so does not signal the appearance of a bulk scattering
region.

One interesting possibility is that large boundary correlation when measured
in some way other than the mutual information will imply the existence of a bulk
entanglement scattering region. In particular, this hypothetical measure of corre-
lation should count only entanglement that can be made use of by operations that
preserve the bulk geometry. Then, its appearance would signal that there should be
a bulk protocol in that geometry which completes the required task, which in turn

would imply the existence of the scattering region.

Closing the loophole

One outstanding question is if the loophole described in section 9.3 can be closed,

and if so, if any additional assumptions about the boundary are necessary to do
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so. A related direction would be to, using that the connected wedge theorem is
true, argue the states of the conformal field theory are special in some way. In
particular it might be possible to argue that any entanglement-free approach to
NLQC requires the existence of large GHZ entanglement, and potentially to use
the connected wedge theorem to argue holographic CFT states have little such

entanglement.

Metric reconstruction

It is of considerable interest to determine how the bulk metric of general relativity
is encoded in the boundary under the AdS/CFT dictionary. An early proposal for
reconstructing the bulk metric from boundary data involved light-cone cuts: the
restriction to the spacetime boundary of the light cone of a bulk point. It was
shown in [29, 30] that knowledge of light-cone cuts, which can be determined
from singularities in boundary correlators, can be used to reconstruct the metric.
Another approach to metric reconstruction is to use the geometry of bulk extremal
surfaces, whose areas are known on the boundary by the RT formula. It has been
argued that in many cases the extremal surface areas determine the bulk metric
[12].

The connected wedge theorem gives a nontrivial geometric relation between
the causal structure of a spacetime and the areas of its extremal surfaces. It would
be interesting to understand how, if at all, the intuition gleaned from Theorem 8

might assist in relating the two extant approaches to metric reconstruction.

Other tasks in holography

Another direction is to consider other quantum tasks beyond the Bgy task and M
tasks in the holographic context, which led us here to the 2 — 2 and 1 — 2
theorem. Indeed one such task and its holographic implications is already being
considered in upcoming work. The idea is to consider one input region C1, one
output region R4, and a excluded region U;. In some cases there will be a causal
curve passing from C; to R while avoiding I/ in the bulk geometry, but no such
curve in the boundary. This allows a message to pass from C; to Ry in the bulk

without being intercepted by someone with access to {f;. In other words, the bulk
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possesses a private channel from C; to R ;. For the boundary to simulate this private
channel, correlation must be shared between appropriate regions. This leads to
a distinct causal geometry - entanglement connection than the one given by the
connected wedge theorem. Further, just as the 2 — 2 theorem lead to some insight
into NLQC, we might hope this relationship to AdS/CFT may lead to some insight

into private channels.

Holographic quantum tasks beyond AdS/CFT

Beyond using holographic quantum tasks to better understand AdS/CFT, there is
also a possibility of applying them to other proposed holographic dualities (see,
e.g. [11,27]). A strength of the tasks approach is that it assumes very little about
the boundary theory. Indeed, the tasks argument for the connected wedge theorem
followed from the boundary being quantum mechanical and relativistic, we never
used that it is a conformal field theory, or any details about holographic field the-
ories (in contrast proofs of the Ryu-Takayanagi formula do rely on the boundary
being a conformal field theory with particular properties). In this way it can be seen
as, beginning with the bulk geometry, placing a constraint on the boundary theory.
It would be interesting to apply this reasoning to holographic settings where the

boundary theory is less well understood.
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