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Abstract: In this research study, we derive the exact solutions of the Bloch equations describing the
dynamics of a two-level atom with dephasing. In the two-level atom, a strong laser pump couples a
ground state to an upper excited state with a time-dependent Rabi-frequency. The exact solutions
are given for the atomic population inversion and the real and imaginary parts of the coherence
while the input pulse is an asymmetric hyperbolic cosine form. Additionally, the system is under a
chirped detuning. The method of solving the Bloch equations analytically is a very tedious part of
the research, and as far as we know, there are few exact solutions available in this field. Hence, our
solutions might be of great interest to various research areas, including nuclear magnetic resonance,
where analytical solutions to the Bloch equations play a major role in the study of the information on
the state of the medium as determined by the NMR signals.

Keywords: atomic population control; two-level atom; exact solutions

MSC: 81-10; 81V45; 81V80

1. Introduction

The Bloch equations, named after Felix Bloch in 1946 [1], provide exceptional insights
into many processes, not only in optics [2-11] but also in nuclear magnetic resonance
research [12-15]. In the field of optics, they are referred to as the optical Maxwell Bloch
equations and they describe the quantum dynamics of a multi-level atom interacting with
electromagnetic fields [16-20]. However, these equations can be difficult or impossible
to solve analytically. Hence, the solutions are usually limited to the two-level atom and
under some specific excitation shape pulses. Nonetheless, such systems constitute the
basic framework of many processes that are modeled and comprehended by the two-level
approximation. Zlatanov et al. [21], derived the “exact solution of the Bloch equations for
the non-resonant exponential model in the presence of dephasing”. The equations were
reduced to the Demkov model, and the solution was expressed in terms of the generalized
hypergeometric function. Exact solutions of a two-level atom pumped by generalized
double exponential quotient pulses with dephasing were also obtained in [22]. Further-
more, Boutabba et al. [23] studied the excitation of a multi-level atomic system using a
fast laser pulse with a q-deformed hyperbolic waveform. Hence, the authors first derived
the exact solution to the Bloch equations describing a two-level atom with dephasing
and time-dependent detuning. Next, they investigated the probe field’s absorption and
dispersion properties, as well as the coherence’s dependence on the g-deformation of the
Rb% atomic system. To obtain an analytical solution, Zhang et al. solved the Bloch equa-
tion pumped by a hyperbolic-secant pulse in the field of medical magnetic resonance [24].
Additionally, Silver et al obtained the analytical solution of the Bloch equation by solving
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the Bloch—Riccatti and by considering the case of an initial magnetization parallel to the
z-axis [25].

The optical Bloch equations for the Demkov model were investigated in [26] and the
exact solutions were derived for the coherent resonant case of a two-level quantum system
excited by a time-dependent external field in the presence of dephasing. Moreover, by de-
riving the coherence components of the Bloch vector, the authors explained the mechanism
by which the population transfer is blocked.

In this paper, we solve the Bloch equations describing a two-level atom excited by a
shaped laser waveform and chirped detuning. These kinds of shaped waveforms are very
efficient in the realization of the atomic population inversion and are widely used in the
field of digital communications. For instance, a shaped waveform with the mathematical
description of a Tan-hyperbolic is used as sudden switching on—off RF-pulse generator [27].
In addition, it is worth noting that, the CPA laser technique (chirped population amplifica-
tion) makes extensive use of chirping pulses to create ultra-short, extremely high-energy
lasers [28-33]. These pulses are effective in implementing atomic population transfers in
molecules and atoms. This manuscript is structured as follows: in Section 2 we present the
model, then we describe our technique, followed by the analytical solutions of the Bloch
equations where we derive the real and the imaginary part of the coherence, as well as
determining the full exact solution of the atomic population inversion in Sections 3 and 4.
The pulse derived in the current research work is given by the generalized g-deformed
hyperbolic cosine pulse exciting a two-level atom with a chirped frequency.

2. Model

Our model is based on the classical scheme of the two-level atom pumped by an
external time-dependent field [17,34,35]. Such systems serve as a basic framework to
illustrate pertinent light phenomena in atomic systems such as the absorption and the
fluorescence spectra of light, the coherent control of quantum systems, and other quantum
information processes (quantum bits, supraconductor quantum circuits, and squeezing
of light) [36,37]. The two-level atom is usually excited from the ground state to an upper
state with an external field that has a transition frequency w so that, w=w,-w; and w; and
wy are, respectively, the frequencies of the atom at states |1) and |2) (See Figure 1). In
this situation, we describe the Hamiltonian [21,38,39] in the interaction picture under the
rotating wave approximation by using the Pauli matrices oy, and ¢, and by considering the
time-dependent Rabi frequency Q)(f):

H =2 (00 +0(1)ex) <1>

The Rabi frequency is related to the amplitude of the laser pulse as:

E
Q) = —d% o)
d is the dipole moment, A = wy — wj is the chirped detuning. The density matrix describes

the evolution of the system:

do(t) . r
TR —i[H, p] + E(UZP‘TZ -p) 3)

The above equation is the Lindblad Equation of a two-level atomic system. In general,
the Lindblad equation describes the dynamics of the Markovian Master equation which
governs the coupling between a quantum system and its environment. The first term
illustrates the Liouville-von Neumann equation, which is linked to the unitary evolution
of the density operator. The last term of Equation (3) (the Lindblad operator) represents
the interaction with the environment which is related to the non-unitary evolution of the
density operator. The Lindblad operator typically expresses the different ways in which
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the environment can affect the system including dephasing, dissipation, and relaxation.
Although dephasing, relaxation, and dissipation are separate processes, they can all take
place at the same time in an open quantum system and are all explicable within the same
framework of the Lindblad equation. All these processes can be expressed in the Lindblad
operator, which describes the coupling between the quantum system and its surroundings.
Here, we focus on the effect of dephasing, a process involving the loss of coherence in the
quantum system due to its interaction with the environment, since it is crucial in several
physical systems, particularly in quantum computing and quantum information processing.
Dephasing in these systems has the potential to impair the performance of quantum devices
by causing errors in computation or information storage. Therefore, one of the key areas of
research in the field of quantum information science is understanding and minimizing the
loss of coherence effects. Therefore, I' in Equation (3) can be interpreted as the dephasing
rate inversely proportional to the dephasing time.

Our purpose in the current study, is to establish exact analytical solutions of the density
matrix elements, then derive the atomic population inversion w = py» — p1; at the steady
state (t = c0).

1)

Figure 1. Two-level atom.

The Bloch equations are given by:

dpélgt) T 7A(t) 0 u(t)
dﬁo =|A() - =)o@ 4)
dw(t) 0 Q) 0 w(t)

dt

Here, the atomic population inversion between the higher state |2) and the ground state
|1) is denoted by w = p2p — p11,whereas u(t) and v(f) represent the real and the imaginary
part of the atom—field coherence 2p1, ().

3. The Exact Solutions: Method

This section’s objective is to develop precise analytical solutions for the atomic popu-
lation and the coherence of the following optical pulse form:

QO = Are 3 (1 + Ke 2T (5)
under chirped detuning of the form:

A = Ay (14 Ke ™) (6)

where A; = —8I'K, Ay = —8I'K ? are negative constants and K > 0. It is worth noting that
the considered optical pulse is a combination of two exponential pulses. These types of
pulses and their combinations are applied in [40,41]. The implementation of half-cycle
pulses is realized in [42,43]. Such half-cycle pulses are similar to the EMG waveforms
(Exponentially Modified Gaussians). A pertinent example was performed by D.J. Morrow
et al. [44], where the authors used a summation of exponentially modified Gaussians to
analyze time-resolved fluorescence data.
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Using the generalized g-deformed hyperbolic cosine, which is defined by [45]:
ex _|_ e—SX

cosh(q,s) X = + 7
the exact solutions for the Bloch equations are derived for the asymmetric hyperbolic pulse

fors = — %, then the pulses can be expressed as follows
Q=24 cosh(K,%s) (—3rt) 8)

and

A= 2A2 COSh(K,72) (—ZFt) (9)

It is worth noting that, for s = 1 in Equation (7), the Rabi frequency is given by Arai’s
g-deformed waveform function (See Figure 2). This asymmetric pulse was investigated in
three-level atoms to control the optical properties of the system in [23].

The input pulse for s=1 The input pulse for t=1

1000 -

—_ =5
§ 800 -

—_— — q:4

600 -

g=3 4=3

———— 22 ] 40} ———— g2

— — et

200 -

tin units of T s variable

Figure 2. The pulse dynamics.

To determine the solutions of Equation (4), we consider three new variables, vy, 11
and w1, linked to the previous variables u(t), v(t), and w(t) as:

vi(t) = wv(t)e" (10)
ur(t) = u(t)e” (11)
wi(t) = w(t)e" (12)
In addition, by means of a new change of variables x = [ A(t)dt, and considering
g(x) = (A)((;C)) and h(x) = A{x) , Equation (4) gives:
du
= =-u) (13)
W1 () - g(@)wn () (14)
ix 4 8 1
dw1

o = h(@wi(x) +g(x)or(x) (15)



Mathematics 2023, 11, 2159

50f 10

This system of differential equations will serve as a basis for our analysis to establish
the exact solutions for the considered pulse. The variable x(t) is defined as:

x(t) = (14 Ke 2TH)2 (16)

We obtain the following ordinary differential equations by repetitive differentiation
and substitution of the Equations (13)—(15).

d?uy (x) duy (x)
T3 T Vx o =0 (17)
duq(x
o1 (x) = — ;fc : (18)
d?uq (x
w(x) = (x) + A 19
To solve Equation (17), we let U; = d”‘}—fcx), then we obtain a second-order linear
differential equation
d>Uy (x)
dx2 + \/Elll (x) =0

which has a solution given by

4 4

Uy (x) = e1VxJ; (zx1) + eav/aY; (zx1)

where c1, ¢ are constants and [, (x), Yy (x), are, respectively, the Bessel function of the first
kind and the Bessel function of the second kind. Integrating U (x) leads to u1(x). Then,
by taking the derivatives of u1(x) and using Equations (18) and (19), we obtain v; (x) and
w(x).

4. Results and Discussion

Using the following initial conditions, we can determine the exact expressions of the
coherence and population inversion: u(0) = 21/A(1—A), v(0) =0, w(0) = 1—-2A
where 0 < A < 1.

8 s 434 s 4 s 3
u(x) = —25x45(—5,5,5x4> [c2]§(5x4)—|—63Y§( x4)]_ (20)

48 3 4 s 4 5
Ul(x) = _ﬁxz |:C2]§(5x4) +C3Y§(5x4):| X (21)
—9 245\ 25 /1245
Hs's's“) 125(5'5'5’“)]
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1 4 5, s 4 5, 5
w(x) = — {(—10c2]§(5x4)x4—1OC3Y§(5x4)x4—|— (22)

U1l =~
=
sl
S—
_|_

o

W
=~
&
—

U1l =~
=
NS}
SN—

N———

o NS
V)

7 N

|

ol

[S21 1) S

U1l =~
=
Bl

N—
_|_

U‘I\ B G w
Q1] W~
=
G
N———
_l.

5
576 4 s 4 s —-14 3 5 3
25<C2]§(5x4)) +C3Y§(5x4))>5(5,5, 4) —25C1x4:|

where J,(x),Y,(x), S(v,u, x) are, respectively, the Bessel function of the first kind, the
Bessel function of the second kind, and the Lommel function and c7, ¢; and c3 are constants
defined as follows

504 s(;, g,g) _245(—59, g,g) A= 4) - zss(; 2, g)
1=- (23)

125(59, Z, g) +255 (;, Z, g)

125 (ZA -1 +2\/A(1——A)> Y2 (3)

(25)

125 <2A ~1+ 2\/m>]§ (5)
v - o][es(2) sss(114)]

Therefore, the expressions of the real and imaginary parts of the coherence are given by:

1 124 Corp S 4 o5
u(t) = —5{(4S<5 = 5(1+1< 2rt)2)<c2]g(5(1—|—1<e 2H3) 4 (26)

4
@Y 3 (ke ) ) 4

[ (1+Ke 2)3) + (27)
Y (514 Ke )3 )>e—”(s< S5 (ke —2“)3> 255(; 2 s0+Ke —2“)2))}

and the time evolution of the atomic population inversion as:
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w(t) = 1[24(((1+Ke2“)3c2]2(4(1+1<62“)3)+ 28)
125+/1 + Ke—2It 55
1 1
(14 Ke 23, Y%(5(1+Ke_2rt) )+8(1<e 2rt+4Ke_8rt+I<e_6rt+;Ke_4rt+4)
62];3(%(1+K372rt)%)+63y;3(%(1+1<672rt)%) S ;9/3/%<1+K6 rn3 ) 4
5 55 5755
2 4 2
21 Ke M)yl (214 Ke ) ) + 2 (14 Ke T ieYs (S(1+ Ke 2) +
12 55 12 5
1(25(C2] (4(1+1<e*2“> 2)+e3Y s 3(‘;(1+1<e*2“>%)
oIt 8Tt 6Tt —art 124 o—2T1\3
(Ke 2" 4 Ke ™" 4 3Ke ™t 4+ 3Ke ™) ) S &, 2, 2 (14 Ke )7 ) =
1 —ore 1o st —ert | S —art 1
5(96(1(@ —|—4Ke + Ke +2Ke —|—4
4 4 —14 4
Cz]z(f (14 Ke 22 )+c3Y2(7(1+1<e—2”)%) S 7,5,7(1“@—2“)%
5 5 5 °5'5
1 —ort Lo sre  Oo ert | Vo —art 2
3 (35 Ke + 7Ke + 7Ke + 7Ke + -
szz(é 1+Ke_2rt)g)+03Yz(é(1+1<e_2”)%) S ;4,3%(1“@—2”)%
5 5 5°5"5
125 —
+—10C1 \/1+K€ 2rt
At the steady state, we obtain:
(24A—12+24\/ (1-A ) (;%g)
W(eo) = (29)

-9 2 4 12 4
125(5, 5,5> +255<5,5,5)

In the following, we consider that the time is normalized to the unit of 1/T". Aj, Aj
are normalized to the unit of I'. We plot our results in Figures 3-5. First, Figure 3 reports
the temporal dynamics of u(t,A), which is a real part of the coherence in the system. This is
interpreted as the dispersion profile of two-level atoms. A in the figure represents the initial
atomic population in the ground state. For A = 0, the initial atomic population is assumed
to be in the excited state (initially). For A # 0, the initial atomic population is distributed
among the ground and the excited state. We observe a switch from positive to negative
in the dispersion profile. This happens whenever A switches from 0 to any positive value
(i.e., from the atomic population being totally in the excited state initially, to the case where
the atomic population is distributed between the ground and the excited state). In the
transient regime, we notice that the dispersion is negative, it becomes positive after t > 0.5.
Additionally, the peaks are more pronounced for bigger A. This means that the dispersion
peak is enhanced if initially we have more atomic populations at the ground state.
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0.5

e

—A=0

-2.59

Figure 3. The real part of the coherence: related to the dispersion for K =T = 1.

—a=0
v(t,A) \ —A4=0.2
ol — 4=0.5
f — 4=08

A=1

-0.54

Figure 4. The imaginary part of the coherence: related to the absorption for K =T = 1.

Figure 4 shows the absorption profile of the two-level atom which is given by the
imaginary part of the coherence. The absorption spectra are positive except for the case
where the initial atomic population is considered to be fully at the excited state. Moreover,
we observe that the highest peak is obtained for A = 1 where the initial atomic population is
totally at the ground state. The peaks decrease as we consider the initial atomic populations
distributed among the ground and the excited state.

0.5

0.4+

w(®©) (3]

0.2

0.1

Figure 5. The atomic population inversion for K =T = 1.

Finally, Figure 5 reports the atomic population inversion at a large time (the infinity),
for various values of A. We recall that A denotes the initial atomic population at the ground
state. We clearly observe that the atomic population inversion at the steady state reaches



Mathematics 2023, 11, 2159 90of 10

50% when the initial atomic population is considered to be totally in the ground state,
whereas it decreases for greater values of A.

5. Conclusions

In this paper, we have derived the exact analytical solutions to the Bloch equations
for a two-level atom with dephasing under chirped detuning. Our system is excited by an
external asymmetric (generalized gq-deformed) pulse, which couples the ground state to
the excited state. We obtained full analytical solutions for the absorption and dispersion
spectra (which are related to the real and imaginary parts of the coherence). Additionally,
we determined the exact expression of the atomic population inversion at the steady state.
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