
Particle Production at Space-time Horizons

Author: Reinier Jonker
Supervisor: dr. Jan Pieter van der Schaar

Master track coordinator: Prof. dr. Bernard Nienhuis

9th May 2011

Master’s Thesis on Theoretical Physics

Keywords:
Hawking radiation, general relativity, black holes, Schwarzschild, tunnelling

Faculty of Science
Institute for Theoretical Physics



‘To infinity and beyond!’

– Buzz Lightyear in ‘Toy Story ’



Abstract

The classical derivation of Hawking radiation produces a completely
thermal spectrum. This violates energy conservation. In this paper,
two alternative methods that overcome this limitation are reviewed.
One is a quantum field WKB technique developed by Per Kraus and
Frank Wilczek. [2] The other is a technique that treats particle produc-
tion as though it were a quantum tunnelling phenomenon using WKB
techniques to determine the particle flux. This method was developed
by Maulik Parikh and Frank Wilczek. [3]

Both methods produce a different non-thermal correction term. We
review the criticisms on the tunnelling approach by Borun Chowdhury
[15] and additional contributions proposed by Akhmedov et al. [17].

We also apply the tunnelling approach to De Sitter radiation in
3 + 1 dimensions, producing the familiar result with a non-thermal
first-order correction term that restores conservation of mass-energy.
Finally, we use the tunnelling method to derive Unruh radiation meas-
ured by an accelerated observer in flat Minkowski space-time.
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1 Introduction

Isaac Newton said that ‘Absolute, true and mathematical time, of itself, and
from its own nature, flows equably, without relation to anything external.’.
The work of Hendrik Lorentz, Hermann Minkowski and, most importantly,
Albert Einstein provided physics with a new insight: space and time form
a continuum and we cannot view one as though it were completely separate
from the other. A space-time is a collective entity that lives in a manifold
and any path within the space-time must obey its metric equation. Observed
time intervals, lengths and velocities are dependent on the space-time co-
ordinates of the observer as well as the observed.

In classical quantum mechanics, time is in fact completely separate from
space. To apply quantum mechanics within a non-Euclidean space-time, we
need quantum field theory and thereby relinquish the concept of a point
particle altogether. From a field theory perspective, particles are just ex-
citations of a field and the observed particle numbers need not be the same
for all observers. A vacuum is only properly defined in the context of an
inertial system.

This disparity with human intuition leads to some counter-intuitive phe-
nomena. A relatively well-known example is the Unruh effect: one observer
moves with a constant acceleration as compared to the other. Both will
observe a thermal particle flux coming from the other, with a temperature
that depends linearly on the magnitude of acceleration.

The most famous result, however, is the Bekenstein-Hawking radiation
originating from the horizon of a black hole. A black hole is a rather pe-
culiar piece of space-time with a matter density so large that its gravity
irrevocably confines any particle that comes within a certain radius - there
is no physically possible path starting within that radius that leads to any
point outside of it. At this radius lies the event horizon. Even though no
matter or radiation can escape the black hole, an observer at a distance will
still measure particles that appear to be coming from inside. This is due to
the different vacua and thereby, different observed particle numbers at both
sides of the horizon. From the perspective of an outside observer, particles
are produced precisely at the horizon.

As with the Unruh effect, the flux can be described by a thermal dis-
tribution. In fact, one of the ways to derive classical Bekenstein-Hawking
radiation is remarkably similar to the Unruh calculation. Stephen Hawk-
ing derived [1] that a black hole of mass M described externally by the
Schwarzchild metric produces radiation with a temperature

TH =
~c3

8πkGM
(1.1)

where π is Archimedes’ constant, c is the velocity of light in a vacuum, ~ is
the reduced Planck constant and G is the gravitational constant. The pres-
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ence of all these constants immediately reveals that both general relativity
and quantum mechanics are involved. This means that interesting physics
is happening, but also that great care must be taken.

By the first law of thermodynamics, the entropy of a black hole must
then equal

SBH =
4πkGM2

~c
=
c3kA

4~G
(1.2)

where A is the surface of the event horizon. This is the Bekenstein-Hawking
entropy [22].

Moreover, production of radiation implies that the black hole loses en-
ergy in some way. One might say that it radiates away its mass. As time
progresses, more energy is radiated away and the black hole becomes less
massive and smaller in radius. Since the temperature depends inversely on
mass, the rate of emission increases with time. As a result, the heat capa-
city, defined as the rate of change of the energy in the system with respect
to change in temperature, is negative.

Classical methods effectively assume the black hole itself is static, in
the sense that the radiation does not alter it in any way. Mass-energy
conservation, however, requires that any particle production at the horizon
be compensated for in some way within the horizon. This in conflict with the
very physical foundations any derivation of Bekenstein-Hawking radiation
builds upon. Moreover, the spectrum only depends on the initial mass, that
is, the mass of the black hole before emission. This may not be unphysical,
but it does seem unlikely intuitively.

There is another issue with the Hawking calculation. Since the result
consists of a thermal spectrum independent of anything within the horizon
that may contain information, the distribution is completely random. No
amount of knowledge of previously radiated quanta can be used to predict
the next quantum or more specific distribution of probabilities. From an
information point of view, it is pure noise. However, the particles that
entered the black hole up to that point did in general carry information.
Quantum mechanics requires that any physical transition from one state to
another be reversible. Yet the information to reconstruct the original state
appears to have been lost or in some way captivated irrecoverably behind
the Schwarzschild horizon of the black hole.

This problem is referred to as the black hole information loss paradox.
Different solutions have been proposed, but they usually lead to other phys-
ical problems or contradict well-established theories. Modification of the
Bekenstein-Hawking radiation spectrum by accounting for effects due to
back-reaction might pose a step towards solution, for such a spectrum might
in fact contain information.

To overcome the limitations of the classical Hawking derivation, one
needs to allow for back-reaction in the black hole due to the particle pro-
duction at its horizon. This can be done by considering a shell that is emitted
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and taking both the influence on the black hole and its self-gravitation into
account. This is a rather involved calculation and to actually reach a result,
one needs to do some assumptions and approximations.

A different method has been introduced that reproduces Hawking’s result
with a correction term. In this model, a shell of energy is formed along with a
shell of negative energy that is equal in magnitude precisely at the horizon.
While the anti-particle reduces the total amount of mass-energy enclosed
in the black hole, the event horizon shrinks and the positive energy shell
tunnels through the shrinking horizon. In this paper we will pursue both
methods and comment on their relation. We will also review some of the
criticisms of the tunnelling method and the implications for the results.

Although the presence of astrophysical black holes as such has been
observed frequently by astronomers, the Bekenstein-Hawking radiation of
such an object is negligible in intensity compared to other astrophysical
radiation sources and it remains unconfirmed by experimental evidence at
the time of this writing.

We will start by exploring the geometry of spherically symmetric curved
space-times and, more specifically, the Schwarzschild metric and the Schwar-
zschild black hole in section 2. Then, in section 3, we determine the action
for a black hole incorporating back-reaction, we derive a method to quantise
an action expressed in terms of canonical momenta and, finally, we derive
the radiation flux observed from a Schwarzschild Black hole by an observer
at a distance. This method was developed Per Kraus and Frank Wilczek [2].

Maulik Parikh and Frank Wilczek introduced another method involving
semi-classical tunnelling [3], which is derived and discussed in section 4. We
review some of the criticisms it has drawn, we apply the tunnelling approach
to De Sitter space-time in 3 + 1 dimensions and we derive the Unruh effect
observed by an accelerated observer in Minkowski space-time.

Some of the more laborious calculations and derivations are performed
in appendices, for the sake of readability. These are grouped in a section
containing calculations concerning space-time (appendix A) and a section
concerning the particle flux calculation (appendix B).

1.1 Notation

We will in general use Planck units, where Einstein’s constant c, the re-
duced Planck constant ~ and the gravitational constant G equal 1. This
greatly reduces clutter in equations and it helps focus on the fundamental
mathematical relations between physical concepts and entities.

All metric tensors will have Riemannian signature (−,+, . . . ,+). 4-
vectors will have Greek indices and 3-vectors will have Latin indices. The
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Einstein summation convention

AµB
µ ≡

3∑
µ=0

AµB
µ, AjB

j ≡
3∑
j=1

AjB
j (1.3)

is implied when a symbol is used as a subscript index as well as a superscript
index on the same side of an equation.

We will often use a shorthand notation for partial derivatives (‘comma
derivatives’) of a tensor’s elements

T ν1...νn,νk
µ1...µm,µj ≡ ∂µj∂

νkT ν1...νn
µ1...µm (1.4)

and for covariant derivatives (‘semicolon derivatives’)

T ν1...νn;νk
µ1...µm;µj ≡ ∇µj∇

νkT ν1...νn
µ1...µm (1.5)

We will also frequently use the Newtonian notation for derivatives of scalar
functions with respect to the time coordinate denoted as t and the radial
coordinate denoted as r.

Ȧ ≡ ∂tA, A′ ≡ ∂rA (1.6)

Although it is common to denote the Riemann tensor, the Ricci tensor
and the Ricci scalar by the symbol R, this paper uses the somewhat non-
standard symbol R to avoid confusion with the function R(t, r) in the com-
ponents of a space-time metric that we will use frequently.
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2 ADM space-time

In the world as we view it around us, time appears to have a character
separate from that of spatial dimensions. We often view different spatial
configurations as manifestations of a some function of time. When we say
something has changed, we invariably mean it has changed as compared to
the situation at some earlier time. We pick the time coordinate as our axis
of reference in space-time.

The General Theory of Relativity does not single out any coordinate.
One should, at least in principle, be able to describe any relativistically
correct physical analysis in a covariant manner, that is, we should be able
to pick any set of coordinates, irrespective of which coordinate we like to
call ‘time’.

However, in many cases we can still choose to describe the metric in
which our physical system lives as an infinite set of spatial metrics that
change as time proceeds. Such a description is closer to human intuition,
but more importantly, it allows for a well-defined Hamiltonian formalism,
which requires separate notions of space and time.

It can also be significantly easier to determine curvature properties of the
metric in this manner, provided there is a proper mathematical framework.
Firstly, one needs a well-defined description for both a constant-time slice of
space and, secondly, a prescription to go from one instant in time to another.

In this section, we derive such a framework for a general metric with
spherical symmetry. This is written in ADM (Arnowitt, Deser and Misner)
form and we derive the metric properties required for a Hamiltonian descrip-
tion. We also introduce new coordinates for the Schwarzschild metric that
describes a non-rotating, charge-free black hole that are used extensively in
chapters 3 and 4.

2.1 The ADM form metric

Any space-time metric is defined by the line element, which determines the
infinitesimal difference in path length for an infinitesimal displacement dxµ.
If a metric is spherically symmetric in the sense that it is invariant under
rotations, it can be written in ADM form, short for Arnowitt, Deser and
Misner. In coordinates (t, r, φ, θ), the quadratic line element equation is
written as

ds2 = −N t(t, r)2dt2 + L(t, r)2[dr +N r(t, r)dt]2 +R(t, r)2dΩ2
2 (2.1.1)

[6, 9] where dΩ2
2 is the quadratic line element of a 2-sphere

dΩ2
2 := dθ2 + sin2θ dφ2 (2.1.2)

N t(t, r) is called the lapse function and N r(t, r) the shift function [6, 7].
They are independent functions of the time coordinate t and the radial
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coordinate r., as are L and R.

L(t, r) =
ds

dr
(2.1.3)

R(t, r) =
ds

dΩ2
(2.1.4)

These four functions can be used to express any metric that observes spher-
ical symmetry in the sense that all angular dependence is in the form of a
scaled 2-sphere contribution. As we will see in section 3.4, this allows for a
well-defined Hamiltonian principle.

The metric tensor gµν can be read from (2.1.1). For brevity, we will omit
the arguments of the four functions.

gtt = −N t2 + L2N r2 grr = L2 gtr = grt = L2N r

gθθ = R2 gφφ = R2sin2θ (2.1.5)

with all other components equalling 0. The inverse metric gµν is obtained
by inverting the matrix formed by the components of gµν . Its components
are

gtt = −N t−2
grr = L−2 −N r2N t−2

gtr = grt = N rN t−2

gθθ = R−2 gφφ = R−2sin−2θ (2.1.6)

To compute integrals involving ADM space-time, one needs the integ-
ration weight

√
−g, where g denotes the determinant of the metric when

expressed as a 4× 4 matrix.

det g =

∣∣∣∣∣∣∣∣
L2N r2 −N t2 L2N r 0 0

L2N r L2 0 0
0 0 R2 0
0 0 0 R2 sin2 θ

∣∣∣∣∣∣∣∣
=
[
L4N r2 − L2N t2 − L4N r2

]
R4 sin2 θ

= −N t2L2R4 sin2 θ (2.1.7)

Hence √
−g = N tLR2 sin θ (2.1.8)

These are the basic properties of a general ADM form metric. They
are valid for any choice of the four defining functions that appear in equa-
tion (2.1.1).

2.2 Curvature

Most choices of the four ADM metric functions describe a space-time that is
subject to curvature. Those that describe the Schwarzschild black hole are
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no exception. It is a massive object that severely curves space-time in its
vicinity. To describe it, we first need to remind ourselves of the mathematical
description of curvature.

The intrinsic curvature of a space-time is determined by the connection
coefficients of the metric. In General Relativity, the connection is given by
the Christoffel symbols Γρµν

Γρµν =
1

2
gρλ [gµλ,ν + gνλ,µ − gµν,λ] (2.2.1)

It is in a sense the deviation from a flat space-time: it contains the difference
between the conformal derivative and the partial derivative of a tensor. Note
that we need not worry about index placement for the connection symbol, as
it is not a proper tensor; it is merely one of the non-tensorial terms that form
a new tensor together. The covariant derivative of a tensor Tµ1...µm

ν1...νn with
respect to ρ is given by

Tµ1...µm
ν1...νn;ρ = Tµ1...µm

ν1...νn,ρ +

m∑
j=1

Γ
µj
ρλT

µ1...µj−1λµj+1...µm
ν1...νn

−
n∑
j=1

ΓλρνjT
µ1...µm

ν1...νj−1λνj+1...νn
(2.2.2)

Armed with the Christoffel connection, we can define the Riemann curvature
tensor, which determines the change in a vector due to curvature when par-
allel transported around a loop through space-time.

Rρσµν := Γρνσ,µ − Γρµσ,ν + ΓρµλΓλνσ − ΓρνλΓλµσ (2.2.3)

The Ricci curvature scalar is a measure for the of curvature of a space-
time. It describes how much the volume contained within a geodesic sphere
deviates from Euclidian space-time. It is created by the contraction of the
Ricci tensor, which in turn is a contraction of the Riemann tensor.

R : = gµνRµν = gµνRλµλν
= gµν

[
Γλνµ,λ − Γλλµ,ν + ΓλλσΓσνµ − ΓλνσΓσλµ

]
(2.2.4)

The scalar curvature tensor plays an important role in the action form-
alism in curved space-time. In section 2.5, we will determine the value for
ADM space-time and in section 3.3 we will use this result to write down the
action of a black hole emitting shells of energy.

2.3 A constant-time hypersurface

ADM space-time can be viewed as an infinite set of constant-time spaces
paired with a recipe to go from one instant in time to another. While a

7



two-dimensional slice of a three-dimensional object is called a surface, an
(n − 1)-dimensional submanifold of an n-dimensional manifold is called a
hypersurface. If we call the manifold of the four-dimensional space-time M ,
a slice of it at a time t lives on the hypersurface Σt.

One can define a vector perpendicular to the hypersurface that points
towards the future, i.e., to the ‘next’ hypersurface Σt+dt.

ξµ := gµνt;ν = gµνt,ν = gµνδtν (2.3.1)

With the inverse metric components from (2.1.6), the vector’s components
are

ξt = gtt = −N t−2
, ξr = gtr = N rN t−2

, ξθ = ξφ = 0 (2.3.2)

The magnitude of ξµ, however, is not relevant. It is the orientation we
need. Let us define a new vector nµ by normalising the perpendicular time
vector

nµ : =
ξµ√
|ξνξν |

=
ξµ√
|gνρξρξν |

=
ξµ√∣∣∣(−N t2 + L2N r2

)
N t−4 + L2N r2N rN t−4 − 2L2N r2N t−4

∣∣∣
= N tξµ (2.3.3)

The components of the normal time vector are then

nt = − 1

N t
, nr =

N r

N t
, nθ = nφ = 0 (2.3.4)

Since nµ is normalised to 1, the inner product nµn
µ can be either +1, rep-

resenting a spacelike vector, or −1, representing a timelike vector. Let us
verify that the vector pointing into the future really is timelike

σ := nµn
µ = −1 + L2N

r2

N t2
+ L2N

r2

N t2
− 2L2N

r2

N t2
= −1 (2.3.5)

On the hypersurface, we can define an induced metric hij , following the
common convention of using Latin indices for three-dimensional tensors. If
we use coordinates {xµ} on M and {yi} on Σt, the elements of the induced
metric are given by the coordinate transformation

hij :=
∂xµ

∂yi
∂xν

∂yj
gµν (2.3.6)

The coordinate t is by definition constant on the hypersurface, but the
spatial coordinates r, θ and φ are still very well suited for their jobs, so
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the most convenient choice for yi is in fact xi. The induced metric hij of an
ADM timeslice is then

hrr = L2, hθθ = R2, hφφ = R2 sin2 θ (2.3.7)

with all other components equalling zero. Since this metric is diagonal, the
corresponding inverse metric hij consists of the inverse of the elements of
hij .

hrr = L−2, hθθ = R−2, hφφ = R−2 sin−2 θ (2.3.8)

Using these results and equation (2.2.1), the Christoffel symbols Γ̂ijk of the
submanifold are

Γ̂rrr =
L′

L
Γ̂rθθ = −RR

′

L2
Γ̂rφφ = −RR

′

L2
sin2θ

Γ̂θrθ = Γ̂θθr =
R′

R
Γ̂θφφ = − sin θ cos θ Γ̂φrφ = Γ̂φφr =

R′

R

Γ̂φθφ = Γ̂φφθ =
cos θ

sin θ
(2.3.9)

with all other symbol elements Γ̂ijk = 0. The Ricci curvature scalar R̂ for
the hypersurface is determined in appendix A.3. The result is

R̂ = −4
R′′

L2R
+ 4

L′R′

L3R
− 2

R′2

L2R2
+

2

R2
(2.3.10)

We have now determined the scalar curvature of a constant-time hyper-
surface and we know how the hypersurfaces at different times relate to each
other.

2.4 Embedding the hypersurface

Now that we have established the properties of a constant-time slice of space,
let us examine how it fits in space-time. We will follow the analyses on
hypersurfaces in Carroll [8] and Wald [7].

The first object we need is the projection tensor

Pµν := gµν − σnµnν (2.4.1)

It projects any vector V µ tangential to the hypersurface. Such a projection
is obviously orthogonal to nµ

PµνV
µnν = V µnµ − σ2nµV

µ = 0 (2.4.2)

Vectors that are tangential to the hypersurface are by definition orthogonal
to nµ, so when applied to such a vector, the second term equals zero. The
projection tensor thus acts on these vectors in a manner identical to the
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metric tensor. To determine the components of Pµν for ADM space-time,
one needs the one-form corresponding to the normal vector in our metric.

Armed with the projection tensor we can determine the extrinsic curvature
tensor Kµν . This object describes the curvature arising from the embedding
of the hypersurface into the manifold.

Kµν :=
1

2
LnPµν (2.4.3)

where Ln denotes the Lie derivative with respect to normal vector nµ. The
Lie derivative is in a sense the tensorial generalisation of the directional
derivative V µf,µ of a scalar function f with respect to a vector V µ. For a
general tensor Tµ1...µm

ν1...νn , it is given by

LV Tµ1...µm
ν1...νn = V ρTµ1...µm

ν1...νn;ρ −
m∑
j=1

V
µj

;ρT
µ1...µj−1ρµj+1...µm

ν1...νn

+

n∑
j=1

V ρ
;νjT

µ1...µm
ν1...νj−1ρνj+1...νn (2.4.4)

[7]. However, the connection terms introduced by the first covariant derivat-
ive are exactly cancelled by those from the other covariant derivatives. We
might as well calculate the Lie derivative using regular partial derivatives.

LV Tµ1...µm
ν1...νn = V ρTµ1...µm

ν1...νn,ρ −
m∑
j=1

V
µj
,ρT

µ1...µj−1ρµj+1...µm
ν1...νn

+
n∑
j=1

V ρ
,νjT

µ1...µm
ν1...νj−1ρνj+1...νn (2.4.5)

In explicit form, the extrinsic curvature tensor is then

Kµν =
1

2

[
nλPµν,λ + nλ,µPλν + nλ,νPµλ

]
(2.4.6)

It is clear thatKµν is symmetric in µ, ν. Alternatively, the extrinsic curvature
tensor may be expressed in terms of the time normal vector and its derivat-
ives as

Kµν = nν;µ − σnµnλnν;λ (2.4.7)

This is derived in appendix A.1. Since this form contains explicit covariant
derivatives, we will not use it to derive the

Gauss’ equation relates the Riemann curvature tensor of a hypersurface
to its counterpart on the space-time manifold

R̂ρσµν = P ραP
β
σP

γ
µP

δ
νRαβγδ + σ

[
Kρ

µKσν −Kρ
νKσµ

]
(2.4.8)
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It is derived in A.2, as is the equation

Rµνnµnν = KµνKµν −K2 +
(
nρ;ρn

µ − nµ;νn
ν
)

;µ
(2.4.9)

for the scalar product of the Ricci tensor with the product of two normal
vectors. K2 denotes the scalar quantity Kµ

ν . Contraction of (2.4.8) yields

R̂ = R− 2σRµνnµnν + σ
[
K2 −KµνKµν

]
(2.4.10)

The Ricci curvature scalar for a four-dimensional space-time containing
three-dimensional hypersurfaces with a perpendicular normal vector nµ is
then given by

R = R̂+ σ
[
KµνKµν −K2

]
+ 2σ

(
nµ;νn

ν − nν;νn
µ
)

;µ
(2.4.11)

which again is derived in appendix A.2.
This result provides us with a straightforward way to determine the

scalar curvature of ADM space-time without needing to calculate all 32
unique Christoffel connection components explicitly.

2.5 Curvature properties of an ADM form metric

In the preceding section, we introduced a few objects that relate hypersur-
faces to their embedding manifold and we derived a method to determine
the Ricci scalar curvature for such a space-time. Armed with the results of
section 2.3, we can now determine those properties for a space-time with an
ADM-form metric consisting of hypersurfaces of constant time.

From equations (2.3.4) and (2.1.5), we have

nt = N t − L2N
r2

N t
+ L2N

r2

N t
= N t (2.5.1)

nr = L2N
r2

N t
− L2N

r2

N t
= 0 (2.5.2)

nθ = nφ = 0 (2.5.3)

Now the projection tensor for our metric is

Ptt = L2N r2 Prr = L2 Ptr = Prt = L2N r

Pθθ = R2 Pφφ = R2sin2θ (2.5.4)

with the other components equalling 0. None of the components depend
on N t, which is reasonable, since the hypersurface does not extend in the t
dimension.
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In appendix A.4, we use equation (2.4.6) to show that the components
of the extrinsic curvature tensor for an ADM form metric are

Ktt =
N r2

N t
N r ′L2 +

N r3

N t
LL′ − N r2

N t
LL̇ (2.5.5)

Krr =
N r

N t
LL′ − 1

N t
LL̇+

N r ′

N t
L2 (2.5.6)

Krt = Ktr =
N rN r ′

N t
L2 − N r

N t
LL̇+

N r2

N t
LL′ (2.5.7)

Kθθ = −RṘ
N t

+
N r

N t
RR′ (2.5.8)

Kφφ = −RṘ
N t

sin2θ +
N r

N t
RR′sin2θ (2.5.9)

while all other components equal zero. With these results, the Ricci scalar
for a general spherically symmetric metric in ADM form can be determined
using equation (2.4.11). This calculation is carried out in appendix A.5

R = −4
R′′

L2R
+ 4

L′R′

L3R
− 2

R′2

L2R2
+

2

R2
− 2

N t2

Ṙ2

R2
− 2

N r2

N t2

R′2

R2

+ 4
N r

N t2

ṘR′

R2
+ 4

N r

N t2

L′

L

Ṙ

R
− 4

N t2

L̇

L

Ṙ

R
+ 4

N r ′

N t2

Ṙ

R
− 4

N r2

N t2

L′

L

R′

R

+ 4
N r

N t2

L̇

L

R′

R
− 4

N rN r ′

N t2

R′

R
+ 2
(
nν;νn

µ − nµ;νn
ν
)

;µ
(2.5.10)

All terms are in explicit form for a general ADM metric, except for the
covariant derivative at the end. Although it would be possible in principle
to determine this contribution, this would be rather laborious and, moreover,
it would be pointless, for we will only use this result in a form where it makes
no physical contribution.

2.6 The Schwarzschild metric

The Schwarzschild metric obeyed by a non-rotating, charge-free black hole
of mass M is

ds2 = −
(

1− 2M

r

)
dt2S +

(
1− 2M

r

)−1

dr2 + r2dΩ2
2 (2.6.1)

where tS is the Schwarzschild time, denoted as such to prevent confusion
with a new time coordinate we are about to introduce. It is an ADM space-
time with the metric functions

L(t, r) =
1√

1− 2M
r

, R(t, r) = r (2.6.2)

N t(t, r) =

√
1− 2M

r
, N r(t, r) = 0 (2.6.3)
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Inspection of the line element equation reveals that there is a coordinate
horizon at the Schwarzschild radius rS

rS := 2M (2.6.4)

This is a well-known and important aspect of the Schwarzschild black hole.
Within this horizon, the space-time curvature due to the enclosed mass is so
strong that no particle can escape within a finite amount of time. Put more
explicitly, no paths exist that start with a radial component smaller than rS
and end with a radial coordinate larger than rS within a finite, increasing
time interval.

Even though particles cannot escape the black hole horizon, there is noth-
ing that prevents particle paths from originating precisely at the horizon.
To describe the paths of such particles, we need an equivalent formulation
with coordinates that are still valid at the coordinate singularity. With the
substitution

dt := dtS +

√
2M

r

(
1− 2M

r

)−1

dr (2.6.5)

we have

dt2S =

(
dt−

√
2M

r

(
1− 2M

r

)−1
)
dr2

= dt2 − 2

√
2M

r

(
1− 2M

r

)−1

dt dr +
2M

r

(
1− 2M

r

)−2

dr2 (2.6.6)

Plugging this into (2.6.1) yields the Gullstrand-Painlevé metric

ds2 = −
(

1− 2M

r

)
dt2 + 2

√
2M

r
dt dr − 2M

r

(
1− 2M

r

)−1

dr2

+

(
1− 2M

r

)−1

dr2 + r2dΩ2
2

= −
(

1− 2M

r

)
dt2 + 2

√
2M

r
dt dr + dr2 + r2dΩ2

2 (2.6.7)

The corresponding ADM metric functions are

LGP(t, r) = 1, RGP(t, r) = r (2.6.8)

N t
GP(t, r) = 1, N r

GP(t, r) =

√
2M

r
(2.6.9)

The Gullstrand-Painlevé metric is still stationary, like the Schwarzschild
metric, in the sense that there exists a timelike Killing vector

tµ = δµt , (2.6.10)
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but, unlike the Schwarzschild metric, it is not static. Time reversal changes
the sign of the second term in the line element equation.

By the substitution in equation (2.6.5), we have implicitly defined a new
time coordinate t in terms of tS and r. Explicitly,

t =

∫
dtS +

∫
dr

√
2M

r

(
1− 2M

r

)−1

= tS +
√

2M

∫
du

2u

u(1− 2M/u2)
= tS + 2

√
2M

∫
du

u2

u2 − 2M

= tS − 4Mtanh−1

(
u√
2M

)
= tS − 4Mtanh−1

(√
r

2M

)
= tS − 2M ln

(
1 +

√
r

2M

1−
√

r
2M

)
= tS + 2M ln

(√
2M −

√
r√

2M +
√
r

)
(2.6.11)

were we have chosen the integration constants to equal zero and used the
substitution u2 := r.

We assume that any radiation originating at the horizon has a radial
path, i.e. dΩ2

2 = 0. Radial null geodesics in the Gullstrand-Painlevé metric
obey the equation

0 = −
(

1− 2M

r

)
dt2 + 2

√
2M

r
dtdr + dr2

=

(
dr −

(
1−

√
2M

r

)
dt

)(
dr +

(
1 +

√
2M

r

)
dt

)
(2.6.12)

This equation is solved by

dr =

(
1−

√
2M

r

)
dt ∨ dr = −

(
1 +

√
2M

r

)
dt (2.6.13)

whence we obtain that a null geodesic follows a path described by

dr

dt
= ±1−

√
2M

r
(2.6.14)

Within the black hole, i.e., for radii less than the Schwarzschild ra-
dius (2.6.4), a particle always moves inwards as the time t increases. How-
ever, massless particles outside the black hole, always move towards the
horizon if they follow the negative-sign path, whereas they always move
away from the horizon if they follow the positive-sign path. Introducing

η =

{
−1 Inward trajectories

+1 Outward trajectories
(2.6.15)
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we may write that

dr

dt
= η −

√
2M

r
(2.6.16)

Since we have an equation for dr
dt in terms of r, the null geodesics are

most easily parametrised by integrating the inverse of dr
dt over r

t(r) =

∫ r

0
dr

dt

dr

∣∣∣∣
r=r

=

∫ r

0

dr

η −
√

2M
r

(2.6.17)

= ηr + 2
√

2Mr − 2M log

(√
2M +

√
r√

2M −
√
r

)
+ 2ηM log(r − 2M)

With a few lines of algebra (performed in appendix A.6),

tη(r) = ηr + 2
√

2Mr + 4ηM log
(√

2M − η
√
r
)

(2.6.18)

We now have a mathematical description the path of particles emitted
radially by a Schwarzschild black hole as well as particles travelling inward
from the event horizon.
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3 Hawking radiation with back-reaction

In the original derivation of radiation emitted by black hole horizons by
Stephen Hawking, the geometry is considered completely static in the sense
that emitting a particle does not change the geometry and it does not influ-
ence the spectrum of the next particle. The resulting spectrum is completely
thermal. This allows for the emission of particles that contain more energy
than the black hole contains. Moreover, energy conservation is clearly viol-
ated: particle production at the horizon does not result in reduction of the
energy contents of the black hole.

To address these problems, we need to consider back-reaction, the con-
tribution of the shell to the gravity of the black hole. Per Kraus and Frank
Wilczek have introduced a method that reproduces the Hawking result with
a correction term [2]. In this section, the calculation in that paper is repro-
duced.

3.1 The particle flux from a Schwarzschild horizon

To derive Hawking radiation, the entity we need to determine is the particle
flux an observer at a distance would measure if he were to look at the horizon
of a Schwarzschild black hole with mass M . We will need to consider two
kinds of observers: those at infinity and those freely falling through the
horizon of the black hole.

For observers of the first type, we will expand the field in terms of modes
uk(r)e

−iωkt and u∗k(r)e
iωkt with operators âk and â†k

φ̂(t) =

∫
dk
[
âkuk(r)e

−iωkt + â†ku
∗
k(r)e

+iωkt
]

(3.1.1)

whereas for the horizon perspective we will use modes vk and v∗k with oper-

ators b̂k and b̂†k, respectively

φ̂(t) =

∫
dk
[
b̂kvk(t, r) + b̂†kv

∗
k(t, r)

]
(3.1.2)

b̂k and b̂†k are related to âk and â†k by means of a Bogoliubov transformation

âk =

∫
dk′
[
αkk′ b̂k′ + βkk′ b̂

†
k′

]
(3.1.3)

b̂k =

∫
dk′
[
α∗k′kâk′ − βk′kâ

†
k′

]
(3.1.4)

where the Bogoliubov coefficients αkk′ and βkk′ are determined by

αkk′ =
1

2π

1

uk(t, r)

∫ ∞
−∞

dt eiωktvk′(t, r) (3.1.5)

βkk′ =
1

2π

1

uk(t, r)

∫ ∞
−∞

dt eiωktv∗k′(t, r) (3.1.6)
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We are interested in the particle number Nk of the mode k in the vacuum
|0S〉 of an observer travelling through the horizon

Nk = 〈0S |â†kâk|0S〉

= 〈0S |
∫
dk′1dk

′
2

[
α∗kk′1

b̂†
k′1

+ β∗kk′1
b̂k′1

] [
αkk′2 b̂k′2 + βkk′2 b̂

†
k′2

]
|0D〉

= 〈0S |
∫
dk′1dk

′
2 β
∗
kk′1
βkk′2 b̂

†
k′2
δ
(
k′2 − k′1

)
|0S〉 =

∫
dk′|βkk′ |2 (3.1.7)

With the completeness relation of the Bogoliubov coefficients,∫
dk′
[
|αkk′ |2 − |βkk′ |2

]
= 1, (3.1.8)

we can rewrite the particle number into a form where the integrand does

not depend on k′ if
∣∣∣αkk′βkk′

∣∣∣2 does not depend on k′

Nk =

∫
dk′

|βkk′ |2

|αkk′ |2 − |βkk′ |2
=

∫
dk′

1∣∣∣αkk′βkk′

∣∣∣2 − 1

The particle flux over the frequency interval [ωk, ωk + dωk] is

Φ(ωk) =
dωk
2π

1∣∣∣αkk′βkk′

∣∣∣2 − 1
(3.1.9)

Some fraction of all radiated particles will follow paths that end back into
the black hole due to curvature. The remaining fraction κ(ω) will continue
to propagate to infinite r. In general, this fraction will be a function of the
frequency ω.

Φ∞(ωk) =
dωk
2π

κ(ωk)∣∣∣αkk′βkk′

∣∣∣2 − 1
(3.1.10)

To determine the flux as a function of wavelength, we will need to de-
rive the ratio of Bogoliubov coefficients. We will perform the calculation
within the WKB (Wentzel-Kremers-Brillouin) or semi-classical approxima-
tion. That is, we will assume that the classical terms are dominant. Put
more explicitly, we assume that we can write the field as

φ(t, r) ' eiS(t,r) (3.1.11)

where S(t, r) is the action as an explicit function of time and the radial
coordinate. In the following sections, we will derive this action.
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3.2 Quantisation in the WKB regime

In general relativity, the action S of a field φ on a manifold M is defined as
the integral of a Lagrangian density L[φ], that is in general a function of ψ
and a finite number of its covariant derivatives [7]

S [φ] =

∫
M
L [φ] (3.2.1)

While classical and quantum mechanics have a time coordinate that is
considered separately from spatial coordinates, there is no such thing in
a covariant action formulation. Unlike nonrelativistic mechanics, general
relativity does not in general have a unique global time coordinate. Fortu-
nately, in ADM metrics there is a straightforward global time coordinate:
the one we called t in equation (2.1.1). The metric is stationary with re-
spect to t and within certain limits the general metric reduces to a Minkowski
metric with t as the zeroth ‘timelike’ coordinate.

In section 2 we used foliation of the space-time manifold as a nifty trick
to determine curvature properties. In this section, it is fundamental to the
method of quantisation and to our notion of energy.

If by evaluation of φ on each constant-time slice Σt the Lagrangian dens-
ity can be expressed in terms of a set of canonical coordinates qj , their first
derivatives with respect to time t and perhaps directly on t, the action can
be written as

S
[
{qj}; {q̇j}; t

]
=

∫
dt

∫
Σt

L
[
{qj}; {q̇j}; t

]
(3.2.2)

where the integrand defines the Lagrangian L

L
[
{qj}; {q̇j}; t

]
:=

∫
Σt

L
[
{qj}; {q̇j}; t

]
(3.2.3)

Note that we can only do this because we have well-defined notions of time
and space. Moreover, doing this explicitly breaks covariance.

To go from Lagrangian mechanics to Hamiltonian mechanics, we define
the Hamiltonian as the Legendre transform of L with respect to {q̇j}

H
[
{qj}; {q̇j}; t

]
:=
∑
j

∂L

∂q̇j
q̇j − L

[
{qj}; {q̇j}; t

]
(3.2.4)

Defining the canonical momenta pj as

pj :=
∂L

∂q̇j
(3.2.5)

the Lagrangian and Hamiltonian can be rewritten to obtain

H
[
{qj}; {pj}; t

]
= pj q̇

j − L
[
{qj}; {pj}; t

]
(3.2.6)
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The total differential operator of the Hamiltonian is

dH = pjdq̇
j + q̇jdpj −

dL

dqj
dqj − dL

dq̇j
dq̇j − dL

dt
dt

= q̇jdpj − ṗjdqj −
dL

dt
dt (3.2.7)

leading to the Hamilton equations

∂H

∂pj
= q̇j ,

∂H

∂qj
= −ṗj (3.2.8)

Let us now consider the action as an explicit function of time t with
coordinates {qj(t)} that are expressed as functions of time. This is often
called Hamilton’s principal function. Suppose we have two ‘neighbouring’
paths, both starting out at {qj(t1)}, t1 but ending at the different endpoints
{qja(t1)} and {qjb(t1)}. The difference in the action function between those
two paths is

δS =
∑
j

∂L

∂q̇j
δqj
∣∣∣∣t2
t1

+
∑
j

∫ t2

t1

[
∂L

∂qj
− d

dt

∂L

∂q̇j

]
δqj (3.2.9)

For a physical path, the Euler-Lagrange equation in the integrand should
equal zero. Furthermore, the derivative in the boundary term is just the
canonical momentum defined in equation (3.2.5). Evidently,

∂S

∂qj
= pj (3.2.10)

By definition, the total derivative of Hamilton’s principal function with
respect to time is the Lagrangian. Let us determine it explicitly

L =
dS

dt
=
∂S

∂t
+
∑
j

∂S

∂qj
q̇j =

∂S

∂t
+ pj q̇

j (3.2.11)

Subtracting L(t) from both sides yields the Hamilton-Jacobi equation

∂S

∂t
+H = 0 (3.2.12)

As it happens, equations (3.2.12) and (3.2.10) can also be obtained from
the Schrödinger equation for a wave function that only depends on the clas-
sical action (i.e., first order WKB regime),

HΨ0e
iS = i∂t

(
Ψ0e

iS
)

(3.2.13)

Carrying out the time derivative reproduces the Hamilton-Jacobi equation
multiplied by the wave function

HΨ0e
iS = −∂S

∂t
Ψ0e

iS (3.2.14)
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The momentum equations (3.2.10) are obtained in a similar manner. Ap-
plying the momentum operator p̂j on such a wave function yields

p̂jΨ = −i∂j
(
Ψ0e

iS
)

= Ψ0(∂jS)eiS = (∂jS)Ψ (3.2.15)

Since the latter result does not rely on the Schrödinger equation, it can
also be applied to classical fields obeying e.g. the Klein-Gordon equation.
For a field of the form eiS , as suggested in equation (3.1.11), application of
the momentum operator results in

p̂je
iS = −i∂j

(
eiS
)

= (∂jS)eiS (3.2.16)

Hence quantisation within the WKB regime is obtained by the substitution

pj →
∂S

∂qj
(3.2.17)

We have now derived an effective method to quantise a known action
function on a stationary ADM form metric within the WKB regime. This
will prove very useful.

3.3 The action for a black hole

Now we have determined how to quantise the action within the relevant
regime, let us proceed to deriving it. Even though most of the analysis
only pertains to Schwarzschild black holes, we will formulate the action
for a general ADM form metric in order to have a well-defined variation
principle.

For a Schwarzschild black hole releasing a shell of energy, the action
consists of three parts. The first is a contribution arising from the bare
space-time. The appropriate Lagrangian density for a vacuum in General
Relativity is [7]

LG :=
1

16π

√
−gR (3.3.1)

where R is the Ricci curvature scalar and g denotes the determinant of a
matrix with the components of the metric tensor gµν as its elements. By
integration over the space-time, we obtain the Einstein-Hilbert action

SG =
1

16π

∫
d4x
√
−gR (3.3.2)

The choice of this Lagrangian is motivated by the analysis in appendix B.1.
To obtain a covariant theory with a well-defined variational principle in

the Hamiltonian formulation of ADM space-time one also needs to include a
contribution due to the ADM mass M+ [2, 13]. This is all the mass-energy
in the system as measured by an observer at infinity.

SM = −
∫
dtM+ (3.3.3)
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The third term is the energy shell that is emitted through the horizon

Ss = −m
∫ √

−gµν(t̂, r̂)dx̂µdx̂ν (3.3.4)

where x̂µ are the coordinates of the shell and m is the rest mass of the shell.
The total action for our system is then

ST = SG + SM + Ss

=
1

16π

∫
d4x
√
−gR+

∫
dtM+ −m

∫ √
−gµν(t̂, r̂)dx̂µdx̂ν (3.3.5)

A convenient choice for parametrisation in the shell contribution is the
time coordinate t. For a metric of the form (2.1.1) with spherical symmetry,
this becomes

Ss = −m
∫
dt

√
N t(t, r̂)2 − L(t, r̂)2

(
dr̂

dt
+N r(t, r̂)

)2

(3.3.6)

Using the results in equations (2.1.8) and (2.5.10), the Einstein-Hilbert
action for the ADM metric is

SG =
1

16π

∫
d4xN tLR2 sin θ

[
−4

R′′

L2R
+ 4

L′R′

L3R
− 2

R′2

L2R2
+

2

R2

− 2

N t2

Ṙ2

R2
− 2

N r2

N t2

R′2

R2
+ 4

N r

N t2

ṘR′

R2
+ 4

N r

N t2

L′

L

Ṙ

R
− 4

N t2

L̇

L

Ṙ

R

+ 4
N r ′

N t2

Ṙ

R
− 4

N r2

N t2

L′

L

R′

R
+ 4

N r

N t2

L̇

L

R′

R
− 4

N rN r ′

N t2

R′

R

+2
(
nν;νn

µ − nµ;νn
ν
)

;µ

]
=

∫
dt dr N t

[
−RR

′′

L
+
L′RR′

L2
− R′2

2L
+
L

2
− 1

2N t
LṘ2

− N r2

2N t
R′

2
+
N r

N t
LṘR′ +

N r

N t
L′ṘR− 1

N t
L̇RṘ+

N r ′

N t
LRṘ

−N
r2

N t
L′RR′ +

N r

N t
L̇RR′ − N rN r ′

N t
LRR′

]
(3.3.7)

where we have used that∫
dθ dφ sin θf(t, r) = 4πf(t, r) (3.3.8)

for any function f(t, r) that does not depend on θ and φ and we have neg-
lected the covariant derivative that results in a boundary integral. This is
the explicit form of the gravitational contribution. It only depends on ADM
metric functions.

We now know which parts constitute the action in explicit form in terms
of the shell’s position and momentum, the ADM mass, the ADM metric
functions and their derivatives.
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3.4 The canonical action

Since we need to quantise our system using the Hamilton-Jacobi formalism
developed in section 3.2, we need to write the action in a canonical form

S =

∫
d4x

[
πj q̇

j −H
(
{qj}; {πj}; t

)]
(3.4.1)

The form of the metric equation (2.1.1) suggests that a good choice of
canonical coordinates for the geometric terms is (L,R), while for the shell
term the radial shell coordinate r̂ is the most appealing candidate. Then
the total action takes the form

ST =

∫
dt p ˙̂r +

∫
dt dr

[
πLL̇+ πRṘ−H

]
−
∫
dtM+ (3.4.2)

The canonical momenta in the L and R directions are obtained from the
derivatives of the Lagrangian density in equation (3.3.7) with respect to L̇
and Ṙ, respectively.

πL =
∂L
∂L̇

= − 1

N t
RṘ+

N r

N t
RR′ (3.4.3)

πR =
∂L
∂Ṙ

=
1

N t

[
−LṘ− L̇R+N r ′LR

]
+
N r

N t

[
LR′ + L′R

]
(3.4.4)

In appendix B.2 we show that by inversion, the derivatives of L and R can
be expressed in terms of the canonical momenta as

L̇ = −N
t

R
πR +N t L

R2
πL +N r ′L+N rL′ (3.4.5)

Ṙ = −N
t

R
πL +N rR′ (3.4.6)

whence we obtain the action expressed in terms of (3.4.3) and (3.4.4)

SG =

∫
dt dr N t

[
−RR

′′

L
+
L′RR′

L2
− R′2

2L
+
L

2
− πLπR

R
− LπL

2

2R2

]
(3.4.7)

All necessary ingredients to determine the gravitational part of the Hamilto-
nian density H as defined in equation (3.2.4) are now present.

HG = πLL̇+ πRṘ− LG

= −N
t

R
πLπR +N t L

R2
πL

2 +N r ′LπL +N rL′πL −
N t

R
πLπR

+N rR′πR −N t

[
−RR

′′

L
+
L′RR′

L2
− R′2

2L
+
L

2
− πLπR

R
− LπL

2

2R2

]

= N t

[(
RR′

L

)′
− R′2

2L
− L

2
− πLπR

R
+
LπL

2

2R2

]
+N r ′LπL +N rL′πL +N rR′πR (3.4.8)
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In the last equality, we have used that(
RR′

L

)′
=
RR′′

L
+
R′2

L
− L′RR′

L2
(3.4.9)

In the action functional, the Hamiltonian is to be integrated over the radial
coordinate r. Integration by parts yields∫

dr N r ′LπL = −
∫
dr N r

[
L′πL + LπL

′] (3.4.10)

where we have neglected the boundary terms. We might as well replace
N r ′LπL with −N r [L′πL + LπL

′] and write

HG = N t

[(
RR′

L

)′
− R′2

2L
− L

2
− πLπR

R
+
LπL

2

2R2

]
+N r

[
R′πR − Lπ′L

]
(3.4.11)

Evidently, the gravitational part of the Hamiltonian density can be written
in terms of a generator HGt for the lapse function N t and a generator HGr
for the shift function N r. More generally, we wish to write that

H = N tHt +N rHr (3.4.12)

where

Ht = HGt +Hst (3.4.13)

Hr = HGr +Hsr (3.4.14)

The superscripts g and s indicate the gravitational part due to the Einstein-
Hilbert action term and for the part due to the presence of the shell, respect-
ively. The gravitational generators are easily obtained from equation (3.4.11)

HGt =
Lπ2

L

2R2
− πLπR

R
+

(
RR′

L

)′
− R′2

2L
− L

2
(3.4.15)

HGr = R′πR − Lπ′L (3.4.16)

It remains to determine the shell contributions to the Hamiltonian dens-
ity. In equation (3.3.6) we determined the action due to the shell in generic
form. The resulting Lagrangian density is

Ls = −m
√
N̂ t

2 − L̂2
(

˙̂r + N̂ r
)2

(3.4.17)

Note that this is a density in time, whereas the 5Lagrangian density for the
gravitational terms was a density in the radial space direction as well as
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time. The canonical momentum in the direction of the radial coordinate of
the shell is

p =
∂Ls
∂ ˙̂r

=
mL̂2

(
˙̂r + N̂ r

)
√
N̂ t

2 − L̂2
(

˙̂r + N̂ r
)2

(3.4.18)

Hence the Lagrangian density also equals

Ls = −m
2L̂2

p

(
˙̂r + N̂ r

)
(3.4.19)

If we observe that

p2 =
m2L̂4

(
˙̂r + N̂ r

)2

N̂ t
2 − L̂2

(
˙̂r + N̂ r

)2 (3.4.20)

then

L̂2
(

˙̂r + N̂ r
)2

=
N̂ t2p2

m2L̂2 + p2
(3.4.21)

and from there we can determine ˙̂r in terms of p

˙̂r =

√√√√ N̂ t
2
p2

m2L̂4 + L̂2p2
− N̂ r =

N̂ tp

L̂

√
m2L̂2 + p2

− N̂ r (3.4.22)

The Hamiltonian density is determined from the generic recipe outlined in
equation (3.2.4).

Ĥs = p ˙̂r − Ls

=
N̂ tp2

L̂

√
m2L̂2 + p2

− N̂ rp+
m2L̂2

p

 N̂ tp

L̂

√
m2L̂2 + p2

− N̂ r + N̂ r


=
(
p2 +m2L̂2

) N̂ t

L̂

√
m2L̂2 + p2

− N̂ rp = N̂ t

√
m2 +

p2

L̂2
− N̂ rp

(3.4.23)

Again, this is a density in time. In fact, the contribution only exists at
precisely r = r̂, since the lapse and shift functions are taken at the shell
coordinate. In order to include it as part of the integral over t and r, we
need to weigh it with the Dirac delta distribution δ(r − r̂). This leaves us
with the following contributions

Hst =

√( p
L

)2
+m2 δ(r − r̂) Hsr = −p δ(r − r̂) (3.4.24)

24



Adding these to the results for the gravitational terms expressed in equa-
tion (3.4.15) and (3.4.16) finally yields

Ht =
Lπ2

L

2R2
− πLπR

R
+

(
RR′

L

)′
− R′2

2L
− L

2

+

√( p
L

)2
+m2 δ(r − r̂) (3.4.25)

Hr = R′πR − Lπ′L − p δ(r − r̂) (3.4.26)

We have now determined the canonical momenta and the Hamiltonian
for the Einstein-Hilbert action with an added shell contribution for a general
ADM-form metric.

3.5 Determining the constraints

The only explicit dependence on N r and N t in the action is in the Hamilto-
nian density contains and it does not depend on derivatives of these func-
tions, so if we vary by δN r, we obtain

δST =

∫
dt dr δN tHt, δST = 0⇒ Ht = 0 (3.5.1)

Similarly for N r → N r + δN r,

δST =

∫
dt dr δN rHr, δST = 0⇒ Hr = 0 (3.5.2)

If we consider an infinitesimal shell of space-time that is static, i.e., with
πL = πR = 0, we require the contribution to the action (3.4.2) to equal zero.
Hence

−N tHGt −N rHGr −M′ = 0 (3.5.3)

where M(r) is the enclosed mass at radius r. At r 6= r̂, HGt = Ht = 0 and
HGr = Hr = 0, so

M′(r 6= r̂) = 0 (3.5.4)

or, in other words, M is constant except precisely at the shell, where a
discontinuity exists. Within the shell, the static mass M is just the mass
contained within the horizon (the black hole mass). Outside of the shell,
the shell contributes to the mass and the static mass equals the total ADM
mass M+ of the system

M =

{
M (r < r̂)

M+ (r > r̂)
(3.5.5)

In the Schwarzschild and Schwarzschild-Painlevé metrics, N t can be written
in terms of L, R and their derivatives as

N t = 1 =
R′

L
(3.5.6)
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With equations (3.4.3) and (3.4.4),

N r =
N t

RR′

(
πL +RṘ

)
=

πL
LR

+
Ṙ

L
(3.5.7)

Since Ṙ = 0 for Schwarzschild and Schwarzschild-Painlevé metrics, the
second term can be dropped to obtain

0 = −R
′

L
HGt −

πL
LR
HGr −M′ (3.5.8)

Integration yields (Appendix B.3)

M(r) =
π2
L

2R
− RR′2

2L2
+
R

2
(3.5.9)

where we have used that R(t, 0) equals zero for any suitable coordinate set.
This expression can be inverted to express πL in terms of M where it is
properly defined, i.e. at r 6= r̂

πL =

√√√√2R

(
M− R

2
+
R(R′)2

2L2

)
= R

√(
R′

L

)2

+
2M
R
− 1 (3.5.10)

With the help of equation (3.4.16), πR can be expressed in terms of the
derivative of πL with respect to the radial coordinate

πR =
L

R′
π′L (3.5.11)

Although we will not need the explicit form in the following, for the sake of
completeness

πR = L

√(
R′

L

)2

+
2M
R
− 1 +

RR′′ − L′

L2 + L
RM√(

R′

L

)2
+ 2M

R − 1
(3.5.12)

Integration of Ht around the shell leads to an additional constraint

0 =

∫ r̂+ε

r̂−ε
drHt =

∫ r̂+ε

r̂−ε
drHGt − p

=

∫ r̂+ε

r̂−ε
dr
[
R′πR − Lπ′L

]
− p

= − LπL|r̂+εr=r̂−ε +

∫ r̂+ε

r̂−ε
dr
[
R′πR + L′πL

]
− p (3.5.13)

If L and R are smooth at and around the shell, the integral in the second
term does not contribute a finite value in the limit ε→ 0. So

πL(r̂ + ε)− πL(r̂ − ε) = − p
L̂

(3.5.14)

26



Likewise, integration of Hr reveals that

0 =

∫ r̂+ε

r̂−ε
drHr

=

∫ r̂+ε

r̂−ε
dr

[
Lπ2

L

2R2
− πLπR

R
+

(
RR′

L

)′
− R′2

2L
− L

2

]
+

√(
p

L̂

)2

+m2

=

∫ r̂+ε

r̂−ε
dr
RR′′

L
+

√(
p

L̂

)2

+m2

=
RR′

L

∣∣∣∣r̂+ε
r̂−ε

+

∫ r̂+ε

r̂−ε
dr

[
RR′

L
− L′R

L2

]
+

√(
p

L̂

)2

+m2

=
RR′

L

∣∣∣∣r̂+ε
r̂−ε

+

√(
p

L̂

)2

+m2 (3.5.15)

We have kept only the term in the integrand that contains a second deriv-
ative with respect to r and we have performed integration by parts on the
penultimate line. In the last, line the integral over first-derivative terms is
dropped again. When multiplied by L

R , this also results in a constraint for
R′

R′(r̂ + ε)−R′(r̂ − ε) = − 1

R̂

√
p2 +m2L̂2 (3.5.16)

For a massless particle, this is simplified to

R′(r̂ + ε)−R′(r̂ − ε) = −η p
R̂

(3.5.17)

These are the constraints for the action around the shell. They will be
put to good use when we vary the action.

3.6 The explicit action

In the preceding sections, we derived the canonical form action and the
constraints due to the discontinuity at the radius where the shell resides
and we showed that the Hamiltonian density equals zero. We now wish to
express the action as an explicit function in terms of the Hamilton-Jacobi
canonical momenta in order to quantise the system.

The derivative of the action with respect to the time whilst keeping πL
and πR fixed is

∂S

∂t

∣∣∣∣
πL,πR

= p ˙̂r +

∫
dr
[
πLL̇+ πRṘ

]
−M+ (3.6.1)

If we first integrate the contribution due to the canonical momentum in the
L direction, we can later add or subtract terms to make sure the above

27



equation is met. Since πL and M are discontinuous at r̂ and there is a
singularity at r = 0, we integrate over r from an arbitrary point r0 to r − ε
and from r + ε to infinity

SL =

∫
dt

∫ ∞
r0

dr
dL

dt
πL =

∫ ∞
r0

dr

∫
dLπL

=

∫ r̂−ε

r0

dr

∫
dLR

√(
R′

L

)2

+
2M

R
− 1

+

∫ ∞
r̂+ε

dr

∫
dLR

√(
R′

L

)2

+
2M+

R
− 1 (3.6.2)

where we have filled in M and M+ for M at r < r̂ and r > r̂, respectively.
In appendix B.4, we show that the result is

SL =

∫ r̂−ε

r0

drR

R′ log

∣∣∣∣∣∣
R′

L −
√(

R′

L

)2
+ 2M

R − 1√
2M
R − 1

∣∣∣∣∣∣+ L

√(
R′

L

)2

+
2M

R
− 1


+

∫ ∞
r̂+ε

drR

R′ log

∣∣∣∣∣∣
R′

L −
√(

R′

L

)2
+ 2M+

R − 1√
2M+

R − 1

∣∣∣∣∣∣+ L

√(
R′

L

)2

+
2M+

R
− 1


(3.6.3)

Apparently, the terms obtained by variation of L depend on R′ as well
as R. Let us consider variations in R,

δRSL =

∫ ∞
r0

dr

[
∂S′L
∂R

δR− d

dr

(
∂S′L
∂R′

)
δR′
]

(3.6.4)

The first term is just the contribution due to πR, but the second term
needs to be subtracted from the action to fulfil equation (3.6.1). We expect
δS′L
δR′ to approach zero at r = r0 and r → ∞. However, R′ is in general
discontinuous around the shell, so we need to integrate ‘around’ the shell
again. Equation (B.4.4) in the appendix shows that

δRSL =

∫ ∞
r0

dr

∫
dRπR − R̂ log

∣∣∣∣∣∣∣∣
R′(r+ε)

L −
√(

R′(r+ε)
L

)2
+ 2M+

R̂
− 1√

2M+

R̂
− 1

∣∣∣∣∣∣∣∣ δR̂

+ R̂ log

∣∣∣∣∣∣∣∣
R′(r−ε)

L −
√(

R′(r−ε)
L

)2
+ 2M

R̂
− 1√

2M
R̂
− 1

∣∣∣∣∣∣∣∣ δR̂ (3.6.5)

The final parameter equation (3.6.1) requires us to consider variation
of is M+. In equation (3.6.3), only the second integral depends on M+.
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Variation of M+ by δM+ then leads to a an action modified by δM+S, as
derived in appendix B.4,

δM+SL =

∫ ∞
r̂+ε

L

√(
R′

L

)2
+ 2M+

R − 1

2M+

R − 1
δM+ (3.6.6)

Finally, variation of t results in an extra term −M+. p ˙̂r does not contribute,
since p is already constrained explicitly.

Subtracting the superfluous terms obtained due to variation in R and
M+ from SL results in the action

S =

∫ r̂−ε

r0

drR

R′ log

∣∣∣∣∣∣
R′

L −
√(

R′

L

)2
+ 2M

R̂
− 1√

2M
R − 1

∣∣∣∣∣∣+ L

√(
R′

L

)2

+
2M

R̂
− 1


+

∫ ∞
r̂+ε

drR

R′ log

∣∣∣∣∣∣
R′

L −
√(

R′

L

)2
+ 2M+

R − 1√
2M+

R − 1

∣∣∣∣∣∣+ L

√(
R′

L

)2

+
2M+

R
− 1



+

∫
dt R̂ log

∣∣∣∣∣∣∣∣
R′(r+ε)

L −
√(

R′(r+ε)
L

)2
+ 2M+

R̂
− 1√

2M+

R̂
− 1

∣∣∣∣∣∣∣∣
dR̂

dt

−
∫
dt R̂ log

∣∣∣∣∣∣∣∣
R′(r−ε)

L −
√(

R′(r−ε)
L

)2
+ 2M

R̂
− 1√

2M
R̂
− 1

∣∣∣∣∣∣∣∣
dR̂

dt

+

∫
dt

∫ ∞
r̂+ε

dr L

√(
R′

L

)2
+ 2M+

R − 1

1− 2M+

R

dM+

dt
−
∫
dtM+ (3.6.7)

Lagrangians are typically expressed as an integral over time. Such an
expression is simplified if we use the gauge freedom to fix the R coordinate
for all r > r̂. Then R′(r̂ + ε) is also fixed by that choice and with the
constraints (3.5.14) and (3.5.16), R′(r̂ − ε) is then fixed too. Defining

R′> := R′(r > r̂) = R′(r̂ + ε) (3.6.8)

and
R′< := R′(r < r̂) (3.6.9)
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The total action as an integral over time is then (appendix B.5)

S =

∫
dt

[∫ r̂−ε

r0

dr
[
πLL̇+ πRṘ

]
+

∫ ∞
r̂+ε

dr
[
πLL̇+ πRṘ

]]
−
∫
dtM+

+

∫
dt ˙̂rL̂R̂

√(R′<
L̂

)2

+
2M

R̂
− 1−

√(
R′>

L̂

)2

+
2M+

R̂
− 1



+

∫
dt ηR̂

˙̂
R log

∣∣∣∣∣∣∣∣
R′<
L̂
− η
√(

R′<
L̂

)2
+ 2M

R̂
− 1

R′>
L̂
− η
√(

R′>
L̂

)2
+ 2M+

R̂
− 1

∣∣∣∣∣∣∣∣ (3.6.10)

With the L and R functions of the Schwarzschild-Painlevé metric,

L(t, r) = 1, R(t, r) = r (3.6.11)

the terms originating from outside the shell boundaries vanish and the rest
of the expression becomes more compact

S =

∫
dt

 ˙̂rr̂

[√
2M

r̂
−
√

2M+

r̂

]
+ ηr̂ ˙̂r log

∣∣∣∣∣∣
1− η

√
2M
r̂

1− η
√

2M+

r̂

∣∣∣∣∣∣−M+


=

∫
dt

[
˙̂r
[√

2Mr −
√

2M+r
]

+ ηr̂ ˙̂r log

∣∣∣∣∣
√
r − η

√
2M√

r − η
√

2M+

∣∣∣∣∣−M+

]
(3.6.12)

Note that this gauge violates the boundary condition 3.5.17: the right
hand side reduces to zero. The action obtained in this gauge can be re-
garded as an approximation valid away from the horizon. This should not
pose a problem, as we will only take into account the dominant, late-time
contributions.

Now that we have imposed a gauge, we need to define new canonical
momenta in terms of the new coordinates. In the r direction, there is a
radial momentum pr, derived from the Lagrangian (i.e., the integrand in
the previous equation),

pr :=
∂Ṡ

∂ ˙̂r
=
√

2Mr̂ −
√

2M+r̂ + ηr̂ log

∣∣∣∣∣
√
r − η

√
2M√

r − η
√

2M+

∣∣∣∣∣ (3.6.13)

so the action in equation (3.6.12) becomes

S =

∫
dt
[
pr ˙̂r −M+

]
(3.6.14)

From this equation, it is clear that the momentum in the t direction
equals M+ up to a constant. At t = 0, the shell is in its initial position and
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the total mass-energy in the system equals M . So the temporal momentum
pt equals

pt := M −M+ (3.6.15)

However, being a constant, the mass term M does not alter the resulting
equations of motion. We might as well discard it and use

S =

∫
dt
[
pr ˙̂r + pt

]
(3.6.16)

The radial momentum is then

pr =
√

2Mr̂ −
√

2 (M − pt) r̂ + ηr̂ log

∣∣∣∣∣
√
r̂ − η

√
2M√

r̂ − η
√

2 (M − pt)

∣∣∣∣∣ (3.6.17)

We have used up most of our gauge freedom. The action as expressed
presently is not only pleasantly compact, but more importantly, it is ex-
pressed in terms of canonical momenta with respect to the Schwarzschild-
Painlevé time and the radial coordinate of the shell.

3.7 The quantised action

In section 3.2 we derived that in the WKB regime, momenta can be quant-
ised by replacing them with the derivative with respect to the corresponding
coordinate of the action expressed as an explicit function. Fortunately, we
know the trajectory r̂(t) of an emitted shell. It is the radial null geodesic
derived it in section 2.6. Hence the quantised action is written as

S(t, r) = S(0, r) +

∫ t

0
dt
[
pr ˙̂r(t) + pt

]
(3.7.1)

At t = 0, the modes vk(0, r) are

vk(0, r) ' eikr (3.7.2)

so the initial term in the action function is

S(0, r) = kr (k > 0) (3.7.3)

The radial momentum is independent of time, so we might as well take
t = 0 in our calculations.

pr(0) =
∂S

∂r̂
=
√

2Mr̂(0)−
√

2M+r̂(0) + ηr̂(0) log

∣∣∣∣∣
√
r̂(0)− η

√
2M√

r̂(0)− η
√

2M+

∣∣∣∣∣
(3.7.4)

The logarithmic term is singular at the horizon, so around it∣∣∣√2Mr̂ −
√

2M+r̂
∣∣∣� ∣∣∣∣∣ηr̂ log

∣∣∣∣∣
√
r̂ − η

√
2M√

r̂ − η
√

2M+

∣∣∣∣∣
∣∣∣∣∣ (3.7.5)
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Keeping only the terms that contribute at infinity, the action function now
equals

S(t, r) = S(0, r) +

∫ r(t)

r̂(0)
dr pr(r) +

∫ t

0
dt pt(t)

' kr̂(0) + η

∫ r(t)

r̂(0)
dr̂ r̂ log

∣∣∣∣∣
√
r̂ − η

√
2M√

r̂ − η
√

2M+

∣∣∣∣∣+ [M −M+] t (3.7.6)

Consistency then requires that

k = ηr̂(0) log

∣∣∣∣∣
√
r̂(0)− η

√
2M√

r̂(0)− η
√

2M+

∣∣∣∣∣ (3.7.7)

or, in exponential form

e
ηk
r̂(0) =

√
r̂(0)− η

√
2M√

r̂(0)− η
√

2M+

(3.7.8)

In section 2.6 we determined the paths of radial null geodesics in the
Schwarzschild-Painlevé metric. At t = 0, it follows from equation (2.6.18)
that

ηr1(0)− 2
√

2M+r1(0) + 4ηM+ log
(√

2M+ − η
√
r1(0)

)
= 0 (3.7.9)

Around the horizon, redshift is very large and non-singular terms do not
contribute significantly. We can in fact drop the second term on the right
hand side of equation (2.6.17) as well as the one on the left hand side of
equation (3.7.9). For the trajectory of the shell, we merely need to pick r(t)
= r̂(t) to obtain that

t− 4M+ log
(√

r − η
√

2M+

)
= −4M+ log

(√
r̂(0)− η

√
2M+

)
(3.7.10)

or

e
− t

4M+ =

√
r̂(0)− η

√
2M+√

r − η
√

2M+
(3.7.11)

To cast the action function in its final form, as a function of only time
t, the radial coordinate r, the mode wavelength k and the black hole mass
M , we need to solve equations (3.7.8) and (3.7.11) to obtain explicit forms
for the present unknowns r̂(0) and M+. However, we have no way to solve
equations of this form explicitly. Fortunately, we can obtain a very good
approximation by replacing r̂(0) and M+ in the exponential terms by their
zeroth-order values of 2M and M , respectively.√

r̂(0)− η
√

2M '
(√

r̂(0)− η
√

2M+

)
e
ηk
2M (3.7.12)√

r̂(0)− η
√

2M+ '
(√

r − η
√

2M+

)
e−

t
4M (3.7.13)
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In appendix B.6, we show that these are solved by

√
r̂(0) ' η

√
2M +

(√
r − η

√
2M
) e

ηk
2M
− t

4M(
e
ηk
2M − 1

)
e−

t
4M + 1

(3.7.14)

However, we can do better than this. Now that we have equations for M+

and r̂(0) in terms of M k, t and r, we might as well use them to determine a
correction to the zeroth-order approximation M we used in the exponential
functions.

In outgoing trajectories, i.e., η = 1, the exponential term involving the
relevant (large) wavelengths is much greater than one.

e
k

2M � 1 (3.7.15)

Within this approximation, the values for
√

2M+ and
√
r̂(0) are identical.

This allows us to replace M by a single parameter M ′ in both equations.

M ′(r) := M +
(√

2Mr − 2M
) e

k
2M
− t

4M

e
k

2M
− t

4M + 1
(3.7.16)

The values for outgoing trajectories are then given by

√
2M+ =

√
2M +

(√
r −
√

2M
) (

e
k

2M′ − 1
)
e−

t
4M′(

e
k

2M′ − 1
)
e−

t
4M′ + 1

(3.7.17)

√
r̂(0) =

√
2M +

(√
r −
√

2M
) e

k
2M′−

t
4M′(

e
k

2M′ − 1
)
e−

t
4M′ + 1

(3.7.18)

Now M+ depends on r, but it does not depend on the integration variable
r̂, so the integral in equation (3.7.6) is of the form

I :=

∫ b

a
dxx log

∣∣∣∣√x− α√
x− β

∣∣∣∣ (3.7.19)

In equation (3.6.16), we are only interested in the dominant late-time contri-
butions, so we can neglect all terms that are regular near the horizon. In the
last result, only the logarithmic terms qualify. The result is (appendix B.7)

I ' b2

2
log

∣∣∣∣∣
√
b− α√
b− β

∣∣∣∣∣− a2

2
log

∣∣∣∣√a− α√
a− β

∣∣∣∣− α4

2
log

∣∣∣∣∣
√
b− α√
a− α

∣∣∣∣∣
+
β4

2
log

∣∣∣∣∣
√
b− β√
a− β

∣∣∣∣∣ (3.7.20)
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To obtain an effective action, let us use this result in equation (3.7.6), filling
in the proper values of a, b, α and β and dropping regular terms that are
not relevant for the particle paths.

S ' 1

2
r2 log

∣∣∣∣∣
√
r −
√

2M√
r −
√

2M+

∣∣∣∣∣− 1

2
(r̂(0))2 log

∣∣∣∣∣
√
r̂(0)−

√
2M√

r̂(0)−
√

2M+

∣∣∣∣∣
− 2M2 log

∣∣∣∣∣
√
r −
√

2M√
r̂(0)−

√
2M

∣∣∣∣∣+ 2M+
2 log

∣∣∣∣∣
√
r −
√

2M+√
r̂(0)−

√
2M+

∣∣∣∣∣ (3.7.21)

Even in this expression, some irrelevant contributions remain. From equa-
tions (3.7.8) and (3.7.11), we have

log

∣∣∣∣∣
√
r̂(0)−

√
2M√

r̂(0)−
√

2M+

∣∣∣∣∣ =
k

2M+
(3.7.22)

log

∣∣∣∣∣
√
r −
√

2M+√
r̂(0)−

√
2M+

∣∣∣∣∣ =
t

4M+
(3.7.23)

so these contributions are not singular at the horizon. What remains is

S ' 1

2
r2 log

∣∣∣∣∣
√
r −
√

2M√
r −
√

2M+

∣∣∣∣∣− 2M2 log

∣∣∣∣∣
√
r −
√

2M√
r̂(0)−

√
2M

∣∣∣∣∣
=

[
2M2 − 1

2
r2

]
log

∣∣∣∣∣
√
r̂(0)−

√
2M

√
r −
√

2M

∣∣∣∣∣+
tr2

8M+
+

kr2

4M+
(3.7.24)

where we have used equations (3.7.22) and (3.7.23) to join both remaining
logarithmic terms into a more convenient form. The resulting terms are
obviously regular around the horizon and can be neglected. Filling in the
solution for

√
r̂(0) presented in equation (3.7.18) results in the action func-

tional in terms of only time, the radial coordinate, the mode wavelength and
the mass of the black hole.

S '
[
2M2 − 1

2
r2

]
log

∣∣∣∣∣∣ e
k

2M′−
t

4M′(
e

k
2M′ − 1

)
e−

t
4M′ + 1

∣∣∣∣∣∣ (3.7.25)

In the large-wavelength regime (3.7.15), this reduces to

S '
[
2M2 − 1

2
r2

]
log

∣∣∣∣∣ e
k

2M′−
t

4M′

e
k

2M′−
t

4M′ + 1

∣∣∣∣∣ (3.7.26)

Finally, for the radiation as observed from a distance, late-time contribu-
tion is dominant. We might as well do away with the numerator in the
logarithmic function altogether to obtain

S(t, r) '
[

1

2
r2 − 2M2

]
log
(
e

k
2M′−

t
4M′ + 1

)
(3.7.27)
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This is the final, quantised action for the dominant modes of a Schwar-
zschild black hole emitting a single shell at a time in the radial direction.

3.8 Results

Now that we have the action, we can use it to obtain the particle flux derived
in 3.1. That requires some algebra.

Our solution only carries physical significance outside of the shell, i.e.,
for r > 2(M +ωk). To determine the particle flux we can pick any reference
radius. However, to obtain the best approximation in the WKB regime, we
require that the wavelengths be as short as possible, which is when r is close
to the horizon. Hence we shall choose

r = 2(M + ωk) (3.8.1)

In WKB approximation

vk(t, 2M + 2ωk) = eiS(t,2M+2ωk) = e
i[2ω2

k+4Mωk] log

(
1+e

k
2M′ −

t
4M′

)
(3.8.2)

where M ′ equals

M ′(2M + 2ωk) = M +
[
2
√
M2 +Mωk − 2M

] e
k

2M
− t

4M

1 + e
k

2M
− t

4M

(3.8.3)

Now the Bogoliubov coefficients (3.1.5) we need are

αkk′ =
1

2π

1

uk(t, r)

∫ ∞
−∞

dt eiωkte
i[2ω2

k′+4M ′ωk′ ] log

(
1+e

k′
2M′ −

t
4M′

)
(3.8.4)

βkk′ =
1

2π

1

uk(t, r)

∫ ∞
−∞

dt eiωkte
−i[2ω2

k′+4M ′ωk′ ] log

(
1+e

k′
2M′ −

t
4M′

)
(3.8.5)

These integrals are not very pretty. In fact, they cannot be solved
analytically. Fortunately, the saddle point approximation discussed in Ap-
pendix B.9 comes to the rescue. In the integrals that define the Bogoliubov
coefficients, the pre-factor 2ω2

k′+4M ′ωk′ is very large compared to the logar-
ithm, so this method should yield a very good approximation. The respective
exponential argument functions are

gα(t) := log

(
1 + e

k′
2M′−

t
4M′

)
(3.8.6)

gβ(t) := − log

(
1 + e

k′
2M′−

t
4M′

)
(3.8.7)
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To determine the saddle point, we need to take the derivative with respect
to time.

ġα(t) = − 1

4M ′
e

k′
2M′−

t
4M′

1 + e
k′

2M′−
t

4M′
(3.8.8)

ġβ(t) =
1

4M ′
e

k′
2M′−

t
4M′

1 + e
k′

2M′−
t

4M′
(3.8.9)

Evidently, both derivatives equal zero when

e
k′

2M′−
t

4M′ → 0 (3.8.10)

However, that condition is only met at t = ∞. The time derivative of for
αkk′ also approaches zero when

e
k

2M
− t

4M

∣∣∣
αkk′
→∞ (3.8.11)

Although in this limit

e
k′

2M′−
t

4M′

1 + e
k′

2M′−
t

4M′
→ 1 (3.8.12)

M ′ is sufficiently large that we may consider the saddle point reached. The
derivative for βkk′ approaches zero when

e
k

2M′−
t

4M′
∣∣∣
βkk′
' −1

2
(3.8.13)

for then the left hand side (3.8.12) equals −1.
Since k is always real by definition, for the ratio of the Bogoliubov coef-

ficients, only the imaginary part of t is relevant. From (3.8.11) it follows
that

Im tα = 0 (3.8.14)

and from (3.8.13)

Im

(
k

2M ′
−

tβ
4M ′

)
= π ⇒ Im tβ = 4πM ′ (3.8.15)

Apart from the sign of the exponent, only the pre-factor differs between αkk′

and βkk′ . From (3.8.4) we thus have∣∣∣∣αkk′βkk′

∣∣∣∣ ' e4πM ′ωk (3.8.16)

At the saddle point, the mass parameter (3.8.3) becomes

M ′ 'M −
[
2
√
M2 +Mωk − 2M

]
(3.8.17)
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To first order in ωk for ωk �M ,

M ′(ωk) 'M − ωk (3.8.18)

Insertion in 3.8.16 yields our final expression for the ratio of Bogoliubov
coefficients ∣∣∣∣αkk′βkk′

∣∣∣∣ ' e4π(M−ωk)ωk (3.8.19)

With this result, the particle flux measured at infinity, which we derived in
section 3.1, equals

Φ∞(ωk) '
dωk
2π

κ(ωk)

e8πωk(M−ωk) − 1
(3.8.20)

which is the Hawking result [1] with a correction term. In engineering units,

Φ∞(ω) ' dω

2π

κ(ω)

e8π G
c5
ω(c2M−~ω) − 1

(3.8.21)

where ~ is the reduced Planck constant, c is the Einstein constant and
G is the gravitational constant. This corresponds to a corrected Hawking
temperature

TH(ω) ' ~c5

8πkG (c2M − ~ω)
(3.8.22)

As one would expect, in the small-energy limit the temperature derived
without accounting for back-reaction is recovered.

3.9 Discussion

In order to calculate the particle flux coming from a black hole, we have made
a number of assumptions. The first is of course is that the behaviour of the
black hole is described by the Schwarzschild metric. The second assumption
is that we only need to take into account the s-wave (i.e., radial) contribution
because of the radial symmetry of the Schwarzschild black hole. Thirdly,
we consider only the self-gravitation of one shell at a time. This might be
a rather fundamental shortcoming of this model, as Per Kraus and Frank
Wilczek mentioned that semi-classical methods such as the WKB approach
might not be feasible when two or more shell discontinuities are present [2].
Finally, we also assumed that all radiated quanta are massless. This is not
a fundamental limitation, but it does simplify the calculation. In general,
one would expect even most massive particles to be highly relativistic.

We also made some approximations. The most important one is that
we applied the WKB method: we assumed that high-frequency modes are
dominant and that the wave function only depends on the classical action.
This allowed us to go from a point-particle to a quantum field theory de-
scription in a mathematically and physically sound and non-ambiguous way.
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The other approximations were of a mathematical nature: we determined
the ratio of the Bogoliubov coefficients using the saddle point approximation
and we discarded terms in the action that are regular around the horizon.
Furthermore, we solved the squares of the initial shell radius and the total
enclosed mass in the equivalent of a second-order approximation and, finally,
we only included terms linear in the mode frequency in the final particle flux.

However, we have successfully reproduced Hawking’s result [1] to first
order in radiated energy while taking account self-gravitation. Whereas
Hawking’s original derivation only depended on the initial mass M of the
black hole, this result only depends on the final mass, M −ω, after emission
of a particle of energy ω. This also seems unlikely. However, our result is
a first-order approximation in the small-energy limit. It might very well be
that higher-order terms do incorporate the initial mass.
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4 A tunnelling approach to Hawking radiation

There is another way to derive particle production at the horizon of a black
hole. Both physically and mathematically, it is an entirely different ap-
proach. Again we will apply a WKB approximation, but we will do this in a
different context: that of a single-particle wave function tunnelling through
a potential wall. Intuitively, this is a nice approach, but one has to be care-
ful to fully understand the procedure physically. In this section, we will
reproduce the derivation by Maulik Parikh and Frank Wilczek [3].

4.1 Tunnelling through the Schwarzschild horizon

When a shell of positive energy ω is emitted from the horizon, the mass
of the black hole should decrease by an amount ω. The total mass-energy
sum of the system, however, should of course be conserved. Let us therefore
consider a shell travelling radially in the Painlevé metric of a Schwarzschild
black hole with mass M − ω,

ds2 = −
(

1− 2(M − ω)

r

)
dt2 + 2

√
2(M − ω)

r
dtdr + dr2 + r2dΩ2

2 (4.1.1)

Although we consider the back-reaction in the resulting black hole mass,
we neglect changes in the metric during the emission of ω. We thus require
that ω � M . We also assume that the trajectory of the wave is purely
radial.

Let us assume we can describe the shell of energy by a single-particle
wave function ψ(r). One can write this in the form of an exponential function
with a suitable argument function φ(r) that we have yet to determine

ψ(r) = eφ(r) (4.1.2)

The single-particle time-independent Schrödinger equation in this form is

Eeφ(r) = − 1

2m
∂2
re
φ(r) + V (r)eφ(r)

= − 1

2m

[
∂2
rφ(r) + (∂rφ(r))2

]
eφ(r) + V (r)eφ(r) (4.1.3)

Hence
2m (V (r)− E) = ∂2

rφ(r) + (∂rφ(r))2 (4.1.4)

The left hand side is manifestly real, but the right hand side contains deriv-
atives of a complex function. Let us therefore split ∂rφ(r) into a real and an
imaginary part, corresponding to the amplitude and the phase of the wave
function, respectively,

∂rφ(r) = A(r) + iB(r) (4.1.5)
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Equation (4.1.4) now equals

2m (V (r)− E) = ∂rA(r) + i∂rB(r) +A2(r)−B2(r) + 2iA(r)B(r) (4.1.6)

We split both sides into separate equations for the real and imaginary parts

2m (V (r)− E) = ∂rA(r) +A2(r)−B2(r) (4.1.7)

0 = ∂rB(r) + 2A(r)B(r) (4.1.8)

The left hand side of (4.1.7) is the square of minus the classic radial mo-
mentum

E =
p2
r

2m
+ V (r)⇒ pr =

√
2m (E − V (r)) (4.1.9)

In the WKB approximation, the amplitude varies slowly

|∂rA| � A2(r), |∂rA| � B2(r) (4.1.10)

Equation (4.1.7) now reduces to

B2(r)−A2(r) = p2
r (4.1.11)

Since we are in a tunnelling regime (V (r)� E), the momentum pr is ima-
ginary. Equation (4.1.11) implies that

A(r) = ±Im pr, B(r) = ±Re pr (4.1.12)

The emission rate Γ can be determined from the squared norm of the wave
function within the trajectory.

Γ = Γ0 |ψ|2 = Γ0 e
2
∫
drA(r) = Γ0 e

−2 Im
∫ rout
rin

dr pr (4.1.13)

The integral in the exponential argument is in fact the action due to the
radial momentum

Sp :=

∫ rout

rin

dr pr (4.1.14)

The integration bounds rin and rout correspond to the radial positions of the
shell before and after emission from the horizon, respectively. From

rin = 2M and rout = 2(M − ω) (4.1.15)

While following the path across the horizon, the energy wave obtains a radial
momentum pr and an energy ω

Sp =

∫ rout

rin

dr

∫ M−ω

M
dH

dpr
dH

(4.1.16)

Using the second Hamilton equation

dr

dt
=
dH

dpr
(4.1.17)
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and filling in the trajectory of an outgoing massless particle (2.6.16) renders
us with

Sp =

∫ rout

rin

dr

∫ M−ω

M
dH

1

1−
√

2H
r

(4.1.18)

With the substitution

u :=

√
2H

r
⇒ H =

1

2
ru2 ⇒ dH

du
= ru (4.1.19)

the radial momentum becomes

pr =

∫ M−ω

M
dH

1

1−
√

2H
r

=

∫ u(M−ω)

u(M)
du

ru

1− u
(4.1.20)

Now u = 1 is obviously a singular point of order one and it lies on the
real axis within the path of integration. In fact, it is located exactly at the
Schwarzschild horizon. We can deform the path around this singularity and
use Cauchy’s integral formula for real-valued singularities

pr = −1

2

∮
C
du

ru

u− 1
= −πiru|u=1 = −πir (4.1.21)

Putting this result into equation (4.1.18), we have

Sp = −
∫ rout

rin

dr πir = −πi
[

1

2
r2

]2(M−ω)

r=2M

= −2πi
(
ω2 − 2Mω

)
= 2πiω (2M − ω) (4.1.22)

Conservation of energy and momentum require that when the particle is
emitted, an antiparticle with energy −ω be also created. This particle then
travels into the black hole, following the η = −1 path of equation (2.6.16),
thereby tunnelling from rout to rin. The integration bounds of the energy
integral remain the same, since the energy content within the black hole is
reduced by ω as well. The action of such an antiparticle thus equals

Sp† =

∫ rin

rout

dr

∫ M−ω

M
dH

1

−1−
√

2H
r

=

∫ rout

rin

dr

∫ M−ω

M
dH

1√
2H
r + 1

(4.1.23)

Under the substitution (4.1.19), the second integral yields a familiar result∫ rout

rin

dr

∫ u(M−ω)

u(M)
du

ru

u+ 1
= πiru|u=−1 = −πir (4.1.24)
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Hence (4.1.23) is equal to (4.1.22) and the antiparticle is also described by
an action with imaginary part 2πω (2M − ω). Together, particle and anti-
particle creation form a pair forming process and they must be considered
complementary elements of a single process

S = Sp + Sp† = 4πiω (2M − ω) (4.1.25)

Finally, equation (4.1.13) can be filled in to obtain the emission rate

Γ = Γ0 e
−8πω(M− 1

2
ω) (4.1.26)

corresponding to a temperature

TH =
1

4π(2M − ω)
(4.1.27)

As with the approach of section 3, the result reproduces Hawking’s result
to first order in ω [1] with a correction term. However, the second order
term differs from the previous result. Interestingly, the exponent in the flux
derived in this manner depends on equal contributions of the initial black
hole mass M and the final black hole mass M − ω.

4.2 Tunnelling through De Sitter horizons

Since the tunnelling approach turned out to be a simple and effective method
to derive particle creation in Schwarzschild space-time, a logical next step
is to apply this approach in other space-times in which particle creation is
expected.

n-dimensional De Sitter space-time is the maximally symmetric space-
time with the positive normalised Ricci curvature. For this reason, it plays
an important role in cosmology. It lives in an n-dimensional submanifold
of an (n+ 1)-dimensional manifold with a Minkowski space-time. With the
Minkowski metric expressed in terms of the coordinates xµ,

ds2 = −dt2 + dxidx
i (4.2.1)

The submanifold is defined by the equation

ηµνx
µxν = α2 (4.2.2)

where α is a constant. In this sense, it is the Lorentzian equivalent of an
n-sphere. It is not uncommon to pick the gauge α = 1. De Sitter space-
time has some properties that are very similar to that of the Schwarzschild
metric. This is perhaps most manifest in static coordinates

ds2 = −(1− r2)dt2s + (1− r2)
−1
dr2 + r2dΩ2

d−2 (4.2.3)
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for (d+1) dimensions, with the coordinates (ts, r, {θi}) defined such [5] that

x0 =
√

1− r2 sinh ts xi = rθi xn =
√

1− r2 cosh ts (4.2.4)

for r < −1 ∨ r > 1 and

x0 =
√
r2 − 1 cosh ts xi = rθi xn =

√
r2 − 1 sinh ts (4.2.5)

for −1 < r < 1.
In static coordinates, the horizon appears at r = ±1. However, we can

take a substitution analogous to (2.6.5)

dt = dts + r(1− r2)
−1
dr (4.2.6)

For the static time element, this yields

dt2s =
(
dt− r(1− r2)

−1
dr
)2

= dt2 + r2(1− r2)
−2
dr2 − 2r(1− r2)

−1
dt dr (4.2.7)

Applying this substitution to (4.2.6) renders us with the De Sitter-Painlevé
metric

ds2 = −(1− r2)dt2 − r2(1− r2)
−1
dr2 + 2rdt dr + (1− r2)

−1
dr2 + r2dΩ2

d−2

= −(1− r2)dt2 + 2rdt dr + (−r2 + 1)(1− r2)
−1
dr2 + r2dΩ2

d−2

= −(1− r2)dt2 + 2rdt dr + dr2 + r2dΩ2
d−2 (4.2.8)

As with the Painlevé metric for Schwarzschild black holes, there is no longer
a coördinate singularity at r = ±1. In ADM terminology, the metric func-
tions of static De Sitter coordinates are

LdSP(t, r) = 1, RdSP(t, r) = r (4.2.9)

N t
dSP(t, r) = 1, N r

dSP(t, r) = r (4.2.10)

The differential substitution (4.2.6) corresponds to a coordinate change
ts → t

t =

∫
dts +

∫
dr

r

1− r2
= ts −

1

2

∫
du

1

u− 1
= ts −

1

2
ln |u− 1|

= ts −
1

2
ln
∣∣r2 − 1

∣∣ (4.2.11)

using the substitution u := r2 and choosing the integration constant to equal
0. We can also identify radial null curves, i.e. curves for which ds2 = 0 and
dΩ2

2 = 0 in equation (4.2.8)

0 = −(1− r2)dt2 + 2rdt dr + dr2

= (dr − (1− r)dt) (dr + (1 + r)dt) (4.2.12)
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This equation is solved by the curves

dr = (1− r) dt ∨ dr = −(1 + r) dt (4.2.13)

In other words, null curves must obey

dr

dt
= ±1− r (4.2.14)

An outgoing particle travelling across the static coordinate horizon at r = +1
must have a positive radial velocity even at r < 1, hence it must follow the
‘plus’ curve. Similarly, a particle crossing r = −1 must follow the ‘minus’
curve.

Let us attempt to use a strategy similar to the one we used in sec-
tions 4.1-4.7 to determine a temperature for De Sitter space. The analogue
of equation (4.1.16) for a quantum of energy ω crossing the horizon of a
De Sitter space-time at r = +1 with a total energy E is

Sp =

∫ rout

rin

dr

∫ E−ω

E
dH

dt

dr
=

∫ rout

rin

dr

∫ E−ω

E
dH

1

1− r

=

∫ rout

rin

dr
ω

r − 1
(4.2.15)

where we again used the second Hamilton equation (4.1.17) to relate radial
momentum to radial velocity. The complex-valued integral has a simple pole
at r = 1. Since the integration curve [rin, rout] lies on the real axis, we have
to take a path that curves around the pole. However, only half of such a
path lies within the singularity, so the action in equation (4.2.15) equals

Sp = πωi (4.2.16)

The antiparticle that travels in the opposite direction has an action

Sp† =

∫ rin

rout

dr

∫ E−ω

E
dH

dt

dr

∣∣∣∣
−

= −
∫ rin

rout

dr
ω

r + 1
= πωi

Combining the contributions yields an action function

S = 2πωi (4.2.17)

This corresponds to an emission rate

Γ = Γ0 e
−2πω (4.2.18)

This is simply a Boltzmann distribution with a temperature T

T =
1

2π
(4.2.19)
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Note that back-reaction is not considered in this calculation. In sec-
tion 4.1, the metric depended on the energy content within the horizon and
the radiation trajectory in the action integral took the change in energy due
to its emission into account. In a De Sitter metric, however, no such influ-
ence is present. Since we expect back-reaction to exist, we can assume that
some shift of the location of the horizon takes place and therefore, tunnelling
within the framework of section 4.1 to occur. The amplitude derived should
therefore be interpreted as a small-energy limit.

4.3 Back-reaction in De Sitter space-time

In the preceding section, we derived particle emission at the horizon of
De Sitter space-time. We did not account for back-reaction. However, as
with Schwarzschild space-time, energy conservation mandates that any in-
crease of mass-energy at one side of the horizon be paired with a corres-
ponding decrease on the other side.

Whereas the Schwarzschild metric’s raison d’être is the enclosed mass,
usually denoted M , enclosed by one side of the horizon, De Sitter space is
curved intrinsically and not by mass. Thus, we need to add curvature due
to the mass-energy flow of back-reaction.

Birkhoff’s theorem states that there is only one vacuum solution to the
Einstein equation that observes spherical symmetry. This is the generalised
Schwarzschild space-time, which can always be written as

ds2 = −f(t, r)dt2s +
1

f(t, r)
dr2 + r2dΩ2

2 (4.3.1)

in four dimensions, an ADM metric withN r = 0 and the L = 1, R = r gauge.
An implication of Birkhoff’s theorem is that if space-time is to be curved by
mass, spherical symmetry can only be preserved if this mass resides in the
centre of of curvature.

Back-reaction produces mass-energy beyond the horizon. This means
that there is a separate, Schwarzschild contribution due to this mass-energy,
in addition to the intrinsic curvature De Sitter space-time observes. This
is usually called Schwarzschild-De Sitter space-time. With an energy E, its
line element in four dimensions is

ds2 = −
(

1− r2 − 2E

r

)
dt2s +

(
1− r2 − 2E

r

)−1

dr2 + r2dΩ2
2 (4.3.2)

As we would expect, in the limit E → 0, this is just four-dimensional De Sit-
ter space-time and the event horizon lies at r = ±1. For general E, we have
to find the real roots of the depressed cubic equation

r3 − r + 2E = 0 (4.3.3)
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This is most easily done using Cardamo’s method. The roots are

rS = eiπ
2k
3

3

√
−
√
E2 − 1

27
− E+eiπ

2(k+2)
3

3

√√
E2 − 1

27
− E, k ∈ Z (4.3.4)

There are three solutions, whereas the horizon of De Sitter space-time hori-
zon only lies at two radial coordinates. Let us explore each of these solutions
in the low energy limit E → 0, i.e., De Sitter space-time.

rS(0) = eiπ
2k
3

3

√
−
√
− 1

27
+ eiπ

2(k+2)
3

3

√√
− 1

27

=


−1 k = 0 (mod 3)

0 k = 2 (mod 3)

1 k = 1 (mod 3)

(4.3.5)

as we would expect from inspection of the metric equation. The −1 and +1
solutions are evidently just the event horizon of De Sitter space-time; the
r = 0 solution corresponds to the central singularity of the Schwarzschild
metric.

If E is very small as compared to r, we might as well take a Taylor series
around E = 0 to obtain a more manageable equation. To that end, we have

drS
dE

=
eiπ

2k
3

3

(
−
√
E2 − 1

27
− E

)− 2
3

 −E√
E2 − 1

27

− 1


+
eiπ

2(k+2)
3

3

(√
E2 − 1

27
− E

)− 2
3

 E√
E2 − 1

27

− 1

 (4.3.6)

Around E = 0 the coefficient of the linear term is then

drS
dE

∣∣∣∣
E=0

= −e
iπ 2k

3

3

(
−
√
− 1

27

)− 2
3

− eiπ
2(k+2)

3

3

(√
− 1

27

)− 2
3

=

{
2 (k = 1 (mod 3))

−1 (otherwise)
(4.3.7)

So to first order, the horizon lies at

rS(E) ' ±1− E (4.3.8)

In fact, the second derivatives vanish at E = 0, so

rS(E) = ±1− E +O(E3) (4.3.9)
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Since radiated energy shells originate at the coordinate horizon, we
need coordinates that are valid at the horizon. By a procedure similar to
that of Schwarzschild and De Sitter space-times, we obtain the aptly called
Schwarzschild-De-Sitter-Painlevé metric. Starting with the substitution cor-
responding to the new time coordinate t,

dt := dts −

√(
1− r2 − 2E

r

)−2

−
(

1− r2 − 2E

r

)−1

dr

= dts −

√√√√ r2 + 2E
r(

1− r2 − 2E
r

)2dr = dts −

√
r2 + 2E

r

1− r2 − 2E
r

dr (4.3.10)

Squaring this yields

dt2s = dt2 −
r2 + 2E

r(
1− r2 − 2E

r

)2dr2 + 2

√
r2 + 2E

r

1− r2 − 2E
r

dtdr (4.3.11)

leading to the Schwarzschild-De-Sitter-Painlevé metric

ds2 = −
(

1− r2 − 2E

r

)
dt2 + dr2 + 2

√
r2 +

2E

r
dtdr + r2dΩ2

2 (4.3.12)

We still expect radiation to travel in radial paths, so for a massless
particle

0 = −
(

1− r2 − 2E

r

)
dt2 + dr2 + 2

√
r2 +

2E

r
dtdr

=

(
dr +

(√
r2 +

2E

r
− 1

)
dt

)(
dr +

(√
r2 +

2E

r
+ 1

)
dt

)
(4.3.13)

resulting in the path equation

dr

dt
= ±1−

√
r2 +

2E

r
(4.3.14)

Now that we know the path of radially propagating shell, we can derive
an action function. Since we start with empty De Sitter space-time, the
enclosed energy E equals zero before emission, leading to the De Sitter limit
of the Schwarzschild-De Sitter metric, but upon emission of a shell of positive
energy ω, it increases to ω. Again using the trick with the second Hamilton
equation, the action of a positive-energy particle originating at the horizon
at r = +1 is

Sp =

∫ rout

rin

dr

∫ ω

0
dH

dt

dr
=

∫ rs(ω)

rs(0)
dr

∫ ω

0
dH

1

1−
√
r2 + 2H

r

(4.3.15)
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With a substitution similar to the one in equation (4.1.19),

u :=

√
r2 +

2H

r
⇒ H =

1

2
r
[
u2 − r2

]
⇒ dH

du
= ru (4.3.16)

the second integral equals ∫ u(ω)

u(0)
du

ru

1− u
(4.3.17)

This integral is of the same form as the one in equation (4.1.21), hence it
yields the same result, −πir. This renders us with the action integral

Sp = −πi
∫ rs(ω)

rs(0)
dr r ' −πi

[
1

2
r2

]1−ω

r=1

= πi

(
ω − ω2

2

)
(4.3.18)

The antiparticle contributes towards the action as well,

Sp† =

∫ rin

rout

dr

∫ 0

ω
dH

dt

dr

∣∣∣∣
−

= −
∫ rs(0)

rs(ω)
dr

∫ 0

ω
dH

1

1 +
√
r2 + 2H

r

(4.3.19)

With the same substitution (4.3.17) as for the positive energy particle, we
obtain

Sp† = πi

∫ rs(0)

rs(ω)
dr r ' πi

[
1

2
r2

]1

r=1−ω
= πi

(
ω − ω2

2

)
(4.3.20)

Again, the antiparticle contribution is identical to that produced by the
particle. The combined action corresponds to an emission rate

Γ = Γ0 e
−2πω(1− 1

2
ω) (4.3.21)

To first order in ω, this is again a Boltzmann distribution with a temperature
TdS. Apparently, we have derived De Sitter radiation with a correction term.
Our result agrees with that obtained by Brian Greene, Maulik Parikh and
Jan Pieter van der Schaar, who used a similar method [14].

4.4 The Unruh effect by tunnelling

Horizons may even appear in flat Minkowski space-time. Suppose an ob-
server in Minkowski space-time extending in the y and z directions experi-
ences a constant positive proper acceleration a in the x direction. Then

d2x

dτ2
= a,

d2t

dτ2
=
d2y

dτ2
=
d2z

dτ2
= 0 (4.4.1)

so for any set of coordinates, the scalar product of proper velocities equals

ηµν
d2xµ

dτ2

d2xν

dτ2
= a2 (4.4.2)
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If we want to re-express the Minkowski coordinates t and x in terms of
the proper time τ of the observer, we need to solve(

d2x

dτ2

)2

−
(
d2t

dτ2

)2

= a2 (4.4.3)

and (
dx

dτ

)2

−
(
dt

dτ

)2

= −1 (4.4.4)

These equations are solved by

dt

dτ
= cosh(aτ),

dx

dτ
= sinh(aτ) (4.4.5)

Integration results in the parametrised equations

t(τ) = a−1 sinh(aτ) + t0 (4.4.6)

x(τ) = a−1 cosh(aτ) + x0 (4.4.7)

If we place the observer at the Minkowski origin, t0 = x0 = 0.
In order for a set of coordinates {yµ} to be comoving with respect to the

observer, the components of the proper velocity must obviously be

dy0

dτ
= 1,

dyj

dτ
= 0 (4.4.8)

The natural choice for y0 would be τ , while y and z are already independent
of τ , since the observer’s motion is restricted to the x direction, so it makes
sense to pick y2 = y and y3 = z. In order to describe points on the (t, x)
plane that do not lie on the curves (4.4.6) and (4.4.7), we can scale by the
third coordinate, ξ (0 < ξ <∞) and, for the sake of convenience, a factor a.
Then we have the Rindler coordinates yµ = (τ, ξ, y, z). In these coordinates,
the observer lives at ξ = a−1.

The Minkowski coordinates are expressed in terms of Rindler coordinates
as

t = ξ sinh(aτ), x = ξ cosh(aτ) (4.4.9)

The corresponding differential coordinates equations are

dt = aξ cosh(aτ) dτ − sinh(aτ) dξ (4.4.10)

dx = aξ sinh(aτ) dτ − cosh(aτ) dξ (4.4.11)

leading to the Rindler line element

ds2 = −dt2 + dx2 + dy2 + dz2

= −a2ξ2cosh2(aτ) dτ2 − sinh2(aτ) dξ2 + a2ξ2sinh2(aτ) dτ2

+ cosh2(aτ) dξ2 + dy2 + dz2

= −a2ξ2dτ2 + dξ2 + dy2 + dz2 (4.4.12)
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Hence the metric tensor’s components are

gττ = −a2ξ2, gξξ = gyy = gzz = 1, gµν = 0 (µ 6= ν) (4.4.13)

so the metric determinant equals

det g = −a2ξ2 (4.4.14)

The determinant equals zero when ξ does. Since ξ = 0 is the only
solution to the equation x = 0, there is a coordinate horizon at x = 0 in
Minkowski coordinates. The observer cannot receive any particle originat-
ing from beyond this horizon and particle number he measures needs not
match the particle number on the other side of the horizon, observed from
a distance.

In fact, the observer experiences thermal radiation with a temperature
that depends linearly on acceleration,

TU =
a

2π
(4.4.15)

This was first derived by Steven Fulling, Paul Davies and Bill Unruh and it
is called the Unruh effect [20, 21].

Locally, any metric resembles the Minkowski metric. One can approx-
imate the natural coordinates of an observer close to the horizon by the
Rindler coordinates. In other words, any phenomenon where an event ho-
rizon leads to particle creation being observed by an observer at a distance
can be derived by taking the appropriate Unruh temperature for an observer
infinitely close to the horizon.

An excellent illustration is provided by the Schwarzschild black hole
and the Hawking radiation it produces. An observer infinitely close to the
horizon is subject to a constant proper acceleration due the curvature caused
by the black hole mass. Yet the horizon cannot be reached in a finite amount
of his own time. The point of view of the observer can be described in the
Rindler coordinates defined above.

We start by postulating that the Rindler time is the Schwarzschild time

τ = tS (4.4.16)

Then we must have

a2ξ2 = 1− 2M

r
⇒ aξ =

√
1− 2M

r
(4.4.17)

Furthermore, close to the horizon we must have that

dξ2 =

(
1− 2M

r

)−1

dr2 ⇒ dξ

dr
=

√
1− 2M

r
(4.4.18)
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where we have used that ξ is always positive. The simplest way to determine
the acceleration a in terms of these coordinates is by taking the derivative
with respect to ξ on both sides of the result in the first equation and then
using the result of the second equation

a =
1

2
√

1− 2M
r

2M

r2

dξ

dr
=
M

r2
(4.4.19)

which corresponds to acceleration due to a gravitational attraction by a
mass M located at a distance r, as we would expect. Hence an observer
infinitely close to the Schwarzschild horizon at r = 2M observes a Rindler
coordinate metric with the line element

ds2 = −
(

1− 2M

r

)
dτ2 + dξ2 + r2dΩ2

2 (4.4.20)

By equation (4.4.15), the associated Unruh temperature is

TU,S =
M

8πM2
=

1

8πM
(4.4.21)

which is, as we would expect, the Hawking temperature of a Schwarzschild
black hole when back-reaction is not taken into account.

Let us now try and derive the Unruh temperature (4.4.15) using the
tunnelling approach from in the previous sections. τ is a timelike coordinate
and the Rindler metric is stationary with respect to τ . The second Hamilton
equation in Rindler coordinates is

dξ

dτ
=
dH

dpξ
, (4.4.22)

From equation (4.4.12), it follows that null geodesics in the ξ direction
obey

0 = −a2ξ2dτ2 + dξ2 (4.4.23)

which is solved by
dξ

dτ
= aξ (4.4.24)

since a and ξ are positive by definition.
The action due to the momentum of a particle of energy ω travelling in

the ξ direction from ξin to ξout is

S =

∫ ξout

ξin

dξ

∫ E−ω

E
dH

dτ

dξ
=

∫ ξout

ξin

dξ

∫ E−ω

E
dH

1

aξ

=

∫ ξout

ξin

dξ ω
1

aξ
= πi

ω

a
(4.4.25)
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where we have used Cauchy’s integration method at ξ = 0. The WKB
tunnelling amplitude equals

Γ = Γ0e
−2 ImS = e−2π ω

a (4.4.26)

which is a Boltzmann distribution for a temperature TU

TU =
a

2π
(4.4.27)

Hence we have derived the famed Unruh effect. In a sense, this is the most
general form of any particle production phenomenon due to an event horizon
in space-time.

4.5 The instanton approach

In order to understand the calculation in section 4.1 better, let us repeat the
essential part of the calculation in a slightly more rigorous way. We will do
this by writing a path integral for an instanton, a particle-like phenomenon
in quantum mechanics. Part of the following analysis closely follows Cole-
man [10].

Given the wave function ψ(ra; ta) at spatial coordinate ra and time ta,
causality requires that one can write the wave function at time tb and spatial
coordinate rb in terms of a propagator K(rb, tb; ra, ta)

ψ(rb, tb) =

∫
draK(rb, tb; ra, ta)ψ(ra, ta) (4.5.1)

By the completeness relation∫
drs |rs, ts〉〈rs, ts| = 1 (4.5.2)

we can write the wave function as

ψ(rb, tb) = 〈rb, tb|ψ〉 =

∫
dra〈rb, tb|ra, ta〉〈ra, ta|ψ〉

=

∫
dra〈rb, tb|ra, ta〉ψ(ra, ta) (4.5.3)

Hence the propagator in equation (4.5.1) equals

K(rb, tb; ra, ta) = 〈rb, tb|ra, ta〉 (4.5.4)

Since we can incorporate any intermediate point rc in equation (4.5.1)
to obtain

ψ(rb, tb) =

∫
dradrcK(rb, tb; rc, tc)K(rc, tc; ra, ta)ψ(ra, ta), (4.5.5)
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Richard Feynman proposed that to determine this propagator, one has to
integrate over all possible midpoints, thus accounting for all possible paths
that would lead from state |a〉 to state |b〉, by means of a path integral. If
we divide the time between ta and tb in n equal pieces of length ∆t each,
the appropriate path integral is then

〈rb, tb|ra, ta〉 = lim
n→∞

∫
dr1 . . . drn〈rb, tb|rn, tn〉

n−1∏
j=1

〈rj+1, tj+1|rj , tj〉

 〈r1, t1|ra, ta〉

(4.5.6)
Now

|r, t〉 = e−iHt|r, 0〉 (4.5.7)

and since ∆t = tj+1 − tj , we may rewrite the elements of the path integral
in the Heisenberg picture

〈rj+1, tj+1|rj , tj〉 =
〈
rj+1

∣∣e−i∆tH ∣∣rj〉 (4.5.8)

If the Hamiltonian follows the Ansatz

H(r, p) = hp(p) + hr(r), (4.5.9)

such as the free particle Hamiltonian

Hf (r, p) =
p2

2m
+ V (r), (4.5.10)

the element can be written as

〈rj+1, tj+1|rj , tj〉 =
〈
rj+1

∣∣∣e−i∆thpe−i∆thr ∣∣∣rj〉 (4.5.11)

For the free particle Hamiltonian Hf , the element is

〈rj+1, tj+1|rj , tj〉 = e−i∆t V ( 1
2

[rj+1+rj ])

〈
rj+1

∣∣∣∣e−i∆t p22m

∣∣∣∣rj〉
=

1

2π
e−i∆t V ( 1

2
[rj+1+rj ])

∫
dp

〈
rj+1

∣∣∣∣e−i∆t p22m

∣∣∣∣p〉 〈p|rj〉
(4.5.12)

where we have used completeness of states. Now〈
rj+1

∣∣∣∣e−i∆t p22m

∣∣∣∣p〉 =
∞∑
k=0

1

k!

〈
rj+1

∣∣∣∣∣
(
−i∆t p

2

2m

)k∣∣∣∣∣p
〉

=

∞∑
k=0

1

k!

(
−i∆t
2m

)k 〈
rj+1

∣∣∣p2k
∣∣∣p〉

=

∞∑
k=0

1

k!

(
−i∆t p

2

2m

)k
〈rj+1|p〉

= e−i∆t
p2

2m 〈rj+1|p〉 (4.5.13)
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and 〈p|r〉 is just the free particle wave function eipr, while

〈r|p〉 = 〈p|r〉† = e−ipr (4.5.14)

so

〈rj+1, tj+1|rj , tj〉 =
1

2π
e−i∆t V ( 1

2
[rj+1+rj ])

∫
dp eip[rj+1−rj ]−i∆t p

2

2m

=

√
−im
2π∆t

e
i
2
m
∆t

(rj+1−rj)2−i∆t V ( 1
2

[rj+1+rj ])

=

√
−im
2π∆t

e
i∆t

[
m
2

(
rj+1−rj

∆t

)2
−V ( 1

2
[rj+1+rj ])

]
(4.5.15)

where we have used the Gaussian integral∫ ∞
−∞

dx e−ax
2−2bx =

√
π

a
e
b2

a (4.5.16)

The free particle path integral is then

〈rb, tb|ra, ta〉 = lim
n→∞

(
−im
2π∆t

)n+1
2
∫
dr1 . . . drne

i
∑n
j=1 ∆t

[
m
2

(
rj+1−rj

∆t

)2
−V ( 1

2
[rj+1+rj ])

]

(4.5.17)
The limit n→∞ implies ∆t→ 0, hence the sum in the exponent becomes
an integral and the change of r per time step becomes the derivative of r
with respect to time.

〈rb, tb|ra, ta〉 = lim
n→∞

(
−im
2π∆t

)n+1
2
∫
dr1 . . . drne

i
∫ tb
ta
dt[m2 ṙ

2−V ( 1
2

[rj+1+rj ])]

(4.5.18)
The argument of the exponent is just the classical action times i. Defining
the integration measure [Dr(t)]

[Dr(t)] :=

(
−im
2π∆t

)n+1
2

dr1 . . . drn (4.5.19)

we can write the propagator as

K(rb, tb; ra, ta) =

∫
[Dr(t)] eiS[r(t)] (4.5.20)

where S is the classical action for a single particle of mass m with a potential
V (r). If we consider a particle’s path from t = ta to tb, the action is

S =

∫ tb

ta

dt

[
1

2
mṙ2(t)− V (r(t))

]
(4.5.21)
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Up to this point, this analysis has assumed space-time is Euclidean. For
the analysis to hold in Minkowski space-time, one needs to perform a Wick
rotation: to replace the purely real time t by the purely imaginary time
τ = −it, i.e., time is rotated by −π

2 in the complex plane. The Minkowski
metric is then replaced by a Euclidean metric for the new coordinates yµ =
(τ, {ri}).

ds2 = −dt2 + dridr
i = dτ2 + dridr

i = dyµdy
µ (4.5.22)

The transition amplitude in (4.5.20) is then replaced by its Euclidean coun-
terpart

KE(rb, τb; ra, τa) = 〈ra|e−Hτ |rb〉 =

∫
[Dr(τ)] e−SE [r(τ)] (4.5.23)

with a Euclidean action

SE [r(τ)] =

∫ τb

τa

dτ

[
1

2
mṙ2(τ) + V (r(τ))

]
(4.5.24)

where a dot denotes a derivative with respect to τ . However, the problem
at hand lives in a curved space-time expressed by the Gullstrand-Painlevé
metric. We need to go one step further and multiply the integrand by the
square root of the metric determinant. Inserting the Gullstrand-Painlevé
ADM functions (2.6.8) in the result of equation (4.5.25) yields

√
−g = r2 sin2 θ (4.5.25)

However, for the flat Minkowski metric ηµν

ηtt = −1, ηrr = 1, ηθθ = r2, ηφφ = r2 sin2 θ, ηµν = 0 (µ 6= ν)
(4.5.26)

the integration weight is √
−η = r2 sin2 θ (4.5.27)

Apparently, our coordinates have the nice property that one can integrate
over them as though they were Minkowski coordinates.

The functional derivative of the Wick-rotated action with respect to the
coordinate r is

δSE
δr

=
dV

dr
(τ)− d

dτ

(
m
dr

dτ
(τ)

)
= V ′(r(τ))−mr̈(τ) (4.5.28)

or, written as an integral over τ ,

δSE
δr

=

∫
dτ
[
V ′(r(τ))−mr̈(τ)

]
δ (τ − τ) (4.5.29)
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where δ denotes the Dirac delta function. Then the second functional de-
rivative of SE with respect to r is

δ2SE
δr2

= V ′′(r(τ))−m d2

dτ2
(4.5.30)

We may express the paths we are to integrate over as a complete set
{rj(t)} of orthonormal functions, i.e., for any pair rj , rk,∫ τa

τb

dτ rj(τ)rk(τ) = δjk (4.5.31)

that obey the boundary conditions

r(τb) = r(τa) = 0 (4.5.32)

If we know any particular solution r(τ) to the boundary conditions, then
the most general function obeying the boundary conditions is

r(τ) = r(τ) +
∑
j

ajrj(τ) (4.5.33)

The new integration measure then becomes

[Dr(τ)] =

(
−im
2π∆t

)n+1
2

da1 . . . dan (4.5.34)

For a stationary point r, we have

0 =
δSE
δr

(r) = V ′(r)−mr̈ (4.5.35)

This is identical to the equation of motion for a free particle of mass m with
a potential −V (r). The corresponding energy is the constant

E =
1

2
mṙ

2 − V (r) (4.5.36)

One can pick the rjs such that every rj is an eigenfunction of the second
partial derivative of the action (4.5.30) at the stationary point, with an
eigenvalue λj

V ′′(r)rj(τ)−md2rj
dτ2

(τ) = λjrj(τ) (4.5.37)

In the semiclassical limit, ~ � 1, the propagator (4.5.23) can now approx-
imated using the saddle point approximation. Dimension analysis quickly
reveals that in a unit system where ~ 6= 1, the transition amplitude equals

KE(rb, τb; ra, τa) =

∫
[Dr(τ)] e−

1
~SE [r(τ)] (4.5.38)
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Using equation (B.9.3),

KE(rb, τb; ra, τa) =

(
−im
2π∆t

)n+1
2
∫
da1 . . . dan e

− 1
~SE [r(τ)]

≈
(
−im
2π∆t

)n+1
2

n∏
j=1

√√√√ −2π~
d2SE
dr2
j

[r]
e−

1
~SE [r]

=
1√
2π~

(
~m
∆t

)n+1
2

e−
1
~SE [r]

∏
j

1√
λj

(4.5.39)

Now the product of eigenvalues equals the determinant of the linear
transformation. If we define

ω :=
√
|V ′′ (r(τ))| (4.5.40)

the previous result equals

KE(rb, τb; ra, τa) =
1√
2π~

(
~m
∆t

)n+1
2

e−
1
~SE [r] 1√

det
(
ω2 −m d

dτ2

) (4.5.41)

=

√
ω

2π~

(
~m
∆t

)n+1
2

e−
1
~SE [r]e−

ω
2

(τb−τa) (4.5.42)

= N

√
ω

2π~
e−

1
~SE [r]e−

ω
2

(τb−τa) (4.5.43)

where N is the scaling constant

N :=

(
~m
∆t

)n+1
2

(4.5.44)

This method is readily applied to a rounded V-shaped potential. How-
ever, it can also be applied to a (symmetric) rounded W-shaped potential.
If the centre of the potential is at r = 0 and the minima are located at −a
and a, the transition amplitude

KE(−a,−τa; a, τa) = 〈−a|e−
1
~Hτa |a〉 (4.5.45)

is the tunnelling probability for the rounded Λ-shaped middle section of
the potential. Wick rotation transforms the rounded W into a rounded
M. In the limit ta →∞, only the rounded V-shaped middle of the potential
remains relevant for this propagator. The remaining domain of the potential
cannot be reached within any finite time. At r = ±a, the second derivative
of r equals zero, but so does the potential. Since the energy E defined in
equation (4.5.36) is a constant, it must also be equal to zero. Then

V (r) =
1

2
mṙ2 (4.5.46)
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so the Euclidean action is

SE = m

∫ 1
2
τ1

− 1
2
τ1

dτ ṙ2(τ) = m

∫ a

−a
dr ṙ(τ) =

∫ a

−a
dr
√

2mV (r) (4.5.47)

which, not coincidentally, corresponds to the WKB transmission amplitude.
The pseudo-particle defined in this way is called an instanton, or an anti-
instanton if time is inverted (i.e., t→ −t), which leads to opposite signs in
the integration boundaries.

In section 4.1 we performed a WKB tunnelling calculation with a ‘poten-
tial’ due to the crossing of a space-time horizon. A shell of positive energy
was created at the horizon, starting an outward journey while another shell
with negative energy moved back into the black hole. To develop a path
integral formulation in curved space-time, we need to re-write the classical
action in a covariant fashion. However, then it no longer makes sense to
write the action as an integral over time. We need to integrate a Lagrangian
density over the four dimensions of the space-time manifold.

S =

∫
d4x
√
−g
[

1

2m
ρ̇2(t)− U(r(t))

]
(4.5.48)

where ρ is the mass density and U is the potential density.
For ADM space-time,

√
−g is given by equation (2.1.8). More specific-

ally, for the Schwarzschild-Painlevé coordinates we used,

√
−g = r2 sin2 θ (4.5.49)

This is the same result one would have for flat Minkowski space-time in
spherical coordinates. For the Minkowski metric ηµν

ηtt = −1, ηrr = 1, ηθθ = r2, ηφφ = r2 sin2 θ, ηµν = 0 (µ 6= ν)
(4.5.50)

the integration weight is √
−η = r2 sin2 θ (4.5.51)

Hence integration of a spherically-symmetric function over the hypervolume
in Schwarzschild space-time can be written as∫

d4x
√
−gf(t, r) = 4π

∫
dt dr r2f(t, r) (4.5.52)

We might interpret the positive energy shells in section 4.1 as instantons,
and the negative energy shells as anti-instantons, that are separated by the
Schwarzschild horizon.
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4.6 On the symmetry of the horizon

If the analysis in section 4.1 is physically sound, one would expect a similar
analysis in different coordinates to yield the same result. However, the
dependence on the Hamilton equation suggests a dependence on the choice
of a time coordinate. Borun Chowdhury argues [15] that when space-time
is divided in a part within a thin shell and a part outside of it, the mass in
general differs on both sides and so should the time coordinate.

Another point made by Chowdhury is that the barrier at the Schwarz-
schild horizon is asymmetric in the sense that an observer travelling inward
across the horizon follows a path that differs from that of an observer trav-
elling outward. More specifically, an incoming observer encounters a barrier
whereas an outgoing observer does not. Hence the emission coefficient for
incoming shells cannot be expected to equal that of outgoing shells.

Γin 6= Γout (4.6.1)

Chowdhury argues that equation (4.1.13) is only correct for tunnelling through
symmetric barriers and we should in fact use the generalisation

Γ = Γ0 e
−Im

∮
dr pr(r) = Γ0 e

−Im
∫ r−
r+

dr pr,in(r)−Im
∫ r+
r−

dr pr,out(r)
(4.6.2)

where r+ and r− are the radii of the Schwarzschild horizon before and after
emission of the shell.

One might try and deal with this problem by using Eddington-Finkelstein
coordinates for the Schwarzschild metric. They are introduced in section A.7.
This coordinate system provides a different set of coordinates for incoming
and outgoing paths, but it preserves the radial coordinate of the Schwarz-
schild metric and it is continuous and well-defined around the Schwarzschild
horizon.

Let us derive the action for a particle tunnelling through a Schwarzschild
black hole again using Eddington-Finkelstein coordinates. Specifically, let
us choose u as the time coordinate for the outgoing particle and v for the
incoming antiparticle. The line element for outgoing paths in coordinates
{u, r, θ, φ} is (equation (A.7.13))

ds2 = −
(

1− 2M

r

)
du2 − 2dudr + r2dΩ2

2 (4.6.3)

A massless outgoing particle in radial curve (i.e., dΩ2 = 0) obeys

0 = −
(

1− 2M

r

)
du2 − 2dudr ⇒ dr

du
= −1

2

(
1− 2M

r

)
(4.6.4)

as we would expect. If we accept u as the time coordinate, the tunnelling
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action is∫ r+

r−

dr pr,out =

∫ 2M−ω

2M
dr

∫ M−ω

M
dH

dpr
dH

=

∫ M−ω

M
dH

∫ 2M−ω

2M
dr
du

dr

= −2

∫ M−ω

M
dH

∫ 2M−ω

2M
dr

(
1− 2H

r

)−1

= −2

∫ M−ω

M
dH

∫ 2M−ω

2M
dr

r

r − 2H
= −2πi

∫ 2M−ω

2M
2H

= −2πi
(

(2M − ω)2 − 4M2
)

= 2πi ω(2M − ω) (4.6.5)

where we have reversed the order of integration in the second equality for the
sake of convenience. Since the corresponding antiparticle does not encounter
a barrier, the imaginary component of its momentum must equal zero and
hence it does not contribute to the particle flux.

Γ = Γ0 e
−4πω(M− 1

2
ω) (4.6.6)

This is the square root of the result (4.1.26) and the corresponding temper-
ature is half the value associated with that result. Without the antiparticle
contribution we assumed to exist in section 4.1, the radiation derived is dif-
ferent from that of the method of section 3 even to first order in energy and
from Hawking’s result [1]. Evidently, at least one method appears to be
incorrect or incomplete.

Our derivations of De Sitter radiations are burdened by the same prob-
lem: only the positive energy particle faces the barrier, so the anti-particle
contribution incorporated does not contribute to the tunnelling amplitude.

4.7 A contribution due to time

In the preceding section we discussed a problem with the calculation in
section 4.1. If the asymmetry of the barrier posed by the Schwarzschild
horizon is accounted for, the exponent in the emission rate is half of what
we expect it to be. Could it be that we are missing a contribution?

In stationary metrics, one can split the action into a spatial part (due
to momentum) and a temporal part (due to energy)

S(xµ) = St(t) + Ss(~x) (4.7.1)

We used this property in section (3.2). In the preceding sections, however,
we only considered the spatial term, as only the imaginary part of the action
contributes to tunnelling.

Valeria Akhmedova, Terry Pilling, Andrea de Gill and Douglas Singleton
argue that a temporal contribution to the action should be accounted for
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in a tunnelling calculation when timelike and spacelike coordinates are ex-
changed at the horizon [16]. As discussed in section 4.2, in De Sitter space-
time, only the section of space-time at one side of the horizon is covered
by a set of real static coordinates. One might argue that upon emission, a
particle goes from the region within the horizon to the region outside of the
horizon.

The Schwarzschild space-time metric is similar in this regard, which
was also pointed out by Emil T. Akhmedov, Terry Pilling and Douglas
Singleton [17]. This is most evident in Kruskal-Szekeres coordinates {T,R, θ, φ},
which are described in appendix A.8. They are defined separately for region
I (outside of the event horizon) and region II (within the event horizon).
For region I,

T =

√
r

2M
− 1 e

r
4M sinh

tS
4M

(4.7.2)

R =

√
r

2M
− 1 e

r
4M cosh

tS
4M

(4.7.3)

For region II, the terms under the square root change sign and the hyperbolic
sine and cosine switch places. Alternatively, we might choose to describe
region II by the coordinates of region I, but with

tS → tS − 2Mπi (4.7.4)

Performing this substitution in the region I Kruskal-Szekeres coordinates
yields the region II Kruskal-Szekeres coordinates

T =

√
1− r

2M
e

r
4M cosh

tS
4M

(4.7.5)

R =

√
1− r

2M
e

r
4M sinh

tS
4M

(4.7.6)

Before emission, our shells are within the horizon (nominally described
by the region II coordinates), but afterwards, they are soundly in region I.
If we are to describe them in any continuous set of coordinates, we need to
account for a step sideways on the complex plane at the horizon in Schwar-
zschild time. Apart from moving in the radial direction with an imaginary
momentum, our shell moves in the imaginary time. The momentum associ-
ated with time is just the difference in mass-energy in the system, which is
−ω There is an additional contribution in the action

St,p = −
∫ te−2Mπi

te

dt ω = 2πiMω (4.7.7)

where te is the time of emission, which, as one would expect, turns out to
be irrelevant.
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In the preceding section, we concluded that the antiparticle does not
contribute towards the imaginary part of the radial momentum, since it
does not cross the barrier. However, the antiparticle does make the shift
from section I to section II. The antiparticle has minus the energy of the
particle and it makes a shift from tS → tS + 2Mπi, so it yields the same
contribution to the action as the particle. We must therefore add to the
action in equation (4.1.22) a term

St = 4πiMω (4.7.8)

yielding the emission rate

Γ = Γ0 e
−8πω(M− 1

4
ω) (4.7.9)

In this way we recover Hawking’s result to first order in ω. However, the
second order result differs from that derived in section 3. Interestingly, it
depends on both the initial mass M and the final mass M − ω, but not in
equal amounts.

In De Sitter and Schwarzschild-De Sitter space-time, a similar coordinate
discontinuity exists. To describe both sides of the horizon by the same set
of coordinates, time needs to be shifted by

ts → ts −
1

2
πi (4.7.10)

at the horizon. This leads to a contribution towards the action equal in
magnitude to that obtained from the radial momentum.

Sp,t =

∫ te− 1
2
πi

te

dt ω =
1

2
πωi (4.7.11)

An antiparticle created simultaneously, but travelling in the opposite
direction does not face a barrier, but it does yield a temporal contribution.
It experiences the inverse of the time shift the particle experiences,

ts → ts +
1

2
πi (4.7.12)

since its energy is−ω, the contribution to the action is identical to that of the
particle. Including the temporal contributions, the emission rate becomes

Γ = Γ0 e
−2πω(1− 1

4
ω) (4.7.13)

With the additional terms proposed by Akhmedova et al., the first-order
results obtained using other methods are recovered while accounting for the
asymmetry of the horizon.
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4.8 Discussion

The tunnelling method designed by Maulik Parikh and Frank Wilczek [3]
proved to be a simple and intuitive way to derive Hawking radiation and,
more generally, particle creation due to event horizons. Like the method used
in section 3, it takes into account back-reaction while reproducing Stephen
Hawking’s result [1] to first order in wavelength. However, it does so in an
entirely different manner and the second-order term in the result differs. For
a black hole of mass M emitting a particle of energy ω, the amplitude is

Γ(ω) ∝ e−8πGω(M− 1
2
ω) (4.8.1)

Whereas Hawking’s original result depends only on the initial mass M
and the back-reaction method by Per Kraus and Frank Wilczek only depends
on the final mass M − ω, this particle flux depends on the final and initial
masses in equal amounts. Due to the nature of an emission process, this
seems likely.

If we are to take a closer look at the symmetry of the horizon, we see
that only the particle that moves outward contributes to the tunnelling flux
whereas the anti-particle that travels inward does not. This was pointed
out by Borun Chowdhury [15]. However, the shift from Kruskal region I
to region II made by a radiated shell appears to introduce an additional
contribution [17, 16]. If both are taken into account, we end up with

Γ(ω) ∝ e−8πGω(M− 1
4
ω) (4.8.2)

We were also able to reproduce the well-known result for the De Sitter
temperature using the tunnelling approach. We had to take into account
the asymmetry of the event horizon [15] as well as a temporal contribu-
tion due to a shift in imaginary time at the horizon that both the particle
and the antiparticle experience [17]. To account for back-reaction in De
Sitter space-time, we looked at a 3 + 1-dimensional Schwarzschild-De Sit-
ter space-time that radiates away enclosed energy due to the anti-particles
produced in tandem with the particles that radiate towards observers at a
distance. We determined the horizons to second order in the emitted shell
energy. This introduced a first-order correction term equal to that derived
by Brian Greene, Maulik Parikh and Jan Pieter van der Schaar in a similar
derivation [14].

ΓdS ∝ e−2π(ω− 1
2
ω) (4.8.3)

When the asymmetry of the horizon and the proposed additional con-
tributions towards the imaginary part of the action are taken into account,
the second-order term is halved,

ΓdS ∝ e−2π(ω− 1
4
ω) (4.8.4)
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The Unruh radiation experienced by an observer moving with a constant
acceleration through Minkowski space-time can also be described using the
tunnelling framework in the Rindler metric. The observer sees a flux coming
from the Rindler horizon

ΓU(ω) ∝ e−2π ω
a (4.8.5)

which is the same result as obtained by Paul Davies [20] and Bill Unruh [21].
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5 Conclusion

There are several methods to derive Bekenstein-Hawking radiation. In this
paper, we reviewed two methods that account for back-reaction. That is, in
the methods used, the energy radiated at the event horizon is compensated
for by a reduction of the total amount of mass-energy enclosed in the the
black hole, as required by mass-energy conservation.

We looked at two approaches: a quantum field approach in WKB ap-
proximation with self-gravitation first derived by Per Kraus and Frank Wil-
czek [2] and a WKB tunnelling approach developed by Maulik Parikh and
Frank Wilczek [3].

The former method is a more formal approach that relies on the action
for a system consisting of a black hole of mass M − ω and a shell of energy
ω. Using the Hamilton-Jacobi formalism, the action is quantised to first
order in the reduced Planck constant. Finally, the particle flux outside of
the horizon is determined by a Bogoliubov transform of the creation and
annihilation operators for the modes at the horizon. The amplitude for an
observer at a distance looking at a Schwarzschild black hole of mass M is
that obtained by Stephen Hawking [1] with a correction term,

Γ ∝ e−8πGω(M−ω) (5.1)

where ω is the energy and κ is the fraction of particles that reach an observer
at infinity. This was derived in section 3.

The other method is a tunnelling-like approach. A shell of energy at the
event horizon is produced in tandem with an antiparticle of negative but
otherwise equal energy. Whereas the particle travels outward radially, the
antiparticle travels in the opposite direction. Semi-classically, the imaginary
part of the radial momentum causes the shell to tunnel through the horizon
while it shrinks, thereby effectively moving to a position at a finite distance
from the horizon. This can be regarded as an instanton-anti-instanton pair
production. In section 4.1, we showed that with this method

Γ ∝ e−8πGω(M− 1
2
ω) (5.2)

Some concerns over the validity of the tunnelling method have been
raised [15]. The Parikh and Wilczek article relies on two identical contribu-
tions from the positive and negative energy shells, but since only the out-
going (positive energy) shell needs to cross a barrier, the resulting particle
flux should properly be the square root of this result. However, the shift
from the Kruskal region I to region II adds a contribution [17]. Taking into
account both observations, the result for a Schwarzschild black hole of mass
M is

Γ ∝ e−8πGω(M− 1
4
ω) (5.3)

as shown in section 4.7.
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All three derivations produced the familiar Hawking radiation flux to
first order in ω, but to second order in ω, the tunnelling method yields
results different from the more formal derivation. Without back-reaction,
final and initial mass are indiscriminate and hence the Hawking particle flux
only depends on the initial mass M of the black hole. The result obtained
by the quantum field calculation is expressed in terms of the final mass
M − ω. The ‘symmetric’ tunnelling method yields a flux that depends on
on the initial and final masses in equal amounts, whereas the result of the
‘corrected’ counterpart does so in the proportion three to one.

Given the nature of the emission process, it seems likely that the particle
flux depends on both the initial and the final mass. A priori, there is
no reason why these dependencies would need to be equal in magnitude.
However, a back-of-the-envelope calculation suggested [23] by Jan Pieter
van der Schaar shows that equal contributions are indicated by thermody-
namics. Suppose a black hole of mass M radiates a quantum of energy δω
in a thermodynamic distribution of inverse temperature β

Γδω = Γ0 e
−βδω (5.4)

where Γ0 is a constant. If the total radiation is ω,

ω =
∑
j

δωj , (5.5)

the resulting distribution Γω is

Γω =
∏
j

Γδωj = Γ0 e
−
∑
j βjδωj (5.6)

Mass-energy conservation requires that the amount of energy radiated equals
minus the change of energy in the black hole

dω = −dE (5.7)

In the small-energy limit (δω → 0), the distribution reduces to

Γω = Γ0 e
∫M−ω
M dE β (5.8)

Hawking’s original calculation [1], as well as the first-order in radiated
energy of the preceding derivations, produces a thermal spectrum with an
inverse temperature

β(E) = 8πE (5.9)

With this result, the integral in equation 5.8 results in∫ M−ω

M
dE β = 4πω (2M − ω) (5.10)
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yielding

Γω = Γ0 e
−8πω(M− 1

2
ω) (5.11)

Equation (5.8) may also be expressed in terms of entropy,

Γω = Γ0 e
∫
dS = Γ0 e

Sf−Si (5.12)

where Si and Sf are the initial and final entropies, respectively.
This is only a back-of-the-envelope calculation that is merely based on

thermodynamics and mass-energy conservation, but it shows rather nicely
that one would expect a quadratic correction of half magnitude and opposite
sign to the first-order term. In other words, the symmetric tunnelling result
is the most likely result, even though its physical basis appears to be the
least solid of the three results discussed.

It is difficult to judge which result is most likely to be correct within
the relevant regime. The tunnelling approach is a nice intuitive way to look
at particle production, but it is limited by the fact that fundamentally, it
is a quantum mechanical approach to a problem of quantum fields. The
more formal approach connects better to our physical understanding of the
problem, but it too involves several approximations and the second-order
term in the resulting flux does not seem as credible as that obtained by
tunnelling. Since our results are only to second order in emitted shell energy,
unknown higher order correction terms might also play a role.

Any correction to Hawking’s result produces a flux that is not completely
thermal. This means that fundamentally, information may be contained by
the particles, which might be a step towards a possible solution to the black
hole information paradox. However, that such a correction term can be ob-
tained from thermodynamics is quite likely an indication that there may be
little room for any physical information in the particle flux. Since thermody-
namics is a property of macrostates, one would expect that microstates that
we do not understand as of yet play a role. Further understanding of these
is needed to draw conclusions about the implications for the information
paradox.

We also applied the tunnelling method to (3 + 1)-dimensional De Sitter
space-time. Accounting for back-reaction results in a particle flux distribu-
tion from the De Sitter horizons that equals the well-known standard result
to first order in the emitted particle energy with a correction term

ΓdS ∝ e−2πω(1− 1
2
ω) (5.13)

The second order term differs by a factor two from the one obtained by Brian
Greene, Maulik Parikh and Jan Pieter van der Schaar in a derivation that
does not take into account the concerns over the asymmetry of the horizon
and the imaginary time contribution [14]. This is in line with the result for
Hawking radiation from Schwarzschild black holes.
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Finally, we used the tunnelling framework to derive the distribution of
Unruh radiation for the Rindler metric, which is the perspective of a linearly
accelerated observer in flat Minkowski space-time. For an observer with a
proper acceleration a, the amplitude is

ΓU ∝ e−2π ω
a (5.14)

This is identical to the results obtained by Paul Davies [20] and Bill Un-
ruh [21].

The fundamental laws of physics require us to account for back-reaction
if we are to derive the particle flux in any system that is dependent on the
mass contained on one side of the horizon. Terms of second and higher
order in wavelength should thus be expected to exist in the particle flux
from a Schwarzschild black hole as well as that of a De Sitter horizon. The
tunnelling approach is a nice and intuitive way to derive the particle pro-
duction while accounting for back-reaction and it produces a credible result.
However, as long as we do not completely understand the microstructure of
the Schwarzschild black hole, the most reliable result can only be the one
built on the most solid physical foundations. This is the Kraus and Wilczek
method used in section 3.
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A Space-time technicalities

In section 2, we introduced the ADM form metric. We discussed its prop-
erties and we determined some quantities, but we left some laborious deriv-
ations to this appendix.

A.1 Another expression for the extrinsic curvature tensor

The extrinsic curvature tensor (equation (2.4.6)) can also be written in a
more explicit form. To obtain it, we start with the Lie derivative in the form
with covariant derivatives (equation (2.4.4)).

Kµν =
1

2

[
nλPµν;λ + nλ;µPλν + nλ;νPµλ

]
=

1

2

[
nλgµν;λ − σnλnµ;λnν − σnλnµnν;λ + nλ;µgλν − σnλ;µnλnν

+nλ;νgµλ − σnµ;νnµnλ

]
=

1

2

[
nµ;ν + nν;µ − σnλnµ;λnν − σnλnµnν;λ − σnλ;µnλnν − σnλ;νnµnλ

]
(A.1.1)

However, Kµν is symmetric, so

nλ;µnλnν + nλ;νnµnλ =
1

2
[σ;µnν + σ;νnµ] = 0 (A.1.2)

and we might as well write

Kµν = nν;µ − σnµnλnν;λ (A.1.3)

This expression is used in appendix A.2 to derive Gauss’ equation.

A.2 Deriving Gauss’ equation

Gauss’ equation relates the Riemann curvature tensor on a manifold M with
metric gµν to its counterpart on a submanifold Σ with induced metric hij .
In this appendix, we derive Gauss’ equation and from it an equation for the
Ricci curvature scalar on M . This analysis is based upon the treatment of
hypersurfaces in Carroll [8] and Wald [7].

Any vector can be projected along a hypersurface by applying the projec-
tion tensor. The hypersurface covariant derivative operator D̂ρ of an (m,n)
tensor T is therefore given by

D̂ρT
µ1...µm

ν1...νn = PαρP
µ1

β1
· · ·PµmβmP

γ1
νn · · ·P

γn
νnT

β1...βm
γ1...γn;α

(A.2.1)
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The commutator of the covariant derivative of a vector field V µ effectively
defines the Riemann tensor on the hypersurface.[

D̂µ, D̂ν

]
V ρ = R̂ρσµνV σ (A.2.2)

For a one-form ωµ, we then have[
D̂µ, D̂ν

]
ωρ = PραR̂ασµνP σβωβ = R̂ β

ρ µνωβ (A.2.3)

while from equation (A.2.1) it follows that

D̂µD̂νωρ = D̂µ

[
PανP

β
ρωβ;α

]
= P γµP

ε
ρP

δ
ν

[
PαδP

β
εωβ;α

]
;γ

= P γµP
α
νP

β
ρωβ;α;γ + P γµP

δ
νP

α
δ;γP

β
ρωβ;α + P γµP

ε
ρP

α
νP

β
ε;γωβ;α

= P γµP
α
νP

β
ρωβ;α;γ + P γµP

δ
ν [gαδ − σnαnδ];γP

β
ρωβ;α

+ P γµP
ε
ρP

α
ν

[
gβε − σn

βnε

]
;γ
ωβ;α

= P γµP
α
νP

β
ρωβ;α;γ − σP γµP δν

[
nαnδ;γ + nα;γnδ

]
P βρωβ;α

− σP γµP ερPαν
[
nβnε;γ + nβ;γnε

]
ωβ;α (A.2.4)

where we have used metric compatibility in the last identity. The projection
tensor will project any vector V µ orthogonal to the normal vector nµ, so
with equation (2.4.2)

P λµV
µnλ = PλµV

µnλ = 0 (A.2.5)

Hence the second term in both of the square brackets of the result (A.2.4)
vanishes. Furthermore, from equation (A.1.3) we obtain

P λµnν;λ =
[
gλµ − σnλnµ

]
nν;λ = nν;µ − σnλnµnν;λ = Kµν (A.2.6)

For the covariant derivative of the vector counterpart, we have

P λµn
ν
;λ = P λµ (gντnτ );λ = gντP λµnτ ;λ = gντKτµ = Kν

µ (A.2.7)

Finally, we can simplify somewhat by noting that

P δνKµδ =
[
gδν − σnδnν

]
Kµδ =

[
gδν − σnδnν

]
Kδµ

= Kνµ − σnδnνnµ;δ + nδnνnδn
λnµ;λ

= Kµν − σnδnνnµ;δ + σnνn
λnµ;λ = Kµν (A.2.8)

where we have used the symmetry of the extrinsic curvature tensor in the
second and fourth equalities. When combined, these results allows us to
rewrite the expression for D̂µD̂νωρ

D̂µD̂νωρ = P γµP
α
νP

β
ρωβ;α;γ − σP βρKµνn

αωβ;α

− σPανKµρn
βωβ;α (A.2.9)
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The third term contains the inner product of ω with a covariant derivat-
ive. If we rewrite using the Leibniz product rule, one of the terms turns
out to equal the mixed form of the extrinsic curvature tensor as derived in
equation (A.2.7) while the other term equals zero for it is an inner product
between orthogonal tensors.

Pανn
βωβ;α = Pαν

[(
nβωβ

)
;α
− nβ;αωβ

]
= −Kβ

νωβ (A.2.10)

With the previous results, the hypersurface Riemann tensor applied on a
one-form as written down in (A.2.3) becomes

R̂ β
ρ µνωβ =

[
P γµP

α
ν − P γνPαµ

]
P βρωβ;α;γ − σP βρ [Kµν −Kνµ]nαωβ;α

− σ
[
KνρK

β
µ −KµρK

β
ν

]
ωβ

= P γµP
α
νP

β
ρR

δ
β γαωδ + σ

[
KµρK

β
ν −KνρK

β
µ

]
ωβ (A.2.11)

Hence the hypersurface Riemann tensor in this form can be written as

R̂ σ
ρ µν = P γµP

α
νP

β
ρP

σ
δR

δ
β γα + σ

[
KµρK

σ
ν −KνρK

σ
µ

]
If we now raise the first index, lower the second index and relabel the dummy
indices, we obtain Gauss’ equation

R̂ρσµν = P ραP
β
σP

γ
µP

δ
νRαβγδ + σ

[
Kρ

µKσν −Kρ
νKσµ

]
(A.2.12)

which in turn provides us with a relation between the Ricci tensor of ADM
space-time and that of a constant-time slice

R̂ = P νσR̂ρσρν = [gνσ − σnνnσ] R̂ρσρν
= gνσP ραP

β
σP

γ
ρP

δ
νRαβγδ + σgνσ

[
Kρ

ρKσν −Kρ
νKσρ

]
− σP ραP

β
σP

γ
ρP

δ
νRαβγδnνnσ − nνnσ

[
Kρ

µKσν −Kρ
νKσµ

]
(A.2.13)

The normalised normal vector is orthogonal to the extrinsic curvature tensor

nσKσµ = nσnµ;σ − σnσnσnρnµ;ρ = 0 (A.2.14)

so the last two terms of equation (A.2.13) are in fact equal to zero. The
second Riemann tensor is projected orthogonally to the normal tensors it
is contracted with, hence that term also equals zero. Furthermore, in the
first term two projection tensors can be contracted directly and the metric
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tensor results in another contraction.

R̂ = P γαP
βνP δνRαβγδ + σgνσ

[
Kρ

ρKσν −Kρ
νKσρ

]
=
[
gγα − σnγnα

] [
gβδ − σnβnδ

]
Rαβγδ + σ

[
Kρ

ρK
ν
ν −KρσKσρ

]
= Rαβαβ − σR

α
βαδn

βnδ − σgβδRαβγδnγnα

+ σ
[
K2 −KρσKρσ

]
= R− σRβδnβnδ − σgβδRβαδγnγnα + σ

[
K2 −KρσKσρ

]
= R− 2σRµνnµnν + σ

[
K2 −KµνKµν

]
(A.2.15)

where K denotes the scalar quantity Kµ
µ. Let us determine Rµνnµnν by

exploiting the way the Riemann tensor acts on a vector

Rµνnµnν = Rρµρνnµnν =
[
nρ;ρ;ν − nρ;ν;ρ

]
nν

=
(
nρ;ρn

ν
)

;ν
− nρ;ρn

ν
;ν −

(
nρ;νn

ν
)

;ρ
+ nρ;νn

ν
;ρ (A.2.16)

However,

KµνKµν = gµρgνσ (nσ;ρ − σnρnκnσ;κ)
(
nµ;ν − σnνnλnµ;λ

)
= nρ;νn

ν
;ρ + nµnκnν;κnνn

λnµ;λ − σnµ;νn
µnκnν;κ − σnσ;ρn

σnλnρ;λ

= nρ;νn
ν
;ρ + nµnκnν;κnνn

λnµ;λ − 2σnµ;νn
µnκnν;κ (A.2.17)

and

K2 =
(
Kµ

µ

)2
=
(
nµ;µ − σnλnµn

µ
;λ

)2

= nµ;µn
ν
;ν + nκnµn

µ
;κn

λnνn
ν
;λ − 2σnµ;µn

λnνn
ν
;λ (A.2.18)

so the Ricci tensor applied on two normalised normal factors equals

Rµνnµnν = KµνKµν −K2 +
(
nρ;ρn

µ − nµ;νn
ν
)

;µ

Inserting this result in equation (A.2.15) finally yields the scalar curvature
of the entire space-time in terms of the scalar curvature of the submanifold,
scalar contractions of the extrinsic curvature tensor and covariant derivatives
of the normalised normal vector.

R = R̂+ σ
[
KµνKµν −K2

]
+ 2σ

(
nµ;νn

ν − nν;νn
µ
)

;µ
(A.2.19)

This result is used in appendix A.5 to determine the Ricci scalar curvature
for a general ADM form metric.
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A.3 The curvature scalar of a constant-time submanifold

To determine the Ricci curvature scalar for a constant-time submanifold, we
rewrite equation (2.2.4)

R̂ = hij
[
Γ̂kij,k − Γ̂kki,j + Γ̂kksΓ̂

s
ji − Γ̂kjsΓ̂

s
ki

]
(A.3.1)

Since the inverse induced metric is diagonal, only terms with j = i contribute
to the curvature scalar of the induced metric. With the induced metric in
equations (2.3.7) and the Christoffel connection in equations (2.3.9), we have

R̂ = hii
[
Γ̂kii,k − Γ̂kki,i + Γ̂kksΓ̂

s
ii − Γ̂kisΓ̂

s
ki

]
= hrr

[
Γ̂rrr,r − Γ̂rrr,r − Γ̂θθr,r − Γ̂φφr,r +

(
Γ̂rrr + Γ̂θθr + Γ̂φφr

)
Γ̂rrr

−
(

Γ̂rrr

)2
−
(

Γ̂θθr

)2
−
(

Γ̂φφr

)2
]

+ hθθ
[
Γ̂rθθ,r − Γ̂φφθ,θ +

(
Γ̂rrr + Γ̂θθr + Γ̂φφr

)
Γ̂rθθ − 2Γ̂θθrΓ̂

r
θθ −

(
Γ̂φφθ

)2
]

+ hφφ
[
Γ̂rφφ,r + Γ̂θφφ,θ +

(
Γ̂rrr + Γ̂θθr + Γ̂φφr

)
Γ̂rφφ + Γ̂φφθΓ̂

θ
φφ − 2Γ̂φφrΓ̂

r
φφ

− 2Γ̂φφθΓ̂
θ
φφ

]
= L−2

[
−2

(
R′

R

)′
+
L′

L

(
L′

L
+ 2

R′

R

)
−
(
L′

L

)2

− 2

(
R′

R

)2
]

+R−2

[
−
(
RR′

L2

)′
+

1

sin2θ
− RR′

L2

(
L′

L
+ 2

R′

R

)
+ 2

R′2

L2
− cos2θ

sin2θ

]

+R−2sin−2θ

[
−
(
RR′

L2

)′
sin2θ + sin2θ − cos2θ

− RR′

L2
sin2θ

(
L′

L
+ 2

R′

R

)
− cos2θ + 2

R′2

L2
sin2θ + 2cos2θ

]

= L−2

[
−2

R′′

R
+ 2

R′2

R2
+ 2

L′R′

LR
− 2

R′2

R2

]

+R−2

[
−2

(
RR′

L2

)′
− 2

RR′

L2

(
L′

L
+ 2

R′

R

)
+ 4

R′2

L2
+ 2

]

= −2
R′′

L2R
+ 2

L′R′

L3R
− 2

R′′

L2R
− 2

R′2

L2R2
+ 4

L′R′

L3R

− 2
L′R′

L3R
− 4

R′2

L2R2
+ 4

R′2

L2R2
+

2

R2

= −4
R′′

L2R
+ 4

L′R′

L3R
− 2

R′2

L2R2
+

2

R2
(A.3.2)
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A.4 The extrinsic curvature tensor for ADM space-time

To obtain the scalar curvature of the ADM metric, one needs the components
of the extrinsic curvature tensor as defined by equation (2.4.6). The first
term equals zero for all components of the projection tensor that equal zero;
the other terms then equal zero because Pλθ and Pλφ are only non-zero when
λ equals θ and φ, respectively, but then nλ is equal to zero.

Ktt =
1

2

[
ntPtt,t + nrPtt,r + nt,tPtt + nr,tPrt + nt,tPtt + nr,tPtr

]
=

1

2
ntPtt,t +

1

2
nrPtt,r + nt,tPtt + nr,tPrt

= − 1

N t

(
L2N rṄ r + LL̇N r2

)
+
N r

N t

(
L2N rN r ′ + LL′N r2

)
+

Ṅ t

N t2
L2N r2 +

(
Ṅ r

N t
− N rṄ t

N t2

)
L2N r

=
N r2

N t
N r ′L2 +

N r3

N t
LL′ − N r2

N t
LL̇ (A.4.1)

Krr =
1

2

[
ntPrr,t + nrPrr,r + nt,rPtr + nr,rPrr + nt,rPtr + nr,rPrr

]
=

1

2
ntPrr,t +

1

2
nrPrr,r + nr,rPrr + nt,rPtr

= −LL̇
N t

+
N r

N t
LL′ +

(
N r ′

N t
− N rN t′

N t2

)
L2 +

N t′

N t2
L2N r

=
N r

N t
LL′ − 1

N t
LL̇+

N r ′

N t
L2 (A.4.2)

Krt = Ktr

=
1

2

[
ntPtr,t + nrPtr,r + nt,tPtr + nr,tPrr + nt,rPtt + nr,rPtr

]
= − 1

N t

(
1

2
L2Ṅ r + LL̇N r

)
+
N r

N t

(
1

2
L2N r ′ + LL′N r

)
+

1

2

(
Ṅ t

N t2
+

(
N r ′

N t
− N rN t′

N t2

))
L2N r +

1

2

(
Ṅ r

N t
− NrṄ t

N t2

)
L2

+
1

2

N t′

N t2
L2N r2

=
N rN r ′

N t
L2 − N r

N t
LL̇+

N r2

N t
LL′

Kθθ =
1

2

[
ntPθθ,t + nrPθθ,r

]
= −RṘ

N t
+
N r

N t
RR′ (A.4.3)

Kφφ =
1

2

[
ntPφφ,t + nrPφφ,r

]
= −RṘ

N t
sin2θ +

N r

N t
RR′sin2θ (A.4.4)
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A.5 The curvature scalar of ADM space-time

Equation (A.2.19) provides a recipe for the Ricci curvature scalar in terms
of the Ricci scalar of a submanifold, the extrinsic curvature tensor and a
total covariant derivative wee need not worry about for the moment. In
appendices (A.3) and (A.4) we determined the ingredients, so let us now
perform the algebra.

The trace of the extrinsic curvature tensor contains many terms, but
fortunately, most either equal zero or equal another term due to symmetry.
Inspection of equations (2.5.5) - (2.5.9) reveals that for ADM space-time,
the trace contains the following non-zero terms.

KµνKµν = gµρgνσKρσKµν

= (gtt)
2
(Ktt)

2 + (grr)2(Krr)
2 + 2(gtr)

2
KttKrr + 4gttgtrKttKtr

+ 4grrgrtKrrKrt + 2gttgrr(Ktr)
2 + 2

(
gtr
)2

(Ktr)
2

+ (gθθ)
2
(Kθθ)

2 + (gφφ)
2
(Kφφ)2 (A.5.1)

We will also need the square of the extrinsic curvature scalar. It consists
of the following non-zero terms.

K2 = (gµνKµν)2

= (gttKtt)
2

+ (grrKrr)
2 + 4(gtrKtr)

2
+ (gθθKθθ)

2
+ (gφφKφφ)

2

+ 2gttgrrKttKrr + 4gttgtrKttKtr + 4grrgrtKrrKtr

+ 2
(
gttKtt + grrKrr + 2gtrKtr

) (
gθθKθθ + gφφKφφ

)
+ 2gθθgφφKθθKφφ (A.5.2)

where some terms remain factorised for the sake of clarity as well as further
computational convenience. Fortunately, many of the terms in the above
equations cancel.

KµνKµν −K2 = 2(gtr)
2
KttKrr + 2gttgrr(Ktr)

2 − 2
(
gtr
)2

(Ktr)
2

− 2gttgrrKttKrr − 2gθθgφφKθθKφφ

− 2
(
gttKtt + grrKrr + 2gtrKtr

) (
gθθKθθ + gφφKφφ

)
(A.5.3)

This is still a formidable expression, so let us start by determining some
parts. We will need to fill in the components of the inverse metric tensor
and the extrinsic curvature tensor from equations (2.1.6) and (2.5.5) - (2.5.9),
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respectively.

2
[
(gtr)

2 − gttgrr
]
KttKrr

= 2
1

L2N t2

[
N r2

N t
N r ′L2 +

N r3

N t
LL′ − N r2

N t
LL̇

] [
N r

N t
LL′ − 1

N t
LL̇+

N r ′

N t
L2

]
= 2

1

L2N t2

(
N r

N t
N r ′L2 +

N r2

N t
LL′ − N r

N t
LL̇

)2

(A.5.4)

while

2
[
gttgrr − (gtr)

2
]

(Ktr)
2 = −2

1

L2N t2

(
N rN r ′

N t
L2 − N r

N t
LL̇+

N r2

N t
LL′

)2

(A.5.5)

Apparently, the first four terms in equation (A.5.3) cancel. The angular
components term, however, does contribute.

2gθθgφφKθθKφφ = 2

(
− 1

N t

Ṙ

R
+
N r

N t

R′

R

)2

=
2

N t2

Ṙ2

R2
+ 2

N r2

N t2

R′2

R2
− 4

N r

N t2

ṘR′

R2
(A.5.6)

Finally,

gttKtt + grrKrr + 2gtrKtr

= −N
r2

N t3
N r ′L2 − N r3

N t3
LL′ +

N r2

N t3
LL̇+

N r

N t

L′

L
− 1

N t

L̇

L
+
N r ′

N t
− N r3

N t3
LL′

+
N r2

N t3
LL̇− N r2N r ′

N t3
L2 + 2

N r2N r ′

N t3
L2 − 2

N r2

N t3
LL̇+ 2

N r3

N t3
LL′

=
N r

N t

L′

L
− 1

N t

L̇

L
+
N r ′

N t
(A.5.7)

and (
gθθKθθ + gφφKφφ

)
= − 1

N t

Ṙ

R
+
N r

N t

R′

R
− 1

N t

Ṙ

R
+
N r

N t

R′

R

= − 2

N t

Ṙ

R
+ 2

N r

N t

R′

R
(A.5.8)

Now that we have gathered all the bits, the Ricci scalar of ADM space-
time can be obtained from equations (A.2.19), (A.5.3), (A.3.2) and (A.5.4) -
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(A.5.8).

R = −4
R′′

L2R
+ 4

L′R′

L3R
− 2

R′2

L2R2
+

2

R2
− 2

N t2

Ṙ2

R2
− 2

N r2

N t2

R′2

R2

+ 4
N r

N t2

ṘR′

R2
+ 4

N r

N t2

L′

L

Ṙ

R
− 4

N t2

L̇

L

Ṙ

R
+ 4

N r ′

N t2

Ṙ

R
− 4

N r2

N t2

L′

L

R′

R

+ 4
N r

N t2

L̇

L

R′

R
− 4

N rN r ′

N t2

R′

R
+ 2
(
nν;νn

µ − nµ;νn
ν
)

;µ
(A.5.9)

This result is used in section 3.3 to derive the Einstein-Hilbert action for an
ADM-form metric.

A.6 Parametrisation of the Schwarzschild-Painlevé null geodesics

For incoming particles (η = −1), the result of (2.6.17) is easily simplified to
three terms

t−(r) = −r + 2
√

2Mr − 2M log

(√
2M +

√
r
)2

2M − r
− 2M log(r − 2M)

= −r + 2
√

2Mr − 2M log
(√

2M +
√
r
)2

= −r + 2
√

2Mr − 4M log
(√

2M +
√
r
)

(A.6.1)

For the outgoing particle (η = 1) path, we first need to invert the first
logarithmic term

t+(r) = r + 2
√

2Mr + 2M log

(√
2M −

√
r√

2M +
√
r

)
+ 2M log(r − 2M)

= r + 2
√

2Mr + 2M log

(√
2M −

√
r
)2

2M − r
+ 2M log(r − 2M)

= r + 2
√

2Mr + 2M log
(√

2M −
√
r
)2

= r + 2
√

2Mr + 4M log
(√

2M −
√
r
)

(A.6.2)

Hence

tη(r) = ηr + 2
√

2Mr + 4ηM log
(√

2M − η
√
r
)

(A.6.3)

A.7 Eddington-Finkelstein coordinates

The Eddington-Finkelstein coordinates provide another way to describe a
Schwarzschild black hole. Put more precisely, they are two sets of coordin-
ates; one for paths going that start outside of the black hole and end in-
side and one for paths that go the other way around. A nice and, for our
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purposes, useful property is that there is no coordinate singularity at the
Schwarzschild radius.

Starting with the Schwarzschild metric 2.6.1, let us define the so-called
tortoise coordinate r∗

r∗ := r + 2M log
∣∣∣ r
2M
− 1
∣∣∣ (A.7.1)

The derivative with respect to r equals

dr∗

dr
:= 1 +

1
r

2M − 1
= 1 +

r
2M
r

2M − 1
=

(
1− 2M

r

)−1

(A.7.2)

If we replace the radial coordinate of Schwarzschild metric with the tortoise
coordinate, the line element becomes

ds2 = −
(

1− 2M

r

)
dt2S +

(
1− 2M

r

)
dr∗2 + r2dΩ2

2 (A.7.3)

where we have kept the radial coordinate in the 2-sphere contribution for
the sake of clarity. The first two diagonal components of the metric are
now equal, except for the sign. The path of a radial null geodesic in these
coordinates is

dr∗ = ±dtS (A.7.4)

Hence we might express the metric in light cone coordinates u and v

u := tS − r∗, v := tS + r∗ (A.7.5)

such that radial null geodesics are described by lines of constant u or v. In
inverted differential form,

dtS =
1

2
(dv + du) , dr∗ =

1

2
(dv − du) (A.7.6)

The line element in these coordinates is given by

ds2 =
1

4

(
1− 2M

r

)(
−(dv + du)2 + (dv − du)2

)
+ r2dΩ2

2

= −
(

1− 2M

r

)
du dv + r2dΩ2

2 (A.7.7)

However, an observer obeying the radial null curves (A.7.4) would nat-
urally express his world in the Schwarzschild radial coordinate and the co-
ordinate along his curve, v for the ingoing curve and u for the outgoing
counterpart. For in-falling Eddington-Finkelstein coordinates {v, r, θ, φ} we
have

2dtS = dv + du = dv + dtS − dr∗ (A.7.8)
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so the Schwarzschild time differential is

dtS = dv − dr∗ = dv −
(

1− 2M

r

)−1

dr (A.7.9)

yielding the line element

ds2 = −
(

1− 2M

r

)
dv2 + 2dvdr + r2dΩ2

2 (A.7.10)

where the contributions to grr from the Schwarzschild metric and the square
on the right hand side of the previous relation have cancelled. Similarly, for
out-falling Eddington-Finkelstein coordinates {u, r, θ, φ}

2dtS = dv + du = dtS + dr∗ + du (A.7.11)

so the Schwarzschild time differential is

dtS = dr∗ + du =

(
1− 2M

r

)−1

dr + du (A.7.12)

yielding the line element

ds2 = −
(

1− 2M

r

)
du2 − 2dudr + r2dΩ2

2 (A.7.13)

A.8 Kruskal-Szekeres coordinates

Another coordinate system that can be used to describe a Schwarzschild
black hole is the Kruskal-Szekeres set of coordinates (U, V, θ, φ)

T =

√
r

2M
− 1 e

r
4M sinh

tS
4M

(A.8.1)

R =

√
r

2M
− 1 e

r
4M cosh

tS
4M

(A.8.2)

while θ and φ remain unchanged. A relation for t can be obtained by dividing
T by R

T

R
= tanh

tS
4M

(A.8.3)

Similarly, by using that cosh2 x− sinh2 x = 1∀x ∈ R, we have

T 2 −R2 =
(

1− r

2M

)
e

r
2M (A.8.4)

The t coordinate is easily derived in explicit form,

tS = 4M tanh−1 T

R
(A.8.5)
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leading to the differential

dtS =
4M

1− T 2

R2

(
1

R
dT − T

R2
dR

)
=

4M

R2 − T 2
(RdT − T dR) (A.8.6)

To derive the r coordinate from equation (A.8.4), we need the Lambert
W function, which has the property that

W (z) := w : wew = z (A.8.7)

whence
dz

dw
= (1 + w) ew (A.8.8)

By inversion, the derivative of W with respect to z equals

dW

dz
(z) =

dw

dz
=

1

(1 + w) ew
=

1

(w−1 + 1) z
=

1

z

W (z)

1 +W (z)
(A.8.9)

unless z = 0 or z = −e−1.
By defining

u :=
r

2M
− 1 (A.8.10)

we can rewrite equation (A.8.4) as

T 2 −R2 = −u eu+1 = −ue1eu (A.8.11)

which is solved by
u = W (e−1

(
R2 − T 2

)
) (A.8.12)

Then
r = 2M

[
W (e−1

(
R2 − T 2

)
) + 1

]
(A.8.13)

The differential dr can be derived using equation (A.8.9)

xdr = 2M
e1

R2 − T 2

W (e−1
(
R2 − T 2

)
)

1 +W (e−1 (R2 − T 2))
e−1 (2RdR− 2TdT )

= 4M
W (e−1

(
R2 − T 2

)
)

1 +W (e−1 (R2 − T 2))

RdR− TdT
R2 − T 2

(A.8.14)

If we use a mixed-coordinate notation, we can fill in the right hand side of
equation (A.8.10) again

dr = 4M

(
r

2M − 1
)

r
2M

RdR− TdT
R2 − T 2

= 4M

(
1− 2M

r

)
RdR− TdT
R2 − T 2

(A.8.15)
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Now we can fill in equations (A.8.6) and (A.8.15) in the Schwarzschild line
element to obtain

ds2 = −
(

1− 2M

r

)
16M2

(R2 − T 2)2 (RdT − T dR)2

+

(
1− 2M

r

)
16M2

(R2 − T 2)2 (RdR− T dT )2 + r2dΩ2
2

=
16M2

(R2 − T 2)2

(
1− 2M

r

)[
(RdR− T dT )2 − (RdT − T dR)2

]
+ r2dΩ2

2

=
16M2

R2 − T 2

(
1− 2M

r

)(
dR2 − dT 2

)
+ r2dΩ2

2 (A.8.16)

The cross terms cancelled in the final equality. Continuing the mixed-
coordinate system, let us use equation (A.8.4) to simplify this result some-
what further. Then we have the the Kruskal-Szekeres line element

ds2 =
32M3

r
e−

r
2M
(
dR2 − dT 2

)
+ r2dΩ2

2 (A.8.17)

A radial (i.e., dΩ2 = 0) null geodesic obeys

dR2 = dT 2 ⇒ dR

dT
= ±1 (A.8.18)

The Schwarzschild metric is only valid outside of the horizon (r > 2M).
Similarly, the Kruskal-Szekeres metric in the above coordinates is only valid
for T 2 −R2 < 0 and R > 0. However, we can extend the coordinates to the
inner region (r < 2M) by defining

TII =

√
1− r

2M
e

r
4M cosh

tS
4M

(A.8.19)

RII =

√
1− r

2M
e

r
4M sinh

tS
4M

(A.8.20)

such that
RII

TII
= tanh

tS
4M

(A.8.21)

The region outside of the black hole horizon is commonly denoted as region
I, whereas the interior is denoted region II. Physical paths exist from region
I to region II, but not the other way around. What is in region II stays
there.
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B Particle production technicalities

In section 3, we derived particle production at the horizon of a Schwarzschild
black hole using the method used Per Kraus and Frank Wilczek [2]. However,
we left a few of the more involved calculations for this appendix.

B.1 The Einstein-Hilbert Action

Let us motivate the Einstein-Hilbert action (3.3.2) physically by deriving
the vacuum Einstein equations from it, in a manner similar to the one in
Carroll [8] and Wald [7]. Upon variation of the inverse metric by δgµν , the
action changes by

δSG =
1

16π

∫
d4x

[(
δ
√
−g
)
R+

√
−g (δgµν)Rµν +

√
−g gµνδRµν

]
(B.1.1)

Now

δ
√
−g = − δg

2
√
−g

=
g gµνδgµν

2
√
−g

= −1

2

√
−g gµνδgµν (B.1.2)

where we have used Jacobi’s formula for the derivative of the determinant in
the second equality and from the definition of the Riemann tensor it follows
that

δRρσµν = δΓρνσ,µ − δΓρµσ,ν + ΓρµλδΓ
λ
νσ +

(
δΓρµλ

)
Γλνσ − ΓρνλδΓ

λ
µσ −

(
δΓρνλ

)
Γλµσ

(B.1.3)
The difference between two Christoffel symbols is a proper (1,2) tensor and it
clear that the terms on the right hand side are in fact those of two covariant
derivatives

δRρσµν = δΓρνσ;µ − δΓρµσ;ν

Note that this the covariant derivative of a varied quantity, not the variation
of a derivative. From this, it follows that the variation in the Ricci tensor
yields

δRµν = δRρµρν = δΓρνµ;ρ − δΓρρµ;ν (B.1.4)

In gµνδRµν , both ρ and ν are dummy indices that we can relabel. We can
also use inverse metric compatibility (i.e., gµν;σ = 0 and gµν;σ = 0) to write
the expression as a single total derivative

gµνδRµν =
[
gµνδΓσνµ − gµσδΓρρµ

]
;σ
− gµν;σδΓρνµ + gµσ;σδΓ

ρ
ρµ

=
[
gµνδΓσνµ − gµσδΓρρµ

]
;σ

(B.1.5)

By applying Stokes’ theorem, the last term in equation (B.1.1) now only
contributes at the boundary. If we assume the variation to vanish at infinity,
the integral equals zero.∫

d4x
√
−g
[
gµνδΓσνµ − gµσδΓρρµ

]
;σ

= 0 (B.1.6)

82



Filling in the other terms leaves us with the action variation

δSG =
1

16π

∫
d4x
√
−g
[
−1

2
Rgµν +Rµν

]
δgµν (B.1.7)

Finally, for δS to always equal zero as δgµν goes to zero, the quantity en-
closed within the brackets must equal zero

Rµν −
1

2
Rgµν = 0 (B.1.8)

which is in fact the vacuum Einstein equation.

B.2 The canonical action for a metric in ADM form

The relations (3.4.3) and (3.4.4) can be inverted to obtain equations for L̇
and Ṙ in terms of the canonical momenta. From the first equation

Ṙ = −N
t

R

[
πL −

N r

N t
RR′

]
= −N

t

R
πL +N rR′ (B.2.1)

and from the second equation

L̇ = −N
t

R

[
πR −

1

N t

[
−LṘ+N r ′LR

]
− N r

N t

[
LR′ + L′R

]]
= −N

t

R
πR −

LṘ

R
+N r ′L+N rLR

′

R
+N rL′

= −N
t

R
πR +N t L

R2
πL +N r ′L+N rL′ (B.2.2)

The Einstein-Hilbert action for the ADM metric as expressed in equa-
tion (3.3.7) can now be expressed in terms of the canonical momenta. To
do so, we first need to compute the square of πL

πL
2 =

1

N t2
R2Ṙ2 +

N r2

N t2
R2R′

2 − 2
N r

N t2
R2ṘR′ (B.2.3)

and the product of πL and πR

πLπR =
1

N t2
LRṘ2 +

1

N t2
L̇R2Ṙ− N r ′

N t2
LR2Ṙ− N r

N t2
LRṘR′

− N r

N t2
L̇R2R′ − N rN r ′

N t2
LR2R′ − N r

N t2
LRṘR′ +

N r

N t2
L′R2Ṙ

+
N r2

N t2
LRR′

2
+
N r2

N t2
L′R2R′

=
1

N t2
LRṘ2 +

1

N t2
L̇R2Ṙ− N r ′

N t2
LR2Ṙ− 2

N r

N t2
LRṘR′

− N r

N t2
L̇R2R′ − N rN r ′

N t2
LR2R′ +

N r

N t2
L′R2Ṙ

+
N r2

N t2
LRR′

2
+
N r2

N t2
L′R2R′ (B.2.4)
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Evidently, equation (3.3.7) for the gravitational contribution in the action
equals

SG =

∫
dt dr N t

[
−RR

′′

L
+
L′RR′

L2
− R′2

2L
+
L

2
− πLπR

R
− LπL

2

2R2

]
(B.2.5)

B.3 The static mass in Schwarzschild space-time

Filling in equations (3.4.15) and (3.4.16) into equation (3.5.8) results in the
following expression for M′

M′ = −
R′π2

L

2R2
+
R′πLπR
LR

− R′

L

(
RR′

L

)′
+

(R′)3

2L2
+
R′

2
− R′πLπR

LR
+
πLπ

′
L

R

= −
R′π2

L

2R2
+
πLπ

′
L

R
− (R′)3

2L2
− RR′R′′

L2
+
L′R(R′)2

L3
+
R′

2
(B.3.1)

To obtain the static mass, we need to integrate this relation

M(r) =

∫ r

0
dr

[
−
R′π2

L

2R2
+
πLπ

′
L

R
− (R′)3

2L2
− RR′R′′

L2
+
L′R(R′)2

L3
+
R′

2

]
r=r

=

∫ r

0
dr

[(
π2
L

2R

)′
−

(
RR′2

2L2

)′
+
R′

2

]
r=r

=
π2
L

2R
− RR′2

2L2
+
R

2
(B.3.2)

where we have used that R(t, 0) equals zero for any suitable set of coordin-
ates.

B.4 Variational of the action

Integration of the time derivative of the contribution to the action due to
momentum in the L direction yields equation (3.6.2). To compute the in-
tegral I over L, let us perform a substitution

u :=
R′

L
⇒ dL

du
= −R

′

u2
(B.4.1)
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The constants R and R′ can also be moved out of the integrand. Now we
can integrate by parts and insert the boundaries

I = −RR′
∫ 0

R′
L

du

√
u2 + 2M

R − 1

u2

= RR′

√
u2 + 2M

R − 1

u

∣∣∣∣∣∣
0

R′
L

−RR′
∫ 0

R′
L

du√
u2 + 2M

R − 1

= RR′


√
u2 + 2M

R − 1

u
− log

∣∣∣∣∣u+

√
u2 +

2M
R
− 1

∣∣∣∣∣
u→0

u=R′
L

= RR′

L
√(

R′

L

)2
+ 2M

R − 1

R′
− log

∣∣∣∣∣
√
M
R
− 1

∣∣∣∣∣
+ log

∣∣∣∣∣∣R
′

L
+

√(
R′

L

)2

+
2M
R
− 1

∣∣∣∣∣∣


= LR

√(
R′

L

)2

+
2M
R
− 1 +RR′ log

∣∣∣∣∣∣
R′

L −
√(

R′

L

)2
+ 2M

R − 1√
2M
R − 1

∣∣∣∣∣∣ (B.4.2)

In the second equality, the derivative of u2 and the antiderivative of 1
u2

neatly cancel. In the fourth equality, the (infinite) boundary term from
L → 0 is discarded, for it does not carry physical significance. With this
result, equation (3.6.2) equals

SL =

∫ r̂−ε

r0

drR

R′ log

∣∣∣∣∣∣
R′

L −
√(

R′

L

)2
+ 2M

R − 1√
2M
R − 1

∣∣∣∣∣∣+ L

√(
R′

L

)2

+
2M

R
− 1


+

∫ ∞
r̂+ε

drR

R′ log

∣∣∣∣∣∣
R′

L −
√(

R′

L

)2
+ 2M+

R − 1√
2M+

R − 1

∣∣∣∣∣∣+ L

√(
R′

L

)2

+
2M+

R
− 1


(B.4.3)

To determine the result of varying the above action with respect to R,
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we start with equation (3.6.4)

δRSL =

∫ ∞
r0

dr

∫
dRπR −

∂S′L
∂R′

δR̂

∣∣∣∣r+ε
r−ε

=

∫ ∞
r0

dr

∫
dRπR −

R log

∣∣∣∣∣∣
R′

L −
√(

R′

L

)2
+ 2M

R − 1√
2M
R − 1

∣∣∣∣∣∣
+

R
√

2M
R − 1

R′

L −
√(

R′

L

)2
+ 2M

R − 1

1
L −

R′

L2

√(
R′
L

)2
+ 2M

R
−1√

2M
R − 1

+
RR′

L

√(
R′

L

)2
+ 2M

R − 1

r̂+ε
r=r̂−ε

=

∫ ∞
r0

dr

∫
dRπR −

R log

∣∣∣∣∣∣
R′

L −
√(

R′

L

)2
+ 2M

R − 1√
2M
R − 1

∣∣∣∣∣∣
+ R

1− R′

L

√(
R′
L

)2
+ 2M

R
−1

R′ − L
√(

R′

L

)2
+ 2M

R − 1
+

RR′

L

√(
R′

L

)2
+ 2M

R − 1


r̂+ε

r=r̂−ε

=

∫ ∞
r0

dr

∫
dRπR −

R log

∣∣∣∣∣∣
R′

L −
√(

R′

L

)2
+ 2M

R − 1√
2M
R − 1
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=

∫ ∞
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dr

∫
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L

)2
+ 2M
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− 1√

2M
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− 1

∣∣∣∣∣∣∣∣ δR̂ (B.4.4)
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The derivative of the Lagrangian density with respect to M+ is

∂L
∂M+

=
RR′

√
2M+

R − 1

R′

L −
√(

R′

L

)2
+ 2M+

R − 1


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R
−1√
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√(

R′

L

)2
+ 2M+
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) 3

2
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+
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L
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+
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+
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+

R′
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= L
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(B.4.5)

Variation of M+ by δM+ then leads to a an action modified by δM+S

δM+S =

∫ ∞
r̂+ε

L

√(
R′

L

)2
+ 2M+

R − 1

2M+

R − 1
δM+ (B.4.6)

These results are used in section 3.6 to derive an explicit expression for the
action that meets the constrains of section 3.5 and upholds equation (3.6.1)
for the total derivative.
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B.5 The action as a function of time

The total action as an integral over time is then

S =

∫
dt

[∫ r̂−ε

r0

dr
[
πLL̇+ πRṘ

]
+

∫ ∞
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∣∣∣∣∣∣∣∣
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Now we can fill in the constraints (3.5.14) and (3.5.16) in the last line
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With the right hand side of equation (3.6.8)
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B.6 Solving the path equations

In equations (3.7.12) and (3.7.13),
√
r̂(0) and η

√
2M+ can be separated by

moving around a few terms.√
r̂(0)

(
1− e

ηk
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)
' η
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2M − η
√

2M+e
ηk
2M (B.6.1)

η
√
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(
1− e−

t
4M

)
'
√
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√
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t
4M (B.6.2)

The first equation is easily inserted into the second to obtain an equation
for η

√
2M+ independent of

√
r̂(0).
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whence
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which finally results in an explicit expression for η
√
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√
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To zeroth order,
√

2M+ equals
√

2M , so it makes sense to try and simplify
the equation by moving a term η
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2M out of the fraction.
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where we have assumed that e−
t

4M � 1 in the last step.
To obtain

√
r̂(0), we insert this result into equation (B.6.1).√

r̂(0)
(

1− e
ηk
2M

)
'
(

1− e
ηk
2M

)
η
√

2M

−
(√

r − η
√

2M
) (e ηk2M − 1

)
e
ηk
2M
− t

4M(
e
ηk
2M − 1

)
e−

t
4M + 1

(B.6.7)

Evidently,

√
r̂(0) ' η

√
2M +

(√
r − η

√
2M
) e

ηk
2M
− t

4M(
e
ηk
2M − 1

)
e−

t
4M + 1

(B.6.8)

B.7 The radial momentum integral

In section 3.7 we came across an integral of the form

I :=

∫ b

a
dxx log

∣∣∣∣√x− α√
x− β

∣∣∣∣ (B.7.1)

The logarithm can be expressed as two separate terms. Additionally, we can
apply the substitution x→ u2 if we multiply the integrand by dx

du = 2u.

I = 2

∫ √b
√
a
duu3 [log |u− α| − log |u− β|] (B.7.2)
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This is the sum of two integrals, each of which can be simplified again by
substitution. For the first term, we use u→ w + α

I1 = 2

∫ √b−α
√
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2
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4
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3
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(B.7.3)

The second integral term yields an identical result, except α being replaced
by β and the overall sign being reversed. In equation (3.6.16), we are only in-
terested in the dominant late-time contributions, so we can neglect all terms
that are regular near the horizon. In the last result, only the logarithmic
terms qualify. For I1, this means

I1 '
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2
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2
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With the proper substitutions for I2, the relevant parts of equation (B.7.1)
are

I ' b2
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B.8 Tunnelling momentum in explicit form

Integrating the radial momentum in the tunnelling calculation, given by
equation (4.1.20), explicitly over the real axis yields

pTr =

∫ M−ω
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where we have used the substitution

w := 1− ηu⇒ u =
1− w
η

= η (1− w)⇒ du

dw
= −η (B.8.2)

B.9 The saddle point approximation

In general, if an integral I over t has the form

I =

∫ ∞
−∞

dtf(t)eλg(t) λ� g(t) ∀ t (B.9.1)

and g(t) has a single global maximum at t0, the integrand has a much greater
value around t = t0, so the dominant contribution to the integral lies in that
area. One would therefore expect a second-order Taylor series in g(t) around
the saddle point t = t0 to yield a good approximation

I ' Is :=

∫ ∞
−∞

dtf(t)eλ[g(t0)+ġ(t0)(t−t0)+ 1
2
g̈(t0)(t−t0)2] (B.9.2)

Of course, to find t0 one looks for the t for which ġ(t) = 0 so by definition
the second term equals zero. The third term is just a Gaussian integral and
the first term does not depend on t at all.

Is =

√
2π

λg̈(t0)
eλg(t0)

∫ ∞
−∞

dtf(t) (B.9.3)

this is the saddle point approximation.
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Summary in Dutch – Samenvatting in het Nederlands

Als een zware ster aan het einde van zijn levensduur is, stort de materie
in de ster ineen en wordt de ster een zwart gat. Dat is een object dat
zo een sterke zwaartekracht uitoefent op zijn omgeving, dat elk deeltje dat
binnen een bepaalde straal van het centrum van het zwarte gat komt daar
onherroepelijk binnen blijft. Op deze straal bevindt zich de Schwarzschild-
horizon. Omdat elke vorm van straling of materie die zich binnen de horizon
bevindt daar altijd zal blijven komt er geen licht uit het object. Het is dus
een zwart gat.

In 1974 berekende Stephen Hawking dat er op de horizon wel deeltjes
naar buiten worden uitgezonden. Dit fenomeen noemt men Hawkingstraling
en het vindt zijn oorsprong in het feit dat de vacua aan beide zijden van de
horizon verschillen. In de berekening van Hawking is de straling thermisch:
de distributie van deeltjes komt overeen met de straling van een voorwerp
met een bepaalde temperatuur. Dat betekent onder andere dat er deeltjes
kunnen worden uitgestraald die zwaarder zijn dan het zwarte gat. Bovendien
gaat de berekening er vanuit dat het zwarte gat niet lichter wordt door
straling. Daarbij wordt de wet van massa-energiebehoud geschonden.

In deze scriptie worden twee alternatieve berekeningen vergeleken. Deze
nemen de afname van energie binnen het zwarte gat wel mee, en resulteren
dan ook in een distributie van deeltjes die niet helemaal thermisch is.
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