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aBSTRACT. When two dynamica l  systems o f  p a r t i a l  n o n l i n e a r  e q u a t i o n s  

d i f f e r  by a term c o n s i d e r e d  as a p e r t u r b a t i o n ,  one i s  c a l l e d  f r e e  5the 

o t h e r  one p e r t u r b e d .  T h e i r  s o l u t i o n s  equal  a t  t he  i n i t i a l  t ime ,  a r e  

r e l a t e d  by an i n t e g r a l  e q u a t i o n  t h a t  a l l o w s  t o  w r i t e  the  p e r t u r b e d  

s o l u t i o n  as an e x p a n s i o n ,  the  terms o f  which a r e  c o m p l e t e l y  e x p l i c i t  

e x p r e s s i o n s  o f  t he  f r e e  s o l u t i o n .  Th i s  g e n e r a l i s e s  t he  usua l  

p e r t u r b a t i o n  t h e o r i e s  around f r e e  s o l u t i o n s  s a t i s f y i n g  l i n e a r  

e q u a t i o n s .  Th is  r e s u l t  i s  a p p l i e d  t o  the  KDV e q u a t i o n .  

In t he  f i r s t  s e c t i o n  o f  t h i s  paper ,  we e s t a b l i s h  two i n t e g r a l  

e q u a t i o n s  used i n  t he  second s e c t i o n  t o  r e l a t e  t he  s o l u t i o n s  o f  two 

systems d i f f e r i n g  by a p e r t u r b a t i o n  term.  One o f  them, a f f i n ~  w i t h  

r e s p e c t  t o  the  p e r t u r b e d  s o l u t i o n ~  f u r n i s h e s  an i t e r a t i v e  o rocess  t o  

o b t a i n  t h i s  s o l u t i o n  i n  terms o f  the  f r e e  one.  The o t h e r  one l e t  

appear  a q e n e r a l i s a t i o n  o f  t h e  Green f u n c t i o n  f o r  n o n l i n e a r  e q u a t i o n s .  

In the  t h i r d  p a r t ,  we app l y  the  p r e v i o u s  r e s u l t  t o  the  KDV e q u a t i o n  

c o n s i d e r e d  as a p e r t u r b e d  E u l e r  e q u a t i o n .  

INTEGRAL EQUATIONS RELATINB FREE AND PERTURBED SUBSTITUTION OPERATORS 

L e t  ~ be any v e c t o r  space and ~ the  space o f  the  mappings f rom 

i n t o  ~ The s u b s t i t u t i o n  o p e r a t o r  ~K~ • ................... t s  E ~ ( ~ , ~ )  i s  r e l a t e d  t o  t h e  f l o w  

t s  ~ ~ by the  f o r m u l a  

i~(F) = F o ~ s  ,V F e ~. (1) 
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I t  f u l f i l s  the semigroup p r o p e r t i e s  

tT s t  sT' 

and 

S S  

(2) 

(3) 

free 

field S ~ ( t )  

where T i s  the i d e n t i t y  in  ~(~p~) . In the f o l l o w i n g  we w i l l  c a l l  

the q u a n t i t i e s  when ~=0~ perturbed the o the r  ones. The 

assoc ia ted  w i t h  the o p e r a t o r  ~K* i s  de f ined  by 

Tt  T=t = t )  ( 4 )  

Using the equat ions  ( 2 )  and ( 4 ) ,  we deduce 

a ~* = ~* s~*(t) ; (5~ Ot t s  t s  

The p r o p e r t y  (3) ac ts  as an i n i t i a l  c o n d i t i o n .  From (2) and (3) ,  i t  

r e s u l t s  t h a t  ~k~ and ~ $  ts st are mutually inverse;the equation (5) gives 

then 

Ot st = (t) st " (6) 

Assuming that the field Sk*(t) takes the form S°*(t)+% N*(t), we have 

~ TS t ~  ~s  t ~  ~ ~S t ~  = TS 

where ~o* i s  equal t o  ~* for ~=0. The i n t e g r a t i o n s  o f  these e q u a l i t i e s  

( 8 )  

on the i n t e r v a l  I s , t ]  lead to  

t 

~ ~o*+ ~s ~o* N*(T)~* ts = ts ~ dT Ts tT 

t 

and ~*t_s = ~o*+ts k~sdT ~*TS N*(T)~O*tT 

These two equa t ions  r e l a t e  the o p e r a t o r s  ~%*ts and ~O~ts. T h e i r  i t e r a t i o n s  

can be performed and g i v e  

t t t 

~;k* ~ o * +  oo IT ts = ts ~ ~kkf dT [ dT .. dT ~O' N' (Tk)~OT I T ..~0' N'(TI)~T~ (9) 
k=i Js kit k k-* z t TkS k-I k T~TZ 
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In t h i s  r e l a t i o n  the perturbed s u b s t i t u t i o n  opera to r  ~ *  i s  expressed 

in terms of the f ree  one ~o$. Let us summarise t h i s  r e s u l t :  

Let a substitution operator ~ belonging to ~(~,~), • being the 

space o f  the mappingm from a vector space ~ into itmeif, satisfy 

G ~ ~*(S°*(t)+~ N~(t)} with the condition differential equation: --~ ts = ~s 

that ~ is the identity ~hen t=s. The operator ~ is related to ~o~ 
ts 

by the integral equations (8) that can be solved by iteration giving 

the expression (9) of ~* in terms of ~o*. 

! I  INTEGRAL EQUatIOnS FOR NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS 

We now apply t h i s  r e s u l t  to  two i n t e r e s t i n g  cases (general r e s u l t s  

are given in  [ I ] ) ,  the space ~ i s  t ha t  of  the smooth mappings of  ~n in  

( resp.~Z) .  The value a t  x of  ~ s [ y ] ~  u [~3 t~s ,x ;y ]~  i s  s o l u t i o n  of  the 

non l inear  p a r t i a l  d i f f e r e n t i a l  equat ion ( resp.equat ions)  obtained by 

apply ing (5) to  the i d e n t i t y  I in ~5 the r e s u l t  being i t s e l f  app l ied  to 

a func t ion  y ~ ~ 

~ t u [ ~ , t j s s x | y ] =  S~[ t~x ;u ]  ~x~ ~ n  u [ ~ t ~ s ~ x ; y ] ~  ~ ( resp .~  z) ( i 0 )  

where S~[ tpx ;u ]  belongs to ~ (resp.~=)and i s  def ined by 

S ~ [ t , ~ ; y ] =  [[[S~' (t)] (I)1 (y)? (x) (I1) 

The i n i t i a l  cond i t i on  r e s u l t i n g  from (3) reads 

u[N,s~s~x;y]= y(×)~ y(x)~ ~ (resp.~Z). (12) 

The flow @tsand the field S N are now the usual ones associated with the 

equation (i0). 

When u[N,t~s~x~y] belongs to R~ the first relation (8) leads to 

u[X,t,s,×;y]= uEO,t,s,x;y]+Xlsdrld ~ [T~;z]~-~lU[X,t,T,x;z] (13) 

z (x )=u [O ,T ,s , x ;  

In t h i s  equation the f unc t i ona l  ~N i s  the d i f f e r e n c e  between S ~ and S ° .  

This i n t e g r a l  equation (13) r e l a t e s  the perturbed s o l u t i o n  u[~, t~s~x~y]  

to  the f ree  one u[O~t~s~x|y] of the equation (iO)~ s a t i s f y i n g  the same 

i n i t i a l  cond i t i on  ( i 2 ) .  This equation i s  l i n e a r  w i th  respect  to the 

perturbed s o l u t i o n  and the re fo re  easy to i t e r a t e .  Analogously the 

second r e l a t i o n  (8) fu rn ishes an i n t e g r a l  equation l i n e a r  w i th  respect  
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to  uEO,t~s~x~y] w t h a t  i s  an e x p l i c i t  f u n c t i o n a l  equa t ion  f o r  

u [ ~ t ~ s , x ; y ]  when the f r e e  s o l u t i o n  i s  known. 

t 
u[;~. t ,  s ,  × ; y ]=u [O ,  t ,  s ,  x ; y ]  +;~j"sdT~d ~ ~NET. ~ ; Z ]6Z~-~)u[O, t .  T. x | z ]~  (14,  

Z(X)=U[ ;~,T,S,  × ; y  

When the f r ee  equat ion  i s  l i n e a r  , i t s  s o l u t i o n  i s  l i n e a r  w i t h  respec t  

t o  y and the c o e f f i c i e n t  o f  N under the  i n t e g r a l  i s  a ke rne l  t h a t  i s  

independent o f  u and equal to  the Green f u n c t i o n  assoc ia ted  w i t h  the 

l i n e a r  equa t i on .  In the case o f  n o n l i n e a r  equa t ion  t h i s  c o e f f i c i e n t  can 

t h e r e f o r e  be viewed as a Qe.nera l i sa t ion  o f  the Green f u n c t i o n .  

When v i s  s o l u t i o n  o f  an equat ion  o f  the type 

v = J~° [ t~x ; v ]+  ~ [ t ~ x ; v ] ~  and f u l f i l s  as i t s  f i r s t  t d e r i v a t i v e  

i n i t i a l  c o n d i t i o n s  a t  t= s~ we i n t r o d u c e  u= ( v ~ - - ~ v ) e  ~ 2  so t h a t  u 

s a t i s f i e s  the equa t ions  ( I 0 )  and (12)~ we then ge t  

v [ X , t , s , x ; y ]  = v [ O , t , s , x | y ] + X ~ s d , S d  ~ [ , , ~ ; z ]  z ~ ) v [ X , t , T , x ~ z l , z  ~ (15) 

0 z~x)=  v [ 0 , T , s , x  y ] , z ~ x ) =  - - ~ v [ o , ~ . s , x ~ y  

0 z 
When J°° [ t~x~v]=  ~ v+ e v,  t h i s  express ion  r e l a t e s  the s o l u t i o n s  o~ 

the per tu rbed  and o f  the f r ee  L i o u v i l l e  equa t ions .  

I I I  KDV EQUATION CONSIDERED AS A PERTURBED EULER EQUATION. 

The Kor teveg-DeVr ies  equat ion  corresponds to  equa t ion  (10) where 

[o " O" 1 S ~ [ t p x | u ] =  - "--oxux + ~'--O~x u ~n= Isu~ ~.When ~ i s  a smal l  d i s p e r s i o n  

parameter ~the l a s t  term can be cons idered as a p e r t u r b a t i o n  term added 

t o  the Eu le r  hydrodynamic equat ion  [ I I ]  The s o l u t i o n  o f  t h i s  l a s t  

equa t ion  f u l f i l l i n g  the i n i t i a l  c o n d i t i o n  (12) i s  i m p l i c i t l y  g iven by 

u [ O ~ t p s , x ; y ]  = y ( × - ( t - - s ) u [ O ~ t , s ~ x ; y ] ) .  ( i& )  

The p e r t u r b a t i o n  theory  assumes t h a t  the per tu rbed s o l u t i o n  i s  a n a l y t i c  

w i t h  respec t  to  ~ a t  l e a s t  in  a neighbourhood o f  ~ = 0 and t = s and 

can be w r i t t e n  u [ ~ t ~ s , x ; y ] =  ~ o ~ n U n ( t , x )  [ I I I ] .  The c o e f f i c i e n t  

U o [ t , x )  i s  equal  t o  u E O , t , s ~ x ; y ] .  The d i r e c t  s u b s t i t u t i o n  o f  t h i s  

express ion  in  ( i 0 )  g i v e s  a l i n e a r  p a r t i a l  d i f f e r e n t i a l  equat ion  f o r  the 

u in  terms o f  the preceding ones t h a t  can be so lved  by ted ious  
n 

c a l c u l a t i o n s .  On the c o n t r a r y  the method l y i n g  on the r e s u l t  of  the 

preceding sec t i on  leads t o  an easy and q u i t e  sys temat i c  process.  Let  us 
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c a l c u l a t e  the f i r s t  term. Using the equat ion  (13) we have 

ui(t'x) = ~sdT[d~ [T'~Z]6z--E~E)U[0't'T'X;Z] z(x)=u[O,r,s,x;y] (17) 

Taking the f u n c t i o n a l  d e r i v a t i v e  w i t h  respect  t o  z4~) o f  (16) g i v e s  

6 - - ~ - ~ - ~ ) u [ 0 , t , ~ , x | z ]  = 6 ( x - - ( t - - T ) U [ 0 , t , T , × ; Z ] - - ~ ) . ( I + ( t - - ~ ) Z ' 4 ~ ) )  - I  418) 

In t h i s  express ion we have to  rep lace  z4~) by u ( T , { )  and ~ by i t s  o 
va lue  r e s u l t i n g  from the Dirac d i s t r i b u t i o n .  P u t t i n g  ~= x - ( t - s ) u o ( t , × )  

in the equat ion  (18) we have 

U o ( t , x )  = U o ( t , ~ + ( t - s ) y ( ~ ) )  = y(~)  (19) 

From the express ion of  ~ and (19) ,  we deduce t h a t  x = [ + ( t - s ) y ( { ) .  

Formula (19) implies that Uo(t,~+(t-s)y(~)) = UO(T,~+(T--s)y(~)). 

Replacing in this equality ~ and ~ by their expressions we obtain 

U O ( t , X )  = O O ( T , { )  , for ~ = x - ( t - T ) U o ( t , x ) .  420) 

The d i f f e r e n t i a t i o n  of  (20) w i t h  respect  t o  x g i ves  

(l--(t--T)u~(t,x)) -i = f(T) (21) l+(t--~)u~ (T,{) 

where uJ ( t , x )  i s  the d e r i v a t i v e  of  u w i t h  respect  t o  x. When N in (17) 
0 0 

i s  a f unc t i on  of  u, u i ( t , x )  = N ( u o ( t , x ) ) . [ ( t - s ) - ( t - s ) Z u ~ ( t , x ) ] . _  

In the case o f  the KDV equa t ion ,  the i n t e g r a l  (17) i n v o l v e s  the 

t h i r d  d e r i v a t i v e  of  uo(T,~) w i t h  respect  to  ~. A c a l c u l a t i o n  analogous 

to t h a t  g i v i n g  (21) leads to  

U'"(T,~)=O f4(T) [U~'(t,x)+ 3(t--T)f(T) U"(t,x)].O (22) 

By p u t t i n g  t h i s  express ion in  (17 )  f i n a l l y  we ge t  

The f o l l o w i n g  u are  ob ta ined as f u n c t i o n a l s  o f  u by the same type o f  
n 0 

c a l c u l a t i o n  s t r a i g h t f o r w a r d l y  performed. 
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