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Abstract In this paper, we study the reentrant Hawking—
Page transition in the grand canonical ensemble of Gauss—
Bonnet AdS spacetime. We find that the four-dimensional
Gauss—Bonnet hyperbolic AdS black hole always has a reen-
trant Hawking—Page transition in the range of electric poten-
tial 0 < & < d,,, accompanied by the appearance of the
triple point. However, once the potential exceeds a certain
upper limit &, i.e. & > P, the Hawking—Page transi-
tion disappears. In the spacetime of five and higher dimen-
sional Gauss—Bonnet hyperbolic AdS black hole, the reen-
trant Hawking—Page transition is solely observed to occur
when the electric potential & lies between two specific
thresholds (&, < ® < ®;,). In scenarios where the electric
potential is below ®. (P < P.), only the standard Hawking—
Page transition as in the the Einstein gravity is observed. Sim-
ilar to the four-dimensional case, the Hawking—Page tran-
sition is negated when the electric potential exceeds P,
(P > ;). We give the coexistence line, the triple point and
critical point of the Hawking—Page transition in the phase
diagram of the Gauss—Bonnet hyperbolic AdS black hole.
The observed reentrant Hawking—Page transitions and triple
points in the context of Gauss—Bonnet hyperbolic AdS black
holes may correspond to the phase transitions and triple
points in QCD phase diagrams, following the spirit of the
AdS/CFT correspondence. To be a complete research, the
Hawking—Page transition of d-dimensional charged spher-
ical Gauss—Bonnet-AdS black hole in the grand canonical
ensemble is also study in the Appendix, for which there exists
a standard Hawking—Page transition with the transition tem-
perature depending on the Gauss—Bonnet constant c.
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1 Introduction

Black hole thermodynamics is one of the central topics in
modern theoretical physics. It is now widely accepted that a
black hole is a complex thermodynamic system with thermo-
dynamic variables such as entropy and temperature [1]. The
establishment of the four laws of black hole thermodynam-
ics makes the connection between thermodynamics, classical
gravity and quantum mechanics more close [2]. It is believed
that the study of black hole thermodynamics will help to fur-
ther deepen the understanding of the quantum properties of
gravity.

Inrecent years, black hole thermodynamics in the extended
phase space of anti-de Sitter (AdS) spacetime has been estab-
lished by treating the cosmological constant as the pressure,
its conjugate as the thermodynamic volume, and the black
hole mass as the enthalpy [3-9]. In the framework of the
extended phase space, black hole thermodynamics exhibits
very similar properties to non-ideal fluids. For example, the
small black hole (SBH)/large black hole (LBH) phase tran-
sition of a four-dimensional Reissner—Nordstrom-AdS black
hole is physically similar to the liquid/gas phase transition
of a van der Waals gas [10-12]. Later, a series of interesting
phase transitions have been studied in black hole thermody-
namics, such as the reentrant phase transitions [13,14] and
the superfluid phase transitions [15].

Due to the discovery of the AdS/CFT correspondence,
black hole thermodynamics and phase transitions in AdS
spacetime have attracted much attention [16—18]. In partic-
ular, the Hawking—Page phase transition [19], a first-order
phase transition between a large black hole and a hot AdS
vacuum, can be interpreted as a confinement/deconfinement
phase transition in canonical field theory [20]. Generally,
at low temperatures, the thermal AdS vacuum phase domi-
nates the partition function. At high temperatures, the black
hole phase dominates. Therefore, when the temperature is
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greater than the Hawking Page phase transition temperature,
the hot AdS gas will collapse into a large stable black hole.
Recently, there has been a lot of research on the Hawking—
Page transition in different contexts, especially with respect
to Hawking—Page phase transitions under the modified the-
ory of gravity (e.g. [21-31]).

Gauss—Bonnet gravitation, as a special case of Lovelock
gravitation, is the second order of higher order curvature
gravitation, and it has the following action [32]:

1
= dx/—g(R — 2A
1671Gd/ x+/—8( +aG),

G := RuvipR"™ — 4R, R™ + R?,

Sq
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where G is the Gauss—Bonnet term, « is the Gauss—Bonnet
coupling constant and A is the cosmological constant. The
Gauss—Bonnet term appears naturally in low-energy efficient
theories derived from string theory [33]. The solution of a
black hole under Gauss—Bonnet gravity has been discovered
[34-39], and the correction caused by the Gauss—Bonnet term
plays an important role in spacetime. Although the Gauss—
Bonnet term is a quadratic curvature tensor, the gravitational
field equation still has a second-order form (a sufficient con-
dition to prevent Ostrogradsky instability), so it is possible to
have a definite solution. However, the Gauss—Bonnet term is
often limited to higher dimensions (above five dimensions),
because the integral of the Gauss—Bonnet term on a four-
dimensional space-time manifold is equal to a constant whose
value depends on the manifold’s Euler property. Therefore,
although G # 0 in the four-dimensional case, the Gauss—
Bonnet term is often ignored as a topological invariant in the
four-dimensional space-time. However, in black hole ther-
modynamics, entropy is still modified by the Gauss—Bonnet
constant « in the case of four dimensions, so it still has certain
research significance.

Recently, a new class of Hawking—Page phase transitions
has been proposed under the Gauss—Bonnet gravity, namely,
the Hawking—Page phase transition with reentrant character-
istics and triple points [31]. The Reentrant Hawking—Page
phase transition consists of two HP phase transitions with
different HP temperatures. When the temperature gradually
increases, the small mass black hole/massless black hole
phase and the massless black hole/large black hole phase will
occur successively. The triple point corresponds to the small
black hole phase, and the massless black hole phase and the
large black hole phase coexist. According to the AdS/CFT
holographic duality, this new class of Hawking—Page phase
transition with reentrance and triple points may be associ-
ated with the reentrant phase transitions composed of de-
confinement phase transitions and quark phase transitions in
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the QCD phase diagram, as well as the three-phase coexis-
tence states of hadronic matter, quark matter and quark-gluon
plasma [40-57].

In this paper, we will further extend this kind of Hawking—
Page phase transition to the grand canonical ensemble in the
Gauss—Bonnet gravity. The final results show that the reen-
trant Hawking—Page phase transition always exists when the
electric potential is in the range 0 < ® < &, in four-
dimensional spacetime, and the Hawking—Page phase tran-
sition temperature and the position of the triple point in the
phase diagram are also corrected by the electric potential.
When the potential is ® > ®;,., the Hawking—Page phase
transition will disappear. Reentrant Hawking—Page phase
transition always exists when the electric potential is in the
range &, < ® < P, in high dimensional spacetime, and
the electric potential has a notable effect on the tempera-
ture of the Hawking—Page phase transition and the position
of the triple point in the phase diagram. When the elec-
tric potential is & > &;,., the Hawking—Page phase tran-
sition in higher dimensions disappears as well. In order to
give a complete research of the Hawking—Page phase tran-
sition of d-dimensional charged Gauss—Bonnet-AdS black
hole in the grand canonical ensemble, the spherical case is
also study in the Appendix A. For this case, there exists a
standard Hawking—Page phase transition with the Hawking—
Page transition temperature depending on the Gauss—Bonnet
constant «. These findings may contribute to a deeper under-
standing of black hole thermodynamics in the framework of
quantum gravity, and may provide new ideas for exploring
AdS/CFT correspondences beyond the bounds of classical
gravity.

The organization of this paper is as follows: In Sect. 2,
we will revisit the extended thermodynamics of hyperbolic
AdS black holes in the Gauss—Bonnet gravitity in the grand
canonical ensemble. In Sects. 3 and 4, we will study the reen-
trant HP phase transition and the triple point of dimensions
d = 4 and d > 5 respectively. Finally, some concluding
remarks are given.

2 Extended thermodynamics of the charged hyperbolic
AdS Black hole in Gauss—-Bonnet gravity in the grand
canonical ensemble

In this section, we will revisit the extended thermodynamics
of charged hyperbolic AdS black holes in the d-dimensional
Gauss—Bonnet gravitational theory in the grand canonical
ensemble. This black hole solution takes the form [34-39],
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ogy of the horizon corresponding to the curvature k. Xy is
the unit area of the d — 2 dimensional topology, which is
taken as 1 in this paper for simplicity. Note that M is the
mass of the black hole. And & = (d — 3)(d — 4)« is a renor-
malized Gauss—Bonnet coupling constant. In this article, we
only consider the case of « > 0, because in string theory, « is
proportional to the inverse string tension of the positive coef-
ficient [26]. We choose the space-time dimension of d > 4,
because in the four-dimensional space-time, the black hole
entropy has a non-trivial effect, and the Gauss—Bonnet term
will have a significant impact on the black hole thermody-
namics. Under the extended thermodynamics, the thermody-
namic pressure of a AdS black hole is associated with the neg-
ative cosmological constant A, i.e. P = —% = %,
where [ is the d dimensional AdS radius. In higher derivative
gravity, black holes solutions always have two branches. In
this paper, we only consider the case in Eq. (3), and another
branch solution is not able to approach the Schwarzschild
limit and is unstable. Finally, in order for the well-defined
vacuum solution, i.e. M = Q = 0, it needs to be satisfied

473 ((d — 1)(d —2) ((d - 3)(d — Do — r?) + 167 Pri)

where r is the event radius of the black hole. The black
hole entropy is corrected by the Gauss—Bonnet term, while
the black hole mass and temperature are corrected by the
Gauss—Bonnet term and the charge term simultaneously. In
the extended phase space, the black hole mass is considered
to be the enthalpy of the black hole rather than the internal
energy.

Since the hot AdS vacuum is uncharged, a black hole with
a fixed charge cannot undergo a Hawking—Page phase transi-
tion according to the conservation of charge, thus our studies
should be all discussed in the grand canonical ensemble set
with a fixed potential (where the charge Q can change), in the
following papers. The relation between charge and potential
in d dimension is [37],

0 =161d(d —3)ri =3, )

Thus, the expression for the mass M and Hawking temper-
ature 7 of a charged Gauss—Bonnet-AdS black hole with a
fixed potential can be rewritten as,

167(d — 1)

+ 87 d*(d —3)ri, 9)

_ 167 Pré 4+ (d —2)(d —3) ((d — 4)(d — 5)a — r}) — 12872 72D (d — 3)?
N drry (12 —2(d —3)d — Ha) (d — 2) '

(10)

647a P
< — <<
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Subsequently, we present the mass, temperature, and
entropy associated with the hyperbolic(k = —1) AdS black

hole [31,38]. (See Appendix A for a discussion of the
spherical(k = 1) AdS black holes.)

0 1, d=>5. “)

According to the thermodynamic equation G = H — TS —
Q®, the Gibbs free energy of a hyperbolic AdS black hole in
the Gauss—Bonnet gravitational grand canonical ensemble is
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where the potential term ® is a feature of the grand canonical
ensemble.

According to the Hawking—Page phase transition, a stable
large black hole (with a positive heat capacity and a large
event radius) can exchange energy with the hot AdS back-
ground and establish an equilibrium. The thermodynamic
stable state of the system is given by the global minimum
between the Gibbs free energy of the black hole and the back-
ground spacetime. Therefore, fixing the remaining parame-
ters to plot G-T diagram is an efficient method. The Gibbs
free energy of the hot AdS background is zero, so the case
of G < 0 corresponds to a more thermodynamically stable
Gauss—Bonnet black hole phase, and on the contrary G > 0
corresponds to a more stable background spacetime (i.e. the
massless Gauss—Bonnet black hole phase). Thus G = 0
represents the Hawking—Page phase transition between the
background spacetime phase and the Gauss—Bonnet black
hole phase. Noting that the cosmological constant of the
background spacetime is then modified by the Gauss—Bonnet
constant, and when the Gauss—Bonnet constant « disappears,
the spacetime is reduced to a hyperbolic Schwarzschild AdS
black hole without the HP phase transition.

3 Reentrant Hawking—Page phase transition and triple
point of charged Gauss—-Bonnet hyperbolic AdS-black
hole in four dimensions

Initially, in the four-dimensional spacetime, the Gauss—
Bonnet term exerts no influence on the geometry, thus sim-
plifying the spacetime to that of a hyperbolic Schwarzschild
RN-AdS black hole. The metric and the black hole solution
are as follows,

ds?

1
—f(r)de* + mdﬂ +r2dQ5 (12)

32Pnr* —96Mmr +30% — 12r2
1272 ’

According to Eq. (13), the black hole event horizon radius

r+ of an RN-AdS black hole should be determined by the

largest root of f(r) = 0, and then the black hole mass can
be expressed as,

)

13)

Y 32Pwr +30% —12r%
967'rr+ '

(14)
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The Hawking temperature of this black hole can then be cal-
culated,
fl(ry)  32Pnrt +48Mnary — 302

T
4 24;33r 11

(15)

The relation between charge and potential in four dimensions
can be given by Q = 16 ®r.. It can be seen that the mass
and temperature of the black hole are not corrected by the
Gauss—Bonnet term, but the entropy of the black hole breaks
the law of the area of the black hole, showing the following
formula [7,58],

2

S:%—(x. (16)

Rewriting the mass and temperature of the black hole in
the grand canonical ensemble,

M= 32P71r3_ +7680%1%r, — 12ry

967 17
8Pmri — 640%7% — 1
T = . (18)
4mry

Obviously, non-trivial black hole entropy will have an impact
on the thermodynamics of black holes. To visualize this
effect, we focused on Gibbs free energy,

~19202 (12 +4a) 72 = 8P13 (12 — 12a) 7 3} ~ 120
G = :
48mry

19)

In order to observe the global stability of Gibbs free
energy, we plot G-T diagram in Fig. 1. The existence of
the Hawking Page phase transition depends on whether the
extreme Gibbs free energy is greater than zero. When the
pressure is low (P < Py,), the Gibbs free energy is always
negative, the global stable state of the system is the black
hole phase, and there is no Hawking Page phase transition.
Then we increase the pressure, and we find that when the
pressure increases to a certain value (P = Py.), there is
still no Hawking Page phase transition, but there is a crit-
ical Hawking—Page transition temperature. We will denote
the pressure at this point as Py, because this pressure corre-
sponds exactly to the triple point in the P-T phase diagram
shown below.

Then the pressure continues to increase (P > Py),
at which point the maximum value of Gibbs free energy



Eur. Phys. J. C (2024) 84:780 Page 50f23 780
(a) P <P« (b) P=Pu« (C) P> Pu

01 01 01

0 . 0
02 0.4 0.6 08 1 1 12
T

G -01 G -0.11
-02 -02

Fig. 1 The relationship between Gibbs free energy and temperature at different pressures (with «=1,% = 0.1) in four-dimensional spacetime. The
global stable states of the system are represented by the solid red lines, and the system undergoes a reentrant Hawking—Page phase transition when

P > P,

is greater than zero, and since temperature is a monotone
increasing function of 7, the Gibbs free energy always has
two zeros. According to Eq. (17), Eq. (18) can be found that
the black hole mass is a single increasing function of temper-
ature, so we can represent the left and right branches of the
black hole as the small black hole phase with less mass and
the large black hole phase with more mass, respectively. Con-
sidering the current global stability of the system, the stable
state has been marked by the solid red line in the right one of
Fig. 1. It can be seen that with the gradual increase in temper-
ature, the global stable state evolution of the system meets
the following conditions: small black hole phase (SBH) —
massless black hole phase (MBH) — large black hole phase
(LBH). For this case, the system underwent two Hawking—
Page phase transitions, one with a low Hawking—Page tem-
perature and another with a high Hawking—Page temperature.
This behavior is called the reentrant Hawking—Page phase
transition which consists of two first-order Hawking—Page
phase transitions.

In fact, we can directly solve the Hawking—Page phase
transition pressure Py p by using G = 0. For simplicity we
use 7 p to represent the radius of the black hole’s event hori-
zon, which obviously satisfies r p > 0. (There is an analyti-
cal solution for the black hole radius in the four-dimensional
case, which will be given below.) Namely, we can get

3(640%7% + 1) (13 p +40t) dPyp
87rr12“, (r%“) — 12<x)

Ppyp = — lo, @

T Ormp
48 (@272 + &) (r3 p — 4a) (rF p + 120)

r?{P” (rEIP - 120‘)2

(20)

By substituting Py p into Eq. (18), we can give an expression
for the HP phase transition temperature 7y p,

—64@27'[2?'1-1[) —rgp
Tup = 3
(rHP — 1201)7'[

(6472®% + 1) (13, p + 120x) an
P = .
(r%”, — 12a)2n

0Ty p

orgp

Analysis of the first derivation of Pyp and Typ with
respect to vy p shows that as rg p increases (ryp > 0) Pyp
will have a minimum value of P;.; Ty p is a monotonically
increasing function of g p. This means that when the pres-
sure is less than Py, there will be no HP phase transition,
which is consistent with our previous analysis of the G-T
diagram. We can directly use Egs. (20), (21) to draw the
coexistence lines of the reentrant HP phase transition in the
P-T phase diagram shown in Fig. 2a, and comprehensively
observe the reentrant Hawking—Page phase transition.

At a constant temperature, the system always has a sin-
gle Hawking—Page phase transition: a Hawking—Page phase
transition between a small black hole and a massless black
hole at a lower temperature or a Hawking—Page phase transi-
tion between a large black hole and a massless black hole at a
higher temperature. When the pressure is a constant, the sys-
tem does not undergo Hawking—Page phase transition at low
pressure, but will undergo Hawking—Page phase transition
twice at high pressure, that is, reentrant Hawking—Page phase
transition. There is a critical phase transition pressure P;,., for
which the system at this point is in a small black hole phase,
a massless black hole phase and a large black hole phase
coexist, that is, the triple point. By solving %fg L o, 0= 0,
we can directly give the radius of the black hole correspond-
ing to the triple point (only select the solution corresponding
to r;» > 0, another solution is not physical), Then substi-
tuted r, into Egs. (20) and (21) to obtain the Hawking—Page
temperature(7;,) and Hawking—Page pressure (P;.) of the
triple point, i.e.

3 (64<I>2712 + 1)
32amw

649272 41

rtrzzx/&, Py = s tr = 4\/§7T

(22)
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Fig. 2 a Coexistence line: P-T phase diagram (witha = 1, ® = 0.1)
in four dimensions. The triple point is highlighted. SBHs, LBHs, and
MBHs correspond to the small black holes, large black holes, and mass-
less black holes, respectively. b 7 —a diagram (with P = 0.1, ® = 0.1),

In addition, it is quite interesting to introduce a relationship
of the triple point,
Pryrry 3

=-. 23
o 1 (23)

This relation is consistent with the uncharged Gauss—Bonnet
black hole case, while Eq. (22) shows that the pressure and
temperature at the triple point will be modified by the electric
potential to become greater than the uncharged case.

In addition, by solving G = 0 directly, an analytical solu-
tion for the radius of the horizon can be given as

D

« has a minimum of «;,, and the Hawking—Page phase transition dis-
appears when o < ay,. ¢ T—® diagram (with P = 0.1, « = 1), ® has
a maximum of ®,,., and the Hawking—Page phase transition disappears
when & > @,

We draw a graph showing the change of phase transition tem-
perature with the electric potential ®. The chart is labeled as
graph Fig.2c. We can observe that the reentrant Hawking—
Page phase transition occurs only when the electric potential
meets certain conditions, i.e, when the value of the electric
potential lies in the interval (0 < ® < ®,,). It can also be
seen from the expression of Gibbs free energy Eq. (19) that
when the electric potential is large enough, the Gibbs free
energy of the system mainly depends on the electric poten-
tial term. In this case, the Gibbs free energy tends to be more

\/P (—1920272 + 9P — 3+ V3,/(~640272 + 96 P — 1) (—1920%7 + 32Par — 3))

rHp =

4 7P

(24)

Since the event radius r must be positive. The Hawking—
Page phase transition requires an additional condition,
2.2
op s SO 25)
am
In order to reflect the influence of the Gauss—Bonnet
term, we draw the Hawking—Page transition temperature
curve with «, as shown in Fig. 2b. Obviously, the reentrant
Hawking—Page phase transition occurs only when Eq. (25).
This is consistent with the discussion of the uncharged
Gauss—Bonnet black hole case, but the range of « has been
modified by electric potential ®. On the other hand, the
Gauss—Bonnet constant « increases the high Hawking—Page
temperature and decreases the low Hawking—Page tempera-
ture.
The constraint on ® to find the Hawking—Page phase tran-
sition can also be obtained from Eq. (24), i.e.

V3/32Pra — 3

by = NI TE 2 (26)

qu)fq)tra 247t
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negative, and the global stability of the system tends to be
more like the black hole phase, and there is no Hawking—
Page phase transition. In particular, as ® — 0, the sys-
tem can return to the uncharged Gauss—Bonnet black hole
case. Besides, the electric potential ® decreases the high
Hawking—Page transition temperature and increases the low
Hawking—Page transition temperature.

On the other hand, since the Gauss—Bonnet term is actu-
ally a total derivative in four-dimensional spacetime, it has no
effect on the field equations and the structure of the space-
time. Interestingly, by scaling the Gauss—Bonnet coupling
term in four dimensions ¢« — «/(D — 4), Glavan and Lin
propose 4D FEinstein-Gauss—Bonnet gravity (4D EGB) and
apply it to maximum symmetric spacetime, spherically sym-
metric black holes, and cosmology [59]. Even in four dimen-
sions, the Gauss—Bonnet term can have a non-trivial effect
on gravitational dynamics. Later, many black hole solutions
[60—-63] were constructed under 4D EGB gravity. The ther-
modynamics and phase transition effects of black holes in the
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Fig. 3 The relationship between Gibbs free energy and temperature
at different pressures (with @« = 1, ® = 0.1) in five-dimensional (a—
d) and six-dimensional (e-h) spacetime. The global stable states of
the system are all represented by the solid red lines. It is shown that

extended phase space are also studied [64-69] widely. One
can see a recent review for detail [70]. This makes it impor-
tant to study the Hawking—Page phase transition of AdS black
holes in 4D EGB gravity. We leave it as a future work.

4 Reentrant Hawking—Page phase transition and triple
point of charged Gauss—-Bonnet hyperbolic AdS-black
hole in d > 5 dimensions

There are some differences between the Hawking—Page
phase transition in higher-dimensional spacetime and that
in the four-dimensional case. One will find that the sys-
tem always has a reentrant Hawking Page phase transition
when the pressure is P, < P < P, in the grand canon-
ical ensemble, which is consistent with the conclusion for
the uncharged Gauss—Bonnet black hole case. Besides, in

—4Pmr§ + (—256@%n? + 144Pra — 3) rf + (—30720%72 — 18) ar? — 720

the system undergoes a reentrant Hawking—Page phase transition when
P, < P < P, and only asingle Hawking—Page phase transition occurs
when P > P.

higher-dimensional spacetime, the reentrant Hawking—Page
phase transition occurs only when the potential is in the range
d,. < O < Py, Inthis section, we first present the Hawking—
Page phase transitions in five and six dimensions, with similar
properties in other d > 5 dimensional spacetimes. Then, we
derive the triple point of the Hawking—Page transition in d
dimensions in the grand canonical ensemble.

4.1 Reentrant Hawking—Page transition of charged
Gauss—Bonnet hyperbolic AdS black hole in five and
six dimensions

The relationship between Gibbs free energy and temper-
ature of Gauss—Bonnet hyperbolic AdS black hole in the
grand canonical ensemble in five-dimensional space-time is
reduced to,

487 (r2 — 4ar)
ri (—87 Pr2 + 256072 + 3)
6 (—r + 4a)

T =

, 27

(28)

The corresponding thermodynamical quantities in six-dimensional space-time is

ry (Prrri + (120@2712 —T2Pra + %) ri + o (2880@2712 + %) rer + 180a2)

G=-
207 (r2 — 12c)

- 4w Pri + (—288@%72 — 3) r? + 6a
drym (ri - 12a)

, (29)

(30)
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The behavior of Gibbs free energy under different pres-
sures in five and six dimensions are plotted, which are sim-
ilar and shown in the Fig. 3. At lower pressures, i.e., when
P < P;., we observe that the Gibbs free energy of the sys-
tem is always negative. This indicates that for this case, the
Gibbs free energy of the hyperbolic Gauss—Bonnet AdS black
hole phase in the grand canonical ensemble is always smaller
than the background space-time phase, so the Hawking Page
phase transition does not occur. Besides, as the pressure
gradually increases, the situation changes when the range
Py < P < P, is reached. Within this pressure interval,
the system undergoes reentrant Hawking—Page phase transi-
tion consisting of two Hawking—Page transitions, as shown
in Fig.3c, g. Increasing the pressure further, when P > P,
we noticed that one of the two Hawking—Page transition tem-
peratures starts to turn negative, at which point there is only
a single Hawking—Page phase transition in the system.

According to the method in the lase section, we can
directly give the relationship between Hawking—Page phase
transition pressure Py p, temperature Ty p with the phase
transition radius ryp through G = 0. In the case of five
dimensions, we can find,

cisely, we plot the coexistence lines in the P—T phase dia-
gram of Hawking—Page phase transitions in five- and six-
dimensional spacetime, as shown in the Fig. 4. We find that
the occurrence of the reentrant Hawking—Page phase transi-
tion is limited to a certain pressure range (P;, < P < P.)
in high dimensional spacetime. In this range, when the black
hole crosses the left branch of the solid line from left to right
or bottom to top, it undergoes the Hawking—Page phase tran-
sition from small black hole to massless black hole; When a
black hole crosses the real line in the right branch from right
to left or from bottom to top, it undergoes a Hawking—Page
phase transition from a large black hole to a massless black
hole. When the pressure is greater than the critical pressure
(P > P,), there is only a single Hawking—Page phase tran-
sition. Since the corresponding phase transition temperature
of the small branch is negative at this time, it is not physical.
So the small mass black hole phase will disappear during the
Hawking—Page phase transition in this region of pressure.
As shown in the phase diagram Fig. 4, the reentrant
Hawking—Page phase transition is represented by a thick
line defined by two specific points, the triple point (73, P;)
and the critical point (7, P,). At the triple point, the system

(2569777 —3) rfy p + (—30720°77 — 18) aryy p — 7207
ne = 471er (rHP 3605) '
(2569272 — 3) r? + 12ax
Typ = , 31)
2nrgp (rHP 3605)
Pup _ (rfp — 120) (2560272}, + 9216077 %ar, p + 3y p + 12arp p +432a7) 32)
orgp anHP (rHP —36a) ’
Tup (2560272 +3)rfp + (9216<1>27r2 +72) aryp + 432a 33
drup 27 (r3 p — 36a) e
The corresponding quantities in six-dimensional spacetime are:
(—480927% — 5) ry, p + (—115209%72 — 30) arf; p — 72002
Pup = )
47T}’HP (rHP 72a)
(1920272 — 2) r? 4 24a
Thp = 5 , (34)
Tryp (rHP — 72<x)
IPup 240 (rp — 240) (D272 + o) riyp + (72<I>2712 +3) 12, +9a?) as)
e wryp (i — 720‘) ’
aTpp (1920772 +2)rf,p + (13824@2712 +72) ard p + 17280 36)
ryp

(r%IP - 720‘) r%IP

Similar to the four-dimensional case, the phase transition
pressure has a minimum, while the phase transition temper-
ature is a monotone increasing function of the black hole
radius, and it is clear that in the grant canonical ensemble
there is also a triple point in the higher dimensional case.
To investigate the Hawking—Page phase structure more pre-

@ Springer

exhibits a unique state in which the small black hole phase,
the massless black hole phase, and the large black hole phase
coexist. At the critical point, the system is in a state where
the massless black hole phase coexists with the large black
hole phase. We can use the property that the first derivative
of the Hawking—Page phase transition pressure at the triple
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Fig. 4 Coexistence lines in the P-T phase diagram: The reentrant
Hawking—Page phase transition is represented by a thick line, and

the triple point and critical point are highlighted. SBHs, MBHs, and
LBHs represent the small, massless, and large Gauss—Bonnet AdS black

(2)

0.37

0.2

0.1

Fig. 5 The relationship between the Hawking—Page transition temper-
ature and the Gauss—Bonnet constant at a given pressure and electric
potential, and the triple point and critical point are highlighted in the

point is zero to calculate the triple point (Since we calculate
the triple point in general dimensions in next subsection, we
do not shown the results in five and six dimensions here.). In
addition, for a charged Gauss—Bonnet-AdS black hole with
a fixed electric potential ® and a fixed Gauss—Bonnet con-
stant «, the pressure makes the high Hawking—Page transi-
tion temperature larger and the low Hawking—Page transition
temperature smaller.

Following the similar procedure for studying the effect
of the pressure on the Hawking—Page phase transition, we
can find the effect of the Gauss—Bonnet constant « on the
Hawking—Page phase transition. The relationship between
the two branches of the Hawking—Page transition tempera-
ture and the Gauss—Bonnet constant in five and six dimen-
sions are also plotted in the Fig.5. The reentrant Hawking—

(b)

0.0257

0.020+
|
|
|
5 \
|
|
0.0154 }
SBHs [
(Ttr,Ptr) }
|
|
0.010 T ! . : ,
0 0.05 0.10 0.15 0.20
T

holes, respectively. a P-T phase diagram in five dimensions (with
a = 1,& = 0.01). b P-T phase diagram in six dimensions (with
a=1%=0.01)

(b)

0.209
0.151
T 0.101
0.05 (0ur, Tr)
0 . ' h ' '
0.6 08 1.0 12 14
ol

figure. a T —« diagramin five dimensions (with ® = 0.01, P = 0.025).
b T —« diagram in six dimensions (with ® = 0.01, P = 0.0175)

Page phase transition occurs only when the Gauss—Bonnet
constant is in a specific range, i.e. o, < o < «.. However,
when the Gauss—Bonnet constant is large (¢ > «.), there is
only a single Hawking—Page phase transition. If the Gauss—
Bonnet constant is small (¢ < o4,), there is no Hawking—
Page phase transition, which is similar to the hyperbolic AdS
case in Einstein gravity. Noting the values for o, o, are
present in next subsection. Besides, for the systems with a
fixed pressure and potential, the Gauss—Bonnet constant «
makes the high Hawking—Page transition temperature higher
and the low Hawking—Page transition temperature lower.
Finally, we show in Fig.6 the relationship between the
Hawking—Page phase transition temperature Ty p and the
electric potential ® in five and six dimensions. It is different
from the four-dimensional case. When the electric poten-
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(a)

0.57
044
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0.14

0 0.01 0.02 0.03 0.04 0.05

Fig. 6 The relationship between the Hawking—Page transition temper-
ature and the electric potential at a given pressure and Gauss—Bonnet
constant, and the triple point and critical point are highlighted in the

tial is small (& < &), there is only a single Hawking—
Page phase transition in the system. As the electric poten-
tial gradually increases, and when the electric potential is in
the range of &, < & < P,,, the reentrant Hawking—Page
phase transition will appear. When the electric potential is
too large (® > &;,), the global stability of the system is
closer to the black hole phase because the Gibbs free energy
mainly depends on the existence of the Q@ term, so the
Hawking—Page phase transition will not occur at this time.
Noting the values for ®;,, . are present in next subsec-
tion. Contrary to the effects of the Gauss—Bonnet constant
« and the pressure P, for a system with a constant pressure
and Gauss—Bonnet constant, the electric potential tends to
increase the low Hawking—Page phase transition tempera-
ture and decrease the high Hawking—Page phase transition
temperature.

4.2 Triple points for the reentrant Hawking—Page transition
of the charged Gauss—Bonnet hyperbolic AdS black
hole in d > 5 dimensions

The triple point (Pyp, THp, rap) corresponds to a black

hole phase with a maximum Gibbs free energy of zero, which
can usually be calculated by the following formula,

@ Springer
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figure. a T—® diagram in five dimensions (with @ = 1, P = 0.05). b
T —® diagram in six dimensions (witho = 1, P = 0.025)

0G
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Glp=pr,7=T1r=rr, = 0
37)

However, due to the influence of electric potential, we cannot
directly calculate the thermodynamic quantity corresponding
to the triple point from Eq. (37). Here we choose the method
given in the above subsection to calculate. Namely, we can
use the property that the first derivative of the Hawking—Page
phase transition pressure at the triple point is zero, i.e.

Glp=pyp, T=Typ.r=rp = 0 = Php, (38)

Py p _o Tur _, 3*Pup -

Irgp rHP=Tt © o Ormp T arl%IP rHP=Tu -
(39)

The form of Gibbs free energy is given by Eq. (11) above.
For simplicity, we only show Py p and Ty p and their first
derivative forms here,
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(2(d — 4)(d —2)%(d — 3)*a® + (2567%(d — 3)®* —d + 8) (d — 2)(d — 3)r}par) (d — 1)

P =
e 16 (6(d — 2)(d — 3y — r2) rh o0
(1287%(d —3)@*+d —2) (d — 1) “0)
16(6(d —2)(d —3a —rp)
3Pup  (2d—2)d—3a—rpp)(d—1) ((1287r2(d —3)P2+d —2)rfp
argp 2 \?2 12
SR VP ((d—2)(d—3)a— ’HTP> n
Hd —4)(d - 2)2d — 3% + (64n2(d —3)0? + 1) d —3)r} p(d — 2)a>, 1)
—20(d —2)(d —3)(d —4) + (1287%(d —3)P* +d —2) r3;p
Typ = 5 ) (42)
2rup (6(d —2)(d — 3o —rgp) 7
aT, 1
HP _ . (12(d —4)(d - 2)*(d — 3)%?
Irap 27r? , (6(d —2)(d — 3 — 1% p)
+ (12 +76872(d — 3)c1>2) x (d —2)(d — 3)ar p + (128712(0’ — )P +d - 2) r;t,,,). (43)
Obviously, for any dimension, the positive or negative value 5 5
of ‘?,f L depends only on the positive or negative value of  p, — (d — 1)(1287°(d — 3)0" +d — 2) (45)

(r%“, —2((d—-2)(d —-3)a) > so Py p always has a min-

imum value located at (r%{ p—2(d—-2)d - 3)a)> =0

which corresponds to the triple point. However, gf” L is
. . . HpP,
greater than zero in any dimension, so the phase transition
temperature is a monotone increasing function of the phase
transition radius. Now we can theoretically solve for the

quantities that correspond to the triple point.

rr = v2y/(d —2)(d = 3)a,
(2567%(d — 3)®* +d)(d — 1)
= 64a(d — 2)(d — 3
5 10V2 (g + @2 —3)7?)
T J@-DWd—Bar

Now we consider the critical points of the reentrant
Hawking—Page phase transition. For the uncharged Gauss—
Bonnet black hole case, we can calculate the temperature
divergence of the Hawking—Page phase transition at the criti-
cal point (P,, T¢, r.). However, in the grand canonical ensem-
ble, this condition becomes inapplicable due to the effect of
the potential term on temperature. However, it is still feasible
to solve the critical point theoretically, which can be given by
the property that the Hawking—Page phase transition temper-
ature of the left branch becomes zero. Since the expressions
of the critical temperature 7, and critical radius r, are too
complicated, only the critical pressure P, for general dimen-
sions is given as follows.

' (44)

64ra(d —2)(d — 3)(d — 4)

In Appendix B, we give the values corresponding to the crit-
ical points of the reentrant Hawking—Page phase transition
in diverse dimensions.

The cases with the dimensions d > 6 have the similar
results. In conclusion, the hyperbolic Gauss—Bonnet AdS
black holes in higher dimensions always exhibit a unique
reentrant Hawking—Page phase transition in the grand canon-
ical ensemble. Through the Figs. 7 and 8, we can see the triple
point and the critical point in different dimensions. With the
increase of the dimensions, the temperature of the triple point
and the critical point both show a decreasing trend. We also
draw the phase diagrams in different dimensions in the Fig. 9.
Within a certain pressure range (P;, < P < P,),i.e.Eq. (46),
the Gauss—Bonnet AdS black holes always have a reentrant
Hawking—Page phase transition in d > 4 dimension,

(25672(d — 3)®% +d)(d — 1)
64(d — 2)(d — 3)7
(d — 1)(12872%(d — 3)®P2 +d —2)
647 (d — 2)(d — 3)(d — 4)

<aP

(46)

On the other hand, in view of the conditions for the
occurrence of the reentrant Hawking—Page phase transition,
namely Eq. (46), if the pressure and electric potential are kept
as a constant, then only when the Gauss—Bonnet constant is
in the range of oy < @ < o, where
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triple point, respectively
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647 P(d —2)(d — 3) ’
(d —1)(12872(d —3)®*+d —2)

O = )

64w P(d — 2)(d —3)(d — 4)

(47)

the higher dimensional Gauss—Bonnet AdS black holes will
have a reentrant Hawking—Page phase transition in the grand
canonical ensemble. Similarly, if the pressure and Gauss—
Bonnet constant are constant, it can be found that the reen-
trant Hawking—Page phase transition only occurs when the
electric potential is in the range of &, < o < &,
where
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Q.
16w (d — 1)(d — 3)

_ J@—1)(d—3)(64nPa(d —2)(d —3)

—dd—1)

o, =
167 (d — 1)(d — 3)

ﬁ\/—(d —D(d—3)dd—3) = 8maPd—1)(d—-2)(d—-3)d—-4+2)

(48)

in general d > 4 dimensions.
Finally, we give the ratio relationship between the triple
points of the reentrant Hawking-phase transition,

(256®%(d —3)w> +d) (d — 1)

Prryy _
T 16(1 + 6492(d — 3)m2)

TTr

PTr (49)

(The relationship o P;—C’C between the critical points is
complicated and therefore not shown here. In Appendix B,
we give the ratio values corresponding to the critical points
in diverse dimensions.). The effect of the dimensions and the
electric potential on the ratio at the triple point and the critical
point are shown in the Fig. 10. When the electric potential and
Gauss—Bonnet constant are fixed, the ratio of p to the triple
point and the critical point both increase with the increase of
the dimensions d. If the dimensions and Gauss—Bonnet con-
stant are fixed, the ratio of p to the triple point and the critical
point both decrease as the potential increases, and both tend
to a constant when the electric potential is large enough.
In addition, since the temperature and pressure between the
triple point and the critical point have a similar dependence

on the Gauss—Bonnet constant «, i.e. T ~ \/L&, P~ é, one
can find another relation in general dimensions,

P (256n%(d —3)®* +d) (d —4) (50)
Pe (12872(d —3)®2 +d —2)°

5 Conclusion

In this paper, we deeply investigate the Hawking—Page phase
transition of hyperbolic Gauss—Bonnet-AdS black holes in

the grand canonical ensemble of the extended phase space. In
particular, for the case of d > 4 dimensions, we find that there
can exist two Hawking—Page phase transitions with different
temperatures, which merge to form a reentrant Hawking—
Page phase transition. The remarkable feature of this phase
transition is that there are three phases coexistence of small
black hole, large black hole and massless black hole, i.e. the
triple point. Through calculation, we find that the Hawking—
Page transition temperatures of both branches are affected
by the pressure, Gauss—Bonnet constant and electric poten-
tial. Concretely speaking, the pressure and Gauss—Bonnet
constant raise the high Hawking—Page transition temperature
and decrease the low Hawking—Page transition temperature,
while the electric potential has the opposite effect.

Further studies have revealed the phase diagram proper-
ties of the hyperbolic Gauss—Bonnet black holes. In four-
dimensional spacetime, as long as the electric potential
remains in the range of 0 < ® < &, the reentrant
Hawking—Page phase transition becomes inevitable. How-
ever, when the electric potential exceeds ®;,, the Haw-age
phase transition disappears due to the dominant role of the
electric potential in Gibbs free energy, and the system is in the
stable black hole phase. For the case of d > 4 dimensions, the
reentrant Hawking—Page phase transition occurs only within
a specific range of pressures or electric potentials, which cor-
responds to the range between the triple point and the criti-
cal point. The hyperbolic Gauss—Bonnet AdS black holes in
d > 4 dimensions do not have the Hawking—Page transition
at the pressures or electric potentials below the triple point,
but undergo a Hawking—Page transition at pressures or elec-
tric potentials above the critical point. Finally, we present the
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triple point and the critical point of the reentrant Hawking—
Page phase transition of the hyperbolic Gauss—Bonnet AdS
black hole in general dimensions. For the future task, It is
interesting to study the reentrant Hawking—Page phase tran-
sitions in different backgrounds and to generalize the study to
the microcosmic and holographic frameworks. For example,
one can consider the existence of the reentrant Hawking—
Page transitions for the rotating AdS black holes and the
AdS black hole in four dimensional 4D EGB gravity [59].
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Appendix A: Hawking-Page phase transition of the
charged Gauss—Bonnet spherical AdS black hole

In this appendix, we will focus on the Hawking—Page phase
transition in the grand canonical ensemble of the charged
Gauss—Bonnet spherical AdS black hole, i.e. the case with
k = 1. We find that the spherical case only has a single
Hawking—Page phase transition for any dimensions. And
the Hawking—Page transition temperature depends on the
Gauss—Bonnet constant . We will discuss the Hawking—
Page phase transition in four dimensions, d = 5 dimensions
and d > 5 dimensions in turn.

In four dimensions

Firstly, the metric and black hole solution in four dimensional
Gauss—Bonnet gravity should be the RN-AdS spherical black
hole, i.e.

1

2 2
ds® = —f(r)dt +f(r)

dr? +r2dQ3 |, (51)

@ Springer

Eur. Phys. J. C (2024) 84:780
87 Pr2 SMn 2
flry) = —=+-— +Q—2+1. (52)
3 r4 4r+

The thermodynamic quantities are shown below,

_ 32Pnri +30% + 12ri

53
967Tr+ ’ ( )

32Pwrd — Q2 + 4r2

_ + ¥
r= 16r3n ' 54)

The entropy of a spherically symmetric AdS black hole in
four-dimensional Gauss—Bonnet gravity is,

2

S:%—i-a. (55)

The relation between the electric charge Q and the electric
potential @ in four dimensions is Q = 4®mxr,. Therefore,
the black hole mass and Hawking temperature are rewritten
in the case of fixed potential.

_ry (8Pmri 41929272 + 3)

, 56
247 (56)
8Prr? — 64272 4+ 1
=2 T (57)
47'rr+

Thus, the Gibbs free energy G (r4, P, @, o) expression of
the four dimensional spherically symmetric charged Gauss—
Bonnet AdS black hole can be given,

o —156®2 (r2 — %) n2 —8Pr2 (r2 4+ 120) 7 +3r2 — 120

48}"+7T
(58)

The curve of Gibbs free energy with the temperature under
the different pressures is plotted, as shown in Fig. 11. When
the pressure is large, the Gibbs free energy of the system is
negative, and the system is in the stable black hole phase.
When the pressure is gradually decreased, the system will
undergo a Hawking Page phase transition from the hot AdS
vacuum phase to the large black hole phase. Note that there
is another larger Hawking—Page phase transition tempera-
ture, for which the global stability of the system at this
time depends on the minimum Gibbs free energy, thus this
Hawking—Page phase transition temperature is a metastable
state which is out of our discussion. Then, by substituting
variables

Rup =r¥p, (59)

we can directly solve for G = 0 to get the radius of the
Hawking—Page phase transition,

—156®27% — 96Pmer + 3
16P
1927 Pa (1640272148 Prar—3) +9 (520272~ 1)
+ :
16w P

Rpp =

(60)
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Fig. 11 G-T diagram of a four-dimensional spherically symmetric charged Gauss—Bonnet black hole. The global stable state of the system is
represented by a solid red line. As the pressure increases, the system will undergo a Hawking—Page phase transition

The Hawking—Page temperature can be obtained by Eq. (57),
namely,

(61)

Tup = T|r+:er .

To explore the phase structure more precisely, we plot
the coexistence lines of the P—T phase diagram for the
Hawking—Page phase transition of a four-dimensional spher-
ically symmetric charged AdS black hole, as shown in
Fig. 12a. When the temperature is constant, there is always
a Hawking—Page phase transition from hot AdS vacuum to
large black hole state in a small temperature range (7 < 7).
Note that compared with the G-T diagram, the state repre-
sented by the blue dashed line is an metastable small black
hole state. Since the global stability of the system at this time
is biased towards the large black hole state, this phase disap-
pears from the phase diagram. When the pressure is constant
but smaller than the pressure at the critical point, although
there are two Hawking—Page transition temperatures, there
is only one Hawking—Page phase transition due to the less
stability of the small black hole state. When the pressure
is greater than the pressure at the critical point, there is no
Hawking—Page phase transition. By making the two phase
transition radii coincide, the critical point is easily derived,

as shown below,
1 — 649272
re =2V3Va, Po=—o
96 o

V3 (1 — 640272

T, = ( ) (62)
12/ax

Another critical point has a negative radius and is non-

physical. We also introduce the universal relationship of crit-

ical points,

3

P.r. 1
= -. 63
T. 4 ©3)

We plotted the Hawking—Page transition temperature
curve with Gauss—Bonnet constant and the electric potential,
as shown in Fig. 12b, c. Since the radius of the Hawking—
Page transition is non-negative, the Gauss—Bonnet constant
and the electric potential should satisfy the following require-
ments,

1 — 64?72
o< =—"—,

967 P

When the Gauss—Bonnet constant or the electric potential
is large, there is no Hawking—Page phase transition. This
is consistence with the result in [24]. Noting that it is also
interesting to study the Hawking—Page phase transition of
spherical AdS black holes in 4D EGB gravity which is left
as a future work.

The Hawking Page phase transition of charged spherically
AdS black holes in high-dimensional spacetime is different
from that in the four-dimensional case. We will analyze it
from the perspectives of five and higher dimensions respec-
tively. The results show that there is only a single Hawking
Page phase transition and no reentrant HP phase transition
for the spherically symmetric charged AdS black holes in
any dimension.

< P, =

V1 —96Pra (64)
87 ’

In d = 5 dimensions
The Gibbs free energy and Hawking temperature of the

5-dimensional charged Gauss—Bonnet spherical AdS black
hole in the grand canonical ensemble are shown as follows,
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Fig. 12 a Coexistence line: P-T phase diagram (witha = 1, ® =
0.001) in four dimensions. The critical points have been indicated in the
diagram. The solid red line represents the stable large black hole state,
and the dashed blue line represents the metastable small black hole state.
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Fig. 13 G-T diagram of a spherically symmetric charged Gauss—
Bonnet-AdS black hole in five-dimensional spacetime. The Hawking—
Page phase transition points are marked in the diagram. a Critical behav-
ior. When the pressure is small, the system undergoes a first order
large/small black hole phase transition and a Hawking—Page phase tran-

—4Pnr + (—2569?7% — 144Pma + 3) rf + (30720272 — 18) ar + 7202

b T—«a diagram (with P = 0.001, & = 0.001). When @ > «, there
is no HP phase transition. ¢ 7—® diagram (with ¢ = 1, P = 0.001).
When & > @, there is no HP phase transition

(b)

0.1 SR P>Pe
= ~
.
N
N
N
0 T T T T T 1
001 0.02 0.03 0.04 0.0 0.06
T

-0.1
-02

sition. At high pressure, the system only undergoes a Hawking—Page
phase transition. b The Hawking—Page phase transition diagram, the
global stable state of the system is represented by the solid red line,
while the dotted red line represents the unstable black hole state

48 (r2 +da)
ry (—87 Pr2 +2560%7% - 3)

T=—
6 (r? +4a)m

, (65)

(66)

We plot the Gibbs free energy curve with temperature in
five dimensions. We find that when the pressure is low, the
Gibbs free energy of the system has a classical swallow-tail
behavior, that is, a first-order large/small black hole phase
transition (see detail in [71].), as shown in the Fig. 13. The
global stable state of the system depends on the global min-
imum of the Gibbs free energy. Thus the system actually
undergoes only the Hawking—Page phase transition between
the hot AdS vacuum phase and the large black hole phase.

@ Springer

In order to explore the phase structure of five-dimensional
spacetime in more detail, we draw the P—T phase diagram
of the Hawking—Page phase transition. It is obvious that 5-
dimensional spherically symmetric charged Gauss—Bonnet
AdS black hole always has a Hawking—Page phase transi-
tions. On the other hand, the critical point for the first-order
large/small black hole phase transition is highlight in Fig. 14.
When the pressure is low (the red line in the Fig. 14), the
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Fig. 14 There is always a Hawking—Page phase transition in the sys-
tem. a Coexistence line: P—T phase diagram (witho = 1, ® = 0.01)
in five dimensions. The critical point for the first-order large/small

system also has a first-order large/small black hole phase
transition in addition to a Hawking—Page phase transition.
However, since the global stability of the vacuum phase is
greater than that of the small black hole, only the Hawking—
Page phase transition from the hot AdS vacuum to the large
black hole exists in the system.

To show the influence of the Gauss—Bonnet constant,
we plot the T—« diagram in Fig. 14b. Obviously, with
the increase of Gauss—Bonnet constant, the Hawking—Page
phase transition temperature gradually decreases. And for
arbitrary Gauss—Bonnet constant, there is always a Hawking—

r(Prr®+ (120202 + T2Pma — §) r* + o (28807202 + ) 12 — 18007

black hole phase transition is highlight. b T —« diagram (with P =
0.002, ® = 0.01). ¢ T—® diagram (with o = 1, P = 0.004)

perature, i.e.

8VB/TB + 9672 — 361/

167./24 /78 — /6

In d > 5 dimensions

0<d<

(67)

The Gibbs free energy and Hawking temperature in six
dimensions are as following,

G=- , 68
20 (r> + 12a) (%)
4w Pr* + (—288@%w2 +3) r? + 6o
T = ( ) (69)
4r (r2 + 12a) 7
In seven dimensions, the corresponding quantities are,
2 (Prr® + (1927207 4 120P7a — ) 4 + o (76807202 + ) 2 — 900a? )
G=— , (70)
307 (r? + 24a)
4 Pré 4+ (=5127%02 4 5) r? + 30a 1)

5 (r2 + 24oe) rm

Page phase transition. Finally, we plot 7T—® diagram in
Fig. l4c, and as the electric potential @ increases, the
Hawking—Page transition temperature decreases. But when
the electric potential is large enough, the Hawking—Page tran-
sition temperature will become negative, which makes that
the electric potential needs to be constrained. Using a vari-
able substitution, 8 = Ja P, this range can be given more
easily by calculating the zero Hawking—Page transition tem-

We have plotted the G—T diagrams in six and seven dimen-
sional spacetime in Fig. 15a, e. Obviously, in the case of
higher dimensions (with d > 5), there is no first-order
large/small black hole phase transition in the system (see
detailin[71].), only a Hawking—Page phase transition. Corre-
sponding to the P—T diagram in Fig. 15b, f, the critical point
of a first-order large/small black hole phase transition exist-
ing in the five-dimensional spacetime disappears. In this case,
the Hawking—Page phase transition always exists at arbitrary
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Fig. 15 a, e G-T diagram of a six- and seven-dimensional spheri-
cally symmetric charged Gauss—Bonnet AdS black hole (with @ = 1,
o = 0.01, P = 0.01). The system has a Hawking—Page phase tran-
sition from hot AdS vacuum phase to a large black hole phase. b, f
P-T diagram of a six- and seven-dimensional spherically symmetric
charged Gauss—Bonnet AdS black hole (with « = 1, ® = 0.01). The

temperature and pressure. The Hawking—Page phase tran-
sition temperature increases with the increase of the pres-
sure. The effect of six - and seven-dimensional Hawking—
Page phase transition temperatures with the Gauss—Bonnet
constant and electric potential are also plotted, as shown in
the Fig. 15c, d, g, h. Both the Gauss—Bonnet constant and
the electric potential reduce the Hawking—Page transition
temperature. For any Gauss—Bonnet constant, the Hawking—
Page phase transition is always present, which means that the
Gauss—Bonnet constant does not affect the existence of the
Hawking—Page phase transition, only its temperature. How-
ever, when the electric potential is increased, the Hawking—
Page temperature may become less than zero, which is
physically unreasonable. Therefore, we need to put a cer-
tain constraint on the electric potential to ensure that the
Hawking—Page transition temperature is always physical.
Similar to the five-dimensional case, using variable substitu-
tion, B = +/a P, and calculate the zero Hawking—Page tran-
sition temperature, we give the range of the electric poten-
tials required for a spherically symmetric charged Gauss—
Bonnet AdS black hole to undergo a Hawking—Page phase
transition in six and seven dimensions, (In fact, following the
same procedure, the constraints of the electric potential on
the occurrence of a Hawking—Page phase transitionsind > 5

@ Springer

Hawking—Page phase transition always exists for arbitrary temperature
and pressure. ¢, g T —o diagram (with P = 0.01, & = 0.01). With the
increase of the Gauss—Bonnet constant, the Hawking—Page transition
temperature decreases. d, h 7—® diagram (with o = 1, P = 0.02).
With the increase of the electric potential, the Hawking—Page transition
temperature decreases

dimensions can be analytically obtained, but the results are
too complicated to be shown here.) i.e.

303/4\/4ﬁﬁ«/30 + 192827 — 5
< 5

12073/4,/488.y/7 — /30

0<®

in six dimension, (72)
5]/423/4\/16ﬂﬁ«/10 + 640827 — 15
0<®< )
3273/4,/ —=34/10 + 80/
in seven dimension. (73)

Finally, we show the P-T diagrams of the spherically
symmetric charged Gauss—Bonnet AdS black holes in dif-
ferent dimensions in Fig. 16a. With the increase of the
dimensions, the Hawking—Page phase transition temperature
increases gradually under the same pressure. In addition, the
relation between the dimensions and the maximum electric
potential of the Hawking—Page phase transition is also plot-
ted in Fig. 16b. As the dimensions increases, so does the
maximum potential.
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Fig. 16 a P-T diagram in different dimensions (@ = 1, ® = 0.01). b The relationship between dimensionality and maximum potential of
Hawking—Page phase transition

Appendix B: The quantities at the critical point of the In D = 6 dimensions
reentrant Hawking—Page phase transition for the Gauss—

Bonnet charged hyperbolic AdS black holes in diverse re =
dimensions V6a\/5760272+4/331776 07 14 14224077+ 1743
In this Appendix, we list the quantities at the critical point of V96D 241 s
the reentrant Hawking—Page phase transition for the Gauss— (78)
Bonnet charged hyperbolic AdS black holes in diverse 5 (96 272 4+ 1)2
dimensions. One can see some numerical results about the Pe = 9% o T ’ (79)
critical point of the reentrant Hawking—Page phase transition
in diverse dimensions.
In D =5 dimensions
23 /ay/3840272 + 24/36864% % + 640022 + 3 + 3 .
re = ,
‘ V2560772 + 3
2560272 + 3)°
Fe= (%T) )
3/2
T, = /3 (1920272 4 /368640474 + 6409272 43 + 1) (2569272 + 3 )
X (12nﬁ\/384d>2n2 + 2136864474 + 640272 + 3 + 3
-1
x (1920272 — /368640474 + 640D272 + 3 + 3)> , (76)
Pore  448@%7w2 43 4 34/36864d% 7% + 6400272 + 3 an

T, 7680272 + 4/368640%7% + 6400272 + 3 + 4
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3/2
7. = V6 (576q>2n2 £ 14331776047 + 4224072 + 17) (96(1)2712 + 1)

x (3nﬁ\/ 576272 + /331776044 + 42249272 417 + 3

-1
x (—/331776 0474 + 42249272 4 17 + 576072 + 9)) , (80)
Pere 134409272 + 50 4 30+/33177694x% + 42240272 4 17 -
Te 184320272 + 324/3317760% 7% + 42240272 + 17+ 32
In D =7 dimensions
27/100v/ 7680272 + 24/ 147456374 + 1536272 + 6 + 3 )
re = ,
‘ 5120272 + 5
(5120272 +5)°
P=P=""_ """ 83
e 64007 (83)
V10 (384¢2n2 + V1474560777 + 1536272 + 6) (5120272 +5)*
T, = —
x (40nﬁ\/ 768272 + 2/147456 0474 + 1536272 + 6 + 3
-1
x (—3840%72 + /1474560474 + 1536272 + 6 — 6)) , (84)
Pere 26880777 + 6+ 9147456 0% 1% + 15360272 4 6 85)
T~ 30720272 + 8/1474560%7% + 15360272 + 6
In D = 8 dimensions
V30/ay/9609272 + /92160004 7% + 83200272 + 33 + 3 )
re = ,
‘ V3200272 + 3
7 (3200272 + 3)° -
‘T 1920am ’
V30 (9600272 — 1+ v/021600877% + 83209777 433 ) (320077 + 3)
T, =
x (3Onﬁ\/ 960d272 + /92160047 + 83200272 + 33 + 3
-1
x (/921600044 + 8320272 + 33 + 960D 2 + 15)) , (88)
Pere  —627200%7% — 84 — 84/9216000%7% + 83200272 + 33 )

Te  61440d272 + 644/92160007 77 + 83200272 + 33 — 64
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Table 1 When R . R . R .
@ =1,® =0.01, the quantities Dimension (d) Five Six Seven Eight Nine
at the critical point of the Critical radius (r.) 515719776 670568504 821714300  9.71728910  11.21384121
reentrant Hawking—Page phase .
transition in diverse dimensions Critical pressure (P,) 0.03507977 0.01986906 0.01507426 0.01275941 0.01140352
Critical temperature (7;) 0.24453459 0.13073274 0.09290687 0.07391669 0.06245580
Universal ratio (£ 073982707  1.01914544  1.33324172  1.67738748  2.04748352
In D = 9 dimensions
2321 /ay/ 11520272 4 24/3317760% % + 26880272 + 11 + 3 ©0)
Te = ,
‘ V7680272 +7
(768272 +7) o
T 168007
V2T (5760272 + V331776047 + 26880272 + 11 — 1) (7680272 +7)?
T. =
X (8471\/5\/1 1529272 + 2\/331776d>4714 +2688P272 + 1143
—1
x (5760272 — 3317764+ + 2688272 + 11 + 9)) , (92)
Pere  1344®%72 4 34/331776 %% + 26880272 + 11 + 1 ©3)

Te 11529272 — 2 4 24/3317760%7% + 26880272 + 11

To have a quantitative picture for the quantities at the crit-
ical point, one can see the following table.

Whena = 1, ® = 0.01, the quantities at the critical point
of the reentrant Hawking—Page phase transition in diverse
dimensions (Table 1).
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