Physics Letters B 819 (2021) 136429

Contents lists available at ScienceDirect

PHYSICS LETTERS B

Physics Letters B

www.elsevier.com/locate/physletb

Bounds on GUP parameters from GW150914 and GW190521 n

Check for
updates

Ashmita Das?, Saurya DasP, Noor R. Mansour €, Elias C. Vagenas “*

@ Department of Physics, Indian Institute of Technology Madras, Chennai 600036, India

b Theoretical Physics Group and Quantum Alberta, Department of Physics and Astronomy, University of Lethbridge, 4401 University Drive, Lethbridge, Alberta
T1K 3M4, Canada

¢ Theoretical Physics Group, Department of Physics, Kuwait University, P.O. Box 5969, Safat 13060, Kuwait

ARTICLE INFO ABSTRACT

Article history: We compute bounds on the GUP parameters for two versions of GUP using gravitational wave data from
Received 15 January 2021 the events GW150914 and GW190521. The speed of the graviton and photon are calculated in a curved
Received in revised form 18 May 2021 spacetime modified by GUP, assuming that these particles have a small mass. The observational bound

Accepted 2 June 2021
Available online 4 June 2021
Editor: B. Grinstein

on the difference in their speeds translates to bounds on the GUP parameters. These bounds are some of
the best obtained so far in the context of quantum gravity phenomenology.

© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

One of the substantial and challenging tasks in theoretical physics is to construct a consistent theory of quantum gravity (QG). In this
search, one of the promising candidates is string theory [1,2] which postulates a unified quantum description for all the fundamental
interactions, where consequently, the quantum description of gravity and all the other basic interactions emerges at an appropriate limit.
On the other hand, Loop Quantum Gravity [3,4] and Causal Dynamical Triangulations [5] (also see the references therein) dictate a direct
quantization mechanism of gravity, playing no role in the unification of fundamental forces. Furthermore, there are schemes which have
originated from the above mentioned fundamental theories, in order to exclusively study the Planck scale effects in these fundamental
theories. Such schemes are the theory of modified dispersion relation (MDR) [6,7], polymer quantization [8-10], and doubly special
relativity (DSR) theories [6,7,11-13].

Therefore, we have some promising theories of QG and at the same time we must be ascertained with the observational signatures of
QG. It is worth to be mentioned that several laboratory-based experiments have been proposed in order to search for the QG signatures
[14-16]. However, there has not been any experimental or observational support for any theory of QG so far. Thus, it is important to
explore potential signatures of these theories in the light of current or future experiments. This has been the subject of study of Quantum
Gravity Phenomenology [17,18].

The theories of QG predict the existence of a minimum measurable length scale O(¢p;) [19-21], which constrains the measuring
device from probing an arbitrarily small length scale. This in turn implies the modification of the Heisenberg Uncertainty Principle (HUP)
to the Generalized Uncertainty Principle (GUP), which has played an important role in the development of QG phenomenology [22-25]. Its
implications have been explored in the context of Hawking radiation from a black hole (BH) spacetime [26-28], BH thermodynamics [29-
31], Friedman-Robertson-Walker (FRW) cosmology, FRW thermodynamics [32,33], condensed matter systems [34], neutrino oscillations
[35], other quantum mechanical systems [36] etc. GUP also gives rise to a modified energy momentum dispersion relation E(p) which has
potential observational consequences, as shown by a number of authors [7,37-42].

In case of the theories with MDR, the authors in Refs. [43-45] have shown that this results in the difference between the speed of
gravitational waves (GW) and electromagnetic waves from the same astrophysical event. This is compatible with data from the GW event
GW150914, as reported by the Laser Interferometer Gravitational-Wave Observatory (LIGO) Scientific and Virgo Collaborations [46,47].
Ref. [44] also reported an observationally compatible version of MDR. These potential departures from the standard dispersion relation
show that it is important to pursue the search for the QG signatures in GW data, which may shed light on QG theories.

* Corresponding author.
E-mail addresses: ashmita.phy@gmail.com (A. Das), saurya.das@uleth.ca (S. Das), noor.mansour@grad.ku.edu.kw (N.R. Mansour), elias.vagenas@ku.edu.kw (E.C. Vagenas).

https://doi.org/10.1016/j.physletb.2021.136429
0370-2693/© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by
SCOAP3.


https://doi.org/10.1016/j.physletb.2021.136429
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2021.136429&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:ashmita.phy@gmail.com
mailto:saurya.das@uleth.ca
mailto:noor.mansour@grad.ku.edu.kw
mailto:elias.vagenas@ku.edu.kw
https://doi.org/10.1016/j.physletb.2021.136429
http://creativecommons.org/licenses/by/4.0/

A. Das, S. Das, N.R. Mansour et al. Physics Letters B 819 (2021) 136429

Returning to the issue of GUP, we mention that the authors in Refs. [48,49] have constrained the parametric space of several GUPs and
obtained the upper bounds on the corresponding GUP parameters (defined in Section 2). In particular, in Ref. [48] the observational data
of GW150914 were used while in Ref. [49] the observational data of GW170814 were used. Both groups have followed a similar approach
to constrain the GUP parameters by calculating the difference between the speed of GWs, i.e., gravitons, and that of the light waves, i.e.,
photons.

In the aforementioned papers there are two limitations. The first limitation is due to the fact that the photon speed is considered
unmodified (constant). However, the speed of the photon can be modified due to QG effects when it has a small mass. The second lim-
itation of the aforementioned papers is that their analysis was done in flat spacetimes, although the GWs from the events GW150914
and GW170814 originated in a spacetime region of high curvature, from the merging of the two stellar mass BHs [46,47,50]. Although
spacetime is almost flat at the site of the detectors and, hence, their results, e.g. those of Refs. [48,49], should be valid at least approxi-
mately. Strictly speaking, the analysis should be carried out in a curved background spacetime, if at least to simply establish the limits of
validity of the earlier results. Moreover, curvature effects may indeed be important for future events (those from regions of even higher
curvatures) and for future detectors, with even higher accuracies.

Motivated by the above, in the present manuscript, we consider a curved spacetime, reasonably approximated by the Schwarzschild
black hole metric at large distances, and obtain the modifications in the velocity! of the gravitons and photons due to the GUP effects. We
focus on two specific GUPs. The first, proposed by Kempf et al. in Ref. [21], while the second form is proposed in Refs. [51-55], known as
the LQGUP since in this version there are both linear and quadratic terms in momentum.

The remainder of this paper is organized as follows. In Section 2, we briefly describe the two GUP models. In Section 3 we calculate
the difference in the speed of gravitons and photons in the Schwarzschild background without GUP effects where the effect of the curved
background is expressed through the metric element ggo(r) of the Schwarzschild black hole spacetime. In the limit of r — oo, our result
reproduces the one for flat spacetime, as expected. Moreover, utilizing the data from GW150914, we get the upper bound for the difference
in the speed of the gravitons and photons. This upper bound will be the reference point in the next sections in which the QG effects will
be taken into consideration. In Section 4, we obtain the difference in the speed of gravitons and photons in a Schwarzschild black hole
background including the GUP effects, which are expressed through the terms involving the dimensionless GUP parameter By (defined in
Section 2). Utilizing the data from GW150914, we bound the difference in speeds and, thus, we get an upper bound for Bp. In addition,
we consider the case in which the photon speed is GUP-modified as is the graviton speed. In this case, in order to get an upper bound,
we use the data from GW190521 [56], since for this GW event, we have apart from the data from LIGO Scientific and Virgo Collaborations,
its electromagnetic counterpart from the data of the Zwicky Transient Facility (ZTF) [57]. In Section 5, we follow exactly the same analysis
with that in Section 4, but for the case of the LQGUP version and, thus, we obtain the upper bound on the dimensionless LQGUP parameter
oo (defined in Section 2) which is the lowest in the literature. In Section 6, we conclude and present our results. Finally, we provide three
appendices in which we have reconsidered all the previous three sections, namely 3-5, when the very speculative case of massive photons
and gravitons is included without using the small mass approximation.

2. Brief description of GUP models

In this section firstly, we focus on the GUP model as proposed by Kempf et al. [21], which consists of the following commutator and
the corresponding resulting GUP

[x p]=ih(1+ pp?) (1a)
h 2
AxAp > 3 1+ B(Ap) (1b)
where (X, p) are the 3-position and 3-momentum operators and Ax and Ap are their uncertainties, respectively. The parameter 8 is given
2
as B = ﬁ‘;ﬁ”’ = M‘g"cz > 0 and is independent of Ax, Ap while By is the dimensionless GUP parameter. In the above, Mp; is the Planck
Pl

mass, such that Mp;c? ~ 10'® TeV. As is well known, Egs. (1a) and (1b) imply a minimum position uncertainty: Axg = /B = +/Bo Lp1.
Secondly, we consider the generalization proposed in Refs. [51-55], where the GUP modified position and momentum obeys the
following commutation relation,

[xi, pjl= ih|:5ij— a(P 8ij + %) +o? (pz 8ij +3Pipj>]- (2)

In the above, i, j=1,2,3, p* = Z?:l pjpj, and a = ag/Mpic = aplp;/h. In this case, o is a dimensionless parameter which will hence-
forth be referred to as the LQGUP parameter. We are motivated to work with the present LQGUP model due to the following reasons.
First, it can be shown that Eq. (2) is consistent with DSR theories. Second, this LQGUP model can be proposed from a purely phenomeno-
logical point of view. Third, generally, one could have a nonlinear model of GUP with all the powers of GUP parameters which supports
the inclusion of linear term along with the quadratic one. Finally, it has also been shown that the LQGUP model can be viewed as an
“effective theory” from a fully Lorentz covariant theory as described in Ref. [58]. This LQGUP model gives rise to the following modified
position-momentum uncertainty relation

Ax A >ﬁ 1-2 2 (p?
P> o (p) +4o” (p7)

1 In this work, we use the terms “velocity” and “speed” interchangeably.
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h o
> —[1+<—+4a2> Ap? +4a? (p)? — 2 <p2)]. (3)
2 (p?)

The modified commutation relation, namely Eq. (2), and the modified uncertainty principle, namely Eq. (3), imply a minimum measurable
length and a maximum measurable momentum of the form

Mpjc
AX Z (AX)min ~ oo lp, Ap < (ApP)max ~ .

(4)

Note that for both GUPs under consideration, one assumes [p;, pj]l = [xi, xj] = 0. The dimensionless GUP parameters By and o are
sometimes assumed to be O(1).? However, in this work, we will not make this assumption a priori. We keep them arbitrary, examine the
consequences, and let experiments and observations decide on their values. We note however, that the above parameters give rise to the
length scales «g £p; and /Bo £p;. Assuming that the length scales are no smaller than the Planck length ¢, ~ 10735 m (as the physics
beyond that scale is completely unknown) and do not exceed the electroweak scale, which is about 10~'® m, one gets a set of natural
bounds 1 < o < 10'7 and 1 < By < 10%4. The work of various authors, e.g. Ref. [36], and their exploration of low energy effects on GUP
set stricter bounds on the parameters, and lend further credence to the possible existence of an intermediate scale between the Planck
and electroweak scales.

3. Speed of graviton and photon in the Schwarzschild background

As mentioned in the introduction, we model a generic curved spacetime at large distances from the source by a 4-dimensional
Schwarzschild metric

1

2, 2362
f(r)dr +redQ (5)

ds® = —f(r)czdt2 +

where f(r) = (1 - ZCGT’:') and d2? = r2do? + 12 sin%0 d¢2. We write the squared 4-momentum of a particle of mass m in the aforesaid

background as

pup* = 2oo(p°)* + gijp'p’ (6)
N o’
pZ
The standard dispersion relation dictates that p, p# = —m?c? and, therefore, the above equation becomes
1
P"?= — (— p? - mzcz) : (7)
goo
As usual, one defines the energy of a particle in this background using the timelike Killing vector field & in the Schwarzschild background
E
—=—&p"=—gat'p’ (8)

where £% = (1,0, 0, 0) is the timelike Killing vector. Therefore, from Eq. (8) we get

E= —goocp®. 9)

We now specify the particle as graviton with its rest mass and energy to be m =mg and E = Eg, respectively. From Eq. (7), we get the
energy of the graviton to be

2.2 2 4\1/2
Eg = /= oo (p*c* + michH)/2. (10)
It may be noted that extreme cosmic phenomena cause the fluctuations in spacetime, which in turn produce gravitons. These can then

propagate as a GW and hit the GW detectors such as the LIGO and Virgo detectors. The speed of gravitons can be calculated by using the
group velocity of the wave front

1 0Eg
Vg = ryel (11)
~/—8oo 9p
Using Eq. (10), we obtain
ve=c|1 m;c® 1 26M 1" (12)
g Eé rc2 :
Expanding the term within the square brackets in Eq. (12) yields
v — o4 mgc? L 26GMY 1 mgc® L AGMY e (a3
£ 2E% rc2 8 E4 rc2 ’

2 Recently, in Ref. [59] and utilizing the GUP version, a numerical value of the dimensionless GUP parameter, namely 8o, was obtained, namely 827 /5. Furthermore, in
Ref. [60] and utilizing the LQGUP version, the dimensionless GUP parameter, namely «g, was shown to be proportional to powers of the dimensionless ratio (Mp;/M).

3
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Since ¢p; = /Gh/c3 implies that O(G2) ~ O(Z‘I‘,l), one can neglect these higher order terms in the above equation. At this point a number
of comments are in order. First, it is evident that Avg =vg —c # 0 only when the gravitons are massive, i.e., mg # 0. Second, by the
same token, the speed of light remains intact as long as the photon is considered massless. Third, in Refs. [46,47] the signal of the event
GW 150914 is peaked at v =150 Hz, which leads to the maximum energy of gravitons to be Eg =hv ~ 6.21 x 10713 eV. In addition, we
know that if the dispersion relation for the GW is modified, the upper bound on the Compton wavelength is constrained to be 1, > 1016
m and, thus, one obtains an upper bound for the mass of gravitons to be mg < 1.24 x 10722 eV/c? [61].3 With these values, the term n;%;
g

2.5 2.5
in Eq. (13) becomes % =5.98 x 10~'2 m/sec [48]. Therefore, one can neglect terms of higher order in % and the speed of graviton
g g

from Eq. (13) is

vg=rc|1 méc“ 1 26M (14)
£ 2E} re2 )|

We estimate the factor % ~ 0.144 x 10712 by using the data from the event GW150914 as detected by LIGO Scientific and VIRGO
Collaborations, where the mass and the luminosity distance of the BH are recorded to be M = 62M® and r = 410 Mpc, respectively
[46,47]. Therefore, one can practically neglect the curvature effect of the spacetime and obtain the difference between the speed of
graviton and photon as follows

2.5
mgc

Avg=Cc—Vg = —5
2E;

(15)
which agrees with the bound obtained in Ref. [48] in which a flat spacetime was considered. Finally, utilizing the bound on the graviton
mass, one gets the bound on the difference between the graviton and photon as

Avg <5.98 x 1072 m/sec . (16)

At this point, it is noteworthy that in our present work, we obtain the bounds on the GUP parameters by utilizing the data from the
events GW150914 and GW190521 as detected by LIGO Scientific and VIRGO Collaborations. The detected gravitational waves of these GW
events are produced from the merging of rotating binary black holes. For instance, in the event GW150914 the final spin as = GC—IJIZ of the
BH has been detected as ~ 0.7, while the luminosity distance of the BH is r =410 Mpc and | depicts the final angular momentum of the

BH. The parameter a which appears in the Kerr metric is defined to be a = Mic and, thus, one obtains a5 = gz—,j which in turn produces
¢ — &}l & Using as =0.7, r =410 Mpc, we get a/r < 1. Now we write the Kerr metric in Kerr-Schild cartesian coordinates [63]

ds> = —dt® + dx* + dy?* +dz* + (17)

Mr3 r(xdx+ ydy)  a(ydx — xdy) 2 2
4+ a2z? a2+ r? a2+ r2 r '

Following the above analysis, it is completely reasonable to implement a/r < 1 in Eq. (17) and employing the advanced Eddington-
Finkelstein (EF) coordinates, one obtains Eq. (17) as the Schwarzschild metric in EF coordinates.* Therefore, it is legitimate to work with
the Schwarzschild spacetime instead of the Kerr spacetime in order to explore the phenomenology involved in our present work.

4. Bound on the GUP parameter from GW150914

In this section, we will study the modifications in the difference between the speed of graviton and photon, i.e., Avg, in Schwarzschild
spacetime while incorporating the GUP defined by Egs. (1a) and (1b). For this reason, the following variables are defined

Xi = Xoi , Po=ko (18a)

pi=ki(1+ Bk?) (18b)

where x and p are the physical position and momenta, while xg and k are auxiliary “canonical variables”, such that [xo;, k] = ifi §;;. Next,
we expand the squared 4-momentum, using Eq. (18b) as follows

PaP® = goo(p°)? + p?

= 8oo(p")? + K*[1 +2B8K* + O(B)]. (19)

It is easily seen that the last term is of O(E;‘,l) and, thus, it can be ignored compared to the linear term in 8. In addition, the physical 4-
momentum does not satisfy the standard dispersion relation, namely p, p* % —m?c?, while the non-GUP-modified 4-momentum satisfies
the standard dispersion relation, namely kyk* = —mécz. Therefore, employing the above equation, one ends up with

3 In different contexts, one can propose even smaller bounds on the graviton mass, e.g. mg < 10732 ev/c? [62].

4 Note that as similar to the term a/r = (GM/rc?)as, the term (2GM)/rc? (which appears in the Schwarzschild metric), is also << 1. However it can be shown that
a/r = (GM/rc?)ag is more suppressed than (2GM)/rc2, which justifies neglecting a/r in comparison with (2GM)/rc?. Thus, (2GM)/rc? becomes the leading contributing
factor from the curvature of spacetime no matter how tiny is the contribution. Therefore, in the context of this work, where our prime motivation is to work in the
background of curved spacetime, we keep this term in our analysis despite of its tiny contribution in the bound of the GUP parameters, and ignore the a/r term.



A. Das, S. Das, N.R. Mansour et al. Physics Letters B 819 (2021) 136429

go0(p®)? = —m3c® — p* +28k%K* . (20)
Now one can take the inverse transformation of Eq. (18b) and write k as a function of p in the form
kK =p*(1-26p%. (1)

Next we substitute Eq. (21) into Eq. (20) and we expand in terms of the GUP parameter. Then, due to the smallness of the QG corrections,
we ignore the higher order terms in 8, and, thus, we get

-1
(%)%= Q[mgcz + p*(1-28 p2>] . (22)
£oo
Employing Eq. (9), the energy of the graviton becomes of the form
1/2
Eg = V=800 [méc“ + p*c® (1-28 p%] : (23)
The above equation now implies the following GUP-modified group velocity of the graviton
—-1/2
Vg = 1 9B _ [mgc“ + p?ct(1-28 pz)] / [pc2 (1-28p% —28 ppzcz] . (24)
~/—&oo 9p

Recalling the graviton mass bound mg <1.24 x 10722eV/c?, we neglect the graviton mass term in comparison with the remaining terms
in Eq. (24) and obtain

Vg=c(1-38p%. (25)

At this point, we need to express the speed of the graviton, i.e.,, Vg, in terms of Eg, thus we implement the iteration method. First, we get

. 1/2
the zeroth order solution for p by setting 8 =0 in Eq. (23) which leads to p = [(7;;@ - m§c2:| . Then, substituting the zeroth order
solution in Eq. (23), employing goo= — (1 — %) and adopting the small mg approximation,” we finally obtain p as a function of Eg4.5

So, the speed of the graviton will read

3BEZ 26M\ !
Ve=rc|1— £(1- =
=i (-5F) ]

2
c|:1 P (1+ 262”)} (26)
C rc

where we have neglected higher order terms O(G?) ~ O(Z‘,‘,I).
Therefore, for the GUP under consideration, the difference between the speed of the graviton and photon, i.e., AV, is given by

3B E; 2GM
AVg=c— Vg= (1 : 27
£ & c ( + rc2 ) (27)
In Section 2, we derived a bound (see Eq. (16)) for the difference in the speed of photon and graviton, which yields
AVvg = 3pE° 1+ZGM < Av
£ 7 ¢ re2 )-8
Avg M3, c3 2GM
= < — 28
Po = 3E ( rc? ) (28)

At this point, we note a number of comments. First, following the discussion below Eq. (14), we state that the contribution from flat
spacetime dominates over that coming from the curvature effect of the spacetime. This indicates that with respect to the current observa-
tional data the upper bound on Sy in the curved spacetime, is left unmodified from that of the flat spacetime result [48]. Second, taking

2
oy as expected [48]. Third, for the event GW150914,

M3 3’
we take the final black hole mass to be M =62M@® and the luminosity distance to be r =410 Mpc. Substituting the aforesaid values in
Eq. (28) and using the upper bound from Eq. (16), i.e. Avg =5.98 x 10~ 12m/sec, we obtain

the r — oo limit in Eq. (27), one reproduces the flat space result, i.e, Avg =

Bo <2.56 x 1090 . (29)

It should be noted that this bound is in agreement with the corresponding one obtained in Ref. [48]. In addition, it is one of lowest bounds
among those obtained from observations in the sky [49,64] and expected to improve significantly over time with increasing accuracies of
GW observations.

5 A full analysis, with no small mg approximation, is given in Appendix B.
6 For a more detailed derivation see Appendix B.
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4.1. Avg with the GUP-modified speed of photon and GW190521

One now considers the case in which the velocity of the photon is also GUP-modified similar to the velocity of the graviton. Therefore,
adopting the previous analysis for the velocity of the graviton with the small mass approximation, the velocity of the photon takes the
form (see Eq. (26))

2
b= e (1+23)] (30)

rc2

where v, is the GUP-modified velocity of the photon and E, is the energy of the photon. Hence, the difference in the speeds, i.e., Avg,
reads now
- - - 38 2GM
Avg=|vy—vg|=—’(E§—Ef,)’ <1+—2>. (31)
o rc
At this point, it should be stressed that since the speed of the photon may vary due to the curvature and QG effects, the speed of the
graviton may become larger than the modified speed of photon. Therefore, from now on, we will take the absolute value of the difference

between the speed of the graviton and the speed of the photon in order to define the quantity Av. Finally, employing the bound on the
graviton mass in Eq. (31), we obtain a bound on the GUP parameter Sy

Bo =

Avg M2 3 2GM
g pl < _ ) (32)

2
3|2\ e

A number of comments are now in order. First, in order to compute the bound given in Eq. (32), one needs to use data from a GW event
for which the GW signal and its EM counterpart have both been detected. Until now, the only such GW event is the GW190521, a result
from the merger of two black holes [56]. Second, for the event GW190521, we take the final black hole mass to be M =142 MQ® and the
luminosity distance to be r = 5.3 Gpc. Thus, one can estimate the factor % to be approximately equal to 0.025 x 10712 and neglect
the curvature effect of the spacetime while determining the upper bound on By from the Eq. (32). In addition, the detected graviton
frequency has now a peak at 60 Hz and, thus, the energy of the graviton is Eg = 2.48 x 10~13 eV. Therefore for the previously mentioned
upper bound on the graviton mass, namely 1.24 x 10722 eV/c?, the difference between the speed of the photon and graviton becomes:
Avg=cCc—Vvg = % <3.75 x 10711 m/sec. Fourth, the EM counterpart of GW190521 was detected by the ZTF [57]. In particular, the
ZTF “sees” two frequency bands and specifically for the GW190521, in the g-band the observed wavelength is 1,z = 4686 x 10710 m
while in the r-band the observed wavelength is 1, = 6166 x 1010 m. Therefore, the energies corresponding to these observed photon
wavelengths are E, g =2.65 eV and E, = 2.01 eV. Finally, substituting the above numerical values in Eq. (32), the upper bounds on the

GUP parameter using the data for the r- and g-band read, respectively,

o < Avg M2 3 ( 2GM

3[(E-EI e
. Avg M2 3 < _2GM
" 3[(Ez —Eyg)|

) = 1.54 x 10%® (33)

B ) = 8.83 x 10> (34)

rc2

where we have used the upper bound, obtained above, i.e. Avg =3.75 x 10~ m/sec.

The reader may note that in obtaining By as in the above equations, Eg has negligible role in comparison to E,, as E, > Eg. This
leads us to make a comment that the significant reduction in the upper bounds of By (see Eqs. (33) and (34)), are solely due to the
modifications emerging from the EM counterpart of the GW.

5. Bound on the LQGUP parameter from GW150914

In this section, we will study the modifications in the difference between the speed of graviton and photon, i.e., Avg, in Schwarzschild
spacetime while incorporating the LQGUP version. We define the physical position and momenta in terms of the canonical auxiliary
variables as follows

Xi = Xoi, po=ko (35a)

pi=ki(1—ak+ 20%k?). (35b)

We follow a procedure similar to Section 3 and allow terms up to the quadratic order of the parameter «, as well as of the LQGUP
parameter «g. Employing the expression for the GUP-modified squared 4-momentum and substituting Eq. (35b), we obtain

800 (p%)% = —mic? — p* — 20ki® + 502 K2k . (36)
We perform an inverse transformation of Eq. (35b) and write k as a function of p in the form

k2 = p>(1+ 20k —a®k?) . (37)
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Solving the above quadratic equation, we get

1/2
ap? £ [2a2p2p2 + pz]

k= Aralp? (38)
which upon simplifying yields

k=ap’+p. (39)
The above, substituted in Eq. (36), gives

(%)%= i[ —mj¢® — p* F 2a pp* — o’ pzpz] : (40)

Following the analysis in Section 3, we obtain the energy of the graviton to be

1/2
Eg = V=800 [m§c4 +p’® (1l +a p)z} (41)

which is the modified dispersion relation for the LQGUP under consideration. At this point, we follow the analysis as similar to Section 3
for the iteration method (see below Eq. (25)), and the group velocity of the graviton becomes’

PR LT P (42)
&€ /=80 0p c re2 ) |°

Let us now consider separately the two cases in Eq. (42)
Casel: v =c [1 + %(1 + %)] 43)
Case2: 9= c[l - %(H%"j)] (44)

Eq. (43) gives the speed of the graviton to be greater than ¢ which is the speed of photon in vacuum. We ignore such superluminal
propagation and, thus, we proceed with Case 2 associated with a subluminal graviton.
For this case, the difference between the speed of the graviton and the speed of the photon is now of the form

- y GM
AVg=|C—Vg|=20E; (1+— ). 45
g = |c— gl g( +rcz) (45)

As in Section 3, the difference in the speed of graviton and photon is bounded from above by Avg, and this sets a bound on the LQGUP
parameters as follows

Avg( GM)l
o< —(1+

T 2Eg rc?
Avg M GM
ap = M (- 22 (46)
2Eg rc2

where we have neglected terms of O(E‘,‘,l). Finally, if we use the data set from the event GW150914 [46,47], as we did in Section 3, we
obtain an upper bound on the LQGUP parameter
oo <1.96 x 1020 . (47)

At this point a couple of comments are in order. First, similar to the earlier cases, the contribution from the curvature of spacetime has no
role in obtaining the bound on o and, thus, the upper bound on «g turns out to be unmodified from that of the flat spacetime results,
as obtained in Refs. [48,49]. Second, it is expected that this bound on g will improve significantly over time with increasing accuracies
of GW observations.

5.1. Avg with the LQGUP-modified speed of photon and GW190521

As in Subsection 4.1, we now consider the case that the velocity of the photon is also LQGUP-modified similar to the velocity of the
graviton. Therefore, adopting the previous analysis for the velocity of the graviton with small mass approximation (see Eq. (42)), we get

7y =c [1 + zacEV (1 + GM)] . (48)

rc2

We now explore all possible cases of v, and V.

7 A full analysis, with no small mg approximation, is given in Appendix C.
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Case 1: \7?) =c [1 + ZaCEg (1 + %)]
7= c [1 + 2k (1 + %)] . (49)

Since the above equation gives the speed of the graviton to be greater than c, i.e., it is superluminal, we drop this case from future
considerations and proceed to the remaining Cases.

. 52 _ [ 20E GM
Case 2 : Vg =c|1+ Cg<1+m—2>]
-2 [ 2aE
vg,):c 1——acy<1+%>] (50)
As in Case 1, Case 2 also introduces a superluminal and hence unphysical graviton. Thus, we drop Case 2 as well.
. ~(3 [ 20 E GM
Case 3 : vfg):cl— Cg<1+rc—2>]
-3 [ 2eE
7P =cl1+ %(H%)]. (51)
In this case, the GUP-modified speed of photon is greater than c, i.e., it is superluminal, thus we drop this case from future considerations.
. ~(4 20 E M
Case 4 : v(g)zc[l—Tg(l—i-fc—z)]
W [1 - i(l 4 ﬂ)] . (52)
The above equations give us a difference between the speed of the graviton and photon of the form
GM
~(4
AT =20 |[Eg - Ey ]| <1+F> (53)

which leads to the bound on the LQGUP parameter of the form
Avg MpiC GM
o < gil"( _ _2> .
2 |(Eg — Ey)| re

Finally, we utilize the data for the event GW190521 as given by LIGO Scientific and Virgo Collaborations [56] and by ZTF [57]. Using the
data for the r- and g- bands, we obtain the upper bound on the LQGUP parameter, respectively, as follows

(54)

Avg Mpic GM 3
—_— —— ] =379x%x10 55
"= 2 [(Eg = Eyr)| < rc2> ) .
and
g < _ AvgMpic (1 — @> =2.88 x 108 (56)
2 |(Eg — Eyg)| re?

where we use the upper bound Avg =3.75x 1011 m/sec. It should be noted that also here the curvature of the spacetime has practically
no role in obtaining the upper bound on «g. Furthermore, we emphasize that in obtaining «o as in the above equations, E;, dominates
over Eg, as Ey, > Eg. This indicates that the significant reduction in the upper bounds of ag (see Egs. (55) and (56)), are solely due to the
modifications as emerging from the EM counterpart of the GW.

6. Conclusion

The existence of a minimum measurable length has been predicted by candidate theories of QG as well as from other considerations
such as from the physics of black holes. This necessitates the modification of HUP to GUP. An implication of GUP is the modification of the
standard dispersion relation and, consequently, of the speed of particles. From theoretical studies on GWs, one can bound the mass of the
graviton and, thus, the speed of the graviton. In our analysis, we consider two versions of GUP: one with a quadratic term in momentum
(GUP) and the other with linear and quadratic terms in momentum (LQGUP).

In the current work, we consider a curved spacetime background and employing GUP, we obtain upper bounds for the GUP parameters.
Using the data from GW150914, the GUP parameter is bounded as By < 2.56 x 1050 while the LQGUP parameter is bounded as o <
1.96 x 10%0. From these results, it is evident that the effects of the curved background are negligible since our results are the same
with the existing ones in the literature, which were derived for a flat background. However, one can consider the speed of the photon
to be modified as well, along with the speed of the graviton. In this case, one can use the data from GW190821, since this is the only
gravitational event between two black holes which has electromagnetic part that was detected by ZTF. So taking into consideration the
observed energies of the photons, the GUP parameter is bounded as o < 1.54 x 1036 for the r-band observed by ZTF, and By < 8.83 x 103>
for the g-band observed by ZTF. The LQGUP parameter is bounded as ag < 3.79 x 108 for the r-band observed by ZTF, and o < 2.88 x 108
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for the g-band observed by ZTF. These bounds are among the best compared to the ones existing in the literature, and specifically the
bounds on the dimensionless LQGUP parameter o are the tightest. Therefore, GW observations give strict bounds on the GUP parameters,’
especially when employing data from different “messenger” signals which describe the same gravitational event. This underscores the need
for more and further advanced gravitational wave detectors and, that of multimessenger observations. We note that in our analysis, we
have assumed small but non-zero masses for the graviton and photon, consistent with observational bounds on these masses.

Finally, it should be noted that recently, the LIGO Scientific and Virgo Collaborations have released their updated catalogue of GW
detections, i.e., GWTC-2, in which the bound on the mass of the graviton is even stricter and, for the first time, based on observational
data. The new upper bound on the graviton mass is mg < 1.76 x 10=23 eV/c? [67]. This bound is tighter by a factor of 10 which means
that all the bounds derived in our work can be improved by a factor of 10.
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Appendix A. Speed of photon and graviton in the Schwarzschild background with massive photon

We consider the photon with a small but non-zero mass. Then, following the analysis in Section 2 and employing Eq. (14), adapted to
the massive photon, we obtain

vy =c|1 m?,c“ 1 26M (A1)
v 2E2 rc2 '
2 4
where m,, is the mass of the photon and we have reasonably assumed Tg;; « 1. Therefore, the difference in the speed of the graviton
Y

and photon assumes the form

5 26M\ (m%  m?
Avg= S (1-220) (=2 - 1), (A2)
2 rc2 Eé E)Z,

Appendix B. Bound on GUP parameter with massive photon and graviton

One may now want to include QG effects due to the GUP version, as we did in Section 3, when the photon and graviton are both

N 12
massive. So, we get the zeroth order solution for p by setting 8§ =0 in Eq. (23) which leads to p =+ [ Fe —mzcz} and consider only

(—800)c? &

the positive root for the momentum. For our convenience, we define £; = [ﬁ — mécz} and substitute it in Eq. (23) in order to get
the momentum in the form p = p(Eg). Finally, we substitute in the (LHS) of Eq. (23) the zeroth order expression 2y1/2

and get

;;00 = (mZc*+p’e
1/2
(mgc* + p>cH)'/? = [m§c4 + & (1~ Zﬂé'g)] (B1)
which yields

PP =E;(1-2B&)
V21— BE +0OPBY).

p= 5g
Since 8 ~ Zf,l, we neglect terms of higher order of g, so Eq. (B.3) becomes p(Eg) = 6‘;/2 (1 — B &) and substituting it in Eq. (24), we get
. pc (1 -4 p?)

= 12
[méc“ 4 p2c2 — 28 p2 pzcz]

Vg =

2.2 -1/2
c(1—48p? [1 + (% - 28 p2>] . (BA4)

8 It is noteworthy that this strict bounds on the GUP parameters could be extended to the polymer quantization parameter. This is due to the fact that the polymer
quantization provides modified uncertainty relations similar to the ones of GUP [65,66].
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Now, we expand, the last term in the (RHS) of Eq. (B.4), which is in the square brackets with respect to the parameter 8 and neglecting
the terms of higher order of 8, we obtain

; —ago |1 m&c? 3m4 4 3Bmic?
Vg— C( - ﬁp ) 2p2 +,B 8p4 - 2
2.2 2.2 4.4
msc ,Bm 3m,c
g g
=c —3B8& | . B.5

We evaluate the second term in the (RHS) of Eq. (B.5)

2.2 2.2 2.2
mgc? s _ mgc . mgc (B.6)

26 E 20| E 20] o[E 26M 2.2
Z[Cz(_gw) —mgc 2 B (1_2GM> —mgc 2l 2\ 1+ 55 ) —myge
rc2

in which, using the data from GW190521, the terms below assume the values

2GM _ -22 2 —13
T~0025><10 mg ~ 1.24 x 107““eV/c”, Eg =249 x 10" "eV. (B.7)

4.4

2.2
So, utilizing the above numerical values the second and fourth terms in the (RHS) of Eq. (B.5) become % ~1.24x 10719 and ImgC
g

2 2
23 x 10" mg— . (B.5), the speed of the graviton reads
m2c3
(B.8)
Following exactly the same analysis for the case of the massive photon, the speed of the photon will be of the form
5 /3 m2 C3
Vy=c——X——38&c. (B.9)

At this point a number of comments are in order. First, we use the data for the event GW190521, and, specifically, for the photon energy,
we employ the numerical values given by ZTF, thus E, ¢ =2.65 eV and E,; = 2.02 eV. It is clear that these numerical values are much
higher than the energy of the graviton, i.e., Eg, and, thus, the corresponding quantity £, is larger than &£g. Second, taking the above-

. . . . .. . . mf,c2 3rn‘1‘,c4 .
mentioned comments into consideration, similar to the massive graviton, we reasonably neglect the terms 28, and —L— with respect

87
to unity.
Therefore, the difference in the speed of the graviton and photon now reads
5¢3m3, —mg) 3 2GM
Avg= Vy—ﬂg\=ﬁ[#+—<1+ )](EZ Ez)(] (B.10)
c

Therefore, as in Section 3, the difference in the speed of the graviton and photon is bounded from above by Avg as given by Eq. (A.2),
and this sets a bound on the GUP parameter as follows

5¢3(m? m2)
/3[75 +3 <1+2r§’2‘”>‘(52—55)‘] < Avg

53 my-my) | 3 26M 2 g2 B
— By < Avg M2 [f+;<1+7>‘(5g—b‘y)” . (B11)
A couple of comments are in order. First, if we had a bound for the mass of the photon in the context of GW observations, then from
Eq. (B.11) the upper bound on By can be estimated. This is because all other quantities are known for the event GW190521 by the data
given for the gravitons by the LIGO Scientific and Virgo Collaborations [56] and for the photons by ZTF [57]. Second, if the masses of
graviton and photon are taken to be zero, i.e., (m,,mg) — 0, one obtains Eq. (31) from Eq. (B.10), as expected.

Appendix C. Bound on LQGUP parameter with massive photon and graviton

One may now want to include QG effects due to LQGUP version, as we did in Section 4, when the photon and graviton are both
massive. So, we get the zeroth order solution for the momentum p of Eq. (41) without the small mass approximation for the graviton.

E2 . . . .
H# - méc2 and substitute it in Eq. (41) in order to get the momentum in the

form p = p(Eg). Then, we follow a similar analysis as in Appendix B to get

For our convenience, we use again the quantity £ = [

pP=E(1+ agy?

)? (c1)

and the speed of the graviton now reads

10
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1/2
= 1 9k 8[24 2.2 2]
Vg = — = —|myc +pcc(1Ltwap)

87 J/=gw dp apl ¢ P P

pc? + 2ac? pp? + 3ac?p?

= 7 (C2)
[m%gc‘* + p2c2(1+2ap+ a2p2)]
We now expand the denominator in the (RHS) of Eq. (C.2) and keeping terms up to O(«?), we get
-1/2 m2c2 -1/2
[m§c4 + p** (14 2ap+ otzpz)] = (pc)~! [1 + ( ;2 +20p+ o p2>] (C3)
2.2 2.2 2
1 /m5C 3 /mgc
=po M 1--(E-*20p+a®p? |+ (E-*20p+a’p’) +... (C.4)
2\rp 8\ p
m2c?  3mict 3o m3c? 302 m2c?
-1 g g g 2.2 g
= (pc 1- apt ———+ o _ C5
(p)[ 2p2+8p4¢p 2p+p+ 1 } (C5)

It is easily seen that there are two cases to be studied in Eq. (C.2), one for each sign. Therefore, we take the first case and write the
Eq. (C.2) as follows

2.2 4.4 2.2 2,22
\7g:c1—|—2a2p2—|—3ap l_mgc ~|—3m—gc—ap+w+a2pz+w (C.6)
2p? 8p? 2p 4
) mic?  3myct 5 9amget  170?mic® 3o myct .
=c|1- o . .
2p? * 8p4 Teaps 8p3 * 4 * 4p? (€7)
Now, we write the above equation in terms of £ and utilize the same analysis as the one adopted in the previous Appendix. We neglect
2.2 4 4
the terms % and 3:;; with respect to unity and so the speed of the graviton becomes
8
2.2 4.4 2,4 4 2,22
. 12 «mgc 3amyc ) " mgc®  1la”mye
vg=c|:l+2a€ + - + 207 &g + + . (C8)
g 5;/2 882/2 8&; 4
Similarly, the speed of photon becomes
2.2 4 4 2.4 4 2.2 2
oam:ic 3am},c 9a“m’,c 11la”ms.c
v, =c [1 +208)/ 4 —h- - — o+ 207, + L+ r ] (C9)
& 8¢&, 8&y 4

Therefore, the difference between the speed of graviton and photon turns out to be

2 2 5 4 4
12 (12 s(My ™M Bac> (M Mg 2
Y g v g

9a2c> (my  miN 11023
s (8—’” — g—g> +— (mf, - mé)] . (C.10)
Y g

As in Section 4, the difference in the speed of graviton and photon is bounded from above by Av, as given by Eq. (A.2), and this sets a
bound on the LQGUP parameter as follows

2 2 5 4 4
m m 30 cC m m
[Zac(g)],/z — 8;/2) +ac3< 4 & ) — —( 4 —g> + 20(26(5)/ —&g) +

|A‘7g| = |‘7V - ‘7g| =

5)1//2 5;/2 8 5}3//2 52/2
92> ymd  m? 1123
2T ) o
¥ g

It should be noted that both particles, namely graviton and photon, in this case appear to be superluminal particles. Next, we take the
second possible case of Eq. (C.2) which leads to the speed of the graviton to be of the form

- 2.2 4.4 2.2 2,22
msc 3m,C 3amse 3a“msc
Vg=c|1-3ap+2a2p?||1- =2 — & toap- —F 4 a?pt4 —E C12
e=¢| p+ p][ 2p2+8p4+p 2 ta'p't — (C12)
[ mic®  3mgct 9amgct  17a?mic®  3a® mygc
=c|1- 2p? + W—Zap— 8p? + 2 + 4p2 (C13)
Employing now p? = Eg (1— aé‘;/z)z in the above equation and proceeding as before, we obtain
- 2.2 4.4 2,44 2,22
- 12 @mgC 3ozmgc 9 9« mgC 1o mgc
Vg=c|1—-2a&/" — + + 207 & + (C14)
| g g;/Z 85§/2 8& 4
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and
2.2 4 .4 2.4 4 2.2 2
- 12 amyc Bamyc ) 9a m,c 1o my,c
vy:c[l— 2, — 172 32 + 20 &, + + (C15)
£ 8¢, 8&y 4
In this second case, the difference between the speed of graviton and photon reads
2 2 5 4 4
m m 3xc m m
S5 S 3 b4 g 1/2 1/2 14 g 2
|AT] = 3y — 74| = [ac (51/2 - 51/2> —2ue (el — el + 2% (83/2 - 53/2) T 206, — Ep) +
14 g Y g
925 (m}  mg\ 11e?c3
L E ) ——(m2-ml )| (C.16)
8 Ey Eg 4

As stated before, the difference in the speed of graviton and photon is bounded from above by Avg as given by Eq. (A.2), and this sets a
bound on the LQGUP parameter as follows

2 2 5 4 4
m m 3uxc m m
3 Y g 1/2 1/2 14 g 2
oac’| —5 — —5 | —2ac(&,/ - & )+—(———)+2cx c(& — &)+
[ (5;/2 5;/2) 7 ¢ 8 \g* & v

9a2cS m4 m4 11?3
(e a) ()| < e e
v g
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