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1. Introduction

EFT has become a main tool for quantitative study of many issues in nuclear physics, both for few body physics and for many body
issues. Among the various EFTs for nuclear physics, the pionless EFT or EFT(¢) is particularly useful in illustrating many important is-
sues [1-3] for its simple structure that facilitates both perturbative and nonperturbative studies.

EFT@¢) has been employed in our previous works [4-6] for demonstrating alternative solution of T-matrices in nonperturbative con-
texts, namely closed-form solutions and the corresponding nonperturbative scenario of nuclear dynamics in very low energy situation. In
contrast to the known ‘perturbative’ schemes like KSW [7], it is shown that a novel scenario of renormalization of the simpler theory is
tractable in the presence of tight constraints imposed by the closed form of the T-matrices, with a conventional realization of EFT power
counting that is naturally compatible with unnatural scattering behaviors between nucleons [4-6,8,9].

In this report, we wish to extend our approach to many-body contexts and to show that the alternative scenario of renormalization
in nonperturbative contexts also works in such many body issues. To this end, we consider the closed-form Briickner G matrices in
uncoupled channels of EFT@#). The first computation of Briickner G matrix in EFT@#) has been done twenty years ago in Ref. [10].
Actually, the pionless EFT has been perturbatively applied to many-body fermi gas in a number of papers almost two decades ago, see,
e.g., Refs. [11,12]. We wish to extend the EFT framework to nonperturbative context with adapted renormalization. From our presentation,
it is obvious that Briickner G matrices could be readily obtained from the closed-form T matrices by merely replacing the density-
independent integrals by the density-dependent ones. Thus, the extension seems to be an easy job. The presence of medium does bring us
additional constraints in the closed-form G matrix, which imply additional ‘physical’ or renormalization group invariant parameters to be
independently fixed, reducing the number of running parameters. Naturally, there should be more physical inputs to fix these parameters
in the presence of medium. As long as we work with EFT at a given order, the number of parameters to be fixed remain finite, even in a
nonperturbative context. In this sense, the EFT spirit is feasible even beyond the most familiar perturbative formulations, as long as the
traditional perturbative wisdom is properly updated.

This report is organized as below: In Sec. 2 the necessary theoretical set up is presented and the closed-form Briickner G matrix in 'S
channel is computed via Bethe-Goldstone equation with the potential given at the first two truncation orders. The renormalization of the
closed-form of G matrix is described in Sec. 3 through exploiting the tight constraints imposed by the closed-form of G with the running
couplings given as byproducts. The power counting for such EFT description is also described in Sec. 3. Sec. 4 is devoted to the calculation
of energy per nucleon in 'Sy channel for demonstration of the physical relevance of the parameters derived from the tight constraints.
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Sec. 5 is devoted to a demonstration of the pairing phenomenon with the closed-form G matrix. The discussion and summary is given in
Sec. 6.

2. Closed-form Briickner G matrices

The pionless EFT for low energy NN interactions is characterized by the following local lagrangian:

_ V2 1., 2 1, 5
L#y=N[idg+ ——)N—-=Cs(NN)" — =C;(NoN 1
@ ( o+2MN> 5Cs (NN)" = SC (NG N)™ + (1)
from which we could naturally read off the two-body (energy-independent) pionless potential of 1Sy channel truncated at the first two
orders:

0QY: V@d)=Cso;  O@H: V@) =Cso+Csz (a2 +97). )

It is known that the in-medium interactions for nuclear system could be described by the Briickner G matrix which in turn satisfies
the following Bethe-Goldstone (BG) equation in uncoupled channels [13,14]

k2dk Ok —pr)

G@q.q:pr)=V@.q)+My | == V(@ k)——>———GCk g pF). 3
@.94:pr)=V@.9)+ N/ @y E 2 rior C ka3 PF) 3)

272
Here E denotes the total energy of the scattering pair of nucleons in center of mass frame, pr the Fermi momentum. Obviously, this BGE
shares the same structure with the Lippmann-Schwinger equation for NN scattering T matrix except 6(k — pr), and directly reduces to
the latter in the zero-density limit. Moreover, just like the case of T matrix, a closed-form G matrix is also feasible in pionless EFT because
the potential is separable.
Let us illustrate with the 'Sy channel for convenience. Extension to higher channels is a straightforward matter. In analogy to our
previous studies using pionless EFT [4,5], let us introduce the column vector

UG = ( qlz ) (4)

at truncation order @(Q2), to recast V and G into the following factorized form

V(q,q)=U"@rU(), G@.q5pr)=U"@yU@, (5)
Cso O Vi1 Y12
A= ’ , V= . 6
( 0 GCspo ) v < Y21 Y22 (6)
Then the BG equation reduces to the following algebraic one whose solution is direct to find
- -1
y:k+k-I-y—>y:(1—A~I) A, 7)
with
~ ~To I
1= < - .
< I 14 ) (8)

It is easy to see that the renormalization of G hinges upon the subtraction of the divergences residing in the matrix Z, which is defined
and parametrized in the Appendix A.

Next, we could easily obtain the closed-form G matrix by sandwiching y between the vectors UT and U. For studying the nuclear
matter, we need the on-shell (p = /MyE) G matrix which reads at order @(Q?2)

1 NS'O =
= < > + Zo, 9)
G(p; pF) D5;0+D5;1P2
~ ~ 2 o 3 ~d 7
Ns;of(] —C5;2]3) , Ds;ofcsgoﬁ-csz;z]s, Ds;1=Csp2 (2—C5;2]3>, (10)

and in analogy to the zero-density case, it is easy to verify the following linear constraints

Ng.0+ Ds:1J3=1, Ds,0J3+ Ds;1J5 = Cs;0J3 + 2Cs;2 J5. (11)
The on-shell G matrix at leading order @(Q?) is even simpler and coincides with the off-shell case:
1 1 ~ 1

—=— 4+ =———, (12)
G(p;pr) Cso G(q.q'; pF)

making it distinctive to all the higher orders in 'Sg channel.
In next section, the tight constraints of the closed-form G matrix will be exploited to obtain the renormalized (running) couplings,
following exactly the same procedure that has been developed in Refs. [4-6].
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3. Tight constraints and renormalization
3.1. Running couplings from closed-form G in 1Sy channel

To proceed, we introduce the following renormalization group invariant ratios that are now density dependent:

&s,0 = N D50, &s;1= N Ds1. (13)
then the on-shell G matrix could be recast into the following renormalization group invariant form
1 1 ~ 1 1 1
Cripr  dnotanp U T Gpipr=0)  awotanip? " ()
where
2 2
50 = @s0(pF = 0) = H o1 = @51 (P =0) = H To=Jo+iy p. (15)

As in the zero-density case [4-6], it is easy to see that 7o becomes renormalization group invariant in G beyond leading order of
truncation, so is Jo = %{Zo(pr = 0)}. Moreover, the presence of density further constrains J3 to be also renormalization group invariant,
see Appendix B. This is not totally unanticipated if we further explore the renormalization of the off-shell T matrix. For example in the
15y channel at order O(Q?2), to renormalize the off-shell T matrix in closed-form, the off-shell piece 55 = —IOCSZ;Z (cf. [6]) must conspire

with Nj.o to constitute a further renormalization group invariant SS/NS;O, which equals to j:()(pp = 0)052;2 with o;., defined in Appendix B.

Working out all the renormalization group invariants, one could proceed to solve for the running couplings in the following two routes:
One is to invert the expressions of appropriate renormalization group invariants to obtain running couplings; Another is to invert &;.o and
a.1 for couplings, then to plug in more renormalization group invariance to cancel out the apparent density dependence. In either route,
we need to first work out the highest order couplings, then go to lower orders, in perfect accordance with the general notion established
in our previous studies of the closed-form T matrices in pionless EFT that the renormalization of lower order couplings could be affected
by higher order couplings, not the reverse [4-6]. In our view, this should be a very ‘natural’ feature for any EFT formulation of subatomic
and atomic systems. Unfortunately, it has not been much manifested or appreciated in literature.

Now, from Egs. (B.2) and (B.6) in Appendix B, we have

2
Os:2 OS;Z

1+US2J3 0551—0'52

Interestingly, Cs.» is now completely fixed or renormalization group invariant, a byproduct of the additional constraints due to medium
background (or, renormalization of off-shell T matrix). Next, we can simply find from Eq. (15) that

(16)

Cs;2 =

2
50— 02, J5 (1)
s s;2 (752.2, 17)
(o051 — 0'5;2)2 ’

which could also be found by using the second relation in Eq. (11). 5
As to the second route, we simply make use of the published results of the zero-density case [4,6] and the replacement [J..] — [J..]:

. . 12T . o 1272
Coa=15" [1—(1+as;113) } cs;o—lﬁ%]—mg [ (1+as1]5) } : (18)
s;1J3

Then, with the help of Eqgs. (B.1) and (B.6), all the seemingly pr-dependence cancel out and reproduce the results in Eqs. (16) and (17),
see Appendix C. Going down to the leading order, the solution of Cs.p would jump to the well-known KSW running as Jo is mixed with
Cs.0 and hence runs, Cs.o = Ha?f)i?o(u) a very accidental situation that is in sheer contrast to all the higher orders’ situation [6].

Cs;O =

The foregoing study of the 1Sy channel at @(Q?) can be the guiding example for higher channels and higher orders. As an example,
the uncoupled P channels will be explored in Appendix D and Appendix E.

3.2. ‘Effective’ density-dependent couplings

Before leaving this section, we note in this subsection that the density-dependent ratios [¢;.;] actually serve as ‘effective’ couplings in
the on-shell G matrices in L channel, whose dependence upon density is theoretically physical. Bringing in the values of the ratios [c.i]
that could be reexpressed in terms of ERE parameters or other physical inputs, one could acquire the physical density-dependence of such
(on-shell) ‘effective’ couplings. Let us illustrate such dependence with the 'Sy channel at order (©(Q?2), for the purpose of comparison
with Ref. [10].

To this end, we define the ‘effective’ density-dependent couplings of 1Sy channel as below (Cf. Appendix B):

2
Os.0 — 0 HK3
C(em(p )_ =7 s , (19)

(1 —0’5;2K3)27 2(1 _US;ZKB)Z

Us:0 +U K5
C(EEE) (PF) =G50 = ——2

with which we could write
1 1 -

+ 7 (20)
G(p; PF) c<eff)<pF) +2C57 (pr)p?
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Here, we note in passing that as the dimensionless factor os.2k3 ~ O.21p13;/A; is small after taking into account the fact that pf is
no larger than Ay (upper scale of EFT()) for our EFT approach to make sense, the formal singularity in the ‘effective’ couplings due

to (1 —05;2/<3)72 does not materialize within the realm of EFT(7), making their pr-dependence actually a mild one. Therefore, the

dominating influence of density background comes from the ‘physical’ parameter Zo = Jo + ﬁ—”z (p In % — 2pp) for p < pr. Actually,

when pr is around Ay, G(p; pr) is still regular and exclusively controlled by To: 1/G(p; pr = Ag) = Tp, another merit in using the closed
form of G matrix.

3.3. Power counting

In this subsection, we describe the power counting involved in the G matrix, namely the scaling laws for the couplings, parameters
from integrals and the renormalization group invariant ratios.

In our works [4-6,8,9], a natural scenario of EFT have been explored and tested in order to be able to describe unnaturally large 1S
scattering length with closed-form T matrix. We have demonstrated that with a large renormalization group invariant Jo, the following
simple rules of power counting could realize the large 'S¢ scattering length that incorporates naturally sized couplings:

4 Mn A My 0211
=012, Jo~ —F ~ nQ

T . 2A41 7~ —
My A 4z 0 Jat 4z

Cr;oi ~ =12, (21)

with Q ~ u ~ € Ay. For pr, we note that Fermi momentum is actually an external scale for EFT that only enter the game via loop integrals
to represent the many-body environment provided by medium. Thus due to their entrance through the EFT integrals, we can count it as
either pr ~ Ay or pr ~ € Ay, depending on practical issues.

Then we have the following scaling laws for the renormalization group invariants

, 01:2i ~Crp2i, 1=0,1,2, -+ (22)

- 4
oL~ ~n
M 1

5 1
T;H—l ~ r]CL;Ziv ﬁL;i NﬂL;i ~ g

where n =1 for diagonal couplings and n = 2 for off-diagonal couplings. Usually, € ~ 1/4 for realistic situation, see refs. [5,6,8,9] for
details.

4. Energy per particle

It is known that an uncoupled partial wave (say !Sg) G matrix element contributes to ground state energy per particle for a system of
A nucleons with density p =gp§/(6n2) as below [10]

Eg.s. 3 p% gg—-1 / 8d3P d3P
—
2,0
F

A T 52My @) @y PP (23)

with g = (2s + 1)(2T + 1) being the spin-isospin degeneracy and P the average momentum of the incoming particles. In this report, the
on-shell G matrix will be partially fixed with ERE factors, the residual parameters like Jo and 0.5 will be assigned with several choices
to demonstrate their physical relevance. We also note in passing that the on-shell G matrix becomes real once p is below Fermi surface:
P = pr.

To fix the G matrix in terms of ERE parameters as far as possible, we first putting that pr =0 to go back to the T matrix that is
directly related to ERE as below

1 1 M M 1 1 00
gl gl 0 L M s = 2 L 2 x| b
{T} {G(pf=0)} 2 P OOt (P) == g T gTeP +,<Z,2Vkp (24)

Then we have at leading order a very simple form of G

1 4 1 1 Mp Mnp, DPF+PD
— = +Jo): = kit In———.
Cs;0 G(p; pr) 4mas 47 |pF — Pl

= 25
as My (25)

Obviously, the on-shell G matrix in 'Sy channel is totally determined by the scattering length apart from p and pr at leading order
where Jp is a running scale, an accidental situation that actually furnaces the KSW scheme [6]. However, it is no loner true once one goes
beyond the leading order of EFT truncation. At order ©@(Q2), we have a rather involved closed-form G

1_47r<1 +]) o 8mast
as_MN 50 0], e;s—MN(xsz;O.

2
1 1 —05;2k3 M +
G(pipr) i 1= 0z) 2 +Jo—w+ iy In TR

; F N M e.s -
(4%'35 - ]0> +075Ks + [ o (41\71135 - JO) - ‘752;2"3] p?

42 " |pr—pl’
Here, the nontrivial dependence of G matrix upon Jo and o, besides ERE factors are evident.

(26)
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neutron matter symmetric nuclear matter
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Fig. 1. Energy per particle in 'Sy from the analytically ‘trimmed G matrix’ that retains scattering length as only (dashed line), and that retains scattering length a5 and
effective range re.s (solid line).

With the G matrix given above, we may then proceed in the following two routes: A). Taylor expand G in terms of powers of p?
and then perform the integration analytically, hence forth called ‘trimmed G matrix’; B). Perform the integration numerically with the
closed-form G matrix.

A). First at leading order we have

2
4m-ag

1 O(p?), 27
Mnr —2a,pp) TP (27)

G(p:pr) =

which again is totally fixed by scattering length. At order @(Q?), the G matrix could not be totally fixed with ERE factors of the corre-
sponding order due to the presence of Jo and os.,. However, if we count pr like p also as Q, then the terms like o;.2k3 and 052;2 will be

negligible and the nontrivial dependence upon Jo will also be suppressed up to O(p?, p%)

4724 { N Tas <re;5 2
My (@ — 2aspF) T —2a5pr \ 2 TPF

G(p; pr) = )pz} +0(p*, p}). (28)

The closed-form of on-shell G, as listed above in Eq. (26), is definitely dependent upon the values of Jo and os.2, whose physical relevance
will be numerically demonstrated below. Now the energy per particle of nuclear matter at leading order of EFT truncation reads

Egs.  DPF [3 | (g8—Daspr 5
_Pe[3, @=Vapr 03] 29
A 10 T 307 —2a.pp) TP (29)

in agreement with ref. [12]. Beyond the leading order of EFT truncation, we have

E 2 (3 2(g—1a —Dma2p? /1. 2
gs. D} {_Jr (g~ Daspr | (g—Dmaip; <s,epF_;>+O(p%):|' 30)

A " 2My |5 ' 3(w —2aspr) | 5(T —2aspp)? \ 2

The results given in Eq. (29) and Eq. (30) are plotted in Fig. 1 in a wider range of pr.

Evidently, the denominator 1/(w — 2aspr) makes the formulae given by Eq. (29) and Eq. (30) better behaved than the perturbative
one that is only valid when pfr < zlas ~ 13.1 MeV, a rather narrow range because of the large scattering length as, which is in support
of employing nonperturbative framework to deal with nuclear matter within pionless EFT. The saturation behavior for symmetric nuclear
matter (g =4) tends to show up only after the effective range is included (cf. Eq. (30)), in other words, the leading order NN interaction,
could not harbor the saturation phenomenon.

. . . . -
B). To proceed in the second route, we will parametrize o5, in terms of &, and x as os;2 1

= 24x
and the power counting given in Sec. 4. We will demonstrate with the choices that A, = ,‘\‘,,—’I’V]o: 138 MeV (~ Az ) and 35 MeV (~ €Ay)

with x ~ € due to the relation of (16)

and x = #0.2. To show our main points, we simply work with the ERE data from proton-neutron !Sq scattering, which could be seen as a
‘realistic’ situation of exact isospin symmetry, i.e., a world where the electromagnetic interaction is completely turned off.

It is obvious from the curves in Fig. 2 and Fig. 3 that the numerical results obtained with closed-form G conform to the approximate
analytical results described by Eq. (30) in the zero-density end, and that the value of Jo matters a lot in the closed-form G as a smaller
value of Jo will yield more pathological energy curves against pr, i.e., a pole like behavior around pr = 0.659 fm~! for the Ay =35 MeV
and x =0.2 case (around pr = 0.629 fm~! for A, =35 MeV and x = —0.2 case), namely, it is a physical parameter rather than a running
parameter. The reason goes as below: In pionless EFT, the typical scale of energy per particle should be no greater than ¢ = A; /Mn ~
20 MeV, thus the foregoing pole-like behavior is unacceptable. However, such violation merely comes from the choice Aj, =35 MeV,
while the choice Aj, =138 MeV is free of such violation even with pr ~ 0.9 fm~! as is evident in Fig. 2 and Fig. 3. Thus, the pole-like
behavior demonstrated in Fig. 2 and 3 simply expresses that Jg is a physical rather than an ordinary running parameter in the closed-form
G matrix of pionless EFT. Moreover, different choices of Jo yield more consequential results, for example, a smaller Jo would magnificently
narrow down the distribution of poles in G against density and hence reduce the ‘space’ of the formation of ‘Cooper pair’ of nucleons in
nuclear matter, which will be discussed in next section.

5. Pairing and poles in G matrix

It is well known that nucleons tend to pair up as ‘Cooper pairs’ in nuclei or nuclear matter. As G matrix is real as long as the on-shell
momentum is below Fermi surface, here we try to establish the pairing of nucleons by examining the existence of real poles of G matrix

5
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Aj,=35MeV, x=0.2 g=2 Aj,=35MeV, x=-0.2 g=2 Aj,=138MeV, x=0.2 g=2 Aj,=138MeV, x=-0.2 g=2
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Fig. 2. Energy per particle of neutron matter ('Sg): dashed lines are the analytical results (solid line in the left panel of Fig. 1), i.e., calculated with the ‘trimmed G matrix’
retaining as and re., solid lines with open circles are the numerical results from direct integration with G matrix without any further analytical treatment.

A;,=35MeV, x=0.2 g=4 Aj,=35MeV, x=-0.2 g=4 Aj,=138MeV, x=0.2 g=4 Aj,=138MeV, x=-0.2 g=4
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prlfm™'] prlfm~'] prlfm~'] prlfm~']

Fig. 3. Energy per particle of nuclear matter ('Sg): dashed lines are the analytical results (solid line in the right panel of Fig. 1), i.e., calculated with the ‘trimmed G matrix’
retaining as and re., solid lines with open circles are the numerical results from direct integration with G matrix without any further analytical treatment.
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Fig. 4. Pole distributions of G matrix below Fermi surface with difference choices of x and A ;.

(in an attractive channel) in terms of the on-shell momentum of the incoming nucleon [15-17] just below a given Fermi momentum
PrF, instead of trying to establish Cooper paring using BCS solution with EFT interactions [18]. Again, we will pay more attention to the
influences of Jo and x on the poles’ existence and distribution.

To proceed, we seek for the solutions to the equation m =0 in terms of k, with a given pr. At order O(Q?), the explicit form

of this equation reads
1 + o Mnpr | Mnkp  pr+kp
@s5:0(PF) + @s;1(PFIKS 272 4m2 " pr—kyp

with the density- or pr-dependent &s,0.1 given in the Appendix B. Eq. (31) is solved numerically with choices A j, =138 MeV, 35 MeV
and x = £0.2. The real pole k, just below pr, i.e., near Fermi surface, and the ‘difference’ 80 = pr — kp are functions of pr and plotted
in Fig. 4 and Fig. 5, respectively. It is obvious that Jp and o5.» do affect the detailed behaviors and even the existence of pairing in !Sp
channel for a given pr, and a smaller A j, leads to a narrower window in pr allowing for a real near-Fermi-surface pole.

In particular, it can be shown that the pathological ‘pole’ behavior in energy curves exhibited in Fig. 2 and Fig. 3 stems from a pole term
of second order in G with A j, =35 MeV: G o (k— 1) "2, where a4 2 0.3996 fm~! for x=0.2 and pr = 0.6588 fm~', «_ ~0.3783 fm~!
for x=—0.2 and pr = 0.6289 fm~!. In Fig. 4 this is reflected by the fact that the pole solution disappears after pr ~0.4 fm~! but
reappears as a second-order pole that immediately bifurcates into two first-order poles around pr ~ 0.6588(0.6289) fm~!. As these
‘reappearing’ poles lie ‘far’ below the Fermi surface, they could not be identified as the ‘Cooper pairs’. In our view, such pathological
‘form’ of G implies that A j, =35 MeV is not a reasonable or physical choice for the pionless EFT description of nuclear matter, as in any
many body system constituted by low energy nucleons the single particle energy value could not fluctuate from co to —oo around a pr
well below Ay ~ 0.699 fm~1. By contrast, the G with choice A, =138 MeV does not suffer from such pathological behavior as long
as pr is less then 1.42 fm~!, a value about twice of the upper scale of pionless EFT. We should note that for A Jo = 138 MeV the real
near-Fermi-surface pole ceases to exist for about pr > 0.68 fm~!, a number quite close to the upper scale of EFT(% ): Ay ~0.699 fm~1,
again in contrast to the Aj; =35 MeV case where the corresponding value of pr is less than 0.4 fm~1. The values of 8pole in MeV are

0, (31)
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Fig. 5. The shape of ‘differences’ versus pr with difference choices of x and A j,.

Table 1
Spote (MeV) versus pr (fm~1) in 1Sp at O(Q?2) with A j, = 138 MeV.

DF 0.1 0.2 0.3 0.4 0.5 0.6
Spole (PF; X =+0.2) 0.81 2.07 247 191 0.79 0.07
Spole (PF; X =—0.2) 0.81 2.09 2.54 2.03 0.90 0.09

tabulated in Table 1 for A, =138 MeV, from which we see that they do take the typical values of the pairing gap in nuclear matter:

around 2 MeV.
interactions [19-22], suggesting that there should be a correspondence between 8,0 and A(pr). From our presentation, it is obvious that

Note that the shape of ‘difference’ 6pol as a function of pr bears a strong resemblance to the gap function A(pr) determined from NN

for each given value of pr, there is a unique value 8p, (provided that Jo and o> are physically determined). Then the correspondence

between A (also uniquely defined for a give npr) and 8po should also be unique for a given pr, thus, §pe. could be seen as another

measure of the gap function A = g(pr). Formally, as long as A = g(pr) and 8pee = &(PF; Jo, Os;2) are single-valued functions, we have
(32)

Spote =& (871 (A); Jo, 05.2) = f(A; Jo, 05.2).
Of course, for such correspondence to be valid, Jo and o5., must be determined via certain plausible means, which is left as an open task.

We hope what we demonstrated above could help to convince the community that Jo and os., (and the like) should be taken as physical
parameters to be determined rather than as running ones, at least for closed-form objects like G or T matrices. We have at present no

direct clue for a convenient determination of such physical parameters, further exploration is needed.

6. Discussions and summary
Now it is time for some remarks: From our presentation, it is obvious that the nonperturbative scenario of renormalization of pionless

EFT for NN scattering could be readily carried over to nuclear matter or many-body context, keeping the power counting depicted for
few-body context intact. The Fermi momentum pr or the density background sets an external scale that could be counted either as
a typical scale or an upper scale for the EFT description to make sense, which imposes no obstacle in nonperturbative context. The
running couplings remain density-independent, hence conceptually more consistent with the fact that the EFT couplings are originally
defined in vacuum context, but the medium environment does provide additional ‘physical’ inputs of information or outer constraints for

the calibration of the running couplings and related quantities. Again, as in the zero-density case [4-G], the lower order EFT couplings’
renormalization are affected by higher couplings that characterize shorter distance interactions, not the reverse, which may be conjectured

to be a general scenario of renormalization of EFT in nonperturbative contexts.

Using the closed-form G matrix obtained, the energy per particle is computed for both neutron matter and symmetric nuclear matter,
demonstrating the physical relevance of Jo and os.» in reasonable description of physical issues, like the location of saturation in terms
of density. Their relevance is also illustrated in the paring phenomenon exhibited via the poles of the G matrix as a function of on-shell
momentum with a given pr. It is also worth mentioning that both the analytical form of energy per particle obtained within certain
plausible approximation and the numerical one without that approximation exhibit better behaviors than the pure perturbative ones that
is valid only within a very small window due to the large scattering length.

In summary, we presented the closed-form G matrix in ! Sy channel obtained from BG equation using pionless EFT. Our experience here
tells us that the nonperturbative solutions in our formulation are still tractable and trustworthy in many-body context, at least for nuclear

matter. The G matrix obtained is also applied to study some physical issues like energy per particle and pairing for both neutron and
symmetric nuclear matter to demonstrate the physical relevance of certain parameters like Jo and os.2, along with the better behaviors

derived from the nonperturbative formulation of G matrix.
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Appendix A. Integrals

The integrals involved in this report are parametrized and defined as below (E* = E +ie, p=+/MNE)

Ton = f R LI — i] 200 (A1)
= | OF QTP ET —K My op - 21+1P ) s
My M [Rde 1
S~ N N PF+D K“ak
Io= i0 — —ph—m—m= ————, A2
0=Jo+i0r(P)-P+ 3P or ] /2”2 K2 /My — E* (A.2)
Pr
o0 [e.¢]
_ dk <~ k2"dk
Jo=My [ o5 =Jo=Ki. Jawpr=-My [ o5 = Jon1 + K1, 02 1), (A3)
pF pr
0 [e ] PF
dk k2ndi k'dk My pZT!
=M —, =-M -—, = =— , (n>1), A4
Jo N/ o2 2t N/ o2 Kt N/ 77?2 1 n=1) (A4)
0 0 0
O (X) =0(x — pF), (A.5)

where Jo and Jy,41 are prescription dependent before imposing any constraints.

In dimensional schemes, we should have Jj;+1 =0 and ]2n+1 # 0 since ]2n+1 = Jon+1 + kony1 that is, the definite piece kap41q
should be kept intact. In the implementation of KSW scheme in G matrix [10], this definite piece is totally removed. In a sense, such
implementation of PDS in medium background is questionable.

Appendix B. Renormalization group invariants of 1 Sy at order O (Q 2)

First, let us recast the ratios &.o,1 into the following forms

~ as.0+02 k5 Q5.1 — 02, K3
(XS'O:S—S’Zy ;1 =575’2, (B.1)
; 20 Us; 2
(1= o5,2k3) (1= 05.2k3)
C..
Ogp = —52 (B.2)
1-Cs2J3

Since [&p.0,1] and [as,0,1] are physical parameters we have:

Mdl‘- {5(5;0, 5(5;1} =0, /’Ld/L {Ols;(), 015;1} =0, (B.?J)

where © denotes a generic running scale possibly involved in any of the arguments of [d&p.o, &p;1] as formal functions of couplings and
[J..]. Then from Eq. (B.1) we have

-3 _ -3
(1= o5,2K3) (as;O + 05;2k5 1/65) pdyos2 =0, (1 —052k3) " (0051 — 05;2) ud 05,2 = 0. (B.4)
The only possibility of the two equations will be that
ud; o052 =0. (B.5)
It is a formal way of saying that Eqgs. (B.1) forbid the ‘running’ of os.2, a constraint due to the presence of density. This could also be

derived from the renormalization of the off-shell closed-from T matrix as mentioned in Sec. 3.1.
Apart from o5.2, J3 is also renormalization group invariant due to the identity

U5 — 2052 — 052;2]3 =0 (B.6)
that could be seen by combining the definitions in Eq. (15) and Eq. (B.2).

8
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Appendix C. Cancellation of pr-dependence in the running couplings of 1Sy channel

To proceed, we employ Egs. (B.1), Eq. (A.3) and Eq. (B.6) to simplify the formal solutions in Eq. (18)

N o2, 1
Csn = 5 1-—
; .1 — 2052 + O’SZ;ZK3 14 U51—02,3  Qs;1—205,2+02,K3
(1—05;2k3)2 ol,
2 2
O 052 — 05K O
2 552 273 2
= S o 1-— > = S = Cs.2, (C1)
Qs;1 — 2052 + 05.7K3 Us;1 — Os;2 ;1 — Os;2

where we have chosen the + root in order to reproduce the vacuum case in the limit pr — 0. Similarly, we have

2
2 2 2 4
¢ Us;0 + 05 K5 [ Os:2 — 05 HK3 (J5(1) +K5)0, 1
5;0 — - -
(1- 65;2K3)2 U1 — Os;2 (as;1 — 2052 + USZ;ZK)2 14 U51—02,3 Q5.1 —205.2+02,K3
(1—05:2k3)? o2
g 5;2
2 2
Us;0 + 03 HKs Js(u)+k5 4, A0 =05, ]s(w)
= SOy = 025 = Csu. (C2)

=————" -0, —
(as;1 _05;2)2 s (0ts;1 — 05;2) (0s:1 _05;2)2

The rationale for this property is that since the EFT couplings are originated from short-distance dynamics, then their renormalization
could be only affected by the processes in vacuum and hence independent of medium environment.

Appendix D. G matrix and running couplings in uncoupled P channels

The leading order (((Q?2)) uncoupled P channel G matrix is also quite simple:

1 1 = Cp;2 apo Cp;2
: =———+ZL, apo= — = , Opo=T——. (D.1)
Gp(p; pr)  Qapop 1—-Cp.aJs 1—0apok3 1—-Cp:2]J3
Simple as it is, here we have two renormalization group invariants, Jo and «p.o from which we have
op.o
Cpp=—7""7"7"--—". (D.2)
1+apoJ3()
At order O(Q%), the P channel G matrix reads
1 Np.o+Np.ip? -
_ _Npo f,lp + 7o, (D.3)
G(p;pr)  Dp.op?+ Dp.1p?
Np:o=(1—Cp.aJs)® = Cp:aJs — Ch.yJ3J7. Np;1=Ch4J3]5 — 2CpiaJ3, (D4)
DP;OZCP;2+C123;4J7, Dp.1 :2CP;4_C12);4j5~ (D5)
Obviously, the following ratios must be renormalization group invariant,
Qp,o = N;foﬁp;o, ap;1 = N;;lobp;], Bp.a= N;foﬁm- (D.6)

Then we can obtain the running couplings simply by making the replacement [J.. — J...] from that given in Ref. [6]

- Gpq] @p. i .
SRy o O Y1 BN Gy c O N (D.7)
1+ap,ofs+ap.1]s 1+ap,of3+ap1]s ’

Similar to the Sg case, the apparent density-dependence cancels out after plugging in the full contents of renormalization group invari-
ance, resulting in the following density-independent running couplings

2 2
Op. apoo — 0.4 7(1)
Cpa= — Cpa= %03.4, (D.8)
op10 — Opi4 (ap10 — 0p:4) '
with
wpgy = D0@F=0) - Dpapr=0) _ _ Cra D9)
(1—Cp;a]Js5)?’ (1—=CpaJs)?” " 1—Cpuals

The renormalization group invariance of ap.gp, @p.10 and op.4 will be shown in Appendix E.

9
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Appendix E. Renormalization group invariants in the uncoupled P channels

First, let us recast [¢&p.;, i =0, 1; Ep;]] into the following transparent form
poo +G§;4K7 p10 —03;4165

(1 —op.aks)® — J3(etpoo +0§;4K7).

ap.o (E1)

s

(1 — op.aks)® — J3(etpoo + 65;4167)’

Second, J3 is already renormalization group invariant due to the constraint p.; + j30~lp; 1 =0 which is ready to see from the expres-
sions of Np.1 and Dp;; given above.

Now, consider ud, {&p.o, @p;1} =0, or equivalently pd, (&;;10) =0, udy (&p;1d;;10) = 0. Bringing in the detailed expressions of &p.o 1
listed in Eq. (E.1), we can find from ud, (d;;lo) =0 that
(Ks — Gl;}l) pudy (O’I;i()lpoo) + 20,;31 (O‘l;;iapoo + K7> pudyop.4=0. (E.2)
As terms of different powers of pr must be independent of each other, we conclude that
pudyop.a=0, udyopeo=0. (E3)

Then, from ud, (&P;]&I::lo) =0, we have

,LLd'u,Olpw =0. (E.4)
Just like J3 in Eq. (B.6), here |5 becomes ‘physical’ due to similar reason:

051910—2013;4—01%;4]5:0 (E.5)
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