
Fermilab
QED nuclear medium effects at EIC energies

FERMILAB-PUB-24-0529-T

arXiv:2502.06943

DOI: 10.1103/PhysRevD.112.033001

Fermilab Accepted Manuscript

This manuscript has been authored by Fermi Research Alliance, LLC

under Contract No. DE-AC02-07CH11359 with the U.S. Department of Energy,

Office of Science, Office of High Energy Physics.



QED nuclear medium effects at EIC energies

Shohini Bhattacharya∗1,2, Oleksandr Tomalak†2,3, and Ivan Vitev‡2

1Department of Physics, University of Connecticut, Storrs, CT 06269, USA
2Theoretical Division, Los Alamos National Laboratory, Los Alamos, NM 87545, USA

3Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100190, P. R. China

August 11, 2025

We present the first calculation of quantum electrodynamics (QED) nuclear medium effects under the
experimental conditions of future Electron-Ion Collider (EIC) experiments. Our work offers numerical
estimates, particularly in the context of inclusive deep inelastic scattering on a 208

82 Pb nucleus. While prior
studies have predominantly focused on elastic scattering, our investigation extends to the more complex
scenarios of inelastic processes within a nuclear medium. Our findings suggest that the cross-section
corrections due to QED nuclear medium effects could be substantial, reaching or exceeding the level of
experimental precision. This work further compares the effects of single re-scattering events with those
of multiple re-scatterings, as particles travel the nuclear volume. We estimate the dominant source of the
uncertainties associated with our formalism by varying the scale of the atomic physics where the screening
of the electric field of the nucleus happens. This calculation not only contributes to the understanding of
QED nuclear medium effects, but also offers a path to a more precise extraction of the process-independent
non-perturbative structure of nuclei.
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1 Introduction

A flagship future nuclear physics facility in the US, the electron-ion collider (EIC) [1], is expected to pro-
vide the most precise measurements of the multi-dimensional structure of nucleons and nuclei and uncover
novel aspects of quark and gluon dynamics in the nuclear environment using light and heavy probes [2–4].
A proposed complementary facility, the electron-ion collider in China (EIcC) [5] could perform similar
measurements, but at lower center-of-mass energies. To meet science goals, deep inelastic scattering
(DIS) cross sections must be measured with a percent-level precision and require unfolding of quantum
electrodynamics (QED) radiative corrections [6–13]. Besides virtual corrections and bremsstrahlung, soft
electromagnetic interaction between electrons and the nuclear environment can modify scattering cross
sections at the percent level at GeV energies and below [14–16]. To extract the process-independent
non-perturbative nucleon and nuclear quantities, such QED nuclear medium effects have to be carefully
accounted for.

In this work, we provide the first estimates of QED nuclear medium effects in the kinematic regime
of EIC and EIcC experiments. We evaluate and present cross-section corrections in elastic scattering
on nucleons and neutral-current inclusive DIS process inside the nucleus. Building upon the developed
formalism for the elastic scattering on nucleons inside large nuclei [14–16], we perform a numerical evalu-
ation of cross-section corrections and present results for one soft interaction of the charged lepton inside
the nucleus and resummed over multiple interactions corrections. We point to kinematic conditions when
QED nuclear medium effects have to be accounted for in the analysis of forthcoming electron-nucleus
scattering data.

The rest of our paper is organized as follows. In Section 2, we evaluate QED nuclear medium effects
for the elastic scattering process on nucleons inside the nucleus. We present corrections to unpolarized
cross sections after one reinteraction in Subsection 2.1 and resum over many possible interactions in
Subsection 2.2. In Section 3, we evaluate the cross-section corrections in neutral-current inclusive deep
inelastic scattering following the same steps. We give our conclusions and outlook in Section 4. Ap-
pendix A provides expressions for neutral-current inclusive deep inelastic scattering cross sections on a
single nucleon. Appendixes B and C present the geometric considerations that enter the derivation of the
nuclear-dependent part of the medium effects at the first order in the opacity expansion.

2 Elastic scattering

In this Section we estimate QED nuclear medium corrections to the elastic electron scattering cross
sections off the large nucleus by considering an incoherent sum of cross sections on individual nucleons.
We present the relative cross-section correction after one photon-mediated charged lepton interaction
inside the nucleus in Subsection 2.1 and illustrate the effects of broadening of electron trajectories in
Subsection 2.2.

2.1 First order in the opacity expansion

When electrically charged particles travel inside the nuclear medium, they interact with the Coulomb
field of the protons and change their trajectory. For relativistic charged particles that can be treated as
collinear fields before and after the scattering in the Coulomb field, the interaction is mediated by Glauber
photons. At energies above the GeV scale, the corresponding cross-section modifications and multiple
re-scattering are perfectly described by the soft-collinear effective field theory (SCETG) with exchanges
of Glauber photons [14, 15], that builds upon developments of forward scattering physics in quantum
chromodynamics (QCD) [17–19]. In the light-cone basis, Glauber photons have a momentum scaling with

a dominant perpendicular component of the momentum, q = (q0−q3, q0+q3, q⃗⊥) ∼ p
(
λ, λ,

√
λ
)
, where λ

is a small expansion parameter, q is the momentum of the Glauber photon, and p is the momentum of the
lepton. Since λ ≪ 1 is very small, the transverse momentum of the Glauber photon ∼

√
λ is much bigger
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than its longitudinal momentum or energy, but still much smaller than the momentum of the lepton. In
momentum space, the interaction potential v is expressed in terms of the photon momentum and the
atomic scale ζ as

v (q⃗⊥) =
4πα

q⃗2⊥ + ζ2
, (1)

where α is the electromagnetic coupling constant and the atomic screening scale is taken as ζ = meZ1/3

192 ,
cf. Ref. [20], with the nuclear charge Z and the electron mass me. Since the dynamics of the Glauber
interactions occur at scales below the electron mass, we neglect the running of α in the potential of Eq. (1).

We determine cross-section corrections at the first order in the opacity expansion [21–23] following
Ref. [14]. We calculate the contribution to the unpolarized scattering cross section δσe from one and
two exchanged Glauber photons between the initial or final electron and nuclear medium to the “hard”
electron-nucleon scattering cross section σe (p⃗

′, p⃗), with the incoming and outgoing electron momenta p⃗
and p⃗ ′, and four-momenta p and p′, respectively,

δσe =

ˆ
d2q⃗⊥

(2π)2
|v (q⃗⊥) |2

{ ˆ
dz′ρ

(
z′
) [

σe
(
p⃗ ′ − q⃗⊥, p⃗

)
− σe

(
p⃗ ′, p⃗

)]
+

ˆ
dzρ (z)

[
σe

(
p⃗ ′, p⃗+ q⃗⊥

)
− σe

(
p⃗ ′, p⃗

)]}
, (2)

where the integration goes over the transverse momentum of the exchanged photon q⃗⊥ and along the
trajectories of the incoming (z) and outgoing (z′) electrons through the density ρ, respectively. We neglect
lepton deflection inside the nucleus, as such deflections are relatively small (see Ref. [15]), and define the
hard scattering process as the interaction involving a larger momentum transfer. We average over all
nucleons as possible scattering centers inside the nucleus with the Woods-Saxon spherically-symmetric
distribution for protons and neutrons,

ρ0 (r) ∼
1

1 + e
r−R0

a

, (3)

with the nucleus size parameter R0 and a = 0.5 fm, and normalization to the charge of the nucleus
Z: Z =

´
ρ0 (r) d

3r (or number of neutrons for the neutron distribution). We consider medium effects
arising solely from the electromagnetic fields of nuclear sources and neglect contributions from the charge
distribution of atomic electrons. Since the electron charge distribution is confined to atomic scales, it
does not produce the logarithmic enhancement characteristic of QED medium effects [14].

We evaluate cross-section modifications at the first order in the opacity expansion for the scattering
off the lead (20882 Pb) nucleus with R0 = 6.68 fm and center-of-mass-frame energies

√
s = 15 GeV, 80 GeV,

and 140 GeV of the future EIcC and EIC experiments for the elastic scattering reaction and present
the results as a function of the squared momentum transfer in the hard process Q2 = − (p− p′)2 in
Fig. 1. We take the same inputs for the elastic nucleon form factors [24–30] as in Ref. [14], neglect nuclear
modification of form factors at the level of cross-section ratios, and evaluate the expressions from the
Appendix of this reference. We note that we have both averaged over the hard photon interaction points
and taken into account the electric charge density in the nucleus along the incoming and outgoing lepton
trajectories. We find that the relative cross-section correction at the first order in the opacity expansion
is energy-independent within the range of future experiments. As it happens for lower electron beam
energy [14], the correction increases and reaches a percent level when the squared momentum transfer
approaches 0.2 GeV2 and lower values. To estimate the uncertainty of QED nuclear medium effects, we
evaluate the cross-section correction at the larger atomic energy scale ζ → n2ζ, corresponding to the
lowest atomic orbital, with the largest principal quantum number of electron orbits in the atom of 208

82 Pb:
n = 6 and take the difference between results for two scales as an error estimate.
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s = 15 GeV

s = 80 GeV

s = 140 GeV

one interaction inside 208
82 Pb

δσ
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Figure 1: Relative electron-nucleus scattering cross-section correction, at the first order in the opacity
expansion, that is induced by QED nuclear medium effects inside the 208

82 Pb nucleus is shown as a function
of the momentum transfer Q2 for center-of-mass energies of the future EIcC and EIC experiments

√
s =

15 GeV, 80 GeV, and 140 GeV. The relative cross-section correction is energy-independent within this
range of energies. To estimate the uncertainty of our predictions, the results are presented for two values

of the atomic scale ζ: ζ = meZ1/3

192 and ζ = 36meZ1/3

192 . The upper curves correspond to the lower value of ζ.

2.2 Resummed corrections

In comparison to an effective single interaction through the exchange of Glauber photons, we account
for the broadening of initial- and final-state charged electrons through multiple interactions following
Refs. [15, 18]. Re-scattering through the exchange of Glauber photons for relativistic electrons happens
mainly in the forward direction and results, after an exact resummation of infinite series in the opacity
expansion, in the distribution of the electron’s transverse momentum p′⊥ relative to the electron’s direction
of propagation1

dN

dp′⊥
=

∞̂

0

bp′⊥J0(0, bp
′
⊥)e

χ[(ζb)K1(ζb)−1]db, (4)

with the integration in the transverse coordinate space over the radial coordinate b, the modified Bessel
function of the second kind K1, the Bessel function of the first kind J0, and the mean number of QED
interactions χ inside the nucleus with the r.m.s. radius Rrms,

χ ∼ Z1/3

(meRrms)
2 . (5)

The broadening gives ultrarelativistic electrons the transverse momentum of order 10 MeV. We note
that, apart form different medium scales and coupling constants involved, such Molière multiple scatter-

1The transverse momentum distribution is normalized to unity.
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ings [31] lead to qualitative similar behavior of the modified particle distributions from QED and QCD
interactions [18, 32, 33].

For the fixed kinematics of the final-state electron, the cross section is determined by a hard interaction
process with different momentum transfers. We determine a “true” cross section σbroad after averaging
over all scattering angles with transverse momentum distributions of initial- and final-state electrons
from Eq. (4), while the expected cross section σexp is evaluated from the elastic relation between the
recoil electron energy E′

e and scattering angle. We present the ratio σbroad/σexp for the elastic scattering
process as a function of the recoil electron energy E′

e for the energies of EIcC and EIC experiments and
208
82 Pb nucleus in Fig. 2. Since the r.m.s. deflection of the scattering angle decreases with energy, the size
of the relative cross-section correction also decreases with energy. However, at lower energies of future
electron-ion colliders, the correction still reaches 1-3% level and can be important in the experimental
analysis.

s = 15 GeV

s = 80 GeV

s = 140 GeV

multiple interactions
inside 208

82 Pb

σbr
oa

d

σex
p

1.00

0.99

0.98

0.97

E'e [GeV]
101 102 103 104

Figure 2: Ratio of the elastic electron-proton scattering cross section after accounting for the QED
broadening of electron tracks inside the 208

82 Pb nucleus to the cross section predicted from the lepton
kinematics is presented as a function of the recoil electron energy E′

e in the frame of the initial proton
at rest for center-of-mass energies of the future EIcC and EIC experiments

√
s = 15 GeV, 80 GeV, and

140 GeV. To estimate the uncertainty of our predictions, the results are presented for two values of the

atomic scale ζ: ζ = meZ1/3

192 and ζ = 36meZ1/3

192 . The lower curve corresponds to the lower value of ζ. Both
initial-state and final-state re-scattering are taken into account.

3 Neutral-current inclusive deep inelastic scattering

In this Section, we proceed to estimate QED nuclear medium corrections to the neutral-current inclusive
deep inelastic scattering on nucleons inside large nuclei. We present the relative cross-section correction
after one interaction inside the nucleus in Subsection 3.1 and illustrate the effects of electron broadening
in Subsection 3.2.
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The baseline single-nucleon DIS cross section is evaluated as described in Appendix A, and we take
the Mathematica reader for Parton Distribution Functions ManeParse [34] for numerical inputs with the
bound proton fit inside the 208

82 Pb nucleus [35, 36]. Besides the momentum transfer variable Q2, we use

the Bjorken scaling variable x = Q2

2k·(p−p′) , with the nucleon four-momentum k, as the second independent
kinematic invariant.

3.1 First order in the opacity expansion

We evaluate the relative cross-section correction at the first order in the opacity expansion by substituting
the cross-section expressions for the deep inelastic scattering from Appendix A into Eq. (2). We present
our results for the fixed values of the squared momentum transfer Q2 = 1 GeV2, s/10, s/2, and 4s/5 as a
function of the Bjorken variable x in Fig. 3, and as a function of the momentum transfer Q2 for the fixed
values of x = 0.01, 0.1, and 0.5 in Fig. 4 at center-of-mass energies

√
s = 15 GeV, 80 GeV, and 140 GeV

of the future EIcC and EIC experiments. We estimate uncertainties of the atomic physics as a difference

between results with two choices of the atomic scale ζ: ζ = meZ1/3

192 and ζ = 36meZ1/3

192 . The upper curve
corresponds to the lower value of ζ.

Q2 = s/10

Q2 = s/2

Q2 = 4s/5

Q2 = 1 GeV2

s = 15 GeVδσ
e /

 σ
e, 

‰

10−2

1

102

104

x
0 0.50 1.000.25 0.75

s = 140 GeV
δσ

e /
 σ

e, 
‰

10−2

1

102

104

x
0 0.50 1.000.25 0.75

s = 80 GeV

one interaction inside 208
82 Pb

δσ
e /

 σ
e, 

‰

10−2

1

102

104

x
0 0.50 1.000.25 0.75

Figure 3: Relative neutral-current inclusive deep inelastic electron-nucleus scattering cross-section correc-
tion, at the first order in the opacity expansion, that is induced by QED nuclear medium effects inside the
208
82 Pb nucleus is shown as a function of the Bjorken variable x for center-of-mass energies of the future
EIcC and EIC experiments

√
s = 15 GeV, 80 GeV, and 140 GeV and fixed squared momentum transfers

Q2 = 1 GeV2, s/10, s/2, and 4s/5.

The cross-section correction as a function of x for the fixed Q2, see Fig. 3, decreases with the energy
of the electron beam. At medium momentum transfers, the correction increases towards the boundaries
of the kinematic range of the Bjorken variable x and the effect can reach sizable values (10%) at lowest
energies of the future electron-ion collider experiments. At large momentum transfers, the medium effects
are large over the whole allowed region of the variable x. At small values of the squared momentum
transfer Q2 ∼ 1 GeV2, QED nuclear medium effects reach a sizable percent-level correction at large values
of x ≳ 0.5. This regime is dominated by non-perturbative boundary condition for parton distributions,
hence the different behavior.

As a function of the squared momentum transfer Q2 for a fixed x variable, the resulting relative
cross-section correction increases at the smallest and the largest momentum transfers Q2, while the cross
section itself scales as 1/Q4. The QED nuclear medium effects are found to be negligible outside these
boundary regions. Similarly to the case of elastic scattering processes in Fig. 1, the relative correction
decreases with the squared momentum transfer from the percent level at small momentum transfers down
to a permille level and below that we illustrate in Fig. 4. For the fixed value of x, the relative correction
depends non-monotonically on the Bjorken variable.
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x = 0.01
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e, 

‰

0.01

0.1

1

10

Q2 [GeV2]
10 100 1000

Figure 4: Relative neutral-current inclusive deep inelastic electron-nucleus scattering cross-section correc-
tion, at the first order in the opacity expansion, that is induced by QED nuclear medium effects inside
the 208

82 Pb nucleus is shown as a function of the momentum transfer Q2 for center-of-mass energies of the
future EIcC and EIC experiments

√
s = 15 GeV, 80 GeV, and 140 GeV and fixed values of the Bjorken

variable x = 0.01, 0.1, and 0.5.

3.2 Resummed corrections

Following Refs. [15, 18], we account for the broadening of initial- and final-state charged electrons with the
transverse momentum distribution from Eq. (4). We present the ratio of the “true” cross section σbroad to
the expected from the elastic kinematics cross section σexp as a function of the recoil electron energy E′

e

in the nucleon rest frame for the fixed values of the squared momentum transfer Q2 = 1 GeV2, s/10, s/2,
and 4s/5 in Fig. 5, and for the fixed values of x = 0.01, 0.1, and 0.5 in Fig. 6 for center-of-mass energies√
s = 15 GeV, 80 GeV, and 140 GeV, for consistency with the previous Subsection. Similarly, we estimate

uncertainties of the atomic physics as a difference between results with the same two choices of the atomic

scale ζ: ζ = meZ1/3

192 and ζ = 36meZ1/3

192 .
We find that QED nuclear medium effects decrease with increasing incoming beam energy and the

Bjorken variable x, see Fig. 6. The effects are larger for larger recoil electron energy that corresponds
to the scattering at small angles. At all beam energies, the cross-section corrections reach a percent-level
size for x = 10−2 and can be enhanced by additional 10-50% going to lower x values.

Next, we focus on the momentum transfer dependence. At fixed small momentum transfer Q2 cor-
responding to non-perturbative parton distribution function boundary conditions where the kinematic
dependence is steep, the correction increases with the beam energy corresponding to the scattering at
smaller angles. In contrast, at large momentum transfers when scaling violations are sizeable, the QED
nuclear medium effects decrease with the incoming beam energy. The outcome of this study is that re-
summed QED nuclear medium effects are larger for scattering at small momentum transfers, small x, and
small energies.

4 Conclusions and Outlook

In this paper, we investigated QED nuclear medium effects in energy regimes relevant to future electron-
ion colliders. We provided predictions for the heaviest nucleus, 208

82 Pb, which is expected to be studied at
the EIC and generates the largest corresponding corrections.

For the elastic scattering on nucleons inside the nucleus, we found energy-independent cross-section
corrections after 1 reinteraction inside the nucleus to reach a percent level and decrease with the squared
momentum transfer. After resumming multiple reinteractions, we found cross-section corrections that
decrease with energy. Resummed effects can reach a few-percent level only at the lowest energies of EIC
for scattering at small angles.

8



s = 15 GeV

σbr
oa

d

σex
p

0.96

0.98

1.00

E'e [GeV]
0 20 40 60 80 100
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Figure 5: Ratio of the inclusive deep inelastic electron-proton scattering cross section after accounting for
the QED broadening of electron tracks inside the 208

82 Pb nucleus to the cross section predicted from the
lepton kinematics is presented as a function of the recoil electron energy E′

e in the frame of the initial
proton at rest for center-of-mass energies of the future EIcC and EIC experiments

√
s = 15 GeV, 80 GeV,

and 140 GeV and fixed squared momentum transfers Q2 = 1 GeV2, s/10, s/2, and 4s/5.

s = 15 GeV

σbr
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d

σex
p

0.96

0.98

1.00

E'e [GeV]
0 20 40 60 80 100

s = 140 GeV
σbr

oa
d
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p

0.96
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E'e [GeV]
0 2,500 5,000 7,500 10,000

multiple interactions inside 208
82 Pb

s = 80 GeV

x = 0.5
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1000 2000 3000

Figure 6: Ratio of the inclusive deep inelastic electron-proton scattering cross section after accounting for
the QED broadening of electron tracks inside the 208

82 Pb nucleus to the cross section predicted from the
lepton kinematics is presented as a function of the recoil electron energy E′

e in the frame of the initial
proton at rest for center-of-mass energies of the future EIcC and EIC experiments

√
s = 15 GeV, 80 GeV,

and 140 GeV and fixed values of the Bjorken variable x = 0.01, 0.1, and 0.5.

We further performed the first evaluation of the QED nuclear medium effects for neutral-current
inclusive deep inelastic scattering at small and large momentum transfers for the fixed Bjorken variable
x and for the fixed squared momentum transfer Q2. Cross-section corrections can range from a tenth
of a percent to a few percent, and in extreme cases at the edges of phase space, they can reach up to
10%, likely driven by the kinematic dependence of the integrands involved. These were found to decrease
with the incoming beam energy. After accounting for one reinteraction inside the nucleus for the fixed
momentum transfer, we found an increase of QED medium effects with x nearby the boundaries of the
kinematic region and sizable corrections for low squared momentum transfers and large x, as well as
for large values of the squared momentum transfer over the whole kinematically-allowed region. After
accounting for multiple reinteractions inside the nucleus, effects reach percent level at x ∼ 10−2 and
increase at lower x. Resummed QED nuclear medium effects decrease with growth of the beam energy
for scattering at large angles and increase for scattering at small angles. Having percent-level corrections
in inclusive deep inelastic scattering and elastic scattering on nucleons in forward kinematics calls for
a proper account for these effects in the extraction of the multi-dimensional structure of nucleons and
nuclei by future electron-ion colliders. This work can be extended in several directions, including the
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application of similar methods to explore QED medium effects in other processes, such as the study of
polarized inclusive DIS [37], semi-inclusive DIS [38–41], and exclusive reactions [42–44] at electron-ion
colliders.
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A Neutral-current inclusive DIS cross section

In this Appendix, we present expressions for the neutral-current inclusive deep inelastic electron-nucleon
scattering cross section in terms of the nucleon structure functions and quark parton distributions.

Neglecting the electron mass, it is convenient to express the neutral-current inclusive deep inelastic
electron-nucleon scattering cross section in the approximation of one exchanged gauge boson as a product
of the leptonic Lµν

i and the hadronic W i
µν tensors [49–51]:2

dσ =
1

2 (s−M2)

(4πα)2

Q4

4π
∑

i=γ,γZ,Z

ηiL
µν
i W i

µν

 d3p′

(2π)3 2E′
, (6)

with the factors ηi:

ηγ = 1, ηγZ =
1

sin2 (2θW )

Q2

Q2 +M2
Z

, ηZ = η2γZ , (7)

where MZ is the mass of the Z boson and θW is the Weinberg angle. For definiteness, we take the MS
values for sin2 θW and MZ at the scale µ = MZ from Ref. [52]. The explicit expressions for the tensors
Lµν
i and W i

µν are given by

Lµν
γ = 2

(
pµ

(
p′
)ν

+
(
p′
)µ

pν − gµν
Q2

2

)
, (8)

Lµν
γZ = −Qeg

e
V L

µν
γ + 2Qeg

e
Aiε

µνλρpλp
′
ρ, (9)

Lµν
Z =

[
(geV )

2 + (geA)
2
]
Lµν
γ − 4geAg

e
V iε

µνλρpλp
′
ρ, (10)

W γ
µν =

1

8π

∑
S,q,X

< N (k, S) |Jq,γ
µ |X >< X|Jq,γ

ν |N (k, S) > (2π)4 δ4 (k + q − pX) , (11)

W γZ
µν =

1

8π

∑
S,q,X

< N (k, S) |Jq,Z
µ |X >< X|Jq,γ

ν |N (k, S) > (2π)4 δ4 (k + q − pX)

+
1

8π

∑
S,q,X

< N (k, S) |Jq,γ
µ |X >< X|Jq,Z

ν |N (k, S) > (2π)4 δ4 (k + q − pX) , (12)

WZ
µν =

1

8π

∑
S,q,X

< N (k, S) |Jq,Z
µ |X >< X|Jq,Z

ν |N (k, S) > (2π)4 δ4 (k + q − pX) , (13)

where the sum goes over the nucleon spin states S, all quark and antiquark flavors, and over the phase-
space of the arbitrary hadronic final state X with the four-momentum pX . The electromagnetic Jq,γ

µ and

neutral Jq,Z
µ currents are given by Jq,γ

µ = −Qq q̄γµq and Jq,Z
µ = q̄γµ

(
gqV − gqAγ5

)
q, respectively. The vector

gV and axial-vector gA couplings of quarks and electrons are expressed in terms of the third component
of the isospin T 3

f and the electric charge Qf as

gfV = T 3
f − 2Qf sin

2 θW , gfA = T 3
f , (14)

where f stands for a fermion. The electron has the electric charge Qe = −1 and the third component of
the isospin T 3

e = −1
2 , while the quarks’ electric charge and isospin are given by Qu = 2

3 , Qd = −1
3 and

T 3
u = 1

2 , T 3
d = −1

2 for u and d quarks, respectively.

2We neglect the running of sin2 θW that results in less than 4% relative uncertainty, while the electromagnetic coupling
constant in the hard scattering process away from the Thompson limit cancels in all ratios of this paper.
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The Lorentz-invariant decomposition for the part of the hadronic tensors W i
µν , which contributes to

the neutral-current unpolarized electron-nucleon scattering cross section, can be expressed in terms of the
nucleon structure functions F i

1, F
i
2, and F i

3 as

W i
µν =

(
−gµν +

qµqν
q2

)
F i
1

(
x,Q2

)
+

(
kµ − k · q

q2
qµ

)(
kν −

k · q
q2

qν

)
F i
2

(
x,Q2

)
k · q

− iεµναβq
α

(
kβ − k · q

q2
qβ

)
F i
3

(
x,Q2

)
2k · q

. (15)

At tree level, the nucleon structure functions can be expressed in terms of the parton distribution functions
q
(
x,Q2

)
of quarks and antiquarks (with an opposite sign in F3 for antiquarks) inside the nucleus as

2xF γ
1

(
x,Q2

)
= F γ

2

(
x,Q2

)
= x

∑
q

Q2
qq

(
x,Q2

)
, F γ

3

(
x,Q2

)
= 0, (16)

2xF γZ
1

(
x,Q2

)
= F γZ

2

(
x,Q2

)
= 2x

∑
q

Qqg
q
V q

(
x,Q2

)
, F γZ

3

(
x,Q2

)
= 2

∑
q

Qqg
q
Aq

(
x,Q2

)
, (17)

2xFZ
1

(
x,Q2

)
= FZ

2

(
x,Q2

)
= x

∑
q

[(
gqV

)2
+
(
gqA

)2]
q
(
x,Q2

)
, FZ

3

(
x,Q2

)
= 2

∑
q

gqV g
q
Aq

(
x,Q2

)
.

(18)

The neutral-current double-differential inclusive deep inelastic electron-nucleon scattering cross section
is expressed in terms of the nucleon structure functions F1, F2, and F3, and kinematic invariants as

d2σ

dxdQ2
=

4πα2

xQ4

[
xy2F1(x,Q

2) +

(
1− y − x2y2M2

Q2

)
F2(x,Q

2)−
(
y − y2

2

)
xF3(x,Q

2)

]
, (19)

with the variable y = Q2

(s−M2)x
, that is unaffected by QED nuclear medium effects, and structure functions

F1, F2, and F3:

F1,2 = F γ
1,2 +Qeg

e
V ηγZF

γZ
1,2 +

[
(geV )

2 + (geA)
2
]
ηZF

Z
1,2, (20)

F3 = F γ
3 +Qeg

e
AηγZF

γZ
3 + 2geV g

e
AηZF

Z
3 . (21)

B Thickness: outgoing lepton trajectory

In this Appendix, we derive expressions for averaging of the outgoing lepton contributions at the first
order in the opacity expansion over the nuclear medium and present the corresponding thickness.

After the hard interaction at the point O′, the lepton scatters at θ0, and the integral over the outgoing
lepton trajectory z′ goes through the points inside the nucleus with the coordinate differences to the
nuclear center O: ∆x, ∆y, and ∆z:

∆x = rsinθ + z′sinθ0cosϕ, (22)

∆y = z′sinθ0sinϕ, (23)

∆z = rcosθ + z′cosθ0, (24)

with axes choice and notations from Fig. 7.
To account for scattering into different azimuthal angles ϕ, we average the integral along the outgoing

lepton track, z′, over this angle:
ˆ

dz′ρ
(
z′
)
→ Z

−πPolyLog [3,−e2R0 ]

ˆ ∞

0
dz′
ˆ 2π

0

dϕ

2π

× ρ0

(√
(r sin θ + z′ sin θ0 cosϕ)2 + (z′ sin θ0 sinϕ)2 + (r cos θ + z′ cos θ0)2

)
, (25)
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Figure 7: Coordinate choices in lepton-nucleus scattering are shown. The lepton trajectories are shown
by the red solid lines. The hard interaction happens at the point O′ with scattering of the lepton at the
angles θ0, ϕ. The spherical coordinates of the hard interaction point O′ in the frame with a center in the
nuclear center O are r and θ. The angle θ is in (x, z) plane. The scattering plane is not the same as the
plane in the figure. The scattering angle θ0 has projections along z, y and x axes. The angle ϕ is in (x, y)
plane.

with the spherically-symmetric nuclear density ρ0, where the polylogarithm comes from the normalization
of the Woods-Saxon spherically-symmetric distribution.

To average over all possible hard interaction points inside the nucleus, we introduce a weighting
operator Ŵ :

Ŵ =
Z

−πPolyLog [3,−e2R0 ]

ˆ ∞

0
dr

ˆ π

0
dθρ0 (r) r

2sinθ. (26)

The thickness for the outgoing lepton trajectory is given by acting with Ŵ from Eq. (26) on the
integral over the outgoing lepton trajectory from Eq. (25).

C Thickness: incoming lepton trajectory

In this Appendix, we derive expressions for averaging of the incoming lepton contributions at the first
order in the opacity expansion over the nuclear medium and present the corresponding thickness.

Before the hard interaction at the point O′, the integral over the incoming lepton trajectory z goes
through the points inside the nucleus with the coordinate differences to the nuclear center O: ∆x, ∆y,
and ∆z:

∆x = rsinθ, (27)

∆y = 0, (28)

∆z = rcosθ − z, (29)

with axes choice and notations from Fig. 8.
We express the integral along the incoming lepton track, z, in terms of the spherically-symmetric

nuclear density ρ0 asˆ
dzρ(z) → Z

−πPolyLog [3,−e2R0 ]

ˆ ∞

0
dzρ0

(√
(r sin θ)2 + (z − r cos θ)2

)
. (30)
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Figure 8: Coordinate choices in elastic lepton-nucleus scattering are shown. The incoming lepton tra-
jectory is shown by the red solid line. The hard interaction happens at the point O′. The spherical
coordinates of the hard interaction point O′ in the frame with a center in the nuclear center O are r and
θ. The angle θ is in (x, z) plane.

The thickness for the incoming lepton trajectory is given by acting with averaging over all possible
hard interaction points Ŵ from Eq. (26) on the integral over the incoming lepton trajectory from Eq. (30).
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