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ABSTRACT

We apply and extend standard tools for void statistics to cosmological simulations that solve Einstein’s equations with numerical
relativity (NR). We obtain a simulated void catalogue without Newtonian approximations, using a new watershed void finder that
operates on fluid-based NR simulations produced with the EINSTEIN TOOLKIT. We compare and contrast measures of void size
and void fraction, and compare radial stacked density profiles to empirically-derived Hamaus—Sutter—Wandelt (HSW) density
profiles and profiles based on distance to void boundaries. We recover statistics roughly consistent with Newtonian N-body
simulations where such a comparison is meaningful. We study the variation of dynamical spatial curvature and local expansion
explicitly demonstrating the spatial fluctuations of these quantities in void regions. We find that voids in our simulations expand
~10-30 per cent faster than the global average, and the spatial curvature density parameter in the centre of voids reaches ~60—80

per cent.
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1 INTRODUCTION

A fundamental aspect of the Universe is the organization of matter
into clusters and filaments, forming the large-scale structure that is
central to modern cosmology. The clustering of matter into dense
structures leads to the emergence of cosmic voids, which make up
most of the volume of the Universe and constitute its largest typical
observed structures (Hoyle & Vogeley 2002, 2004; Pan et al. 2012).

Observations present us with the immediate dichotomy that voids —
the absence of matter — by their very nature can only be understood by
directly observing the complex matter distribution within which they
grow and interact. Observations need to be combined with modelling
and numerical simulations to glean any understanding. The goal of
this paper is to use numerical relativity to extend that modelling
to a full general relativistic analysis of void statistics for the first
time.

These aims require not only that we take care with approximations
derived for the standard A cold dark matter (ACDM) cosmology, but
also those for the generic class of Friedmann—-Lemaitre—Robertson—
Walker (FLRW) models on which ACDM is based. We study realistic
simulations for which the FLRW approximation is extremely good
in the early Universe, but which at later epochs admit the non-linear
features intrinsic to general relativity (GR).

Cosmic voids have uses for studying a wide range of cosmological
properties and effects (Moresco et al. 2022). Their dynamics remain
near-linear even in the present epoch (Stopyra, Peiris & Pontzen
2020; Schuster et al. 2023), allowing for the simpler extraction of
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cosmological information. Observed or simulated void statistics can
be used to constrain cosmological parameters (Lavaux & Wandelt
2010; Bos et al. 2012; Hamaus et al. 2016; Contarini et al. 2023) and
can provide another perspective on tensions in the standard model of
cosmology (Contarini et al. 2024).

Simulated void catalogues are typically produced by Newtonian
N-body simulations, in which expansion is prescribed by scaling
the simulation volume according to the Friedmann equation from
an FLRW model. However, in GR, matter and space—time curvature
are non-linearly related. Consequently, regional expansion in the
Universe is determined by its local matter content, allowing over-
dense and underdense regions to have varying degrees of spatial
curvature in any foliation. This may occur even if the average
spatial curvature of the Universe is zero (as in ACDM). This
is particularly relevant for cosmic voids, which have a negative
spatial curvature and expand at a greater rate than the overdense
sheets, filaments, and knots of the cosmic web (Peebles 1993, 2001;
Macpherson, Lasky & Price 2018). These concepts exist in standard
cosmology. However, they are not explicitly implemented in the
treatment of space—time in Newtonian simulations. In principle,
variations of curvature and expansion in voids could be calculated
from the Newtonian potential, but such an analysis has not yet been
done.

A notable exception to traditional N-body methods is the heuristic
AVERA scheme (Récz et al. 2017), which replaces the Friedmann
equation by an evolution code step that applies a volume-average
to the scale factor governing the N-body simulation volume. This
scheme has had phenomenological success in application to tensions
in the integrated Sachs—Wolfe effect (Beck et al. 2018; Kovics et al.
2020, 2022), raising the question of whether such results can be
replicated in numerical relativity.
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Traditional N-body codes have been significantly improved, most
notably by gevolution (Adamek et al. 2016), which uses the weak-
field limit of GR. In simplified setups, gevolution has been shown to
agree with numerical relativity (Adamek et al. 2020, 2024). However,
the weak-field scheme inherently precludes a full investigation of the
potential for non-linear GR effects to significantly alter the chosen
global background.

Another alternative to evolving all degrees of freedom contained in
the Einstein equations is to self-consistently remove degrees of free-
dom with likely small contributions in cosmology: (i) gravitational
waves in the GRAMSES (Barrera-Hinojosa & Li 2020a, b) code;
(i1) vorticity and the magnetic Weyl curvature in quiet universes
(Heinesen & Macpherson 2022); and (iii) all of the above in silent
universes (Bolejko 2018a). Silent universe models have been used to
seek solution to the Hubble tension (Bolejko 2018b). However, the
relationship between the Bolejko (2018b) solution and realistic initial
conditions from the cosmic microwave background (CMB) epoch
are not clear. In this work, we are interested in using numerical
relativity to circumvent such limitations and study the fully non-
linear problem.

1.1 Numerical relativity

Numerical relativity (NR) was developed for the study of compact
objects, such as binary black holes (e.g. Pretorius 2005; Baker
et al. 2006; Campanelli et al. 2006) and neutron stars (e.g. Shibata,
Taniguchi & Uryd 2005; Baiotti, Giacomazzo & Rezzolla 2008). It
has since been used for a variety of applications across relativistic
astrophysics (see Lehner & Pretorius 2014, for a review) and early-
Universe cosmology (e.g. Clough et al. 2017; Giblin & Tishue 2019).

NR has been adopted to study late-time inhomogeneous cosmol-
ogy in the absence of space—time symmetries, beginning with Giblin,
Mertens & Starkman (2016) and the COSMOGRAPH code (Mertens,
Giblin & Starkman 2016), and simultaneously Bentivegna & Bruni
(2016) using the EINSTEIN TOOLKIT, independently followed by
Macpherson, Lasky & Price (2017), also using the EINSTEIN TOOLKIT
(see also Daverio, Dirian & Mitsou 2017; Wang 2018; Tian et al.
2021). These groups adopt a continuous fluid approximation for mat-
ter, rather than an N-body particle ensemble. More recently, Giblin
et al. (2019), Daverio, Dirian & Mitsou (2019), and East, Wojtak &
Pretorius (2019) have performed NR simulations coupled to N-body
particle dynamics (see also Magnall et al. 2023, for coupling to
smoothed particle hydrodynamics (SPH)). In this work, we will use
the EINSTEIN TOOLKIT, which adopts a fluid approximation for the
matter content. This approximation breaks down below the scale of
the largest bound structures, namely, galaxy clusters. For this reason
we will ensure our simulations only sample scales on which such an
approximation should be valid.

NR allows for the description of space—time without the assump-
tion of closeness to any background metric. We solve Einstein’s
equations in full, with no linearizations or other approximations
of the metric, allowing us to capture non-linear phenomena that
would be missed by such assumptions. With access to the full
metric throughout the simulation, we are able to calculate quantities
such as the local expansion rate, the Ricci scalar, and the kinetic

'While a particular background cosmology must be chosen to set initial data
in gevolution, in principle this can change during the evolution due to the
absorption of homogeneous modes of the perturbations into the scale factor.
However, this change in background is restricted to be small (see Section 5.3
of Adamek et al. 2016).
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curvature parameter, which depend on the local values of the metric
components.

1.2 Backreaction of inhomogeneities

It is conventionally assumed that departures from average isotropic
cosmic expansion can always be exactly reduced to local Lorentz
boosts — i.e. peculiar velocities of the source, observer, and in-
tervening structures — on a global FLRW background. However,
in GR the growth of structure may lead to an expansion history
significantly different from any single global FLRW background.
Such cosmological backreaction scenarios (Buchert 2000; Buchert &
Résédnen 2012; Buchert, Mourier & Roy 2020) may in turn affect the
traditional interpretation of peculiar velocities.

Different types of backreaction have been classified in the well-
known Buchert et al. (2020) (BMR) formalism, which provides a
set of equations for the evolution of scalar averages of small-scale
structures. The first Buchert equation may be written as the energy
density sum-rule®

Qu+ Qr + Qk + Qo = 1. (1

Here, 2\ and Qg are analogous to matter and radiation energy
densities in the Friedmann equation, but scales with respect to powers
of an average volume scale ap, (cf. (11) below), not a background
metric scale factor, Qg is the average spatial curvature or kinetic
curvature density, and Qg is the kinematical backreaction density.

Much attention has focused on the magnitude of |Q2¢/, going back
to the 2000s (Ishibashi & Wald 2006). However, while a non-zero
|Qo] is necessary for realistic cosmological backreaction,? it may
be small, as in the case of the timescape model (Wiltshire 2007a, b,
2009; Duley, Nazer & Wiltshire 2013). By contrast, a positive kinetic
curvature term Qg makes a very significant contribution to the late
epoch energy budget (1) in several backreaction models, including
those with an appreciable cosmological constant (Bolejko 2018b).
In the timescape model, Q2 has a direct physical interpretation as
the quasilocal (i.e. regional) kinetic energy of expansion of voids,
producing an apparent acceleration that does away with dark energy.

Inhomogeneities are the source of local and quasilocal anisotropies
in both GR and its weak field Newtonian limit. In fully relativistic
cosmology, regional anisotropies are not limited to a global FLRW
background plus the spherical multipole expansion obtained by
local Lorentz boosts in a v/c power series. The differences have
been classified via multipole moments as non-kinematic differential
expansion (Bolejko, Nazer & Wiltshire 2016; Dam 2016; McKay &
Wiltshire 2016).

2A cosmological constant backreaction density, €24, and additional back-
reaction terms are also found in general (BMR), but are not relevant for
interpreting our simulations. The radiation density Qg is not relevant except
insofar as the ratio Qr/Qym > 0.3 at last scattering, with significance for
calibrations relative to CMB data. Our notation differs from that of BMR,
who use Q% in place of Qk, while not explicitly writing a radiation density.
Positive values Qk > 0 correspond to negative spatial curvature, as is the
case for void domination.

3The imposition of periodic boundary condition in Newtonian cosmologies —
the so-called forus condition —results in 2 g necessarily vanishing in averages
over the full global spatial hypersurfaces. The heuristic AVERA scheme (Récz
et al. 2017) explicitly breaks the assumptions of the Buchert—Ehlers (1997)
theorem, and was criticized (Kaiser 2017; Buchert 2018) as a result. However,
the quasilocal nature of gravitational mass in GR means that laws of mass
conservation in GR may differ from their Newtonian counterparts. Thus, the
AVERA phenomenology may point to deeper fundamental questions.
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The methods of Section 1.1 have enabled the first numerical
investigations into the impact of backreaction (Bentivegna & Bruni
2016; Macpherson et al. 2018; Macpherson, Price & Lasky 2019)
and cosmological observables (e.g. Giblin et al. 2017; Macpherson
2023) in fully non-linear late-time cosmology. The characteristic
features of quasilocal anisotropies expected in GR, as constrained
by the initial matter power spectrum, are an important fundamental
question. This paper quantifies the principal contribution to these
small-scale anisotropies — cosmic voids — for the first time.

1.3 Outline

Section 2 details the NR simulations that produce the void sample,
and discusses the advantages and drawbacks compared to the typical
use of Newtonian N-body simulations. Section 3 describes the
operation of watershed void finders in general, the specifics of
our implementation, and the differences from other watershed void
finders that are necessitated by our simulations. Section 4 covers
void statistics in the simulations. As well as standard statistics such
as the void size function and radial density profiles, we also produce
radial profiles of three scalars derived from metric. We also use the
technique of Cautun, Cai & Frenk (2016) to produce profiles based on
distance to void boundaries. In Appendix A, we show that simulation
numerical error is not large enough to affect our statistics.

2 NUMERICAL RELATIVITY SIMULATIONS

We perform analysis of void statistics on a pair of cosmological
simulations produced using the EINSTEIN TOOLKIT* (Werneck et al.
2024), an open-source NR platform of computational tools for
gravitational physics and relativistic astrophysics.

Our simulations are initialized at redshift z &~ 1000 using FLR-
WSolver (Macpherson et al. 2017), which generates linear® fluc-
tuations about an Einstein de-Sitter (EdS) background space—time.
The perturbations are drawn from a matter power spectrum output
from CLASS (Lesgourgues 2011). Importantly, while our initial data
utilizes an FLRW background, no such background is explicitly
assumed during evolution.

We evolve the simulations from the initial redshift throughto z ~ 0
using the 3 + 1 Baumgarte—Shapiro—Shibata—Nakamura—Oohara—
Kojima (BSSNOK or BSSN, Nakamura, Oohara & Kojima 1987;
Shibata & Nakamura 1995; Baumgarte & Shapiro 1998) formalism
of NR. The final slice of the simulation is defined based on the
predicted change in volume from the initial background EdS model.
The space-time is evolved using the McLachlan (Brown et al.
2009) ML_BSSN thorn in the ET and the hydrodynamics is evolved
using GRHydro (Baiotti et al. 2005). We approximate matter as
dust, namely, as a pressureless® perfect fluid (under a continuous
fluid approximation). We set the shift 8/ = 0 throughout and choose
a harmonic-type slicing to evolve the lapse « according to (as in
Macpherson et al. 2019) 9,a = —1/3 «?K, where K is the trace of
the extrinsic curvature. In the FLRW limit, or in the case of linear
perturbations, this gauge coincides with a conformal-time slicing.

“https://einsteintoolkit.org.

SA very good approximation to the full non-linear constraints for the very
small perturbations at the initial redshift.

9GRHydro does not allow for an exactly zero pressure, so we choose P < p
using a polytropic equation of state (EOS), which is sufficient to approximate
dust (Macpherson et al. 2017). Such an EOS has also been shown to be
beneficial in analytic studies in inhomogeneous cosmology (Bolejko & Lasky
2008).

Void statistics in numerical relativity — 2647

When calculating the expansion and curvature for our void profiles,
we calculate quantities intrinsic to the fluid flow in the simulation.
These quantities (defined in Section 4.4.4) represent qualities of the
frame that is everywhere orthogonal to the fluid 4-velocity, u*. This
fluid rest-frame is a more physically-motivated spatial slice than the
particular slices we choose for the simulation itself. See Macpherson
et al. (2017, 2019) for further technical specifics of the simulation
set up.

In this work, we analyse simulations with two different physical
resolutions: grid cell side lengths of 4 and 12 A~' Mpc. These scales
are the smallest we can reliably simulate under the assumption
of a continuous dust fluid, since below these scales both velocity
dispersions and baryonic effects become important. Both simulations
have a grid resolution of 256° cells, yielding a side length of 1024 and
3072 h~! Mpc, respectively, at the final redshift z & 0.

When generating the initial conditions, we remove power at all
wavelengths below ~10 grid cells from the power spectrum. Specifi-
cally, we set P(k > key) = 0, where key = 271/ Acye and Agye = 10AX
(where Ax is the grid cell size). The power at k < k¢ is set
according to the input power spectrum from CLASS. Removing these
modes reduces the numerical error associated with undersampling
small-scale structures (see also Giblin et al. 2017). The different
physical resolutions between the two simulations means that the
initial smoothing scales are 40 and 120 4~ Mpc; however, structure
can (and does) form below this scale at late times in the simulation
due to non-linearity (the amplitude of this structure is significantly
damped).

Our simulations do not include a cosmological constant, A, in
the evolution of Einstein’s equations. The ET has not yet been
benchmarked for use with a cosmological constant, and this is the
focus of ongoing work. Including a cosmological constant would
be expected to alter the void statistics, giving larger voids due to
their accelerated growth in the most recent epoch of expansion
history.

3 WATERSHED VOID FINDER

We present a new watershed void finder, the WATERSHED EINSTEIN
ToPOGRAPHY (WET) void finder, designed for use in fluid-based
NR simulations. Watershed void finding is now the most commonly
used means of extracting catalogues of voids from data, described
in detail later in this section. Conceptually, the watershed transform
partitions the density field into segments, or ‘basins’, where each
segment contains all the points that can follow a descending path
(i.e. decreasing density) to a particular local minimum. Note that
by construction, there is exactly one watershed segment per local
minimum.

This process can be understood by analogy to rainwater moving
down a mountainous landscape, where water moving from high
elevation collects at a local minimum at lower altitude, while ridges
in the terrain separate these basins. Applied to cosmology, instead
of landscape height, we have the matter density, so this process
identifies density depressions in the matter field, some of which we
might define as cosmic voids. Sheets, filaments, and nodes form the
visible aspects of the large-scale structure in the Universe, and these
are the ridges in the density field that separate voids.

This method originates with the Watershed Void Finder (Platen,
van de Weygaert & Jones 2007) and zOBOV (Neyrinck 2008). One
popular watershed void finder based on ZOBOV is VIDE (Sutter et al.
2015), which has been used in the study of both observational data
(e.g. Sutter et al. 2012, 2014a) and simulations (e.g. Contarini et al.
2022).

MNRAS 536, 2645-2660 (2025)
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Most void-finding software is designed to operate on sets of par-
ticle positions, either from observational data (positions of galaxies)
or the output of N-body simulations (Platen et al. 2007; Neyrinck
2008; Sutter et al. 2015). For watershed void-finding, it is necessary
to translate these into a continuous density field upon which the
watershed transform can be performed. It is typical (e.g. ZOBOV;
Neyrinck 2008) to construct this continuous density field through
Voronoi tessellation (or like Platen et al. 2007, use its dual, the
Delaunay tessellation), where each galaxy or simulation particle is
assigned all of the volume that is closer to it than to any other particle.
The density for that whole region is then determined by dividing the
particle’s mass by the volume, as if the matter had been spread evenly
around the whole region.

As our simulations are fluid-based, we have direct access to all
variables at every point on the grid. Thus, we do not need to perform
a density field estimation in the above manner. However, in fluid-
based simulations, the density field cannot be as finely resolved as
compared to high-density regions of particle-based data, such as in
the structures of the cosmic web. However, we do not have the issue
of shot noise in the estimation of density when particles are sparse,
such as near void centres, though that is less of an issue for the
statistics we look at here, which involve averaging over many voids.

3.1 Watershed segmentation

As adensity field estimation from particles is unnecessary in our case,
our first step is the watershed transform itself, to segment the grid into
watersheds. Here, we give a short description of the algorithm used
by the WET void finder. For a detailed description of the watershed
void-finding process, see Platen et al. (2007).

Beginning with the least dense cell, we iterate through each cell
in the simulation volume in increasing order of density. Each cell is
to be assigned an index representing which watershed segment it is
part of. If the cell neighbours only one segment, then it is added to
that segment. If none of a cell’s neighbours are yet part of a segment,
the cell must be a local minimum, so a new segment is defined. Cells
that neighbour more than one distinct segment are not added to any
segments, and instead are marked as segment boundary cells, which
make up the density ridges separating segments. These ridges are
related to the sheets and filaments of galaxy clusters that separate
cosmic voids.

Fig. 1 shows a demonstration of the algorithm. The top panel
shows the density on a 200/4~! Mpc region of a two-dimensional
slice through the 4 h~! Mpc resolution simulation. The centre panel
shows the same slice after the above segmentation process has been
applied to the whole three-dimensional volume, with the segment
boundary cells marked with black crosses. The contiguous areas of
marked cells correspond to boundary walls that lie in the plane of the
slice, separating a segment above the slice from a segment below.
The segments produced mostly correspond to the voids in the density
field, which can be seen by eye. However, not every density ridge
necessarily corresponds to significant physical structure separating
two voids, so further steps are necessary to translate the identified
segments and boundaries into voids and their walls.

3.2 Merging segments

Large voids are known to have a rich substructure (Tikhonov &
Karachentsev 2006; Sutter et al. 2014b); containing smaller voids
and low-density structures. This can result in a slight density ridge
inside a void, and the segmentation process will identify the areas on
each side of such a ridge as separate watershed segments. However,

MNRAS 536, 2645-2660 (2025)
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200/h~! Mpc

Figure 1. Density on a (200~ Mpc)? region of a slice through the
4 h~! Mpc resolution simulation. Brighter green, towards yellow, indicates
high density, and darker purple areas are of low density. The top panel shows
the raw density field, the centre panel is annotated showing the segment
boundary cells (black+), and the lower plot is annotated showing the void
wall cells (black+) and overdense excluded cells (yellow x).
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it may be reasonable to consider both segments part of the same void.
To this end, we perform a merging step after segmentation, which
identifies segments that are separated by a wall with density below a
chosen threshold and combines them into a single larger void. Any
ridge with a density contrast below this threshold will be considered
as part of the larger void surrounding it.

We use the density contrast, §, to define this threshold density:

s§=15-—1, 2
o

where p is the rest-mass density and p is its average over the spatial

simulation slice. We choose § = —0.8 as our threshold, motivated by

the density at which a top-hat model of an expanding underdensity in
an EdS universe experiences shell crossing (Sheth & van de Weygaert
2004). Further, this same threshold and merging process is used
in widely-used watershed void finders. It is a default for ZoBov
(Neyrinck 2008), a commonly used option in VIDE (Sutter et al.
2015), and has been used in other implementations (e.g. Cautun
et al. 2016).

The lower panel of Fig. 1 shows the results of merging the segments
found in the previous step (centre panel). Now, the black ‘4’ markers
indicate void boundaries. As a result of this step, the large void in
the centre of the figure is no longer split into two segments by a wall
(as in the centre panel), as the density ridge is below our threshold
for significance.

3.3 Density-based exclusion

By construction, the barriers between segments are only one grid
cell thick, but the overdense walls separating physical voids may be
thicker in practice. To account for this, we remove any cell from
its void if it has a density greater than the whole-volume spatially-
averaged density. Thus, no overdense cell can ever be part of a void,
and are always considered walls, but underdense cells may be either
part of voids or walls. Additionally, a watershed segment can in
principle have any minimum density, so any slight depression in
the density field, even in an overdense area, will be considered a
watershed segment. This threshold prevents such depressions from
being considered cosmic voids in our analysis.

The lower panel of Fig. 1 shows this exclusion process, with the
excluded cells annotated with a yellow ‘x’ marker. The necessity of
this step can be seen, for example, at the top of the large central void,
where an overdense region was previously included in the segment
but has now been excluded.

3.4 Volume calculation

We calculate the volume of a void by summing the volume of the
grid cells contained within it. The volume of a cell is defined as

Veen = \/?AxS’ (3)

where y is the determinant of the spatial metric in the grid cell and
Ax is the physical resolution 4 or 12 2~! Mpc.

The volume element ,/y implies that not all cells have the same
volume, a quality unique to our general-relativistic treatment. For
the simulations we use here, we find variations in volume that are
always <0.13 per cent. Such a small variance in volume is expected in
cases where the spatial metric remains close to a background FLRW
expansion (with a metric perturbation ¢ < 1), as is the case in our
simulations (see Macpherson et al. 2019). However, the ability to
account for this effect in our void finder could be important in cases
where the metric perturbations are larger.

Void statistics in numerical relativity — 2649

Some of the features identified as voids are very small, only one
or two grid cells in radius. We discard these voids since they are too
close to the grid scale to be resolved. This excludes approximately
7 per cent of potential voids in the 4 4~! Mpc resolution simulation,
and approximately 8 per cent at 12 4~! Mpc resolution.

3.5 Differences compared to particle-based methods

Void-finding on particle-based data must account for shot noise when
reconstructing the density field (though Voronoi tessellation suffers
much less from this than other methods), which can produce apparent
depressions or walls that are not associated with actual structures.
Fluid-based simulations do not have such issues, so our void finder
skips several corrective steps common to particle-based void finders
that are unnecessary for our data.

The walls that our void finder finds to separate voids must be a
minimum of one grid cell thick. Physically, at our two resolutions,
this means a thickness of 4 and 12 2~! Mpc. If finer detail could be
resolved, it is likely that the wall is thinner than this, and therefore
that the void should be larger than the volume we identify. This is
particularly important for simulations with lower physical resolution.
This is also expected to impact our void density profiles, as the matter
is spread out over an entire grid cell. Since N-body simulations
are capable of resolving smaller scales (particularly in walls, where
the number density of particles is high), these will identify a more
realistic wall structure.

4 VOID STATISTICS

In this section, we outline the statistics of the sizes and shapes of
voids in our simulations. We find a total of 30 519 voids above the size
cut-off in the (1024 2~ Mpc)® volume of the 4 h~! Mpc resolution
simulation and 39 206 in the (3072 4~ Mpc)? volume at 12 2! Mpc
resolution.

4.1 Void size function

The void size function describes the number density of voids of
different sizes. This statistic has been modelled analytically (Sheth &
van de Weygaert 2004) and is useful for constraining cosmological
parameters, in particular for the study of dark energy (Contarini et al.
2022). As voids are not perfectly spherically symmetric, it is common
to define the effective radius of a void as the radius of a sphere with
the same volume as the void, namely,

1

3 3
Regt = (471 Z Vcell> , 4)

cells

Fig. 2 shows the void size function for the 12 h~! Mpc resolution
simulation (top panel) and the 4/~ Mpc resolution simulation
(bottom panel). The largest void in the 4 A~' Mpc simulation has
an effective radius of R ~ 40 h~! Mpc, while the largest in the
12 h~! Mpc simulation have R.; 2~ 80 4~ Mpc.

The void size function depends on the smoothing scale (Sheth &
van de Weygaert 2004), evident from the differences between the two
panels in Fig. 2, so different simulations and observational data sets
will also differ in their void size functions because of their various
smoothing scales (see e.g. Nadathur & Hotchkiss 2014; Schuster
et al. 2023, for a study showing vastly different void size functions’

7Specifically, in the isolated (no ‘segment merging’) catalogue of Schuster
et al. (2023), comparable to our approach, VSFs for different resolutions
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Figure 2. Void size function for the simulation at a resolution of 4 2~! Mpc
(top panel) and 12 2~! Mpc (bottom panel), binned by effective radius. The
unshaded bars show radii, where voids are excluded due to low resolution.

in different samples). Further, void size may be affected by the
accelerated expansion resulting from a cosmological constant, so
it is difficult to make a quantitative comparison between the void
size function in this simulation without a cosmological constant
and Newtonian N-body simulations that include a cosmological
constant in the Friedmann equations that define the expansion of
their Universe.

Qualitatively, the shape of our void size function is consistent
with past studies using N-body simulations and from observation,
showing a skewed bell-shaped distribution, with a tail in the positive
direction but declining rapidly as radius decreases.

4.2 Void fraction

Voids comprise the majority of the volume of the late-time Universe.
Constraining the precise fraction of voids is important for the
timescape model of cosmic backreaction (Wiltshire 2007a, b, 2009;
Duley et al. 2013), since it is the free parameter that replaces €2y in
standard FLRW models.

differ, but their merged catalogue containing all subvoids and parent voids
shows agreement for abundance of large voids at different resolutions.

MNRAS 536, 2645-2660 (2025)

In the 4 A~ Mpc resolution simulation, 61.5 per cent of the volume
is in cells marked as being part of a void, and for the 12 2~' Mpc
resolution simulation this fraction is 50 per cent. This value does not
include density depressions that are excluded on the basis of their
small size (see Section 3.3).

The void volume fraction is also dependent on the definition of
what it means for a region to be part of of a void, for which there is
no strict settled definition. As such, different void-finding techniques
can find different void fractions in the same data. For example,
Pan et al. (2012) find a void fraction of 62 percent in the Sloan
Digital Sky Survey Data Release 7. Pan et al. (2012) do not use a
watershed void finder, but rather a nearest-neighbour method based
on El-Ad & Piran (1997). The authors find voids with a minimum
effective radius of 10 Mpc, median of 17 Mpc, and maximum of just
over 30 Mpc. Nadathur & Hotchkiss (2014) run ZOBOV on the same
survey, dividing it into different samples based on redshift bins. They
find void fractions within these samples between 30 and 42 per cent
under their basic definition of a void (and lower fractions for stricter
definitions). This illustrates the difficulty in producing a single well-
defined value for the void fraction of a given data set.

4.3 Finding void centres

In Section 4.4, we construct radial profiles of the voids for density,
expansion rate, the Ricci scalar, and the kinetic curvature parameter.
These profiles are usually constructed using the radial distance from
the void centre. However, voids are not exactly spherical, so there
are several possible ways to define a point as the centre of the void
from which to measure radial distance (Nadathur & Hotchkiss 2015).
For particle-based data, such as Newtonian N-body simulations or
galaxy surveys, the void centre is typically defined as the volume-
weighted barycentre (e.g. Sutter et al. 2012; Nadathur & Hotchkiss
2014), given by

. 1
XP =y 2 Vi ®)

where x; is the position of the i-th particle in a void v, and V; is the
Voronoi cell volume associated with it. In our case, with a uniform
grid of cells of unequal volume, this can be generalized to

1
(L — 7 X. (©)
Zcells \/7 % f

This definition does not take into account the matter distribution
inside the void (except indirectly by a very small amount, due to
/7). only the void’s overall shape. Extremely low density regions
are weighted just as much as barely underdense regions, provided
that the latter are included in the void. As a void is characterized by
extreme underdensity, this property may not be desirable, as we may
wish for the centre to be closer to less dense regions. In light of this,
we also consider another means of finding the centre, to take into
account the internal matter distribution of the void. This alternative
measure of centre is related to the centre of mass, but weighted
towards areas of low density (i.e. the interior of the void) rather than
high density (the walls), given by a weighting function f(p).

1
XM= > f(DT X ™
v Zce]ls f(p)«/? g
We consider two choices of f(p), which ensure that the centre is
weighted towards areas of low density, namely f(p) =1/p and
f(p) = pave — p. When matter is distributed unevenly around a void,
its density-weighted centre will differ from its centre of volume.
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Under these definitions, the decision to include or exclude a higher-
density cell has less impact on the centre that it would have on the
centre of volume. Thus, it may be more robust to the choice of
exclusion threshold or slight changes in the density near it, which
may cause the set of excluded cells to change.

In the 4 ~! Mpc resolution simulation, the mean distance between
a void’s density-weighted centre X™ and its centre of volume X
is approximately 0.78 h~! Mpc, or 0.20 grid cells, for f(p) = 1/p,
and 0.88 h~! Mpc (0.22 grid cells) when f(p) = pave — 0. In both
cases, the difference has an upper bound of a little over one cell. The
mean distance between the two definitions of X°™ is 0.27 A~ Mpc.
Since these differences are small with respect to our grid resolution,
we consider all three to be appropriates measures of centre in our
case. We use the inverse-density weighted centre X;™, f(p) = 1/p,
hereafter for the sake of comparison with existing literature.

4.4 Radial profiles

As voids are often approximated as being spherical, it is common to
consider how the density varies radially from the centre. Sheth & van
de Weygaert (2004) suggest a theoretical radial density profile based
on the excursion set formalism. Voids in data are not spherically
symmetric, so it is necessary to stack a large number of voids (i.e.
align their centres and average over all voids, after rescaling by
effective radius) to form a structure that is spherically symmetric,
then to determine density as a function of distance from the stacked
centres. Such stacked averages have been shown to be accurately
described by a universal radial density profile, known as the Hamaus—
Sutter—Wandelt (HSW) profile (Hamaus, Sutter & Wandelt 2014),

§ = 3Cm. (8)

1+ (r/Rexr)?

Here, §. is the void’s central density contrast, Ry is a scale radius
at which § crosses zero, and « and B are parameters that determine
the inner and outer slopes of the wall, respectively. This gives a
four-parameter model for density contrast in stacked voids.

4.4.1 Constructing stacked radial profiles

We construct the radial profile of an individual void by choosing
500 random directions (the same set of directions for each variable)
and then sampling the variable at intervals of 0.02R. along each
direction from the centre, to a maximum distance of 3R.;. The
average value of the variable over the spherical shell consisting of all
directions’ sample points at that radial step gives the corresponding
value for the spherically averaged profile.

Because the steps are in terms of a fraction of each void’s radius,
individual profiles can easily be stacked and averaged to produce a
radial profile for a sample of voids. The process of stacking a large
number of voids produces a spherically symmetric object, despite
individual voids not being necessarily spherical. Stacking voids in
this manner has other uses beyond extracting radial profiles. It can
also be used to amplify the signal of the integrated Sachs—Wolfe effect
(Granett, Neyrinck & Szapudi 2008), as temperature fluctuations in
the CMB are larger than the temperature change due to these effects
in any single structure; and for the Alcock—Paczynski (1979) test
(Sutter et al. 2014a; Hamaus et al. 2020).

4.4.2 Stacked radial density profiles

We stack all of the voids in the simulation to produce averaged
radial profiles for the density contrast in the voids. The top panels
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of Fig. 3 show these profiles, normalized by each void’s effective
radius, for the 4 and 12 4! Mpc resolution simulations, respectively.
The shaded areas of these figures show the density contrast of
the middle 68.5 and 95 percent of cells at each rescaled radial
distance. These shaded bands show that walls begin appearing in
some directions even when r < R, where the average density
contrast is still negative. Likewise, the overcompensation continues
much further away from the centre than R.g, continuing to be visible
past r = 2Reg.

This is a natural consequence of the fact that the voids are not
all close to spherical. The lower panels in these figures show this
explicitly, showing what proportion of points at a given distance
are inside of the void or outside of it, either in the walls or in a
different void (solid curve). For comparison, these panels also show
the case of spheres at infinite resolution (dotted line; a step function)
and a set of spheres approximated on the grid with radius 3-5 grid
cells (dashed curve) — comparable to the effective radius of typical
voids in these simulations. The latter is not a step function, due to
the spheres being represented on the finite-resolution grid. However,
the transition between cells inside and outside of the void occurs
over a shorter range of radial distances for spheres on the grid as
compared to the simulated voids, confirming that the simulated voids
are generally not spherical.

The mean density contrast at void centres is § &~ —0.69 at
4 h~! Mpc resolution and § &~ —0.42 at 12 h~! Mpc resolution. As
expected, the magnitude of the density contrast — minimum, maxi-
mum, and average — decreases as the the smoothing scale becomes
larger. In both simulations, the density contrast decays to the whole-
volume mean of § = 0 as r becomes several times larger than Ry,
but the rate at which this occurs differs with smoothing scale. For
12471 Mpc resolution, the mean § over the shell at distance » = 2R
is approximately 0.01, while at 4 2~! Mpc resolution, the distance
necessary to reach the same § ~ 0.01 is roughly r = 3 R (Which is
physically smaller, as the voids at that resolution are smaller).

4.4.3 Fitting HSW profiles

Fig. 4 shows the HSW universal radial density profile in (8) fitted
to the stacked radial profiles in the two simulations. The solid blue
curve shows the observed density contrast in the 4 h~! Mpc resolution
simulation, and the dashed black curve shows the HSW profile fitted
to it. The dot—dashed orange curve and the dotted black curve,
respectively, show the same for the 12 h~! Mpc resolution simulation.
The fitted parameters are given in Table 1, in the ‘using Reg’ rows.
These parameters give poor fits for the density contrast near the peak
in the wall and further outside the void, and fit a flatter bottom to the
void than profiles of the simulated voids.

The HSW profile has a dependence on the effective radius Reg.
The same R computed from (4) and used to normalize each void
radius when stacking voids is used in (8) to fit the HSW profile. As
this produces a poor fit for our data, we also try fitting it as a free
parameter. We adjust (8) to

L —(r/Ry)"
T4 (r/R)F
where R, is a parameter that determines the size of the void in
place of R.. The rows of Table 1 with ‘“fitting R,’ list the adjusted
parameter sets. The fitted R, is 25 and 34 per cent larger than the
effective radius for 4 and 12 h~! Mpc resolution, respectively. Fig. 5
shows the HSW profiles with these new parameters (curve colours

and styles matching Fig. 4), and the error §gy,—dusw (lower panel),
which is now visibly much smaller.

§=34 ©)
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Figure 3. Upper: The stacked density contrast (solid curve) on a spherical shell at distance r from the stacked void centre in the 4 A~ Mpc (left) and 12 A~ Mpc
(right) simulations, with each void individually normalized by its effective radius Resr. The shaded areas show the middle 68.5 and 95 per cent of § values for
cells on that shell. Lower: The fraction of cells inside the void as a function of radius (solid) compared to perfect spheres (dotted) and a set of grid-approximated

spheres with radius 3-5 grid cells (dashed).
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Figure 4. The stacked radial density contrast profiles from Fig. 3 and the
corresponding fitted HSW profiles. Namely, the 4 =1 Mpc simulation density
contrast (solid blue), its fitted HSW profile (dashed black), the 12 h! Mpc
simulation density contrast (dash—dotted orange), and its fitted HSW profile
(dotted black). These HSW profiles use (8), fitting only the typical four
parameters.
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Table 1. Values for the fitted parameters for the HSW profiles for both
simulations.

Resolution 8¢ Ry Ry o B

4p71 Mpec, using Rer —0.673 1.02 Rett 5.79 8.02
4 h~! Mpc, fitting Ry —0.693 1.06 1.25 Regr 3.31 7.85
12n7! Mpc, using Reft —0.400 1.02 Rese 3.39 6.60
12 ! Mpc, fitting R, —0.424 1.08 1.34 Rege 2.01 9.17

We interpret this as showing that our measure of effective radius is
not interchangeable with that of others who fit HSW profiles. That is,
our value R, is more comparable to the meaning of ‘effective radius’
as used in a N-body simulation or observations (e.g. Hamaus et al.
2014) than our R is. This difference in notions of effective radius
may be a resolution effect, due to our use of the continuous fluid
approximation. The large physical size of the grid cells as compared
to structures means that thinnest possible wall in the simulations
is much thicker than a wall observed in data or one in an N-body
simulation. This is supported by the fact that our best-fit R, values are
converging towards R as we increase physical resolution (Table 1).
Note that a further increase in resolution is unachievable in practice
due to the limits of the fluid approximation.

This exclusion of overdense cells from voids may be another
cause for this difference, as it causes the peak in density to occur
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Figure 5. Upper: The stacked radial density contrast profiles from Fig. 3 and
the corresponding fitted HSW profiles. Namely, the 4 2~! Mpc simulation
density contrast (solid blue), its fitted HSW profile (dashed black), the
122~ ! Mpc simulation density contrast (dash—dotted orange), and its fitted
HSW profile (dotted black). These HSW profiles use (9), with the fifth
fitted parameter R, in place of Ref to determine the profile. The x-axis
is normalized by the original Rer. Lower: Difference between HSW density
contrast and stacked radial density contrast for the 4 h~! Mpc resolution
simulation (solid) and the 12 A1 Mpc resolution simulation (dash—dotted).

further from r = Rey. For a direct comparison to results from
Newtonian N-body simulations, for which the HSW profiles provide
a very good fit, we would need to simulate collisionless particles
alongside NR.

In light of this, it may be more meaningful to rescale the void size
functions of Section 4.1 such that the ‘effective radius’ giving the
‘size’ of the void is Ry = 1.25R.s or 1.34 R (Table 1) rather than
the effective radius R itself as we define it in (4), or in some other
way compensate for the decrease in volume that results from low
physical resolution.

4.4.4 General-relativistic radial profiles

We also produce stacked radial profiles for three general-relativistic
scalars, which are important in the Buchert averaging scheme (BMR).
To obtain dimensionless profiles (analogous to obtaining a profile for
8), we normalize the expansion and curvature scalar by the effective
Hubble rate. The effective Hubble function Hp (over a spatial domain
D) is defined in terms of the average expansion as

Hp =92~ Loy, (10)

ap 3
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Figure 6. The average fluid-intrinsic expansion ® on a spherical shell at
distance r from the stacked void centres, with each void scaled by its
effective radius Resr. The shaded areas show the middle 68.5 and 95 per cent
of values for expansion on that shell. A horizontal line shows the whole-box
average expansion ® = 3 H. The upper panel shows the 4 ="' Mpc resolution
simulation, the lower, 12 2! Mpc.

Thus, the effective scale factor ap is defined in terms of the evolution
of the fluid volume Vp(f) compared to its initial volume Vp,

ap(t) = (V;’:)) , (11)

ap = dap/dt, and the volume is defined in (3). The average scale
factor over the entire simulation volume is denoted @, and H = ©/3.

The first scalar we study is the expansion scalar in the rest frame of
the fluid, ® = V,u*, where V,, is the covariant derivative associated
with g,,, and u* is the 4-velocity of the fluid. We calculate © (and
H and the Ricci scalar) using existing routines in mescaline
(Macpherson et al. 2019).

Fig. 6 shows the stacked spherical profiles of ® (solid curve) in the
simulations at 4 A~! Mpc (upper panel) and 12 4~ Mpc (lower panel)
resolution. In both panels, the shaded regions show the middle 68.5
and 95 per cent of ® values on each spherical shell. In the 4 2~! Mpc
resolution simulation, we find that in the centres of the voids the
mean value for ® is 1.27 times the large-scale average of 3H, or
1.15 x 3H at 12 h~! Mpc resolution.
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Figure 7. The average fluid-intrinsic curvature scalar R on a spherical shell
at distance r from the stacked void centres, with each void scaled by its
effective radius Resr. The shaded areas show the middle 68.5 and 95 per cent of
values for the Ricci scalar on that shell. The upper panel shows the 4 ~! Mpc
resolution simulation, the lower, 12 #~! Mpc.

This explicitly shows that voids expand at least ~10-30 per cent
faster than the large-scale average. This is in agreement with
predictions from linear perturbation theory (e.g. Lahav et al. 1991)
and previous NR studies (e.g. fig. 10 of Macpherson et al. 2019).
The average expansion rate is lower on shells that intersect the
walls, to a minimum shell average of 91 and 97 per cent (4 h~' Mpc
resolution and 12 4~! Mpc, respectively) of the large-scale average.
In some cases, individual cells have negative ®, implying collapse.
Our expansion profiles here can be considered as lower limits on
the expansion in the centre and walls of voids, due to the coarse
smoothing scales in our simulations.

We also study the fluid-intrinsic curvature scalar R (defined in
equation (4.15) of BMR). This can be roughly considered the 3-
Ricci scalar in the rest frame of the fluid. Normalizing this by 6 42
gives a dimensionless quantity. Fig. 7 shows the stacked spherical
profiles of R (solid curve) in the simulations at 4 h~! Mpc (upper
panel) and 12 A~! Mpc (lower panel) resolution. In both panels, the
shaded regions show the middle 68.5 and 95 percent of R values
on each spherical shell. We see that voids in our simulations have
negative spatial curvature, while in the walls the spatial curvature is
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Figure 8. Median Qk over all voids for each distance r/ Res. For each void,
the domain of Qk is a shell of radius r centred on the void’s centre, with the
void scaled by its effective radius Refr. The solid curve shows the median for
voids in the 4 h~! Mpc resolution simulation, the dashed curve, 12 ! Mpc.

positive. As the distance from the void increases beyond the wall, the
average spatial curvature tends towards the whole-volume average
spatial curvature (flat; see Macpherson et al. 2019).
The third scalar we study here is Qg (Buchert 2000), the kinetic
curvature parameter
(R)p 3(R)p
Qg =— =— .
6H2 2(©)%
Buchert introduces a general formalism for spatial averages on
arbitrary domains, D, which leads to markedly different results
depending on the domain of averaging. To study the effect of small-
scale inhomogeneities, the domain D is that of our fluid elements as
limited by the resolution scale of the simulation. The procedure of
stacking voids over the entire box is then an operational realization
of how the volume average void fraction is defined in the timescape
interpretation of the Buchert scheme (Wiltshire 2007a, 2009).

For our radial profiles, the averaging domain is an individual
spherical shell. Thus, we find a Q profile for a single void by
finding the average values ® and R on individual shells of radius
r around that void. The profile for each void is then rescaled by
the void’s effective radius Res and the median Qg of the set of all
void profiles is found at each distance r / R.g to produce the stacked
profile, shown in Fig. 8.

The magnitude of Q¢ reaches 0.8 in the void centre for the smallest
physical resolution we study here. We expect this to be even larger
for a situation with resolution below 4h~! Mpc (i.e. an N-body
simulation or galaxy data). While the negative curvature (Figs 8
and 7) and higher expansion (Fig. 6) in void centres are expected
in GR, this work is the first time it has been shown explicitly using
realistic simulations in NR (though see Macpherson et al. 2018).

12)

4.5 Boundary distance profiles

The overdense walls of voids tend to be thin compared to the size
of the average void. For example, at 4 4~' Mpc resolution, we find
that most walls are only a single 4 2~ Mpc cell thick. However,
the stacked radial void profiles for this simulation in the previous
section have a broad overdensity. The reason that these stacked radial
profiles have a much lower mean density contrast than that of the
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Figure 9. The average density contrast at a distance d from the boundary in
each of 10 randomly chosen voids (10 coloured curves) with the 2000-void
average (thicker black), all in the 4 h~! Mpc resolution simulation. Negative
distances are in the interior of the void.

typical wall, along with a much greater width, is because voids are
not spherical (Cautun et al. 2014, 2016), as in the cosmic web their
shape can be constrained by the surrounding voids.

On a spherical shell with a radius near the effective radius, some
positions will still be within the void, and be highly underdense, while
others will be within the wall, and highly overdense, and others will
be outside of the void entirely, and have a density which averages
to be close to the overall average density. The lower plot of Fig. 3
shows the mixture of void cells and non-void cells averaged over at
each radial distance. Due to this, the added density of the walls is
spread out over a large radial distance. Schuster et al. (2023) confirm
that the most spherical voids have sharper walls when stacked, as a
consequence of this.

Cautun et al. (2014, 2016) propose another method of constructing
averaged void profiles which does not assume they are spherically
symmetric. Rather than measuring distance from the centre of the
void, (additionally complicated by having to choose a centre, see
Section 4.3), they suggest constructing a profile as a function of
distance from the void’s boundary. This ensures that at a given
distance the average is taken only over points inside, only outside,
or only on the boundary of the void, avoiding mixing these cases.

We also produce profiles using this approach, using the set of
centres of wall cells adjacent to the interior cells of a given void as
the boundary for that void, and define distance from the boundary
as the distance to the closest point in that set. We then produce an
average of the profiles of 2000 randomly-selected voids (rather than
all of them, for computational reasons).

Fig. 9 shows some examples of individual void boundary profiles
for density, along with the 2000-void average. The ten coloured
curves show the density of ten randomly selected voids in the
4 h~" Mpc resolution simulation as a function of distance from the
void’s boundary, and the thicker black curve is the average over 2000
such profiles. For these profiles, there is no need to rescale by the
effective radius to align the walls. Note that this means that profiles
of smaller voids do not go as far to the left on the x-axis.

Figs 10 and 11 show the averaged profile of § top panels), ®
(middle panels), and R (bottom panels) in the two simulations as
a function of distance from the void boundary. The extremum that
appears in the walls for each variable has greater magnitude than for
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Figure 11. The average values of §, ®, and R (top to bottom) on a shell at
distance d from the boundary of the void, averaged over 2000 voids from the
12 h~! Mpc resolution simulation. Negative distances are in the interior of
the void.
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the corresponding stacked spherical profile. Likewise, the gradient
near the walls is greater. These properties are to be expected, as
the walls are all aligned at distance d = 0, rather than scattered at
varying radial distances around r = Reg.

Another phenomenon seen in these profiles that cannot be seen
in the stacked spherical profiles is that outside the void, beyond the
walls, there is a second range of underdensity followed by a second
peak. This effect is more noticeable in the 12 A~! Mpc resolution
simulation. This is due to the increased likelihood of finding another
void after passing through a wall, as the walls are thin. The distance
between peaks is then related to typical void size, as it requires
moving through another void (not necessarily along its ‘diameter’)
to reach another wall. In the stacked spherical profiles, the void walls
are spread over a wide range of radial distances, and so obscure this
phenomenon.

5 CONCLUSIONS

In this work, we explored void statistics in non-linear general
relativity for the first time. We have implemented the WATERSHED
EINSTEIN TOPOGRAPHY (WET) void finder for use with simulation
data output by the EINSTEIN TOOLKIT. Our simulations approximate
matter as a continuous fluid, which necessitates differences in the
implementation of this void finder compared to publicly-available
void finders.

Having identified the voids in two simulations of different physical
resolution, we studied the void size function, void fraction, and
stacked radial density profiles. We fit HSW profiles (Hamaus et al.
2014) to our stacked radial density profiles for each simulation. As
discussed in Section 4.4, we alter this process by fitting a parameter
R, in place of the effective radius R.g. This is because our calculated
R 1s not necessarily equivalent to the measure of effective radius
typically used for HSW profiles in other works, likely due to our
comparably low physical resolution or exclusion of overdense cells.

We also utilize the boundary distance profile approach of Cautun
et al. (2016) to produce a second set of profiles for each quantity.
Using this approach, the distinction between cells in the interior of
the void, within the walls, and beyond the walls is clearer. We find
that when at a distance from the walls equal to roughly the typical
effective radius of a void, the density once again drops lower than
the large-scale average, then has a second overdense peak. This is
expected because the walls are thin, so typically passing through a
wall will lead to another void. It is not possible to see this feature
in the stacked spherical profiles, as the void walls are spread over a
wide range of radial distances, since the voids are not spherical.

In addition to the statistics usually obtained from N-body simu-
lations or observation, we studied a set of general-relativistic void
statistics. In particular, the fluid-intrinsic expansion ®, the fluid-
intrinsic curvature scalar R, and the kinetic curvature parameter Q.
We found that, as expected, these quantities vary within the void.
Numerical relativity simulations such as those we use here allow us
to study the general-relativistic qualities of voids without imposing
symmetries on the metric tensor. The expansion rate is, on average,
27 percent greater than the large-scale average of ® = 3H at the
centre of voids in the 4 ~! Mpc resolution simulation (15 per cent
in the 124! Mpc resolution simulation), and reaches a minimum
average value of 97 per cent (91 per cent) of the large-scale average
in the 4 h~! Mpc (12 h~! Mpc) resolution simulation. We find that
voids are negatively curved, with the kinetic curvature parameter
Q being 0.83 and 0.61 at the centre of voids at 4 and 12 2~! Mpc
resolution, respectively, while the walls are positively curved, with
Qg of —0.58 and —0.18, respectively. We would reasonably expect
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these values to get even larger in magnitude with a higher (and thus
more realistic) physical resolution. Our results thus represent a lower
limit on the expansion and curvature of voids in a matter-dominated
model universe. This is due to the limitation of our simulations using a
continuous fluid approximation; which restricts the smallest physical
scales we can sample.

While NR simulations in cosmology are not new, being able to
quantify small-scale expansion and curvature in physically relevant
regions, i.e. cosmic voids, required the development of appropriate
void-finding tools. Although Q2 is large near void centres, if one
takes averages over randomly chosen regions that contain both voids
and walls, its magnitude is small (Macpherson et al. 2019). This
can be seen at large values of r/ R in the radial profiles and large
distances from the void boundary in the boundary distance profiles.
It is necessary to unambiguously identify void regions, as we have
done here, to see this signal clearly in averages on these scales.

The consistency of Fig. 8 with the kinetic curvature interpretation
of cosmic voids raises important questions about distinguishing pe-
culiar velocities from the background and is central to many debates
in observational cosmology. These questions raise the possibility that
large angle anomalies observed in the CMB and whole sky catalogues
of distant sources (for a recent review, see Aluri et al. 2023) might
be resolved within general relativity. Work is in progress to address
this by examining the detailed properties of the structure dipole in
our simulations (Williams et al., in prep).

We emphasize that most cosmological simulations enforce an
FLRW expansion of space—time throughout the simulation domain,
serving as checks of the standard cosmology. Analytic perturbation
methods on FLRW backgrounds have identified gauges in which
Newtonian N-body results can be embedded (Fidler et al. 2016,
2017), as well as consistency with post-Newtonian results in the
presence of large density contrasts (Clifton et al. 2020). However,
FLRW has at least three distinct notions of homogeneity and isotropy
corresponding to the classic foliation and gauge choices of Bardeen
(1980) and their generalizations (Bi¢ak, Katz & Lynden-Bell 2007).
Possible differences from FLRW expectations are therefore not
surprising once strict homogeneity and isotropy of the average
evolution is relaxed.

In this work we have explicitly demonstrated the spatial fluctua-
tions of expansion and curvature in void regions in GR. However, the
impact of these variations remains to be thoroughly explored. While
we find qualitatively similar density profiles to Newtonian results, we
have not performed a direct comparison to an equivalent Newtonian
model universe. A strict comparison would require a treatment of
matter as collisionless particles alongside NR (or a comparison with a
similar fluid-based Newtonian code) to minimize numerical artefacts
in the comparison. The ET has recently been combined with SPH
(Magnall et al. 2023), however, this adaptation is still being tested
for simulations with realistic initial data.

While some relativistic effects have been calculated from purely
Newtonian simulations (e.g. Milillo et al. 2015; Thomas, Bruni &
Wands 2015a; Borzyszkowski, Bertacca & Porciani 2017), including
some which vanish in the Newtonian limit (e.g. Bruni, Thomas &
Wands 2014; Thomas, Bruni & Wands 2015b; Tram et al. 2019),
curvature and expansion profiles inside voids have not yet been
studied. Further, such variations in curvature are unable to impact
the large-scale expansion of Newtonian simulations due to the
implementation of the Friedmann equation. However, calculating
curvature and expansion profiles in post-processing is, in principle,
straightforward and it would be interesting to explore how well such
profiles can be reliably predicted from density profiles alone. Such an
analysis could allow for the generation of general-relativistic profiles
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from Newtonian N-body simulations or observational catalogues.
However, this would first require a rigorous comparison of our
density profiles to a Newtonian analogue.

The magnitude of Qg we find in void centres is of the same
order as that found by Duley et al. (2013, table 1, fig. 1) for the
timescape model fit to the angular scales of the CMB acoustic peaks
in the 2013 Planck data release. Since more than one time param-
eter is associated with the present epoch in the timescape model,
these being related to particular averaging domains, comparing
NR simulations with observation require subtle reinterpretation of
standard procedures. Consistency with previous analyses is likely to
involve a reinterpretation of the time-dependent reparameterization
of Adamek et al. (2016, section 5.3) and is left to future work
(Wiltshire et al., in prep). Such studies also necessitate careful
analysis of the backreaction density, Q2¢. Previous analysis found
that it cancelled well below the numerical error for averages over the
whole simulation box (Macpherson et al. 2019). This may be related
to the periodic boundary conditions enforcing a torus topology of the
spatial hypersurfaces. The impact of this condition on the size of the
backreaction effect has not been studied in GR. However, it is well-
known to force backreaction to zero on large scales in Newtonian
gravity (Buchert & Ehlers 1997).

In addition to our approximation of a continuous fluid and periodic
boundary conditions, the most important caveats to our results are as
follows. We use data from a single spatial slice of each simulation to
find the voids. While this is common for void-finding in simulated
data, it limits our ability to compare with observation, as voids are
observed on our past light cone. General-relativistic ray tracing in
simulations like those presented here (Macpherson 2023) would
enable us to find the voids in redshift space, allowing for a more
direct comparison to observation. Secondly, our simulations omit a
cosmological constant in the evolution. This influences the growth of
structures in the model universe, typically resulting in larger density
contrasts than a comparable model with A. Such an omission will
impact the void statistics in the simulation. We are working on
implementing this into the EINSTEIN TOOLKIT, which will allow for
closer comparison to Newtonian N-body simulations.
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The simulation data, void-finding code, and other post-processing
scripts used to produce this data are available upon reasonable request
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APPENDIX A: RESOLUTION STUDY

While our two simulations have different physical resolutions, they
have the same numerical resolution of 256> grid cells. This value,
not physical resolution, is what affects numerical error. To determine
whether numerical error is having a significant effect on the void
statistics, we analyse a second simulation with 4 h~! Mpc physical
resolution, which instead has only 1283 grid cells, so the simulation
volume is 512 A~ Mpc across. The lower numerical resolution means
this simulation has greater numerical error. If numerical error is
significantly contributing to the statistics, they will differ between
the two 4 h~! Mpc resolution simulations.

Void statistics in numerical relativity — 2659

Fig. Al shows the stacked mean radial density contrast for
2000 randomly-selected voids in the 256° cell, 4 1~! Mpc resolution
simulation (dashed curve) along with the equivalent for the 1283
simulation (solid curve). Fig. A2 does the same for the three other
scalars, ®, R, and Qg, from Figs 6, 7, and 8, respectively. The
closeness of the two curves in each of these figures shows that
numerical error is not contributing significantly.

The 2000 voids picked from the 128 simulation are, by necessity,
different from the 2000 picked out of the 2563 simulation. Thus, this
comparison also shows that the statistics are not significantly affected
by choosing one random set of 2000 voids from the population over
another random set.

[ o e e e e L s s s s s |

o(r)

B T T S

0 0.5 1 1.5 2 2.5
Rescaled radial distance 7/ R

(98]

Figure A1. Comparison of mean density contrast on spherical shells in a
stack of 2000 voids from a simulation with 128> cells (solid line) and 2000
voids from the main 4 4~! Mpc resolution simulation with 2563 cells (dashed
line).
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Figure A2. Comparison of ®, R, Qk (top to bottom) on spherical shells in
a stack of 2000 voids from a simulation with 1283 cells (solid lines) and 2000
voids from the main 4 4! Mpc resolution simulation with 2563 cells (dashed
lines).
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